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LOG-CONCAVE FUNCTIONS
ANDREA COLESANTI

ABSTRACT. We attempt to provide a description of the geometric theory of log-concave
functions. We present the main aspects of this theory: operations between log-concave
functions; duality; inequalities including the Prékopa-Leindler inequality and the func-
tional form of Blaschke-Santal6 inequality and its converse; functional versions of area
measure and mixed volumes; valuations on log-concave functions.

1. INTRODUCTION

A function f is log-concave if it is of the form
f=e"
where u is convex. This simple structure might suggest that there can not be anything too
deep or interesting behind. Moreover, it is clear that log-concave functions are in one-
to-one correspondence with convex functions, for which there exists a satisfactory and
consolidated theory. Why to develop yet another theory?

Despite these considerations, which may occur to those who meet these functions for
the first time, the theory of log-concave functions is rich, young and promising. There
are two main reasons for that. The first comes from probability theory: many important
examples of probability measures on R", starting with the Gaussian mesure, have a log-
concave density. These measures are referred to as log-concave probability measures
(and thanks to a celebrated results of Borell they admit an equivalent and more direct
characterization, see [14]). They have been attracting more and more interest over the
last years. Typical results that have been proved for these measures are: Poincaré (or
spectral gap) and log-Sobolev inequalities, concentration phenomena, isoperimetric type
inequalities, central limit theorems and so on (see [46] for a survey).

The second motivation comes from convex geometry and gives rise to the geometric
theory of log-concave functions, which is the theme of this paper. There is a natural
way to embed the set of convex bodies in that of log-concave functions, and there are
surprisingly many analogies between the theory of convex bodies and that of log-concave
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2 ANDREA COLESANTI

functions. The extension of notions and propositions from the context of convex bodies
to the more recent theory of log-concave functions is sometimes called geometrization
of analysis. The seeds of this process were the Prékopa-Leindler inequality (see [43],
[49]), recognized as the functional version of the Brunn-Minkowski inequality, and the
discovery of a functional form of the Blaschke-Santal6 inequality due to Ball (see [8]).
A strong impulse to the development of geometrization of analysis was then given by the
innovative ideas of Artstein-Avidan, Klartag and Milman who, through a series of papers
(see [3], [5], [6] and [46]), widened the perspectives of the study of log-concave functions
and transformed this subject into a more structured theory. In the course of this paper, we
will see how many authors have then contributed in recent years to enrich this theory with
new results, concepts and directions for future developments.

Here we try to provide a picture of the current state of the art in this area. We will start
from the beginning. In Section 3, we give a precise definition of the space of log-concave
functions we work with, denoted by £", and we describe basic properties of these func-
tions. Moreover, we define the operations that are commonly used to add such functions
and to multiply them by non negative reals. Once equipped with these operations L£" is
a convex cone of functions, just like the family of convex bodies K with respect to the
Minkowski addition and the corresponding multiplication by positive scalars.

Section 4 is entirely devoted to the notion of duality. The most natural way to define
the dual of a log-concave function f = e™" is to set

fO — e—u
where u* is the Fenchel (or Legendre) transform of the convex function u. The effec-
tiveness of this definition will be confirmed by the inequalities reported in the subsequent
Section 5. In Section 4, we recall the basic properties of this duality relation and the
characterization result due to Artstein-Avidan and Milman, which ensures that the du-
ality mapping which takes f in f° is characterized by two elementary properties only:
monotonicity, and idempotence. In the same section, we will also see a different duality

relation, due to Artstein-Avidan and Milman as well, which can be applied to the subclass
of L™ formed by geometric log-concave functions.

*

Inequalities are the salt of the earth, as every analyst knows, and log-concave functions
are a very fertile ground by this point of view. In Section 5, we review the two main
examples of inequalities in this area: the Prékopa-Leindler inequality and the functional
versions of the Blaschke-Santal6 inequality together with its converse. Concerning the
Prékopa-Leindler inequality, we also explain its connection with the Brunn-Minkowski
inequality, and we show how its infinitesimal form leads to a Poincaré inequality due to
Brascamp and Lieb. In the same section we also introduce the notion of the difference
function of a log-concave function and an inequality which can be interpreted as the func-
tional version of the Rogers-Shephard inequality for the volume of the difference body of
a convex body.
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The analogy between convex bodies and log-concave functions has its imperfections.
Here is a first discrepancy: in convex geometry the important notions of mixed volumes
and mixed area measures are originated by the polynomiality of the volume of Minkowski
linear combinations of convex bodies. This property fails to be true in the case of log-
concave functions, at least if the usual addition (the one introduced in Section 3) is in
use. Nevertheless, there have been some attempts to overcome this difficulty. In Section
6, we describe two constructions that lead to the definition of functional versions of area
measure and mixed volumes for log-concave functions.

A second aspect in which the geometric theory of log-concave functions, at present,
differs from that of convex bodies is given by valuations. The theory of valuations on
convex bodies is one of the most active and prolific parts of convex geometry (see for
instance Chapter 6 of [56] for an updated survey on this subject). Two milestones in this
area are the Hadwiger theorem which characterizes continuous and rigid motion invariant
valuations, and McMullen’s decomposition theorem for continuous and translation invari-
ant valuations. On the other hand, the corresponding theory of valuations on the space
of log-concave functions is still moving the first steps, and it is not clear whether neat
characterization results will be achieved in the functional setting as well. The situation is
depicted in Section 7.

In the appendix of the paper we collected some of the main notions and results from
convex geometry, described in a very synthetic way, for the reader’s convenience.

Acknowledgements. The author would like to thank the anonymous referee for the care-
ful reading of the paper and his/her corrections and valuable suggestions.

2. NOTATIONS

We work in the n-dimensional Euclidean space R", n > 1, endowed with the usual
scalar product (z,y) and norm ||z||. B,, denotes the unit ball of R™.
If Ais a subset of R”, we denote by 1,4 its indicatrix function, defined in R"™ as follows:

0 ifxeA,
IA<x>_{ oo ifz ¢ A.

The characteristic function of A will be denoted by y 4:

(z) = 1 ifzeA,
XA =0 ifz ¢ A

The Lebesgue measure of a (measurable) set A C R™ will be denoted by V,,(A) (and
sometimes called the volume of A) and

/A fdx

stands for the integral of a function f over A, with respect to the Lebesgue measure.
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A convex body is a compact, convex subset of R"; the family of convex bodies will be
denoted by K". Some notions and constructions regarding convex bodies, directly used
in this paper, are recalled in the appendix. For an exhaustive presentation of the theory of
convex bodies the reader is referred to [56].

3. THE SPACE L"

3.1. The spaces C" and L£". In oder to define the space of log-concave functions, which
we will be working with, in a precise way, we start by the definition of a specific space of
convex functions. The typical convex function u that we will consider, is defined on the
whole space R" and attains, possibly, the value oco. The domain of u is the set

dom(u) = {z € R" : u(z) < oo}.

By the convexity of u, dom(u) is a convex set. The function u is proper if its domain is
not empty.

Definition 3.1. We set

C" = {u : R—> R"U{oo} : uconvex ands.t. lim wu(x)= oo}

llz[|—o00

and

E”:e’cn:{f:e’“ : uGC"}.

Clearly in the previous definition we adopt the convention e~*° = 0. L" is the space of
log-concave functions which we will be working with. Note that the support of a function
f=e"e L ie. the set

sprt(f) ={z € R" : f(z) > 0}
coincides with dom(u).

