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NORMS SUPPORTING THE LEBESGUE DIFFERENTIATION THEOREM

PAOLA CAVALIERE, ANDREA CIANCHI, LUBOS PICK AND LENKA SLAVIKOVA

ABSTRACT. A version of the Lebesgue differentiation theorem is offered, where the L norm
is replaced with any rearrangement-invariant norm. Necessary and sufficient conditions for a
norm of this kind to support the Lebesgue differentiation theorem are established. In par-
ticular, Lorentz, Orlicz and other customary norms for which Lebesgue’s theorem holds are
characterized.

1. INTRODUCTION AND MAIN RESULTS

A standard formulation of the classical Lebesgue differentiation theorem asserts that, if u €
LI (R"), n > 1, then
1

1.1 lim 7/ u(y)dL™(y exists and is finite for a.e. x € R",
(1.1) r—0+ LB (7)) JB,(2) (v) )
where L™ denotes the Lebesgue measure in R”, and B, (x) the ball, centered at x, with radius

r. Here, and in what follows, “a.e.” means “almost every” with respect to Lebesgue measure.
In addition to (II]), one has that

(1.2) rl_i>151+ l|lu — u(az)Hil(Br(x)) =0 for a.e. x € R,
where || - H?l( B, (x)) Stands for the averaged norm in LY(B,(z)) with respect to the normalized

Lebesgue measure mﬁn. Namely,

I35, = 2 |, e

for u € L (R™).

loc
A slight extension of this property ensures that an analogous conclusion holds if the L'-norm

in (L2)) is replaced with any LP-norm, with p € [1,00). Indeed, if u € L} (R™), then

. ) n
(1.3) r1—1>%1+ lw = w(@) (B, (z)) =0 for a.e. x € R,

the averaged norm || - ||ip (Br(2)) being defined accordingly. By contrast, property (L3)) fails when
p = 00.
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The question thus arises of a characterization of those norms, defined on the space L°(R")
of measurable functions on R™, for which a version of the Lebesgue differentiation theorem
continues to hold.

In the present paper we address this issue in the class of all rearrangement-invariant norms,
i.e. norms which only depend on the “size” of functions, or, more precisely, on the measure of
their level sets. A precise definition of this class of norms, as well as other notions employed
hereafter, can be found in Section [2 below, where the necessary background material is collected.

Let us just recall here that, if || - || x(g») is a rearrangement-invariant norm, then

(1.4) HUHX(R") = ||U||X(Rn) whenever u* = v*,

where u* and v* denote the decreasing rearrangements of the functions u,v € L°(R™). More-
over, given any norm of this kind, there exists another rearrangement-invariant function norm
Il - HY(O s0) O1 L%(0,00), called the representation norm of || - | x (rn), such that

(1.5) [ullx@n)y = [lu* I (0,00)

for every u € L°(R"). By X(R") we denote the Banach function space, in the sense of Luxem-
burg, of all functions u € L°(R™) such that ||ul| x(rn) < 00. Classical instances of rearrangement-
invariant function norms are Lebesgue, Lorentz, Orlicz, and Marcinkiewicz norms.

In analogy with (L3), a rearrangement-invariant norm || - || x(g») will be said to satisfy the
Lebesgue point property if, for every u € Xjo.(R"),

1.6 li — ° =0  forae zcR™
(1.6) ar:et [u u(x)HX(BT.(x)) ora.e. x

Here, || - H?((Br(x)) denotes the norm on X (B,(x)) with respect to the normalized Lebesgue

measure mﬁn — see (2.1I5]), Section 2

We shall exhibit necessary and sufficient conditions for || - || x(rr) to enjoy the Lebesgue point
property. To begin with, a necessary condition for || - ||x rn) to satisfy the Lebesgue point
property is to be locally absolutely continuous (Proposition Bl Section [3]). This means that,
for each function u € Xj.(R™), one has jlgglo |luxk; || x ®ny = 0 for every non-increasing sequence

{K;} of bounded measurable sets in R” such that N;jenK; = 0.

The local absolute continuity of || - ||x(gn) is in turn equivalent to the local separability of
X (R™), namely to the separability of each subspace of X (R™) consisting of all functions which
are supported in any given bounded measurable subset of R™.

As will be clear from applications of our results to special instances, this necessary assumption
is not yet sufficient. In order to ensure the Lebesgue point property for | - || X(Rn), it has to
be complemented with an additional assumption on the functional Gy, associated with the
representation norm || - Hy(o,oo), and defined as

(1.7) Gx(f) = ”f_1|’7(o,oo)

for every non-increasing function f : [0,00) — [0,00]. Here, f~1: [0,00) — [0, 00] denotes the
(generalized) right-continuous inverse of f. Such an assumption amounts to requiring that Gx
be “almost concave”. By this expression, we mean that the functional Gx, restricted to the
convex set C of all non-increasing functions from [0, 00) into [0, 1], fulfils the inequality in the
definition of concavity possibly up to a multiplicative positive constant c¢. Namely,

k k
(1.8) CzAigX(fi) < gX(Z)\ifi)
i=1 1=1
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for any numbers \; € (0,1), ¢ = 1,...,k, k € N, such that Zle A; = 1, and any functions

fieC,i1=1,...,k. Clearly, the functional Gx is concave on C, in the usual sense, if inequality
(LR) holds with ¢ = 1.
Theorem 1.1. A rearrangement-invariant norm || || X(rn) Satisfies the Lebesgue point property

if, and only if, it is locally absolutely continuous and the functional Gx is almost concave.

Remark 1.2. In order to give an idea of how the functional Gx looks like in classical instances,
consider the case when || - || x®n) = || - || Lr(rn). One has that

f e s dLi ) ifpe(lioo),
G (f) {,cl(?s €[0,00) : f(s)>0})  ifp=oo,

for every non-increasing function f : [0,00) — [0,00]. The functional Gr» is concave for every
p € [1,00]. However, | - ||»(rn) is locally absolutely continuous only for p < oo.

Remark 1.3. The local absolute continuity of a rearrangement invariant norm || - || x gn) and
the almost concavity of the functional Gx are independent properties. For instance, as noticed
in the previous remark, the norm || - || oo (gn) is not locally absolutely continuous, although the
functional Gz is concave. On the other hand, whenever ¢ < oo, the Lorentz norm |- || p.a(gn) is
locally absolutely continuous , but Grp,q is almost concave if and only if ¢ < p. The Luxemburg
norm || - [|pagny in the Orlicz space LA(R™) is almost concave for every N-function A, but is
locally absolutely continuous if and only if A satisfies the As-condition near infinity. These
properties are established in Section [6] below, where the validity of the Lebesgue point property
for various classes of norms is discussed.

An alternative characterization of the rearrangement-invariant norms satisfying the Lebesgue
point property involves a maximal function operator associated with the norms in question. The
relevant operator, denoted by M, is defined, at each u € X),.(R™), as

(1.9) Mxu(x) = sup HUH?((B) for z € R",
B>x

where B stands for any ball in R”.

In the case when X (R") = L'(R"), the operator Mx coincides with the classical Hardy-
Littlewood maximal operator M. It is well known that M is of weak type from L'(R") into
LY(R™). Moreover, since

1 S
”U*H?jl(o’s) = ;/0 w*(t) dLt(t) for s € (0, 00),
for every u € L{ (R™), the celebrated Riesz-Wiener inequality takes the form
(Mu)*(s) < Cllu|| 11, for s € (0,00),

for some constant C' = C'(n) [4, Theorem 3.8, Chapter 3|.

The validity of the Lebesgue point property for a rearrangement-invariant norm || - || xgn)
turns out to be intimately connected to a suitable version of these two results for the maximal
operator M x defined by (I.9). This is the content of our next result, whose statement makes use
of a notion of weak-type operators between local rearrangement-invariant spaces. We say that
My is of weak type from Xj,.(R") into L{ (R") if for every bounded measurable set K C R",

loc

there exists a constant C' = C'(K) such that

(1.10) Lr({z € K : Myu(a) > }) < %

lullx@®ny  forte (0,00),

for every function u € X)oc(R™) whose support is contained in K.
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Theorem 1.4. Let ||| x®n) be a rearrangement-invariant norm. Then the following statements
are equivalent:

(i) I - | x(rn) satisfies the Lebesgue point property;

(ii) I - [ x®ny is locally absolutely continuous, and the Riesz-Wiener type inequality

(1.11) (Mxu)*(s) < cuu*”%%) for s € (0, 00),

holds for some positive constant C, and for every u € Xjoc(R™);

(ii) ||l x (rn) is locally absolutely continuous, and the operator Mx is of weak type from Xjoc(R™)
; 1 n

into Ly, .(R™).

