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2 DiMal, Universita di Firenze
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Abstract. Functions of bounded deformation (BD) arise natu-
rally in the study of fracture and damage in a geometrically lin-
ear context. They are related to functions of bounded variation
(BV), but are less well understood. We discuss here the relation
to BV under additional regularity assumptions, which may re-
quire the regular part of the strain to have higher integrability
or the jump set to have finite area or the Cantor part to van-
ish. On the positive side, we prove that BD functions which are
piecewise affine on a Caccioppoli partition are in GSBV, and we
prove that SBDP functions are approximately continuous H" !-
a.e. away from the jump set. On the negative side, we construct a
function which is BD but not in BV and has distributional strain
consisting only of a jump part, and one which has a distributional
strain consisting of only a Cantor part.

1 Introduction

The space BD(f2) of functions of bounded deformation is characterized by
the fact that the symmetric part of the distributional gradient Fu := (Du +
Du™)/2 is a bounded Radon measure,

BD(Q) :={uec L'(;R") : Bu € My(Q; R (1.1)
where €2 C R” is an open set. BD constitutes the natural setting for the
study of plasticity, damage and fracture models in a geometrically linear
framework [40, 41, 42, 5, 35, 23]. Despite its importance, it is not yet com-
pletely understood.

One crucial property of BD functions is that the strain can be decom-
posed in a part absolutely continuous with respect to the Lebesgue measure



L™ a jump part and a third part, called Cantor part,

(W ®v+vey
2

FEu=e(u)L" + H' T, + Eu. (1.2)
Here J, is the jump set, which is a (n—1)-rectifiable subset of Q, [u] : J, — R"
is the jump of u, and v the normal to J,, see [3] and the more recent results
[6, 26] for further details and properties. This decomposition is very similar to
the one holding for the space of functions of bounded variation (BV'), which
is defined as the set of L' functions whose gradient is a bounded measure [4],
but BD is strictly larger than BV. A function such that the symmetric part
of the gradient is integrable, but the full gradient is not integrable, was first
constructed by Ornstein in 1962 [37], a simpler construction was obtained in
[20] using laminates with unbounded support, a much more general statement
was then proven in [34]. In all these examples only the first term in (1.2)
is nonzero. It is therefore natural to ask whether a function v € BD()
such that e(u) has higher integrability may be in BV (Q2). We address this
question in Section 3 below. We remark that the answer would obviously be
positive if instead Eu = e(u)L" with e(u) € LP, since in this case u € WP
by Korn’s inequality.

In the modeling of fracture in linear elasticity one often focuses on the
set of special functions of bounded deformation

SBD(2) :={ue€ BD(Q) : E‘u =0},

see for example [30, 15, 39, 12, 29, 33]; here e(u) is interpreted as an elastic
strain, and the jump part as a fracture term. The space SBD is however only
closed with respect to topologies that entail a bound stronger than L' on the
regular part e(u) of the strain, and a constraint on the H"~! measure of the
jump set. Therefore one naturally considers the subspace SBDP, defined for
p € (1,00) as

SBDP(Q) :={u € BD(Q) : E°u =0, e(u) € LP(Q), H"'(J,) < oo},
(1.3)
see for example [8, 16, 17].

The analysis of models based on BD and SBDP? functions often requires
knowledge of their fine properties, which are still not well understood. In
contrast, in the BV framework fine properties are known in much more de-
tail [4], and have proven useful for example in studying relaxation [9, 11, 10].
Correspondingly, the study of lower semicontinuity and relaxation in BD is
still in its beginnings. Lower semicontinuity was studied in SBDP? by Bellet-
tini, Coscia and Dal Maso [8] (see [32] for further results on surface integrals



and related references), and more recently in BD by Rindler [38] (see [2§]
for partial results). Relaxation in BD was studied in [13, 14, 24] for specific
plasticity models, in [7] for autonomous functionals with linear growth de-
fined on W' an extension to the full space BD is provided in [38]. General
integral representation results have been established for certain functionals
with linear growth restricted to SBD in [27], and only recently for function-
als with p-growth in the two-dimensional setting in [21]. Compactness and
approximation results in SBDP with more regular functions have been ob-
tained in [8, 16, 17, 33]. Korn-type rigidity results for SBDP functions have
recently been obtained in [18, 31, 21].

It is therefore important to understand the relation between BD, SBDP
and BV. In this paper, we contribute to this topic in studying three different
problems. Some of these results have been announced in [22].