Remark 3.2. As an alternative to the previous definition (to avoid the use of convex
functions), one could proceed as follows. A function f : R" — [0,00) is said log-
concave if

f((1 — t)ilf[) + t$1) 2 f(lfo)lit f(fEl)t, Vl'o, X € Rn, Vit e [0, 1]
(with the convention: 0% = 0 for every a > 0). Then L" is the set of all log-concave

functions f such that

| lﬁm f(z)=0.

There are clearly many examples of functions belonging to £". We choose two of them
which are particularly meaningful for our purposes.
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Example 3.3. Let K be a convex body; then I € C". As a consequence the function
e~ 1x_ which is nothing but the characteristic function of K, belongs to L.

This simple fact provides a one-to-one correspondence between the family of convex
bodies and a subset of log-concave functions. In other words, K™ can be seen as a subset
of £". We will see that this embedding is in perfect harmony with the natural algebraic
structure of £ and ™.

Example 3.4. Another prototype of log-concave function is the Gaussian function

2
ll]]

fla)=e '

which clearly belongs to £".

Remark 3.5. By convexity and the behavior at infinity, any function v € C" is bounded
from below. As a consequence
feLl"” = supf < oc.
R?
3.2. Operations on £". We will now define an addition and a multiplication by non-
negative reals on £". With these operations £ becomes a cone (but not a vector space)
of functions, just like the family of convex bodies K™ with respect to the Minkowski
addition and dilations, is a cone of sets. The operations that we are going to introduce are
widely accepted to be the natural ones for £". Their construction is not straightforward;
the following stepwise procedure might be of some help for the reader.
Let u and v be in C™; their infimal convolution, denoted by ulv, is defined as follows

(ulv)(z) = inf {u(y) +v(z —y)}-

This operation is thoroughly studied in convex analysis (see for instance the monograph
[52] by Rockafellar, to which we will refer for its properties). As a first fact, we have that
ulJv € C", i.e. this is an internal operation of C" (see, for instance, [25, Prop. 2.6]). The
infimal convolution has the following nice geometric interpretation (which can be easily
verified): ulJv is the function whose epigraph is the vector sum of the epigraphs of v and
v:
epi(uldv) = {x +vy : x € epi(u), y € epi(v)} = epi(u) + epi(v),
where, for w € C"
epi(w) = {(z,y) € R" xR : y > w(x)}.

Naturally associated to [] there is a multiplication by positive reals: for v € C" and o > 0

we set
T

(axu)(z)=au (—) :
Q@
This definition can be extended to the case v = 0 by setting

OXUZI{Q};
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the reason being that I, acts as the identity element: I;o,[Ju = u for every u € C". Note
that

udu=2xu Yuel"

as it follows easily from the convexity of w.
We are now ready to define the corresponding operations on £".

Definition 3.6. Let f = e ", g = e € L" and let o, > 0. We define the function
a- f@pB-gasfollows
(O( . f @6 . g) _ e—(aXuD,BXv)'

According to the previous definitions, when a, 3 > 0 we have that'
o g
r—y )
n @-fosa=swf () oY)
yeR™ « ﬁ

Example 3.7. As an instructive and remarkable example, let us see how these operations
act on characteristic functions of convex bodies. Let K, L € K", and o, 5 > 0. The
Minkowski linear combination of K and L with coefficients « and [ is

aK+pBL={azx+py : x€ K,y € L}

Te reader may check, as a simple exercise, the following identity

a- XK DB XL = Xak+8L-

As C™ is closed with respect to [J and x (see [25, Prop. 2.6]), we have the following
result.

Proposition 3.8. Let f,.g € L" and o, > 0. Thena - f & 5-g € L™

3.3. The volume functional. In the parallelism between convex geometry and the theory
of log-concave functions it is important to find the corresponding notion of the volume of
a convex body, in the functional setting. The natural candidate is the L' (R")-norm. Given
f e L™ we set

1(f) = . f(x)d.

To prove that this integral is always finite we exploit the following lemma (see Lemma
2.5 in [25]).

Lemma 3.9. Let v € C"; then there exists a > 0 and b € R such that

u(z) > allz||+b VzeR™

IFor this reason the sum defined here is sometimes referred to as the Asplund product, see for instance

[3].
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As a consequence, if f = e ™ € L", we have that
f(z) < Celel vy e R"
for some @ > 0 and C' > 0. This implies that
I(f)<oo VfecL"
ie.
L£" c LY(R™).

We will refer to the quantity /( f) as the integral or the volume functional, evaluated at f.
Note that if K is a convex body and f = xx, then

I(f) = I(xx) = / iz = V, ().

K

3.4. p-concave and quasi-concave functions. A one parameter family of sets of func-
tions which includes log-concave functions, is that of p-concave functions, as the param-
eter p ranges in R U {400}. Roughly speaking a function is p-concave if its p-th power is
concave in the usual sense, but the precise definition requires some preparation.

Given p € RU {£o0}, a,b > 0and t € [0, 1], the p-th mean of a and b, with weights ¢
and (1 —t) is

M, (a,b;t) = (1 — t)aP + tbP)"/?

if p > 0. For p < 0, we adopt the same definition if ¢ > 0 and b > 0, while if ab = 0 we
simply set M, (a, b;t) = 0. For p = 0:

My(a,b;t) == a0
Finally, we set
My (a,b;t) := max{a, b}, M_,(a,b;t) := min{a,b}.
A non-negative function f defined on R" is said to be p-concave if
(U =tz +ty) = My(f(2), [(y);t) YVa,y e R, Vi e[0,1].

For p = 0, we have the condition of log-concavity; for p = 1, this clearly gives back the
notion of concave functions; for p = —oo, the above conditions identifies the so-called
quasi-concave functions, which can be characterized by the convexity of their super-level
sets.

In the course of this paper we will see that some of the results that we present for
log-concave functions admits a corresponding form for p-concave functions.
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4. DUALITY

The notion of conjugate, or dual, function of a log-concave function that we introduce
here (following, for instance, [3]) is based on the well-known relation of duality in the
realm of convex functions, provided by the Fenchel, or Legendre, transform, that we
briefly recall. Let v be a convex function in R"; we set

u(y) = sup (z,y) —u(z), VyeR"
TeR™
Remark 4.1. Being the supremum of linear functions, u* is convex. Moreover, unless
u = 00, u*(y) > —oo for every y. If we require additionally that u € C" (and u # ©0),
then u* is proper (see [25, Lemma 2.5]). On the other hand, v € C" does not imply, in
general, v* € C". Indeed, for u = I3 we have u* = 0.

Definition 4.2. For f = e™ € L", we set
fo — e—u*.
A more direct characterization of f° is
' e~ (@)
=5 | ey
(where the involved quotient has to be intended as oo when the denominator vanishes).

Hence f° is a log-concave function (which does not necessarily belong to £").
The idempotence relation (that one would expect)

2) (u")" = u

has to be handled with care, as it is not always true in C". This depends on the fact that the
Fenchel conjugate of a function is always lower semi-continuous (L.s.c., for brevity), while
u needs not to have this property. On the other hand, this is the only possible obstacle for

(2).
Proposition 4.3. Let u € C" be l.s.c., then (2) holds.

