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Introduction

The subject of this thesis is the study of geometric properties of locally and
globally homogeneous Riemannian spaces.

A smooth Riemannian manifold (M™, g) is globally homogeneous if its isometry
group Iso(M, g) acts transitively on it, i.e. if for any choice of x,y € M there
exists an isometry f., : M — M mapping x to y. Any globally homogeneous
Riemannian space is complete (see [36, Ch IV, Thm 4.5]) and naturally equi-
variantly diffeomorphic to a (not necessarily unique) quotient space G/H. Here
G is a Lie group which acts transitively, isometrically and almost-effectively on
M, H is the isotropy of G at a distinguished point x, € M and the equivariant
diffeomorphism M — G/H is given by aH — a- z,, where - denotes the left action
of Gon M. Any such quotient (M = G/H, g) is reductive, i.e. the Lie subalgebra
h := Lie(H) admits an Ad(H)-invariant complement m in g := Lie(G) (see [3,
par 7.22]). The evaluation map X — X7 := %exp(tX) -xo}t:O gives rise to a
canonical identification m ~ T, M and, more generally, to a canonical bijection

{G-invariant tensor fields on M} <— {Ad(H)-invariant tensors on m} . (o)

We stress that the relation @ simplifies significantly the study of geometric prob-
lems on this kind of manifolds, making use of Linear Algebra and Representation
Theory techniques. For this reason, globally homogeneous Riemannian spaces
have been widely investigated in the literature. We mention, in particular, the
problem of finding special metrics, e.g. Einstein metrics (see e.g. [87, [7, [12], §])
and metrics with distinguished curvature conditions (see e.g. [84] [88]). Moreover,
since by means of @ any evolution PDE evolving a G-invariant tensor on M
reduces to a dynamical system, globally homogeneous Riemannian spaces have
been recently used to study the behavior of invariant geometric flows (see e.g.
[42, 9l [40], 43, 111, [10]).



A larger class of manifolds, but perhaps less studied in the literature, is pro-
vided by the so called locally homogeneous Riemannian spaces. Namely, a smooth
Riemannian manifold (M™, g) is locally homogeneous if its pseudogroup of local
isometries acts transitively on it, i.e. if for any choice of x,y € M there exist
e = ¢(x,y) > 0 and a local isometry f,, : By(zr,e) C M — By(y,e) C M map-
ping = to y. Here, By(x,¢) denotes the open ball of radius € around z in M with
respect to the Riemannian distance d, induced by g. Clearly, any globally homoge-
neous space is, in particular, locally homogeneous. On the other hand, there exist
explicit examples of incomplete locally homogeneous Riemannian spaces which
are not locally isometric to any complete one, and hence not locally isometric to
any globally homogeneous Riemannian space (see [52, [38]). We call them strictly
locally homogeneous. Accordingly, we indicate by iH}SLC the moduli spaces of the
equivalence classes of m-dimensional locally homogeneous Riemannian spaces up
to equivariant local isometries, and by H,,, the moduli subspace of J—Cl?f given by

the non-strictly locally homogeneous Riemannian spaces.

There are many reasons for investigating this larger class of manifolds.

Firstly, it often happens that one can explicitly construct compact non-strictly
locally homogeneous Riemannian spaces with some additional properties, which
do not admit any transitive isometric global Lie group action. For example, any
compact hyperbolic manifold is, by definition, locally isometric to the real hy-
perbolic space (RH™, gnyp), and hence is locally homogeneous, but cannot admit
globally non-trivial Killing vector fields by the Bochner Theorem. Also, there
are numerous compact non-strictly locally homogeneous Hermitian surfaces, both
Kéhler and non-Kéahler (see e.g. [85], [86]), while there are very few compact glo-
bally homogeneous Hermitian surfaces (see [81]).

Secondly, strictly locally homogeneous Riemannian manifolds come up natu-
rally as limits of homogeneous spaces. Indeed, by the Cheeger-Gromov Compact-
ness Theorem, a non-collapsing sequence of homogeneous spaces (M (n), g(”)) with
bounded geometry subconverges in the pointed C*°-topology to a limit homoge-
neous space (M) g(®)) (see e.g. [19, Ch 3] and [28, Sec 6.1]). Here, by bounded
geometry we mean that for any integer k > 0 there exists C' > 0, depending only
on k, such that

‘ Rm(g(n))’g(n) + ’Vg(n) Rm(g("))’g(n) 4+ ...+ ‘(Vg(m)k Rm(gg(n))|g(n) <C

for any n € N. However, this framework excludes the study of collapsing se-
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quences with bounded curvature (see [I7, [18]). In order to overcome this issue,
Glickenstein [24] and Lott [44] extended the Cheeger-Gromov Compactness The-
orem to sequences of manifolds with no positive lower bound on the injectivity
radii. Their key tool is to replace the Riemannian manifolds with the larger cat-
egory of Riemannian groupoids (see [44] and references therein). Remarkably,
applying this machinery to homogeneous spaces, the limit Riemannian groupoid
one gets is an incomplete locally homogeneous space (see [44, Ex 5.7, Prop 5.9|
and [I1), Sec 5]) and it is often the case that one needs to study this completion
for proving theorems about homogeneous spaces (see e.g. [10, [11]).

The main results of this thesis are contained in Chapter [[TI] where a compact-
ness theorem for the moduli space iH}SLC is proved.

We recall that, in [41], Lauret developed a framework which allows him to
parameterize the moduli space H,, by a quotient of a distinguished set of Lie
algebras with an additional structure (see Section . This parametrization
associates to any element p € JH,, a pair (G,/Hy, gu) given by the quotient of
a simply connected Lie group G, by a closed connected subgroup H, C G,
and a G,-invariant metric g,. Furthermore, he endowed },,, with three different
topologies and he discussed the relations among them. These are:

the pointed convergence topology, that is the usual convergence in pointed
Cheeger-Gromov topology of pointed Riemannian manifolds;

the infinitesimal convergence topology, that is a weaker notion that involves
only the germs of the metrics at a point;

the algebraic convergence topology, which only takes into account the under-

lying algebraic structure.

Here we observe that some known results, which appeared in [77, [78], allow us to
reformulate this construction for the entire moduli space 3¢ (see also [9, Sec 5]),
and both the infinitesimal convergence and the algebraic convergence perfectly
extend to this larger space. Actually, for what concerns the former, we introduce
a weaker version of that, which we call s-infintesimal convergence. In detail

Definition (see Definition [[II.3.9). For any s € N U {oc} big enough, a
sequence (u(™) C H9C converges s-infinitesimally to p(® € H°¢ if the Rie-
mannian curvature tensor and its first s covariant derivatives at the origin of
(G /H ), 9,m)) converge to those of (G, e) /H (005 G0 )-
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In this definition, we require s > 2(m) + 2, where 0 < o(m) < %m is defined
as the maximum of the Singer invariants of m-dimensional locally homogeneous
Riemannian spaces (see Formula ([.4.8))). This is motivated by the fact that any
class pu € H1°¢ is completely determined by the curvature tensor and its covariant
derivatives at some point up to order ¢(m)+2 (see [76]). Note that Lauret’s original
definition is equivalent to ours in the case s = 0o (see Proposition .

However, there is an issue that arises when one tries to extend the pointed
convergence topology to H9¢. In fact, if u € 3¢\ H,y,, i.e. it is strictly locally
homogeneous, then the construction above determines a quotient G, /H,, by a non-
closed subgroup H, C G, which is not even Hausdorff. This issue is overcome
by considering local factor spaces, which generalize the usual quotients of Lie
groups (see [52] [78]). However, since a rigorous definition of local factor spaces
depends on arbitrary choices of distinguished neighborhoods inside H, and G,
(see Proposition , this approach does not seem to fit well with the study of

pointed convergence.

Generalizing a notion introduced in [I1], we consider a special class of locally
homogeneous Riemannian spaces, whose elements are called geometric models.
More precisely

Definition (see Definition [II1.2.1)). A geometric model is a smooth locally
homogeneous Riemannian distance ball (B, §) = (B(o, 7), §) of radius 7, centered
at o, satisfying |sec(g)| < 1 and inj,(B, §) = 7.

A first useful fact about the geometric models is that they provide a
parametrization for the moduli space (1% up to scaling. In fact, denoting by
Floc(1) ¢ Floc the subspace given by the equivalence classes p € ¢ with
bounded sectional curvature |sec(g,)| < 1, we prove the following

Theorem (see Theorem [II1.1.1)). For each u € H9°(1), there exists a geo-
metric model (B, Gu) = (Bg, (04, T), gu) which is equivariantly locally isometric
to (Gu/Hy,gu), and it is unique up to a global equivariant isometry.

As a consequence, this allows us to study pointed convergence in the moduli
space H°°(1). The main result of this thesis is

Theorem (see Theorem [I11.1.2) Corollary [II1.1.3). The moduli space
3°¢(1) is compact in the pointed CH*-topology for any 0 < o < 1.
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Notice that no assumption on the covariant derivatives of the curvature is
imposed here, and hence this theorem generalizes Glickenstein and Lott’s results
for sequences of homogeneous spaces with bounded geometry. This also shows
that the moduli space H19¢ is the natural completion of the space J,, considered
in [4I], and that the geometric models provide the right theoretical framework
to study convergence of homogeneous and locally homogeneous spaces from the
geometric viewpoint. In this direction, we also proved

Theorem (see Theorem [IT1.1.4)). Let (u(™) C H!°¢(1) be a sequence, u(>) €
F°¢(1) and s > 1(m) + 2 an integer.
i) If (Bu(m,gmn)) converges to (Bu(w),gu(o@) in the pointed C*T2-topology, then
(™) converges s-infinitesimally to (>,
i) If (u™) converges (s+1)-infinitesimally to (>, then (Bm» Gum) converges
to (B#m),gu(o@)) in the pointed C5+t2%-topology for any 0 < a < 1.

As observed in [41, Subsec 6.2] and [43] Subsec 3.4], in general the pointed con-
vergence is stronger than the infinitesimal convergence. Indeed, Lauret exhibited
an explicit sequence of Aloff-Wallach spaces (Wn7n+1, g(”)) converging infinitesi-
mally to a limit Aloff-Wallach space (W1 1,¢(>)) (see [4I, Ex 6.6]). Since Wi,
is compact and W), ,41 are pairwise non-homeomorphic, it follows that there is
no subsequence of (Wn,nﬂ,g(")) converging to (W171,g(00)) in the pointed C*°-
topology. Notice that this implies, in particular, that the injectivity radii along
the sequence must tend to zero, otherwise one would have sub-convergence by
the Cheeger-Gromov Compactness Theorem. However, up to a rescaling, we can
assume that |sec(g(™)| < 1 and hence, by our previous theorem, the geometric
models of (Wn,nﬂ,g(”)) converge to the geometric model of (Wm,g(oo)) in the
pointed C*°-topology.

A key tool for the proof of our Theorem [[IT.1.2]is a local version of the Myers-
Steenrod Theorem, which is proved in Chapter [[I}

In this direction, we recall that a central problem in Lie theory, commonly
known as the Hilbert fifth problem, has been to characterize Lie groups among
all topological groups in terms of group theory and topology. This topic has
remarkable consequences in Differential Geometry. In fact, it is often important
to show that certain groups of differentiable transformations, on a given smooth
manifold, can be turned into a Lie transformation group.
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One of the most famed result of this type is due to Myers and Steenrod
[53], who proved in 1939 that: any closed group of isometries acting on a C*-
Riemannian manifold, with k > 2, is a Lie group. Afterwards, in 1952 Gleason,
Montgomery and Zippin [23] [50] gave a complete answer to the Hilbert fifth
problem. In particular, they proved that: a locally compact topological group
admits a Lie group structure if and only if it is locally Euclidean, and this occurs

if and only if it has no small subgroups.

It has to be said, however, that Lie groups were not originally conceived
by Sophus Lie as global objects, but rather as what we call nowadays local Lie
groups. In this regard, we notice that Myers and Steenrod themselves concluded
their paper [53] with the open question: “Is any locally compact group germ of
local isometries a Lie group germ?” About this issue, Mostow claimed in [52], p.
616]: “It seems to the author that the arguments of Myers and Steenrod apply to
closed local groups of isometries as well as to global groups.”. To the best of our
knowledge, this statement has never been rigorously proved so far.

Recently Goldbring [25] solved the local version of the Hilbert fifth problem
using techniques from non-standard Analysis. In particular, he proved a statement
analogous to the one of Gleason, Montgomery and Zippin for local topological

groups. Using this last result, we prove the following

Theorem (see Theorem [I1.1.1)). Any locally compact and effective local topo-
logical group of isometries acting on a pointed C**-Riemannian manifold, with

k4 a >0, is a local Lie group of isometries.
which will be crucial in the proof of Theorem [[IT.1.2]

In Chapter [[V] we carry out a deeper study of the s-infinitesimal convergence
introduced in Chapter [[I]] In particular, we construct an explicit 2-parameter
family {pu.(e,9) 16,0 e R, e >0, 0 <0 < 1} C H3 with the following property:
for any fixed integer k > 0, there are (), (6(") C R and C' > 0 such that,
letting ™) 1= g, ) sm);

<C,

| Rm(5™) gm S

so0 [V Rm(5™)
5(n) ~(n
(V9" )F Rm (™)

5(n)
§(n) .ot }(Vg )k Rm(gg(n))

g(n>—>+oo as n — +0o .

The classe uy(g,0) comes from a slight modification of the well-known Berger
spheres, arising from the canonical variation of the round metric with respect to



the Hopf fibration S! — SU(2) — CP! (see [3, p. 252]), which correspond to the

case 6 = 0. This allows us to prove the following

Theorem (see Theorem [IV.1.1)). For any choice of m,s € N such that m > 3
and s > 1(m) + 2, the notion of s-infinitesimal convergence in HIC is strictly

weaker than the one of (s+1)-infinitesimal convergence.

In particular, this shows that keeping all the covariant derivatives of the cur-
vature tensor bounded along a sequence of homogeneous spaces is a much more
restrictive condition than just bound a finite number of them. This also leads
to the construction of the first example of a sequence of smooth pointed locally
homogeneous spaces converging to a smooth pointed locally homogeneous space
in the pointed C*“-topology for any 0 < o < 1, and which does not admit any
convergent subsequence in the pointed C**1-topology. This phenomenon is for us
somehow unexpected.

In the last part of the thesis, we deal with some problems concerning compact

homogeneous spaces.

More precisely, in Chapter we study the space Mf of unit-volume G-
invariant Riemannian metrics on a given compact, connected, almost-effective
globally homogeneous space M™ = G/H. This space has been extensively inves-
tigated in the literature, especially in the context of the variational formulation
of the Einstein equation. In fact, it is well known that G-invariant unit volume
Einstein metrics on M can be characterized variationally as the critical points
of the scalar curvature functional scal : M$ — R. In [12], with the aim of
studying homogeneous Einstein metrics from a variational viewpoint, the authors
proved that the functional scal satisfies the Palais-Smale condition on the subsets
(M) := {g € M§ : scal(g) > €}, with ¢ > 0. Namely, if (¢") c M$ is a
sequence with scal(g(™) > e > 0 and ‘ Rico(g("))}g(n) — 0, then one can extract a
subsequence which converges in the C*°-topology to an Einstein metric ¢(®) e M?
with positive scalar curvature [I2, Thm A]. Here, Ric®(g(™) is the traceless Ricci
tensor of g(™ and | - | g(m 1s the norm induced by g™ on the tensor bundle over
M. As is well known, the traceless Ricci tensor is the negative gradient vector of
the functional scal with respect to the standard L2-metric (-, -) on M$. Let us
stress that, in the general inhomogeneous setting, the Hilbert functional does not
satisfy the Palais-Smale condition, even in the cohomogeneity one case (see [0]).
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On the other hand, the Palais-Smale condition for the functional scal fails,
in general, on the whole space Mf’ In fact, sometimes there exist the so
called 0-Palais-Smale sequences, i.e. (g") c M$ such that scal(¢™) — 0 and
‘Rico(g(”))}g(n) — 0. Notice that, unlike the previous case, a 0-Palais-Smale se-
quence (¢\™) cannot have convergent subsequences if M is not a torus. This
means that (¢(™) goes off to infinity on the set M§$ and, consequently, we say
that such sequences are divergent. Remarkably, there are topological obstructions
on the existence of 0-Palais-Smale sequences. Indeed, by [12, Thm 2.1], if M ad-
mits a 0-Palais-Smale sequence, then there exists a closed, connected intermediate
subgroup H° C K° C G° such that the quotient K°/H® is a torus. Here, H° and
G° denote the identity components of H and G, respectively.

