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a b s t r a c t 

In this paper we report on measurements on actuation crosstalk, relevant to the gravitational reference 

sensors for LISA Pathfinder and LISA. In these sensors, a Test Mass (TM) falls freely within a system of 

electrodes used for readout and control. These measurements were carried out on ground with a double 

torsion pendulum that allowed us to estimate both the torque injected into the sensor when a control 

force is applied and, conversely, the force leaking into the translational degree of freedom due to the 

applied torque. 

The values measured on our apparatus (the engineering model of the LISA Pathfinder sensor) agree to 

within 0.2% (over a maximum measured crosstalk of 1%) with predictions of a mathematical model when 

measuring force to torque crosstalk, while it is somewhat larger than expected (up to 3.5%) when measur- 

ing torque to force crosstalk. However, the values in the relevant range, i.e. when the TM is well centered 

( ± 10 μm) in the sensor, remain smaller than 0.2%, satisfying the LISA Pathfinder requirements. 

© 2017 Elsevier B.V. All rights reserved. 
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. Introduction 

Torsion pendulums [1] are the instruments of choice to ap-

roach, in an Earth-based laboratory, the conditions of free fall:

his is because one degree of freedom (DoF) of the pendulum,

he rotation around the suspension fiber, experiences an extremely

mall restoring force (better, torque) from the fiber: in pendulum

argon, this is usually called the soft , i.e. almost free, DoF. This is

articularly important for studies that lead to the realization of
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pace experiments requiring Test Masses (TMs) in geodesic motion,

ike the gravitational wave observatory LISA [2] . We developed a

ouble pendulum with two soft degrees of freedom [3] . This pen-

ulum, nicknamed PETER (acronym for PEndulum free in Transla-

ion and Rotation), is a facility devoted to characterizing, using its

wo soft degrees of freedom, some features of the LISA Pathfinder

LPF) [4,5] electrostatic readout that could not be tested on simple

endulums: namely, the crosstalk in sensing and actuation, the or-

hogonality of feedback signals and other residual interactions be-

ween the TM and its environment. In the LPF mission it is crucial

o properly evaluate the amount of crosstalk that control signals

eed into one DoF while acting on the other. While the sensing

https://doi.org/10.1016/j.astropartphys.2017.10.010
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Fig. 1. A sketch of the PETER pendulum, with the two torsion fibers in cascade. 

ϕ = ϕ a + ϕ b and x = d · ϕ a are the coordinates of the two soft DoFs. A diagram of 

the GRS electrodes, surrounding the TM, is also shown: the gray electrodes feed 

a.c. bias while the black ones are for sensing and actuation. Labels 1 and 2 indicate 

two of the four electrodes sensing x and ϕ DOFs: each one is paired in a bridge 

with an identical electrode on the opposite side (call them 3 and 4). By applying 

an electric field to electrodes 1 and 2 we can actuate a force along x on the TM, 

while electrodes 1 and 4 would be used to apply a torque on ϕ. 
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crosstalk is negligible, because LPF uses an interferometric readout

with superior performance, the crosstalk in actuation could indeed

be a limiting factor to the sensitivity: the electrostatic actuation

keeps the TMs in position along the non-critical DOFs, and there-

fore is continuously active during operations. 

The PETER pendulum was used to investigate crosstalk issues

before the launch of LPF and has been kept operational in the

Gravitation Physics Laboratory in Napoli, as a ground support

equipment during mission data taking. 

The apparatus was described in previous papers [3,6] ; we just

recall here that two soft DoFs are obtained, as shown in the sketch

of Fig. 1 , by suspending the test mass (a hollow, 46 mm, gold

coated Al cube) on a cascade of two fibers: on the top, a 100 μm

Tungsten fiber suspends a crossbar (oscillation period 765.1 s); an-

chored at one end of the crossbar, a second fiber (25 μm diame-

ter), made of the same material, suspends the TM (oscillation pe-

riod 487.2 s), that hangs inside the electrostatic readout case. The

lower fiber provides an almost free rotation around the z axis, that

coincides with the fiber itself, while the top fiber allows a soft

motion along a d = 150 mm (the length of the crossbar arm) ra-

dius arc: for most practical purposes this motion can be assumed

as a translation. The two soft DoFs are then the rotation angle ϕ
and the translation along the x axis. Motion in all six DoFs is mea-

sured by the Electrode Housing (EH), a set of electrodes that pro-

vide electrostatic readout and actuation, described below. This sys-

tem, i.e. the TM, the EH, and the sensor electronics, constitute the

so called Gravitational Reference Sensor (GRS) [7] . For redundancy,

better sensitivity and cross check, the soft DoFs are also monitored

by two optical lever readouts [9,10] measuring the rotation ϕa of

the crossbar and the position x and rotation ϕ of a mirror attached

to the shaft suspending the TM. 