Corollary 4.4. Let f € L" be upper semi-continuous (u.s.c.). Then

3) (f)° =1

Examples.
1. Let K be a convex body and [ be its indicatrix function. Then we have

(Ix)"(y) = 3161}13(37, y) = hx(y) YyecR"

Here, following the standard notations, we denoted by hy the support function of the
convex body K (see the appendix).
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2. The Gaussian function is the unique element of £" which is self-dual:

2
ll]]

f=e 2 & f°=f

Remark 4.5. The Fenchel transform gives another interpretation of the inf-convolution
operation and, consequently, of the addition that we have defined on £". Indeed, if v and
varein C" and o, 8 > 0, then:

(axulf xv) =au"+ v = axuldpsxov=(au"+ pv*)",

if the function on the left hand-side of the last equalty is Ls.c. (see [25, Prop. 2.1]). Hence,
given f =e % g=e ¥ € L" (suchthat - f & (- gisu.s.c.) we have

) a-f@f-g=e @,

In other words, the algebraic structure that we have set on £" coincide with the usual
addition of functions and multiplication by non-negative reals, applied to the conjugates
of the exponents (with sign changed).

4.1. Characterization of duality. In the papers [5] and [6], Arstein-Avidan and Milman
established several powerful characterizations of duality relations in the class of convex
and log-concave functions (as well as in other classes of functions). The space of convex
functions in which they work is slightly different from ours. They denote by Cvz(R™)
the space of functions v : R” — R U {£o0}, which are convex and l.s.c. One of their
results is the following characterizations of the Fenchel conjugate, proved in [6].

Theorem 4.6 (Artstein-Avidan, Milman). Let 7 : Cvz(R") — Cvxz(R™) be such that:

(1) TTu = u forevery u € Cvx(R");
(2) u < wvinR"™ implies T (u) > T (v) in R™

Then T coincides essentially with the Fenchel conjugate: there exist Cy € R, vy € R"™ and
an invertible symmetric linear transformation B of R™ such that for every u € Cvx(R"),

T(uw)(y) = u*(By + vo) + (x,v9) + Co, Vy € R"™

A direct consequence of the previous result, is a characterization of the conjugate that
we have introduced before for log-concave functions. Following the notation of [5] and
[6] we set

LCR") ={f=e": ue Cvox(R")}.
Theorem 4.7 (Artstein-Avidan, Milman). Let 7 : LC(R") — LC(R™) be such that:

(1) TTf = fforevery f € LC(R");
(2) f < ginR" implies T(f) > T (g) in R".
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Then there exist Cy € R, vy € R™ and an invertible symmetric linear transformation B of
R™ such that for every f € LC(R"),

T(f)(y) = Coe™ ) f°(Bx +vy) Yy € R™

4.2. Geometric log-concave functions and a related duality transform. In the paper
[7] the authors introduce a special subclass of Cvx(R™), called the class of geometric con-
vex functions, and denoted by Cvz(R™). A function u € Cvz(R") belongs to Cvzy(R™)
if

inf u = minu = u(0) = 0.

R" R™
Correspondingly, they define the class of geometric log-concave functions as follows:

LCyR™) ={f=e" : ue Cuzro(R")}.

Note in particular that if f € LC,(R"), then

OSf(l)Slzf(O)ZI%%xf Vo eR"

For u € Cvzo(R") the set
u1(0) = {x : u(z) =0}
is closed (by semicontinuity), convex and it contains the origin, even if not necessarily as
an interior point. As an extension of the notion of polar set of a convex body having the
origin in its interior (see the appendix), we set
(™ (0)° = {z € R" : (z,y) < 1Vy € u (0)}.

The new duality transform introduced in [7], denoted by A, is defined, for u € Cvxo(R™),

by
(x,y) —1

st if z € (u"1(0))°,
(Au)(z) = {y:u(yr))>0} u(y) € (u=(0))

00 otherwise.
Many interesting properties of this transform are proved in [7]; among them, we men-
tion that A is order reversing and it is an involution, i.e.

5) A(Au) =u  Yu € Coxo(R"™).

As in the case of Fenchel transform, these features can be used to characterize this opera-
tor, together with the Fenchel transform itself.

Theorem 4.8 (Artstein-Avidan, Milman). Letn > 2 and T : Cvxo(R") — Cuvzo(R™)
be a transform which is order reversing and is an involution. Then either

Tu= (u*) oB Yue OUC(:O(RTL)?

or

Tu=Co(Au)o B Vu e Cuzry(R"),
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where B is an invertible linear transformation of R", Cy € R.

As an application, a corresponding characterization result can be derived for the case
of geometric log-concave functions.

5. INEQUALITIES

5.1. The Prékopa-Leindler inequality. Let f, g, ~ be non-negative measurable func-
tions defined in R", and let ¢ be a parameter which ranges in [0,1]. Assume that the
following condition holds:

(6) f((1=t)zg + tay) > g(mo)l_th(xl)t Vo, r1 € R™

In other words, f which is evaluated at the convex linear combination of any two points
is greater than the geometric mean of g and h at those points. Then the integral of f is
greater than the geometric mean of the integrals of ¢g and h:

0 [ gacs ([ ) ([ )

Inequality (7) is the general form of the Prékopa-Leindler inequality; it was proved in
[43], [49] and [50].

Though the inequality (7) in itself is rather simple, the condition behind it, i.e. (6),
is unusual as it is not a point-wise condition but involves the values of f, g and h at
different points. It will become clearer once it is written using the operations that we have
introduced for log-concave functions. In fact, our next aim is to discover how Prékopa-
Leindler is naturally connected to log-concavity. As a first step in this direction, we
observe that, given g and h, one could rewrite inequality (7) replacing f by the smallest
function with verifies (6). Namely, let
®) f(z)=sup g (2)h'(y).

(1—t)z+ty==

Then, if f is measurable?, (7) holds for the triple f, g, h. In view of (1), if g, h € L£" then
f=0—-t)-got-geL"

The second observation concerns equality conditions in (7), in which log-concave func-
tions intervene directly. Note first that if f = g = h (for which we trivially have equality
in (7)), then (6) is equivalent to say that these functions are log-concave. Moreover,
the converse of this claim is basically true, due to the following result proved by Dubuc
(see [28, Theorem 12]). Assume that f, g and h are such that (6) is verified and equal-
ity holds in (7); then there exists a log-concave function F', a vector xy and constants

’In general the measurability of g and & does not imply that of f. See [34] for more information on this
point.
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1, Co, , 3 > 0 such that:
f(x) = F(x) ae. inR",
g(z) = aF(ax+1x) ae. inR",
h(z) = cF(Bxr+x) ae. inR™
In view of what we have seen so far, we may rephrase (7) in the realm of log-concave

functions in the following way.

Theorem 5.1. Let g, h € L™ and let t € [0,1]. Then

©) /n[(l—t)-g@t-h]dazz(/ngdx)l_t(/nhdx)t,

Le.

I(1=t)-g®t-h)=1(g)" I(h)"
Moreover, equality holds if and only if g coincide with a multiple of h up to a translation
and a dilation of the coordinates.

Written in this form, the Prekopa-Leindler inequality is clearly equivalent to the fol-
lowing statement: the volume functional I is log-concave in the space L". This point of
view will be important to derive the infinitesimal form of this inequality. In the sequel we
will refer to the Prékopa-Leindler inequality in the form (9) as to (PL).

We note here an important consequence of (PL), which was emphasized and exploited
in various ways in [17].

Theorem 5.2. Let F' = F(x,y) be defined in R" x R™, and assume that F is log-concave.
Then the function f : R™ — R defined by

fo)= [ Fawiy

is log-concave.

The proof is a simple application of (PL).

We conclude this part with some further remarks on the Prékopa-Leindler inequality.