First, we show that if u € SBD({2) is a piecewise rigid displacement, in
the sense that the strain Fu only consists of a jump part and the total length
of the jumps is finite, then u € GSBV (2;R"), see Theorem 2.2 for a precise
formulation. In particular, if u is bounded then u € SBV(Q2;R"™). The
class of piecewise rigid displacements arises naturally in analyzing rigidity
properties in the framework of linearly elastic fracture mechanics (see, for
example, [19]).

Secondly, we construct a function in SBD(2) \ GBV (2; R™) which has
e(u) = 0 almost everywhere (Theorem 3.1). This is based on a modification of
the construction from [20]. A variant of our construction leads to a function
in BD(Q)\GBV (£2; R™) which has e(u) = 0 almost everywhere and no jump,
so that Fu = E°u, see Theorem 3.6.

One of the main properties of BV functions is that they are approximately
continuous H"-almost everywhere away from the jump points, and not only
L™-almost everywhere as any integrable function. It is still unknown if this
property holds also for functions in BD. In Section 4 we show that SBDP
functions, p > 1, are approximately continuous at H" !-almost every point
away from the jump set, see Theorem 4.1.

Finally, in view of the previous results, in Section 5 we discuss the possi-
bility that SBDP functions are actually of bounded variation.

2 Caccioppoli-affine functions have (general-
ized) bounded variation

In this section we show that piecewise affine functions induced by Cacciop-
poli partitions have components in GSBV. For the theory of Caccioppoli



partitions we refer to [4, Section 4.4]. In particular, for a given open set
2 C R™ we consider a countable family & = (Ej); of sets Ey C Q with finite
perimeter in € satisfying

LMQ\UE) =0, LYENE)=0fori#k Y H'"(0"ENQ) < oo,
k

where 0* F}, is the essential boundary of Ej, (see [4, Definition 3.60]). The set
of interfaces Je of the Caccioppoli partition & is defined as the union of the
sets 0*Ey, N Q. It is known that [4, Theorem 4.23].

1
H () = 5 > H TN O ELN Q).
k

We call a function v : Q@ — R™ Caccioppoli-affine if there exist matrices
A € R™™ and vectors b, € R™ such that

u(z) = Z (Apz + b)) xp, (2) (2.1)

k

where (Ey)y is a Caccioppoli partition of €.

Functions of this type have already been studied in the literature. In par-
ticular, in [19, Theorem A.1] it was proven that any function u € SBD(f)
with e(u) = 0 L™a.e. on Q and H"(J,) < oo is a piecewise rigid displace-
ment, which is defined as Caccioppoli-affine function with m = n and the
matrices Ay skew-symmetric. Moreover, piecewise rigid displacements have
been employed by Dal Maso [25] to provide examples of fields in GSBD \
SBD(Q). Elementary variations of such constructions prove that SBDP(2)\
SBVP(Q;R"™) # () for every p > 1. Even though this is probably a well-known
fact we provide an explicit construction, since we have not been able to find
any reference in literature.

Example 2.1. Set Q := By(0) C R™ and for every k € N, choose By :=
B, (zx) C Q, so that the By, are pairwise disjoint, the centers xj, converge to
some point T, and the radii are vy, := 27, We define

u(zx) == Z dpA(x — zg)xB, (),

where A = (a;j) € R™"™ with a1y = —ay = 1 and a;; = 0 otherwise, and
2nk
pu— ﬁ .

Then v € SBD(Q) N SBV(;R™) N L™ "=D(Q; R™) with e(u) = 0 L"-a.e.
and H"1(J,) < oo, but for every q > 1 one has Vu ¢ LI(Q; R™™).

dy,
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Nevertheless Caccioppoli-affine displacements belong to GSBV (£2; R™).
We recall that w € GSBV (Q; R™) if ¢p(w) € SBVie(Q) for all ¢ € C1(R™)
such that V¢ has compact support (cp. [4, Definition 4.26]). In the scalar
case one can reduce simply to truncations (cp. [4, Remark 4.27])

Theorem 2.2. Let Q C R"™ be a bounded Lipschitz set, u : @ — R™ be
Caccioppoli-affine. Then u € (GSBV(Q))™ C GSBV (Q;R™) with

Vu=A, L"ae. onEy, and H" ' (J,\ Js) =0, (2.2)

(in the last formula we use the notation introduced in (2.1)).
In particular, if m = n and u € SBD(Q)) with e(u) = 0 L"-a.e. on
and H"1(J,) < oo then u € (GSBV(Q))" C GSBV ({;R™).

