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EXISTENCE AND REGULARITY FOR EDDY CURRENT SYSTEM WITH
NON-SMOOTH CONDUCTIVITY

ELISA FRANCINI, GIOVANNI FRANZINA, AND SERGIO VESSELLA

ABSTRACT. We discuss the well-posedness of the “transient eddy current” magneto-quasistatic
approximation of Maxwell’s initial value problem with bounded and measurable conductivity,
with sources, on a domain. We prove existence and uniqueness of weak solutions, and we provide
global Hélder estimates for the magnetic part.

1. INTRODUCTION

Let Q be a bounded C''! domain in R? (see Section 2.1 for definitions), and let n denote the
outward unit normal to its boundary. We consider electromagnetic signals throughout a medium,
filling the region €2, with magnetic permeability being given by a Lipschitz continuous scalar function
u and electric conductivity being described by a bounded measurable function o taking values in
the real symmetric 3 x 3 matrices. We will assume the validity of the conditions

(1.11) At < p <max{p, |Vul} <A, a.e. in €,
(1.1ii) A2 <on-n < A2, for all n € R3, a.e. in Q,
for an appropriate constant A > 1.

Given T > 0, Hy € L2(Q2;R?), G € L2(0,T; H' (2 curl)), with 9,G € L?(0,T ; L*(2;R?)), and
JE JM € L2(0,T; L2(Q;R?)), we consider weak solutions (E,H) € L?(0, T;H'(Q;curl) x H} (Q;curl)),
with O,H € L2(0,T ; L>(€2; R3)) (see Section 2 for definitions), of the initial value problem

VxH-0E=1JF, in Qx(0,7),
(1.2) V xE+ poH=JV, in Qx (0,7),

Hxn=Gxn, on 90 x (0,7T),

H=H,, in Q x {0},

under the assumption that

t
(1.3) V- <MG—MH0—/ JMds> =0, inQx(0,7).
0

The meaning of (1.2) and of (1.3) will be understood in a suitable weak sense in Section 2.
Formally, the so-called eddy current system (1.2) is obtained from Maxwell’s equations when
neglecting displacement currents and is equivalent to the parabolic system

(1.4) pOH +V % (0_1V X H) —Vx (o W)+ I, mQx(0,7),

2010 Mathematics Subject Classification. 35M33, 35M60, 35R05, 35Q61, 35B65.
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with the conditions H x n =G x n on 9Q x (0,7) and H = Hy in Q x {0}, provided that
E:J_1<V><H—JE), in Qx(0,7T).

To make an example, if o is constant and J¥ = JM = 0, then (1.4) reads as
woOtH+V xVxH=0, inQx(0,7),

and VxV xH = V(V-H)— AH, where the Laplace operator is understood componentwise. Hence,
in this case the problem is equivalent to the heat equation for the Hodge-Laplacian on vector fields,
and the components of divergence-free solutions solve the classical heat equation (up to a weight).

Our interest in this parabolic magneto-quasistatic approximation of the laws of classical electro-
magnetism with possibly discontinuous electric conductivity tensor comes from diffusive models in
applied seismo-electromagnetic studies [17, 19]. In geophysics, the importance of modelling slowly
varying electromagnetic fields throughout the stratified lithosphere is due to the possibility that
some of them may be generated by co-seismic subsurface electric currents, and hence have some
role in the seismic percursor signal recognition. For a very general survey on eddy currents with
discontinuous conductivity and related numerics, with applications to advanced medical diagnos-
tics, the interested reader is referred instead to the nice treatise [3], where inverse problems are
also considered. We refer to [4] for issues related to the source identification from boundary EM
measurement.

The main results of this manuscript concern some qualitative properties of weak solutions of
(1.2), i.e., their existence and uniqueness, as well as the Holder continuity of their magnetic part.
For expositional purposes, we limit ourselves to the case of homogeneous boundary conditions,
which causes no restriction (see Section 2.4).

In Theorem 3.1 (see Section 3), we prove the well-posedness of (1.2); for, we make use of
Galerkin’s method and of the Hilbert basis that we manufacture in Section 3.1 by solving an
auxiliary problem of spectral type. This special system of vector fields has the expedient feature
of being independent of the conductivity stratification, at variance with the natural basis for the
associated parabolic problem. Existence and uniqueness results are available in the literature for
problems similar to (1.2); for example, in the time-harmonic regime the issue of well-posedness was
addressed in [16], and in [6] (where it is also proved to be a good approximation of the complete
set of Maxwell’s equations), and the time-harmonic variant of (1.2) is also dealt with in the more
recent paper [7], providing existence and uniqueness results and asymptotic expansions in terms of
the size of the conductor in this context, whereas in [8] the well-posedness of the variant of this
problem focused on the electric field is discussed using a different approach, in the time domain,
with applications to the asymptotic behaviour of solutions in the non-conductive limit.

In Theorem 4.1 (see Section 4), inspired by the work [1] on Maxwell’s system, we prove Holder
continuity estimates for the magnetic field, valid up to the boundary. In the literature, we could not
find either global or local estimate of this kind; we refer to the paper [11] for some related result.

Plan of the paper. In Section 2 we make precise assumptions on the domain and on the structure
of the problem, we introduce the reader to some useful functional-analytic tools, we state some
Helmoltz-type decompositions (proved in Appendix), and we define the weak solutions of the eddy
current system (1.2). In Section 3 we prove existence and uniqueness of weak solutions (E,H), and
in Section 4 we provide global a-priori Holder estimates on the magnetic field H.

Acknowledgments. This research is supported by the MIUR-FOE-INdAM 2014 grant “Strategic
Initiatives for the Environment and Security - SIES”.



EXISTENCE AND REGULARITY FOR EDDY CURRENT SYSTEM WITH NON-SMOOTH CONDUCTIVITY 3

2. TECHNICAL TOOLS

We recall that the tangential trace, defined by ¢ x n for all ¢ € C1(Q;R?), extends to a bounded
operator from the Hilbert space H'(§2 ; curl), consisting of all vector fields in L?(£2 ; R3) whose
(distributional) curl is also in L2(€2; R3), endowed with the scalar product

(2.1) (@, V) (ieurt) = (@, V) L2rs) + (V X @, V X U) p200:m8) »

to the dual space H~2 (9 ; R3) of Hz (9Q;R3) (see, e.g., [12]). Indeed, the Green-type formula
(2.2) /gp~V><wdx—/1/)-V><cpdx:—/ p- (W xn)dS
Q Q o9

holds for all (p,1)e(CH(Q; R3))2. Moreover, given ¢» € H*(; curl), by Sobolev extension and
trace theorems, the left hand-side of (2.2) defines a bounded linear operator on Hz (99 ; R?) and
for every ¢ € H'(Q;curl) formula (2.2) holds valid provided that the right hand-side is understood
in a suitable weak sense, replacing the boundary integral with a duality pairing.

The closed subspace H} (€ ; curl) of all v € H(Q ; curl) for which, in the previous weak sense,
we have ¢ x n =0 on 91 is also a Hilbert space with respect to (2.1).

Throughout the paper, the spaces of L? scalar-valued, vector-valued, and tensor-valued functions
will be denoted by L%(), L?(2; R3), L?(Q; R3*3), respectively. For the sake of readability, we
shall denote by (-, )r2 and || - |2 the scalar product and the norm in all these spaces.