Remark 5.3. One way to look at (PL) is as a reverse form of the Holder inequality.
Indeed, an equivalent formulation of Holder inequality is the following: if g and A are
non-negative measurable functions defined on R”, and ¢ € [0, 1],

/nglthtdx < (/ gdx)l_t (/ hdm)t.

Prékopa-Leindler inequality asserts that the previous inequality is reversed if the geomet-

ric mean of g and h is replaced by the supremum of their geometric means, in the sense
of (8).
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Remark 5.4. A more general form of (PL) is the Borell-Brascamp-Lieb inequality (see
for instance Section 10 of [34]). This inequality asserts that if f, g, h are non-negative
measurable functions defined on R" such that for some p > —% and t € [0, 1]

f(A=t)z +ty) > My(g(x), h(y);t) Vaz,yeR",

fdx > Mﬁ (/ gd:c,/ hdx;t) .
Rn p n n

Here we have used the definition of p-mean introduced in subsection 3.4.
In the same way as (PL) has a special meaning for log-concave functions, Borell-
Brascamp-Lieb inequality is suited to p-concave functions.

then

Remark 5.5. Prékopa-Leindler inequality can also be seen as a special case of a very
general class of inequalities proved by Barthe in [9]. One way (even if limiting) of looking
at Barthe’s inequalities is as a multifunctional version of (PL). Barthe’s inequalities are
in turn the reverse form of Brascamp-Lieb inequalities, which have as a simple special
case the Holder inequality. A neat presentation of these inequalities can be found in [34],
Section 15.

5.2. Proof of the Prékopa-Leindler inequality. For completeness we supply a proof
of the Prékopa-Leindler inequality in its formulation (9), i.e. restricted to log-concave
functions (omitting the characterization of equality conditions).

As preliminary steps, note that if one of the functions g and h is identically zero then
the inequality is trivial. Hence we assume that g = 0 and h # 0. Moreover, as it is easy
to check, it is not restrictive to assume
(10) supg =suph =1

R7 R"
(see also Remark 3.5).

The rest of the proof proceeds by induction on the dimension n. For simplicity we will

set

f=(0—-t)-g®t-h
throughout. For convenience of notations we will in general denote by x, y and z the
variable of f, g and h, respectively.

The case n = 1. Fix s € [0, 1]; by the definition of the operations - and &, we have the
following set inclusion

{z: flx)>s} D1 —t){y : gly) > s}t +t{z : h(z) > s}.

As f, g and h are log-concave, their super-level sets are intervals, and, by the behavior of
these functions at infinity, they are bounded. Note that if if / and J are bounded interval
of the real line we have

Vil +J) =WVi(1) + Vi(J)
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(which is the one-dimensional version of the Brunn-Minkowski inequality, in the case of
“convex sets”). Hence

iz = f(z) =2 s}) =2 (1 =)Vil{y : g(y) = s}) +tVi({z : h(2) = s}).

Now we integrate between 0 and 1 and use the layer cake principle

/Rfdxz(l—t)/Rgdy+t/thz2 (/Rgdy>l_t (/thz))t

where we have used the arithmetic-geometric mean inequality. This concludes the proof
in dimensional one. Note that in this case one obtains (under the assumption (10)) a
stronger inequality, namely the integral of f is greater than the arithmetic mean of those
of g and h.

The case n > 1. Assume that the inequality is true up to dimension (n — 1). Fix 7, and
Z, in R, and let Z,, = (1 — )y, + tZ,. Moreover let f,g,h : R""! — R be defined by

f<$17 s 7xn—1) = fﬁxla s 7xn—17:f'ﬂ)7 g(yh s 7yn—l) - g(yh s 7yn—17g’fl>’
h(Zl, . 7Zn71) = h(Zl, ey Rn—1, En)

As x, is the convex linear combination of y, and z,, and as f = (1—t)-gdt-h, we
have that f, g and h verify the assumption of (PL), so that, by induction,

1—t t
(11) / fdx > ( / gdy) ( / hdz) .
Rnfl ]Rnfl R”nfl

Next define F,G,H : R — R as

F(z) = flxy,...,xh_1,x)dxy ... dr, 1,
Rn—1

G(y):/]R; 7lg(y17"'7ynflay>dy1"'dyn717

H(z) = / h(z1, .. 2n1,2)dzy .. dzy .
Rn—1

By Theorem 16 these are log-concave functions; moreover (11) is exactly condition (6)
for them. Hence, by induction,

JRCE (/RG@ (/RHd)

and this is nothing but the required inequality for f, g, h.
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5.3. Prékopa-Leindler and Brunn-Minkowski inequality. One way to understand the
importance of Prékopa-Leindler inequality is to set it in relation to the Brunn-Minkowski
inequality, one of the most important results in convex geometry.

Theorem 5.6 (Brunn-Minkowski inequality). Let K and L be convex bodies and t €
0, 1]. Then

(12) Vo((1 = ) K + tL)]Y™ > (1 — 1) [V, (K™ + [V, (L))"
In case both K and L have non-empty interior, equality holds if and only if they are

homothetic, i.e. they coincide up to a translation and a rotation.

The article [34] by Gardner contains an exhaustive survey on this result. Here we
only mention that Brunn-Minkowski inequality ((BM) for brevity) is a special case of the
family of Aleksandrov-Fenchel inequalities (see [56]), and that a simple argument leads in
few lines from this inequality to the isoperimetric inequalitiy (restricted to convex bodies):

(13) Vo(K) < e [HY0K)]" ") VK e K™ : int(K) # 0.

Here c is a dimensional constant and "' is the (n — 1)-dimensional Hausdorff measure.
Moreover equality holds if and only if K is a ball. The argument to deduce (13) from (12)
is rather known and can be found, for instance, in [34].

In what follows we show that (BM) can be easily proved through (PL).

Proof of the Brunn-Minkowsi inequality. Let K, L and t be as in Theorem 5.6. Let
g=XkK, h=x5, f=0—-t)-gdt-h.
As we saw in example 3.7,
[ = X(—t)K+tL-
By (PL) we get
(14) Vo(L=t)K +tL) > V,(K)" "V, (L)

This is usually referred to as the multplicative form of the Brunn-Minkowski inequality.
From that, by exploiting the homogeneity of volume, (BM) in its standard form can be
deduced as follows. Given K, L and t as above, assume that the volumes of X and L are
strictly positive (the general case can be obtained by approximation). Let

_ 1 - 1
K = —Vn(K)l/” K, L= —Vn(L)l/” L,
so that
Vo(K) =V, (L) =1
We set also

Va(L)'" .
(1 — )V (K + £V, (L)Y ™

|
I
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Applying (14) to K, L and 7 leads to
1
(= OVa(K)V" + (Vu(L)/"

1§Vn((1—E)K+EL):Vn( (1—t)K+tL>.

U

5.4. The infinitesimal form of (PL). Both Prékopa-Leindler and Brunn-Minkowski in-
equalities are concavity inequalities. More precisely, (BM) asserts that the volume func-
tional to the power 1/n is concave on the family of convex bodies K", while, according
to (PL), the logarithm of the integral functional [ is concave on £". The concavity of a
functional F' can be expressed by the usual inequality:
F((l — t)ZE() + tIl) Z (1 — t)F(ZE()) + tF(I’l) VZL'(),ZEl; Vit e [0, 1],

or by its infinitesimal version

(15) D*F(z) <0 Vau,

where D?F(z) denotes the second variation of F at x (if it exists, and whatever its mean-
ing can be). The infinitesimal form of the Brunn-Minkowski inequality has been inves-
tigated in [24], where it is shown that (15) provides a class of Poincaré type inequalities
on the unit sphere of R™. Here we will show that correspondingly, the infinitesimal form
of (PL) is equivalent to a class of (known) inequalities, also of Poincaré type, on R",
with respect to log-concave probability measures. These inequalities have been proved
by Brascamp and Lieb in [17].