Remark 1.5. The local absolute continuity of the norm ||-|| x gy is an indispensable hypothesis
in both conditions (ii) and (iii) of Theorem [[L4l Indeed, its necessity is already known from
Theorem [I.1] and, on the other hand, it does not follow from the other assumptions in (ii) or
(iii). For instance, both these assumptions are fulfilled by the rearrangement-invariant norm
| - | oo (ny, Which, however, is not locally absolutely continuous, and, in fact, does not satisfy
the Lebesgue point property.

Remark 1.6. Riesz-Wiener type inequalities for special classes of rearrangement-invariant
norms have been investigated in the literature — see e.g. [3, 2, 11l 12]. In particular, in [2]
inequality (L.II]) is shown to hold when || - || x®n) is an Orlicz norm || - [ La(gny associated with
any Young function A. The case of Lorentz norms || - || zp.a(rn) is treated in [3], where it is proved
that (L.II)) holds if, and only if, 1 < ¢ < p. In fact, a different notion of maximal operator is
considered in [3], which, however, is equivalent to (L9) when || - || x(rn) is a Lorentz norm, as is
easily seen from [7, Equation (3.7)].

A simple sufficient condition for the validity of the Riesz-Wiener type inequality for very gen-
eral maximal operators is proposed in [12]. In our framework, where maximal operators built
upon rearrangement-invariant norms are taken into account, such condition turns out to be
also necessary, as will be shown in Proposition The approach introduced in [12] leads to
alternative proofs of the Riesz-Wiener type inequality for Orlicz and Lorentz norms, and was
also used in [I4] to prove the validity of (ILII]) for further families of rearrangement-invariant
norms, including, in particular, all Lorentz endpoint norms || - ||z ,(rn). A kind of rearrangement
inequality for the maximal operator built upon these Lorentz norms already appears in [11].
Results on weak type boundedness of the maximal operator M x are available in the literature
as well [T, [8, 13 15, 22]. For instance, in [22] it is pointed out that the operator Mpp.q is of
weak type from LP9(R™) into LP(R"™), if 1 < ¢ < p, and hence, in particular, it is of weak type
from LYY(R™) into L (R").

loc

Our last main result provides us with necessary and sufficient conditions for the Lebesgue
point property of a rearrangement-invariant norm which do not make explicit reference to the
local absolute continuity of the relevant norm.

Theorem 1.7. Let ||| xgny be a rearrangement-invariant norm. Then the following statements
(R™)
are equivalent:
(1) I - | x(rn) satisfies the Lebesgue point property;
(ii) For every function u € X (R"™), supported in a set of finite measure,
L'{x e R": Mxu(z) > 1}) < oo;
(iii) For every function uw € X (R™), supported in a set of finite measure,
lim (Mxu)*(s) = 0.
S—00
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Theorems [T} [L4l and [[.7 enable us to characterize the validity of the Lebesgue point property
in customary classes of rearrangement-invariant norms.
The following proposition deals with the case of standard Lorentz norms || - || zs.a(rn)-

Proposition 1.8. The Lorentz norm || - HLp,q(Rn) satisfies the Lebesgue point property if, and
only if, 1 < g < p < oo.

Since LPP(R™) = LP(R™), Proposition [[.8] recovers, in particular, the standard result, men-
tioned above, that the norm || - ||r»®n) enjoys the Lebesgue point property if, and only if,
1<p<oo.

This fact is also reproduced by the following proposition, which concerns Orlicz norms || - || L4 gn)
built upon a Young function A.

Proposition 1.9. The Orlicz norm | - ||pagn) satisfies the Lebesgue point property if, and only
if, the Young function A satisfies the Ag-condition near infinity.

The last two results concern the so called Lorentz and Marcinkiewicz endpoint norms
| - l[a,@ny and || - [|az,n), respectively, associated with a (non identically vanishing) concave
function ¢ : [0,00) — [0, 00).

Proposition 1.10. The Lorentz norm || - ||z, rn) satisfies the Lebesque point property if, and
only if, lim ¢(s) =0.

s—0t
Proposition 1.11. The Marcinkiewicz norm || |5, wn) satisfies the Lebesgue point property if,

and only if, lim —< > 0, namely, if and only if, (M, )10c(R") = L{ (R™).
s—0+ (s) v

loc

When the present paper was almost in final form, it was pointed out to us by A. Gogatishvili
that the Lebesgue point property of rearrangement-invariant spaces has also been investigated
in [5], [0, 17, 19]. The analysis of those papers is however limited to the case of functions of one
variable. Moreover, the characterizations of those norms having Lebesgue point property that
are proved there are less explicit, and have a somewhat more technical nature.

2. BACKGROUND

In this section we recall some definitions and basic properties of decreasing rearrangements
and rearrangement-invariant function norms. For more details and proofs, we refer to [4] [16].

Let E be a Lebesgue-measurable subset of R, n > 1. The Riesz space of measurable functions
from E into [—oc, o0] is denoted by L°(E). We also set LI (E) = {u € LY(E) : u > 0 a.e. in E},
and LY(E) = {u € L°(E) : uis finitea.e. in E}. The distribution function wu. : [0,00) — [0, oc]
and the decreasing rearrangement u* : [0,00) — [0, 00] of a function u € L°(E) are defined by

(2.1) us(t) = L"{y € E : Ju(y)| > t}) for t € [0, 00),
and by

(2.2) u*(s) =1inf{t > 0 : u.(t) < s} for s € [0, 00),
respectively.

The Hardy-Littlewood inequality tells us that
(23) [ lutwiacr ) < [ s)ac'

for every u,v € L°(E). The function u** : (0,00) — [0, 00], given by

(2.4) w(s) = 1 /0 T )AL () for s € (0,00,

S
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is non-increasing and satisfies ©u* < u**. Moreover,
(2.5) (u+v)™ < u™ 4™

for every u,v € LY (E).
A rearrangement-invariant norm is a functional | - ||x g : L°(E) — [0, 00] such that

(N1): [Ju+ vl xm) < llullx@) + vlx@E forall u,v e LY(E);
Aullxzy = A [ullxm forall Xe R, ue L)E);
[ullx(z) > 0 if udoes not vanish a.e. in F;

)

): sup, llukllx(g) = llullx(g) if {ur} € LL(E) with uy 7w a.e. in E;

) lIxcllx(z) < oo for every measurable set G C E, such that L"(G) < oo;
)

C(G) such that |lul[z1(q) < C(G) luxcllx(g) for all u € LY(E);
(N6): |lullx(m) = llvllxg) for all u,v € LY°(E) such that u* = v*.

The functional || - || x(g) is a norm in the standard sense when restricted to the set
(2.6) X(E)={ue LYE) : |ulx@) < oo}

The latter is a Banach space endowed with such norm, and is called a rearrangement-invariant
Banach function space, briefly, a rearrangement-invariant space.

Given a measurable subset E’ of E and a function u € L°(E’), define the function u € L°(E)
as

_Ju(z) ifzeFE,
($)_{0 ifreE\E.