2.1. Regularity of the domain. An open set ) is said to satisfy the uniform two-sided ball
condition with radius r if for every z € 99 there exist a ball B,(x) contained in  and a ball B,(y)
contained in its complement with z belonging to the closure of both B, (z) and of B,(y). If that
is the case and we assume, in addition, that 9Q = 9(Q), then Q is a locally C'''-domain, i.e., for
every z € 0S) there exist two positive constants pg, Ly > 0, and a rigid change of coordinates in R3,
under which z = 0 and

an BPO(O) = {y € BPO(O): Y3 > Sp(y17y2>}7
for some C! function ¢ on B), = {(y1,52) € R?: 47 +y35 < pj}, with ©(0)=|V(0)|=0, such that

lellzomy ) + Poll Veolloe(my, ) + P Lin(Ve s By) < Lopo

where

Lip(Ve: B, ) = sup [Vep(z) = Voly)l
z,yEB;D |"1j - yl
y#z
If © is bounded and the property described above holds with constants pg, Lo independent of z,
then we say that Q is of class C™! with constants pg, Ly. In that case, it is easily seen that Q
satisfies the uniform two-sided ball condition with radius r, provided that r < min{l, Ly 1}/)0.

Throughout this paper we shall always assume the following condition to be in force:

(2.3) Q2 is bounded, with uniform two-sided ball condition with radius 7, and 9Q = 9(Q).

We observe that (2.3) implies that Q is of class C1'! with appropriate constants pg, Lo, satisfying
Lor < po (see [5, Corollary 3.14]), and we shall assume that pg = 1 with no loss of generality.



4 FRANCINI, FRANZINA, AND VESSELLA

2.2. Gaffney inequality. The following result is proved in [14] in the case of domains with smooth
boundaries but its validity is also well known on open sets satisfying assumption (2.3) (see, e.g., [10]).

Lemma 2.1 (Gaffney inequality). Let ¢ € L*(Q;R3), with V-4 € L*(Q) and V x ¢ € L?(2;R?).
If either ¢ x n =0 in H*%((”)'Q iR3) orep-n=0in H’%(aﬁ), then v € H*(Q2; R3). Moreover,

. )2 d 2d 2d 2d
(2.4) /Q(v %) x+/9|vw\ r+/g|¢\ xchﬂww v

where the constant C' depends on r, only.

For every p € L>(Q), we set
(2.5) X, = {1/; € L*(Q;R3): / b - Vudr =0, for all u € H&(Q)} . Y, = H}(Q;cur)N X, .
Q

If 4 = 1 then, to shorten the notation, we write X, Y instead of X, Y.
Clearly if (1.1i) holds then X, is a Hilbert space with respect to the L?(p)-scalar product, i.e.

(2.6) (go,g/;)XM ::/Q/upw/)dx, for all p,¥ € X,,.

The space Y, is closed in Hg (€ ; curl) with respect to the topology induced by (2.6) which in fact
is the standard topology of L?(Q;R3), as u € L®°(2). It is straightforward to deduce the following
result from Lemma 2.1.

Lemma 2.2. Let Q) satisfy the uniform interior and exterior ball condition with radius r and let p
satisfy (1.11). Then, every ¢ € Y, belongs to the Sobolev space H'(2;R?) and we have

2 2 2
/Q|vw| deC(/th dx+/ﬂ|vw| dx),

for a suitable constant C, depending only on A and r.

Remark 2.3. By Lemma 2.2, if (1.1i) holds then the norm

llly, == (/Qu|¢|2dx+/ﬂulv xw|2dx)2 ,

is equivalent to that induced on Y, by H*(Q;R?).

Remark 2.4. By Remark 2.3, the compactness of the embedding of H'( ; R?) into L?(Q2; R3)
implies that the embedding of Y, into X, is compact if condition (1.1i) holds.

2.3. Helmoltz decomposition. We shall make use of the following Helmoltz-type decompositions.
The interested reader may find in the appendix their proofs, that are however standard.

Lemma 2.5. Let F € L?(Q;R3). Then there exist u € H () and n € L*(2; R3) such that
(2.7a) F=Vu+n,

(2.7b) / n-Vode =0, forallve HY(Q),
Q

(2.7¢) max { | Vullzz 7]z } < F)zz

If in addition F € H*(Q; curl), then n € HY(Q;R3) and ||V 2 = [|[V x F||z.
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Lemma 2.6. Let p satisfy (1.1i). Given F € L?>(Q;R3), let ¢ € HE(Q) be the solution of the
problem

(2.8) /qu-Vvdx:/uF~Vvdm, for allv € HY(Q).
Q Q

Then, writing

(2.9a) F=Vqg+¢,

we have ¢ € X, and

(2.9b) IVallze < AllF||zz,  lICllze < AlIF||ze

Moreover, if F € H*(Q;R?), with F x n = 0 in H=2 (09 ; R?), then ¢ € H(Q) N HL(Q) and we
may take ( €Y.

Remark 2.7. Clearly Lemma 2.6 is valid also if p is replaced by any other function for which
property (1.1i) holds true; for example, it applies to constants. More precisely, we can decompose
any L? vector field in the form F = Vq + ¢, where ¢ € Hg () is the weak solution of Ag = V - F.
In this case, ¢ has null (distributional) divergence, and if F belongs to H*(£2; R?) then so does .

2.4. Weak formulation. We fix a Lipschitz continuous function u satisfying (1.1i), we define the
spaces X, X, Y, and Y, as in (2.5), and we denote by Y, the dual space of Y,,. For p € [1,+0oq]
and for every Hilbert space Z we denote by LP(0,T ; Z) the space of all measurable functions
F: [0,7] — Z such that

1
T P
</|mamzw> if p < 400,
Il zr0,1:2) == 0

esssup |F(t)] 2 if p=+4o0,

te[0,T
is finite. We recall that LP(0,T ; Z) is a Banach space (uniformly convex if p < 4+00). We shall
need the following generalisation of a well known property of Sobolev space-valued mappings. For
a proof, one can repeat verbatim the argument used in the proof of the analogous result in Sobolev
spaces, see [13, Theorem 3, §5.9.2].

Proposition 2.8. Suppose that F € L*(0,T ;Y,), with &;F € L*(0,T ; Y,). Then, by possibly
redefining it on a negligible subset of (0,T'), the function F belongs to C([0,T];X,,). Moreover, the
mapping t — HF(t)H?X, is absolutely continuous and for a.e. t € (0,T) we have

1d
§£||F(t)||§(, = (OF(t) ,F(t))yv;xv, -

Eventually, there exists a constant C, depending only on T, such that

s [IF(®)]x, < C(IFll 20, + 10F 20,7237 -
t€[0,T]

IfF € L?(0,T; HY(Q;curl)) and 00,F € L?(0,T; H(Q; curl)’) then F € C([0,T]; L*(Q2;R?)), for
a.e. t € (0,T) we have

/QJF(t) -F(t)de = (00, F(t) ,F(t)),

DO | =
S
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where (-, ) denotes now the pairing between H'(S); curl) and its dual space H*(§); curl)’, and

S[up] [F(@)|z> < C(||F||L2(0,T;H1(Q;cur1)) + HatF”L2(0,T;H1(Q;curl)’)) ,
te[0,T

where the constant C' depends on A and T, only.

Definition 2.9. Given

(2.10) JE e L2(0,T; L*(Q;R?), M e L%(0,T; X),
and
(2.11) Hycv,,

we say that (E, H) € L?(0,T ; HY(Q; curl) x H}(2; curl)), with 0,H € L?(0,T; L?*(Q; R3)), is a
weak solution of the eddy current system

VxH-0oE=JE, in Q x (0,7,
(2.12) VxE+poH=IM  inQx(0,7T),

Hxn=0, on 90 x (0,7),

H=H,, in Q x {0},

if for all p € H'(Q; curl) and for all ¢ € H}(Q ; curl) we have

(2.131) /H~ng0dx7/aE~<pdx:/JE~g0dx
Q Q Q

(2.13ii) /E-quﬁdm—&—/uatH-wdxz/JM-¢dx
Q Q Q

for a.e. t € [0,T7], and in addition we have
(2.13ii) H(0) = H,.