Theorem 5.7 (Brascamp-Lieb). Let f = e™* € L™ and assume that u € C*(R") and
D?*u(z) > 0 for every x € R". Then for every ¢ € C'(R"™) such that

¢fdzr =0,
Rn
the following inequality holds:
(16) Pfiz < [ (D) V6, V0)fde
R™ R™
Remark 5.8. When

_ =l
U(I) - 2 )

i.e. f is the Gaussian function, (16) becomes the usual Poincaré inequality in Gauss space:
(17) ¢ dyn(x) < / IV ]*dyn ()

R7 R7
for every ¢ € C''(R") such that

(18) pdyn(x) = 0,

Rn




LOG-CONCAVE FUNCTIONS 17

where 7, is the standard Gaussian probability measure. Note that (17) is sharp, indeed it
becomes an equality when ¢ is a linear function. In general, the left-hand side of (16) is a
weighted L%(R™, 1)-norm of V¢ (squared), where y is the measure with density f. Note
however, that (16) admits extremal functions (i.e. for which equality holds) for every
choice of f; this will be clear from the proof that we present in the sequel.

Proof of Theorem 5.7. We will consider a special type of log-concave functions. Let
u € C%(R™) N C™ be such that

(19) cl, < D*u(r) Vz €R",

where [, is the n x n identity matrix and ¢ > 0. We denote by C! the space formed by
these functions and set
Lr=e % CLm
We set
CH* ={u* : uell}.
By standard facts from convex analysis (see for instance [52]), if u € C! then u* €
C?*(R™); moreover Vu is a diffeomorphism between R" and itself and

(20) Vu* = (Vu)™;
(1) w(y) = (V)" (y),y) —u((Vu)™ly) Yy e R
(22) D*u*(y) = (D*u((Vu)"'(y)))™" VyeR"

Let f = e " € L7; the functional I is defined by

1= faa

By the change of variable y = Vu(x) and by the previous relations we get

1) = [ er b Waa(Dn o))y
In other words, I(e~") can be expressed as an integral functional depending on u*. Given
v e (CM)* set
J(v) = / O~ I W) det( D2o(y))dy.
By Remark 4.5, Prékopa-Leindler inequality in its form (9), restricted to L7, is equiva-
lent to say that
(23) J : (CH)* = R s log-concave

where now log-concavity is with respect to the usual addition of functions in (C?')*. The
previous relation is the key step of the proof. We will now determine the second variation
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of In(J) atv € (C™)*. Lety € C°(R") (i.e. ¢» € C*°(R") and it has compact support).
There exists € > 0 such that

vs =v+ st is convex for every s € [—¢, €.

Set

g(s) = J(vs).
Then In(g(s)) is concave in [—e, €], so that
(24) 9(0)g"(0) — g™(0) < 0.

After computing ¢'(0) and ¢”(0) and returning to the variable z, inequality (24) will turn
out to be nothing but the Poincaré inequality of Brascamp and Lieb.

For simplicity, from now on we will restrict ourselves to the one-dimensional case, but
the same computation can be done for general dimension (at the price of some additional
technical difficulties, consisting in suitable integration by parts formulas), as shown in
[24] for the case of the Brunn-Minkowski inequality.

So now v and 1) are functions of one real variable; we denote by v', v” 1)’ 1" their first
and second derivatives, respectively. The function g(s) takes the form

g(s) = / evs(¥)—yvg (y)v;’(y)dy.
Then )
§(5) = [ O O(y) g ) + o @)y
Note that :
[ ey = [ gy
after an integration by plirts (no boundary term ap§ears as ¢ has bounded support). Then
9(5) = [ eyl () dy.
R

Differentiating again (this time at s = 0) we get

§'(0) = / SO O [(5(y) — g ()" () + 0 ()]dy
- / OO () (y) — (& () )y,

where we have integrated by parts again in the second equality. Now set

o(x) = (u'(z)).
Note that ¢ € C2°(R); moreover, any ¢ € C2°(R) can be written in the previous form for
a suitable ). We have:

§(0) = / o(x) f (x)de,



LOG-CONCAVE FUNCTIONS 19
and

(25) / o (x / (i/”(g)ydx.

Hence (18) is equivalent to ¢’(0) = 0. If we now replace (25) in (24) we obtain the desired
inequality.

0

Remark 5.9. There are several other examples of the argument used to derive “differ-
ential” inequalities (i.e. involving the gradient, or derivatives in general) like Poincaré,
Sobolev and log-Sobolev inequalities, starting from Prékopa-Leindler or Brunn-Minkowski
inequality; see for instance: [11], [12], and the more recent paper [13].

5.5. Functional Blaschke-Santalo inequality and its converse. One of the most fasci-
nating open problems in convex geometry is the Mahler conjecture, concerning the opti-
mal lower bound for the so-called volume product of a convex body. If K € K" and the
origin is an interior point of K, the polar body (with respect to 0) of K is the set

Ke={xeR": (z,y) <1Vye K}.

K° is also a convex body. More generally, if K has non-empty interior and z is an interior
point of K the polar body of K with respect to z is

K* = (K — z)°.

It can be proved that there exists an interior point of K, the Santalé point, for which
V. (K*#) is minimum (see [56]).

Roughly speaking, the polar body of a large set is small and vice versa; this suggests to
consider the following quantity:

P(K) = Va(K)Va(K7),

where z is the Santal6 point of /K, called the volume product of K. P is invariant un-
der affine transformations of R™ and in particular it does not change if K is dilated (or
shrunk). It is relatively easy to see that it admits a maximum and a minimum as /K ranges
in ™. Then it becomes interesting to find such extremal values and the corresponding
extremizers.

The Blashcke-Santal6 inequality asserts that

P(K) < P(B,) VK €K",

(we recall that B,, is the unit ball) and equality holds if and only if K is an ellipsoid (see
for instance [56]). On the other hand, the problem of finding the minimum of P is still
open, in dimension n > 3. The Mahler conjecture asserts that

P(K) > P(A) VK ek”
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where A is a simplex. Correspondingly, in the case of symmetric convex bodies it is
conjectured that
P(K)>P(Q) VK e K", symmetric

where () is a cube. The validity of these conjectures has been established in the plane
by Mahler himself, and, in higher dimension, for some special classes of convex bodies;
among them we mention zonoids and unconditional convex bodies. Anyway it would
be impossible to give even a synthetic account of all the contributions and results that
appeared in the last decades in this area. A recent and updated account can be found
in [55]. We mention, as this result has a specific counterpart for log-concave functions,
that the best known lower bound for the volume product of symmetric convex bodies

(asymptotically optimal with respect n as n tends to 0o), has been established by Bourgain
and Milman (see [16]):

(26) P(K)>c"P(Q), VK eK" symmetric,

where c is a constant independent of n. For a recent improvement of the constant c as well
as for different proofs of (26), we again refer the reader to [55] (see in particular Section
8).

