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ABSTRACT. We investigate some of the properties of the mapping from wave-functions
to single particle densities, partially answering an open question posed by E. H. Lieb in
1983.
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1. INTRODUCTION

Consider a system of N charged particles, interacting with each other due to the
Coulomb force. The coordinates to describe the system will be N space-spin variables
Z1,..., 2N, where z; = (zj,s;), with z; € R, s; € {0,...,¢}. Here z; represents the posi-
tion of the j-th particle, s; its spin. Most of the time one can consider d = 3, the physical
case, but we do not want to limit ourselves to this specific value, so we keep a generic dimen-
sion of the space. We will often group the space variables as X = (x1,...,zx) € (RN

The description of the system will be given by a complex-valued wave-function ¥ (z1, ..., znx),
belonging to H'((R? x Z,)™;C) and always normalized with

Z / (w1, 51, .., 28, 5n) ] dX =1,

S15--3SN

which may be viewed in the following way (Born interpretation): [¢(z1, $1,-.., 2N, sN)|2
is the probability density that the particles are in the positions z; with spin s;.
If the system is composed of bosons, Bose-Einstein statistics apply, and hence the wave-
function ¥ must be symmetric, in the sense that
V(215005 28) = V(20(1)) - - -5 Zo())

for every permutation o € Gy. Thus we have a class of bosonic wave-functions given by

= {w | € H' (R x Zy)N), ¢ is symmetric} .
On the other hand, one can consider a system of fermions, obeying Fermi-Dirac statis-
tics, i.e.,
¢(zl7 A 7ZN) = Sign(a)qlz)(za(l)’ A 7ZO'(N))
for every permutation o € G. Thus we have the class of fermionic wave-functions given
by
= {wl e H' (R x Z)N), ¢ is antisymmetric} .

If ¢ is a wave-function, we introduce the single particle density

2
g / (x,81,22,52,...,&N,8N)| dxg - - - day,
R

d)N 1
S15--3SN

where, by symmetry, the integral might be done with respect to any choice of N — 1 space
variables. To consider the single particle density, rather than the whole wave-function,
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is quite natural from the physical point of view, since charge density is a fundamental
quantum-mechanical observable, directly obtainable from experiment.
We can then consider the maps

. S — PRY and A A — PRY
v o= plYl] Yo pl],

where P(R?) denotes the space of probability measures over R?. The properties of these
maps have been studied in primis by Lieb [13]. In particular we have

e the range of ®° and &4 is exactly the set

R = {pe D@ p= 0.5 e B E, [ ployds = 1};

e &S and ®# are continuous with respect to the H' norms: if ¢, — ¢ in H', then
pltr] = /plY] in H.

It is quite clear that the maps ® and ®# are not invertible, even restricting the
codomain to R — in fact, different ¢)’s may have the same single particle density. However,
suppose that (,/pr)r>1 converge to ,/p in H', and take 9 such that p = p[¢)]. Can we find
(¥1)x>1 such that py = p[ey] and ¢y, — 1 in H'? In other words, are ®* and ®S open?
This problem, to our knowledge first stated in [13, Question 2], is still open.

In this paper we will give a partial positive answer, proving the following results when
q =1 (i.e., without taking into account the spin variables).

Theorem 1.1. Let ¢ € S non-negative. Given (pn)n>1 such that \/pn — /p[Y] in

HY(R?), there exist (¥)n>1 symmetric and non-negative such that p, = p[n] and by, —
in H'(RHN).

Theorem 1.2. Let ¢ € S real-valued. Given (pp)n>1 such that \/p, — \/p[Y] in H'(RY),
there exist (¢Yn)n>1 symmetric and complez-valued such that p, = plis] and ¥y, — P in
H'(RDN).

Notice that the first result is already of physical interest, since in many cases the ground
state of a system of N-particles is non-negative.