Remark 2.10. We note that (2.10), (2.11), (2.13ii), and (2.13iii) imply that H € L?(0,T';Y,,) and
oH € L*(0,T; X,). Then, 9;H € L*(0,T ; Y,), due to the isometric embedding of X, into the
dual Y} of Y,,. Hence, in view of Proposition 2.8, we see that H € C([0, 7] ; X,,) and thus equality
(2.13iii) makes sense.

Remark 2.11. Let equation (2.13ii) hold for all ¢ € Y,,. Then, it holds for all ¢ € Hg (£ ; curl).
Indeed, by Lemma 2.6 we can write every ¢ € C}(£2;R3) in the form ¢ = Vg + ¢ where ¢ € Y, and
(2.14) /E-Vx(vq)dxz/MatH-quxz/Jqud:c:o,

Q Q Q
because V x (V¢q) = 0, and pd;H,IM € X for a.e. t € (0,T). Then, (2.13ii) holds for all test fields
in C}(Q;R3), which by [12, Remark 4.2] is dense in Hg (£ ; curl).

Formally, in view of the integration by parts formula (2.2), a weak solution in the sense of
Definition 2.9 is a solution to (1.2) with G = 0, satisfying the additional condition V - (uH) = 0.
Weak solutions in case of non-homogeneous boundary conditions are defined in the following sense.
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Definition 2.12. Given J¥ JM ¢ L%(0,7 ; L*(Q ; R3)), given Hy € H'(Q ; curl), and given
G € L*(0,T ; H*(Q; curl)), with 9,G € L2(0,T ; L%(2; R®)), such that for a.e. t € (0,T) we have

(2.15) /Q (;LG(:c,t) — uHy(z) — /O I ds> Vu(z)dz =0,

for all u € H{ (), we say that (E,H) € L?(0,T ; H'(Q; curl)?), with 8, H € L*(0,T ; L*(Q2; R?)),
is a weak solution of the eddy current system (1.2) if F := H — G belongs to L?(0,T ; H} (2 ; curl))
and (E, F) solves, in the sense of Definition 2.9, the system

VxF-ocE=JF-VxG in Qx (0,7),
(2.16) V x E + poF = IM — 110,G in Qx (0,7),

Fxn=0 on 092 x (0,7),

F=H, G in Q x {0}

We observe that Definition 2.12 makes sense, because under the assumptions made in Defini-
tion 2.12 on JE, JM, Hy, and G, it makes sense to consider weak solutions of (2.12) in the sense of
Definition 2.9, relative to the sources

JE-JE_vxG, JM=JM_,5G,
and to the initial datum
H, = H, — G(0).

Indeed, by (2.15), .ﬁ, JM satisfy conditions (2.10). Moreover, since G € L2(0,T ; H'( ; curl))
and 9,G € L?(0,T; L?(Q; L*(Q ; R?)), arguing as done in Remark 2.10 we see that G belongs to

C([0,T] ; L2(2; R3)), hence Hy is well-defined. Eventually, again by (2.15), Hy satisfies (2.11).

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

The goal of the present section is to prove the following result.

Theorem 3.1. Let Hy €Y, let J® € L?(0,T ; L*(Q; R?)), with 9,J¥ € L?(0,T ; L*(Q; R?)), and
let M € L2(0,T; X). Then, there exists a unique weak solution (E , H) of (2.12). Moreover,

T
sup [[B()|Z + sup [EI(H)|2 + / |0E(1)| 2 dt
te[0,T) t€[0,T) 0

(3.1)
T
< C (Il )+ ITEO)E + [ 135012 + 13101 + 10T 3] )

where the constant C' depends on A, T, only.

Remark 3.2. When considering initial data Hy that belong merely to X, it is still possible to
define solutions of (1.2) in a weaker sense than that of Definition 2.9, just requiring 0;H to take
values in Y rather than in X,, and replacing the scalar product (0;H,%)x,, in the left hand-side of
(2.13i) with the duality pairing (0;H, ¢>y‘i xY, - For a given Hy € X, \Y),, the existence of solutions
(E,H) in this weaker sense could be proved arguing similarly as done below to prove Theorem 3.1,
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except that the final apriori estimate would be the following one

T T
| IRt swp [BOIR+ [ 0801, d
(3.2) 0 te[0,T) 0

T
<ol + [ 1% + 13 0I3:] d).
for a suitable constant C', again depending on A and T, only.
3.1. Magnetic eigenbase. We fix u € W1>°(Q) satisfying conditions (1.1i).
Lemma 3.3. The space Y, is dense in X,,, with respect to the weak convergence in X,,.

Proof. We fix ¢ € X,,. By standard density results, there exists a sequence (¢;) C Ca(Q; R?) with

(3.3) lim [ (¢ —¢;)-ndx =0, forallne L*(Q;R?).

17—+ 00 Q

By Lemma 2.6, there exist (¢;) C H*(2) N H} () and ({;) C Y, with ¢; = Vg; + (;, and we have
(3.4) /qui~Vvdx:/u¢i~Vvdx, for all v € H} ().
Q Q
We prove that ((;) converges to ¢ weakly in L?(Q; R?). To do so, by (3.3), it suffices to prove

(3.5) lim | puVg -nde=0,
Q

1—00
for all 77 € L?(Q ; R3). We fix a test field 77 and, using again Lemma 2.6, we write 7j = V¢ + ¢ for
suitable ¢ € H}(2) and ¢ € X,,. Inserting v = ¢ in (3.4) we obtain

/MVQi'qul’:/M@'qufE-
Q Q

Passing to the limit in the latter, using (3.3), and recalling that ¢ € X,,, we get

(3.6) lim uwVq; - Vqdr = /u¢-qum:0.
1— 00 Q 9]
Since ¢; € H3(Q) for all i € N and ¢ € X,,, we also have
(3.7) lim [ uVg¢ -Cdx=0.
Q

11— 00

Summing (3.6) and (3.7) and recalling that 7 = Vg + ¢ we get (3.5). Since 7 was arbitrary, we
deduce that ({;) converges to ¢ weakly in L?(€2; R?). By (1.1i), this implies that (¢;) converges to
¢ with respect to the weak topology in X, relative to the scalar product (2.6), too, as desired. [J

The proof of the following spectral decomposition is based on standard methods, but we present
it for sake of completeness.

Lemma 3.4. There exists a sequence 0 < Ay < Ay < ..., with \; — +00 asi — 00, and a sequence
(i) C Y, such that (¢;) is a complete orthonormal system in X,, and for all i € N we have

(3.8) /MVXQ/;Z-.qusdx:/\i/uwiwdx, for all p € H'(Q2; R?),
Q Q
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and YP; x n =0 in H~: (09Q). Moreover, for every i,j € N we have

(39) //.LVX’L/)i~V><’(/de$:)\j5ij
Q
where §;; = 1 if i = j and 0;; = 0 otherwise.

Proof. By Remark 2.3 and Lax-Milgram Lemma, the linear operator R from X, to X, that takes
every F € X, to the corresponding solution v € Y, of the following variational problem

(3.10) /qu¢~Vx¢dw+/uw~¢dm:/uF-ngx, forall p €Y,
Q Q Q

is well defined. Moreover, for every F € X, plugging in ¢ = RF in (3.10) yields
(3.11) IRFly, <I[Fx, -

Clearly |RF|y, > ||RF|x,. Then, by (3.11), R has operator norm bounded by 1.

We observe that R is injective. Indeed, by definition if F belongs to the kernel of R then ¥ =0
is the solution of (3.10). Thus, (F,¢)x, = 0 for all ¢ € Y,,. By Lemma 3.3, the latter holds in fact
for all ¢ € X, hence F = 0.