Proof. 1t suffices to prove the first assertion in the case m = 1, assuming
that u is a scalar map of the form v = ), (Ay -  + b)) xE,, with A, € R”
and b, € R.

For all k € N consider vy, := Ay -z+b; and uy, = vpx g, so that u =", uy.
Clearly, u, € SBV () with

Duk = Ak ,CnLEk + g Vg, Hn_l L(@*Ek N Q), (23)

with vg, the generalised inner normal to Ej. For ® € C'(Q; R") we use the
divergence theorem to calculate

/ukdiv(l)dx+/®-dDuk:/ Uk(q)-l/ag)d%n_l,
Q Q oQNO* Ey,

where vyq is the outer normal to 9. The specific choice & = A, and (2.3)
yield

‘Ak|2 ﬁn(Ek) = — / Vk Ak . VEk d%n_l + / Vk Ak ) d%n_l,
0* ER,NQ 0* E,NON
and, as vp, = —vpo H" '-a.e. on 9*E) N O, we conclude that
Ak n—1 n—1
|\Vug|de = — v — - vg, dH < log| dH" . (2.4)
o om Ak * By,

In particular, setting w; := S 7_, uy, it is clear that w; € SBV(Q) and that

J
Dw; = Z Duy,.
k=1

b}



Therefore, summing on k € {1,...,j} inequality (2.4), we deduce that

J J
Duyl(@) <Y D@ <2 [ fulaw 29
k=1 k=1"0"Ek

Hence, assuming u € L*>(€2) we conclude for all j € N that
|Dw;|(Q) < 4l|ull <o) (K" (Js) + H1(09)).

In particular, (w;); has equi-bounded BV norm. Since w; — w in L'(Q2) we
conclude that u € BV (€2). Actually, the sequence (w;); converges in BV (2)
norm in view of (2.5), and being SBV () a closed subspace of BV (Q) we
infer that u € SBV(Q).

In the general case the conclusion u € GSBV () follows by applying the
argument above to the truncated functions w}’ := Y77 dnr(ur), ¢ar(t) =
tANMV (=M), M € N, and using the chain rule formula to compute the
distributional derivative. The identitities in (2.2) are a consequence of (2.3).

The second assertion follows immediately using the mentioned [19, The-

orem A.1]. O

Remark 2.3. The first assertion in Theorem 2.2 is optimal: examples of
Caccioppoli affine functions belonging to (GSBV (2))™ \ BV (£; R™), though
not to BD(R2), can be easily constructed.

3 Pure-jump BD functions not in BV

Contrary to the previous section, functions with vanishing symmetrized strain
and jump set of infinite measure are not necessarily in the space GSBV .

Theorem 3.1. For any nonempty open set Q@ C R™ there is u € SBD(Q2) N
L>®(Q; R™) such that e(u) = 0 L"-a.e., H" ' (J,) = oo, and Vu & L*(;R™).
In particular v ¢ GBV (2; R™).

Our construction is based on a suitable sequence of piecewise affine func-
tions. More precisely we consider functions which are piecewise affine on
polyhedra, but not necessarily continuous. Since there are finitely many
pieces and each has a boundary of finite length, these functions all belong
to SBV. We recall that a convex polyhedron is a bounded set which is the
intersection of finitely many half-spaces.

Definition 3.2. For a convez polyhedron @ C R"™ we let PA(SY) be the set
of functions u : 2 — R™ for which there is a decomposition of €2 into finitely
many convexr polyhedra such that u is affine on each of them.
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The next Lemma gives the basic construction step, which corresponds to
the lamination used in [20].

Lemma 3.3. Letu € PA(Q), A, B € R™™ withrank(A—B) =1, A € (0,1),
C:=XM+(1-NB, w:={xe€Q: Du(x) =C}. For every e > 0 there
is v € PA(Q) such that v = u on Q\ w, Dv € {A, B} L"-a.e. in w,
Lr({z € w: Dv(z) = A}) = AL"(w), and

utlimomn <5 [ fulldrt <o [ e
JuNQ JuNQ
Proof. Let wy,...,wy be the polyhedra where Du = C. Given wj, let w; €
Lip (R™;R™) be a function with Dw; € {A, B} L"-a.e. in w; and

1
ij - UHLOO(UJJ-,R”) S € min {1, m} .

To construct w;, let a € R and v € S"! be such that A = C+ (1 - Na®v,
and set w;(z) := u(xz) + Ntahy(Nxz-v), where hy € Lip (R) is the 1-periodic
function which obeys hy(0) =0, b\ =1—Xon (0,\), h\, ==X on (A, 1) and
N is sufficiently large (see for example [36, Lemma 4.3] or [20, Section 2 and
Lemma 3] for details).