Outline of the paper. The main tools will be the smoothing of transport plans as
introduced and studied in [2, B] and an application of the weighted Sobolev spaces. In
Sectionwe will start by constructing explicitly an L? approximation of || which respects
the marginal constraint. Then in Section [3| we regularize it in order to obtain a Sobolev
regular sequence which converges in H'((R%)") to || and still maintains the marginal
constraint. This will complete the proof of Theorem In the final Section {4}, making
use of a suitable weighted Sobolev space, we show how to deal with the sign of the wave-
function, finally proving the main result in its completeness.

Acknoledgements. The authors wish to thank Simone Di Marino, Gero Friesecke, Paola
Gori-Giorgi and Mathieu Lewin for the useful conversations on the topic of this paper.
Part of the work and a preliminary presentation of it was done at the Banff International
Research Station. The first author is grateful to the Scuola Normale Superiore (Pisa), and
the second author is grateful to the Universita di Firenze for the financial support.

2. CONSTRUCTION OF L? WAVEFUNCTIONS
In this section we start the construction by proving the following

Theorem 2.1. Let p,,p € LY(R?Y) such that \/pn, — /p in L*(RY), [p= [pn =1 and
let ¢ € L2(RYHN) symmetric, ¢ > 0, such that p = p[p]. Then there exists a sequence
(on) € L2((RHN) such that o, is symmetric, p, = plen] and o, — ¢ in L2((RHN).
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For fixed n € N, let 0¥ = p and ¢% = ¢ and define inductively for & > 0

EF = {:c e RY| a,’;(x) > pn(x)} ,
SEX) = 1 Z e

E+1 k
P (X)) = @ (X)y/1 - SE(X),
ok Hl(z) = /gpﬁ“(m,xg,...,xN)Qda:g---d:UN.
Notice that, for every k,n, the function cpfl is symmetric. The sequence (gofl)kzo is
monotone decreasing, as proved in the following

Lemma 2.2. (i) 0 < oFtl < oF < o;
(i) 0 < optt < of < p;
(iii) EXTH C EF C EY.

Proof. Since 0 < S¥(X) < 1, the factor /1 — S¥(X) is less or equal than 1, and the
inequalities in (i) are obvious; (ii) and (iii) follow. O

In order to estimate some L? norms which will appear later, the following lemma will
also prove useful.

Lemma 2.3. If k>0 and E C Eﬁ, then

[0k~ ez < (N [ o) - oo

Proof. By induction on k. For k = 0 the inequality is in fact an equality.
Suppose now the thesis is true for k, and fix E C EF*!. Using the fact that EX+! C EF
one has

/ (@) — pu(a))de = / SE(X)?(1 — SH(X))dxX — / pu()de
E Ex(R4N-1 E
- / (08 (@) — pula))de — / o (X)2SH(X)dX
E Ex(RI)N-1

Notice that

k(p.) _ )
(X255 (X Z/ 20h(5) = pula)
/E‘X(Rd)le &0 Ex(R3)N X Uﬁ(%’) Eﬁ( )
1 k 2‘77]3(371)—%(%1)
>— X dX
Ex(RA)N-  #alX) of (1) xeg (@)

= Lok @) = pala)da,

because the (first) marginal of ¢¥ is ¢¥, and E C E¥. Hence, using the inductive hypoth-
esis,

[k = putonio < (1= 5 ) [ ok = pulo)aa

as wanted. O
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The following proposition specifies that the sequence (¢F) k>0 is not too far away from
the target function ¢ with respect to the L? topology.