This last theorem is optimal if the isotropy group H is connected. When H
is disconnected, the authors conjectured that G/H is itself a homogeneous torus
bundle [I2, p. 697]. The main result proved in this chapter, for the purpose of
generalizing [12, Thm 2.1], is the following

Theorem (see Theorem Theorem [V.1.3)). Let M™ = G/H be a com-

pact, connected homogenous space and (g<")) C M? a diverging sequence of unit
volume G-invariant metrics on M. If there exists C > 0 such that | sec(g™)| < C
for any n € N, then there exists an intermediate closed subgroup H C K C G such
that the quotient K/H is a torus. If in addition scal(g"™) > & > 0, then there
erists a second intermediate closed subgroup K C K' C G such that the quotient
K'/H is not a torus.

Let us remark that in [II] the following estimate was proved: there exists a

uniform constant C' > 0, which depends only on the dimension m € N, such that
|Rm(g)ly < C|Ric(g)]y for any g € M®

where Rm(g) denotes the curvature operator of g [II, Thm 4]. This implies,
in particular, that any sequence (¢™) c M$ with scal(¢™) — & > 0 and
‘ Ric(g(™) }g(”) — 0 has bounded curvature and hence, assuming that M is not a
torus, 0-Palais-Smale sequences are special examples of diverging sequences with
bounded curvature. Consequently, since we require neither that the Lie groups
H, G are connected, nor that the traceless Ricci goes to zero, our result generalizes
[12, Thm 2.1]. Let us point out that this also proves the previously mentioned
conjecture in [12, p. 697].
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The original results presented in this thesis have been published in [61] or have
been submitted for publication in [62], 63, [64].
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Chapter 1

Preliminaries

I[.1 Riemannian manifolds of low regularity

I.1.1 Notation

We indicate with (-, -)g the standard Euclidean inner product on R and with

| - |st the induced norm. We also adopt the following standard notation for any

pair (k,a) € (Z>0 % [0,1]) U{(c0,0)} and for any ball B CC R™ (see [22, p. 52]):

- if a = 0, then C*0(B) = C¥(B) is the set of functions f : B — R having all

derivatives of order up to k continuous in B with continuous extensions to B;

- if @ # 0, then C¥(B) is the set of those functions in C*(B) whose k-th order
partial derivatives are uniformly a-Holder continuous in B.

We also consider the total order relation
(kl,al) (k‘g,ag) <~ k1 < kg or (kl = k‘g) A (041 < Ctg)

so that Ck2:22(B) C Ckv1(B) for any (ki, 1) < (ko, a2). For (k,a) # (00, 0) the

space C*(B) is a Banach space with the norm

, | fllex s ifa=0
| flek.emy = _ ;
| fler(m) + max)ji— |07 flap if a#0
where
- |
u(z) — u(y)|
flexcs {sup 8Jf } U, = sup ———F—— .
e = 3omax {sup (@D o Jules = sup E0—



2 Chapter 1. Preliminaries

Here, j = (ji, - - jm) is a multi-index, [j| == ji+...+jm and & f = 520

We say that a function F' = (F',...,F9) : U ¢ R™ — RY is of class C*®
if Fi|p € CH*(B) for any 1 < i < g and for any ball B CC U. In what fol-
lows, smooth will always mean C*>°-smooth. We also say that F' is of class C¥ if
F' ..., F9 are real analytic.

A sequence f(™ : UM c R™ — R of functions of class CK® converges in the
Ch2_topology to a function f(°°) : U() ¢ R™ — R of class CF if limy, 400 U =
U(®) and for any ball B cc U it holds that

Hf(”) _f(OO)Hck,a(B) —+0 asn— +oo .

A path v: I C R — R™ is said to be of class AC if for any closed subinterval
[a,b] C I, the restriction 7|45 is absolutely continuous. We stress that if v : [ —
R™ is a path of class AC, then the tangent vector ¥(t) € T, ;)R™ = R™ exists for
almost all ¢ € I and 4 € L([a,b]; R™) for every closed subinterval [a,b] C I.

I.1.2 Riemannian metrics of low regularity

Let M be a topological manifold. From now until the end of this section, every
manifold is assumed to be connected. An atlas A on M is said to be a C*“-atlas
if its overlap maps are of class CF®. A CFr-®1_atlas A; and a C*2:22-atlas A on
M with (k1,01) < (ko,a2) are said to be compatible if their union A; U As is

a Ckvi_atlas on M. The following classical result guarantees the existence of
smooth structures under far weaker hypotheses. More precisely

Theorem 1.1.1 ([31], Thm 2.9). Let M be a topological manifold and A a C*-atlas
on M. If k > 1, then there exists a smooth atlas A1 on M compatible with A.
Moreover, if Ay is another smooth atlas on M compatible with A, then (M, Aq)
is smoothly diffeomorphic to (M, As).

This theorem allows us to restrict our discussion, from now on, to the realm
of smooth manifolds. On this regard, we recall the following standard definitions:
- a function f : M; — My between smooth manifolds is said to be of class C*®
if its expressions in local coordinates are of class C*;
- atensor field T is said to be of class C¥ if its components in local coordinates
are of class CF;



I.1 Riemannian manifolds of low regularity 3

a path v: I C R — M on a smooth manifold is said to be of class AC if its
expressions in local coordinates are of class AC.
A Ch-Riemannian manifold (M, g) is the datum of a smooth manifold M to-

gether with a Riemannian metric g on M of class C*®, that is gij = g(%, %)
are of class C*“ for any choice of coordinate vector fields %, ey &.%' Let us
define

7 := {y:[0,T,] — M path of class AC } ,

T’Y
lg: T =R, Ly(v) ::/0 ()], dt

dg: M x M - R, dg(z,y) = inf {{y(y) :7 €L, 7(0) =z, v(Ty) = y(} : |
L[L11

Proposition I.1.2 ([14]). Let (M, g) be a C°-Riemannian manifold and (Z, 4y, dg)
as in ,
i) The map £, is additive with respect to concatenation, continuous on segments
and invariant under reparametrizations.
ii) The map dq is a distance function and it determines the same topology of M.
ii1) Given a path v € L, the following equalities hold:

()| ,= }1_1)1(1) dg((t -1—65), v(t))

for any 0 <t < T, such that ¥(t) exists ,
N

£y(7)=sup { D dg(v(ti1),v(t)) N EN, O=tg <ty <...<ty= TW} :
i=1

This last result shows that the triple (Z,44,dy), defined in ([.1.1)), turns a
C*-Riemannian manifold (M, g) into a separable, locally compact length space.
From now on, we will use the notation B4(p,r) to denote the metric ball centered
at p € M of radius r > 0 in (M, dy).

We recall that path v € Z is said to be a geodesic if there exists A, > 0 such
that, for any ¢, € [0, T,], there exists e, > 0 such that d,(v(t1),v(t2)) = Ay|t1 —t2]
for any t1,t2 € (to — €o,to +€0) N [0,T5]. A geodesic v is said to be minimizing
if dg(v(t1),v(t2)) = Ay|t1 — tof for any ti,t2 € [0,7,]. Furthermore, (M,g) is
said to be complete if the metric space (M,d,) is complete. See [13, Thm 2.5.28|
for a generalization of the classical Hopf-Rinow Theorem in this low regularity

category.



4 Chapter 1. Preliminaries

If (k,a) > (1,0), then, given any local chart (U,{) on M, one can consider
the Christoffel symbols of g in the coordinates (U,§)

L8 = 5 (€ ) (€ irg + (€ 9)jri = (€ i)

which are functions of class C*¥~1®. Here, the comma indicates the ordinary
partial derivative.

We say that a path v € T satisfies the geodesic equation if it is of class C? and,
for any local chart (U, &) on M such that v((0,75)) N U # 0, it holds that

2(¢o T o % o j . —
(Lo )y (L) (AEM) T (VD (coy) =0 in 4 L(y((0,T3)) N U). (1.1.2)

From the Peano Theorem, equation admits a local solution for any
initial condition (x,v) € TM. Furthermore, if (k,«) > (1,1), then this solution
is unique by means of Picard-Lindelof Theorem. Notice also that any solution
of is necessarily of class C**1:@. The following proposition resumes some
results about the regularity of geodesics and their relation with the geodesic equa-

tion.

Proposition 1.1.3 ([I6] 45, [73]). Let (M, g) be a C*“-Riemannian manifold.
- If(0,0) < (k,a) < (0,1), then any geodesic is of class chaa.
If (1,0) < (k,a) < (1,1), then the solutions of the geodesic equation
need not be geodesics. Conversely, any geodesic is of class C>® and it satisfies
the geodesic equation.
If (k,a) > (1,1), then any path v € T is a geodesic if and only if it is of class

CktLe and satisfies the geodesic equation.

This last claim brings us to introduce the Riemannian exponential map. More
concretely

Proposition 1.1.4 ([39, 48]). Let (M,g) be a C*-Riemannian manifold with
(k,a) > (1,1). Then, there exist a mazximal open set U C TM and a map
Exp(g) : U — M of class C*~5% with the following properties.
i) For any x € M, the set U N T, M is non-empty and star-shaped with respect
to the origin.
it) For any (x,v) € U, the path [0,1] > t — Exp(g)(x,tv) is the geodesic starting
from x € M and tangent to v € T, M.
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iit) For any x € M, there exists a neighborhood U, C UNT,M of the origin such
that the restriction Exp(g)(z, )|, is a C¥~1-diffeomorphism with its image.

Notice that the Riemannian exponential is not defined if (0,0) < (k, ) < (1,1)
and, if (k,a) = (1,1), it is just a C®!'-homeomorphism. Furthermore, if (1,1) <
(k,a) < (00,0), then the atlas of normal coordinates on (M, g) is just of class
C*=12 and hence the components of Exp(g)(z,-)*g are merely of class CF~2,
Nevertheless, we mention that, for (k,«) > (1,0), there exists a distinguished
CktLe_atlas, which consists of harmonic coordinate charts, that is the best possible
choice in terms of regularity of g. We refer to the seminal work [21I] for more
details.

Given two C*®-Riemannian manifolds (M, g1) and (Ma, g2), a function f :
M1 — Ms is said to be a metric isometry if it is surjective and distance preserving,
le. dg (x,y) =dg, (f(x), f(y)) for any x,y € M;. It is straightforward to observe
that any metric isometry is a C%'-homeomorphism and that the inverse of a metric
isometry is itself a metric isometry. On the other hand, a map f : My — My is
called a Riemannian isometry if it is a C**1@-diffeomorphisms between M; and
M> such that f*gs = g1. Notice that any Riemannian isometry is, in particular,
a metric isometry. Remarkably, the following weaker converse assertion holds.

Theorem 1.1.5 ([16], 68, [71) [74],[80]). Let f : (M1,91) — (M2, g2) be a metric
isometry between CH-Riemannian manifolds. If (k,a)>(0,0), then f is of class

CF1e and it is a Riemannian isometry.

From now on, we will use the term isometry just to indicate a metric iso-
metry. By means of Theorem this coincides with the notion of Riemannian
isometry with only one exception, namely the pathological case (k,«) = (0,0).
Furthermore, the full isometry group of a C**-Riemannian manifold (M, g) will
be denoted by Iso(M, g).

Finally, we list some notation. Given a sufficiently regular C*“-Riemannian
manifold (M, g), we denote by V9 its Levi-Civita covariant derivative and by
Rm(g)(XAY) := VfX’Y] — [V%, V4] its Riemannian curvature operator. More-
over, we denote the sectional curvature by sec(g), the Ricci curvature by Ric(g),

the injectivity radius at p € M by inj,(M, g) and for any integer k£ > 0 we set

Rm*(g) : @"TM @ A°TM — so(TM,g) ,

" . (L.1.3)
Rm"(g)(X1,..., Xi[V1AY2) == ((V9)X, . x, Rm(g)) (Y1AY2) .
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Remark 1.1.6. From now on, when the regularity of a tensor field is not specified,
it is intended to be smooth.

I.2 Convergence of Riemannian manifolds

In this section, we recall the notion of Gromov-Hausdorff convergence for compact
metric spaces and we give the definition of pointed C*®-convergence for pointed
Riemannian manifolds. This last definition is usually stated for complete Rieman-
nian manifolds (see e.g. [19, Ch 3]), but here we present a version which holds

also in the non-complete setting.

1.2.1 Gromov-Hausdorff convergence of compact metric spaces

Let Z = (Z,dz) be a metric space. For any choice of compact subsets K1, Ko C Z,
the Hausdorff distance between K1 and Ko is defined by

dist? (K1, Ks) == inf {e > 0: K1 C Us(K2), Ky C U:(K1)}

where Uo(K) :={z € Z : dz(x,K) < €} is the e-tube around K in Z. The pair
({K C Z compact}, distg ) is itself a metric space and it is compact if and only
if Z is compact as well (see e.g. |70, p. 195]).

Let now X = (X,dx) and Y = (Y,dy) be two compact metric spaces. The
Gromov-Hausdorff distance between X and Y is defined as

dist,,(X,Y) := inf {distg (¢1(X), ¢2(Y)) : Z is a metric space,

¢1: X — Z and ¢o : Y — Z are isometric embeddings } .

Letting X denote the set of isometric classes of compact metric spaces, it turns
out that (X,dist.,) is a complete metric space (see e.g. [70, Prop 1.1.4]).
Therefore, a sequence (X (")) C X of compact metric spaces is said to con-
verge in the Gromov-Hausdorff topology to a compact metric space X(°) if
lim,, o dist (X("),X(OO)) = 0.

We stress now that, given two compact metric space X,Y € X, in general it
is difficult to compute the explicit value of dist ., (X,Y’). To this purpose, we
recall that a Gromov-Hausdor(f e-approxzimation between X and Y is a pair (¢, )
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of not necessarily continuous maps ¢ : X — Y and 9 : ¥ — X satisfying for any
r, 7 e X,y y €y

|dx (z,2) — dy (¢(z), o(z)| <e, dx(z,(Yop)(z)) <e,
dy (1, 9) —dx (W), ¥ ()| <e, dy(y,(poy)(y)) <e.

Remarkably, the following fact holds: if there exists a Gromov-Hausdorff e-
approximation between X and Y, then dist, (X,Y) < 3¢ (see e.g. [70, Lemma
1.3.3]). In particular, it comes that a sequence (X)) C X converges to X (>
in the Gromov-Hausdorff topology if and only if, for any € > 0, there exists
N = N(e) > 0 such that, for any n > N, there exists a Gromov-Hausdorff
e-approximation (¢, 1)) between X and X (),

1.2.2 Convergence of Riemannian metric tensors

Let M be a smooth manifold. We recall that a sequence (T() of tensor fields
on M of class C*® converges in the C*®-topology to a tensor field T on M of
class C*® of the same type if for any local chart (U,£) on M, the components of
(€~H*T™) converge to the components of (6~1)*T in the C¥*-topology.