By translation we can ensure that the volume fractions are the stated
ones. Indeed, let Sy := {x € R": Dw; = A} and v as above. Then Fubini’s
theorem gives

/01 L (w; N (Sa —tv))dt = /n [ij(y) /01 Xsa(y + tu)dt] dy = X L"(w;),

where the last equality follows from the fact that xg, is 1/N-periodic in
the direction v and xs, = 1 on strips each of length A\/N. Choosing a
suitable ¢; through the mean value theorem, the conclusion follows setting
v(x) == wj(x + t;v) on w;. O

In our argument we shall iteratively apply Lemma 3.3 above to increase
the contribution of the skew-symmetric part of the gradient without changing
the contribution of the symmetric part. In order to be sure that no Cantor
term in the distributional derivative is created, we stop the process after
finitely many steps, and introduce an additional iteration later. To treat the
remainder zones where the piecewise affine function has symmetric gradient,
we approximate it with piecewise constant functions.

Lemma 3.4. Let w be a convex polyhedron, and let uw : w — R™ be affine.
For every € > 0 the following holds:



(i) There is v € PA(w) such that ||u — v||pe@wrn) < €, Vo =0 L -a.e.,
and
|Dvl(w) < n|Du|(w). (3.1)

(i) There is v € BV N C%w;R™) such that ||u — v||pec(wrny < €, Vo =0
L"-a.e., and Dv = D% with |Dv|(w) < n|Dul(w).

Proof. Let u(z) = Az +bon w. For § > 0 we set
5(g) i |z
v°(x) ._;Ael LSJ o +0,

where |« denotes the integer part of @ € R. It is easy to see that ||u —
00| Lo () < ||A[Ind and

6—0

limsup [Dv'|(w) < | Aei] £7(w) < VAllA| £(w) = Vil Dul(w).

Taking ¢ sufficiently small the proof of (i) is concluded.
To prove the second assertion we let ¥ € C°([0,1];[0,1]) be the usual
Cantor staircase, with U(0) = 0, ¥(1) = 1, ¥ = 0 L'-almost evereywhere,

and define
o= S (|2 e u( [5]) oo

We are now ready to provide the main step in our argument.

Lemma 3.5. Let Q) be a convex polyhedron and let M > 1. Then there is u €
PA(Q) such that ||[u||Le@rn) < ¢, e(u) =0 L"-a.e., u =0 in a neighborhood
of 092, |Eu|(2) < 1/M, and ||Vul|pirnxny > M. The constant c depends

only on the dimension n.

Proof. We define, for k € N, the matrices Ay, By, C, € R™*" by

0 2k 0 2k 0 2*
Ay = (zk 0)’ B = <—2k 0)’ Co = <2k+1 o)’

with the other entries vanishing if n > 2. We construct inductively a sequence
of functions u;, € PA(Q2) and sets Q; C 2, with € a finite union of convex
polyhedra, such that Q := {z € Q: Duy = Ay} for every k and e(uy) = 0
L"a.e. on Q\ Q.



We start with a convex polyhedron Qy CC Q with £"(€) < 1 and the
function uy 1= xq,Aoz.
In order to construct (ugy1,Qkr1) from (ug, ), we observe that

1 2
Ak = §Bk + ng and rank(Bk - Ck) =1.

We define @, by Lemma 3.3, with ¢ = 27k W = Q, and C = A, We
set Qf = {x € Q: Dug(x) = Ci} and note that ) C Qg and L"(Q) =
2L"(Q). Since

3 1
Cr = ZAkH + Z(_Bk+1) and  rank(Agy1 + Biya) =1,

we can apply Lemma 3.3 again to uy, with the same ¢, w = Qp, and C = Cy,
to obtain ugy, € PA(Q) such that, with Qz; = {x € Q : Dugi(z) =
Ak+1} C Qk, it holds e(ukﬂ) = 0 on \ Qk+1, En(QkJrl) = %ﬁn(Qk) =
2—(k+1)£n<90)’

/ [ty [dHP T < 2. 27F +/ |[ug]|dH" 7, (3.2)
ONJuy

N Ty

and
1 n 1 n
N\ 2\Q, 3 6
2
= / \Vug|dz + Sv/2 L7(Q). (3.3)
O\ 3
Therefore, in view of (3.2) and (3.3), for all £ we conclude

|Eug|(Q) < |Ak|cn(9k)+22-2—k+/ Aoz|ldH™ ' <c  (3.4)
. a9

and ||Vug||p1(qrrxny — 00 as k — oo.