The two soft DoFs are read (and actuated) by the same 4 elec-

trodes, although in different configuration, as shown in Fig. 1 : by

applying an electric field to two adjacent electrodes (1 and 2 in
ig. 1 ) we apply a force to the TM. Conversely, an electric field

pplied to two electrodes diagonally across the TM will produce

 torque. This constitutes a source of crosstalk between the DoFs,

hat we aim to investigate. 

Here we report the results of measurement campaigns, per-

ormed before the launch of LPF, devoted to evaluating the

rosstalk in actuation. 

In Section 2 we describe the measurement technique, in

ection 3 we describe force to torque crosstalk ( CT F → τ ) measure-

ents performed by applying a force on the suspended pendulum

ass and measuring the corresponding (unwanted) torque. Torque

o force crosstalk ( CT τ → F ) measurements were also performed in

imilar way and are reported in Section 4 . 

. Methods and goals of the investigation 

The main goal of the measurements reported here is to eval-

ate the actuation crosstalks of the GRS. The TM (that in space

xperiments is freely floating, while in our Earth based apparatus

s suspended by torsion fibers) is surrounded by the EH, a hollow

etal box padded with 18 electrodes facing each side of the TM

see Fig. 1 ). Six of these are used to provide a.c. bias, while the

ther 12, two per side, are arranged in 6 capacitive bridges and

ermit to monitor the motion of the TM along all its translational

nd rotational DOFs. The same electrodes can be individually bi-

sed with control voltages in order to apply forces or torques. 

The requirement for LPF actuation crosstalk [8] are only defined

or force induced along the interferometer axis x , by actuation on

he other 5 DOFs (i.e. force along y and z and torques around the

hree axes). For the force to force terms (that cannot be tested with

ur apparatus), the specification is to stay within 0.1% in crosstalk.

or torque around the θ and η axes the specification is, in our

otation, described below in Eq. (1) , 0.23%, while requirement for

orque around the ϕ axis is 0.67%. The latter is the only one that

e can directly test. All the crosstalks on other DOFs do not have

pecifications because they cannot contribute significantly to the

PF (and LISA) noise budget [8] . 

The EH (we use the LPF engineering model ) can be remotely

oved in 5 degrees of freedom by motorized micro-positioners;

dditionally, the suspension point of the top fiber can be raised

nd rotated: this allows us to align the TM at the center of the

H, and parallel to its walls. We remark here that the geometrical

ero, the position where the TM appears to be properly centered

n the EH, with equally wide gap pairs on each direction, does not

ecessarily coincide, in real life, with electrical zero of the GRS,

.e. the TM position where all capacitive bridges measuring its po-

ition are zeroed. This can be due to imperfections of both elec-

rical (capacitances not properly balanced) and mechanical origin.

ransduction and actuation is operated by a read-out and control

lectronics unit, specially developed by ETH-Zürich [11] . We aim to

valuate the actuation cross couplings as a function of the relative

osition between EH and TM and verify to what extent they agree

ith the values predicted by a simple electrostatic model. 

The crosstalks are defined as 

 T F → τ = 

τm 

F a · δx 
C T τ→ F = 

F m 

· δx 

τa 
(1)

here the subscripts a, m refer to a ctuating or measured quan-

ities and δx = 21 . 5 mm, the distance between the center of two

djacent x electrodes, is the natural length scale to convert force

nto torque. We remark that, in all cases, we apply voltages to the

H electrodes, and measure both the resulting force and the re-

ulting torque. The crosstalks of Eq. (1) are therefore estimated as

atios of measured dynamic quantities. 

An analytical expression for the crosstalks can be found by tak-

ng into account electrode geometry and TM-EH relative position
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Table 1 

Relevant information for the six measurement runs. Run 3b was performed in con- 

stant stiffness conditions. 