Then the functional | - || x () given by
lull x ey = ull x (&)

for u € L°(E') is a rearrangement-invariant norm.
If £L"(E) < oo, then

(2.7) L®(E) - X(E) —» LY(E),

where — stands for a continuous embedding.
The local r.i. space Xjoc(E) is defined as

Xioe(E) ={u € L°E): uxx € X(E) for every bounded measurable set K C E}.
The fundamental function of X (FE) is defined by
(2.8) oxm) () = lIxcllx) for s € [0,L"(E)),
where G is any measurable subset of E such that £L™"(G) = s. It is non-decreasing on [0, L"(E)),
¢x(g)(0) =0 and px(g)(s)/s is non-increasing for s € (0, L™(E)).
Hardy’s Lemma tells us that, given u,v € LY(E) and any rearrangement-invariant norm ||- || X(E)>
(2.9) if u™ <™, then [|ullx gy < vllx(E)-

The associate rearrangement-invariant norm of || - || x(g) is the rearrangement-invariant norm
| - llx (k) defined by

(2.10) [0l x/(m) = Sup{é u(y)v(y)| dL™ (y) : u € LE), Jullxm) < 1}
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The corresponding rearrangement-invariant space X’'(E) is called the associate space of X (F).
The Holder type inequality

(2.11) [ fuwlac ) < e ol
holds for every u € X(E) and v € X’(E). One has that X(E) = X' (E).

The rearrangement-invariant norm, defined as
o
T / F(s)u(s) L (s)
lull x/(z)<1

for f € L0, L"(E)), is a representation norm for || - | x(z)- It has the property that
(2.12) Jullxm) = ||U*Hy(o7gn(E))

for every u € X(F). For customary rearrangement-invariant norms, an expression for || -
HY(O,E”(E)) is immediately derived from that of || - || x(z)-

The dilation operator Ds : X(0,L"(E)) — X(0,£"(E)) is defined for § > 0 and f €
X(0,L™(E)) as
f(s0) if s6 € (0,L™(E)),

0 otherwise,

(2.13) (Dsf)(s) = {
and is bounded [4, Chap. 3, Proposition 5.11].

We shall make use of the subspace X1(0,00) of X (0,00) defined as
(2.14) X1(0,00) = {f € X(0,00) : f(s) =0 for a.e.s > 1}.

Now, assume that F is a measurable positive cone in R" with vertex at 0, namely, a measurable
set which is closed under multiplication by positive scalars. In what follows, we shall focus
the nontrivial case when L"(E) does not vanish, and hence L"(E) = oo. Let |- | x(z) be a
rearrangement-invariant norm, and let G be a measurable subset of I/ such that 0 < E”(G) < oo0.

. 2
We define the functional || - || X(G) 88

(2.15) lullx (@) = [(uxe)(V/EE) ) ()

for u € LY(E). We call it the averaged norm of || - ||x(g) on G, since

2

2.16 u =||lu n

(2.16) lullx @) = lluxelly NERE

for w € L°(E), where || - H ( o _Ln ) denotes the rearrangement-invariant norm, defined as
lyane)

|-l x(c), save that the Lebesgue measure £" is replaced with the normalized Lebesgue measure

Ef—(nG). Notice that

(2.17) lull e = Iwxa) (£7() Vg oo
for u € L°(E). Moreover,

(2.18) ||1||§(G) is independent of G.

The Holder type inequality for averaged norms takes the form:

(219) G L M 4 w) <l Il
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for u,v € LY(E).

We conclude this section by recalling the definition of some customary, and less standard,
instances of rearrangement-invariant function norms of use in our applications. In what follows,
we set p’ = p%l for p € (1,00), with the usual modifications when p = 1 and p = co. We also
adopt the convention that 1/0o0 = 0.

Prototypal examples of rearrangement-invariant function norms are the classical Lebesgue norms.
Indeed, [[ull oz = 14 (0 00y, if P € [1,00), and [[u]], gy = u*(0).

Let p,q € [1,00]. Assume that either ] <p < ocand1<g<oo,orp=¢g=1,o0rp=qg=occ.

Then the functional defined as

PO
(2.20) ull Lra@ny = [Is7 ¢ w* ()| La(0,00)

for u € LY(R™), is equivalent (up to multiplicative constants) to a rearrangement-invariant
norm. The corresponding rearrangement-invariant space is called a Lorentz space. Note that
| - llzra(0,00) 18 the representation norm for || - ||pp.agn), and LPP(R™) = LP(R™). Moreover,
LPAR™) — LPT(R™)if 1 < g <7 < oo.

Let A be a Young function, namely a left-continuous convex function from [0, c0) into [0, o],
which is neither identically equal to 0, nor to co. The Luzremburg rearrangement-invariant norm
associated with A is defined as

(2.21) |ullpa@ny = inf {)\ >0 : /n A<@> e (z) < 1}

for u € LO(R™). Its representation norm is ||| [A(0,00)- The space LA(R") is called an Orlicz
space. In particular, L4A(R") = LP(R™) if A(t) = tP for p € [1,00), and LA(R") = L®(R") if
A(t) = 00X ;.00 (B)-

Recall that A is said to satisfy the Ag—condition near infinity if it is finite valued and there exist
constants C' > 0 and tg > 0 such that

(2.22) A(2t) < CA(t) for ¢ € [tg, 00).

If A satisfies the Ay—condition near infinity, and v € LA4(R™) has support of finite measure, then

A(clu(z)]|)dL™ (z) < o0
R
for every positive number c.
A subclass of Young functions which is often considered in the literature is that of the so called
N-functions. A Young function A is said to be an N-function if it is finite-valued, and
Alt Alt
lim Q =0 lim Q = 00
t—o+ t t—oo ¢

Let ¢ : [0,00) — [0,00) be a concave function which does not vanish identically. Hence, in
particular, ¢ is non-decreasing, and ¢(t) > 0 for ¢t € (0,00). The Marcinkiewicz and Lorentz
endpoint norm associated with ¢ are defined as

(2.23) lullar,ny = sup w™(s)e(s),
s€(0,00)
o
(221) ey = [ 0 (s)doto)
for u € LO°(R"), respectively. The representation norms are || - || M, (0,00) and || - [|a,(0,00) TESPEC-

tively. The spaces M, (R"™) and A,(R") are called Marcinkiewicz endpoint space and Lorentz
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endpoint space associated with ¢. The fundamental functions of M, (R™) and A, (R™) coincide
with ¢. In fact, M,(R™) and A,(R"™) are respectively the largest and the smallest rearrangement-
invariant space whose fundamental function is ¢, and this accounts for the expression “endpoint”
which is usually attached to their names. Note the alternative expression

(2.25) 1 lla om0y = F(0)0(0%) + /0 P (s)@ ()L (s),

for f € L°(0,00), where ©(07) = lim ¢(s).

s—0+

3. A NECESSARY CONDITION: LOCAL ABSOLUTE CONTINUITY

In the present section we are mainly concerned with a proof of the following necessary condi-
tions for a rearrangement-invariant norm to satisfy the Lebesgue point property.

Proposition 3.1. If || - || X(Rn) 18 a rearrangement-invariant norm satisfying the Lebesgue point
property, then:

(1) Il I x(wny s locally absolutely continuous;

(i1) X (R™) is locally separable.

The proof of Proposition B.1] is split in two steps, which are the content of the next two
lemmas.

Lemma 3.2. Let ||-||x®n) be a rearrangement-invariant norm which satisfies the Lebesgue point
property. Then:
(H) Given any function f € X1(0,00), any sequence {I;} of pairwise disjoint intervals in
(0,1), and any sequence {ay} of positive numbers such that aj, > L(I}) and

(3.1) 1 X0 |5 00y > L

one has that
[oe)
Zak < oQ.
k=1

Let us stress in advance that condition (H) is not only necessary, but also sufficient for a
rearrangement-invariant norm to satisfy the Lebesgue point property. This is a consequence of
Proposition 511 Section Bl and of the following lemma.

Lemma 3.3. If a rearrangement-invariant norm || - || x gy fulfills condition (H) of Lemmal3.2,
then || - || x(wny is locally absolutely continuous.

The proof of Lemma in turn exploits the following property, which will also be of later
use.