Proposition 2.4. For every k > 0,

112 ey) = 5] oy, < 2V VB = vl oy

L2 (]Rd

Proof. We denote for simplicity the L?-norm as ||-|| both on (RHN and on R?, since there
cannot be any confusion. By the definition of the ¢7,’s we may compute for every j > 0

+1 — = ' 2* O" xXr) — X Z.
1P = [ b= 530X = |Gl - [ (@@ = puta)a

n

Hence, using Lemma

) 9 k-1 k-1
ol = ok = 3= (et = lleir)1*) = / ol — pn)
Jj=0 7=0
k-1 j k—1 j
N 1Y/ N -1/
SJZ%(N )/}y(ﬂ—rm)zZ(N >/E¥L\p—pn!
k-1
—1
< ( >/|p pn!<N/|p pnl,
7=0

Now the Holder inequality and the elementary estimate (v/a + v/b)? < 2(a + b) lead to

JIRE (/w+wm?)1/2 (/w—mﬁ)m
=<2/(p+pn)>1/2||fﬂ—\//7n!\=2||fp—\/p7|!- .

We are ready to define the functions ¢,,. Let

on (X) = lim o,
7@ = [ G Pl doy.

They are well defined due to Lemma [2.2] and ¢f° is symmetric, since it is the pointwise
limit of symmetric functions; let moreover

0 = / (pn(2) — 02 (x)) di

1

an(X) = 5

(Pn() = 037 (25))

.:12

I
_

4 J
= Ve (X)? + an(X).

where the second term is set to zero if ¢, = 0. Observe that the function ¢,, is symmetric,
because «,, is symmetric by construction. The definition is well-posed since «,, is non-
negative, as proved in the following

Lemma 2.5. p,(x) —o;°(z) > 0.
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Proof. Using that Z

XEk > 0, one has

If x € EF then

(a(o) = (o) (1= xes(@) ) = 2 oule) = o)

on the other hand, if z € (E¥)¢, then p,(x) — o (z) > 0, and hence

n
1 N -1

(o) = k() (1= @) ) = pnle) = oba) = ¥ 22 (0) - (o),
So that for every z € RY,

pn(z) — op™(x) =

and letting k — oo,
N -1
N

Finally, ¢, — ¢ in L? as n goes to 0o, as is proved in the following

pule) — 02 (@) > S (pu(e) — 02(2) = pule) — o (z) > 0. O

Proposition 2.6.
2
lon = @llz2 < 22N + 1) I/ — Vonll 2
Proof. By the monotonicity described in Lemma © > ¢S° and then

lon = ol” = 9% + (92 + an — 20\/ (93)° +
<O+ (00) + an = 2007 < 9 = (97)° + o
Integrating over R? leads to

2 2 2
len = @llzz < llellzz = llenlize + llanllp -

Letting £ — oo in Proposition and using the monotone convergence theorem, one
has

2 2
lellz = llenllze < 2N [IVo = Voul 2 -
On the other hand, recalling the final step of the proof of Proposition and using
again the monotone convergence theorem,

Jaallis = [ (pal) = o) o
< [1pala) = p@da + [ (ol) - o2(@)) do

<25Vl + [e(0PX — [ (x)ax

2 2
=2[Vp = Voull 2 + #llzz = llenllz2
< 2N+ 1) V5 — ol 0
This concludes the proof of Theorem
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3. SOBOLEV REGULARITY OPERATORS

Let pn, p, pn and @ as in Sectionand assume, additionally, that ¢ € H' and VPn = /P
in H'(RY). The sequence (¢,) constructed in Section [2]is such that ¢, € L?((RY)Y) with
on — @ in L2((RY)N). We will now improve the regularity and the convergence of (¢y,)
at least up to H'((R%)™). In order to do so, we introduce the Gaussian mollifiers

n°(z) = o exp <—|Z’2> z e R?
(27e)d/2 2 |’
N

“2)=]]n(z), Z=(z1,....2n) € RHN. (3.1)
j=1

Given any function u € L2((R%)N), first we regularize the measure |u|* dX by convolu-
tion

= [lu(OR 6 - x)ax
and consider the marginal of this regularization

ﬂwwz/wwmqummmmww

Then using the kernels

U ﬂfy plul(z;)
H )

P u](X,Y) = A%[u](Y) P [u](X,Y)
we define

O%[u] (X) = / Te[u](X, V)dY.