Let {Qi}™ be the set of polyhedra which composes Q, and let v be
the function provided by Lemma 3.4(i) applied to w; on Qi with ¢; :=
mln {1, 1/(Nk; anl(agi)) } Recaﬂ that ||Uk; - ,U;;HLOO(Q;C’RTL) S gi.

We define wy, := upxa\o, + Ef\i‘l U,’;X%. Note that wy, € PA(Q), Vwy =



Vugxoro,, e(wg) =0 L T-a.e. on Q, and

Nk Nk
wn]ld# = / [of] M + / ] |d#
/ka Ny, ; T4 N9, : ; o0

Ng

31 i n—1 i n—1
<l Dugl () + 3l — 0 g sy M (0) + /a I
=1 k
< eLMO) 414 / g |dH ! < e, (3.5)

Ty N2

for some constant ¢ independent from & thanks to (3.2).
In conclusion by (3.4) and (3.5)

Bunl(@ < 1Bl @\ B+ [ Jwdlen <

ka ﬂﬁk

for a constant ¢ independent from k (and M). The function wy/(cM) has
the stated properties for k sufficiently large. O

We are now ready to prove the main result of the section.

Proof of Theorem 3.1. Let {Qg}ren be a family of countably many disjoint
cubes contained in 2. For each of them let u; be the function constructed
in Lemma 3.5 above, using M := 2k We set u := uy, in Q, u := 0 on the
rest. Note that the sequence (> 7_; urxq,); converges in the BD norm to u
as |Bug|(Qg) < 27%. Therefore, u € SBD(Q), e(u) = 0 L™a.e., |Ful() =

> | Bul(@r) <2 and

||Vu||L1(Q’an) = Z ||Vuk||L1(Qk’Ran) Z ZQk = OQ.
k k

Finally, u € L>(2;R") by Lemma 3.5, thereby u ¢ GBV (; R"). O

A slight modification of the previous construction provides a function u
in BD \ GBV for which Fu = E‘u.

Theorem 3.6. For any nonempty open set Q C R™ there is u € BD(Q) N
L>=(;R") such that Eu = E°u and Vu ¢ L'(Q;R"xR"). In particular
u & GBV({;R™).

Proof. The proof is similar to the one of Theorem 3.1, therefore we only high-
light the significant changes in the construction. For notational simplicity
we focus on the two-dimensional situation with Q = (0,1)2.

10



We introduce first cut-off functions whose gradient only has a Cantor
part. Given ¢ > 0 and 0 € (0,£/2), we define ¥y 5 : [—¢, €] — [0, 1] to be

Ve s5(t) == @(%‘”) otherwise,

where W : [0, 1] — [0, 1] is the Cantor staircase as in the proof of Lemma 3.4.
For a rectangle R = [—a, a]x[—b, b] we set

Yrs(x1, T2) 1= Yq,5(21)ps(x2).
Note that ¢¥ps € BV N C°(R) with
Dipps = DUr;s and |D%Ugs|(R) < H'(OR).

Moreover, ¢¥ps =1 on [—a+6,a — ] x [-b+5,b— ], Yrs|lor = 0 so that its
extension to 0 on R® provides a function BV N C°(R?) without altering the
total variation.

We fix v > 0. We perform the same iterative construction as in Lemma
3.5. We start with Qy = (0,1)? and ug = Agz. At step k we use Lemma 3.3
to construct from wu;_; and €),_; the functions u, and wug, and the sets
O and Q. However, at the k-th step we apply Lemma 3.3 with ¢, =
2%y min{1,1/H(9Q%)}, where {Qi} N5 and {Qi}M% are the the polyhedra
composing €2 and Qk, respectively. This concludes the construction of u; and
Q). We remark that for each &k the (2}); are disjoint congruent rectangles,
and analogously the (€%);.

We now construct a sequence of modified functions Uy, where each jump is
replaced by a continuous Cantor staircase. To do this, at each k we consider
the Cantor-type cut-off functions ¢y, :== >, Yo 5, and 1&1@ = @in(gk, where
0 > 0 will be suitably chosen below. We set Uy := ug and

Uy := (1 — ) Uy + Upiin for k>0, (3.6)
Uk = (1 - wk—l)Uk—l + 1/1k_1uk for k Z 1.