Also, (F,RF)x, > 0 and (F,RG)x, = (G, RF)x,, for every F,G € X, i.e,, R is a positive
and symmetric operator.

In addition, R is compact. Indeed, given a bounded sequence (F;) C X, the sequence (RF;) is
bounded in Y}, by (3.11). By Remark 2.4, it follows that (RF;) is precompact in X,.

Therefore, R is a positive, compact, self-adjoint operator with trivial kernel from X, to itself,
having operator norm bounded by 1. By the Spectral Theorem, there exists a sequence (7;) C (0, 1]
and a Hilbert basis (¢;) of X, with ¢; € Y, and Re; = 7;9; for all i € N, and the first statement
follows just setting A\; = Ti_l -1

Eventually, we fix ¢, j € N, we test equation (3.8) with ¢ = ;, and we get

/Q,uVxwfoz/)jdx:)\i/Q,uwi-wjdx.
Since (1);) is orthonormal in X, with respect to (2.6), this gives (3.9) and concludes the proof. [J
Remark 3.5. Incidentally, Lemma 3.4, implies in particular that the vector space
(3.12) HH:{heLZ(Q;R?’):V-(uh):O,Vxh:O,hxn:O}

is finite-dimensional, because it consists of solutions of (3.8) corresponding to the null eigenvalue.
In other words, the least eigenvalue either equals zero or is positive depending on whether or not
() supports non-trivial vector fields within (3.12).

We note that (3.12) is trivial if Q is contractible, i.e., if there exists zop € Q and a function
g € C=([0,1] x Q; Q) with ¢(0,-) = idg and g(1,2) = z for all € Q. For example, Q has this
property if it is simply connected and Of2 is connected; in this case, every h € H,, is the gradient
of a scalar potential w, and w is a weak solution of the elliptic equation V - (uVw) = 0 with
homogeneous Dirichlet boundary conditions, hence it is a constant.

To prove Theorem 3.1, we observe that H!(£2;curl), with the scalar product induced by (2.1), is a
separable Hilbert space. Thus it admits a complete orthonormal system; we pick one, and we denote
it by (¢;). Then, let (¢;) be the complete orthonormal system of X, introduced in Section 3.1,
with ()\;) being the sequence of all corresponding eigenvalues, counted with multiplicity.
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3.2. Approximate solutions. Given J¥ € L?(0,T; L*(Q;R?)), JM € L?(0,7; X), and Hy € X,,,
we set

(3.13) Hopn = Y (Ho, ) x,%;

j=1

and following Galerkin’s scheme, we seek approximate solutions having the structure

(314) Em(t) = Z ejm(t)@j ) Hm(t) = Z hjm(t)d)j :
j=1 j=1
More precisely, we prescribe the validity of the following 2m equations
(3.15i1) / V x Hm-goidx—/ O’Em'@idl‘:/JE%pid.’L‘, i=1,2,...,m
Q Q Q
(3.15ii) / V x Em~widx—|—/ woH,, - ; dx = / JMopide, i=1,2,...,m
Q Q Q
and of the initial conditions
(3.16) H,,(0) = Hy,, .
Lemma 3.6. Let Hy € X,,. Then, there exists a unique solution
(3.17) (Enm , Hy,) € CH([0,T]; Span{@i, - ., o} X Span{tn, ..., ¢m})
of the system (3.15) satisfying (3.16). If in addition we have Hy € Y,,, then
(3.18) (022 < O(IIV x Hol|z2 + |3°(0)]|2) -

for a constant C depending only on A.

Proof. We write the system (3.15) in the form

(VX Hp, i)z = (0Em , i) = (3, 9i) 12

(W'Y X Em i) x, + (0 oy , ¢i)x, = (013N ) x, -

Seeking solution with the structure (3.14) we are led to the 2m equations

(3.19)

m m

(3.20a) Z(v X, o) p2hm (1) — Z(wj o) p2ejm(t) = (JE(t), i) fori=1,...,m

<
Il
—

<
Il
—

d
(11; 71/11')L2%hjm(t) = (IM@t) ,hs)2 fori=1,...,m.

NE

(3.20b) (V X @j,i)r2eim(t) +

1 j=1

I

J

<
Il

By (1.1ii) and thanks to the fact that (y;) is a linearly independent system, the quadratic form

defined on R™ by
m
(3.21) Qv) = Z (0@, i)r2viv;, for all v € R™,
ij=1

is positive definite and Q(v) > A~!|v|?, for all v € R™. The matrix {(0@;,¢;)r2}—, is symmetric
because so is 0. Moreover, it is invertible and, denoting by M? the inverse matrix (which is also
symmetric), we have

(3.22) |Mv| < Alv|?, for all v € R™.



EXISTENCE AND REGULARITY FOR EDDY CURRENT SYSTEM WITH NON-SMOOTH CONDUCTIVITY 11

Then, (3.20a) becomes
(3.23) Cim Z MG(V X ;o) 2D (1) ZM" (IEt) , @), i=1,...,m.
7,k=1

Since (¢;) is an orthonormal system in X, with respect to the scalar product introduced in (2.6),
(u; , ;)2 = 65 for all 4,5 =1,...,m. Then (3.20b) gives

d m

(3.24) 7 him = — DUV X @i i) peejm + (TN )2, i=1,...,m.
j=1
Using (3.20a) to get rid of ej,, in (3.24), we obtain
d m
&hzm = - Z (v X ©j awi)LzM;’Tk(v X W ) Spk)LzhEm
(3.25) Tkt
+ Z (VX @, )12 MO(I% o) e + (M )2, i=1,...,m.
7,k=1
We set &€, = (e11, ..., e1m) and h,, = (Nim s ooy hypan ). We observe that, by (2.2), for all

i,j =1,...,m the scalar products (V X ¢; , ¢;) > and (V X ¢; ,9;) 2 are equal and we denote by
A;; their common value. Then, the m equations appearing in (3.25) can be recast in the form
d - .
(3.26) ﬁhm = —ATM° Ah,, + by, ,
for a suitable b,, € L2([0,T];R™). By the standard existence theory for linear systems, there exists
b, € C([0,T] ; R™) that solves (3.26) for a.c. t € (0,T), with the initial conditions
0 (0) = (Ho, ¥1)x,, -, (Ho ¥m)x,)-

Then, we use (3.23) to define &,, € C1([0,T]; R™). Therefore, by construction the functions E,,
and H,, introduced in (3.14) are such that (3.19) is valid, and the initial conditions (3.16) hold.
Now, we assume that Hq € Y,,. By (3.14) and (3.21), we have

(3.27) (0Em ,En)r2 = Q&) .
Then we observe that (3.23) implies

m

(328) Q(gm) = Aﬁm : 6m - Z(JE ) @z’)Lzeim = (V X Hm 5 Em)L2 - (JE 5 :Em)L2 s

i=1
where in the second equality we simply used (3.14). Since (3.27) and (3.28) holds, in particular, for
t = 0, we deduce that

(3.29) (0En(0) s Eny(0) 12 = (V X Hop , En(0)) 12 — (JF(0) , E(0)) 12 -
By Cauchy-Schwartz inequality, we have
(V x Hom , En(0)) 22 — (37(0) , Em(0)) 2 < [IIV x Homllz2 + [35(0) |2 | Em (0)]] 2 -
Using this and (1.1i), from (3.29) we deduce
(3.30) ATHER(0)][z2 < [V % Hop |22 + [ITF(0)]| 2 -
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By (1.1i), we have

(3.31) IV X Hopll72 < AV x Hop , V X Hop)x, -

Thanks to (3.13), (3.16), and recalling (3.9), we obtain that

(3.32) (VxHop,VxHonm)x, = Z (Ho,¥i)x,, (Hosbs) x,, (VX3, Vx1hj) x, = ZM|(H0J/J¢)XJ2~
ij=1 i=1

Since Hy € Y}, by (3.8) we also have \;(Ho , ¥;)x, = (V x Hy , V x ;) x,. Hence

o) o 2
(3.33) STNIHy d)x, 2= S ‘(v x Ho, A2V x wi)X“‘ < AV x Ho|2,

i=1 A >0
where in the last passage we also used Bessel’s inequality and the fact that (A, 12g « ;) is an

orthonormal system in X, by (3.9). Clearly, (3.30), (3.31), (3.32), and (3.33) imply (3.18) and this
concludes the proof. O

3.3. Energy estimates. We provide ourselves with standard a priori bounds for the approximate
solutions, so as to construct weak solutions by compactness.