Let u® := (©°[u])'/2. This construction, in a more general setting, has been presented
and studied in detail in [2], where it is also proved that u* € H'((R%)N) for every ¢ > 0.

Remark 3.1. The operator VA ©°¢ is builded out of four passages. We start from wu, we

consider the measure |u|?dX, we regularize this last measure and, since the regularization
process perturbs the marginals, we bring the marginals back to the originals. Finally we
take the square root.

The construction to bring back the marginals makes use of the idea of composition of
transport plans introduced in [I]

If u is a symmetric function, i.e., u(21,...,2N) = u(Ty(1); - - - () for every permu-
tation o € G, the construction defined above gives a symmetric function u®. Moreover,
it “reallocates” the marginals as described in the following Lemma:

Lemma 3.2 (Marginal properties). For every ¢ > 0 the following hold.

(i) p°lu] = p[u] *n%;
(i) p[u®] = plu].
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Proof. (i) By the Fubini’s theorem,

Flul() = / AL (s sy ) - - - gy

—xj)dXdys - - dyn

j)dzidys - - - dyn

5 i
g g
”.:l2 ZE
3

= [ ol (v~ w1)dos = (olu) ) )

(ii) Using (i), from the definition of ©¢ and the Fubini’s theorem we get
/ |u€|2dx2'--de:/ O°u)(X)dxy - - - dry
R(N-1)d R(IN=-1)d

= / Ieu|(X,Y)dYdxs - - dey
RV 1)d><(]Rd)

_ ey 0 (y1 — x1)plul(z1)
= /de [u](y1) Tl (1) dy1
= plul(x1).

O

Moreover, the following convergence properties are enjoied by the operator ©° and are
studied and proved, in a more general setting, in [2]

Theorem 3.3 ([2, Theorem 5.1]). Let u, — u in L2((R)N) and \/plun] — \/plu] in
HY(RY). Then, for every e >0, u5, — u® in H'((RY)N).

Theorem 3.4 (|2, Theorem 7.6)). Let u € H'((RY)N) non-negative. Then u® — u in
HY((RHN) as e — 0.

We are now able to prove the following

Theorem 3.5. Let p,,p € R such that \/p, — /p in H'(RY), and let o € H'(RH)N)
symmetric and non-negative be such that plo] = p. Then there exist u, € H'((RH)N) such
that u, — @ in H'((RHN) and plu,] = pp.

Proof. Let ¢, ¢ defined in Section the idea is to take a suitable diagonal sequence
= (05, ])1/2. Let Ny = 1, and for k > 1 choose N}, € N such that

) Ni > Ni1;
\/@2 g — \/Gz_k[go]u < 27% for every n > N.

11

The sequence (Nj)i>0 is well defined due to Theorem and increasing. Given n > 1,
let k& be such that Ny < n < Ngi1, and set e(n) = 27%. When Ny < n < N4, by
construction we have

Josi o < o
<o yfor -

As n — o0, also k — oo and the right-hand side goes to zero due to Theorem O
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To avoid any confusion, in the following we shall denote by (y,) a sequence such that
pn — ¢ in H'(R)Y) and plgn] = py.

Remark 3.6. If the original wave-function was symmetric and non-negative, then by
Theorem we already get the desired approximating wave-functions which are also
symmetric and non-negative, thus proving Theorem

4. APPROXIMATION WITH SIGNS

Let pn, p, on and ¢ like in the previous sections, and assume now that ¢ = ||, where
Y € HY((RHN;R). In this section, starting from ¢,,, we will construct ¢,, € H'((R%)V;C)

such that ¢, — p, and ¥, }i; 1. Some weighted Sobolev spaces will be the main tool of
the construction.