Finally, the truncation step at the end is different. We let v}, be the function
provided by Lemma 3.4(ii) applied to uy on Q} with &5 := min {1, 1/ (N 1 (092)) }
Recall that [lux — villpee (o rry < € and Dvy = D We extend v}, to 0 on
Q\ Q; and set vy ==Y, vi.
Let then
wy = (1 — ¢g) Ug + vy -

11



By [4, Example 3.97], w, € BV N C°(Qy; R?), furthermore by construction
Dwy, = Vwi L2 Qo + Dw;, with Vwy, skew-symmetric £2-a.e. in €, there-
fore Fw, = Ewy. More precisely, the chain-rule formula yields

Dfwy, = (1 — thx) DUy, + Y. Dy, + (vg, — Uy) @ Dy (3.7)
In what follows we shall estimate separately the total variations of the three
terms in (3.7). To this aim we first note that in view of (3.6) we get

k
luk = Ukl zo@mny <2 g

J=0

<
H1(00))

=:0k.

To bound the first term in (3.7) we notice that for some positive constant c
independent from k we have

(3.6) , N
[DURI(QF) < [DUp-a[() + o1’ (094_y) + conH (94).

By summing over ¢ we get
|(1 — ) DUy| () < ¢y Ni.

From Lemma 3.4(ii) we infer that

(3.4)
|tk D[ (o) < [Dk|() < 2| Dug| () = 2| EBug|() < c

We turn to the last term of (3.7). By the triangle inequality
[(v = Ui) @ DUl (%) < [Jvr — Ukll oo e oy | DR () < (e + o) H (92).-
Therefore
|(vk — Uk) @ D[ (§20) = |(vk — Ur) © Dp| (k) < (1 +y Np).
Collecting terms, we conclude that
| Dwy|(20) < (14 v Ng). (3.8)

Finally, by arguing as in (3.3) taking into account the definitions in (3.6) we
infer that

/ \Vwk]dx:/ |VU|dx 2/ |VUg_1|dx
O\Q N\Q N1
Bl £2 ({1 = 13\ Q) + 1Bt | L2 ({1 = 13\ Qi a)
1
z/ |VUk_1|dx+?(|Bk| + | Bi]) £2(Q-1),
O\Qp—1

12



by suitably choosing ¢; in the definition of 1; and zﬂj, 0 <j < k. Here By,
is the matrix defined in the proof of Lemma 3.5. In particular, we conclude
that ||vwk”L1(Q,R2x2) — 0OQ.

Choosing k, large enough to have ||Vwy, || 11 (0 r2x2) > ¢ M?, the function
z = wy, [(c M) satisfies ||Vz| 11(qyr2x2) > M, and choosing v = 1/N, the
bound (3.8) gives

1
C
E2|(0) < 7
To conclude we remark that by the definitions in (3.6) we have z|sa, = uo|aqy-
Therefore repeating the same construction on a countable family of disjoint
closed cubes and choosing M = 277 we obtain a function with the properties
given in the statement. O]

4 Continuity away from fractures

Let w € BD(Q), with € open. We say that = € € is a point of approximate
continuity of w if there is @(x) such that

1 ~ _
Ewﬂmémgww—uuww—o

We denote by S, the set of points x € €2 which are not points of approximate
continuity. Since u € L*(Q;R"), one immediately has £"(S,) = 0.

We say that x € Q is a jump point of u if there are two vectors u™ #
u~ € R® and a normal v € S"~! such that

1 1
lim / u(y) — ut|dy = lim / u(y) —u”|dy =0,
where BX(z) = B.(z) N {£(y — z) - v > 0}. Obviously J, C S,. If u € BV
it is well known that H"" (S, \ J,) = 0, see, for example, [4].
We further define O, as the set of points z € ) such that

|Eul(Br(z))

Tn—l

lim
r—0

> 0.

lim sup
r—0
The set ©, is (n — 1)-rectifiable, J, C O, and H" (0, \ J,) = 0, see [3,
Prop. 3.5].
The main result of the section is the following theorem concerning the
size of the set S, \ J, when the function u belongs to SBDP(f2).

Theorem 4.1. If u € SBDP(Q) for some p > 1, with Q C R™ open, then
H (S, \ Ju) = 0.

13



states that a function v € SBD with a small jump set can be approxi-
mated by an affine function away from a special set, with an error depending
only on e(u).

Lemma 4.2. There is n > 0, depending only on n, such that the following
holds. For any r > 0 and v € SBD(B,) such that H"'(J,) < nr"~! there
are a set w C B, and an affine function ¢ : R — R™ such that

1

En(w) < i3 ﬁ”(BT)
and
/ lu—plde <cr le(u)|dz .
Br\w B'r
Proof. This follows from Theorem 1 of [18]. O

The next lemma is used in the proof of Lemma 4.4 below. It shows that it
is possible to control the L>®-norm of an affine function through its L!'-norm
out of a special set.

