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Following a semiclassical eikonal approach—justified at transplanckian energies order by order in the
deflection angle ©, ~ 4GT‘/§ = sz—we investigate the infrared features of gravitational scattering and
radiation in four space-time dimensions, and we illustrate the factorization and cancellation of the infinite
Coulomb phase for scattering and the eikonal resummation for radiation. As a consequence, both the
eikonal phase 25(E, b) and the gravitational-wave (GW) spectrum % are free from infrared problems in a
frequency region extending from zero to (and possibly beyond) @ = 1/R. The infrared-singular behavior of
4-D gravity leaves a memory in the deep infrared region (wR < wb < 1) of the spectrum. At O(wb) we
confirm the presence of logarithmic enhancements of the form already pointed out by Sen and collaborators
on the basis of nonleading corrections to soft-graviton theorems. These, however, do not contribute to the
unpolarized and/or azimuthally averaged flux. At O(w?b?) we find instead a positive logarithmically
enhanced correction to the total flux implying an unexpected maximum of its spectrum at wb ~ 0.5. At

higher orders we find subleading enhanced contributions as well, which can be resummed, and have the

interpretation of a finite rescattering Coulomb phase of emitted gravitons.
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I. INTRODUCTION

The recent discovery of gravitational waves (GW) in
black hole and neutron-star mergers [1,2] has also revived
interest in gravitational phenomena at the level of elemen-
tary-particle processes. It has also been argued [3] that
progress in the latter domain would provide useful inputs
on the determination of parameters that enter the effective-
one-body (EOB) approach [4,5] to GW emission from
coalescing binary systems.

In particle physics, gravitational scattering of light
particles or strings at extremely high (i.e., transplanckian)
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energies has been considered since the late eighties [6—10]
mainly as a thought-experiment aimed at testing quantum-
gravity theories at very high energies and/or short distance.'

At such energies, +/s/2=E > mp=+/h/G, and
we meet a regime in which the effective gravitational
coupling ag = Gs/h is large. Since such a coupling
basically occurs as an overall factor in the effective action
(in 7 units) this suggests the validity of a semiclassical
approximation. This eikonal approach to high-energy
gravitational scattering was developed further by
Amati, Ciafaloni and Veneziano (ACV) [11,14-16] in
a series of papers by deriving, in particular, higher order
corrections to the eikonal function.

Another emerging property of transplanckian gravita-
tional scattering is a sort of “antiscaling” law by which the
higher the center-of-mass energy, the softer the character-
istic energy of the final particles. This property has been

'In particular, the emergence of an effective generalized
uncertainty principle (GUP) holding in string theory has been
pointed out [11] (see also [12,13]).
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seen both in the string-size-dominated regime [10,17] and
in the bremsstrahlung process, both classically [18,19]
and at the quantum level [20-24]. It is basically related to
the fact that multiplicities of final quanta grow like ag
i.e., with two powers of the center of mass energy. Of
course such a feature fits extremely well with the well
known behavior of the Hawking temperature [25] of a
black hole of gravitational radius R =2G./s, T ~h/
R < E. Interestingly, such a softening of the final state
already occurs in regimes (such as collision at a large
impact parameter b > R) that are not expected to lead to
black hole formation. Our study of gravitational brems-
strahlung will concentrate therefore exclusively on the
regime fl/—‘§<<f‘n—“;<< 1. Note that this does not prevent
considering a wide range of frequencies all the way from
zero, to 1/b, to 1/R, or even higher.

More recently, the low-frequency gravitational brems-
strahlung spectrum has also been investigated [26—28] in
connection with Weinberg’s soft-graviton theorem [29] and
its extension to subleading orders [30-39]. The possible
emergence of large soft logarithms (in D = 4) has been
recently emphasized in [26,27] as subleading contribu-
tions to soft theorems and a possible source of memory
effects. This approach, unlike the eikonal one, is not limited
to high energy or to small deflection angles, but only covers
a tiny region of frequencies (basically the one below
1/b < 1/R). Thus comparison of the two approaches is
necessarily limited to the extreme lower end of the w
spectrum.

The purpose of the present paper is to illustrate the
essentials of the eikonal model just mentioned, and then to
focus on the derivation of soft-graviton features, in order to
see whether they are affected by the D = 4 infrared (IR)
singularity of the gravitational interaction.

We should notice from start that, in our approach, we
shall mostly refer to scattering at fixed impact parameter b,
rather than fixed momentum transfer Q. In b-space the
S-matrix exponentiates both the eikonal function §(b, E),
which controls time-delay and deflection angle, and the
multigraviton production amplitudes in the form of a
coherent state immediately connected to classical GW
radiation.

An important goal of the paper is to show (Sec. V) that
the eikonal resummation—which is needed in order to
cover sizeable deflection angles of order ®5 = 2R/b (the
Einstein deflection angle)—is also able to build up
divergence-free amplitudes. That is true both for scatter-
ing (due to the factorization in impact parameter space
and to the cancellation [14] of the infinite Coulomb phase
at that order) and for radiation (due to the smoothing out
of the single-exchange amplitude by s-channel iteration).

Given such a regular behavior of the resumed amplitude,
the study of soft limits is straightforward and based on
the simple form of the resummed radiation amplitude
in the classical limit given in Secs. V, VI. At leading

level, the energy emission spectrum—as already discussed
in [18,20,21]—shows a log(l/wR) dependence in the
intermediate-frequency region 1/b <@ < 1/R, before
saturating at the expected w-independent zero-frequency
limit (ZFL) [40]. At subleading level, the rescattering
Coulomb phase shows up in its finite and exponen-
tiated form, generating a class of logs of relative order
[bwlog(1/bw)]" in the bw < 1 limit, similar (if not
identical) to those already proposed in [26,27].

With the aim of being as much as possible self-
contained the rest of the paper is organized as follows:
In Sec. II we recall some old results on the eikonal
approximation to high energy elastic gravitational scatter-
ing. In Sec. III we recall previous analysis of the single
graviton emission amplitude and, in particular, our uni-
fied description of both the very soft (Weinberg) regime
and not so soft (Lipatov) one. These results are then used
in Sec. IV to recover in a simple way a previous result on
the subleading correction to the eikonal phase and
deflection angle. In Sec. V we present the basic starting
point for our study of soft gravitational bremsstrahlung in
the form of an infrared-finite unitary S-matrix which
agrees, in the appropriate limit, with the classical calcu-
lation obtained earlier by completely different techniques.
Section VI contains most of the new results of
this work both on the subleading correction to circularly
polarized spectra and on the sub-sub-leading positive,
logarithmically enhanced, corrections to the ZFL in the
frequency region wb <« 1. We also show how this regime
connects smoothly with a logarithmically decreasing one
in the region 1/b < w < 1/R leading to a peak in the
flux around wb ~ 0.5 (and roughly independent of R). In
Sec. VII we discuss our results and point to possible
directions for future research.

II. ELASTIC EIKONAL SCATTERING:
A REMINDER

In this section we summarize the ideas and assumptions
introduced in [21] in order to understand the main ingre-
dients that our eikonal radiation picture is based upon.