Lemma 3.4. Let | - ”X(Rn) be a rearrangement-invariant norm. Given any function f €
X(0,00), the function F : (0,00) — [0,00), defined as

(3:2) Fr)=r|f'llgq,  Jforr € (0,00),

(r)

is non-decreasing on (0,00), and the function —= is non-increasing on (0,00). In particular,
the function F' is continuous on (0, 00).
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Proof. Let 0 < r; < ro. An application of (2.10) tells us that

1
F(r1) = ml(f*X(0,01)) (1 ')Hy(om) = ry sup /0 g (s)f*(r1s)dL(s)

9l g o) <1

- s [ () reato < se [T (8) rodate

19157 (0,00, < 19157 (0,00 <
ro 1
< sup / g <%) fr@)dct(t) = ro  sup / g (8)f*(ras) dL(s)
9l %7 0,00y <1 /0 9l %7 0,00y <1 O

= 72| (f" X (0,r2)) (r2 ) (0,00) = F'(72)-
Namely, F' is non-decreasing on (0,00). The fact that the function @ is non-increasing on
(0,00) is a consequence of property (N2) and of the inequality

A1 )x0,m) (1) = f5(r2 )X (0,00 (T2 )
if 0 < 71 < ry. Hence, in particular, the function F is continuous on (0, 00) (see e.g. [10, Chapter
2, p. 49]). O

Proof of Lemma[3.2. Assume that || - || x(gn) satisfies the Lebesgue point property. Suppose,

by contradiction, that condition (H) fails, namely, there exist a function f € X1(0,00), a
sequence {I;} of pairwise disjoint intervals in (0,1) and a sequence {a} of positive numbers,
with ay > £1(I}), fulfilling (BI)) and such that > 72 | ay = o0

We may assume, without loss of generality, that

(3.3) lim a; = 0.

k—o0

Indeed, if ([B3]) fails, then the sequence {a;} can be replaced with another sequence, enjoying
the same properties, and also ([B3]). To verify this assertion, note that, if (3] does not hold,
then there exist € > 0 and a subsequence {ay, } of {ax} such that ay; > ¢ for all j. Consider the
sequence {b;}, defined as

(3.4) bj = max{%, £1(ij)} for j e N.
Equation [34) immediately tells us that b; > £!(I,), and 721 bj = 00. Moreover, Lemma [3.4]

and the inequality b; < ag; for j € N ensure that (B1)) holds with as and I, replaced by b; and
Iy, respectively. Finally, lim b; = 0, since Z]Oil El(ij) <1, and hence lim £1(ij) =0.
j—o0 j—00

Moreover, by skipping, if necessary, a finite number of terms in the relevant sequences, we
may also assume that

(3.5) S (1) <1
k=1

Now, set ap = 0, and J, = (Zf;é aj,ZLo aj) for each k € N. We define the function g :
(0,00) — [0,00) as

00 k—1
Z (fx1) (S - (lj)XJk (s) for s € (0, 00),
k=1 5=0

and the function u : R™ — [0, 00) as

u(y) = 2u§9(y1 +k =D xo(y) fory=(y1,...,y.) € R™
S
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The function u belongs to X (R™). To verify this fact, note that

(3.6) L({y € R" 1 uly) > t}) < L1({s € (0,00) : |fxUpeur|(s) > 1})
for every t > 0. Indeed, thanks to the equimeasurability of g and fxu, 1,

Lr'{y e R" :u(y) > t}) = LY({s € (0,1) : 21€1§g(3 +k—1)>1t})

=LY Upen{s € (0,1) : g(s +k—1) > t}) < iﬁl({s €(0,1):g9(s+k—1)>t})
k=1

= L'({s € (0,00) : g(s) > t}) = L({s € (0,00) : [fXUente|(5) > 1}).
From (B.6) it follows that
l[ull x®ny < ||quk€NIk||Y(o,oo) = HfHY(o,oo) < 00,
whence u € X(R"). Next, one has that

(3.7) lim sup Hu”?((Br(m)) >0 for a.e. x € (0,1)™.
r—07t

To prove ([B.1), set
Ay ={leN:J, C[k—1k]} for k € N.

Since > ;25 a; = oo and lim |J}| = lim a; = 0, we have that
l—00 l—00
(3.8) lim | J (= k+1) = (0,1),

where J; denotes the closure of the open interval J;. Equation (3.8) has to be interpreted in the
following set-theoretic sense: fixed any x 6_(0, 1)™, there exist ky and an increasing sequence
{lk}zc’:ko in N such that I, € Ay and x; € (J;, —k + 1) for all k£ € N greater than ky. Such a ko
can be chosen so that B sz, (z) C (0,1)" for all k > ko, since lim q;, = 0.
k k—o0
On the other hand, for every k > kg, one also has
n n
B g, () 2 []lwi —ay,zitay] 2 (G —k+1) x [ l2i - ay.zi+ay,].

1 i=2
Consequently, for every y € R,

7

UXB /7, (3) W) = gy +k—1) X, —k+1)(¥1) 11 X[wi—ai, witar, ] (i)

=2
k—1 n
= (fXIlk)* <y1 +hk—-1- aj) X(Jy, —k-l—l)(yl) HX[:ci—azk,:ci-i-azk](yi)-
5=0 i=2
Hence,
(3.9) (05, @) (5) 2 (Fxn,)" (Gan)' ") for s € (0,00)

Therefore, thanks to the boundedness on rearrangement-invariant spaces of the dilation operator,
defined as in (2.13]), one gets

%] * n
X8y o0 = 103,y )" (" (B, (2)) V.00

> C I xn,)" @0 000 = 10X8,) 00 ) > 1
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for some positive constant C' = C'(n). Hence inequality ([B.7)) follows, since klim ay, = 0.
—00

To conclude, consider the set M = {y € (0,1)" : u(y) = 0}. This set M has positive measure.
Indeed, (B:6]) with ¢ = 0 and (B.5]) imply

L(M) =1-L"{y € (0,1)" ruly) > 0}) > 1= L({s € (0,00) : [fxUrenrl(s) > 0})
>1- iﬁl(fk) > 0.
k=1

Then, estimate ([B.7)) tells us that

) 2 . 2
limsup [[u — w(z)| x (g, () = imsup [[ul x gz, @) >0 for a.e. © € M.
r—0t r—0t
This contradicts the Lebesgue point property for || - || x(gn)- O
Proof of Lemmal3.3. Let |- || x®n) be a rearrangement-invariant norm satisfying condition (H).

We first prove that, if (H) is in force, then

(3.10) Jim 19" X (0.6 I 5¢(0,00) = O

for every g € X1(0, 00).

Arguing by contradiction, assume the existence of some g € X1(0,00) for which ([BI0) fails.
From property (N2) of rearrangement-invariant norms, this means that some ¢ > 0 exists such
that [[g"X(0,1) I (0,00) = € for every t € (0,1). Thanks to (N1), we may assume, without loss of
generality, that ¢ = 2.

Then, by induction, construct a decreasing sequence {by}, with 0 < by < 1, such that

(3.11) 19" X bk 1,60) 1 (0,00) > 1
for every k € N. To this purpose, set b = 1, and assume that b is given for some k € N. Then
define
=g f ith [ > 2.
hy=g X(%,bk) orl € N, with [ >

Since 0 < hy /* g*X (0,6, Property (N3) tells us that [|hull5 (g o0y ./ 197X (0,65) 15 (0,00)- Im@smuch
as [|9" X (0,bx) I (0,00) = 2, then there exists an lo, with lo > 2, such that |[hy,[|5 (g o) > 1. Defining

,00)
bpy1 = Il’—(’; entails that 0 < bry1 < bk and [|g"X (b, 1,6) |1 (0,00) = 1161 (0,00) > 1, as desired.
Observe that choosing f = ¢*x(0,1), and ax = 1, I = (br41,bx) for each k € N provides a
contradiction to assumption (H). Indeed, inequality (B.I]), which agrees with (311) in this case,
holds for every k, whereas Y ;2 ar = co. Consequently, (3.10) does hold.