Proposition 3.7. Let Hy € X,, and let (E,, ,H,,) be as in Lemma 3.6. Then
T

T

330 [ IBuOdis sup [Ba@e < C(IHalE+ [ (3501 + O] dt).
0 te[0,T] 0

for a constant C' > 0 depending on A, and T, only. If in addition Hy € Y,, then

(3.35)

T
sup [ Em(t)]|72 + sup IIHm(t)\I%z+/ 10:Hy, (£)][72 it
te[0,T] te[0,T) 0

T
< C (1ol gueum + IT°O) I + [ (TEOIE: + 13001 + 10T°0) ) ar).
for a (possibly different) constant C > 0 depending on A, and T, only.
Proof. By (3.15), for all (p,) € Span{¢1,...,om} X Span{t1,...,¥m} we have
(3.361) (VxHp, @)z — (0Em, ©)2 = (%, ¢) 12
(3.36i1) (VX Ep ¥)e + (n0Hp ,¥) 2 = IV, 9) 12
We divide now the proof into two steps.

Step 1. Core Energy inequality
We observe that

1d
(ﬂgth , I_Im)L2 = ia(HHm 7Hm)L2 .
Then, choosing ¢ = E,, in (3.36i) and ¢ = H,, in (3.36ii), integrating on (0, ), and using (3.16),
we obtain the energy identity

1 K 1 K
331 SO, + [ OB Bu)i = 5[ Hol, + [

(IM H,,) ;2 7/0 (J¥ . E,.).
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By Cauchy Schwartz and Young inequality we have
JMH < HE %+ Sy
(M H) e < SR, + gl TV,

Using Cauchy-Schwartz inequality for the scalar product (¢, ) — (0¢ , )2 induced by the
symmetric matrix ¢ and then using Young’s inequality again, we also have

1 1
(JE ; Em)L2 S i(UEm 5 Em)L2 —+ 5(0'71.]1E ,JE)LQ .

Also, ||[Homl| x, < [Hollx, by (3.13). Using these inequalities in (3.37), together with (1.1i), we
get

835 IO, + [ (B Bds < [, A [ (0FI3 103 )dst [ 1F )15, b5
By (3.17), t — ||[H,,(t)||? is continuous. Thus, by Grénwall’s Lemma, (3.38) implies the inequality
339 [EaOIR, + [ (0B Baads < [l + 4 [ (1051 + 19]3:)as].

where C'is a constant depending on T, only. Using (1.1), from (3.39) we deduce that

(840) [ O+ [ 1Blfods < C[IHOl: + [ (0¥ + [9¥)as] . foran e 0.7,

for an appropriate constant C, depending only on A and 7. This implies (3.34).

Step 2. Estimate of 0.H,,
Differentiating in (3.361) with respect to t and taking ¢ = E,, in the resulting equation, we get

(3.41) (Vx0H,, ,En)r2 — (0Em , 0:Ep) 2 = (0,J° E) 12
Choosing ¢ = §;H,,, in (3.36ii), we obtain
(3.42) (VX Ep,0H,) 2 + (0, H,, , 0:H, ) 2 = (IM 0 H,,) 12

Moreover, ;H,, takes values in H}(Q ; curl). Hence, (V x E,, , 0;H,,) 2 = (B, V X O:H,p,) 2.
Then, subtracting (3.41) from (3.42) and integrating over (0,t) we obtain

t

10 B, + 4 (). Bos(®)12 = 1B 0). B (@) + [ [0M0H,) 2 = (0% B

By Cauchy-Schwartz and Young inequality,

(JM ) 6th)L2 < %HathHg(M + %(UilJM ) JM)L2 ) and (atJE ) Em)L2 < %HatJE”%Z + %||EmH%2 .
By these inequalities and (1.1ii), the previous identity implies that for a.e. t € (0,7") the inequality
t T T
[En@e + [ 10E 2 < C[IBAOE: + [ Bl + [ (103712 +1341E:]].
0 0 0

holds, with a constant C' depending only on A. Eventually, recalling (3.18), from the last inequality
and (3.40) we deduce (3.35), as desired. O
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3.4. Proof of Theorem 3.1. We first assume that J¥ = JM = 0 for a.e. t € (0,T), and that
Hy = 0. Then we test equation (2.13i) with ¢ = E and (2.13ii) with v = H. By (2.2) and by an
integration in time we arrive at

(uH(t) , H(t)) 12 +/0 (0E(s) ,E(s))p2ds =0, for all t € [0, 7.

By (1.1), both the first summand and the integrand in the second one are positive quantities. Then,

H(t) = E(t) = 0 for a.e. t € [0,T]. By linearity this implies at once the uniqueness statement.
Now we prove the existence of solutions. for every m € N, let (E,, , H,;,) be as in Lemma 3.6.

The energy estimate (3.35) of Proposition 3.7 implies that, by possibly passing to a subsequence,

E,, =~ E weakly-* in L>(0,T;X,,),
(3.43) H,, ~ H weakly-in L*>(0,T; X,),
oH,, — 0,H weakly in L*(0,T; X,,).

Clearly (3.35) and (3.43) imply the estimate (3.1). We are left to prove that the limit (E, H) is a
weak solution of (2.12).
For all functions ¢ € H*(Q; curl) and ¢ € Y, that take the form

N N
(3.4 o) =D aslo), vt = L A0n)

for some ay, 3; € C°([0,T]) and N € N, by (2.2) and (3.15) for all m > N we have

(3.45a) / /H V><<pdxdt—/ /UEm pdrdt = / /JE @ dxdt
(3.45b) / / E,, -V x ¢dzdt+ / / poH,, - dadt = / / JM 4pda dt .
Q Q Q

Owing to (3.43), from (3.45) we infer that

/ /H-wadxdt—/ /oE-apdmdt:/ /JE~gpdxdt7
0 Q 0 Q 0 Q

T T T
/ /E-wadxdt—l—/ /uatH.wdxdtz/ /JM-wdxdt.
0 Q 0 Q 0 Q

The pairs (¢, 1)) of the form (3.44) form a dense set in L*(0,7 ; H*(2; curl) x Y,,). Thus, from
(3.46) we deduce that, for a.e. t € [0,77], (2.13i) holds for all ¢ € H(€2; curl) and (2.13ii) holds for
all € Y,. In view of Remark 2.11, it follows that (2.13ii) holds for all ¢ € H}(; curl).

For a.e. t € (0,7, (2.13) holds for all p € H*(Q;curl) and for all ¢y € H}(2;curl) and this implies
that (E,H) € L2(0,T; H'(Q;curl) x H}(Q;curl)). By (3.43) we also have O,H € L?(0,T;L*(Q;R?)).

Then, according to Definition 2.9 (see also Remark 2.10) we are left to prove that (2.13iii) holds.
To do so, we fix ¢ € C1([0,T] ; H}(Q; curl)), with 4(T) = 0. By (2.13ii), we have

(3.47) / /E V><¢dxdt—/ /MH Optp da dt = / /JM wdmdt+/uH() ¥(0) dz .