Throughout this paper, as in [16], we will restrict our
attention to collisions in four-dimensional space-time and
in the point-particle (or quantum field theory) limit.
Consider the elastic gravitational scattering p; + p, —
pi + p5 of two ultrarelativistic particles, with external
momenta parametrized as”

pPi= Ei(l’ei’ \ 1- |®i|2)’

at center-of-mass energy 2E = /s > Mp and momentum
transfer Q¥ = p' — p/ = py — p¥ with transverse compo-
nent Q = EQ,; the 2-vectors O; = |0;|(cos ¢;, sin¢;)

(2.1)

Boldface symbols denote transverse vectors.
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describe both azimuth ¢; and polar angles’ |®;| < 1 of the
corresponding 3-momentum with respect to the longi-
tudinal z-axis.

This regime is characterized by a strong effective
coupling a;=Gs/h>1 and was argued by several
authors [6,8,10,14] to be described by an all-order leading
approximation which has a semiclassical effective metric
interpretation. The leading result for the S-matrix S(b, E) in
impact-parameter b space has the eikonal form

S(b, E) = exp|2idy(b, E)],

L
8o(b, E) = aglog =,

b= |b|,
- o

(2.2)
L being a factorized—and thus unobservable—IR cutoff
due to the infinite Coulomb phase [10].

Corrections to the leading form (2.2) involve additional
powers of the Newton constant G in two dimensionless
combinations

2 2 2 2 2
P g 09
b b b b “b b?
Ip = v/AG being the Planck length. Since ag > 1 we can
neglect completely the first kind of corrections.
Furthermore, we can consider the latter within a perturba-
tive framework since the impact parameter b is much larger
than the gravitational radius R = 2G./s.

In order to understand the scattering features implied by

(2.2) we can compute the Q-space amplitude

2i8y(b.E)

ib-Q €
elk( QZ) /dee_% 2i

 8rmag ((4n* \ 7% (1 —iag)
0 \0’L? (1 +iag)’

where the last expression is obtained strictly speaking
by extending the b-integration up to small |b| SR [6],
where corrections may be large. But it is soon realized that
the b-integration in (2.4) is dominated by the saddle point

(2.4)

Q =EO,(b) = —E%RIS = —2aG§13, (2.5)
which leads to the same expression for the amplitude,
apart from an irrelevant Q-independent phase factor. The
saddle point momentum transfer (2.5) comes from a large
number (n) ~ag of graviton exchanges (Fig. 1), corre-
sponding to single-hit momentum transfers (|q;|) ~#/b
which are small, with very small scattering angles |@;| of
order 6,, ~ h/(bE). The overall scattering angle—though

Stn'ctly speaking, if ©; denotes the standard polar angle,
sm(@) In the small-angle kinematics we deal with,

&0, 006, o
poo ! TR

= A0, :0; i0,
S VI BV B .1
e T

FIG. 1. The scattering amplitude of two transplanckian particles
(solid lines) in the eikonal approximation. Dashed lines represent
(reggeized) graviton exchanges. The fast particles propagate
on shell throughout the whole eikonal chain. The angles ©; ~

Z{;i 0, denote the direction of particle 1 with respect to the
z-axis along the scattering process.

small for b > R—is much larger than 6, and is
|®,] =2R/b = 2as0,,, the Einstein deflection angle.

In other words, every single hit is effectively described
by the elastic amplitude

K2s* Kk*s? 87G
:@:W, (K2=T>, (2.6)
J J

which is in turn directly connected to the phase shift 50,4

1 [ &0 d’6, 0
o ( aE)_IS/We"MeI(Q)_ /2 023 .

(2.7)

Mel(Qj)

The relatively soft nature of transplanckian scattering just
mentioned is also—according to [10]—the basis for its
validity in the string-gravity framework. Furthermore, the
multiple-hit procedure can be generalized to multiloop
contributions in which the amplitude, for each power of
G, is enhanced by additional powers of s, due to the
dominance of s-channel iteration in high-energy spin-2
exchange vs the #-channel one (which provides at most
additional powers of log s). That is the mechanism by which
the S-matrix exponentiates an eikonal function (or operator)
with the effective coupling a; = Gs/h and subleading
contributions which are a power series in R*/b?.

Both the scattering angle (2.5) [and the S-matrix (2.2)]
can be interpreted from the metric point of view [6] as the
geodesic shift (and the quantum matching condition) of a
fast particle in the Aichelburg-Sexl (AS) metric [41] of
the other.

More directly, the associated metric emerges from the
calculation [42] of the longitudinal fields coupled to the
incoming particles in the eikonal series, which turn out to be

1
é_lh++ = h__ =2nRay(x)6(x~ — wRe(xT)ay(D)),
1 L2
ao(x) = %logx—Z, 50(b,E) = ﬂ'aGao(b). (28)
*Here we use a cutoff regularization of IR Q’s, i.e., > h/L

so as to recover the leading eikonal §;, = ag log(L/b).
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Such shock-wave expressions yield two AS metrics for the
fast particles, as well as the corresponding time delay and
trajectory shifts at leading level. When b decreases towards
R > [, corrections to the eikonal and to the effective metric
involving the R?/b* parameter have to be included, as well
as graviton radiation, to which we now turn.

III. THE UNIFIED SINGLE-GRAVITON
EMISSION AMPLITUDE

We start, in the ACV framework, from the irreducible
(possibly resummed [22]) eikonal, which in D = 4 takes
the form

5(b,E) = ag [Iog% + A(b/R)] . E—: [Iog% + A(b/R)] ,

(3.1)

that we split into an IR divergent “Coulomb’ contribution
regularized by the cutoff L, and a finite part A which
embodies the b dependence. The IR divergent Coulomb
phase factorizes in front of the S-matrix [21] and should
cancel out in measurable quantities. The Fourier transform
of A(b) defines a “potential” A(Q) in transverse space. In
particular, the leading eikonal &y(b, E) = aglog(L/|b|)
corresponds to A(Q) = 1/0? x ©(Q* — (h/L)?).

Consider now, at tree level, the emission of a graviton
with energy fw and transverse momentum q = Awd, |0
being related to the polar emission angle while ¢y is the
azimuth in the transverse plane (Fig. 2). Keeping in mind
that the condition Aw <« E is always assumed in this
paper, we can still distinguish a “Weinberg limit” in which
lg| < |Q| for which the emission amplitude is given by
Weinberg’ external-line insertion formula, and a “Regge-
Lipatov regime” in which |g| > |@] so that emission from
the exchanged (and now effectively on shell) graviton has
to be added. Fortunately a single, simple expression [21,22]
is able to cope simultaneously with both regimes. Let us
briefly discuss how.

FIG. 2. Center-of-mass view of the collision at impact param-
eter b of particles 1 and 2 with associated emission of a graviton
q- The polar angles © and @ are related to the 2D vectors @, and
6 as described in Eq. (2.1) and footnote 6.

E,0, E-o, O E,b-%2x E-0,b
0i 47 uﬁm”
(a) (b)
FIG. 3. Single-exchange emission diagram in Q-space with

deflection angles (a), and its transverse-space counterpart with
final-state variables b, x and the shifted impact parameter
b —%x (b).

Weinberg’s external insertion recipe factorizes in
Q-space (Fig. 3(a)). This can be translated in b-space as
follows [21] (setting momentarily 2 = 1):

2
Mi()ft(b, E, q.0 /—aG / Q A lQ-b

El, _iigp -
X L}z(e Wogo=ta) _ 1)}, (3.2)

where 4 = £2 is the helicity of the emitted graviton, and
the factor in square brackets comes from the explicit
computation of the Weinberg current on helicity states.
The latter are conveniently defined by the polarization
tensors [20,21],

1 1
el =— (v +ie" — (e £1ie"
+ \/Z( rr Tiepr) = 2( T i€ )( ie7)
1 1
et = — (et — el el), e = —(ef €4 + el
T \@< 7€ — €L€) LT \/z( €7 + €rer)
q; ¢ 4 q
T < gl “C= g " lal) Tl

(3.3)

where €, = 1 and the — (+) sign in €} corresponds to
graviton emission in the forward (backward) hemisphere in
the small-angle kinematics.