Within the framework that we have been describing so far, where results from convex
geometry are systematically transferred to the space of log-concave functions, it is natural
to expect a functional counterpart of the volume product of convex bodies, and related
upper and lower bounds. Given a log-concave function f = e € L", we have seen that
we can define

fo — efu*

where «* is the Fenchel conjugate of u (see Section 4). Hence we are led to introduce the
following quantity

P(P= [ fdo [ =10 1(r)

n R’Il

as a counterpart of the volume product of a convex body. On the other hand, as suggested
by the case of convex bodies, it could be important to introduce also a parameter z € R",
as the center of polarity. Hence, given f € L™ and z € R", we set

fo(z) = f(x = 2) V&eRY,

and more generally we consider

Pl = [ gde [ (e

The functional Blaschke-Santal6 inequality, i.e. an optimal upper bound for P(f.), was
established in [3] where the authors prove that for every f € L™ (with positive integral),

if we set ]
20 = —— rf(x)dx
"= ST
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then
(27 P(fz) < (2m)"

and equality holds if and only if f is (up to a translation of the coordinate system) a
Gaussian function, i.e. is of the form

fla) = 1o

where A is a positive definite matrix. In the special case of even functions, for which we
have zy = 0, this result was achieved by Ball in [8]. A different proof (which in particular
does not exploit its geometric counterpart) of the result by Artstein, Klartag and Milman
was given by Lehec in [41]. We also mention that an interesting extension of (27) was
given in [30] (see also [42]).

In a similar way, the reverse Blaschke-Santal6 inequality (26) have been extended to
the functional case. In [39] the authors proved that there exists an absolute constant ¢ > 0
(i.e. ¢ does not depend on the dimension n) such that

P(fo) ="

for every f € L" even. This result has been improved in various ways in the papers
[32] and [33]. We also mention that in [31] a sharp lower bound for the functional P( f)
have been given for unconditional log-concave functions f (i.e. even with respect to each
coordinate). This corresponds to the solution of the Mahler conjecture in the case of
unconditional convex bodies.

5.6. Functional Rogers-Shephard inequality. Given a convex body K in R", its differ-
ence body DK is defined by

DK=K+(-K)={z+y:zeK, —yc K}.

DK is a centrally symmetric convex body, and, in a sense, any measurement of how far
is K from DK could serve as a measure of asymmetry of K. The discrepancy between
K and DK can be identified via the volume ratio:

Vo (K)
V.(DK)’
If we apply the Brunn-Minkowski inequality to K and — K we immediately get
V(DK) > 2"V, (K).
The celebrated Rogers-Shephard inequality (see [51]) provides a corresponding upper
bound:

2n
n

(28) Vo(DK) < ( )Vn(K).

Equality holds in the previous inequality if and only if K is a simplex.
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It is natural to wonder whether these facts may find any correspondence for log-concave
functions. This question was studied in [23]. The first step is to define a notion of differ-
ence function of a log-concave function. Let f € L™; we first set

fl@)=f(-z) VzeR"

(clearly f € £™). Then we define

Af=--f@®=-f

N —

1
2

In more explicit terms:

Afte) =sup {VFT) - o = 12

(in fact A f corresponds to the difference body rescaled by the factor %).
To get a lower bound for the integral of the difference function we may use the Prékopa-
Leindler inequality and obtain:

1an = [ spdez [ gae=10p),

Rn

In [23] the following inequality was proved:

(29) / Afde < 2" fdz Y felLlm"
n R’I’L
The previous inequality is sharp. One extremizer is the function f defined by
e~ Xi=1%i jf g, >0 foreveryi=1...,n,
f(z) = f(z,...,2,) =
0 otherwise.

All other extremizers can be obtained by the previous function by an affine change of
variable and the multiplication by a positive constant (see [23]).

The results of [23] have been recently extended and complemented in the papers [1] and
[2], where the authors obtain considerable new developments. To describe an example of
their results, given f and g in £" one may consider

Alfg)=5 950

In the above mentioned papers, among other results the authors establish optimal upper
bounds for the integral of A(f, g), which in the case f = g returns the inequality (29).
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5.7. The functional affine isoperimetric inequality. We conclude this section by men-
tioning yet another inequality for log-concave functions. As we recalled in the introduc-
tion, among the main results that can be proved for log-concave probability measures
there are log-Sobolev type inequalities (we refer the reader to [40] for this type of in-
equalities). In the paper [4] the authors prove a reverse form of the standard log-Sobolev
inequality (in the case of the Lebesgue measure). The proof of this inequality is based on
an important geometric inequality in convex geometry; the affine isoperimetric inequality,
involving the affine surface area. We refer the reader to [56] for this notion.

The research started in [4] is continued in the papers [19], [20], [21] and [22]. In partic-
ular, in these papers several possible functional extensions of the notion of affine surface
area are proposed, along with functional versions of the affine isoperimetric inequality.

6. AREA MEASURES AND MIXED VOLUMES

6.1. The first variation of the total mass functional. Given two convex bodies /K and
L, for € > 0 consider the following perturbation of K: K. := K + eL. The volume of
K., as a function of ¢, is a polynomial and hence admits right derivative at € = 0:

G0) p Vil +eL) = Va(K)

e—0+ €

—V(K,...,K,L)=V(K,...,K,L).
(n — 1)-ti
n — 1)-times

Here we used the standard notations for mixed volumes of convex bodies (see the appen-
dix). The mixed volumes V (K, ..., K, L), when K is fixed and L ranges in X", can be
computed using the area measure of K. Indeed, there exists a unique non-negative Radon
measure on S"~!, called the area measure of K and denoted by S,,_; (K, -), such that

31) VK, K,L)= %/ hi(2)dS 1(K,x) VI eK".
Sn—l

According to (30) we may say that V(K ..., K, L) is the directional derivative of the
volume functional at K along the direction L. Moreover, as support function behaves
linearly with respect to Minkowski addition (see the appendix), (31) tells us that the first
variation of the volume at K is precisely the area measure of K. Note also that if we
choose L to be the unit ball 5,, of R", then we have (under the assumption that K has
non-empty interior) that the derivative in (30) is the perimeter of K:

V(K,...,K,B,) = lim V(K + L) — Va(K)

e—0t €

= H"Y(OK)

where H"~! stands for the (n — 1)-dimensional Hausdorff measure.

One could try to follow a similar path to define a notion of area measure of a log-
concave function f, replacing the volume functional by the integral of f € L

1= s
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Then the idea is to compute the first variation of / and deduce as a consequence a surrogate
of the area measure. More precisely, in view of (30) and (31), the problem of computing
the following limit arises:

(32) 51(f,g) = tim LU 9) Z 1)

e—0t €
where f, g € L". Here a first striking difference between the geometric and the functional
setting appears. While the volume of the linear combination of convex bodies is always
polynomial in the coefficients, this is not the case for functions. Indeed (see for instance
[25]) there are examples in which 0(f, g) = oc.

The idea to compute the limit (32) appeared for the first time in the papers [39], [53]
and [54], for a specific choice of the function f (the density of the Gaussian measure),
in order to define a notion of mean width (one of the intrinsic volumes) of log-concave
functions. The computation of the same limit for general f and g was then considered in
[25].

Even if the limit (32) exists (finite of infinite) under the sole assumption 7(f) > 0 (see
[25] and [39]), explicit formulas for it (e.g. similar to (31)) have been found only under
quite restrictive assumptions. To give an example of such formulas we rephrase Theorem
4.5 in [25]. This result needs some preparation. First of all we denote by C? (R™) the set
of functions u from C*(R™) such that D*u > 0 in R™. Next we define

. . u(z
Cl = {u €C" :u<ocinR"ue CI(RY), ‘llnn % = —1—00}
x|—oo |T
and
Lh=e % ={e:uel'} L
Given f = e ™and g = e ¥ € L7, we say that g is an admissible perturbation of f if
there exists a constant ¢ > 0 such that

u* — cv®  is convex in R",
This condition can be viewed as the fact the convexity of u* controls that of v*.