Run Run start Avg. time Number Step size Actuation 

date per step (h) of steps (μm) ampl. ( V 2 ) 

Force to Torque crosstalk (actuation force at 14 mHz) 

1a Jun 9, 2015 3 5 ×5 100 50 

2a Jun 19, 2015 1.25 37 (spiral) 100 20 

3a Jun 26, 2015 2 24 (spiral) 100 20 

Torque to Force crosstalk (actuation torque at 18 mHz) 

1b May 25, 2015 3 8 150 20 

2b May 29, 2015 3 24 100 20 

3b No. 24, 2015 2 8 (spiral) 100 20 

Table 2 

Coefficients for the quadratic polynomial in the three variables x,y, ϕ that best 

fits the CT F → τ data of all 3 runs. The last column shows the crosstalk one 

derives, based on this fit, at the edge of the relevant, central region of op- 

eration: 10 μm away from the center in both x and y, and 100 μrad tilt in 

ϕ. Note that the crosstalk units, for consistency with the rest of the paper, 

are percent: e.g., the largest value of the last column reads 0.046%, that is 

4.6 ·10 −4 . In the worst case scenario, where we sum the absolute value of 

all the contributions, we have a total crosstalk of 0.053%, and therefore still 

negligible. 

polynomial units analytical fitted CT F → τ (%) 

terms model coefficients at edge 

x 2 μm 

−2 0 ( −1 . 9 ± 0 . 8) · 10 −7 −1 . 9 · 10 −5 

y 2 μm 

−2 0 ( −1 . 8 ± 0 . 5) · 10 −7 −1 . 8 · 10 −5 

ϕ2 - 0 ( −6 . 3 ± 5) · 10 −9 −6 . 4 · 10 −5 

x y μm 

−2 0 ( 9 . 3 ± 6) · 10 −8 9.3 ·10 −6 

x ϕ μm 

−1 2.5 ·10 −7 (3 . 2 ± 0 . 4) · 10 −7 3.2 ·10 −4 

y ϕ μm 

−1 0 ( 1 . 7 ± 2) · 10 −8 1.7 ·10 −5 

x μm 

−1 0 (−5 . 4 ± 0 . 3) · 10 −4 −0.0054 

y μm 

−1 4.65 ·10 −3 ( 4 . 56 ± 0 . 01) · 10 −3 0.0456 

ϕ - 0 (−9 ± 7) · 10 −6 −8 . 9 · 10 −4 

- - 0 (0 ± 2) · 10 −3 −9 . 6 · 10 −5 
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n the three DOFs that experience large motion during our mea-

urements: x , y and ϕ. Details about this model can be found in

ppendix A . The resulting expressions for the crosstalks are: 

T F → τ = 

(
3 δx 

2 h 

2 
x 

+ 

s 

δx h x 
+ 

1 

2 δx 

)
xϕ + 

y 

δx 
(2) 

T τ→ F = 

6 δx 

h 

2 
x 

xϕ (3) 

here h x = 4 mm is the gap between the TM and the GRS along

he x -axis, and s = 46 mm is the side of the TM. Both the elec-

rodes and the TM are assumed ideal: imperfections, asymmetries,

order effects and finite size of the TM are neglected 

The measurements are performed by actuating with a sinu-

oidal force (or torque) on the TM and reading its displacement x

nd rotation ϕ; each measurement must last many periods of the

endulum oscillations, in our case a few hours. The force ( F ) and

he torque ( τ ) acting on the TM are then estimated from x and ϕ,

hrough the equations of the pendulum dynamics, as described in

3] . In order to evaluate the dependence of crosstalk on the relative

M-EH position, the EH is moved with micro-positioners along the

orizontal ( x − y ) plane, in selected positions on a regular pattern,

s can be seen in Figs. 3 and 5 , and the procedure is repeated for

ach position. 

Calibration of the apparatus requires a few steps; we remind

hat force and torque are computed solving the equations of mo-

ion of the system, where displacement and rotation ( x , ϕ) are the

ndependent variables and the mechanical properties of the pen-

ulums appear as coefficients [3] . As a first step, direct calibra-

ion of position and angle readings was obtained by moving the

H, with motorized precision stages, around the TM (rigidly held

n the bench) and comparing the GRS readings with the nominal

eading of the stage encoder. 