We note that the phase difference in (3.2) can also
be written in terms of deflection angles as ¢, ug —
g = Po-0, — P9 and can be expressed by the 1ntegral
representation

. . d*x /
e2idy _ o2idy — _2/ — ( jox-0 _ qiox-0 )’ (34)

2xx*

where x = x| + ix,, x* = x| — ix, is the complex notation
for the transverse vector x to be interpreted as the transverse
distance between the forward outgoing hard particle and the
emitted graviton. In addition, the Fourier transform (3.2)
identifies b as the transverse distance between the two
outgoing hard particles, so that b —x is the transverse
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coordinate of the emitted graviton with respect to the
backward hard particle (whose transverse position is
essentially unaffected by the forward emission process),
as shown in Fig. 3(b). In terms of such final-state variables,
the impact parameter of the two incoming hard particles
amounts to b;, = b — %x. It is also interesting to note that
the classical orbital angular momentum (L'}, L?)~
>_,Epr, is conserved in the process.

Inserting Eq. (3.4) into Eq. (3.2), it is straightforward to
perform the Q integrals in terms of eikonal functions of
linear combinations of b and x, thus yielding

R . d? . E
MjOf‘(b,E,q,a)) — _\/@_el/lqﬁq /7xelq-x_
T

2zlx|?e T @

x (A (b - %x) - A(b)),

which expresses the Weinberg insertions in b-space in
terms of the eikonal functions with shifted impact param-
eter value b — Zx (Fig. 3).

Furthermore, it was shown in [21] that the difference
between the Regge and soft amplitude in the overlapping
soft-central region of phase space is formally equal to
(minus) the soft amplitude itself, provided one replaces
the scale parameter E with @. In other words, the unifying
amplitude M!" matching M*" and MRee in the corre-
sponding phase-space validity regions can be represented as’

(3.5)

MU(b,E.q,0) ~ M (b, E,q,0) — M*(b;0,q, »).
(3.6)

In conclusion, the unified single-exchange amplitude reads

2
1] _ /—E il dix ig-x
M (b.E.q.0) = —/ag zC /2ﬂ|x|26”‘/’x ¢

[E(oz) o0

- (Al -x) - A(b))] (3.7)
R ., d’x
o~ aG;e bq /W
x e4*[A'(b)x -b+ A(b —x) — A(D)],  (3.8)

where, by considering an angular range 8 = O(1/w|x|) >
1/Eb we have directly taken the @ =0 limit of the
“insertion function,”

The superscript [ indicates that we are still dealing with a
single-exchange amplitude.

@, (%) = ®b.x,0 =0)=—A(b)x-b

FAB) - A —x) = Re<%+log<1 —%»,
(3.9)

which thereby acquires a classical meaning.

We notice that Eq. (3.7) is directly expressed in terms of
the eikonal function agA(b) of Eq. (3.1), where the first
(second) term in square brackets is in correspondence with
external (internal) insertions, representing the Weinberg
current (the high-energy correction). Furthermore, the
Weinberg part is proportional to the classical scattering
angle ®, = 2RA’(b) and produces the leading 1/w behav-
ior of the amplitude.

By then replacing (3.9) into (3.7) we obtain the single-
exchange emission amplitude in the soft-based representa-
tion (e.g., for 1 = -2),

Rq* :
M[l](b,E;q,a)):,/_aGgq— dxe*h,(b,x),  (3.10)
q
where the soft field h,—in the small-deflection regime
described by the leading eikonal—has the expression

Re(; +log(1 — 7))

71'2)6*2 .

hy(b,x) = — (3.11)

IV. INFRARED LOGS IN THE ELASTIC
EIKONAL PHASE

The long distance features of the Coulomb-like inter-
action mentioned before at leading level ~ag, affect
gravitational scattering at higher orders as well. ACV
[14] provided a calculation of the next few orders in the
eikonal, which in our massless transplanckian scattering
involve the parameters /7,/b* and R*/b* introduced before.
Here we recall those results, and we illustrate them in order
to gain some better understanding of the role of the IR
singularity for graviton radiation as well.

Due to the exponentiation of the S-matrix in impact
parameter space, we have the second-order expansion,

Sy = e2i6(b.E) — @2i(8o+8)+6,+)

=1+2i(a® +a® +a® +...), (4.1)

where fixed-order amplitudes ") are related to the eikonal
coefficients (") as follows:

Gs L Gs L R
a0 =g, = 7logz = (10g§ + log Z) (4.2)
aV =i + 5, (4.3)

066008-5



CIAFALONI, COLFERAI, and VENEZIANO

PHYS. REV. D 99, 066008 (2019)

FIG. 4. The H diagram providing the first subleading correction
to the eikonal phase.

a® = — %53 +2i608; + 6. (4.4)
We noticed already that the cutoff dependence in a is
additive in impact parameter space and is thus factorizable
in the S-matrix as a pure overall phase, which is, by itself,
unobservable. But we want to look at higher orders also,
and in particular at order agR?/b?. For such terms the
ACV method was to compute the imaginary parts of the
measurable parameters &;, 0, as required by unitarity
diagrams and to derive the real parts by analyticity and
asymptotic behavior arguments. For pure gravity they set

Ims; =0 = Ima'") — & (4.5)
Imé, = Ima*),  yielding in total (4.6)
Ima® = 26,6, + Ima?). (4.7)

In Eq. (4.7) the first term represents the 2-body disconti-
nuity and the second one the 2 — 3 contribution to Imd,,
due to graviton radiation in the central region, as embodied
in the H-diagram (Fig. 4). At this point, ACV looked for
analytic functions of the Mandelstam variables having the
correct discontinuities and asymptotic behaviors of §; and
45, so as to determine both.

At one-loop level, starting from Eq. (4.5), they found
only one analytic structure, yielding

3 h*V2
al) =i + 6, = <i—|——logs b)&g(b,E) (4.8)
T N

and thus determining in this way the one-loop coefficient

6Gs I3 6 G*
0 ———s—plogs —slogs

- _0 4.
7 h b? b2 (4.9)

(pure gravity).

The above result for &, is consistent with what has
been obtained starting from supergravity calculations [43]
after subtracting [44] the gravitino contribution. We also
checked that it agrees with more recent estimates® [45]. We
are not aware, instead, of any independent calculation of §,.

At two-loop level the situation is more involved because
the H-diagram predicts [14] the D = 4 absorptive part

*We are grateful to Pierre Vanhove for having brought this
reference to our attention.

G
tmé, = Imal") = log s 7" (xR)’ / x|h(b, x)?

R? .
=7 (89 + finite part) log s, (4.10)
h(bx)=— " (4.11)

© 27°bx*(x - b)

where the field 2 was introduced in [16] and, in parallel
with A, is related to the metric coefficient /- (h,-.- for hy)
of the ACV metric [21]. Since |h(x)| = O(1/]x|), the result
(4.10) carries the logarithmic IR divergence parametrized
by . Furthermore, 26,8, turns out to be of the same order
as Ima* by building up a total Ima® in Eq. (4.7) which is 4
times larger than Ima*!),

That divergence is actually to be expected in the
imaginary part, in order to compensate a similar divergence
of virtual corrections, so as to yield a finite total emission
probability. The trouble would be if the divergence of
Ima") = Imé, were transferred to Red,, because it would
mean an IR singularity of a measurable quantity which is
incurable, due to its multiplicative b-dependence.