Theorem 6.1. Let f = e™", g = e € L and assume that g is an admissible perturba-
tion of f. Then 01(f, g) exists, is finite and is given by

(33) 51(f,g) = / o (Vule)) f(x) da.

Using a different point of view, we may consider the measure fiy on R", with density
f with respect to the Lebesgue measure. Then we define 11 as the push-forward of /i
through the gradient map Vu. At this regard note that, as f = e ™ € L7, Vu is a
diffeomorphism between R™ and itself. Then (33) is equivalent to

(34) 5I(f,g)=/nv*(y) duf(y)z/ (=In(9))"(v) dps(y)-

n
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Roughly speaking, as the linear structure on £" is the usual addition and multiplication
by scalars, transferred to the conjugates of the exponents (with minus sign), (34) says that
the measure 1/ is the first variation of the functional I at the function f; for this reason
this measure could be interpreted as the area measure of f. Note that this fact can not be
considered to be too general: if we change the assumptions on f (i.e. the fact that f € L)
then the expression of §/( f, g) may change significantly (see for instance Theorem 4.6 in
[25]) .

It is interesting to note that the measure ;.; was studied also by Cordero-Erausquin and
Klartag in [27], with a different perspective.

6.2. Mixed volumes of log-concave functions. As we saw in the previous section, if
we endow L" with the addition defined in Section 3.2, the total mass functional of linear
combinations of log-concave functions is in general not a polynomial in the coefficients.
This is a clear indication that, within the frame of this linear structure, it is not possible to
define mixed volumes of generic log-concave functions. On the other hand, there exists a
choice of the operations on £" which permits to define mixed volumes. These facts were
established mainly in the papers [47] and [48] (see also [10] for related results), and here
we briefly describe the main points of this construction.

As we said, we have to abandon for a moment the addition previously defined on £
and introduce a new one. Given f, g € L™ we set

(35) (f+9)(2) = sup{min{ f(z), g(y)} : = +y = 2}

This apparently intricate definition has in fact a simple geometric interpretation:
(zeR": (Jig)) 2t = €R" : f(a) 2t} + {y € " : g(y) > 1}

for every t > 0 such that each of the two sets on the right hand-side is non-empty. In
other words, the super-level sets of f+g are the Minkowski addition of the corresponding
super-level sets of f and g.

The addition (35) preserves log-concavity (see, for instance, [47]), and then it is an
internal operation of £" (but it is in fact also natural for quasi-concave functions; see
[10], [47]).

A notion of multiplication by non-negative scalars is naturally associated to the previ-
ous addition: for f € L™ and A > 0 we define \-f by

NN = £ (5)-

In this new frame, the functional / evaluated at linear combinations of log-concave
functions admits a polynomial expansion. More precisely, the following theorem, proved
in [47], provides the definition of mixed volumes of log-concave functions.
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Theorem 6.2. There exists a function V. : (L™)" — R such that, for every m € N,
fiooo s fmeLMrand Ny, ... Ny >0,

IMAF TN ) = D A A VI(fis o fi)-

i1 yeenyin=1

In [47] the authors prove several inequalities for mixed volumes of log-concave (and,
more generally, quasi-concave) functions, including versions of the Bunn-Minkowski and
Alexandrov-Fenchel inequalities.

As in the case of convex bodies, several interesting special cases of mixed volumes can

be enucleated. For instance, if we fix f € £™ and consider, fori € {0,...,n},
V;(f) = V(f, .. '7f7IBn7 N ,IB"),
i-times (n — 4)-times

we have a notion which can be regarded as the ¢-intrinsic volume of f. These quantities
have been studied in [10] and [47].

7. VALUATIONS ON L"

We start by valuations on convex bodies. A (real-valued) valuation on K" is a mapping
o : K" — R such that

(36) o(KUL) +0o(KNL)=o(K)+o(L) VK, LeK'st. KULe K"

The previous relation establishes a finite additivity property of o. A typical example of
valuation is the volume (i.e. the Lebesgue measure), which, as a measure, is countably
additive and then fulfills (36). Another, simple, example is provided by the Euler charac-
teristic, which is constantly 1 on K™ and then it obviously verifies (36). Note that both
volume and Euler characteristic are also continuous with respect to Hausdorff metric, and
invariant under rigid motions of R". Surprisingly, there are other examples of this type;
namely each intrinsic volume V;, 7 = 0, ..., n, (see the appendix for a brief presentation)
is a rigid motion invariant and continuous valuation on X".

The celebrated Hadwiger theorem (see [35], [36], [37]), asserts that, conversely, every
rigid motion invariant and continuous valuation can be written as the linear combination
of intrinsic volumes; in particular the vector space of such valuations has finite dimen-
sion n and {Vp,...,V,} is a basis of this space. If rigid motion invariance is replaced
by weaker assumption of translation invariance, still the relevant space of valuations pre-
serves a rather strong algebraic structure. It was proved by McMullen (see [45]) that any
translation invariant and continuous valuation o on K" can be written as

n
o = E g;
1=0

where o; has the same property of ¢ and it is .-homogeneous with respect to dilations.
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The results that we have mentioned are two of the milestones in this area and stimulated
a great development of the theory of valuations on convex bodies, which now counts many
ramifications. The reader may find an updated survey on this subject in [56, chapter 6].

The richness of this part of convex geometry recently motivated the start of a parallel
theory of valuations on spaces of functions. Coherently with the theme of this article,
we restrict ourselves to valuations on £"; the reader may find a survey of the existing
literature on this field of research in [18], [26] and [44].

A mapping p : L™ — Ris called a (real-valued) valuation if

p(fVg)+u(fAg)=plf)+plg), VfgeLl'stuVvgeL,

where “V” and “A” denote the point-wise maximum and minimum, respectively (note
that the minimum of two functions in £" is still in £"). In other words, sets are replaced
by functions and union and intersection are replaced by maximum and minimum. One
reason for this definition is that, when restricted to characteristic functions, it gives back
the ordinary notion of valuation on relevant sets.

Having the picture of valuations on K" in mind, it becomes interesting to consider
valuations p on £ which are:

e invariant with respect to some group G of transformations of R":
w(foT)=ulf) VfeL vl ea;
e continuous with respect to some topology 7 in L™:
fi—f asi—ocowrt.T = u(fi) = plf).

The investigation in this area is still at the beginning, and satisfactory characterizations of
valuations with the previous properties are not known. At this regard we report a result
which can be deduced from [18], preceded by some preparatory material.

Let 1 be a valuation defined on £". For G’ we chose the group of rigid motions of R";
hence we assume that ;. is rigid motion invariant.

Next we want to define a continuity property for p. Note that, while in X" the choice
of the topology induced by the Hausdforff metric is natural and effective, the situation in
L™ is rather different. For a discussion on this topic we refer the reader to [26, section
4.1]. Here we consider the following notion of continuous valuation on £". A sequence
fi» 1 € N, contained in £", is said to converge to f € L" if:

e f; is increasing with respect to i;

e f; < fin R" for every i;

e f; converges to f point-wise in the relative interior of the support of f (see the
definition in the appendix).