To every measurable \ : (R?)N — R™ (scalar or vectorial) we may associate some spaces
related to the measure |A\|[?(X)dX. In particular this will be used for A equal to the wave
function v or equal to the gradient of the wave function V. The most natural space is

L*(|\?dX;C) := {f: (RHYN = C| /|f(X)|2)\(X)|2dX < +oo}.
When A € H'((R)N;R) we may define also the Sobolev spaces relative to the measure

IA2dX = \?dX. First we need a definition of the gradient:
Definition 4.1. If f € L?(\2dX), the gradient Vf is defined by the identity

/kaw?dx = —/ngpAQdX — Q/fcpv)\/\)\QdX Y € C°. (4.1)
It is then natural to define the Sobolev space
HY'(\dX) = {f e L2 (\%dX) | /|VAf(X)|2>\2dX < +oo} .

Remark 4.2. If f is a C! function then Vy f = V£, the usual gradient. Indeed, if ¢ € CZ°,
then

/V,\fcp)\QdX = —/ngo)\2dX—2/fgov>\)\)\2dX
= /VfgoAQdX+2/fgoV;\)\2dX —2/fgov)\)\)\2dX
= / VipA2dX.
Remark 4.3. If f,g € H'(\2dX), and fg, fVag,gVaf € L?(\2dX), then fg € H*(\2dX)

and V(fg) = fVag+ gVaf. This is Corollary 2.6 in [6].

The next construction relates these ideas to the objects we know from the previous
sections. Let ¢ € H'((R?)N) so that also || € H'((R?)N); then there exists a measurable

function e : (RN — {—1,1} such that ¢» = e[y|. The function e coincides almost
everywhere with /|| in the set where ¢ # 0. From now on, let A = |4|.

Lemma 4.4. It holds that e € H'(||?dX) and Ve = 0 |¢|?dX — a.e. Moreover, since
le] <1, e € L?(|Vy|?dX).

Proof. Since |e| = 1 [1|?dX — a.e., e € L*(|¢|?dX). Let ¢ € C°,

2 v 21y v _
/ Vaepli[2dX = / eVilpPdX — 2 / eelvl VX =0,
since
/ eVlh[2dX = / VeulpldX = — / PVPHIAX — / o

VydX = —2 VydX.
v /sorwr "
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O

We are interested in smooth approximations in these Sobolev spaces. This question is
well studied in the literature. The following is a consequence of [6, Theorem 2.7]; we invite
the reader to see also the references in that paper for a more complete picture.

Theorem 4.5. There exists a sequence {e,} € C*° N H'(|¢|>dX) such that
i) len] <1,
i) en — e in H(|9]?dX),
iii) en, — e in L2(|Vy|2dX).
Proof. Choose a sequence of smooth cut-off functions (¢,,)n>1 such that:
e 0<c, <1;
e ¢c,=1o0on B(0,n—1), ¢, =0o0n B(0,n)S
e Lip(c,) < 2.
First we consider e - ¢, and we prove that it satisfies the properties i)-iii) above. The
property i) is obvious. Also the L?-convergence is easy:

/|ecn —e| \2dX g/ MdX  and /yecn — e [VA2dX g/ |VA?dX
B(0,n)c ,n)¢

converge to zero since A, VA € L2(RV9). Combining Remark 4.2/ and Remark 4.3/ we have
Vi(ecn) = ¢, Ve + eViae, = eVye, = eVey,, and we must prove that it converge to 0 in
L?(\2dX). Indeed we have

/ leVen|* A2dX < 4 / MdX.
B(0,n—1)¢

Now the second step is to regularize by convolution with a standard mollifier of com-
pact support J. defined by J.(X) = 1/eN9J(X/e), where J is non-negative and supported
in the unit ball, with [J = 1. It is shown in [6, Theorem 2.7] that .J.  (ec,) con-
verge to ec, for fixed n as ¢ — 0. Thus it suffices to take ¢, small enough so that
[ Je, * (ecn) — ecall g1 (r24x) converges to zero to conclude. O

Remark 4.6. If the function e is symmetric, it is possible to make e,, to be symmetric as
well. It suffices to choose ¢, (the cut-off functions) to be symmetric. Then the process of
convolution maintains symmetry if the kernel is symmetric (as for instance the one defined

by (3.1)).