Fortunately ACV were able to show that the IR diver-
gence cancels out in Red,, which is finite, thus leading to a
no-renormalization argument for the infinite Coulomb
phase at order G*s%. In fact, by the same analyticity and
asymptotic behavior arguments used before, they found a
unique solution to Egs. (4.7) and (4.10) for a®, given by
the superposition of two analytic structures,

P2\ [ 2 2i
a® = <1 +2 ”) (-—53) +2(1 +—llogs>
s 3 Vs
V2 (2 G352
“5) 2.
X( 5 (3 °>+hb2>

Here the first term contains the leading iteration of the
2-body eikonal and definite subleading contributions,
while the second term contains also the finite part of the
H-diagram contribution, computed in [14] in dimensional
regularization. By working out the V2 terms, we can check
that the IR singular Ima® is consistent with Eq. (4.7),
while the divergence of the real part cancels out between
the two terms. In conclusion, we do not need any new
divergent Coulomb phase at order G*s2. The outcome of
the calculation is just the finite result,’

(4.12)

(4.13)

"This relatively simple derivation, basically a recollection of
[14], can be seen as a shortcut resting on some plausible
analyticity assumptions and should not be taken as a substitute
for a full explicit—and technically challenging—calculation that
we leave to further work.
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which provides the first correction to both the eikonal and
the Einstein deflection angle at relative order R?/b. In the
Breit frame for scattering ACV found the deflection

1 R R?

V. INFRARED LOGS IN RADIATION AND
EIKONAL RESUMMATION

So far, following [18,21] we have constructed a graviton
radiation amplitude unifying the fragmentation and central
emission regions in our eikonal approach. We have shown
that the effect of the large-distance gravitational interaction
cancels out at the level of the (infinite) scattering phase.
Here we investigate the same question at the level of
gravitational radiation.

Indeed, we meet immediately a possible problem at the
single-graviton exchange level. The amplitude (say, for
helicity 4 = —2) is directly related to the field h; of
Eq. (3.11) by a Fourier transform,

R qg* .
M (b.q) = ,/_aGE% / d2xela*/mp (b, x).  (5.1)

Here the integral is linearly IR divergent by power count-
ing, due to the large-x behavior ~1/|x| of hy (and h).
Nevertheless, the Fourier transform can be done thanks to
the oscillating factor e**? and yields the expression,

- R.o[ . ,if1 [ de
(1) — eab “Rele b — [ — _ -
M =etVag ) e{e ﬂ<q*b A q*b—zitﬂ

bg—0 R |: Sin¢q 1 2 .
~ Jag— |———+ zlog—- 4+ const in gb
x| lgbl T2 gb]
(16] >6,,). (5.2)

We note that the expected soft behavior ~1/w is
accompanied by a logarithmic one, probably related to
the proposal in [27] and that both involve the variable bg by
showing a strong @-dependence, which is not square-
integrable at ¢ = wf — 0, and—as it stands—is not usable
for physical spectra.

In other words, here we stress the point that the single-
exchange amplitude is very sensitive to the IR in the span
0 < |x| < i/|q| and shows a spurious singularity at ¢ = 0
due to large distances, despite the absence of collinear
singularities in the matrix element.® But the way out of this
potential problem is just the correct use of the single-
exchange amplitude as an intermediate result, in order to

$This feature can be ascribed to the fact that the single-
exchange amplitude in b-space does not know anything about the
angular scale ®, = 2R /b and is instead dominated by the very
small-angle region 6,, ~ - < ©,.

calculate the complete one. In fact, we know from the start
that we have to sum over all possible exchanges in order to
be able to reach physical deflection angles of order
O =2R/b>0,, = h/(DE). Such resummation is pos-
sible because of high-energy factorization [21] at a fixed
impact parameter b and takes into account the fact that the
incidence angles of the various contributions are rotated, so
as to cover, eventually, the larger angular range 6,, <
|0| ~2R/b < 1 they are required to describe. By working
out that procedure it was found [21] that the two con-
tributions in Eq. (3.8) exponentiate independently by
yielding the result,

M, = e2EIIN, (b, E, q, 0)
o 2
2ioM,; = %G gt / d Cze‘i’w’é eitd
n

2x|¢

” (e—zin log [p—%| _ e—i{-@s)
2
_ V96 g, / dC it gic0-0,)
n 27| [?

x (e”20RP(E) — 1), (5.3)
in terms of the rescaled variable £ = bwz = wx. This is in
complete agreement with the result of the fully classical
calculation of [18].

We note that, because of (5.3), resummation involves the
phase factor e 2“R® to keep coherence on the x-space
involved. In practice that means that we should require,
qualitatively, that 1 < |®.(x/b)| < 1/(2wR) for coherence
to be reached, thus reducing the IR sensitivity span to
b < |x| < 1/(w®g). In other words, the |@|-dependence is
regularized around ® = 2R /b, way before reaching the IR
singularity peak. As a consequence, our resummed ampli-
tudes are finite in the small-w region and well-behaved on
the whole physical phase space.

Finally, we resum the independent emissions of many
gravitons whose amplitudes are factorized in terms of the
emission factor I of Eq. (5.3). The S-matrix operator
acting on the Fock space of gravitons is then obtained by
including virtual corrections which are incorporated by
exponentiating both creation [aj(ﬁ)] and destruction
[a,(g)] operators of definite helicity A as follows:

N . d3
§_ 208 exp{ \/;2ib M, (b.5)a’ (7) +H.c.] }
w 7

(5.4)

Such a simple coherent state assumes negligible correla-
tions among the emitted gravitons, an assumption which is
certainly justified by the factorization theorems [29] of
multiple soft graviton emission. We believe this to be still a
good approximation in the region @R < 1 discussed in this
work. Such an S-matrix is unitary because of the Hermitian
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operator appearing in the exponent. It also conserves
energy as long as we limit ourselves to processes in which
the total energy carried by the emitted gravitons is much
smaller than +/s.

Given (5.4) it is straightforward to compute the energy
carried by the gravitons as a function of @, @ and 4, in terms
of the expectation value of the corresponding operator
hwal‘ (¢)a,(g). Using standard properties of coherent states
this is just given by

dESY

dwd?0 ~ (5:3)

ZhZ oI, (b, §)|%,

which is directly related to the spectrum in the small-angle
kinematics (2.1) and has a smooth classical limit since o is
O(h~"). The explicit calculation will be carried out
in Sec. VL

VI. SMALL-» BEHAVIOR OF THE
RADIATION AMPLITUDE

In this section we will study the gravitational radiation
spectrum dg—w in the small-w region, here defined by
®R < («)1. Since, throughout this paper, we work at
leading order in the scattering angle ®;, = 2R/b < 1, this
region is actually divided in two subregions: wb < ()1
and wb > (>)1. In the complementary regions wR =
O(1) and @R > (>)1, analyzed in detail in [18,20,21],
decoherence effects—related to the exponentiation of
20R®, in Eq. (5.3)—suppress the integration region9
0 > 0O, and creates a break in the spectrum around
“Hawking’s frequency” w~ R~!, with a 1/(wR) tail.
The whole treatment then becomes unreliable above
@R ~ ©72. We will have nothing more to say here about
the R > 1 regime.