Now, take any u € Xjoc(R") and any non-increasing sequence {K;} of measurable bounded
sets in R"™ such that NjenK; = 0. Clearly, uxx, € X(R™) and ]113;‘0 L"(K;) = 0. We may assume

that £™(K1) < 1, whence (uxx;)* € X1(0,00) for each j € N.
From (B10) it follows that

i [l ey = im0 ooy < B 1) X0.27(06 0000 = O
namely the local absolute continuity of || - || x(rn)- O

Proof of Proposition [31l. Owing to |4, Corollary 5.6, Chap. 1], assertions (i) and (ii) are equiv-
alent. Assertion (i) follows from Lemmas and [3.3 O
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4. THE FUNCTIONAL Gx AND THE OPERATOR M x

This section is devoted to a closer analysis of the functional Gx and the operator M x asso-
ciated with a rearrangement-invariant norm || - || x(gn)-

We begin with alternate characterizations of the almost concavity of the functional Gx. In
what follows, we shall make use of the fact that

(4.1) 00y = 10 00y = 10 )el0.0) = G ()
for every h € L°(0,00).
Moreover, by a partition of the interval (0, 1) we shall mean a finite collection {I : k = 1,...,m},

where I, = (75_1,7%) With 0 =19 <711 < -+ < 7, = 1.
Proposition 4.1. Let || - HX(]RTL) be a rearrangement-invariant norm. Then the following condi-
tions are equivalent:

(1) the functional Gx is almost concave;
(ii) a positive constant C' exists such that

(4.2) LI I ) < C 0,00
k=1

for every f € X1(0,00), and for every partition {I, : k= 1,...,m} of (0,1);
(iii) @ positive constant C exists such that

(4.3) S LB ull s,y < C L£7(UPm Bi) llull % 5y
k=1

for every u € Xioc(R™), and for every finite collection {By : k = 1,...,m} of pairwise
disjoint balls in R™.

Proof. (i) = (ii) Assume that Gx is almost concave. Fix any function f € X1(0,00), and any
partition {I; : k =1,...,m} of (0,1). It is easily verified that

(e € @7), = B and (fxopn)., = Y (Fxn.
k=1

Hence, by (4.1 and the almost concavity of Gx, there exists a constant C' such that

LI f g, ch I 1(Fxn) (£ (1)) Z 21 6 fx(sz)))
k=1 k=1

<CgGx g ijk =C0x (qug;llk)* <CGx(fs)=C ||f||_>< 0,00)"
(0,00)
k=1

This yields inequality (4.2]).

(ii) = (i) Take any finite collections {gr : k =1,...,m} in C and {N\; : k= 1,...,m} in (0,1),
respectively, with >} ; Ay, = 1. For each k = 1,...,m, write fi = (gr)«, ax = Zle i, and
I, = (ak—1,ax) with ap = 0. Then define

Zf = a" Lxr, (t) for t € (0,00).
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Observe that fo =Y 11 Me(fi)x = Dopeq Mgk Owing to () and (2), one thus obtains

1 m
(Zxkgk) Gx(f.) = ||f||y(0m>zazxk||f||%u CZAkufk% o0

=5 Z)\k\\f;”mom ol ZAng (fr)« Z)\ng (gr),
k=1 C =

whence the almost concavity of Gy follows.
(ii) = (ili) Fix any function v € Xjo.(R™), and any finite collection {By : k = 1,...,m} of
pairwise disjoint balls in R™. Set ay, = L™(Byg), for k =1,...,m, and ag = 0. Define

Ik:<zino / 2] =0 ]) fork=1,...,m

Zj:l j Zj:la]

Thanks to rearrangement-invariance of X (0, 00), assumption (ii) ensures that

m m m —
|’U“?((UZL:1Bk) = H(UXLlelek)*(Zak : H H Z uxB,) Z a;g - —Zaj) X1y,
k=1 j=1

1 m ar m k—1
& Lyl (Lo -3 a)

[y

X(0
=0 (0,00)

Y

X (1)

,_.
3

= w2 @k [[(uxs,) (ak )lix(0,00) — "(By)|ully
Cy i a ; g X Cﬁ Uk B ;; X(Bg)

Inequality (43) is thus established.

(iii) = (ii) Assume that f € X1(0,00), and that {I}, : k =1,...,m} is a partition of (0,1). Let
{By : k =1,...,m} be a family of pairwise disjoint balls in R” such that £"(By) = L(I}),
and let 4 be a measurable function on R" vanishing outside of U;" | By, and fulfilling (uxp, )" =
(fxr,)*, for k=1,2,...,m. Assumption (iii) then tells us that

> LI I, < C LYWL I 1 = C 1z on = C1F 0.0
k=1 B

namely (4.2). O

We next focus on the maximal operator M x. Criteria for the validity of the Riesz-Wiener
type inequality (LIT]) are the content of the following result.

Proposition 4.2. Let || - || x®n) be a rearrangement-invariant norm. Then the following condi-
tions are equivalent:

(i) the Riesz-Wiener type inequality (LII)) holds for some positive constant C, and for every
u € Xoc(R™);
(i) a positive constant Cy exists such that

. @ 2
(4.4) Lin lullx(s,) < Cillullxwm B,

for every u € X1oc(R™), and for every finite collection {By : k = 1,...,m} of pairwise
disjoint balls in R™;
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(iii) @ positive constant Cy exists such that

. o
k—rin.l.l,m HfHX([k) < C2”f”7(0,oo)

for every f € X1(0,00), and for every partition {Ij, : k= 1,...,m} of (0,1).
Proof. (i) = (ii) Let u € Xjoc(R™), and let {By : k = 1,...,m} be a collection of pairwise
disjoint balls in R™. When ming—; ||u||§><( By = 0, then ([#4)) trivially holds. Assume that
ming—1__m ||u||§><(Bk) > 0. Fix any s € (O,E"(UZLIB;C)), and any t € (O,minkzl,m,m HUH?((Bk))'
If x € B;j for some j =1,...,m, then

%] . %]
Mx (uxup, B, ) () = [luxur B x(8,) = . lull x(p,) >t

=1,...

Thus,
L"({z € R" : Mx (uxup_, B,)(z) > t}) > LU, By) > s,
and, consequently,
(Mx(uxup )" (s) > t.

Since the last inequality holds for every ¢ < ming—y,__m, HUH?(( B> One infers that

(4.5) (Mx (e, 5,) () = min Jlulis,).

On the other hand, an application of assumption (i) with u replaced by uxum | By tells us that
* *(|©@ n m
(46) (MX(UXUZL:IBk)) (S) <C ||(uXUL”:13k) ||Y(078) for s € (07£ (Uklek))'

Coupling (4.5) with (4.6) implies that
. @ e n( m
min ullx(B,) < Cll(uxup, B,) ”Y(o,s) for s € (0,L£™(UP", By)).

=Ly

Thus, owing to the continuity of the function s — |[|(uxup | B %

X(0,5)’ which is guaranteed by
Lemma [3.4] we deduce that

. %) @ . o)
kznllmmHUHX(Bk) < CH(UXU;;;lBk) ||Y(07£n(uz‘b:1Bk)) = CHUHX(UQZ:lBk)a

IR}

namely ([@.4).

(ii) = (i) By [14} Proposition 3.2], condition (ii) implies the existence of a constant C” such that
(47) (Mxu) () < (37 Yxon(ligom  for s € (0,00),

for every u € Xjo.(R™). By the boundedness of the dilation operator on rearrangement-invariant
spaces, there exists a constant C”, independent of u, such that

(48) (37 )xion(lxiom < 10 (s M0 3" lix 0.0
* 3 @
< Ol (s )0 (00 = €I g0 for s € (0, 50).

Inequality (LIT)) follows from (4.7) and (4.8]).

(ii) < (iii) The proof is completely analogous to that of the equivalence between conditions (ii)
and (iii) in Proposition .11 We omit the details for brevity. O

Condition (H) introduced in Lemma[3.2 can be characterized in terms of the maximal operator
Mx as follows.

Proposition 4.3. Let || - HX(]Rn) be a rearrangement-invariant norm. Then the following asser-
tions are equivalent:
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(1) Il - [ x(®n) fulfils condition (H) in Lemma [32;
(ii) For every function u € X (R™), supported in a set of finite measure,
L'({z e R": Mxu(z) >1}) < oo.

Proof. (i) = (ii) Let u € X(R™) be supported in a set of finite measure. Set £ = {x € R" :
Mxu(x) > 1}. According to (L9)), for any y € E, there exists a ball B, in R" such that y € B,

and Hu||§(By) > 1. Define

(4.9) By = {y € E: L"(B,) > max{1, £"({|u| > 0})}}.