Also, by (3.45b) we have

(3.48) //E "V x4 da dt — / /uH O dr dt = //JdexdtJr/uHOmw(O)d.

(3.46)
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By (3.43), passing to weak limits in (3.48) and comparing with (3.47) we get that

(H(0), 4(0))x, = (Ho , ¥(0))x, -
Since 1(0) can be any element of Y),, by Lemma 3.3 we deduce (2.13iii) and this ends the proof. [

4. GLOBAL HOLDER ESTIMATES FOR THE MAGNETIC FIELD

Given a € (0,1], by C%(Q) we denote the space of all continuous functions u that are a-Hélder
continuous on {2, meaning that

ulxr) —u y
llgore gy =l gy + sup 14D =80
z,yeQ |.13 _y|
TFY

We recall that C%%(Q) is a Banach space with this norm. The previous definition extends
obviously to the case of vector-valued, and tensor-valued functions.

Theorem 4.1. There exists o € (0, %], only depending on A, such that for every a € (0, ap] the
following holds: for every Hy € C%%(Q; R3) and for every JE,JM € L2(0,T ; C%%(Q ; R3)), if
(E,H) is a weak solution of (2.12), then H € L?(0,T ; C%*(Q2; R3)), and we have

JEL(E) | o iy < C [ oll o sy + B2 + [Hl| g + |ndH() | 2
(4.1) '
+ / 13M(8) | oo gy ds + 13Ol 2 + 1T oo iz |

for a.e. t € (0,T), where the constant C depends on A and on r.
4.1. Tools: Morrey and Campanato spaces. For every \ > 0, given u € L?(2) we say that u

belongs to Morrey’s space L**(Q) if

[U}%z,x(g) = sup Pi)\/ |u|2dx < 4+00.
ZL’;?>E(§2 BP(IU)QQ

In this case we also write [|ul|r2. ) = [ullL2(@rs) + [U]r2 ). We say that u € £L22(Q) if

2

1
(U] 225 = SUp p‘A/ wz) - ———— u(y)dy| dzx < +o0,
£22 ENSY B, (20)NQ |Bp($0) na| B, (20)N
p>0
and in this case |[ullz2x) = llullp2(qirs) + [U]z2.1(). For vector- and tensor-valued functions,

Morrey’s and Campanato’s spaces are defined similarly.

The space £2*(Q) was introduced by Campanato in [9]. If for all zo € 9 and for all p > 0 we
have' |Q N B,(z0)| > Kp?, with a constant K depending only on 2, then Campanato’s space is
isomorphic to L2*(Q) for every A € (0,3), to CO’%(Q) for every A € (3,5]. It can be seen that
it only consists of constant functions for every A > 5 and that it coincides with the space of BMO
functions if A = 3, but this will be of no use in the sequel.

LFor example, this measure density requirement is met by all open set satisfying an interior cone condition. In
particular, clearly, it follows from assumption (2.3).
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4.2. Energy estimates. In this section we provide some elementary a priori estimate for the eddy
current sytstem.

Lemma 4.2. Let Hy € X, and let (E,H) be a weak solution of (2.12) in the sense of Remark 3.2.
Then estimate (3.2) holds with a constant C depending on p, A, and T, only.

Proof. Let t € (0,T) be such that (2.13) holds for all (¢,) € H'(Q2;curl) x H}(2;curl). Inserting
¢ =E in (2.13i) and ¢ = H in (2.13ii) and using (2.2) we obtain

/u@tH-de—l—/aE-Edw:/JM-Hdac—/JE~Eda;.
Q Q Q Q

Using (1.1ii) to estimate from below the left hand-side, and Young inequality to estimate from
above the right hand-side, we obtain, for all given § € (0, 1), that

1d 1 1 1 ) A
_ H2 — E2 < = M2 7/ H2 */EQ 7/ E|2 )
2dt/ﬂm|dm+A/Q||dx_2/Q|J|dx+2Q|\da:+AQ||dx+4§Q\J|dx

Choosing 6 = 1/2 we absorb a term in the left hand-side. Then an integration gives

t
/|H(t)|2dx—/ |H0|2dx+/ /|E|2d:cds
Q Q 0 JQ
t t t
SAQ[/ /|H|2d:cds+//\JM|2dxds+//|JE|2dxds}.
0 Q 0 Q 0 Q

By definition of weak solution (see Definition 2.9 and Remark 2.10), H € L?(0,7;Y},) and 9;H €
L?(0,T;Y}). In view of Proposition 2.8,we have H € C([0,T]; L?), and the function

(4.2)

t»—)/ [H(t)|? dz,
Q

appearing in (4.2), is absolutely continuous. Then, applying Gronwall’s Lemma, we obtain that

t T T
/|H(t)|2dx—/ |H0|2dx+/ /|E|2dxds§c[/ /|JM\2d:r,ds+/ /|JE\2dxds}
Q Q 0 JQ 0 Q 0 Q

for a suitable constant C' > 0, depending on pu, A, and 7', only. Since this procedure can be repeated
for a.e. t € (0,T), we deduce (3.2). O

Theorem 4.3. Let Hy € Y, let J® € L?(0,T ; L*(Q2; R?)), with 0,J% € L?(0,T ; L*(Q; R3)), let
JM e L2(0,T;X), and let (E,H) be a weak solution of (2.12) in the sense of Definition 2.9. Then

T
sup [|E(t)[|72 + sup [[H(t)]Za +/ 10:H(#)]Z dtSC[IIHolliz
t€[0,T] t€[0,T] 0

T
[T + 130l + 1037 0))
where the constant C' depends on A and T, only.

Proof. Let ¢ € HY(Q; curl). Differentiating with respect to ¢ in (2.13i) we obtain

(4.3) /8tH~Vx<pdx7<aatE,go>:/atJE~g0dac,
Q Q
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where (-, ) stands for the pairing between H'(£); curl) and its dual space. Since, in (4.3), ¢ is
arbitrary, by (1.1ii) and by a density argument we deduce that that

1
2

T T T
@t [ om0 <[ [ 10m R gy + [ 10370 ooy Toleonm e

for all v € L2(0,T; H*(2;curl)). Then, as a function taking values in the dual space of H*(2;curl),
O,E is L? on the interval (0,7). In view of Proposition 2.8, this gives E € C([0,T]; L*(Q; R?)) and

(4.5) % CE(1) - B(t)dt = 2(00E, E), for ae. t e (0,T),
Q

where (-,-) denotes the duality pairing between H'(Q;curl) and its dual space. Now we take ¢ = E
in (4.3), which we can do for a.e. t € (0,7). As a result, by (4.5) we get

/8tH-V><de—1i/aE~de=/BtJE~de.