Let us review some properties related to the convergence of Riemannian me-

trics. For this purpose, for any fixed p,q € M we consider the subset

Tpg = {7€Z:4(0)=p, y(T;) =q} ,
where Z has been defined in [[L1.1]

Proposition 1.2.1. Let (9™) be a sequence of C°-Riemannian metrics on M
which converges to a C°-Riemannian metric (g(oo)) in the C%-topology. Then

i) Ly (7) = Lyeoo) (7) as m— +00, for any v € T q;

i) imsup, 4 o dyom (p; @) < dyieo) (P 9)-

Proof. In order to prove claim (i), fix v € Z,,,. We can assume, without loss of
generality, that M = R™ and 7', = 1. Then

Ly (y / \/9Z ()37 (t) dt .

) = 057 O ooy — 0 for any 1< 4,5 < m. Hence:

By assumption,
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gz(j”) (v(+))¥*y7 converges almost-everywhere to gz(;o)(’y('))"yi"yj in [0,1];

- there exists FF € L!([0,1];R) such that gl(;) (v(-)¥d < F almost-
everywhere in [0, 1].
Therefore, claim (i) follows from the Lebesgue Dominated Convergence Theorem.
For claim (ii), fix e > 0 and let v € Z,, 4 such that £ ) (7) < dyo) (P, 9) + 5
Since Lym) (7) — Ly () as m — o0, there exists n = n(e) > 0 such that
£ (00 (1) —-5< Eg(n)( ) < ly(e) + 5 for any n > n. Then

dym) (P5q) < Loy (7) < Lyoo) (7) + 5 < dgieo)(p,q) +€  for any n>n
and hence the thesis follows. O

As the next example shows, this result cannot be improved, not even for the

C®°-convergence.

Example 1.2.2. Let M := { vl 2?) e R?: |22 < 1} gst the Euclidean metric
on M and (a™) c (0,1] a monotone sequence such that a(® — 0. For any n € N,
we define

R(n) — {(.Tl,.TQ) cR?: ‘$1| <n, ’aj2| <1- %} cM

and we consider a smooth function £ : M — R such that
.« f™ =1in RO,
(a™)? < f <1 in ROFD\ R(n),
- f™ = (a™)?in M\ RO+,
Let g™ := f("gy fix the points p := (0, %) q = (0, 2) € M and consider for
any n € N the piecewise linear path (™ : [0,1] — M with vertices

= (1, -1+ ) P = (0,-14 L), plY =

py) =, Y= (01— 5h) . = (11— )
q
Therefore

dyo () < Lyon (V) < 3+ 2(n+1) +2)a™ + 5 = 2+ 2(n + 2)a™

Wl

. n) .__ 1
and hence, by choosing a(™ := 6(nt2)

other hand, (¢(™) converges in the C*®-topology to gs on M and dg(p, q) = % > 1.

we get limsup,,_, oo d;m) (p,¢) < 1. On the
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Let us indicate now by M the space of smooth Riemannian metrics on M and
by Diff (M )\M the moduli space of smooth metrics up to smooth diffeomorphism.
Then, as the next example shows, the quotient topology on Diff (M)\M, inherited
from the C*°-convergence in M, is not Hausdorff.

Example 1.2.3. Let g, be a non-flat Riemannian metric on R which coin-
cides with the Euclidean metric gy outside the closed ball By (0,1) and fix a
vector v € R™, |v|gy = 1. We consider now the sequence (¢(™) C Diff(R™)
of diffeomorphisms defined by ¢ (z) := z + nv. Since (dp(™), = Idgm and
|0 ()]s > 1 — |zt for every € R™, it follows that (¢(™)*g, converges to gs;
in the C*°-topology, which is not isometric to g,. Therefore, g5 and g, cannot be

separated by Diff (R™)-invariant neighborhoods in M.

1.2.3 Pointed convergence of Riemannian manifolds

Let now (M, g) be a C*®-Riemannian manifold. The distance of a point p € M
from the boundary of (M,g) is defined as the supremum

dist(p, (M, g)) := sup {r > 0: By(p,r) CC M} .

Notice that, by the Hopf-Rinow-Cohn-Vossen Theorem, the manifold (M, g) is
complete if and only if dist(p,d(M,g)) = +oo for some, and hence for any,
p € M (see [13, Thm 2.5.28]).

Definition I.2.4. Let (M("), g(”),p(”)) be a sequence of pointed C**-Riemannian
m-manifolds, 6" = dist(p(™,d(M™, ¢(™)) and assume that 6 — §() ¢
(0, +00] . The sequence (M, g™ p(™)) is said to converge in the pointed C**-
topology to a pointed C**-Riemannian manifold (M (), g(oo),p(oo)) if there exist:
i) an exhaustion (U() of M() by relatively compact open sets containing the
point p(°):
ii) a sequence (6(™) C R such that 0 < §(®) < (") and 60" — §(>);
iii) a sequence of C**1%embeddings ¢(™ : U™ — M™ such that ¢(™ (p()) =
p'";
so that the following conditions are satisfied:
By (0, 5) € G (T) C B (), 5);
« oMM converges to ¢(>) in the CF-topology.
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Notice that this type of convergence implies that, for any fixed 0 < r < (00,
there exists an integer n = n(r) € N such that the Riemannian distance ball
B g (p("),r) is compactly contained in M for any n > 71, and the sequence of
compact balls (Bg<n) (p(™m), 1), dg(n))n>ﬁ converges in the Gromov-Hausdorff topol-
ogy to (Bg(m)(p(oo),r),dg(oo)) (see [60, p. 415] and [13, Ex 8.1.3]). Moreover:

- if 6(*) is finite, then the limit space (M) g(>) p(>)) is an incom-

o)

plete Riemannian distance ball of radius 6(°), centered at p(°), and also

dist(p(®®), (M), g())) = §(>).
- if () = 400, then the limit space (M), (> p(>°)) is complete.
Notice also that, if 6™ = 400 for any n € N, then we get back to the usual
definition of pointed convergence for complete Riemannian manifolds (see e.g.
[66, p. 415]).

Example 1.2.5. Let us consider the sequence of pointed m-dimensional spheres
(M (n) g(n) p(")) = (8™, 7% ground; 0), Where ground is the round metric of radius 1
on S™ and o := (+1,0,...,0) is the North pole. Obviously in this case 6 = 400
for any n € N. Let us define

oM R™ 5 5™ M (y) = < n” — |yl ny ny )

An? +Jyl3 An? + Jyl3 7T 4n? + [yl

One can directly check that each map ¢(™ is a smooth diffeomorphism of R™ into
S™\{(-1,0,...,0)}, with inverse given by

nx! nx™
(™)1 S™{(=1,0,...,0)} = R™, (¢><">)1(g;)::<2 2 )

14207771+ 20

Moreover

4n? 2
PMO0) =0, Mg = () gst foranyneN,
an? + |yl ) 7
where we recall that gy is the standard Euclidean metric on R™. So, we conclude
that (8™, n%ground, 0) converges to (R™, gs,0) in the pointed C*°-topology.

Remark 1.2.6. Let us stress that the pointed convergence is significantly different
from the mere convergence of metric tensors that we saw in Section ﬂ even

when we are considering a sequence of Riemannian metrics on the same manifold.
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Referring to Example take a sequence of points (p{™) C R™. Then, it is
easy to check that (R™, g,, p(”)) converges to (R™, go,p("o)) in the pointed C*°-
topology if p(™ — p(®) for some p(°°) € R™, while it converges to (R™, gst, 0)
if p(™ — +o0.

Referring to Example the metrics g(") = n%ground o0 S™ do not converge
to any metric on S™ in the C*°-topology, while (Sm,g("),o) converges to
(R™, gst,0) in the pointed C*°-topology.

We mention here that the Cheeger-Gromov Precompactness Theorem states
that given two constants D, v, > 0, the space of smooth compact Riemannian m-
manifolds with bounded curvature, diameter at most D, and volume at least v, is
precompact in the pointed C1*“-topology. Various versions of this classical result
are known, e.g. for complete non-compact but pointed Riemannian manifolds or
for bounded domains in possibly incomplete pointed Riemannian manifolds. We
refer to the survey paper [29] and references therein for more details.

We state below some well-known results that will be needed in Chapter [ITI}

Definition I1.2.7 ([I], Sec 2). Let (M™,g) be a smooth Riemannian mani-
fold, p € M. The C*®harmonic radius of (M™,g) at p, which we denote
by har];’“(M,g), is the largest » > 0 such that there exists a local chart
E=(&,...,&m): ‘.Bg(p, \/57“) — R™ such that

i) €(p) =0 and ((€1)")ij(0) = b5 for any 1 < 7,j < m;

ii) Aygl =0 for any 1 <i < m;
i) 1[v]Z < ((€71)*g)ij(z)vv? < 2[v|% for any v € R™ and z € £(B,(p, v2r));
)

1v) T4 (67 Dilone gy S 1orany 1< dj < m.

Here, A, is the Laplace-Beltrami operator of (M, g). Notice that, by (i) and
(iii), it comes that Bg(0,7) C f(Bg(p, ﬂr)) C Bst(0,2r) in R™. Moreover,
from (ii), (iv) and the classical Schauder interior estimates (see [22, Thm 6.2 and
(4.17)]), there exists a constant C = C(m, k, a, ) > 0 such that

||f°§_1’|ck+1,a(m) <C sup |f‘

£71(Bst(0,r))

for any Ag-harmonic function f: &1 (Bg(0,7)) C M — R (see also [34, Sec 1]).
Harmonic coordinates and the harmonic radius play a central role in conver-
gence theory of Riemannian manifolds. We recall the following important result.
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Theorem 1.2.8 (sce e.g. [29], Thm 6). Let (M™,g) be a smooth, not necessarily
complete, Riemannian manifold, U C M an open subset and § > 0 such that the
following conditions are satisfied.

a) There exist an integer k > 0 and a constant C > 0 such that

sup{’ij(g)x’g cxeM, dy(U,z) < (5} <C forany0<j<k.
b) There exists a constant i, € R such that
inf{injx(M7g):a:€ M, dy(U, ) <5} > iy >0.

Then, for any 0 < a < 1 there exists a positive constant ro = ro(m,0,k, a, C i)
such that hari"‘l’o‘(M,g) >re foranyx € U.

which in turn implies

Theorem 1.2.9 (Cheeger-Gromov precompactness Theorem). Let us consider a
sequence (M(”),g("),p(")) of pointed smooth complete Riemannian m-manifolds
and suppose that the following conditions are satisfied.

a) There exist an integer k > 0 and a constant C > 0 such that

sup{‘ij(g("))x’gm) :xEM(")} <C forany0<j<k.
b) There exists a constant i, € R such that
injp(")(M(n)vg(n)) >1,>0.

Then, for any 0 < o < 1 there exists a pointed complete C*¥t1%-Riemannian m-
manifold (M%), g(>) p(®)) such that the sequence (M™, g™ p™) converges,
up to a subsequence, to (M(m),g(oo),p(oo)) in the pointed CFT1%-topology.

We also mention that one way to get convergence results, when the sequence
of Riemannian manifolds being considered is not complete, is to use local mollifi-

cations in the sense of Hochard [32]. More concretely, we have

Lemma 1.2.10 (|32], Lemma 6.2 and [75], Lemma 4.3). Let (M, g) be a smooth,
not necessarily complete, Riemannian manifold and V' C M an open set. Assume
that for some 0 < p <1 it holds

S, i (M,g)>p  foranyzeV

| Rm(g).|
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Then, there exists a constant ¢ = c¢(m) > 1, an open subset V CV and a smooth
Riemannian metric § defined on V such that (V,Q) is a complete Riemannian
manifold satisfying

sup { | Rm(g)mb tx € f/} <cp?

Vizp) © ‘7(3) C Vi) C© vVev;

©g=g on Vi

where we used the notation U,y := {x € U : By(x,7) CC U} for any open subset
UcM.

This last result will be used in Chapter [[II}

I.3 Groups of transformations

In this subsection, we collect some basic facts on global and local groups of trans-
formations. For more details, we refer to [56, Ch 1], [59], [67].

1.3.1 Global groups of transformations

We recall that a topological group is a Hausdorff topological space equipped with
a continuous group structure. A topological group is a (real analytic) Lie group if
it is endowed with a smooth (resp. real analytic) manifold structure with respect
to which the group operations are smooth (resp. real analytic). It is well known
that the category of real analytic Lie groups is equivalent to the category of
smooth Lie groups via the forgetful functor (see e.g. [36, p. 43]). The following
characterization of Lie groups is the above mentioned solution to the Hilbert fifth
problem.

Theorem 1.3.1 (|23, B0]). For any connected and locally compact topological
group G, the following conditions are equivalent.
a) G is locally Euclidean, i.e. there is a neighborhood of e € G homeomorphic to
an open ball of some RY.
b) G has no small subgroups (NSS for short), i.e. there exists a neighborhood of
e € G containing no nontrivial subgroups of G.
¢) G admits a unique smooth manifold structure which turns it into a Lie group.

Let M be a smooth manifold. Given k € Z>o U {oo}, a topological group
of Ck-transformations G = (G,0) on M is the datum of a topological group G
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together with a continuous action ©® : G x M — M on M such that the map
O(a) == O(a,-) : M — M is of class C¥ for any a € G. We recall that the
correspondence a — ©(a) determines a group homeomorphism G — Diff* (M)
from G to the group of C*-diffeomorphisms of M, and that G' = (G, ©) is called
effective (vesp. almost-effective) if the kernel of G — Diff*(M) is trivial (resp.
discrete). Furthermore, we say that G = (G, ©) is closed if it is effective and O(G)
is closed in Diff*(M).

A topological group of Ck-transformations G' = (G, ©) on M is called Lie group
of CE-transformations if G is a Lie group and the function © : G x M — M is of
class C*.

Remark 1.3.2. By [4, Thm 4|, the second condition above is redundant. Namely,
if G is a Lie group and each map ©O(a) : M — M is of class C¥, then the map
© : G x M — M is automatically of class C¥.

If M is equipped with a C¥*-Riemannian metric g, then G = (G, ©) is called
topological (resp. Lie) group of isometries if each map O(a) : M — M is an
isometry of (M, g). By the classical Myers-Steenrod Theorem, it is known that any
closed topological group of isometries of a C*-Riemannian manifold, with k > 2,

is a Lie group of isometries.

1.3.2 Local topological groups and local Lie groups

A local topological group is a tuple (G, e, J(G), D(G), 5,v) given by:
i) a Hausdorff topological space G with a distinguished element e € G called
unit;
ii) a neighborhood J(G) C G of e and an open subset D(G) C G x G which
contains both G x {e}, {e} x G;
iii) two continuous maps 7 : J(G) — G, v : D(G) — G;
so that, for any choice of a,a1,a2 € G and b € J(G):
+ v(a,e) =v(e,a) =a;
- if (a1,0a),(a,a2), (a1,v(a,a2)), (v(a1,a),as) € D(G), then v(ai,v(a,a2)) =
v(v(ai,a),as);
(b, 5(b)), (3(b),b) € D(G) and v(b, 3(b)) = v(3(b),b) = e.
From now on, we adopt the usual notation aj - as := v(ai,as), a~! := j(a) and
we will indicate any local topological group (G, e, J(G), D(G), 5, v) simply by G.
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Given a local topological group G, every neighborhood U of the unit e € G
inherits a structure of local topological group induced by G. In fact, if we set

JUW) =36 NUN 7 YW, DU :=DG)NUxUNr U,

then one can directly check that (U,e,d(U), D(U), 750, ¥[pay) is itself a local
topological group. In this case, we say that U is a restriction of G. We remark
that G can be restricted to a neighborhood U of the unit which is symmetric, i.e.
U = 3J(U), and cancellative, i.e. for any a,a;,as € U it holds that:

- if (a,a1), (a,a2) € D(U) and a - a1 = a - ag, then a; = ag;

- if (a1,a), (az,a) € D(U) and a1 - @ = ag - a, then a; = ag;

- if (a1,a2) € D(W), then (ay*,a;') € D(U) and (a1 -ag) ™t =ay ' -ay’
(see e.g. [79, Sec 1.5.6], [25, Cor 2.17]). In particular, this implies that (j]y o) =
Idy. From now on, any local topological group G and any neighborhood U C G
of the unit are assumed to be symmetric and cancellative.