We claim that, if y € E1, then

(4.10) (uXBy)*(ﬁn(By)s) < (UXBy)*(S)X(Q Ulﬁ(i‘(z??}))(s) for s € (0, 00).
Yy

Indeed, since L£"(By) > 1, by the monotonicity of the decreasing rearrangement
(uXBy)*(s) > (uxBy)*(ﬁn(By)s) for s € (0,00).

Thus, inequality I0) certainly holds if s € (0, %]‘3?)0})]. On the other hand, £"(By,) >
L™({|u| > 0}), and since (uxp, )*(s) = 0 for s > L"({|u| > 0}), we have that (uxp,)* (L"(By)s) =
0if s € (M, oo). Thereby, inequality (£I0]) also holds for these values of s. Owing to

L™ (By)
@),
(4.11) 1< Jull g, = Ixe,) (£(B,) Vi om

< H(UXBy)*X(O £r({lu>0})

_ SHU*X £ ({]ul>0}) H*
o) [y = [0 2oy

’ ll”(By) X(0,00).
Since (i) is in force, equation (3.I0) holds with g = u*x(g,1) € X1(0,00), namely,
t£%1+ [[u X(O,t)”Y(O,oo) =0.

This implies the existence of some to € (0,1) such that ||u"x(0,) [l 5(0,0c) < 1 for every ¢ € (0, o).
Thus, (£I1]) entails that
L"({lul > 0})

> to
L(By)
for every y € E;. Hence, by (4.9)),
(412) sup En(By)SmaX{LM}
yeE to

An application of Vitali’s covering lemma, in the form of [21, Lemma 1.6, Chap. 1], ensures that
there exists a countable set Z C E such that the family {B, : y € I} consists of pairwise disjoint
balls, such that £ C Uye75B,. Here, 5B, denotes the ball, with the same center as B,, whose
radius is 5 times the radius of By. If T is finite, then trivially L"(E) < 5" 3" 7 L"(By) < o0.
Assume that, instead, Z is infinite, and let {y;} be the sequence of its elements. For each k € N,
set, for simplicity, By = B,, , and

« «

(113) o = £({y € Bu s uly) £ 0), Iﬁ(z%m’ﬁ:l%)’ a = £,
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where a = L"({y € R : u(y) # 0}) and oy = 0. Note that {I;} is a sequence of pairwise
disjoint intervals in (0,1), and aj, > L£!(I}) for each k € N. The function f : (0,00) — [0, 00),
defined by

00 k—1
f(s) = Z (UX {reByu(x)£0}) <a a; )X[k for s € (0, 00),
k=1 i=1

belongs to X1(0,00), and
«||@ « 2
ll(fXIk) llf(07ak) = ”(UX{:ceBk:u(x);«éO}) (a ')”Y(O,ak)

= [l(ux5,)" (£"(Br) (0,00 = lllx (5, > 1-

By (i), one thus obtains that Y po ; L"(By) = @Y poq ar < co. Hence L*(E) < 5" 72 | L™(By) <
00, also in this case.

(ii) = (i) Let f € X1(0,00), let {Iz} be any sequence of pairwise disjoint intervals in (0,1), and
let {ay} be a sequence of real numbers, such that aj, > £1(I}), fulfilling G.1).

Consider any sequence {By} of pairwise disjoint balls in R™, such that £"(By) = ay for k € N.
For each k € N, choose a function g : R®™ — [0,00), supported in By, and such that g is
equimeasurable with fyr,. Then, define u = ) 72, gx. Note that u € X(R"), since u* =
(f XU, 1,)" < f*. Furthermore, u is supported in a set of finite measure. Thus, assumption (ii)
implies that

(4.14) L'{zx e R": Mxu(z) > 1}) < 00
If z € By, for some k € N, then

%) %) %@ 1@
(4.15) Mxu(@) = [lullx s,y = l9xllx(s,) = 9kl 50,2050 = 10FX1) 50,00y > 1
Consequently,
Upe B C {z € R" : Mxu(z) > 1}
and
Zak = LU, By) < L({z € R : Myu(z) > 1}) < o0
Condition (i) is thus fulﬁlled. O

5. Proors oF THEOREMS [T, .4l AND [[.7]
The core of Theorems [T [[.4] and [[.7] is contained in the following statement.

Proposition 5.1. Given a rearrangement-invariant norm || - ||xgny, consider the following
properties:

(1) I I x(rny satisfies the Lebesgue point property;

(i1) || - llx(rny fulfills condition (H) of Lemma [3.2;
(iii) The functional Gx is almost concave;
(iv) The Riesz-Wiener type inequality (LII) holds for some positive constant C, and for

every u € Xjoe(R™);
(v) The operator Mx is of weak type from Xioc(R™) into Li (R™).
Then:

(i) = (i) = (i) = (iv) = (v).

If, in addition, || - ||xwn) is locally absolutely continuous, then
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(v) = ().

A proof of Proposition (5.]] requires the next lemma.

Lemma 5.2. Let || - || x®n) be a rearrangement-invariant norm such that
5.1 lim ny(s) = 0.
(5.1) vt PX(R )( )

If u: R™ — R is any simple function, then

I — ()| =0 .. z € R™
lim, lu — (@) x (B, @) for a.e. x

Proof. Let E be any measurable subset of R". By the Lebesgue density theorem,
r—0t ﬁn(Br ($))

for ae. x € E

(5.2)
L"(B NnE

lim (B, (2) ) =0 for a.e. z € R"\ E.

r—0t ﬁn(Br($))
Since
(53) lim | (@)l Jim | x|y for 2 7€ B,

. im ||xg — xe(x = T
r—0t X(Br (@) lim X LN (Byr(z)NE) _ for a.e. x € R" \ E,
r—0t ( )T LN ( By (2)) ) X (0,00)
it follows from (B.I]) that
. %]
(5.4) Jim {lxp = xp(@)|x@5,@) =0 forae zeR™
Hence, if u is any simple function having the form u = Zle aiXE;, where Ey, ..., F}, are pairwise
disjoint measurable subsets of R, and aq,...,a; € R, then
. @ %]
(5.5) T flu— u(@)]| 5, < lm Z @il I, — X2, 5 (5, (27 = O
=1

for a.e. x € R™. O

Proof of Proposition [5.1. (i) = (ii) This is just the content of Lemma [3.2] above.

(ii) = (iii) We prove this implication by contradiction. Assume that the functional Gx is not
almost concave. Owing to Proposition 1] this amounts to assuming that, for every k € N,
there exist a function fi, € X;(0,00) and a partition {Jx;: {=1,...,my} of (0,1) such that

mg
(5.6) YL kD) Il s,y > 451 elx 0,00
=1
Define the function f : (0,00) — R as
> gk (t) fr(2FE =1
(5.7) £(t) = Z X2k 2 k+1)( ) fie( ) for ¢ € (0, 00).

k=1 2 HX(zf’c,zf’vH) fr(2F- _1)Hy(0700)

Since f € L%0,00), f =0 on (1,00) and Hny(Om) <3222, 27% we have that f € X1(0,00).
Let us denote by A the set {(k,l) € N*: 1 < my}, ordered according to the lexicographic order,
and define the sequence {Ij;} as

1 1
(5.8) I, = 2—ka,l + oF for (k,1) € A.
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Each element I} ; is an open subinterval of (0,1). Moreover, the intervals I;, ; and I, h,j are disjoint
if (k,1) # (h,7). Actually, if k # h, then
IeyNIpy C (278 20k 2ty = ¢

if, instead, K = h but [ # j, then the same conclusion immediately follows from the fact that
the intervals Ji; and Jj ; are disjoint. Owing to (5.6 and (&.7)),

(5:9) > LI Wl = D L D I X5)" (L ) 0,00
(k,)EA ’ (k,1)EA
B Z ﬁl(JkJ) ”(kaJk,z)*(‘Cl(Jk,l)')HY(O,OO)
28 2%Ix ok 211y (28 - —1)llx7(0,00)

Z‘C Jkl ka”X (Jr1)

”X(Ooo =1

(k)EA

> 1

:Z k|| £x(9k .
2 W[ FE (2R )

i 4 frllxe(0,00)

T AR £ (2R )z 0,00)

< 2}, and observe that

oo gk _ 9]
.S 4 ”f’iHX(O,oo) B ST

k=1 157 0,00 k=1

Set M ={(k,)) € A: || fll%

X (I,
(5.10) > .cluk,l) Wl <2 > £k <
(kl)eM ! (k)eM

From (5.9) and (5.I0) we thus infer that
%]
Z El(IkJ) Hf”y(jk D
(k,))EA\M '
On the other hand, assumption (ii) implies property (B.I0). This property, applied with g =
IX1,,, in turn ensures that, for every (k,1) € A,

. * @ . * : *
im0 W0 = 10007600 < 1000 X0, 000y = 0

Note that the inequality holds since the function (fxy,,)* belongs to X1(0,00), and is non-
increasing, and hence (fxr,,)*(ts) < (fx1,,)"(8) X(0,1)(s) for s € (0, 00).