In order to have a good behaviour of the approximating sequence (ey,),>1 for the esti-
mates that will be needed in the proof of Theorem we must also control the Lipschitz
constant of e,,. This may be done as a consequence of the following

Lemma 4.7. Given sequences of mnon-negative real numbers (M,) and (ay) such that
ar — 0, there exists a choice (ny) of indexes such that

(i) ny / +oo;
(ii) Mnkak — 0.

Proof. Given n, let K(n) such that M,a; < 27" for all & > K(n), and choose also
K(n+1) > K(n). Now we define the sequence (ny) as follows:
1 k< KQ)
"Tn ifK(n) <k<Kn+1).
By construction we have My, a; < 27" for all k£ > K (n), thus proving (ii). On the other
hand, given L € N, if k£ > K(L) we have ny > L, which proves (i). O

Corollary 4.8. Given (ay) such that a, — 0, the sequence in Theorem may be chosen
such that Lip(ep)a, — 0.
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Proof. Apply Lemma with M,, = Lip(e,) to select a suitable sequence (e, ) with the
desired property. O
Definition 4.9. Let w € C'([—1,1], S%) be defined by

z‘(l—s)g‘

S e

The function w is such that |w| =1, w(—1) = —1 and w(1) = 1 so that w(e(x)) = e(x)
a.e. in the set ¥ # 0. Moreover, observe that |w'| = § and |w(s) — w(t)| < § |s — t| for all
s,t € [—1,1].

Theorem 4.10. Let w be the function defined above. Let e, € C2° with values in [—1,1]
be such that e, — e in H'(||?dX) and L2(|V¢|?dX). Then 1, := w(en)on — 1 in H'.

Proof. First the L? convergence which is easier.
[n = dlirz = [wlen)on —ellllL2 < llwlen)pn —wlen)¥lllz2 + llwlen)ly] — eyl L2
= llon = [¥lllLz + llw(en) — ell L2pj2ax)
< lon = [Wllle2 + llw(en) — wle)llL2(ypzax) + llw(e) = ellL2ypzax)
T
< lon = 9lllg2 + §||€n — el L2 (jy2ax)-

The last term converges to 0 by Theorem [4.5] above.
For the L? convergence of gradients, let us first compute

Vb, = w'(en)Venpn + w(en)Vn,
Vip = V(ely|) = eV|y],
and in the second computation we used that Ve = 0 a.e. where [¢| # 0.
[V, = V[l = || (en)Venpn +w(en)Vion — eV
lw'(en) Venpn — w'(en) Ven[y[[| + o' (en) Ven ¥
+ [[w(en)Vion — eVI¢]]].

The three terms on the right-hand-side above may be studied separately, the most difficult
one being the first. We have

T .
o/ (en) Venpn = (en) VenllI? < 5 [ 1VenPlin=[]PaX < 5 Lin(en)? [ lu— [0l 'dX.

IN

The last term of the inequality converges to 0 if we choose a, = ||, — |||/ ;2 in Corollary

23

The second term
o/ (en) Vealil|? < 5 [ [VenPloPax

and this goes to 0 by Theorem ii) and Lemma Finally we control the third term
by breaking it down again.

lw(en)Vion — eVl 2 [w(en)Vipn —w(en) VI[9lll L2 + [lw(en) VY| — eVI]]| L2

<
< IVen = V9l 2 + [lw(en) VY| = w(e) V]|l 2
T
< [Von = V2 + Sllen = ell2(vppzax)-
The last term converges to 0 by the convergence of ¢, to |¢| and by Theorem iii). O

In conclusion, notice that the approximating sequence built in this way maintains the
symmetry property. Indeed, ¢, is symmetric for every n, and so is the sign function e. By
Remark we may choose e, to be symmetric. Finally, if e, is symmetric, so is w(ey),
and hence w(ey, )y, is symmetric, finally proving Theorem
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