Example 1.3.3 ([57], Ex 7). Let G = (G,e,d(G), D(G), 5,v) be defined by the

following;:

G:=R, J(G):=R\{}1}, DG):={(z,y) eR?:|ay| #1},

—x T4y —2zy
viz,y) = —— .

11—y
Here, we are considering R with the standard Euclidean topology. Then, one can

directly check that G is a local topological group. Moreover, for any 0 < t < %,
the interval U; := (lj—gt, t) is symmetric and cancellative.

A subset H € G which contains the unit e € G is said to be a sub-local

group, if there exists a neighborhood V of H such that for any a € H, (a1, as2) €
(H x H)ND(G) it holds

ateV = alteH, ai-as €V — aj-az € H.

Any such an open subset V C G is called associated neighborhood for H.

A sub-local group H such that H x H € D(G) and with V = G is called a
subgroup. Notice that, by such hypothesis, a-b € H, a=! € H for any a,b € H and
therefore H is a topological group in the usual sense. The local topological group
G is said to have no small subgroups (NSS) if there exists a neighborhood of the

unit with no nontrivial subgroups.
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Given two local topological groups G and G, a local homomorphism from G to
G is a pair (U, ¢) given by a neighborhood U C G of the unit and a continuous
function ¢ : U — G’ such that

p(e) = ¢ and p(D(W) € D(G),

o(a™) = p(a)~! and p(a1-a2) = ¢(a1)-p(az) for any a € U, (a1, az2) € D(U).
Two local homomorphisms (Uy, 1), (Us, ¢2) are equivalent if there exists a neigh-
borhood U C Uy NUs of the unit such that ¢1]i = @2y For the sake of shortness,
we will simply write ¢ : G — G’ to denote a local homomorphism (U, ¢), deter-
mined up to an equivalence. The composition ¢’ o ¢ of two local homomorphisms
is defined in an obvious way and a local homomorphism ¢ : G — G’ is called a
local isomorphism if there exists a local homomorphism ¢ : G — G such that
1o = Idg and ¢ o = Idg/, where the equalities are up to equivalence.

Example 1.3.4. Let G be the local topological group defined in Example
and R = (R, +) the additive group of real numbers. For any 0 < ¢t < %, the pair

(Uy, @) given by
x

Uy := (1:—’;,5,75) , o pe(x) =

x—1

is a local homomorphism from G to R. However, the group G is not globalizable,
i.e. there exists no local homomorphism ¢ defined on the whole G to a (global)
topological group G= (é,*). Indeed, if we assume by contradiction that such ¢

exists, then for any x € G we would get

which is not possible.

A local Lie group is a local topological group that is also a smooth manifold
in such a way that the local group operations 73 : G — G and v : D(G) — G are
smooth. Just like in the global Lie groups theory, one can associate a Lie algebra
g of left invariant vector fields to any local Lie group G. Analogues of Lie’s three
fundamental theorems hold also for the local Lie groups ([5, Ch 3]). In particular,
it turns out that every local Lie group is locally isomorphic to some Lie group
by means of a smooth local isomorphism. We resume in the following theorem
the solution of the Hilbert fifth problem for local topological groups provided by
Goldbring. We refer to [25] for the proof and more details.
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Theorem 1.3.5 ([25]). For any locally compact local topological group G, the
conditions listed below are equivalent.

a) G is locally FEuclidean.

b) G is NSS.

¢) G is locally isomorphic to a Lie group.

I.3.3 Local (topological and Lie) groups of transformations

Let (M,p) be a pointed smooth manifold. A local topological group of C*-
transformations on (M,p) is a tuple G = (G, Ug, Qp, W, ©) formed by:
i) a (local) topological group G and a neighborhood Ug C G of the unit;
ii) a neighborhood €, C M of p;
iii) an open subset W C Ug x €2, which contains both Ug x {p}, {e} x Q, and a
continuous map © : W — €2,;
such that the following hold:
- for any (a,b) € (Ug x Ug) ND(G) and z € Q, it holds that

O(a,0(b,z)) =O(a-b,x)

provided that (b, x), (a-b,z) € W and (a,©(b,z)) € W;
- for any a € Ug, the map O(a) := O(a,-), defined on the open subset
W(a) := {x : (a,7) € W} C Q,, is of class C¥;
- O(e) =1dg,, i.e. O(e,x) = x for any z € .
From the definition, it follows that, for any a € Ug, there exist a neighborhood
U C Q, of p and a neighborhood V' C Q,, of ©(a, p) such that O(a)|y : U — V is
a Ck-diffeomorphism, with inverse given by (@(a)|U)_1 = 0(aY)|y. We say that
G is almost-effective (resp. effective) if the set

{a € Ug : ©(a) fixes a neighborhood of p}

is discrete (resp. equal to {e}). We also say that G = (G, Ug, Q2,, W, ©) is locally
compact if G is locally compact. We will tacitly assume that €2,, W are connected
and that W(a) is connected for any a € Ug. The orbit of G through p is the set

G(p) = {(@(al)o...OG(aN))(p):NZl, a; € Ug forany 1 <i < N,

(©(aj41)o...00(an))(p) € W(a;) for any 1 < j < N — 1} .
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Motivated by the terminology for Lie algebra actions, we say that G is transitive
if G(p) contains a neighborhood of the point p.
Two local topological groups G; = (G;, Ug,, p,, W;, ©;) of Ck-transformations
acting on (M;, p;), with i = 1,2, are said to be locally C*-equivalent if there exist
i) a neighborhood U, C Ug, of the unit and a local isomorphism ¢ : G; — Ga
defined on U, with ¢(Us) C Ug,;
ii) two nested neighborhoods U, C U C €, of p; and an open CF-embedding
U = Qp, with f(p1) = pa;
such that the following hold:
« Uo x Uy C Wi, ©1(Uy x Uy) C U and (Us) x f(Us) C Wa;
- for any (a,z) € Uy X U,, it holds that f(01(a,z)) = O2(p(a), f(z)).

A local topological group of CF-transformations G = (G, Ug, 2y, W,0) on
(M,p) is called local Lie group of Ck-transformations if G is a Lie group and the
map O is of class C*.

Remark 1.3.6. In perfect analogy with what occurs for global groups of trans-
formations, by [4, Thm 4] the second condition is redundant here as well. Namely,
if the (local) topological group G is a Lie group and each map ©(a) : W(a) — Q,
is of class C¥, then the map © : W — Q, is automatically of class C*.

If (M,p) is equipped with a CF-Riemannian metric g, then G =
(G, Ug, 2p, W, O) is called local topological (resp. Lie) group of isometries if each
map O(a) : W(a) — Q, is a local isometry of (M, g).

Finally, consider an almost-effective local Lie group G = (G, Ug, 2y, W, ©) of
CF-transformations on (M, p) and suppose that k > 2. Let also g := Lie(G) and
exp : g — G the Lie exponential of G. For any X € g, we consider the open set

WX = {(t,z) € R x Q, : (exp(tX),z) € W}
and the map of class C*
0¥ WX 5 M, 0%(t,z) = O(exp(tX),z) .
This allows us to consider the differential

0.0 L Q TMo,) . O.(X), = —0%(t, x)( . (L3.1)
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In full analogy with the theory of Lie group actions, one can prove that the map
O, is R-linear, injective and, for any X,Y € g

O, (Ad(a)X)e((w) =d(0(a))2(04(X)), for any (a,z) e W,
0.([X,Y]) = —[0.(X),0.(Y)] . (1.3.2)

The vector fields in ©.(g) are called infinitesimal generator of G. If G acts by
isometries, then its infinitesimal generators are Killing vector fields. Notice also
that G is transitive if and only if the set {©.(X)|, : X € g} coincides with the
whole tangent space T, M.

I.4 Basics on locally homogeneous spaces

We recall that a C**-Riemannian manifold (M, g) is locally homogeneous if the
pseudogroup of local isometries of (M, g) acts transitively on M, i.e. if for any
x,y € M there exist ¢ = e(x,y) > 0 a local isometry f : By(x,e) = By(y,¢)
such that f(z) =y. From now on, we use the term locally homogeneous space to
denote locally homogeneous Riemannian manifolds which are smooth, and hence
real analytic (see e.g. [77, Thm 2.2|, [IT, Lemma 1.1]).

1.4.1 Nomizu algebras

Given a locally homogeneous space (M, g) and a distinguished point p € M, it
is known that there exists a local Lie group of isometries which acts transitively
on (M, g,p) according to the definitions in Section Such local Lie group is
constructed as follows. Consider the Killing generators at p, that is the pairs
(v, A) € T,M & so(T,M, gp) such that

A-g,=0, vRm"(g),+A -Rm"(g), =0 foranykcZsq, (L4.1)

where so(7,M, g,) acts on the tensor algebra of T,M as a derivation. The space
of Killing generators at p is denoted by €ill9. This notation is due to the following
fact. For any Killing vector field X of (M,g) defined in a neighborhood of p,
the pair (Xp, —(V9X),) is a Killing generator of (M, g) at p. Conversely, being
(M, g) real analytic, by [55, Thm 2| there exists a neighborhood @, C M of p
such that, for any (v, A) € #llY, there exists a Killing vector field X on €, with
X, =v and —(VIX), = A.
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Lemma I.4.1. Let X,Y be Killing vector fields defined in a neighborhood €, C M
of p and set (v, A) = (Xp, —(VIX),), (w,B) == (Y,, —(V9Y),). Then

(X,Y], = A(w) — B(v) , —(VIX,Y]),=[A, B]+Rm(g),(vhw). (1.4.2)
Proof. Since VY is torsion-free, we get
(X, Y] = (VXY), = (V3 X)p = A(w) = B(v) . (L4.3)

Let us write now —VI9X = Lx — Vg{: where Lx indicates the Lie derivative along
X. From the Jacobi Identity it comes that

Lixy) = [£Lx,Ly]
Vixy) = VIX, Y] = [V§ = VIX, VS — VY]
VfX,Y] - VIX,Y] = [V, V] = [V VIY] + [V5, VIX] + [VIX, VIY]
—VIX,Y] = [VIX, VY] — Rm(g9)(XAY) — [V%, VY] + VY, VIX]
and hence

— (VI[X,Y])p = [A, B] + Rm(g) (vAw) + ([V&, =V*Y] — Rm(g)(XAY)) —

— (IV§,-VIX] - Rm(g)(YAX)), . (L4.4)

Let us consider now, for any Killing vector field V' defined in the neighborhood
Q, of p, the tensor ay € Q? T*M]|q, given by

ay(Zy, Za, Z3) = g([V%,, —VIV]Z2 — Rm(g)(Z1AV) Z2, Z3) .
Then, ay is symmetric with respect to Z; and Zs, since

av (21,29, Z3) — ay(Z2, Z1, Z3) =
= g(IV%,, —VIV]Zs, Z3) — g(Rm(g)(Z1AV ) Za, Z3) —
—9([VY,, =VIVI]Z1, Z3) + g(Rm(g)(Z2AV) Z1, Z3)
=—9(Vy, V9V, Z3) + g(nggZI 2,V 243) —Rm(g)(Z1AV, ZaNZs)+

+ g(ngQV%lv, Z3) — g(nggZ ZIV, Zg) + Rm(g)(ZQ/\V, Zl/\Z3)
2

= Rm(g)(Zl/\ZQ, V/\Z3)+ Rm(g)(V/\Zl, ZQ/\Z3)+ Rm(g)(Zg/\V, Zl/\Zg)
=0.
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On the other hand, ay is skew-symmetric with respect to Z5 and Z3. Indeed

9V, VOV 22, Z5) = —9(V, V4,V Z3) +9(V, V. Z3)
1

= —21(9(V,V, Z3)) + 9(V9,V, VY, Z3)—

—9(V3, V.,V Z2)
= Z1(g(VY,V, Z2)) — 9(V%, V. VY, Zo)+

+9(V3,V. V5, Zs)
=9(Vy, VLV, Z2) — g(ngng%V, Z)

= —g([V},, —VIV]Z3, Z3) .
Therefore, it comes necessarily that ayy = 0 and so
(V% = V9Y]=Rm(g)(XAY)) = ([V,, =V/X]—Rm(g)(YAX)) = 0. (I.4.5)

The thesis comes from ([.4.3]), (I.4.4)) and (I.4.5). O

From ([.4.2), it follows that the space of Killing generators &illY of (M, g) at p
can be endowed with a Lie algebra structures by setting

[(v, A), (w, B)] = (A(w) — B(v),[A, B] + Rm(g)p(v/\w)) ) (1.4.6)

The pair €9 = (€9, [,]) is called the Nomizu algebra of (M,g,p) and it is
isomorphic to the Lie algebra of local Killing vector fields of (M, g) defined in a
neighborhood of p. By [59, Thm XI| (see also [10, Thm A.4|) there exists a local
Lie group of isometries whose infinitesimal generators are precisely the Killing
vector fields in #ill9.

I.4.2 Orthogonal transitive Lie algebras

In this subsection, we briefly summarize some algebraic tools which are useful to
study locally homogeneous Riemannian manifolds. We refer to [77, [78] and [41]

for more details.

Firstly, as we already mentioned in the Introduction, we introduce the follow-

ing notation.
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Definition 1.4.2. Let (M,g) be a locally homogeneous space. Then, (M, g)
is said to be strictly locally homogeneous if it is not locally isometric to some
homogeneous space, otherwise it is said to be non-strictly locally homogeneous.

Notice that a complete locally homogeneous space (M, g) is always non-strictly
locally homogeneous. In fact, by hypothesis its Riemannian universal cover (]TJ/ )
is a simply connected, complete locally homogeneous space and hence, by [76], it
comes that (M ,g) is homogeneous. Here, with a slight abuse of notation, we are
denoting by g both the Riemannian metric on M and its pullback on the universal
cover M. Moreover, by [52, Sec 7] we know that any locally homogeneous space
(M™ g) of dimension m < 4 is non-strictly locally homogeneous.

Secondly, we introduce the following definition, which plays an important role

in comparing strictly and non-strictly locally homogeneous spaces.

Definition I1.4.3 (58], p. 51). Let G be a connected Lie group, h C g := Lie(G)
a Lie subalgebra and H C G the connected Lie subgroup with Lie(H) = . The
Malcev-closure of b in G is the Lie algebra HG C g of the closure H of H in G. The
Lie algebra b is said to be Malcev-closed in G if h = 5°.

Notice that the notion of Malcev-closure depends on the Lie group G, i.e. it
is possible that §° # §° for two connected Lie groups with Lie(G) = Lie(G') = g.

Example 1.4.4. Let g := R? and G := R?, G’ := T2 = Z2\R%2. We consider the
Lie subalgebra h C g spanned by the vector (1, \/i)t € R2. Then it follows that
h= EG - EG = g (see Lemma [[11.3.5)

Then, we recall the following

Definition I.4.5. Let m,q € Z>o. An orthogonal transitive Lie algebra (g =
h+m,(,)) of rank (m,q) is the datum of
- a (¢ + m)-dimensional Lie algebra g;
- a g-dimensional Lie subalgebra  C g which does not contain any non-trivial
ideal of g;
- an ad(h)-invariant complement m of b in g;
an ad(h)-invariant Euclidean product (,) on m.
An orthogonal transitive Lie algebra (g = b +m, (,)) is said to be regular if b is
Malcev-closed in the simply connected Lie group G with Lie(G) = g (see Definition

1.4.3)), non-regular otherwise.
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Let (g = b+ m,(,)) be an orthogonal transitive Lie algebra of rank (m,q).
Since there are no ideals of g in b, the adjoint action of h on m is a faith-

ful representation in so(m,(,)) and so ¢ < % An adapted frame is a
basis u = (e1,...,€q4m) : RIT™ — g such that h = span(es,...,eq), m =
span(€g+1, - - -» €q+m) and (€q4i, €q+j) = 0;5. Given two orthogonal transitive Lie

algebras (g; = b; + my, (,)i), we call orthogonal transitive Lie algebras isomor-
phism (isomorphism for short) any Lie algebra isomorphism ¢ : g1 — go such

that ¢(h1) = b2, p(my) =my and (,)1 = (@|m,)* ()2

Remark 1.4.6. Let (g =bh+m,(,)) be an orthogonal transitive Lie algebra. By
[78, Lemma 3.1], one can extend (,) to an ad(h)-invariant Euclidean product (,)’
on the whole g in such a way that (h,m)’ = 0 and (,)’|sgy coincides with the
Cartan-Killing form of so(m, (,)).