Given this definition, we say that p is continuous if

i po(fi) = u(f),
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whenever a sequence f; converges to f in the way specified above. To be able to charac-
terize ;1 we need two additional properties: p is increasing, i.e.

fisf R = u(fi) < plf);
and p is simple, i.e.
f=0 ae.inR" = pu(f)=0.
Theorem 7.1. 1 is a rigid motion invariant, continuous, increasing and simple valuation
on L" if and only if there exists a function F' : R, — R, such that

a7 u(h) = [ Firia)ds,

and, moreover, F' is continuous, increasing, vanishes at 0 and verifies the following inte-
grability condition:

(38) /0 1 % F(t)dt < +oo.

The proof is a direct application of the results proved in [18] for valuations on the space
of convex functions C". Indeed, we set i1 : C" — R defined by
fi(u) = p(e™) Vuel"

i inherits the features of p. The valuation property follows immediately from the mono-
tonicity of the exponential function. Rigid motion invariance and monotonicity are straight-
forward (note that z is decreasing). As for continuity, the reader may check that the con-
vergence that we have introduced in £" induces precisely the one defined in [18]. The
property of being simple for x implies that fi(u) = 0 for every u € C™ such that u = oo
a.e. in R". Hence we may apply Theorem 1.3 in [18], and deduce the integral representa-
tion (37). The integrability condition (38) follows from (1.5) in [18].

Other type of valuations on £" can be generated by taking wighed means of intrinsic
volumes of super-level sets. More precisely, let f € L£™. For every t > 0 the set

Li(t) = d({x € R : f(2) = 1))

(where “cl” denotes the closure) is (either empty or) a compact convex set, i.e. a convex
body, by the properties of f. Note that, for every f, g € L",

Lyvg=Ls(t) N Ly(t), Lyng = Ls(t) U Ly(t).

Using these relations and the valuation property of intrinsic volumes (see (41)) we easily
get, for an arbitrary i € {0,...,n},

Vi(Lng(t)) + Vi(Lf/\g(t)> - Vi(Lf(t)) + Vi(Lg(t))-
In other words, the map £ — R:
[ — Vi(Ly(1))
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is a valuation on £". More generally we may multiply this function by a non-negative
number depending on ¢ and sum over different values of ¢ (keeping ¢ fixed). The result
will be again a valuation. The most general way to do it is to consider a continuous sum,
that is an integral. In other words, we may take the application:

(39) u(f) = / VL (1))dv ()

where v is a Radon measure. These type of valuations have been considered in [18] for
convex functions. In particular, it follows from condition (1.11) in [18] that x( f) is finite
for every f € L" if and only if v verifies the integrability condition

(40) /0 1 <_1+Wdz/(t) < +00.

Moreover, 1 is homogeneous with respect to dilations of R™. More precisely, given [ €
L™ and A > 0, define the function f) as

frz) = f (%) Yz e R"
Then

u(f) =Nu(f) VferL
By theorem 1.4 in [18] and an argument similar to that used in the proof of theorem 7.1,

we obtain the following result.

Theorem 7.2. A mapping i1 : L™ — R is a rigid motion invariant, continuous, monotone
valuation, which is in addition homogeneous of some order o, if and only if « = 1 €
{0,...,n}, and p can be written in the form (39), for some measure v verifying condition

(40).

Remark 7.3. In the case ¢+ = n formulas (37) and (39) are the same via the layer cake
principle.

It would be very interesting to remove part of the assumptions (e.g. monotonicity or
homogeneity) in theorems 7.1 and 7.2 and deduce corresponding characterization results.

APPENDIX A. BASIC NOTIONS OF CONVEX GEOMETRY

This part of the paper contains some notions and constructions of convex geometry
that are directly invoked throughout this paper. Our main reference text on the theory of
convex bodies is the monograph [56].
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A.1. Convex bodies and their dimension. We denote by K" the class of convex bodies,
i.e. compact convex subsets of R"”.

Given a convex body K its dimension is the largest integer £ € {0,...,n} such that
there exists a k-dimensional hyperplane of R™ containing K. In particular, if K has non-
empty interior then its dimension is n. The relative interior of K is the set of points
x € K such that there exists a k-dimensional ball centered at z included in K, where k is
the dimension of K. If the dimension of K is n then the relative interior coincides with
usual interior.

A.2. Minkowski addition and Hausdorff metric. The Minkowski linear combination
of K, L € K™ with coefficients o, 8 > 0 is

aK+pfL={rx+y:2€K,ye L}
It is easy to check that this is still a convex body.

A.3. Support function. The support function of a convex body K is defined as:
hg : R" =R, hg(x) =sup(z,y).
yeK
This is a 1-homogeneous convex function in R". Vice versa, to each 1-homogeneous
convex function » we may assign a unique convex body K such that h = hg. Support

functions and Minkowski additions interact in a very simple way; indeed, for every K
and L in K" and «, 5 > 0 we have

harx+pr = ahg + Bhy.

A.4. Hausdorff metric. X" can be naturally equipped with a metric: the Hausdorff met-
ric dy. One way to define dy is as the L>°(S"~1) distance of support functions, restricted
to the unit sphere:

dH(K, L) = ||hK — hLHLoo(Sn—l) = max{|hK(x) — hL($)| 1T E Snil}.

Hausdorff metric has many useful properties; in particular we note that ™ is a locally
compact space with respect to dyy.

A.5. Intrinsic volumes. An easy way to define intrinsic volumes of convex bodies is
through the Steiner formula. Let /K be a convex body and let 5,, denote the closed unit
ball of R". For € > 0 the set

K+eB,={r+ey : v € K,y B} ={y e R" : dist(z, K) < ¢}

is called the parallel set of K" and denoted by K. The Steiner formula asserts that the vol-
ume of K is a polynomial in e. The coefficients of this polynomial are, up to dimensional
constants, the intrinsic volumes V5(K), ..., V,(K) of K:

V(B = Vi(K)e" k.
=0
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Here x; denotes the j-dimensional volume of the unit ball in R, for every j € N. Among
the very basic properties of intrinsic volumes, we mention that: Vj is constantly 1 for
every K; V,, is the volume; V,,_; is (n — 1)-dimensional Hausdorff measure of the bound-
ary (only for those bodies with non-empty interior). Moreover, intrinsic volumes are
continuous with respect to Hausdorff metric, rigid motion invariant, monotone, and ho-
mogeneous with respect to dilations (V; is i-homogeneous). Finally, each intrinsic volume
is a valuation

@1) Vi(K UL)+ Vi(K N L) = Vi(K) + Vi(L)

for every K and L in K", such that K U L € K". Hadwiger’s theorem claims that every
rigid motion invariant and continuous valuation can be written as the linear combination
of intrinsic volumes.

A.6. Mixed volumes. The Steiner formula is just an example of the polynomiality of
the volume of linear combinations of convex bodies. A more general version of it leads
to the notions of mixed volumes. Let m € N and K, ..., K, be convex bodies; given
Aty .-y A > 0, the volume of the convex body A\ K + --- + A\, K,,, is a homogeneous
polynomial of degree n in the variables \;’s, and its coefficients are the mixed volumes of
the involved bodies. The following more precise statement is a part of Theorem 5.16 in
[56]. There exists a function V' : (K™)™ — R, the mixed volume, such that

VimK 4 4+ AnK) = Y Xy N V(G LK)

1 peyin=1

forevery Ki,...,K,, € K™and Ay, ..., A\, > 0. Hence a mixed volume is a function of
n convex bodies. Mixed volumes have a number of interesting properties. In particular
they are non-negative, symmetric and continuous; moreover they are linear and monotone
with respect to each entry.

A.7. The polar body. The polar of a convex body K, having the origin as an interior
point, is the set
K ={y: (z,y) <1 VreK}

This is again a convex body, with the origin in its interior, and (K°)° = K.
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