Lemma 4.3. Let w C B := B,(y) satisfy
1
LM w) < ZE”(B) (4.1)
and let ¢ : R® — R" be an affine function. Then

LBl el < cllellrrmwrm, (4.2)
where the constant ¢ depends only on the dimension n.

Proof. By a scaling argument it is sufficient to prove the statement when
B = B;. First note that for sufficiently small § > 0 one has for every
1=1,...,n

LNBA(B+ b)) > 25"(3).
Hence the set E; := (B \ w) N ((B \ w) + de;) satisfies

B > Zﬁ”(B) —2LMw) > iﬁ"(B). (4.3)

Estimating the translation for an affine map ¢(x) = Ax + b one gets

E; B\w

14



and therefore by (4.3)

I

1 ny. 44
Mn(B)HWHL (B\w,R") (4.4)
The constant b can be estimated using (4.4) and (4.1)
LYB\wb < o= 00)Brwry + €l B\wrn
L'(B\w) /8/n 4

< - nYy. 4-
< om Gyt elbees @)
Formula (4.2) follows from (4.4) and (4.5). O

The following lemma refines the classical estimates for the (n—1)-dimensional
density in a particular case.

Lemma 4.4. Let f € LP(R™), for some p > 1, and

n 1
F::{xER :Zrn—l/B()’f’dy:OO}
r (T

keN 'k

where 1y, = 27%. Then H"Y(F) = 0. If additionally p > n then F = ().

Remark 4.5. To see that p > 1 is required one can consider f(z) =
XBi)2 (x)/(zn 1n2<1/a7n))'

Proof of Lemma 4.4. We start from the second statement. From || f||11(5,) <
r”/i"HfHLp(Rn), where 1/p' =1 — 1/p, one deduces, for any = € R",

1 P ~
> nl/ fldy <> Ll fllor@n = [ floo@e Y 2KP/P,
e Bry (x) — Tk -

k

If p > n the last series converges and therefore x & F'.

We now turn to the first statement and assume p € (1,n|. By Lebesgue’s
differentiation theorem one has £"(F') = 0.

Fix § > 0. For every x € F' there is k() € N such that ry,) < ¢ and

n—1
k()

|fldy = , (4.6)
/wa) () k(x)?

otherwise the series would converge. By Vitali’s 5r-covering lemma, there is
a family G = {B,,(z;) : j € N} of disjoint balls, with p; = 74,y and k; =
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k(z;), such that F' C (J; Bsp,;(z;). Then by the definition of the Hausdorff
measure

Hios' (F) <> (5p)" . (4.7)

J

By (4.6) and by Holder’s inequality, we obtain
il < kf/B NE el 2oy, ey k2607
pi\Tj

For all M € N, using Holder’s inequality and the fact that the balls are
disjoint one obtains

M M 1/p'
o= > el (24705)

J=0 J=0

For any p € (1,00) there is d, such that r'/2|log, 7|*" < 1 for all r € (0,6,).
Therefore for all 6 <4, one obtains

Sur < |1l o 0V # Sy (4.8)
By collecting (4.7) and (4.8) we conclude

Hioo (F) < e[l FI1p ) 07,
therefore with § — 0 we obtain H"~}(F) = 0. O

Proof of Theorem 4.1. Let x € Q\ O, and set a,, = JCB,.(x) u(y)dy if B,(x) C
2, then [3, Corollary 6.7] yields that

1
i [ )~ a
r—0 ’r'n Br(x)

In the rest of the proof we will show that lim, g a,, exists for H" !-almost
every € 2\ ©,. In view of (4.9) it is actually sufficient to prove the claim
for the subsequence 1, = 27%. Indeed, assume that (a,,,)x has finite limit
a,. For B.(z) C €, we choose k € N such that r € (ry1,7], and since
e = 2rpe1 we obtain

dy =0. (4.9)

2n
= ol < n = s+l =0l € = [ =yt aa, —ail
T]f Bv'k (z)
Therefore, the right-hand side above is infinitesimal as  — 0 thanks to (4.9)
and to limy a, ,, = a,.
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Let 1 be as in Lemma 4.2 and let
Qe :={re€Q: B, (v) CcQand H" ' (J,N B, () <nri"'}.