Also, for a.e. t € (0,T) we can test (2.13ii) with ¢ = 0;H, and doing so we get
/ E.-V x 8tHd:v—|—/ poH-9,Hdxr = / JM.9,Hdx .
Q Q Q
We observe that (2.2) implies
/E~V><8tde:/8tHonEda:.
Q Q
Combining the last three identities we get

1
/,u@tH-atde—i—fi 0E~Eda::—/8tJE-de+/JM-8tde.
Q 2dt Jo Q Q

Integrating this energy identity over the interval [0, ¢], using (1.1) and Young’s inequality we obtain

t t t
| 1o + B < C[IBO)E+ [ 1BE+ [ (103717 + 3]

for a suitable C depending only on A. By Gronwall’s Lemma, we deduce that

t t
(46) | 1o + B < C[IEO)IE+ [ (10351 + 13

where the constant depends now on A and 7', only.
In order to get rid of the term depending on E(0) in the right hand-side of (4.6), we note that
by Proposition 2.8 we also have

T T
sup (B3 <[ [ 1B g + | 10BI s @]
te[0,T] 0 0
with a constant depending only on A, and 7. We also recall that by (2.13ii) we have
IEI7 @ewny = IEIZ2 + IV < B[22 < [ElZ2 + [0H|Z2 + [TM72

whereas (4.4) implies

T T
/0 OB greuntyr < / |0 + [0,
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Then, by Gronwall Lemma it follows that

T
(4.7) sup [ < C[ [ 18I + 18,3513 + |7¥]2].
te[0,T) 0

where C' depends on A and T, only.
Inserting (4.7) in (4.6) we arrive at

t T
/0 [0.H[72 + [E@®)[7- < CA (lo:H|Z2 + |0:7(172 + [TM]72)
forae. 0<t<T. O

4.3. Proof of Theorem 4.1. We set
I={te0,T]: E(t) € H (Q;curl), H(t) € Y, , JE(t),IM(t) € CO*(2; R?)}

and we recall that [0,7] \ Z is a negligible set (see Remark 2.10). We drop the dependance on t of
the vector fields, so as to abbreviate the notations.
By Lemma 2.5, there exist u € H'(2) and n € H'(Q; R?) with

(4.8a) E=Vu+n
(4.8b) IVl = IV < El[ 2
(4.8¢) max {[[Vu Lz, [nllz2} < B[z

Recalling equation (2.13ii), from (4.8b) and (4.8c) we deduce
(4.9) 17l umey < IEllzz + [0 ] 2 + [TV 2 .

By Sobolev embedding Theorem, the inclusion of H*(Q;R?) into L%(2; R?) is continuous, and so
is the embedding of L5(2;R3) into Morrey’s space L*2(Q;R3), thanks to Holder inequality. Thus,
171222 (ir3) < Clnll 51 (;rs) for a constant C' > 0 that depends on r, only. Hence, by (4.9) we get

(4.10) 9]l 222029y < C[IEllLs + OH 12 + 13 2]

Next, we pick w € H'(Q) and we test equation (2.13i) with ¢ = Vw. By (4.8a), we obtain

/UVU-dex:—/(077+JE)-dem.
Q Q

By [18, Theorem 2.19] with T' = 9§ (see also Lemma 2.18 therein), there exists X € (1,2], depending
only on A, such that for all A € (1, A\] we have

IVullzzaome) < C[IVullzz + llon + 3% 2a 09|
for a suitable C' > 0, depending on A and on r, only. By (1.1ii) and (4.8c), the latter implies
(4.11) IVull 2.5 ors) < C[HE”H + 17l 2.2 (srsy + ”JE”LZvA(Q;H@)] .
Fix A € (1,)]. By (4.8a), (4.10), and (4.11), there exists C' > 0, depending only on A and r, with

(4.12) IElL22 ) < C[HEHL? + (|0 | 2 + | TM]| L2 + ”JE”LZ*(Q;RS)} .
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We recall that H € Y,,. By Lemma 2.2, this gives H € H'(Q;R3). In view of Remark 2.7, there
exist ¢ € Hj (), and ¢ € H(Q; curl), with

(4.13) /g-v@dazzo, for all v € H} (),
Q
such that H = V¢ + ¢ and

(4.14) max { | Vallz2 , ¢llz2 } < [Hlz2

Then, by [1, Lemma 6], for a constant C' depending only on A, r we have
V¢l L2a@raxsy < CIV X Cll L2 ms) -

Thus, recalling that V x { = V x H and using equation (2.13i), we arrive at

(4.15) IVCll L2 (@rsxs) < C[HE||LM(Q;R3) + 3% L2 sz

where C' depends on A, r, only.
We note that, by (2.3), there exists p, > 0, depending only on r, such that if 0 < p < p, then

(i) the boundary of Q N B(xo, p), in the sense of [2, Definition 3.2], is of Lipschitz class with
constants cp, L, with ¢ and L depending on r, only;
(ii) QN B(zg, p) satisfies the scale-invariant fatness condition, in the sense of [2, equation (2.3)].

Thus, by [2, Proposition 3.2], for every 0 < p < 7, the following Poincaré inequality

/ (@) -f Wy
B, (xz0)N2 B, (z0)N2

holds for all g € 2, for a constant C' depending only on r. Hence,

(416) [C]L2»>\+2(Q;]R3) <C [VC]Lz,A(Q;Rsxs) .
By (4.14), (4.15), (4.16), there exists a constant C' > 0 depending on A and r such that

2
dx < Cp2/ V¢ dx,
B, (z0)N$2

(4.17) (1<l 22 (msy < C{HHHLQ + [|E|| 2.2 (om3) + ||JEHL2A(Q;R3)} .

We recall that Campanato’s space £2*12(0), as a Banach space, is isomorphic to C%2(Q), where
a € (0,3) is given by a = (A—1)/2. Incidentally, we set ag = (A—1)/2, we observe that o € (0, cvg)
and ag € (0, 3], because A € (1,2]. Then, (4.17) implies

(4.18) 1¢llcoaizs) < C[IHlLze + IBlLzo @) + 1% 22 @iz -

We take w € H}(Q) and we test equation (2.13ii) with ¢y = Vw. By Fubini’s Theorem and
integrations by parts, we get

t
/,uH-dex—/uHo-dex:// JM . Vwdsdz.
Q Q QJ0

Since H = Vg + ¢ and w can be any element of HE (), it follows that ¢ € H(Q) is a weak solution
of the elliptic equation

t
V- (uVq) =V - (/0 JMds+,uH0—M§> .
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Then, classical global Schauder estimates (see, e.g., [18, Theorem 2.19] with T' = &, and Lemma 2.18
therein) imply

t
(4~19) quncw(ﬁ;RS) < C[/o ||JM||00,Q(§;R3)dS + ||MH0H00,Q(§;R3) + ||C||C0v°‘(§;R3) )

where the constant depends on A, on r.

Since H = Vg + ¢, from (4.18) and (4.19) we deduce that the estimate (4.1) is valid for all ¢ that
belong to the set Z defined at the beginning of the proof. Since Z has full measure in (0,7, clearly
it follows that (4.1) holds for a.e. ¢ € (0,T). O

APPENDIX A. HELMOLTZ DECOMPOSITIONS
A.1. Proof of Lemma 2.5. We define

Vz{ueHl(Q):]{ludxzo}

and we observe that V is a closed subspace of the Hilbert space H'(£2). By Poincaré’s inequality
and Lax-Milgram Lemma, there exists a (unique) solution u € V' to the variational problem

(A.1) /Vu-Vvdmz/F~Vvdx, forallve V.
Q Q
Since every v € H(Q) differs from some element of V' by a constant, from (A.1) we can infer
(A.2) /Vu~Vvdx:/F~Vvd:1:, for all v € H'(9).
Q Q

Setting n = F — Vu, we have (2.7a) trivially, and (A.2) implies (2.7b). To conclude the proof, we
test (A.2) with v = u and get

(A.3) /|Vu|2dx:/F-Vudx.
Q Q

Therefore, Cauchy-Schwartz inequality implies ||Vu| 2 < ||F||z2. Then, we note that

/de:/ |F|2dx+/|Vu|2dx—2/F-Vudx.
Q Q Q Q

Hence, recalling (A.3), we have ||n]|2. < |[F||7. — |[Vul|3. < ||F||3. and we deduce (2.7c).