On the other hand, in the small-wR region, there is a clear
distinction between the two above-mentioned (sub)regimes
wb < ()1 and wb > (>)1. Before turning to their
quantitative study let us anticipate some qualitative aspects
of each.

(i) For wb < («)1 we find corrections to the ZFL in
the form of an expansion in powers of @R which get
enhanced by logarithms of wb. Even if small, these
corrections (not considered in the earlier treatments
of [18,20,21]) are obviously important for determin-
ing whether the spectrum is (or is not) maximal at
the ZFL. Furthermore, since the ZFL itself is of
0(82), the O(wR log(wb)) and O(w?R* log?(wb))
leading corrections turn out to be of relative order
O(wb log(wb)) and O(w*b* log*(wb)), respectively.
The first one, while representing an interesting

%Since we shall not use anymore complex notation for trans-
verse vectors, from now on we denote the modulus of a transverse
vector with the corresponding nonboldface symbol, e.g., 0 = |6)].

memory effect on the wave form and a contribution
to the polarized flux, does not contribute to the
unpolarized and/or azimuthally averaged flux. The
second represents instead the leading contribution
to the unpolarized and/or angle-integrated flux. Its
positivity implies necessarily a maximum of the
spectrum away from w = 0. Finally, we will be able
to resum all the leading logs in terms of an IR-finite
Coulomb phase.

(i) For wb > 1 the above-mentioned logarithmic en-
hancements disappear and, instead, a cutoff inter-
venes at @ ~ (wb)~!. As a result, the maximum of
the spectrum is reached at wb = O(1): numerically,
it is found to stay, independently of ®,, around
wb ~0.5. For wb > 1> wR a previously studied
regime settles in, in which the spectrum decreases
like log(1/wR) [18,20,21].

After recasting Eq. (5.3) in a more convenient form, we
shall recover, in Sec. VI A, the leading-@ contributions in
the region 0 < wR < 1, while in Sec. VI B we compute the
new subleading corrections and the emergence of a peak in
the spectrum at wb ~ 0.5.

We start by defining

27ria)§m,1

NGz

where, using Eq. (5.3), we can identify

dr [2zd¢, .
L _/ / ¢ Mqﬁg b.) ( iwx-0 _elwx~(6‘—@x)) (62)

and

NL _/ dr/ d¢x cit(do—b.) 1wx0( —iwR log(h—%)* _1>_

(6.3)

AX)

= A + 43, (6.1)

In order to evaluate Ay;, we will use the expansion

L x)\2 r? b-x

r? b-x
=1 1+—= -2 6.4
og< +172) l72+r2Jr (6:4)

which is valid both at large and at small r/b. By replacing
(6.4) into (6.3), we rewrite

/ dr/z”d‘ﬁx i4(bo—,)
NL_

ela)x (0-0, ) —ioR log(1 _i) _ eiwx‘a]’

(6.5)

where we have introduced what we call the rescattering
deflection angle @, = 0O,/(1 + r?/b?) which, together

066008-8



INFRARED FEATURES OF GRAVITATIONAL SCATTERING ...

PHYS. REV. D 99, 066008 (2019)

.e

Os 0 b

FIG. 5. Picture of the polar and azimuthal angles in the
transverse plane. @; and 6 correspond respectively to the
projections of the unit-vectors p,” and § on the (x,y)-plane of
Fig. 2. In this configuration, all azimuthal angles ¢; and y are
positive.

with the eikonal phase wRlog(1 + r?/b?), describes the
rescattering evolution of the emitted graviton.

We then split the r-integration into two regions:
r<(<K)b, and r> (>)b. In the small-r region,
0, , ~0,, the O,-dependence cancels out between A;
and Ay; and can be eliminated in their sum. Perfor-
ming now the azimuthal integrations in terms of Bessel
functions, we obtain

Ay = [l sa(arlo - 0.) - Swr0),
v = (¢ — do-0,) (6.6)

where  is the azimuthal-angle transfer in scattering (see
Fig. 5), and

cod S ia 2
L R e A U

v, =(do—o-o,,);

I
(6.7)

where v, is the analogue azimuthal transfer in rescattering.
Furthermore, the r-integration is now limited to the large-r
region.

Since O, , < 1 in the large-r region, we neglect it in the
argument of the Bessel function in Eq. (6.7), to get the
simplified form,

oo d —iwR lo Z
Ay =~ / L (wr)[(1 - e M)
b r
4 iR log(1+5) (1= ew:)]

A
=Anpc+ 5A1(v27 (6.8)
where the eikonal-phase contribution Ay ¢ is the main one
to be discussed below, while the rescattering phase can be
further expanded to first order in @,

1 —eWr o —idy, = —i Lnféo
O(1 +72)

(6.9)

and is correspondingly small. By replacing that value into
(6.8) we obtain

5A§\//{l)‘2—1/‘£®s Sin¢0/ooerZ(wrze)e—inlog(lJr;;)
O Jp 1 145

boxl —M,@S sin¢9 |:(ba)3>2

C
log + wR-corrections | ,

0 4 bwb

(6.10)

where the latter estimate comes from the small-x Bessel
expansion J,(x) ~ x?/4 and C parametrizes the upper limit
of that regime.

We thus see that there is a logarithmic enhancement of
the nominal (hw®)? behavior of 5A§\/,1)L, but is not the
maximal one. For that reason, in the following we shall
mostly focus on the term Ay; - of (6.8), which will be
shown to contain leading-log contributions and to be
related to the Coulomb phase of rescattering.

By then leaving 5A1(\’,1)L aside for the time being, and with

the approximation log(1 + g) ~ log(g—i) in the exponents,
we can write

o d .
a0 =34y = [ (0rlo- 0) = Sa(wr0)
b r

+/°°9(1
b r

_ {ewjl(wb|0—®s|) _Jl(cobe)]

. 2
_ e—le log(h—z))‘]2 ((1)7‘9)

wb|0 - 0] wb6
+2i R/oodpj( (L) 6
" bt P° v bt ’ .

where we have used a well-known Bessel integral and
the last term (carrying an explicit @R factor) is obtained
through an integration by parts. In the following two
subsections we will stick, for simplicity, to this simpler
analytic approximation which is sufficient to discuss the
qualitative feature of the spectrum. However, in Sec. VIC,
we will compare numerical results with the better approxi-
mation given in Egs. (6.2) and (6.5).

Note that the amplitudes for 1 = 42 are not each other’s
complex conjugates. Equation (6.11) is a convenient
starting point for analyzing various limits. In particular,
the subleading corrections enhanced at leading logarithmic
level come from the last term.

A. The leading amplitude for wR < 1

Inspection of the small-w behavior of the last term in
Eq. (6.11) shows that it vanishes in the @ — 0 limit.
Limiting ourselves to the first two terms we note first that
the J; terms are leading and close to 1/2 for small values of
the argument O(bg) < 1. That is, for 1> 6> O,
Eq. (6.11) becomes
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() Jl (wb@) i
A~ v—1 6.12
P LS8 (e - 1) (6.12)
and yields
dESY Gs 211 bq
=2h 2 ~ iy _ 1 2
k= 2hlomy P = e 1]
Gs 2J1(bq) 2 s1n2(/)g
= CH 6.13
27| bg | 0-0O, " (6.13)

where we have used the trigonometric relation (see
Fig. 5): siny = ﬁsin ¢bo-

On the other hand, bg > 1 is allowed by phase space
if bo > 1, and in that case the J; factors suppress the
amplitude, consistently with previous estimates [21] of the
large bg behavior. By integrating over the angular phase
spacelo we then find the A-independent result,

dESY Gs [1d0|2J,(bad)

do 7 )y O bawb
G min{1,1/bw} d@

gf 0 — min{62.63)

Gs I 1
= 7@ [Iog min (@ 3 R> + const].