We also introduce the set

F—{xeR" Z / w)| dy = oo }
keN e Bry,

and we fix k € N and x € (7,5, \ (O, U F). By Lemma 4.2 for every
h > k there are an affine map ¢, : R®” — R" and a set wy such that
L™ (wp) < 27"3L"(B,,) and

/ lu — ppldy < crh/ le(u)|dy . (4.10)
BTh (@)\wn, BTh (x)

Lemma 4.3 yields

C
ou(s) ~nn| S [ e~ uldy
Th T)\Wh

h
c Cc
<— |Gy, — uldy + — lu — onldy .
Th J By, (2)\wn i Bry, (@)\wn

(4.11)

At the same time, using the triangle inequality, (4.10) implies

[on — Phildy < Crh/ le(u)|dy .

/;Thri»l (m)\(wh Uwh«l»l) Brh (IE)

Lemma 4.3 now implies

Z”(Ph — | pee (Br, () R) < CZ n—1 / w)ldy,

hek | h

since LBy, \ (wh Uwnin)) = (1— 278 = 2773 L7(B,, ) > 2L7(B,,.,)
and the maps ¢, are affine. Recalling that x ¢ I, we have that the series
> ulon — @ny1|(z) converges and we can define @(x) := limy_,o 1 (z) € R™
Then

1 -
= )~ atolay
Th BTh(x)
1 -
< L ) = amnldy + clann, — on(@)] + dn(e) — ()
"h J B, ()
C ~
< ) = o dy + =5 / e()ldy + clon(a) — ()],
Th J By, (2) "h JBr, (@)
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where we have used (4.11) and (4.10). The first term converges to zero by
(4.9), the second one by the fact that x ¢ F, and the third one by the
definition of 4. Therefore x € Q\ S,. We conclude that

Suc@uUFU<Q\UﬂQh> .

k h>k

We finally show that

o\JwmcluN (4.12)

k h>k

for some H" '-null set N, from which we can conclude S, C ©, UF U N.
Since H""!(J,) < oo by [4, Th. 2.56] there is a set N with H""}(N) = 0
such that

H (T, N B.(x))

rnfl

=0forallz e Q\ (J,UN).

lim sup
r—0

In particular, for any such x there is a k such that x € Q, for any h > k, so
that formula (4.12) holds. From e(u) € LP(2; R™*"), Lemma 4.4 guarantees
that H"~(F) = 0, and the proof is concluded. O

5 Discussion

As mentioned in the introduction, in the variational formulation of some
mathematical problems in fracture mechanics, the natural analytical frame-
work is given by the set SBDP(2) defined in (1.3). For simplicity in the
next discussion all functions are assumed to be bounded. Due to the regu-
larity generated by the higher integrability of the strain and the finite H" -
measure of the jump set, it has been conjectured that SBDP(2) functions
might have in fact bounded variation. In this case one would have in particu-
lar SBDP(2) € SBV(2;R™), since Alberti’s rank one theorem [1, 2] implies
|Deu|(Q) < V2| Eu|(Q) for each u € BV (Q;R"). Moreover, one can reason-
ably expect that the inclusion above is related to the validity of a Korn’s type
inequality involving the L'-norm of Vu, the LP-norm of e(u), and H"~1(J,).
A second difficulty would be to prove that the distributional derivative Du
is the sum of the absolutely continuous part and the jump term alone.

In light of the results described in the previous sections, we are now in
the position to discuss the possible optimality of the immersion above. First
of all let us recall that a generic function u € SBD({2) has not necessarily
bounded variation, even in the case in which u has no jumps. This follows
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from the counterexample to Korn’s inequality in W built in [37], see [3, Ex-
ample 7.7]. A similar idea is the starting point of the construction presented
in Section 3, developed starting from [20, Theorem 1]. Indeed, we have shown
that, if no bound on the size of the jump set is given, not even the condition
e(u) = 0 L"-a.e. guarantees that a function u € SBD(Q2) has bounded vari-
ation. Analogously, we have constructed a function u € BD(2) \ BV (€;R")
with Fu = E‘u.

On the contrary, in some sense one cannot expect an inclusion stronger
than SBDP(§2) € SBV(;R™), to be precise one cannot hope for a higher
integrability of the gradient, as Example 2.1 shows.

To conclude this discussion about the connections between SBDP and
BV, we mention the result proved in [19, Theorem A.1]. The authors show
that any v € SBD(Q) with e(u) = 0 L™a.e. and H"*(J,) < oo has in fact
a precise structure, it is a Caccioppoli-affine function. Thanks to the result
proved in Section 2 we thus infer that it has actually (generalized) bounded
variation.
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