Now, we also assume that F € H'(Q ; curl). Since Vxn = V x (F —Vu) = V x F, the
(distributional) curl of 1 belongs to L2. Since (2.7b) holds, in particular, for all v € H}(Q), the
(distributional) divergence V - 7 of 1 equals 0. Moreover, again by (2.7b), for every v € H'(Q)

(voa(v) ,n-n) z/QVv-ndx,

where 7 is the trace operator from H' () to Hz(9Q) and (-, -) is the duality pairing between
H~2(09) and Hz (). Hence n-n = 0 in H2(dQ). Then, by an integration by parts, we
deduce that n € HY(Q;R3) and ||[Vn| 2 = ||V x n||p2. Since V x n = V x F, we conclude that
IVl = ||V x F||2 as desired.



EXISTENCE AND REGULARITY FOR EDDY CURRENT SYSTEM WITH NON-SMOOTH CONDUCTIVITY 21

A.2. Proof of Lemma 2.6. Equation (2.8) with v = ¢ reads as

(A4) /M|Vq|2 dx = / pwF-Vgdz.
Q Q

Using Cauchy-Schwartz inequality and (1.1i), from (A.4) we obtain |Vq|/z2 < A||VF| 2, which
gives the first inequality in (2.9b); setting ( = F — V¢ and using (A.4) again we also get

/mq%zx:/ ulFlzder/ H|VQ|2d$*2/HF'qu$:/ uIF\zdr*/ MIVQIZd:cS/ulFIQdI,
Q Q Q Q Q Q Q

which gives the second inequality, too. Since ¢ = F — Vg, clearly (2.9a) holds, ¢ € L?(Q; R?), and
by (2.8) we also have ¢ € X,.

If, in addition, F € H*(2;R3), then V- F € L?(Q;R3). Hence, by (2.8) and Elliptic Regularity
we have ¢ € H?(Q) (see, e.g., [15, §8.3]). By difference, ¢ € H'(Q; R3). Moreover,

/g0~V><Cdmf/C~ngpdac:/<p~V><(F7Vq)d:vf (F—Vq) -V xpde
Q Q Q

(A.5) @

:/QO-VXFdx—/F~V><gpdx+/Vq-Vx<pdx,
Q Q Q
for all given ¢ € C1(Q; R?). Now we also assume that F x n = 0 in H~2 (9 ;R3). Then, by (2.2),

/cp-Vdexf/F'ngodz:().
Q Q

Since ¢ € Hi (), by divergence theorem we also have

/Vq-wada;zo.
Q

Inserting the last two identities in (A.5) we obtain

@-VXde—/CVXgpdsz.

Q Q

Since ¢ was arbitrary, by (2.2) we deduce that ¢ x n = 0 in H~2 (99 ; R3). Thus, ¢ € H}(Q; curl).
Recalling that ¢ € X, and that by definition Y, = H}(2; curl) N X, this concludes the proof.

REFERENCES

[1] G. S. ALBERTI, Holder regularity for Maxwell’s equations under minimal assumptions on the coefficients, Calc.
Var. and Part. Diff. Equations 57 (2018), pp. 1-11.

[2] G. ALESSANDRINI, A. MORASsI, AND E. RosSET, Detecting an inclusion in an elastic body by boundary mea-
surements, STAM J. Math. Anal. 33 no. 6 (2002), pp. 1247-1268.

[3] A. ALonso RODRIGUEZ, A. VALLI, Eddy Current Approzimation of Mazwell Equations, Springer-Verlag Italia,
Milan, 2010.

[4] A. ALonso RODRIGUEZ, J. CAMANO, A. VALLI, Inverse source problems for eddy current equations, Inverse
Problems 28 (2012), no. 1, 015006, 15 pp.

[5] R. ALVARADO, D. BRIGHAM, V. MAz’YA, M.MITREA, E.ZIADE, On the regularity of domains satisfying a uniform

hour-glass condition and a sharp version of the Hopf-Oleinik boundary point principle, Journ. of Math. Sci.

176, No. 3 (2011), pp. 281-360.

H. AMMARI, A. BUFFa, J.C. NEDELEC, A justification of eddy currents model for the Maxwell equations, STAM

Journ. on Appl. Math., 60 No. 5 (2000), pp. 1805-1823.

[7] H. AMMARI, J. JUNQING CHEN, Z. CHEN, J. GARNIER, AND D. VoLKOV Target detection and characterization
from electromagnetic induction data, J. Math. Pures Appl. 101 (2014) 54-75.

6



22

B
[9

[10
[11

[12
[13
[14
[15
(16
[17

[18
[19

FRANCINI, FRANZINA, AND VESSELLA

| L. ArRNOLD, B. HARRACH, A unified variational formulation for the parabolic-elliptic eddy current equations,
SIAM J. Appl. Math. 72 2 (2012), pp. 558-576.

] S. CAMPANATO, Equazioni ellittiche del I1° ordine e spazi £2, Annal. Mat. Pura e Appl. 69 No. 1 (1965),
pp. 321-381.

| M. COSTABEL, A coercive bilinear form for Maxwell’s equations, J. Math. Anal. Appl., 157 (1991), 527-541.

] M. COSTABEL, M. DAUGE, AND S. NICAISE, Singularities of eddy current problems, M2AN Math. Model. Numer.
Anal. 37 (2003), pp. 807-831.

| G. DuvauT, J.L. LIONS, Inequalities in Mathematical Physics, Springer-Verlag Berlin, Heidelberg, 1976.

| L.C.EvaNs, Partial Differential Equations, American Mathematical Society, Providence, R.I., 2010.

] K. O. FrieDrIcHS, Differential Forms on Riemannian Manifolds, Comm. Pure and Appl. Math. 8 (1955),
pp. 551-590.

] D. GILBARG AND N.S. TRUDINGER, Elliptic Partial Differential Equations of SecondOrder, Springer-Verlag
Berlin, Heidelberg, 1977.

| R. HIPTMAIR, Symmetric coupling for eddy current problems, SIAM J. Numer. Anal. 40 (2002) 41-65.

] P. Parancio, C. D1 LORENZO, F. Masci, AND M. D1 PERsIO, The study of the electromagnetic anomalies linked
with the Earth’s crustal activity in the frequency band [0.001 Hz-100 kHz], Nat. Hazards Earth Syst. Sci. T
(2007), pp. 507-511.

| G.M. TROIANIELLO, Elliptic Differential Equations and Obstacle Problems, Plenum Press, New York, 1987.

| K. YAMAZAKI, An analytical expression for early electromagnetic signals generated by impulsive line-currents in
conductive Earth crust, with numerical examples, Annals of Geophysics [S.1.] 59 No. 2 (2016), pG0212 1-9.

(G. Franzina) UNITA DI RICERCA INdAM DI FIRENZE %o DiMal “ULISSE DINI”
UNIVERSITA DEGLI STUDI DI FIRENZE

VIALE MORGAGNI 67/A, 50134 FIRENZE, ITALY

E-mail address: franzina@math.unifi.it

(E. Francini, S. Vessella) DiMal “ULISSE DINI”

UNIVERSITA DEGLI STUDI DI FIRENZE

VIALE MORGAGNI 67/A, 50134 FIRENZE, ITALY

E-mail address: francini@math.unifi.it,vessella@unifi.it



	1. Introduction
	2. Technical Tools
	2.1. Regularity of the domain
	2.2. Gaffney inequality
	2.3. Helmoltz decomposition
	2.4. Weak formulation

	3. Existence and Uniqueness of Solutions
	3.1. Magnetic eigenbase
	3.2. Approximate solutions
	3.3. Energy estimates
	3.4. Proof of Theorem ??

	4. Global Hölder estimates for the Magnetic Field
	4.1. Tools: Morrey and Campanato spaces
	4.2. Energy estimates
	4.3. Proof of Theorem ??

	Appendix A. Helmoltz decompositions
	A.1. Proof of Lemma ??
	A.2. Proof of Lemma ??

	References