This calibration was independently checked with a high preci-

ion touch probe and is accurate to better than 1%. Then, the me-

hanical parameters of the two pendulums were evaluated as fol-

ows: the elastic constants of both fibers were independently mea-

ured (within 1–2%) on an ad-hoc facility, by hanging various discs

f known moment of inertia and measuring the oscillation periods.

nce the fiber constants are known, the moments of inertia of TM

nd crossbar were derived by fitting the 8 lowest resonances of PE-

ER (measured to better than 1%), to an accurate analytical model

n 8 degrees of freedom [12] . Finally, force and torque are derived

with an accuracy of about 2%) from GRS readout by solving the

quation of motion with the measured mechanical parameters. 

The data are affected by a readout crosstalk, due to a geometri-

al effect: the measured position of x also depends on the coordi-

ates ϕ and y , according to: 

 = x GRS − (y GRS − y c ) · ϕ (4)

here x GRS , y GRS and ϕ are the calibrated signals as read by the

RS and y c is the distance, along y , from the geometrical center

f the TM of the vertical axis of rotation ; y c differs from zero if

he suspending wire and the shaft connecting it to the TM are not

erfectly aligned. As a consequence, the center of mass (that, by

efinition, lies on the vertical rotation axis) does not coincide with

he geometrical center of the TM. This is illustrated in Fig. 2 , where

he effect was largely exaggerated. Other effects due to TM asym-

etries can be found in [13] . 

The data were corrected according to Eq. (4) , using the value

 c = 23 ± 5 μm estimated by fitting the data. Neglecting this cor-

ection would result in largely overestimating the crosstalks. This

ffect, relevant to suspended masses as in our case, does not show

p in free-falling TMs, as long as the center of mass coincides with

he geometrical center. Similar corrections could also be consid-
red for the other DOFs, but they are not relevant for our mea-

urements. 

We report here on six measurement runs, summarized in

able 1 : three to evaluate the force to torque crosstalk, i.e. CT F → τ ,

nd three for CT τ → F . 

. Force to torque crosstalk 

In Fig. 3 the results of the measurement run 3a, compared to

he predictions of the analytical model, are reported, together with

he relative residuals (measured values minus model predictions)

s. x displacement. The general agreement is good with a residual

mall discrepancy, well represented by a linear trend along x . 

In Fig. 4 the results of the runs 1a, 2a and 3a are compared. Al-

hough the measurements were performed in different conditions

see Table 1 ), the CT F → τ are very repeatable. We fitted with a sec-

nd order surface in x , y and ϕ the measurement points of the

hree runs. The residuals of all the runs with respect to this surface

re within less than 0.035%. In all the runs the maximum observed

rosstalk is ± 1% in the whole high resolution range of the GRS

 ± 200 μm), with a disagreement below 0.2% with respect to the

odel predictions. This residual disagreement can be due either to

ome (geometrical and/or electronic) asymmetry in our GRS or to

ome inaccuracy in the knowledge of the mechanical parameters. 

In Table 2 we report the coefficients of the polynomial fitting

he data, compared to those predicted by the analytical model. This

arametrization allows us to compute the expected crosstalk at any

M position inside the EH. In order to enhance the relevance of the

arious terms, the last column of Table 2 shows the contribution of

ach single term of the polynomial to the total crosstalk, computed



22 M. Bassan et al. / Astroparticle Physics 97 (2018) 19–26 

Fig. 2. Displacement of vertical rotation axis with respect to TM geometric center, due to TM-shaft asymmetry. Note that the EH is aligned to the cube faces, not to the 

vertical direction. 

Fig. 3. Crosstalk CT F → τ as defined in Eq. (1) , for the run 3a, compared to the analytical model of Eq. (2) . In the lower part of the figure the M-C residuals (Measured minus 

Computed) are shown versus the x coordinate. As we can see, there is a small discrepancy, well represented by a linear fit. 

 

 

 

 

4

 

c  

a  
at one edge of the measurement range of interest for the scientific

operations of LPF ( x = y = 10 μm, ϕ = 100 μrad). In order to esti-

mate a worst case scenario in this range, we can sum the absolute

value of all the contributions, obtaining a total crosstalk of 0.053%,

that is negligible. 
h  
. Torque to force crosstalk 

In Fig. 5 the results of the measurement run 2b are shown and

ompared with the analytical model. The relative residuals (M-C)

re also shown vs. x displacement. Unlike the previous case, we

ave here a much larger disagreement with the model; however,
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Fig. 4. CT F → τ measured in the three different runs 1a, 2a and 3a. The residuals shown in the lower frame are calculated with respect to a second order fit surface to the 

points of the three runs. 