An important class of examples of orthogonal transitive Lie algebras are pro-
vided by the Nomizu algebras. In fact, let (M, g) be a locally homogeneous space,
p € M a distinguished point and #illY = { Killing generators (v, A) at p } the No-
mizu algebra of (M, g,p). Consider the scalar product on &llY given by

(v, 4), (w, B)))g := gp(v, w) — Tr(AB) ,

set Eill] := {(0, A) € £ill9} and let m be the ((, ))4-orthogonal complement of €ill§ in
tillY. Since (M, g) is locally homogeneous, this gives rise to a linear isomorphism
m ~ T, M, which allow us to define a scalar product (,), on m induced by the
metric tensor on M. Then, (8llY = &llJ + m, (,),) is an orthogonal transitive
Lie algebra. We stress that the Nomizu algebra, modulo isomorphism, does not
depend on the choice of the point p. Furthermore, two locally homogeneous spaces

are locally isometric if and only if their Nomizu algebras are isomorphic.

The notion of Malcev-closure is related to the strictly locally homogeneous
spaces by the following result.

Theorem 1.4.7 (|77], Lemma 3.5 and Prop 4.4). Let (M,g) be a locally homo-
geneous space, p € M a distinguished point and (819 = €] + m, (,),) be the
Nomizu algebra of (M, g,p). Then, (8lI9 = €l +m, (,),) is regular if and only
if (M, g) is non-strictly locally homogeneous.
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1.4.3 Ambrose-Singer connections and the Singer invariant

Let us recall here the following classical result.

Theorem 1.4.8 (|82], Thm 2.1). A smooth Riemannian manifold (M,g) is a
locally homogeneous space if and only if it admits a metric connection with par-
allel torsion and curvature. Any such connection is called an Ambrose-Singer

connection.

In general, Ambrose-Singer connections are far from being unique, but there
is always a canonical one, which is characterized as follows. Fix p € M and, for
any k > 0, set

i(k) == {A€so(T,M,gy): A-Rm"(g9), =0, 0<r<k}. (1.4.7)

Since (i(k))kez>0 is a filtration of the finite dimensional Lie algebra so(T,M, gp),
there exists a first integer ky such that i(k,) = i(k,+ 1), which is called the Singer

invariant of (M, g). It actually holds that i(k) = i(ky) for any integer k > k.

Theorem 1.4.9 ([82]). Let (M, g) be a locally homogeneous space and p € M a
distinguished point. Then there exists a unique Ambrose-Singer connection DY on
(M, g) such that Sy € i(kg)*, where S9 := D9 — V9 and i(ky)* is the orthogo-
nal complement of i(kq) in so(T,M, gp) with respect to the Cartan-Killing form.
Moreover i(k) = i(ky) for any integer k > kq and the pairs (v, Si(v)), v € T,M,

are Killing generator at p.

Remark 1.4.10. Notice that for non-strictly locally homogeneous spaces, the
canonical Ambrose-Singer connection coincides with its canonical connection ac-
cording to [37, Sec X.2|.

By the results in [76, [54], it is known that a locally homogeneous space (M, g)
with Singer invariant k, is completely determined by the curvature and its co-
variant derivatives up to order k, + 2 at a single point. It is also known that
kg < 3dim M (26, p. 165]), but in general this estimate is not sharp. For later

purposes, for any integer m > 1 we set

1(m) := max{k, : (M, g) locally homogeneous, dim M < m} . (1.4.8)
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Notice that m +— o(m) is not decreasing and 0 < 1(m) < 3m. Moreover, (1) =
(2) = 0 and the main result in [35] implies that +(3) = ¢(4) = 1. We also mention

that from the main theorem in [47] we get lim,— 400 2(m) = +00.

For any m,s € N with m > 1 and s > 2(m) + 2, we define R*(m) to be the
set of all the (s+1)-tuples

(R°,RY,...,R*) € Wi(m) = T <®k(Rm)*®A2(Rm)*®5o(m)>
k=0

satisfying the following conditions (R1) and (R2).

(R1) The following identities hold:

(R (Y1AY2)V1, Va)st = (RO (VIAV2)Y1, Vo)t
Sy vy (RV(VIAY2) VA, Va)st = 0,
(RY(X1|Y1AY2) Vi, Vo)t = (RM(X:1|ViAVR) YA, Ya)st
6 (RN (X1|Y1AY2) V1, Vo)t =0,
Sy, vy, (R (X1 [YIAY2) VA, Vo)t = 0,
R*2(X1, Xa, X3, . Xppa|VIAYa) — M2 (X, X1, X3, .. Xpyo| ViAYs) =
= —(R(X1AX2) - R¥)(X3,.. Xjpo|YiAYs) forany 0<k<s—2 ,

Y1,Y9,Vp

where &, ; . denotes the sum over the cyclic permutations of A, B,C and so(m)

acts on the tensor algebra on R™ by derivation.
(R2) For any 1 < k < s, the maps
o :s0(m) = W*(m), of(A):=(A-R°A-R'..,A-RY),
gE L R™ — WF(m), BYX):= (X1R', X.R? ..., X.R)
are such that

BER™) € o L(so(m)) for any u(m) +2 <k <s,

ker(af) = ker(a*™1)  for any o(m) <k <s—1.

Note that R*(m) is invariant under the standard left action of O(m). Hence,

we introduce the following
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Definition I.4.11. Let m,s € N with m > 1, s > «(m) +2. We call Riemannian
s-tuples of rank m the elements of the quotient R*(m) := O(m)\R*(m).

This definition is motivated by the following

Theorem 1.4.12 ([54]). Let (M™,g) be a locally homogeneous space. For any
point p € M, u:R"™ — T,M orthonormal and s > 1(m) + 2, it holds that

(u* Rmo(g)p, u* le(g)p, coLuf Rms(g)p) € ﬁs(m)

and the corresponding Riemannian s-tuple p® € R*(m) is independent of p and u.

Conversely, for any Riemannian s-tuple p® € R*(m), there exists a locally
homogeneous space (M™, g), which is uniquely determined up to local isometry,
such that (u*Rm(g)p,u* Rm'(g)p, . ..,u* Rm*(g),), for some point p € M and
u:R" = T,M orthonormal, is a representative of p®.

I.5 Compact homogeneous spaces

1.5.1 The space of invariant metrics

Let M = G/H be a compact, connected and almost effective m-dimensional ho-
mogeneous space, with G and H compact Lie groups. We fix once and for all
an Ad(G)-invariant Euclidean inner product @ on the Lie algebra g := Lie(G)
and we indicate with m the Q-orthogonal complement of h := Lie(H) in g. From
now on, we will always identify any G-invariant tensor field on M with the cor-
responding Ad(H)-invariant tensor on m by the natural evaluation map at the
point eH € M. The restriction Qun := Q|mgm of @ on the complement m defines
a normal G-invariant metric on M. Up to a normalization, we can assume that
vol(Qm) = 1. We denote by MC the set of G-invariant metrics on M and by M§
the subset of unit volume ones.

The set of inner products on m, which we indicate with P(m), is an open cone
in the space Sym(m, Q) of symmetric endomorphism of (m, Q) by means of the
embedding

g— Ay, 9g=Qu(44-,") (I.5.1)

and it is acted transitively by GL(m), with isotropy in Qy, isomorphic to O(m, Qp,).
So, it admits the coset space presentation P(m) = GL(m)/O(m, Qn). It can also
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be endowed with the standard GL(m)-invariant Riemannian metric defined by

<A1,A2>g = Tr(A;lAlA;IAQ) for any Aq, Ag € TgP(m) ~ Sym(m, Qm)
(1.5.2)

=1 is an involutive automorphism of GL(m) with fixed

Since the map a — (a
point set O(m, Qn), P(m) is a Riemannian symmetric space. The space MC is

nothing but the fixed point set of the isometric action of H on P(m) given by
Ag— (Ad(h)|m)Ag(Ad(R)|m)T, h€H, g€ P(m) (1.5.3)

and so MC is a totally geodesic submanifold of P(m). Since P(m) splits isomet-
rically as R x SL(m)/SO(m, Qu), and SL(m)/SO(m, Q) is a symmetric space of
non-compact type, we conclude that M®, endowed with the restriction of ,
is a Riemannian symmetric space with non-positive sectional curvature.

We consider now a Qy-orthogonal, Ad(H)-invariant irreducible decomposition
m=my+...+my. (I.5.4)

If the adjoint representation of H is monotypic, i.e. m; 2 m; forany 1 <i < j </,
the decomposition (I.5.4) is unique up to ordering and by the Schur Lemma any
invariant metric ¢ € M® can be uniquely written as

9=MQm, + -+ NQm, , (15.5)

where Qum, ‘= Q|m;om,; and A1, ..., A\ € R are positive coefficients. In general, the
decomposition is not unique if some modules m; are equivalent to each other
and the invariant metrics need not to be diagonal anymore. We denote by F€ the
space of ordered, Qn-orthogonal, Ad(H)-invariant, irreducible decompositions of
m, which is itself a compact homogeneous space (see [7, Lemma 4.19]).

The space M can be described in terms of any fixed decomposition ¢ € FC.
Instead of using such approach, we will allow the decomposition of m to vary
in the space F¢. Indeed, it is known that for any ¢ € MS, there exists ¢ =
(my,...,my) € F¢ with respect to which ¢ is diagonal, i.e. takes the form
(see see e.g. [87, Sec 1]|). Any such ¢ will be called a good decomposition for g.
Notice that a metric g may admit more than one good decomposition.
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Since M® is a symmetric space with non-positive sectional curvature, by the
Cartan-Hadamard Theorem, its Riemannian exponential map is surjective. More-

over, by ([5.1) and ([53), we get
T M = Sym(m, Qn) 4
- {v € Sym(m, Qu) : (Ad(R)[m)-v-(Ad(R)|m)T = v for any h € H} .
For any fixed v € TQmMG, there exists a decomposition ¢ = (my,...,my) € g6

such that
V=v1Qm, +... +vQn, forsome vi,...,v R .

By [30, p. 226], the geodesic 7,(t) in M® starting from Qn and tangent to
v E TQmMG, with respect to the same decomposition ¢, takes the form

Yol(t) = €' Qumy + ... + € Qu, . (1.5.6)

Any such decomposition will be called good decomposition for v. Notice that the
eigenvalues v; do not depend on the choice of the good decomposition. Since
vol(7,(t)) = exp(t Tr(v)), it follows that M is a totally geodesic submanifold of
ME. In particular, we consider the unit tangent sphere

Y= {v € Sym(m, Q)M Tr(v?) =1, Tr(v) = 0} (L.5.7)
so that
MS = {Qu} U{ult) v S, t >0}

Notice that the space M$ is a singleton if and only if G/H is isotropy irreducible.
In that case, ¥ = ().

1.5.2 Curvature of compact homogeneous spaces

Let us fix a decomposition ¢ = (my,...,my) € F€ for the reductive complement m
and set I := {1,...,¢}. Notice that the number ¢ of irreducible invariant submod-
ules does not depend on the choice of the decomposition ¢. We set d; := dim(m;)
which are again, up to ordering, independent of ¢. A basis (ey) for m is said to
be p-adapted if

€ly--€dy EML,  €dy41s--5Cd14+ds EM2 5, ... €dit..4dp_1+1ls---En EMy .
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For any subset I’ C I, we set

mpoi= Y my, dpi= Y d;. (1.5.8)

iel’ iel’

Moreover, for any I, Is, I3 C I, we define

(L I215], = Z Q([ea,e/g],ev)Q, (1.5.9)

€a Emll

egeEmMy,

exvEmy,
where (eq) is a Qm-orthonormal p-adapted basis for m. If at least one of the
three index sets is a singleton, say e.g. I = {i}, we will shortly write [il2]3],
instead of [{i}I213],. Notice that [I1I513], is symmetric in all three entries and
it does not depend on the choice of the @Qpn-orthonormal basis (e,). Furthermore,
[111213]50 > 0 and [11[213]¢ = 0 if and only if [mh,mb} nmy = {0} Finally,
though the coefficients [/1I213], do depend on the choice of ¢, the correspondence
¢ — [l11213], is a continuous function on FC (see [7, Sec 4.3]).

We introduce now the Casimir operator

Cog,:m—=m, Cp, = —Zad(zi)oad(zi),

b b

i

where Qy := Qlpgn and (z;) is any Qp-orthonormal basis for h. Then, the following
conditions hold:
Caylm; = ¢ Idm, . (15.10)

with ¢; > 0 and ¢; = 0 if and only if [h, m;] = {0} (see [87), Sec 1]). We also define
the coefficients b1, ...,by € R by setting

(—B)|miom; = biQm; , (I1.5.11)

where B is the Cartan-Killing form of g. Since g is compact, it follows that b; > 0
and b; = 0 if and only if m; C 3(g). If G is semisimple, then one can choose
(Q = —B, so that b; = 1 for any 3.

Notice that both the coefficients ¢; and b; do depend on the choice of ¢, while

b = Trq,(—B) =Y _ dib; (1.5.12)
i€l
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does not. Moreover, they are related by the following useful relation (see [87,

Lemma 1.5]):
dib; = 2dic; + Y _ [ijk], foranyiel . (1.5.13)

j,kel

Let now g € M® be a diagonal metric as in with respect to . The next
proposition gives explicit formulas for the sectional curvature sec( ) of g along
p-adapted 2-planes in m. Notice that one could obtain ) and ( m ) from
[27, Cor 1.13] where the authors proved a more general formula for the sectional

curvature of diagonal cohomogeneity one metrics.

Proposition 1.5.1. Let X, Y € m be Qu-orthonormal vectors. If X € m; and
Y € m; for somei,j € I, then the sectional curvature of g along X \'Y is given
by the following formulas.

- ifi =7, then

sec(g)(XAY) = Y]h@ +ZMHX ymkyQ . (15.14)

1
L 402
* kel i

< if i #£ g, then
A2+ 22— 3X2 — 20 + 20k + 20\, )
sec(g)(XAY) = . [X,Y] :
% AN AE | nelg
(1.5.15)

— 1 Y o— 1 i .
= \/ATX’ Y = \/er. By [3, Thm 7.30] it holds that

sec(XN\Y) = —%HX,?ME — 59([X, [X, Y]Jm, Y]) —

+|U9(X, 7))

Proof. We let X

g([Y, [V, X])m, X])+
— g(Ug(X,X),Ug(Yf,ff))
(I.5.16)

D=

where UY : m ® m — m is the symmetric tensor uniquely defined by
29(U9(X,Y), Z) = 9([Z, X, Y) + 9([Z,Y]|m, X) . (1.5.17)
We observe that

kel
9%, XVl V) = }Q([X, XYLY) == |[X,Y]

)

[X Ymk|Q :

\Q , (L5.18)

2
Q-

GV [V, X, X) = jj@([y, ¥, X)), X) = —joX,Y}
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Let now (eq) be a p-adapted @Qm-orthonormal basis for m. Then

g(Ug(X,X),ea) = g([ecwX]?X) = )%.Q([X7X]7€a) =0

and so
U9(X, X) =U%(Y,Y) =0 (1.5.19)
Finally
- 1 ;
PETE-Y Y o), e
kel eacmg
Y v, X)) (152
= Z Z A A )‘k( eom ]7 )—i—g([ea, L )) ( 5. 0)
kel eaEmy

[Ai
Z 4)‘)\>\k ‘XYmk‘Q

By (L.5.18)), (I.5.19) and (I.5.20]), formula (I.5.16)) becomes

sec(g)(XAY) =
3\ A
*Z4M XY‘“k‘Q ()\ ) XY’Q Z4>\)\)\k XY‘“’JQ
ij 2 20 + 22X — 3\ |\
=Aj}[X,YJb\Q+§ Do X Yo + Zm\xymkb
_ % A7 4 AF = 3A7 = 20N + 20 + 205\ 9
}XYh‘Q"'kZeI AN AR HX7Y]mk‘Q
and so both ([.5.14) and (I.5.15) follow. O

As far as it concerns the Ricci tensor Ric(g) : m@m — R, the following lemma
holds true (see also [60, Lemma 1.1]).