Note that the spectrum takes the ZFL form for @ < b~!
but differs by the phase-space condition 6 < (bw)™!
(or bg < 1) for w > b~!, as required by the large-log
assumption. As a consequence, the full frequency spectrum
has a log(1/wR) dependence of the form,

dESY  Gs 1
e —®2 [const +2log (2 R)]

which saturates at @ = b™', reaching the ZFL value.

min{#?, ©2}

(6.14)

(6.15)

B. Subleading corrections and IR-sensitive logs

Enhanced subleading corrections come entirely from the
last term in Eq. (6.11). As a matter of fact that term is
known exactly in terms of an hypergeometric function,

00 d —2iwR
2imR / —';)Jl (p) <L> = Ac(@wR, wb0)
wb|6] P

bwo
1 ) ) o’ b*6?
251F2<—10)R;2,1—1wR;— 1 )

1T(1 —iwR) (%49)%"
2I'(1 +iwR) 1 +iwR

(6.16)

"Because of the forward-backward symmetry of the process,
graviton radiation in the backward hemisphere occurs at the
same rate. In practlce in the small-angle kinematics, fg dQ =

2 [ doe [ d

We may now collect all terms in A",

L(@blo-0,) J,(wbo)

AW = |eiw
T wbo— 0, wb0

+ Ac(wR, wb0)
(6.17)

and note that the two definite-helicity amplitudes differ
just by an imaginary term proportional to sin2y. On the
other hand, if we consider the more conventional linear
polarizations,

AV = A =— (AR — A2,
A = Arp =

(A®) 1+ A=2), (6.18)

S-S

we see that the A-dependent term in Eq. (6.17) only
contributes to A,

1. Small wb regime

Before moving on to a discussion of the spectrum at
generic values of wb, let us consider the small wb limit. In
that limit we saw that the single emission amplitude
contains a divergent log(1/bq) at subleading (in w) level.
However, the resummed amplitude is finite, in fact the large
logarithms appear in A, in the resummed exponential form,

le—Zin log(2/bq)

1
Acl@R.bg) ~5 - (6.19)

yielding an oscillatory function. By adding the leading
term, the small @b limit of the amplitude reads

_ e—ZimRL']’ L= ]0g(2/b609)

\ /a 1
21609;)2/1 ~ . 2 [ iy
(6.20)

or, equivalently,

AP = i[e¥ siny 4 e kL sin(wRL)], (6.21a)
A2 = i[—e ¥ siny + e RE sin(wRL)].  (6.21b)
For the linear polarizations we find
A®) = —V/25sin?y + iV2 sin(@RL)e k-
= V2[ReA; + Ayy). (6.22a)
AX) = —\/2siny cosy = \/EImA(L_z) (6.22b)

As a consequence, the interference patterns at fixed helicity
are of the form
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|AE2) 2 = sin’y + sin?(wRL)

+ 2siny sin(wRL) cos(y £ wRL). (6.23)
We can see that interference starts at leading order ~wRL,
has the opposite sign for the two helicities, and cancels out
after azimuthal integration in ¢g. On the other hand, if only
the total (unpolarized) energy flux is measured, we get

|A<2) 1?4 |A(—2) |?= |A(+) |+ |A(X) ?
=2[sin*wcos? (wR L)+ sin?(wR L )cos?y],
(6.24)
showing no first-order interference.
The same conclusions can be drawn by recalling that the

two helicity amplitudes (6.17) differ just by a term propor-
tional to sin2y. By taking into account the relations,

©, sin ¢y; coswzia_@‘cos%
-] " 0- 0,

siny =

0-0,] = /62 + 62 — 260, cos . (6.25)
we can check that the azimuthal average of sin 2y vanishes.
Since the other terms in A% do not depend on ¢y, we
conclude that the azimuthal average of the energy flux is
the same for the two helicities. Also, in the total flux there is
no term linear in sin 2y that survives.

Furthermore, we notice that a similar resummation can
be performed on the next-to-leading (NL) log amplitude
O0Ayr by using (6.10) at higher orders in @R, to yield

SAY) = —ie(1)bwd sin gy sin(@RL)e"RE. (6.26)
Since this contribution has opposite values for the two
helicities, it does not affect the A*) polarization and
contributes only to A*), which becomes

AX) = —\/2siny cosy + V2bw sin ¢y sin(wRL)e RE
(6.27)

The corresponding change to the unpolarized the energy
flux (6.24) is given by the square of the second term in
Eq. (6.27), which we neglect being of order (wR)*, and by
the interference of the two terms in the same equation,
which is of order (wR)?, like the last term in Eq. (6.24), and
reads

8|AX|2 = —bw sin ¢y sin(2y) sin(2wRL) + O(wR)*.
(6.28)

By performing the azimuthal average of Egs. (6.24) and
(6.28) using the elementary integral,

2 dg | 5 @%
A 7 g e

_1
2

(G)H(@S -0)+0y(0-0,) 2—5) , (6.29)

where Oy is the Heaviside step-function, we obtain

dESW Gs

92
=2— - 1 — wRsin(2wRL) —
Y200 _ {@H((BS 9)[ @R sin(2wRL) @%]

+04(0-0y) [2Sin2(wR£)

©? e
+ cos(2wRL) 9—; — wRsin(2wRL) (2 - 0—;)] }

(6.30)

The contribution of the NL correction (6.28) to the previous
expression is given by the last terms (with the @R factor) in
square brackets: they provide a negative definite correction
to the energy flux stemming from Eq. (6.24).

In order to study the small O, small @b limit, it is useful
to expand A as

Ac(oR, wb0) ~ +iwRL + 0*R*L? + ... (6.31)
Only the first term of the expansion turns out to be relevant
in this limit. In order to show this let us collect the leading
contributions to Eq. (6.17),11

1
AW ~ {—sinz(u/) <1 - §w2b292> + a)zRZLZ}

+i [Ln(’h”) (1 - lco2b292) + ch] .

: 5 (6.32)

Taking now the absolute square of (6.32), and isolating
contributions of order @2, we see that the real part can be
neglected. From the imaginary part, the leading term in @
comes from squaring the sin(dy) with a correction
O(sin ¢pgwb log(bw)) originating from its interference
(that cancels after azimuthal averaging) with the last term
and, finally, a correction O(w?b? log?(bw6)) coming from
squaring that same term. Higher order terms in the
expansion of (6.19) only contribute to higher orders in ©,.

It is also clear that the leading contribution comes from
the A-odd component of A@) the last correction from a
A-even term, while the interference term needs both. As a
result, there is no such interference term for the linear
polarizations, while such a correction exists (with opposite

""On the other hand, for wR < 1,wb0 > 1 no large logs
survive [they cancel between the two terms in (6.16)] and,
instead, |A| effectively provides a cutoff at wb ~ 1.
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contributions) for the two circular polarizations (helicities), calculations,12 which can be seen as a confirmation of their
but vanishes upon integration over the azimuthal angle.  recipe and as a way to fix the scale of the log @ corrections.
Furthermore, the leading term appears only in the (x) =  On the other hand, to the best of our knowledge, the O(®?)
LT polarization, while the O(@?) correction only contrib-  corrections are calculated here for the first time.

utes to the (+) = 77 flux.