Fig. 5. Measured CT τ → F compared with the model. In the lower frame the residuals (M-C), seen on a constant y cross section. 
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lso in this instance, the dominant effect exhibits a linear trend in

he residuals, presently under investigation. 

In Fig. 6 the results of the runs 1b, 2b and 3b are compared.

he measured torque to force crosstalks are well repeatable. Also

n this case, we fitted with a second order surface in x , y and ϕ
he measurement points of the three runs. The residuals of all the

uns with respect to this surface, shown in the lower frame, are

ompatible with zero within the measurement error. 

It can be seen in these plots that the measured values of CT τ → F 

each values as large as 3.5% at the limit of the High Resolution

HR) range ( ± 200 μm) of the front-end electronics and are larger,

y an order of magnitude, than expected. Nevertheless, the level
f CT τ → F falls below 0.8% in the central ± 50 μm and is less than

.2% at the GRS center. 

In order to verify if the disagreement was due to the actua-

ion modality, run 3b was performed in constant stiffness condi-

ions [14] where the net TM actuation force is a sum of opposing

orces applied from both sides of the TM while maintaining the

um of the force magnitudes constant, which maintains a constant

orce gradient. No difference was observed, as expected. 

In Table 3 , the coefficients of the polynomial fitting the data are

eported as described in Section 3 . In this case, we obtain a worst

ase total crosstalk of 0.18%, larger than in the case of CT F → τ but

till compliant with the GRS specifications. 
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Fig. 6. CT τ → F measured in the three different runs 1b, 2b and 3b. The residuals shown in the lower frame versus the x coordinate, are calculated with respect to a second 

order fit surface to the points of the three runs. 

Table 3 

Torque to Force crosstalk: coefficients of the best fit quadratic polyno- 

mial in x,y, ϕ. See caption of Table 2 for details. In the worst case sce- 

nario, where we sum the absolute value of all the contributions, we 

have a total crosstalk of 0.18%. 

polynomial units analytical fitted CT τ → F (%) 

terms model coefficients at edge 

x 2 μm 

−2 0 (1.5 ±3) · 10 −6 1.5 ·10 −4 

y 2 μm 

−2 0 ( −9 ±4) · 10 −6 −9 ·10 −4 

ϕ2 - 0 (5 ±5) · 10 −7 0.005 

x y μm 

−2 0 (1.3 ±0 . 4) · 10 −6 0.0013 

x ϕ μm 

−1 4.0 ·10 −7 (4 ±2) · 10 −6 0.0036 

y ϕ μm 

−1 0 ( −2 ±2) · 10 −6 −0.0016 

x μm 

−1 0 (7 ±2) · 10 −3 0.069 

y μm 

−1 0 ( −1 ±2) · 10 −3 −0.02 

ϕ - 0 (1 ±1) · 10 −3 −0.088 

- 0 (0 ± 0.5) 0 
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Conclusions 

We reported the on-ground evaluation of the actuation

crosstalk for the electrostatic actuators of the LPF Test Mass. We

have measured the crosstalk from force to torque, CT F → τ , ex-

pressed as the amount of unwanted detected torque, generating a

residual ϕ rotation, when a force is applied to the TM. Analogously,

we measured the crosstalk from torque to force CT τ → F , by apply-

ing a torque to the TM and measuring the resulting force along x ,

generating linear motion. This is a potential noise source for the

relative acceleration of the TMs in space. In our analysis, we have

removed an undue readout crosstalk, generated by an offset of the

TM center of mass with respect to the suspension axis, evaluated

in 23 ± 5 μm. 

The measurements of CT F → τ turn out to be very close to the

model predictions, while, in the characterization of CT τ → F , our

data show measured values larger than expected, up to 3.5% in the

outermost region of the EH. In order to verify if this disagreement

can be explained by manufacturing imperfections, we would need

a more sophisticated model taking in account electrode and TM

asymmetries. This will be considered in following studies for LISA,

but is beyond the scope of this paper. 
However, the results of our investigations show that, when

he TM is well centered, i.e. in the region ( ± 10 μm in x and y ,

100 μrad in ϕ) of the GRS where operations in space take place,

T τ → F is well below 0.23%, that is the most stringent requirement

iven for torque to force crosstalk. 