Lemma 1.5.2. For any 1 <1i </ it holds that

RIC(g) |mi®mi - )\74 riCi (g) Qmi )

where

bi 1 o1 Ak 1 o i
ric;(g) = - lijk]log~— + — E [ijk], . (I.5.21)
2\ 2 & Ay 2 TR,
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If the adjoint representation of H on m is monotypic, then the Ricci tensor de-

COmposes as

Ric(g) = A rici(9)Qm, + - .- + Arrice(9)Qm, -

Proof. By the Schur Lemma, for any 1 < ¢ < £ there exist x; € R such that
Ric(g)|m;om; = iQm,;. Then, letting (e,) be a p-adapted Qn-orthonormal basis
for m, it necessarily holds that

A d)\

ric;(g) =

eqEm;

Notice that, from (I.5.9)), ([.5.10) and the Ad(G)-invariance of @), we directly
obtain that

3 Jlearesly|ly = didici Y [learealmy | = [k, (15.23)
eq €My eq€EmM;
egEmM; egEm;

Therefore, for any fixed ¢ € I, we get

Z Z sec(g)(ea Neg) =

JEl e,
= Y leaeshl}+
jel eaemz
egeEmM;
A2 A2 = 302 — 20N 4 20 + 2A0 )
+ Z Z . AN Heo"eﬁ]m’f‘Q
kel eacm; ik
egeEM;
dici | 1 o A= (N — W)
= - k
)\i + Z [Z] ]‘P )\Z)\j)‘k
7,kel
2 )2
dibi 1 g AN+HXe N
= - Ko —
7, 1 2l le A +>\~)\k>
7,kel
d;b; 1 . Ak i
= o "3 Z [zgk]w)\ y + - Z zyk@)\ v (I.5.24)

j.kel g kel
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Finally, from (I.5.22) and (I.5.24) we conclude that

rici(g) = d7 > Riclo) (% %)

ca€my
— Z Z sec(g)(eqa N eg)

]GI e €My

egeEmM;
b; 1 . Ak 1 A
2 2d, 2 e T g 2. o3 e
j,kel J,kel
The last claim follows directly by applying the Schur Lemma. O

Notice that the coefficients ric;(g) defined in are precisely the diagonal
terms of the Ricci operator Ric(g) : m — m given by the relation Ric(g)(X,Y) =
g(Ric(g)(X),Y).

Finally, by , it comes that the scalar curvature of g is given by (see
also |87, Sec 1])

scal(g Zd ric;(g) = 2

iel el i,5,k€l

[ijk]e (I.5.25)






Chapter 11

A local version of the
Myers-Steenrod Theorem

I1.1 Statement of results

In this chapter we give a characterization of local groups of isometries that ad-
mit structures of local Lie transformation groups. More precisely, we prove the

following

Theorem 11.1.1. Any locally compact and effective local topological group of
isometries acting on a pointed C*®-Riemannian manifold, with k + o > 0, is

a local Lie group of isometries.

Our result can be considered as a local version of the Myers-Steenrod Theorem
[53]. We recall that the most enhanced version of this result is actually a conse-
quence of the celebrated Gleason, Montgomery and Zippin solution to Hilbert’s
fifth problem [23] [50]:

(H5) A locally compact topological group admits a Lie group structure if and
only if it is locally Fuclidean, and this occurs if and only if it has no small
subgroups.

Note that (H5) is a characterization of Lie groups among all topological groups
in terms of just group theory and topology. It was thus natural to expect that a
similar property holds for local Lie groups too. However, such a result was proved
only recently by Goldbring in [25] using techniques from non-standard Analysis.
The proof of our Theorem is strongly based on Goldbring’s Theorem.

35
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For a better understanding of our result, it is convenient to briefly review the
relations between the solution to the Hilbert’s fifth problem (H5) and the various
known versions of the Myers-Steenrod Theorem. We start by recalling that the
original paper [53] contains the following two results:

(MS1) Any distance preserving map between C*-Riemannian manifolds, with k >
2, is of class CF~1;

(MS2) Any closed group of isometries acting on a C*-Riemannian manifold, with
k > 2, is a Lie transformation group.

Subsequently, the works by Calabi and Hartman [16], Resetnjak [68], Sabitov [71]

and Shefel’ [74] allowed to obtain the following stronger version of (MS1):

(MS1’) Any distance preserving map between C*®-Riemannian manifolds, with
k+a >0, is of class CFt1e,

Now, claims (MS1’) and (H5) imply a strengthened version of (MS2), which holds

under much lower regularity assumptions. Namely

(MS2") Any closed group of isometries acting on a C*-Riemannian manifold,
with k +a > 0, is a Lie transformation group.

To the best of our knowledge, this is the strongest version of the Myers-Steenrod

Theorem which can be obtained using the so far known results. For the reader

convenience, we provide a proof in Section below. Our Theorem is

obtained under the same regularity assumptions of such stronger version of (MS2)

and can therefore be considered as a perfect analogue of it in the category of local

groups of transformations.

We would like to point out that, as many authors have predicted the existence
of a local version of (H5), also the contents of our Theoremwere expected to
be true (see [52, p. 616]). On the other hand, its proof remained an open problem
since the very first appearance of the Myers-Steenrod Theorem in [53], where the
authors themselves ended the paper asking explicitly whether any locally compact
group germ of local isometries were a Lie group germ or not. We guess that the
lapse of time that passed between the statement of the problem and the finding
of the solution presented here was caused by the lack of specific technical tools
for dealing with local Lie groups, a gap which was finally filled in the previous
quoted paper by Goldbring.

As a by-product, we also obtain a useful regularity result for locally homoge-
neous Riemannian metrics, on which the main results of Chapter [[I]] are based.
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Namely

Theorem I1.1.2. Let (M, g) be a locally homogeneous C'-Riemannian manifold.
If there exist a point p € M and a locally compact, effective local topological group
of isometries which acts transitively on (M, g,p), then (M, g) is real analytic.

II.2 The Myers-Steenrod Theorem in low regularity

We provide here a proof of the version (MS2’) of the Myers-Steenrod Theorem. We
also show how it yields a useful regularity property for homogeneous Riemannian
manifolds. First, we recall the following crucial result, which is a consequence of

Theorem [[311

Theorem I1.2.1 ([5I] Thm 2, p. 208). Let G = (G, ©) be a topological group of
CF-transformations on a smooth manifold M, with k > 1. If G is effective and

locally compact, then G is a Lie group of C*-transformations.

We also need the following property, which is essentially due to van Dantzig
and van der Waerden [20]. Let (M,g) be a CH¥®-Riemannian manifold and
Iso(M, g) its full isometry group. We recall that the compact-open topology
Teo ON Is0(M, g) is generated by the subbasis formed by the sets

(f; K;e) :={h €lIso(M,g):dg(f(x),h(z)) <e for any z € K},

with f € Iso(M,g), K C M compact, € > 0. On the other hand, the point-open
topology 7,, on Iso(M, g) is generated by the subbasis formed by the sets

(f;zye) == {h € Iso(M, g) : dg(f(x), h(z)) <<€},
with f € Iso(M,g), x € M, e > 0.

Lemma I1.2.2. OnIso(M,g), the compact-open topology coincides with the point-
open topology. This topology is Hausdorff, it makes the group operations continu-
ous and it is the coarsest topology with respect to which the action of Iso(M, g) on
M is continuous. Furthermore, with respect to such topology, Iso(M, g) is locally
compact and its action on M is proper.
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Proof. We set G := Iso(M,g) for short. Let us fix f € G, K C M compact,
e > 0 and let x1,...,oxy € K be such that K C By(z1,5) U ... U By(an,5).
We have to show that A := (,,cn(f;2i; §) is contained in (f; K;¢e). So, let us
consider h € A and z € K. By_c_onstruction, there exists 1 < ¢ < N such that
dy(z, ;) < 5. But then

dg(f (), h(x)) < dg(f(2), f(:)) + dg(f (i), h(xi)) + dg(h(xi), h(x)) <e

and hence 7., C 7p,. Since the other inclusion is obvious, we conclude that
Teo = Tpo- The second claim is just a collection of some well known properties
of the compact-open topology. We refer to the main theorem of [46] for the last
claim. O

We are now ready to prove the following

Corollary I1.2.3 (Enhanced version of the Myers-Steenrod Theorem). Any
closed group of isometries of a CH-Riemannian manifold, with k + o > 0, is
a Lie group of isometries.

Proof. Let (M, g) be a C**-Riemannian manifold, with k& 4+ « > 0, and consider
its full isometry group G = Iso(M,g). Then, by means of Theorem and
Lemma [[1.2.2) G is an effective group of C¥+'-transformation and G is locally
compact. Then, by Theorem [[T.2.] it is a Lie group of isometries and the thesis
follows. O

This corollary yields the following improvement of a well known property
of homogeneous Riemannian manifolds. As usual, a C¥*-Riemannian manifold
(M, g) is called homogeneous if it admits a closed, transitive group of isometries.

Theorem I1.2.4. Any homogeneous C*“-Riemannian manifold, with o > 0, is

real analytic.

Proof. Let (M,g) be a C%*Riemannian manifold, with a > 0, and G = (G, ©)
a closed, transitive topological group of isometries acting on (M, g). Pick a dis-
tinguished point z, € M and consider the isotropy subgroup of G at x,, i.e.
H:={a € G: O(a,z5) = x}. From Corollary [[I.2.3] it follows that G is a Lie
group of isometries and, by means of Theorem [[.I.5] the map © : G x M — M
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is of class C'. Then, H is an embedded Lie subgroup of G and we get the C'-
diffeomorphism

VUpo : G/H—= M, ¥ (aH) := O(a,z,) . (I1.2.1)

Since G acts by isometries, there exists a unique invariant C“-Riemannian metric
g on G/H which makes the map ¥, : (G/H,g) — (M, g) an isometry. From this
the thesis follows. O

I1.3 Proof of Theorem [I1.1.1

The purpose of this section is to give the proof of a local analogue of Theorem

namely

Theorem I1.3.1. Let G = (G, Ug, 2y, W, 0) be a local topological group of Ck-
transformations on a pointed smooth manifold (M,p), with k > 1. If G is locally
compact and effective, then G is a local Lie group of C-transformations.

of which Theorem is an immediate consequence.

First, we need a preparatory lemma. For its statement, we introduce the
following definition. Let G be a local topological group. For any integer N > 1
and for any ay,...,an,b € G, we say that the element a1-as-...-ayn is well defined
and equal to b, for short ay - as - ... - ay = b, if the following condition defined
by induction on N is satisfied: for any 1 <7 < N there exist b;, b; € G such that
ap ... a; ="bi, ajp1-...-ay =0b}, (b,,b]) € D(G) and b; - b, =b. fUC Gisa
neighborhood of the unit such that a; - ... ay is well defined for any choice of
ai,...,an € U, we set UV = {al-...~aN fai,...,aN €U}.

Lemma I1.3.2. Let G = (G,Ug, 2y, W, 0) be a local topological group of ck-
transformations on a pointed smooth manifold (M, p). Then:
i) For any compact set K C )y, there exists a neighborhood U C Ug of the unit
such that U x K CW.
ii) For any fired N € N, there exists a neighborhood Wy of {e} x Q, in W such
that for any
(a1,2),...,(an,x) € Wyn

the element ay - ... - ay is well defined and (b; - b, x), (b, O}, z)) € W for
any 1 <i < N, where b; := ay-...-a; and b '= a;41-...-an.
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Proof. To prove the first claim, it is sufficient to observe that, since {e} x K is
compact, there exists an finite open cover {Zi,...,Z;} of {e} x K inside W, where
the open sets Z; have the form Z; = U; xU; for any 1 <4 < £. Then U C ()<, Wi
satisfies (i). o

We now recall that there exists a sequence of nested neighborhoods
{e} C...CDn(G) C Dy_1(G) C...C Dy(G) C G

of the unit such that, for any N > 2 and for any choice of N elements aq,...,ax €
D (G), the product aj - ... - ay is well defined (see e.g. [25, Lemma 2.5)).

Fix N € N. By (i) we can consider NV exhaustions {Ul(n)}, e {U](\?)} of 2, by
relatively compact open sets and two sequences {u<"> }, {U’ (”)} of neighborhoods
of the unit in Ug C G such that:

v ccul cc---cc P cc U™ and U c W) ¢y,
S U™ U c (Dy(G) x M)W,
(U)Y c W and OU™ x UM) c UT) for any 1 < i< N —1.

It is immediate now to realize that for any (a1,z),..., (an,z) € UM x Ul(n) it
holds that a; -...-an is well defined and that (b; - b, z), (b;, ©(b;, z)) € W for any
1<i¢<N,withaj-...-a; =b; and aj41 - ... ay = b,. Therefore, if we define
Wnr = Upen U™ x Ul(n), then claim (ii) follows. O

We observe that Theorem [[I.3.1] involves only local objects. Hence, without
loss of generality, we may assume that (M,p) = (R™,0). However, for the sake
of clarity, in what follows we will still use the symbols p and €, for 0 and the
distinguished neighborhood of 0, respectively.

Proposition I1.3.3. Let k > 1 and G = (G, Ug, 2y, W, ©) a locally compact local
group of C*-transformations on (M,p) = (R™,0). Then, there exist a relatively
compact neighborhood V C Ug of the unit and a ball B C ), centered at p which
satisfy the following property: if H is a subgroup of G entirely contained in 'V, then
there exists a neighborhood Vo, C B of the origin such that ©(a)|y, = Idy, for any
a € H.

Proof. By [49, Thm 1] and [4, p. 685], given (a,x) € W, for any neighborhood
Vo C Ug of a and for any ball B C €, centered at x such that V, x B C W, the
following holds: every partial derivative of the function ©(b)|p : B — R™ up to
order k is continuous with respect to b € V,,.
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Since O(e) is the identity map of €2, C R™, from Lemma it follows
that there exist a relatively compact neighborhood V C G of the unit and a ball
B cC Q, of the origin such that V x B C Wy, with N > 2 big enough, and the
family of functions {(6(a) —1d)|p : B — R™}_ ¢y is uniformly bounded in the
Banach space C¥(B) by a positive constant C' € R, which can be taken as small
as one likes by restricting V. Let now H be a subgroup of G entirely contained in
V. By taking the closure, one can suppose that H is closed and hence compact.
We define the map

T:B—R", T(x):= /H@(a,x) d(a)

where A is the Haar measure of H, normalized in such a way that A\(H) = 1. By
differentiating under the integral sign, it follows that T is of class C*. Moreover

T~ Tdlei) < [ 1600) ~Tdfosgsy dN(@) < C

By the Inverse Function Theorem, there exists an open neighborhood V C B of
the origin such that the restriction T'|y : V — R™ is an open C*-embedding and
T(V) C B. On the other hand, we can choose a sufficiently small neighborhood
Vo C V of the origin such that ©(a)(V,) C V for any a € V. Then, from the
bi-invariance of the Haar measure, for any b € H and for any x € V, it follows
that

/@ab ) d\(a /@ (a) = T(z) .