: : .
Thus, owing to Lemma B4} if (k,1) € A\ M, there exists a number ay; > £!(I);) such that

)
(5.11) 1 X0.) " 15 0,000) = 2
Furthermore, by (5.11]),
(5.12)

1 12 1

Z agy = 3 Z ag, ||(fXIk,l) HY(O,ak ) > 5 Z Ikl ¢ fXIk D) HX 0,£1(I1,))
(k,l)eA\M (k,)eM\M | (khEAM
1 o
=5 Z L£Y(I) Hf”y(IM) =00
(k,D)eEA\M ’

Thanks to (5.12)), the function f € X;(0,00), defined by (5.7)), the sequence {Ij;}, defined by
(5.8)), and the sequence {ay;} contradict condition (H) in Lemma[3.2], and, thus, assumption (ii).
(iii) = (iv) This implication follows from Propositions 4.1l and 4.2} since condition (ii) of Propo-
sition [A.1] trivially implies condition (iii) of Proposition
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(iv) = (v) Let K be a bounded subset of R™. Fix any function u € Xj,.(R"™) whose support is
contained in K. Clearly, u = uxx. From (iv), we infer that

supt L"({z € K : Mxu(z) > t}) =supt L"({x € R" : xygMxu(z) > t})
>0 >0

= SupS(XK MXu)*(s) <  sup S(qu)*(s) <C sup sHu*H%(O 9
§>0 s€(0,£7(K)) s€(0,L7(K)) ’

< C L) [ 0 o iy < Ol 00y = C'llullxmy:

for some constants C' and C’, where the last but one inequality follows from Lemma [3.4] and
the last one from the boundedness of the dilation operator on rearrangement-invariant spaces.
Property (v) is thus established.

Finally, assume that || - ||x(®») is locally absolutely continuous and satisfies condition (v).
Since R™ is the countable union of balls, in order to prove (i) it suffices to show that, given any
u € Xjoe(R™) and any ball B in R,

5.13 li - ° —0 forae. z € B.
(5.13) L llu = u(@)l x5, @) ora.e.

Equation (5.I3]) will in turn follow if we show that, for every ¢ > 0, the set
(5.14) Ay ={z € B:limsup |u— u(x)H?((BT(m)) > 2t}
r—0t

has measure zero. To prove this, we begin by observing that, since |- || x(g») is locally absolutely
continuous, [4, Theorem 3.11, Chap. 1] ensures that for any £ > 0 there exists a simple function
ve supported on B such that uxp = ve + w. and [Jwe||x(p) < €. Clearly, w, is supported on B
as well. Moreover, [4, Theorem 5.5, Part (b), Chap. 2] and Lemma [5.2] imply that

li - . =0 foraec z€B.
Jim {Jve = ve(2)l| x5, () or a.e. x
Fix any € > 0. Then

. % . ) . )
limsup ||u — u(x)HX(BT(w)) < limsup ||ve — Ua(x)HX(BT(w)) + lim sup [Jwe — wE(‘T)HX(BT(w))
r—0+ r—0+ r—0+

= lim sup . — we (@) x (8, () < Mxwe() + [we (@) [1x(0.1) 50,00
T—

Therefore,
(5.15) Ay C {x € B: Mxw(z) >t} U{y € B :|w:(y)| HX(O,I)HY(QOO) >t} for t € (0,00).
Owing to (v),

L'({x € B: Mxw:(z) >t}) < %
On the other hand,

wellx(z)  for t € (0,00).

. 1 Co
L*{y € B : [we(y)llIx(0,1)Ix(0,00) > t}) < 7 X (0,1) 50,00y Il 1 () < THX(O,l)HX(O,OO)HWEHX(B)

for every t € (0,00), where Cj is the norm of the embedding X (B) — L'(B). Inasmuch as
|we||x(By < &, the last two inequalities, combined with (5.I5]) and with the subadditivity of the
outer Lebesgue measure, imply that the outer Lebesgue measure of A; does not exceed

£
;(C + Collx(0.1) I (0,00))
for every t € (0,00). Hence, L™"(A;) = 0, thanks to the arbitrariness of £ > 0. O
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Proof of Theorem [1]. This is a consequence of Propositions B.1] and 5.1 O
Proof of Theorem[1.7} This is a consequence of Propositions 3.1l and [£.11 O

Proof of Theorem [1.7. The equivalence of conditions (i) and (ii) follows from Proposition [4.3]
Proposition 5.1l and Lemma, 33

In order to verify the equivalence of (ii) and (iii), it suffices to observe that, thanks to the positive
homogeneity of the maximal operator M x, one has that L"({x € R" : Mxu(z) > 1}) < oo for
every u € X (R™) supported in a set of finite measure if, and only if, £L"({x € R" : Mxu(x) >
t}) < oo for every u € X(R™) supported in a set of finite measure and for every t € (0,00). The
latter condition is equivalent to (iii). O

6. PROOFS OF PrROPOSITIONS [LSHIIT]

In this last section, we show how our general criteria can be specialized to characterize those
rearrangement-invariant norms, from customary families, which satisfy the Lebesgue point prop-
erty, as stated in Propositions [L8HI.ITl In fact, these propositions admit diverse proofs, based
on the different criteria provided by Theorems [[LT], [.4] and [[.7l For instance, Propositions [L.8-
[LI0 can be derived via Theorem [[.4] combined with results on the local absolute continuity of
the norms in question and on Riesz-Wiener type inequalities contained in [2] (Orlicz norms), [3]
(norms in the Lorentz spaces LP4(R™)), and [14] (norms in the Lorentz endpoint spaces A, (R™)).
Let us also mention that, at least in the one-dimensional case, results from these propositions
overlap with those of [5] [6, [19].

Hereafter, we provide alternative, more self-contained proofs of Propositions [L8HI.TT] relying
upon our general criteria. Let us begin with Proposition [I.8] whose proof requires the following
preliminarily lemmas.

Lemma 6.1. Let p,q € [1,00] be admissible values in the definition of the Lorentz norm
|| N HLp,q(Rn) Then
1

(pfo‘” O dﬁl(s))a if 1<p<ooandl<q<oo,orp=q=1;
(6.1) Grra(f) =4 sup s(f(s))

s€(0,00)
L'({s € (0,00): f(5) >0}) if p=q=o0,

for every non-increasing function f :[0,00) — [0,00|. Hence, the functional Grr.a is concave if
I<qg<p.

B =

if 1<p<ooandq= oo;

Proof. Equation (G.I)) follows from a well-known expression of Lorentz norms in terms of the
distribution function (see, e.g., [9l Proposition 1.4.9]), from equality (41]) and from the fact that
every non-increasing function f : [0,00) — [0, 00| agrees a.e. with the function f = (fy)«.