In conclusion, the measurements confirm that in the engineer-

ng model GRS for LISA Pathfinder the actuation crosstalks are in

greement with the expectations and with the specifications for

PF and LISA. 

ppendix A. Actuation model for the LPF inertial sensor 

The following model is based mainly on [15] . The capacitance

ormed by each electrode EL i and the TM can be computed, using

he infinite plane approximation, in the case of rectangular elec-

rodes with sides l x and w x along Z and Y axis respectively (see

ig. A.7 ), by: 

 i = ε 0 

∫ l x / 2 

−l x / 2 

∫ y i + w x / 2 

y i −w x / 2 

1 

d 
d Zd Y (A.1)

here d is the distance between P ( X , Y ) and the TM, y i is the EL i
enter coordinate along Y axis. Since the TM is displaced from its

ominal position by ( x , y ) and rotated by the angle ϕ, the distance

 is not a constant value, as in the parallel electrodes case, but

epends on TM translations and rotations. By focusing the analysis

n the electrode number 2, the distance d is simply d = ϕ(Y − Y 0 )

 where Y 0 is the Y coordinate of the intersection point of the lines

f equation (see Fig. A.7 ): 

 = 

s 

2 

+ h x ; X = −Y tan ϕ + y + x tan ϕ + 

1 

2 

s sec ϕ 

nd Y is the second coordinate of the electrode point P . In this way,

or the EL 2 , the integral (A.1) yields: 

 2 = C 0 
h x 

w x ϕ 

ln 

[ 

1 + 

w x tan ϕ 

h x − x + ( δx 

2 
− w x 

2 
− y ) tan ϕ + 

s 
2 

cos ϕ−1 
cos ϕ 

] 

here 

 0 = ε 0 
l x w x 

h x 
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Fig. A1. Test Mass with the X electrodes in nominal and roto-translated position (top view). 
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p F  
s the nominal (i.e. centered and un-tilted TM) capacitance. Simi-

ar expressions can be found for the other capacitors. Forces and

orques on the TM can be obtained by suitable combinations of

lectrode polarizations. The control electronics provides four actu-

tion polarizations: V x 1 applied on electrodes EL 1 , EL 2 , V x 2 applied

n electrodes EL 3 , EL 4 , V ϕ1 applied on electrodes EL 1 , EL 3 , V ϕ2 ap-

lied on electrodes EL 2 , EL 4 . 

By focusing on sinusoidal actuations of amplitude A F for the

orce and A τ for the torque, and angular frequency ω, to actuate

 force or a torque, the polarizing voltages should be, respectively:

 x 1 = 

{√ 

A F sin ωt sin ωt ≥ 0 

0 sin ωt < 0 

; V x 2 = 

{
0 sin ωt ≥ 0√ 

−A F sin ωt sin ωt < 0

(A.2) 

 ϕ1 = 

{√ 

A τ sin ωt sin ωt ≥ 0 

0 sin ωt < 0 

; V ϕ2 = 

{
0 sin ωt ≥ 0√ 

−A τ sin ωt sin ωt < 0

(A.3) 

By neglecting the TM voltage, the electrostatic actions given by

ll the other electrodes, and taking into account only actuations in

he ( X , Y ) plane, i.e. forces along X and Y ( F x , F y ) and torque along

 ( τ ), we obtain: 

 x = 

1 

2 

4 ∑ 

i =1 

∂C i 
∂x 

V 

2 
i ; F y = 

1 

2 

4 ∑ 

i =1 

∂C i 
∂y 

V 

2 
i ; τ = 

1 

2 

4 ∑ 

i =1 

M i V 

2 
i (A.4)

here M i is the Z component of ( b i ∧ ∇C i ) and b i is the vector from

he TM center C ( x , y ) to the projection of the center of the elec-

rode EL i on the corresponding TM surface (see Fig. A.7 ). 