Since T is invertible in V', we get ©(b)|y, = Idy, for any b € H. O

We are now able to conclude the proof of Theorem Suppose that G is
a locally compact and effective local topological group of C*-transformations on
(R™,0). From Proposition , we directly get that the abstract (local) group
of G is NSS. By Theorem and Remark [[.3.6] we get the thesis.

11.4 Proof of Theorem [I1.1.2

Since we deal with locally homogeneous manifolds, in order to prove Theorem

we need to define rigorously a local analogous of the usual quotient of Lie
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groups. Namely

Proposition I1.4.1. Let G be a Lie group and H C G be a (not necessarily closed)
Lie subgroup.

a) There exist a neighborhood Uy C H of the unit in the manifold topology of H
and two neighborhoods U,V C G of the identity such that: Uy is a sub-local
group of G with associated neighborhood V, Uy is closed in V and US C V.

b) The binary relation on U defined by

£
a~b &L g Lib e Uy

is an equivalence relation on U and the equivalence class [a]~ of a € U verifies
[a]~ = (aUy) NU.
¢) The quotient space (G/H)qy, vy = U/~ = {(aly) NU : a € U} is a topo-
logical manifold and it admits a real analytic structure, which is unique up to
C¥-diffeomorphism, with respect to which the following conditions hold:
the canonical projection m, w,v) : U — (G/H) @y, w,v) is a C-submersion;
the tuple G g ny,umuy) = (G, U, (G/H) g v, W, ©) with

W = {(a, () NU) a €W, beU, a-be U},
0:W— (G/H)umu,v , @(a)((buH) QU) = ((a-b)Uy)NU

is a local Lie group of CY-transformations acting transitively on
((G/H) vy, (eUn) NU).
d) If (Un, U, V) and (U, W, V') are two triples both satisfying all conditions in
(a), then G (G ),y 8 locally C¥-equivalent to G g wy, v, w v)-

Proof. The proof of (a) is straightforward, while (b) is the statement of [25]
Lemma 2.13]. To prove (c), one can easily adapt the well known proof of the
corresponding statement for the quotient of a Lie group with respect to a closed
subgroup (see e.g. [30, Ch II, Sec 4]). Finally, to prove (d), let us consider two
neighborhoods Uy, Uz C G of the unit such that (Uy)? C Uy and UyNUy = U NUs.
Then let us pick a neighborhood U, € U NU N U; of the unit in G. One can
directly check that the map

Uy, U, V) (Uo) — W(uh7u/’vl)(uo> s (G,UH) NU+— (auh) nu

is a C¥-diffeomorphism. O
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Given a Lie group G together with a Lie subgroup H, we call admissible triple
for H in G any choice of (Uy, U, V) as in (a) and local factor space of G modulo
H any quotient (G/H)(y,u,v) as in (c). Notice that H is closed in G if and only if
(H,G,G) is an admissible triple for H in G and, in that case, (G/H)n c,6) = G/H.
For other details concerning local factor spaces and locally homogeneous metrics,
we refer to [52] and [78].

Let now G = (G, Ug, 2,, W, ©) be an almost-effective local Lie group of Ck-
transformations on (M, p), with k& > 2, and consider its infinitesimal generators
O, 1 g = CF1(Qy; TM|g,). We define the subset b := {X € g: ©,(X), = 0}.
By , it follows that b is a Lie subalgebra of g and so we can consider the
unique connected Lie subgroup H of G such that Lie(H) = h. We call it the
abstract isotropy subgroup of G at p. Notice that G is almost-effective if and only
if h does not contain any non-trivial ideal of g, while G is effective if and only
if H does not contain any non-trivial normal subgroup of G. As expected, the

following proposition holds.

Proposition 11.4.2. For any admissible triple (Uy, U, V) for H in G, G is locally
CF-equivalent to the local Lie group of C¥-transformations G(6,H),au,u,y) defined

in (c) of Proposition|I1.4.1].

Proof. Let (Uy,U,"V) be an admissible triple for H in G and choose a sufficiently
small neighborhood of the unit U, C UNUg. Then, the identity map Idg : G = G
and the map

Va T u,v) (Uo) = M, g, ((aUn) NU) == O(a, p)

o

give rise to a local C¥-equivalence between G and G(G,H), (U, 1, V) O

Let now (M, g) be a locally homogeneous C!-Riemannian manifold and assume
that there exist a point p € M and a locally compact, effective local topological
group of isometries G = (G, Ug, 2y, W, ©) which acts transitively on (M, g,p).

Lemma I1.4.3. For any fized x, € M, there exists a neighborhood Uy, C M of
T, and an open C?-embedding oy, : Uy, — R™ such that the pulled-back metric
(pz1)*g on the open set @y, (Uy,) C R™ is real analytic.

Proof. Since (M, g) is locally homogeneous, it is sufficient to prove the claim for
Zo = p. By means of Theorem and Theorem G is a local Lie group of
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isometries and the map O is of class C2. Then, let H be the abstract isotropy of
G at p and pick an admissible triple (Uy, U, V) for H in G. By means of Proposi-
tion G is locally C2-equivalent to the local Lie group G (G6,H),(y,u,v) of C¥-
transformations on the local factor space (G/H)q, w,v)- Since G acts on (M, g,p)
by isometries, there exists a unique C*-Riemannian metric g on (G/H) g, ,v)
which makes the map 9., : 7, 1, v)(Uo) — M defined in the proof of Proposition

a local isometry. O

We may now conclude the proof of Theorem [[I.1.2] By Lemma [[T.4:3] there
exists a C2-atlas A = {(Ua, &4)} on M such that the metric g is real analytic with
respect to each coordinate chart (Uy,&,) € A. But then, by [2I, Lemma 1.2],
there exists a C%-atlas A’ on M which is compatible with A and with respect to
which g is real analytic.



Chapter 111

A compactness theorem for
locally homogeneous spaces

ITI1.1 Statement of results

In this chapter we prove the main results of the thesis, which concern the com-

pactness of some moduli spaces of locally homogeneous Riemannian manifolds.

Generalizing a notion introduced in [II], we consider a distinguished set of
locally homogeneous spaces (B, §) called geometric models (see Deﬁnition.
These objects provide a useful parametrization for the subspace H2¢(1) C 3¢ of
those equivalence classes p € 3¢ with bounded sectional curvature | sec(g,)| < 1.

Indeed, we prove

Theorem III.1.1. In any class p € 3°(1) there exists a geometric model
(B 9u) = (Bg, (045 ), gu), which is unique up to a global equivariant isometry.

The proof of Theorem [[I.1.T]is based on the following two preliminary results.
Firstly, for any equivariant local isometry class p € H,,(1) 1= H9°(1) N K, the
existence of a geometric model is a direct consequence of the Rauch Comparison
Theorem (see Remark . Secondly, for any pu € CH%‘;C \ H,, there exists
a sequence (M(”)) C H,, which converges to p in an appropriate topology (see

Theorem [I11.3.4)).
By means of these facts, Theorem [[II.1.1]is a consequence of the next

45
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Theorem II1.1.2. The space of geometric models is compact in the pointed C1©-
topology for any 0 < o < 1.

We would like to point out that our Theorem can be considered as a
generalization of a previous result by Bohm, Lafuente and Simon. In fact, they
proved the following in [I1, Thm 1.6]: a sequence of geometric models (B §(™)
with Ric(g(”)) — 0 converges, up to a subsequence, to a smooth flat Riemannian
manifold (M, g) in the pointed C1*-topology for any 0 < a < 1. Indeed, both
theorems rely on a Cheeger-Gromov-type precompactness theorem for incomplete
Riemannian manifolds and in both proofs there is the need of showing that the
limit space, which is a priori just a C1**-Riemannian manifold, is indeed smooth.
In [I1, Thm 1.6] such required regularity is achieved by means of the additional
assumption on the Ricci tensor, while in our result we use Theorem [[I.1.2] proved
in Chapter [[]

Notice that Theorem and Theorem directly imply the following

Corollary II1.1.3. The moduli space H9°(1) is compact in the pointed C1*-
topology for any 0 < o < 1.

In order to use the compactness result of Theorem in the proof of
Theorem one needs to take care of some special issues on the convergence
of locally homogeneous spaces. In particular, we use the fact that the homogenous
spaces are dense in the class of locally homogenous spaces with respect to the
topology of the algebraic convergence. Moreover, the pointed Cl'®-convergence
of a sequence of geometric models, combined with the additional assumption
of algebraic convergence, implies the pointed C*-convergence of the geometric
models. This is the crucial step for concluding the proof of Theorem

As a by-product of our analysis of the various notions of convergence and of

Theorem we also obtain

Theorem II1.1.4. Let (u™) C H1°¢(1) be a sequence, p(>) € 39¢(1) and s >
1(m) + 2 an integer.
i) If (B#(m,g“(n)) converges to (B#(m),f]#(m)) in the pointed C*T2-topology, then
(™) converges s-infinitesimally to p(>.
i) If (1) converges (s+1)-infinitesimally to (>, then (Bu(n),g}#(n)) converges
to (Bu<°°> , gu(m)) in the pointed C*+t2%-topology for any 0 < a < 1.
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which in turn immediately implies

Corollary II1.1.5. Let (u™) C 319°(1) be a sequence and p(>) € 319¢(1).
i) The geometric models (3H(n),§}#(n)) converge to (Bu(m),g#(m)) in the pointed
C-topology if and only if (,u(”)) converges infinitesimally to ().
i) If (u™) converges algebraically to (>, then (Bu(m,gu(n)) converges to
(Bmoo),gu(oo)) in the pointed C*°-topology.

Let us remark that here, as we pointed out in the Introduction, the role
of the geometric models is crucial. Indeed, in general pointed convergence is
much stronger than the infinitesimal convergence (see [41l, Ex 6.6]). For reader’s
convenience, we summarize in the following diagram the relations among the three

notions of convergence.

Pointed C*°-convergence Infinitesimal
of the geometric models convergence
Algebraic
convergence

II1.2 The space of geometric models

I11.2.1 Geometric models

We begin this section by introducing the following

Definition III.2.1. A geometric model is a smooth locally homogeneous Rie-
mannian distance ball (B, §) = (B;(o,7), ) of radius 7 satisfying |sec(g)] < 1
and inj,(B,g) = 7.

From now until the end of Section up to pulling back the metric via the
Riemannian exponential map, any geometric model will be always assumed to be
of the form (B™, ), where B := B (0,7) C R™ is the m-dimensional Euclidean
ball of radius m, and the standard coordinates of B™ will be always assumed to
be normal for g at 0. Therefore the geodesics starting from 0 € B™ are precisely
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the straight lines and d4(0, z) = ||s for any x € B™. Hence, B;(0,r) = By (0,7)
for any 0 < r < 7. Moreover, by [I1, Lemma 1.3] it comes that

inj,(B™,g) =7 — |z]ss  for any z € B™ . (I11.2.1)
Since (B™, ) is real analytic, any local isometry can be extended uniformly, i.e.

Lemma II1.2.2 ([II], Lemma 1.4). Let z,y € B™ and set pyy = ™ —
max{|z|st, |ylst}. Then, for any isometry f : By(x,e) — By(y,e) such that
f(x) =y and 0 < € < pyy, there exists an isometry f: By(x, pay) = By(Y, pay)
such that f|gg(m75) = f.

Proof. Let 0 < € < pgy and f : By(x,e) = By(y,€) a local isometry such that
f(z) =y. By ([II.2.1)), the Riemannian exponential maps

Exp(9)a : By, 0z pay) = By, puy) »  Exp(g)y Bﬁy(oyvl)x,y) = By (Y, pay)

are C¥-diffeomorphisms. Let us define

foBy(a, pay) = Bs(y, poy) »  f = Exp(§)y o df|s o Exp(9);" .

Since f is an isometry, it preserves geodesics and hence f |Bg($’6) = f. Moreover,

the analytic functions (f*f])” and gij@g(x,px’y) coincide in the open ball By(x,¢).

Therefore (f*g)ij = gij|3g(m,pm’y) and hence f is an isometry. O]
By repeating the same argument, one can also prove the following

Lemma II1.2.3. Let (B™,g1) and (B™, g2) be two geometric models. Then, any
1sometry
f:(Bgt(0,8),01) — (Bgt(0,8),92) with0<e<m

can be uniquely extended to an isometry f : (B™,g1) — (B™, g2).

Remark I11.2.4. As pointed out in [I1], Sec 1], any m-dimensional homogeneous
space (M,g) verifying |sec(g)| < 1 is locally isometric to a geometric model
(B™, g), which is unique up to isometry by Lemma In fact, (M,g) is
complete (see [36, Ch IV, Thm 4.5|) and, fixed a point p € M, by the Rauch
comparison theorem (see e.g. [33 Sec 6.5), the differential of the Riemannian
exponential Exp(g), : T,M — M of (M,g) at p is injective at every point of
By, (0p,m) C Tp,M. By choosing an orthonormal frame u : R™ — T, M, one can
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consider the pulled-back metric § := (Exp(g), o u)*g on B™ = By (0,7) C R™.
Then, it is easy to check that (B™, §) is a geometric model, which is clearly locally
isometric to (M, g).

Notice that the argument in Remark cannot be used to prove that any
m-dimensional, possibly incomplete, locally homogeneous space (M, g) verifying

|sec(g)| < 1 is locally isometric to a geometric model (B™, §). Nonetheless, this
claim is true by means of Theorem [[TL.1.1]

I11.2.2 Proof of Theorem |I11.1.2

Let (Bm,g<n)) be a sequence of geometric models. The main purpose of this
section is to prove the following

Theorem III1.2.5. The sequence (Bm,gW) subconverges to a limit geometric
model (B™, §(*)) in the pointed C*-topology for any 0 < a < 1.

which proves Theorem We begin with the following

Proposition II1.2.6. The sequence (Bm,gW) subconverges to an incomplete
pointed C1-Riemannian manifold (M(”),g(oo),o) in the pointed CH*-topology.

Proof. Fix a sequence (e) C R with 0 < ¢, << 1 and g, — 0. We use local
mollifications in the sense of Hochard [32]. More concretely, by Lemma [[.2.10[and
(IT1.2.1)) there exists a uniform constant ¢ = ¢(m) > 1 and, for any fixed k € N,

there exist open sets

By (0, m — 2¢;,) C M,gn) C Bgt(0,m — €x)

and smooth Riemannian metrics g,in) on M ,g") such that:

i) (M ,gn), g,(gn)) are complete smooth Riemannian manifolds,
ii) g,in) =™ on By (0, m — 3eg),
iii) sup {’ Rm(g,(cn))xbl(:)
From (ii) it follows that injO(Mlgn),glgn)) > m — 3eg. Therefore by (i), (iii) and

Theorem we can extract a subsequence in such a way that (Ml(n),sén),O)

1T € M,gn)} < 05;2.

converges in the pointed C1'®-topology to a pointed Cl'**-Riemannian manifold
(Mfoo),ggoo), 01) as n — 4oo. Iterating this construction for any k£ € N and us-
ing a Cantor diagonal procedure, we can extract a subsequence in such a way
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that (M,gn),g,gn),O) converges in the pointed Cl'®-topology to a pointed ChH*-
Riemannian manifold (M ,E,OO), g,goo), ok) as n — +oo for any fixed k € N.