The fact that Grp.q is concave if 1 < g < p is an easy consequence of the representation formulas
(©1). In particular, the fact that the function [0,00) > ¢ — t* is concave if 0 < a < 1 plays a
role here. g

Lemma 6.2. Suppose that 1 < p < q < co. Then there exists a function u € LP1(R"™), having
support of finite measure, such that

(6.2) L'{x € R" : Mppau(z) > 1}) = oo.
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Proof. We shall prove that the norm || - || 1.a(rn) does not satisfy condition (H) from Lemma[3.2]
if 1 <p < q < o0o. The conclusion will then follow via Proposition 4.3l
To this purpose, define f : (0,00) — [0,00) as

00 k %
(6.3) fls) = CZ (%) X(;#ﬁ) (s) for s € (0, 00),

1
where ¢ > (%) . Observe that f = f*x(,1) a.e., since f is a nonnegative decreasing function in
(0, 00) with support in (0,1). Moreover, f € LP2(0,c0), since

[e.e]

1 q 9 1
s 3k—1 3k P q_ 3’9 P 53k=T gq_
\If\l‘ip,q(om):ch/js <?> s ldﬁl(s)ﬁcqz<?> /0“ sv AL (s) < oo,
k=1" 23k k=1

thanks to the assumption that ¢ > p. For each k € N, set [, = (ﬁ, 1 ) and ap = % Then

2.3k—1
3k » a 1
*© _ o P S a_q 1 B A
X8 o 0,0 = € (/0 <?> X(0,2) <E) v dL (8)> =c <5> > 1,
and hence condition (H) of Lemma [3.2] fails for the norm || - || zp.a(gn)- O

We are now in a position to accomplish the proof of Proposition [L.8l

Proof of Proposition[1.8. By Lemmal[G.1] the functional Gye.q is concave if 1 < g < p. Moreover,
the norm || - ||pp.agn) is locally absolutely continuous if and only if ¢ < oo — see e.g. [16]
Theorem 8.5.1]. Thereby, an application of Theorem [L1] tells us that, if 1 < g < p < oo, then
the norm || - ||pp.e(rn) has the Lebesgue point property.

On the other hand, coupling Theorem [L7] with Lemma 6.2] implies that the norm || - || Lp.¢(rn)
does not have the Lebesgue point property if 1 < p < ¢ < oo.

In the remaining case when ¢ = oo, the norm || - || Lra(rn) 18 not locally absolutely continuous.
Hence, by Theorem [I.T] it does not have the Lebesgue point property. O

One proof of Proposition [[L9], dealing with Orlicz norms, will follow from Theorem [[.7], via
the next lemma.

Lemma 6.3. Let A be a Young function satisfying the Aq-condition near infinity. Then
L'{x e R" : Mpau(z) > 1}) < 00
for every u € LA(R™), supported in a set of finite measure.

Proof. Owing to Proposition 3] it suffices to show that condition (H) from Lemma B.2] is
fulfilled by the Luxemburg norm.

Consider any function f € L{(0,00), any sequence {I;} of pairwise disjoint intervals in (0, 1),
and any sequence {ay} of positive real numbers such that

ap > LY(I;) and H(fXIk)*”?A(oﬂk) >1 forkeN.

Since

ax < /0 " AW () AL (s) = / A(f(s))) AL (s)

Iy,
for every k € N, one has that

e ) [ee] 1
ag < A f(s)act(s) < | A(|f(s)) L (s) < oo
o), I
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Notice that the last inequality holds owing to the assumption that A satisfies the As-condition
near infinity, and f has support of finite measure. Altogether, condition (H) is satisfied by the
norm || - [| L4 gn)- O

Proof of Proposition [L.d If A satisfies the As-condition near infinity, then the norm || - || L4 gn)
fulfills the Lebesgue point property, by Lemma [6.3] and Theorem [[.7. Conversely, assume that
the norm || - || La(gn) fulfills the Lebesgue point property. Then it has to be locally absolutely
continuous, by either Theorem [Tl or Theorem [[.4l Owing to [I8, Theorem 14 and Corollary 5,
Section 3.4], this implies that A satisfies the As-condition near infinity. O

In the next proposition, we point out the property, of independent interest, that the functional
Gra is almost concave for any N-function A. Such a property, combined with the fact that the
norm || - ||a(gny is locally absolutely continuous if and only if A satisfies the As-condition near

infinity, leads to an alternative proof of Proposition [[L9] at least when A is an N-function, via
Theorem [T

Proposition 6.4. The functional Gy a is almost concave for every N -function A.

Proof. The norm | - || a(gny is equivalent, up to multiplicative constants, to the norm || - ||, , &n)

defined as
1
[ull L mny =inf{E<1+/ A(k\u(a:)])dx) k> 0}

for u € LY(R™) — see [18, Section 3.3, Proposition 4 and Theorem 13]. One has that

1 1 Rl

Z 1+ A(klu(z)|) dz ) = z + A'(kt)u(t) dt,

n 0
where A’ denotes the left-continuous derivative of A. Altogether, we have that
1 o
Gr,(f) =inf {E +/ Al(kt)f(t) dt}
0

for every non-increasing function f : [0,00) — [0,00). The functional Gy, , is concave, since it is
the infimum of a family of linear functionals, and hence the functional Gy 4 is almost concave. [

Let us next focus on the case of Lorentz endpoint norms, which is the object of Proposi-

tion [L10

Lemma 6.5. Assume that ¢ : [0,00) — [0,00) is a (non identically vanishing) concave function.
Then

LY({f>0})
(6.4) On,(f) = /O p(F(£)) AL (1)

for every non-increasing function f : [0,00) — [0,00]. In particular, the functional Gy, is
concave.

Proof. Take any non-increasing function f : [0,00) — [0,00]. Set h = f,, whence f = f* =
(fo)« = hy ace., and h*(0) = £.(0) = L*({f > 0}). From equations (2.25)) and (&I), one has, via
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Fubini’s theorem,

Ga, (f) = On, (h) = [Ihlla, (0.00) = R (0)(0) + / e (s) (5) AL (s)

0

o(07) //h 4L (1) ¢'(s) 4L’ ()
(01 + / " / s)dL (s)dLh(t)

— W(0)p(0") + /0 (p(ha(t)) — p(0F)] dL(2)

h*(0) L1 ({f>0})
= [ et acto = [ P (f(1) dL" (b).
0 0

Hence, formula (6.4]) follows.
In order to verify the concavity of G, fix any pair of non-increasing functions f, g : [0,00) —
[0,00] and A € (0,1). Observe that

{t €[0,00) : Af(t) + (1 — Ng(t) > 0} = {t € [0,00) : f(£) >0} U{t € [0,00) : g(t) > 0}.

The monotonicity of f and g ensures that the two sets on the right-hand side of the last equation
are intervals whose left endpoint is 0. Consequently,

(6.5) LYAf + (1= A)g > 0}) = max{L'({f > 0}), L ({g > O})}.
On making use of equations (6.4) and (6.5]), and of the concavity of ¢, one infers that the
functional Gy, is concave as well. O

Proof of Proposition [L.10. By Lemmal6.5] the functional Gy, is concave for every non identically
vanishing concave function ¢ : [0,00) — [0,00). On the other hand, it is easily verified, via
equation (2.25)), that the norm [|- |5 (&n) is locally absolutely continuous if, and only if, p(0%) =
0. The conclusion thus follows from Theorem [L.T] O

We conclude with a proof of Proposition [L11l

Proof of Proposition [L.11. Assume first that lim,_,q+ ﬁ = 0. Then we claim that the norm
I ”M(P (rn) 18 not locally absolutely continuous, and hence, by either Theorem [L.Ilor Theorem [I.4}
it does not have the Lebesgue point property. To verify this claim, observe that the function
(0,00) > s ﬁ is quasiconcave in the sense of [4, Definition 5.6, Chapter 2], and hence, by
[4 Chapter 2, Proposition 5.10], there exists a concave function 9 : (0,00) — [0,00) such that
21/)( s) < ﬁ < (s) for s € (0,00). Let ¢’ denote the right-continuous derivative of 1, and
define u(z) = ¢/ (wy|z|") for z € R™, where w, is the volume of the unit ball in R". Then u* = ¢/
in (0,00), so that
1 <u™(s)p(s) <2 forse (0,00).

The second inequality in the last equation ensures that u € M, (R™), whereas the first one tells
us that u does not have a locally absolutely continuous norm in My (R™).

Conversely, assume that lim,_,o+ 25 > 0, then (M)1oc(R") = Ll (R"), with equivalent norms
on any given subset of R™ with finite measure (see e.g. [20, Theorem 5.3]). Hence, the norm
| - [[az,(rn) has the Lebesgue point property, since || - [|p1(grn) has it. O
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