Even if only one actuation type is commanded, the polariza-

ion of the EL i electrode always produces actuation in both force

nd torque. Indeed, putting together Eqs. (A .2) , (A .3) , and (A .4) one

et: 

 x (t) = 

⎧ ⎨ 

⎩ 

1 

2 

[(C 1 ,x + C 2 ,x ) A F + (C 1 ,x + C 3 ,x ) A τ ] sin ωt sin ωt ≥ 0 

−1 

2 

[(C 3 ,x + C 4 ,x ) A F + (C 2 ,x + C 4 ,x ) A τ ] sin ωt sin ωt < 0
(t) = 

⎧ ⎨ 

⎩ 

1 

2 

[(M 1 + M 3 ) A τ + (M 1 + M 2 ) A F ] sin ωt sin ωt ≥ 0 

−1 

2 

[(M 2 + M 4 ) A τ + (M 3 + M 4 ) A F ] sin ωt sin ωt < 0 

here C i,x = d C i /d x . 

It is worth noting that mixed terms that arise when squaring

he voltage expression of Eqs. (A.4) give no contribution since the

riving electronics modulate each actuation voltage at a different

requency for the two different actuations. For the following analy-

is we need to find the amplitude of the fundamental harmonic of

he actuations F x and τ . Their amplitudes can be easily found by

omputing the corresponding Fourier components, and are: 

F ω = 

1 

2 

A F (C 1 ,x + C 2 ,x − C 3 ,x − C 4 ,x ) + 

1 

2 

A τ (C 1 ,x + C 3 ,x − C 2 ,x − C 4 ,x ) 

ω = 

1 

2 

A τ (M 1 + M 3 − M 2 − M 4 ) + 

1 

2 

A F (M 1 + M 2 − M 3 − M 4 ) 

o proceed further, the expressions of C i , x and M i are needed. The

ull expressions are cumbersome and not very useful. Since the ex-

ected displacements and rotation are very small, it is more conve-

ient to use approximate expressions. By truncating to the second

rder in x , y and ϕ it results, for example: 

 1 ,x = 

C 0 
h x 

(
1 + 

2 

h x 
x + 

δx 

h x 
ϕ + 

3 δx 

h 

2 
x 

xϕ + 

2 

h x 
yϕ + 

3 

h 

2 
x 

x 2 + K 1 ϕ 

2 

)

M 1 = 

C 0 δx 

2 h x 

(
1 + 

2 

h x 
x + 

2 

δx 
y + K 2 ϕ + 

3 

h 

2 
x 

x 2 

+ 

4 

h x δX 

xy + 

4 

h x 
yϕ + K 3 xϕ + K 4 ϕ 

2 
)

nd similar expressions for the other coefficients, being: 

 1 = 

1 

3 

+ 

s 

2 h x 
+ 

w 

2 
x 

4 h 

2 
x 

+ 

3 δ2 
x 

4 h 

2 
x 

K 2 = 

δx 

h x 
+ 

h x 

δx 
+ 

s 

δx 

 3 = 

2 s 

h x δx 
+ 

3 δx 

h 

2 
x 

+ 

1 

δx 
K 4 = 

11 

6 

+ 

3 s 

2 h x 
+ 

w 

2 
x 

4 h 

2 
x 

+ 

3 δ2 
x 

4 h 

2 
x 

y using the previous expressions it is possible to write the force

nd the torque produced by the described actuation scheme. In

articular, in the case of force actuation ( A � = 0 and A τ = 0 ) it re-
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sults: 

F F = 

C 0 
h x 

A F 

(
2 + 

6 

h 

2 
x 

x 2 + 2 K 1 ϕ 

2 

)
; τF = 

C 0 δx 

2 h x 
A F ( 2 y + 2 δx K 3 xϕ ) 

(A.5)

while in case of torque actuation ( A F = 0 and A τ � = 0) it results: 

ττ = 

C 0 δx 

2 h x 
A τ

(
2 + 

6 

h 

2 
x 

x 2 + 2 K 4 ϕ 

2 

)
; F τ = 

C 0 
h x 

A τ
12 

h 

2 
x 

ϕx 

Finally, by defining the dimensionless crosstalks between force and

torque as: 

 T F → τ = 

τF 

F F δx 
; C T τ→ F = 

F τ δx 

ττ

and by retaining only terms up to the second order in x , y and ϕ,

they result: 

 T F → τ = 

1 

δx 
y + 

K 3 

2 

xϕ; C T τ→ F = 

6 δX 

h 

2 
x 

xϕ (A.6)
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