Our O(w) results can be compared with the ones
obtained in [26,27] through subleading corrections to the
soft-graviton theorems. In that work one has to introduce Let us now go back to (6.17) and to the case of generic
by hand a recipe for regularizing an IR infinity. When  values of wb considering the total flux (summed over the
this is done there is perfect agreement between the two  two polarizations). Using (5.5) and (6.17), we can write
|

2. Generic wb

2% dESW Ji(wbl@ —0,]) J,(wbb) 2
il = 2( cos(2 sl _ ReAq(wR, wbd
g dwdQ (COS( V)= obo -0, wbg T ReAc(@R @ )>>
, J1(@b]0 - ©|) 2
+ <sm(/h//) TROPIT DU 4 ImA(wR. wbd) (6.33)
; @b|0 — O,

with A-(wR, wb6) defined in Eq. (6.16). Note that the only A-dependence comes from the interference term in the square of
the imaginary part. Because of (6.31) this term is already there at order wb but, as already mentioned, it disappears after
either integration over ¢ or after summing over A. Performing the latter operation we arrive at

%% = 4sinycos’y (%) ’ + (ImAc(wR, wb))?
[ (e ) +Reacton.avel|
= (ImAc)? + (J‘i)a;ff__@?r D_ Jli)a:;e) + ReAC> :
+ dsinZy Jliﬁgo__@?r ) <ch(o“:;9) - ReAC> . (6.34)

Before integrating over ¢ let us make some approximations that are valid to leading order in the deflection angle ®,. Noting
that ReA is of order ®? [see (6.31)], we can neglect it everywhere in the last expression since it is either squared or it
multiplies quantities that vanish as ®; — 0. We can now perform the ¢ integration and obtain

GW 2 - 2
n dE de <J1(a)b|0 0,)) _Jl((Ube)> +4J1((‘)b9) I. (6.35)

T (ImAc)?
Jag dwdg — ImAc)"+ /0 27\ wblo -0, wb0 wb0

where

(6.36)

27 - 27 2 _
] :/ %sinz Jl(a)b|0 G)S|) :/ §¢ . 2¢ (OK Jl(cob|0 ®S|)
0 0 T

22" T wblo— 0 22" P9- 0.2 whlo-e,

This last integral can be estimated by noting that the ¢ dependence in (J;(x)/x) can be neglected both for § > ©, and for
6 < Oy (in this latter case since x is small) and by then using (6.29). Finally, the second term in (6.35) can be estimated at
order ®? by expanding to first order J;(x)/x with the result,

2dgp (J,(wb0—O,]) Ji(wbd)\? 1 , J2(¥)\?
a@ sl) ~ b2 222\ . 37
A 2w ( (l)b|0 - ®5| wb 2 v ®S X x=wbl (6 : )

12B. Sahoo and A. Sen, private communication. One of us (GV) would like to thank Ashoke Sen for several discussions about how the
first subleading correction contributes to different polarizations.
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In conclusion we can write

z dESY

1 L(x0\?
e eE 2 b o000 J2X)
1Gs dwagg ™ (ImAc) +2“’b®x( X )

1
+504(0, ~0) +20,(0-©,)
e /J 2

s( l(x)> ) x = wbd

ol G (6.38)

which goes over to (6.30) in the small-wb limit.

Before proceeding further let us note again (see the
above discussion of the small wb case) that there is just one
contribution that dominates w-dependence at small wb.
This is the term (ImA)? which is positive and, according
to (6.31), of order @*b? log?(wb0). 1t is thus already clear
that the s}pectrum cannot have its absolute maximum
at w =0.!

The above differential spectrum is supposedly accurate
at @ < 1 but suffers, in general, from corrections of relative
order 6. Therefore, we can only compute the absolute
normalization of those contributions to the total flux d’jG—wW
which are dominated by the small-6 behavior of Eq. (6.38).
An example of this kind is the log(®;)-enhanced contri-
bution to the ZFL given in Eq. (6.14). Another example is
the dominant term of order log(1/wR) at b~! <« @ < R~!
[see again Eq. (6.14)], since in this case there is an effective
cutoff in @ at (wb)~! < 1. By contrast, the coefficient of the
leading w-dependent correction—hence the position of the
maximum—is not dominated by the (very)-small- region
and is therefore determined with some (possibly sizeable)
uncertainty.

C. Numerical results

In this subsection we present numerical results that can
be obtained by direct numerical integration of the full
eikonal model (5.3) and compare them with those based on
numerically integrating the analytic approximations dis-
cussed in Sec. VI. We will concentrate our attention, in
particular, on dESV /dw, the frequency-spectrum of gravi-
tational radiation integrated over solid angle (with the
proviso mentioned at the end of Sec. VIB) and summed
over the two polarizations.

First of all we want to asses the validity of our
approximations, which we use to derive the main features
of the radiation in the infrared region wR < 1. In the
first plot (Fig. 6(a)) we compare spectra14 obtained with
three values of the scattering angle ®; = 107!, 1072, 1073.
The points represent the spectra calculated by numerical
integration of the full amplitude (5.3) while the solid lines

We are making here the implicit assumption that the large-0
region does not given logarithmically enhanced corrections.
14 ‘. 2 . . .
Actually, we plot a “reduced” spectrum with the kinematical
factor Gs®; factored out.
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FIG. 6. (a) The (reduced) graviton frequency spectrum against

R for three values of ®;. Dots represent the full spectrum, while
the solid lines represent the values obtained by using the analytic
approximation (6.2)+(6.5) of the amplitude. The orange-dashed
lines represent the leading approximation. (b) The (reduced)
graviton frequency spectrum vs wb and with ZFL subtracted out,
for two values of ®,. The meaning of dots and lines is as in (a).

are obtained by using the next-to-leading (NL) approximate
amplitude (6.2)+(6.5). The orange-dashed lines correspond
to the leading approximation (6.2)—(6.13). We can see at a
glance the good agreement of the NL approximation of the
amplitude with the exact one in the whole IR domain
0 < w < R7'. Also the leading approximation is qualita-
tively similar to the full spectrum, but its behavior around
the transition between the flat and the decreasing regions at
wb ~ 1 is not accurate. In particular, it fails to account for
the (small) peak in the spectrum around wb ~ 0.5.

We analyze next the properties of the frequency spectra.
We note their common logarithmic decrease (already
pointed out in [21]) in the intermediate region ®@; < @R <
1 (b7! < @ < R™!) which appears as a straight line in the
log-linear plot. At values of @R ~ ©, the spectra flatten out
after reaching a peak and then slowly decrease towards
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their ZFL limit (log ©;2 + 1) /. Also clear is the common
shape of the spectra for different ©; in the turnover regime
wR ~0,. In fact, by plotting the spectra against
wb =2wR/0O,, and by subtracting the known ZFL, we
can see that they overlap, as shown in Fig. 6(b), where,
for clarity, we limited ourselves to just two values of
®, = 1072, 1073. Here it is apparent that the spectrum,
starting from its finite ZFL value at @ = 0, increases until
wb ~0.5 and only at larger values of the frequency it
decreases. For the “reduced” spectrum, the height of the
maximum above the ZFL limit is almost independent of the
(small) value of ®;: its value is about 0.05.

This peculiar feature is due to the subleading terms of
the amplitude. In fact the leading spectrum decreases
monotonically in the whole @ range, whereas the most
relevant infrared corrections to the ZFL are positive. More
precisely, in Sec. VIB we found that such corrections are
logarithmic and, for the frequency spectrum, they start at
O(wblog(1/wb))?, according to the expansion

(bo)’ [Io 2 1

gba)

1 dESY 1 1
2

g+ 1
G0 do x| et T

+ O(logi) + (’)(@%)] + (’)(a)SlogSa))}.

bw
(6.39)

As a consequence, the spectrum exhibits a maximum
at a value of bw of order unity. This is clearly seen by
magnifying the deep IR region in linear scale. In Fig. 7
we show the result of the full spectrum (empty and full
points) at small values of bw for ®, = 1072, By approach-
ing w — 0, they tend to the ZFL limit with vanishing
slope, but their behavior is well reproduced by Eq. (6.39)

full, fitted o
L unfitted . |
34 leading GS = 0.01
(6.2)+(6.5) ——
g NNL fit -
] 335+ b
©
—
@w 3.3
[72)
S
3.25

3.2 1 1 1 L
0 0.2 0.4 0.6 0.8 1
wb

FIG. 7. Behavior of the spectrum in the soft limit wb — 0 for
0, = 0.01. The full spectrum (empty and full dots) is compared
with the one obtained from the analytic approximation (6.2)
+(6.5) (solid green) and with the leading approximation (6.2)
(dashed orange). The violet dotted line represents the function
obtained by fitting the ten leftmost data of the full spectrum.

(dotted violet curve) which adds to the ZFL only the
[wblog(1/bw)]? term.

Actually, by fitting the exact spectrum with the
function  f(bw) = ZFL + (2z)~! (bw)*aylog*(1/bw) +
ay log(1/bw) + ay], (dotted violet curve) we can perfectly
interpolate ten data points within their numerical error
O(107), and the leading coefficient turns out to be a, =
1.001 £ 1073, ie., well compatible with the theoretical
prediction. The extrapolation of f(bw) to larger values of
the frequency is able to reproduce a few more points and to
reproduce their position around the maximum (Fig. 7).

In order to confirm the robustness of the
[wblog(1/bw)]* term, we have also fitted the same data
by adding to f(bw) possible next-to-leading terms of
the form bw|c; log(1/bw) + cy]. By asking for a best fit
we have obtained very small values of ¢, and c;, well
compatible with zero, while the coefficients a; at O(bw)?
keep their values.

To summarize, we believe that our model provides strong
evidence for the structure of the subleading coefficients in
the soft limit of graviton emission amplitudes, with terms of
order (bw)"log"(1/bw):m < n. Furthermore, our model
provides a reliable prediction for the “dominant” coeffi-
cients with m = n < 2.

VII. DISCUSSION

In this paper we have developed our previous work on
the spectrum of gravitational waves emitted in the high-
energy gravitational scattering of massless particles at

leading order in the deflection angle ©, = 4Gbﬁ527R.

This process can be studied either at a purely classical
level [18,19] or in a fully quantum context [20-22] with the
expectation that both should agree when a5 = % > 1 and
the number of produced gravitons is large. That this is
indeed the case was shown in detail in [21] (see also [22])
where the second assumption was shown to correspond to
the limits a;©? > 1 and fi\/g < 1. The overall normalization

of GW spectrum dgj )W is provided by its zero-frequency-

limit (ZFL) and turns out to be of order Gs®? log(©;?).

Remarkably, the spectra obtained in this “classical” limit
exhibit a break in the spectrum at the characteristic
“Hawking-frequency” scale @y ~R~'. In other words
the gravitational scattering process converts part of the
initial transplanckian energy into many, deeply subplanck-
ian, quanta (since /R = \/s/ag < Mp). Below such
frequency the spectrum is almost flat, while above it
decreases as w™! probably up to the much higher frequency
(@2R)7! [18,21].

In this work we have reconsidered carefully the low-
frequency part of the spectrum, @ < 1/R, concentrating on
some small corrections at @ < 1/b which, although implic-
itly present in the result of Refs. [18,21], had been
neglected in those previous analyses. The idea of looking
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more closely into this region of the spectrum was prompted
by recent papers [26,27] (see also [28]) in which the sub
(and sub-sub) leading corrections to soft-graviton theorems
were used to compute the corresponding sub (and sub-sub)
leading corrections to the GW spectra for wb <« 1. In those
papers it was pointed out that, because of the infrared
divergences of gravity in four space-time dimensions, one
should expect that a straightforward expansion in powers of
wb breaks down owing to the appearance of logarithmic
enhancements. In particular, an application of the naive
recipes for computing those correction leads to infinities
that can be attributed, ultimately, to the infinite Coulomb
phase characteristic of four-dimensional physics.15 In
Refs. [26,27] an improvement of the naive recipe at
subleading level was proposed, basically amounting to
replacing a logarithmically diverging time delay logz as
7 — oo with a log(w™'). This was claimed to lead to
possible observable effects, particularly on the gravitational
waveform, and also possibly of the GW spectrum for some
specific polarizations of the wave.

The advantage of the eikonal approach pursued in this
paper is that it leads directly to a singularity-free result and
to an unambiguous determination of the logarithmically
enhanced contributions to the spectrum, including the
determination of the scale inside the logs. The way our
approach avoids the infinities is conceptually very simple.
The infinite gravitational Coulomb phase, as already
remarked by Weinberg in 1965 [29], comes for the
exchange of soft gravitons among the initial “or” the final
particles (and from singularities due to the hard-legs
propagators). If the process under consideration has just
2 hard particles in the initial state and 2 4+ N in the final
state (with N soft gravitons) the overall Coulomb phase for
that process is the one of the elastic 2 — 2 process plus the
difference between the (2 + N)-particle and the 2-particle
Coulomb phase. It is easy to see that this difference is finite
but contains logs. So the Coulomb divergence becomes
common to all amplitudes, factors out in impact parameter
space, and cancels in all observables; but some finite logs

It seems instead that the more conventional infrared diver-
gences can be tamed through the usual Block-Nordsieck pro-
cedure, or, alternatively, by using appropriate coherent states (or
the Fadeev-Kulish procedure [46]) without affecting the final
result for the spectrum.

remain and give physical effects. We have identified two
such effects:

(i) At subleading order there is a correction to the ZFL
of relative order wblog(wb) having interesting
characteristics. It depends on the azimuthal angle
¢ of the wave vector with respect to the impact
parameter (or equivalently the scattering plane) in
the form of a + siny where the relation between ¢
and y is given in (6.25) and the sign depends on the
helicity (circular polarization) of the wave. This
interference term appears only as a ¢ dependent
contribution to the polarized fluxes and cancels both
in their sum and upon azimuthal averaging. It also
disappears if one considers the more conventional +
and x polarizations. All these features are in agree-
ment with the results obtained in [26,27] by a very
different approach.

(ii) At sub-sub-leading order there is instead a positive
correction to the flux of relative order (wb)? log?(wb),
equally shared among the two helicities. This is again
in agreement with results obtained by using soft-
graviton theorems at nonleading order [28]. Since this
is the leading correction to the zero-frequency flux
[with all other corrections missing the log?(wb)
enhancement] the total flux must necessarily reach a
maximum before falling down at higher w. We find
(both analytically and numerically) that the position of
this maximum is at wb ~ 0.5 and practically O,-
independent.

It would be interesting to see how these results extend to
physically more interesting cases e.g.: (i) to smaller impact
parameters (i.e., larger deflection angles) up to (and
beyond?) the regime of inspiral; and/or, (ii) to arbitrary
masses and energies of the two colliding particles.
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