In particular, for any & € N we have a sequence of C?>®-embeddings
(A gl(coo)(ok,ﬂ- er) C My~ — M,
such that w,gn)(ok) = 0 and ( lin))*g,(cn) converges in the C®-topology to glioo)
in 139(00)(0k,7r — 4ey) as n — +00. This implies that l/J](gn) (ng (o, — 4€k)) -
k
B (0,7 — 3¢) for n € N sufficiently large and therefore by (ii) it comes that
(@b,g"))*g(”) converges in the C*-topology to g,ioo) in Bg(m)(ok,w —deg) as n —
+00. Hence, there exist pointed isometric embeddings *

Ok (Bglgow(%m - 48k)7g;(coo), o) — (Bgffff (Oky1, T — 45k+1),g;i°fi7 Ok41)

for any k € N. Therefore, we may consider the direct limit

(M(OO)ag(OO)70) = hi)n{(Bgl(:@ (Okaﬂ- - 4€k)7g]S;OO)7Ok)7§0k}k€N .

The triple (M(OO),g(OO),o) is a pointed C1*-Riemannian manifold (see e.g. [19,
Ch 4, Sec 2.3]). Moreover, by construction we get the thesis. O

Up to passing to a subsequence of (B™, (™), we can assume that there exist
an exhaustion (U(™) of M(*) by relatively compact open sets centered at o and a
sequence of C2“-diffeomorphisms ¢ : U™ — By (0, 77—2%) such that ¢ (o) =
0 and g™ = ¢(™*5(" converges in the C*-topology to ¢(>.

Let us define the subsets
U = U {p} X Bgz(,") (0p777 - 2% - ’d)(n)(p)‘st) c TM®) )
pEU(")
U = U {p} x Bg;(fx’) (0p, 7 — dg<oo>(0,p)) C TM™)

peM(Oo)

and the subsets
v = U {p} x By (0.7 — 5 — [0 (p)]st) € M) x M)
pGU(”)

P(eo) = U {p} X B (o) (p, 7 — dg(oo>(o,p)) C M) x M)
peM (o)
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Notice that the metrics ¢ on U™ are merely of class C*®. Nonetheless, we can
consider

By — U™ B (p,0) = (60)7 (Exp(a™) () (p), (d6™),(v) ) -

By construction, the maps
EM .y - ym  EM(pv) = (p, BT (p,v))

are C2“-diffeomorphisms and we indicate their inverses by L™ : Y™ — (),
Notice that the maps L™ are necessarily of the form L™ (p,q) = (p, L™ (p, q)),
with E™ (p, LM (p, q)) = gq for any (p,q) € V(™) and LM (p, E™) (p,v)) = v for
any (p,v) € UM,

Proposition I11.2.7. The sequence (E(")) subconverge uniformly on compact sets

to a C%'-homeomorphism

By ) 5y B (p,v) = (p, B (p,v)) (I11.2.2)

Proof. Let us compute the differential of E(™ at a point (p,v) € U™ . For
this purpose, pick two vectors wy € TpM(OO) and ws € Tv(TpM(OO)) = TJDM(OO)7
consider the parallel transports of the pushforwards (d¢(™),(v), (dp™),(ws) €
Ty () B™ along the §™-geodesic s + Exp(§(™)(¢™ (p), s(dp™),(w1)) and
pull them back by using ¢™. We indicate such paths with v (wy;s)
and wé")(wl;s), respectively. Moreover, consider the g(")—Jacobi field along
the §(™-geodesic t — Exp(§™)(¢™ (p),t(dp(™),(v)) with initial conditions
(dp™)(wr), (dpt™),(we) € Ty (yB™ and pull it back by using #™. We indi-

cate it with Jl(ﬁ),wz (v;t). Then, it is straightforward to check that the differential

(dE(”))(p,v) : TpM(OO) SP) TpM(OO) = T (pﬂ))M(OO)
is given by
n 0 n " " 5
(2B} g ) = e BB )0 s )+ i) |
t=
= J, (vs1) .
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We recall that, since | sec(g(™)| < 1 by assumption, from the Rauch comparison
Theorem (see [33, Thm 6.5.1, Thm 6.5.2]) it follows that for any ¢ € [0, 1]

AR ) oy < cosh(tfv] o) lwi|gen

sin(t|v\g(n>) (n) smh(t\v[ (n)) (I11.2.4)
———F T wa| ) < |y (Vi )]y € ———FF|wal ) -
ol 20 S o450l £ = CE el
By (II1.2.3)), the differential
(dE™) ) TpMS @ T,M ) — T, M) & T, ) M)

of the map E(™ is given by
(dE(”))(pm)(wl,wg) = (wl,J( n) (v; 1))

w1, w2
By (I11.2.4)) it comes that

‘(dE(n))(pm)(wl?w? ‘ m < |wilge + | w1, wz(”? 1)‘g<n>
< Jwnl g + [T500 (03 1)] o + [T, (03 )] o
sinh (|v],
< <1+C05h(|v|g<n>)+‘v(|(i]<))) (lwi] g +wal ymy )
! (I11.2.5)
and also

w1, w2

\/5‘ (dE(n))(pyv) (w17w2)}g(”) Z |w1|g<" 12‘J n) (U’ 1)}g(”1)

> funlyor = 257703 Dy + F51000a (0 D o
sin(t\v]g(n))
Wmﬂgtn) .
(I11.2.6)

From , and , since ¢(™ converges in the C1*-topology
to ¢(°), for any compact set K C M there exists § = §(K) > 0 such that, for any
fixed 0 < 6§ < J, there exist n = 7(K,6) € Nand C = C(K,d),c = ¢(K,5) >0
such that for any p € K and n > n

> (1—1—12 cosh(|v|g(n))) |w1|g(n)+

0#B (oo)( — 0 —dye(0,p)) C B ) (0p, 7 — 55 — [ (p)]st) € Tp M)
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and for any v € T, M(>) with ] 00) < T — 8 — dyee) (0, p) it holds

dge) (B >( v), (0,0)) < C < V2r ,
e (Jwi] yoo) + [w2] yo0)) < [(dE )(pv)(wl,w)\g(oo) < e(|wi] yeoo) + w2l geee) -
(IIL.2.7)

Here, we considered on the product M) x M (%) the distance

g0 ((P1, 1), (2, @2)) = \/dg(oa(pl,pz)z + d o0 (91, 42)?

Therefore, implies that the sequence of diffeomorphism (E(™) is uni-
formly locally bi-Lipschitz (see e.g. [39, Lemma 2.10|). Let us fix a compact
set K C M, let § = 6(K) be as above and consider a sequence (&;) C R such
that 0 < d;41 < 6; < § and §; — 0. By combining the Ascoli-Arzela Theorem
with a Cantor diagonal procedure, from it comes that the restriction

E’(”)} u™ subconverges uniformly on compact sets of Lll((oo), where we have set
K

LII(?) = UM NTM®)|x and Z/{I({oo) = U N TM>®)|;. By considering now an

exhaustion of M(®) by compact sets K. ; and by applying again a Cantor diago-

nal procedure, we get that (E(”)) subconverges uniformly on compact sets to a
C%!-homeomorphisms

B () 5 ) B0)(p ) = (p, E() (p,v))
and this completes the proof. ]

By means of the proposition above, we pass to a subsequence of (B™, §(™)
in such a way that the maps E( converge uniformly on compact sets to a C%1-
homeomorphism E(*). which is necessarily of the form . We denote its
inverse by

L) -y s qy0) () (p g) i= (p, L) (p, q)) .

Up to pass to a further subsequence, we can assume that (E(”)) converges uni-
formly on compact sets to L(°). For the sake of shortness, we set

E}()n) — E(”)(p,- Ez(?oo) — E(OO)(p’.) 7

)

)

Clearly it holds that Ly" = (ES) ™" and L™ = (EF) .
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In the next theorem we will construct explicitly a local topological group of
isometries acting on the limit manifold (M) ¢(>) o). This will allow us to

apply Theorem afterwards. Firstly, we denote by O ) (M (‘X’)) — M)
the orthonormal frame bundle of (M), ¢(>)). Secondly, letting us; be the stan-
dard orthonormal frame of (T oB™, g(()")) = (Rm, (-, >St) we can assume, up to
passing to a further subsequence, that ugt) = ((dp™),) " (ust) converges to an
orthonormal frame ugfo ) for (TOM (00) g((,oo)). This yields an identification

O, () (M) = {(10, a):pe M),

a: (TOM(OO),Q(()OO)) — (TpM(oo),gI()oo)) linear isometry } )

Theorem II1.2.8. There exists a locally compact and effective local topological

group of isometries acting transitively on the pointed C“-Riemannian manifold

(M) g(>0) o).

Proof. Since (B™, g<">) are locally homogeneous and smooth, we can pick for
any n € N an effective local Lie group of isometries G acting transitively on
(B™,§™,0). By Lemma [[I1.2.2] any local isometry f(" € G(™ admits a unique

analytic extension
£ 2 By (0, m= [ £™(0)|se) = Byem (£ (0), 7= (0)]st) -
For any n € N and for any f™ € G such that |f(™(0)|s < T, we define
7™ Dom(F™) = Im(FM) , ) = g0V o f o (60U Y
where Dom(f(™), Im(f() c U™ are the open subsets given by
Dom(f™) == (£ 0 6") ™ (Bu (0,7 = 3k) N By (£ (0), 7P (O0)]sr) ) -
m(f) = (6) 7 (B (0,7 = ) By (F7(0), =[P O)]r)) -

Hence G := {f(” ™ e GM | f™(0)]g < %} is a transitive, effective local
Lie group of isometries on (M (00 ), g(”),o). We are going to describe explicitly
below the structure of local group of G(.

The multiplication
o™ . DGy —» G (T11.2.8)
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is defined in the following way. First, we set
DGE™) = {(F{". J5") € GxG™ |1 (P O], < 5} -

Then, given ( fl(n), fén)) e D(G™), we consider a neighborhood V of 0 € B™
such that

V C B (0,7 f5(0)|st) ,  f2(V) C Bat (0, 7| £ (0) 1)

and we set fé") = fl(n) of fz(") |v7). Then, we consider the analytic extension of f:gn)
as above and we set (") ( f'l(n), fén)) = fén) In the same fashion, the inversion
map

RN el OR L) (I11.2.9)

is defined by choosing, for any given f(™ e G a neighborhood V of 0 € B™
such that
V C Byt (0,7—[f™(0)) , 0€ fM(V)

and defining f'(™ := (f(™|,)~1. Then, we consider the analytic extension of f'("™
and we set j(")(f(”)) = fr(n),

We stress the fact that any f(™ e G verifies

Fr (@) = (BY, ) 0 (@F™]p) o L) () (I11.2.10)

for any x € Dom(f(”)) N Bg(n> (p,7r — 2% — ]qb(")(p)\), for any p € Bg(w)(o, Z).

Let us consider now a dense and countable subset S C B () (0,%). By com-
bining the Ascoli-Arzeld Theorem with a Cantor diagonal procedure (see Step
1 of the proof of |28, Thm 6.6]), up to pass to a subsequence the following
claim holds true: for any p € S, there exists a sequence f(") e G which
converges in the C1-topology to a ¢(°-isometry f(°°) : B (o) (0, T—d () (0, p)) —
B j(00) (P m—d () (0, p)), With f(oo)(o) = p. For the sake of brevity, we just write
f(oo) = limc1 f(") and

Dom(f1>) := B, () (0, 7—de0) (0, f*(0))) . (I11.2.11)
Let us set

G(®) .= {f(oo) : there exists a sequence f(") e G™ st f(oo) = limclf(") } .
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Then, G(*) can be endowed with a structure of local group in the following way.
Firstly we define the subset D(G(>)) ¢ G(*) x @(OO) of those pairs (fl(oo), fQ(OO))
for which there exist fl(n), f(n) e G™ such that ( fl f2 ) D(G™) for any
n € N large enough and fi( = limer f;" 7" Notice that the definition of D(G)
does not depend on the choice of the sequences ( fi( ), i =1,2. Then, we set

7 D(GE)) = GO ) (F) Y i limea ™ (F MY

(I11.2.12)
where 7™ was defined in ([IL.2.8). Analogously, we set
7 G 5 G 50 (F10)) = Timpa 7 () | (I11.2.13)

where 7™ was defined in ([I1.2.9). One can directly check that both (TI1.2.12)
and ([11.2.13)) are well defined.
From Proposition [[I1.2.7]and (III.2.10f) it comes that any f(oo) e G(*) verifies

FoNa) = (B o (df]p) o LE) () (IIL.2.14)

for any = € Dom(f( )) N fBg<oo> (p, g(oo)(o p)), for any p € Bg(oo)(o, Z).

Let us consider now the map
71 G = 0oy (M) | o(F) = (F(0),df ) . (I11.2.15)

From ([I1.2.14)) it comes directly that o is injective. Then, we indicate with G(°°)
the topological closure of J(G(OO)) inside Og(oo) (M(Oo)). One can define a structure
of local topological group of G(*) by defining an open set D(G(OO)) C G x G(=)
and two maps (™) : D(G(®)) - G 4) . G(>®) 5 G(*®) by extending
(I11.2.12), (II1.2.13)) in the following way.

First, let D(G(>)) be the subset of those pairs ((p1, a1), (pa, az)) € G(*) xG(>)
for which there exist ( ) (ka ) € G such that (fl(olf),féolj)) e D(G>))

for any k € N large enough and (p;, a;) = limg_y 4 a(fl(k )) Then, we define

V() D(G®) = )

V(m)((p1>a1)7(p2va'2)) = Em U( (flk ) 2k )) .

—+00

(111.2.16)
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Notice that, if we set p;  := fi(k (0) and a; = df(k lo we get

D(oo)(f 1k,f2k; )(O) ( p(fok oaLkoL(() o) OEz(Jz k) Oa2,k)(oo) ’
d(D(OO k ) 2 k ))|o
(00)
L(E’gi’olzoal koLE’M)OEZSZOIZOaz £)(00) ° El(’l k) ©aik © Lc(> ) o EI(72 k) ©azk

and hence the limit ([11.2.16) exists, it does not depend on the choice of
( fl(olf), fQ(O:)) and the map v(°) is continuous. Analogously, we define

J0 @) 5 G ) (pa) = lim o (7 (F)) (111.2.17)

k—+o00

where (f( )) C G(OO) is any sequence such that (p,a) = limg_, 4 a(f( )) Then,
setting py 1= fk (0) and ay, := df(>) lo we get

JFN (0) = (BP9 0 agt o LED) (0)

5(00) ( o0 (00 00 - 00 00
d(]( )(fk(: )))’O:L(E(())oo)oalzloLézo))(o)OE(S )OaklOLék)OE(() )

and hence the limit ([I1.2.17)) exists, it does not depend on the choice of (flgoo))

and the map 7(°°) is continuous. Finally, we define the open set

W= | ] {(pa)} X Byee (0,7 — dgioey (0,p)) € G x M) (TT1.2.18)
(p,a)€G(>)
and the map
0 . W) 5 a0 ((p,a),z) = Jim F @), (I11.2.19)
——+00

where (f( )) C G is any sequence such that (p, ) = limg 4 00 a(flgoo)). Again,
the limit m 111.2.19) exists, it does not depend on (fk, )) and the map ©(°) is con-
tinuous. From now on, we identify any pair (p,a) € G(®) with the corresponding
map f(*) 1= 0(®)((p,a),-) and we just write “f(>) € G(>) ”. Notice that the
map f(®) e G(*°) corresponding to a pair (p,a) is given by

f(oo) = EI()OO) oao L , Dom(f(oo)) =3B (o) (O T— dg(oo)(o p))

(111.2.20)

}Dom(f(‘X’))
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From it follows that each map f(®) e G(*) is an isometry, and
hence G(*) is a local topological group of isometries on (M(OO), g(>), 0). Since it
is a closed subset of O () (M (‘X’)), it is locally compact. Moreover, by
it is effective. Finally, since by construction the orbit G(*(0) contains the whole
ball B (o) (0, %), we conclude that G(®) is transitive. O

Finally, we are ready to prove Theorem [[T[.2.5]

Proof of Theorem[III.2.5. Since each (B™, f](")) is locally homogeneous, the limit
space (M(Oo),g(oo)) is locally homogeneous (see |11, proof of Thm 1.6]). Hence,
by Theorem and Theorem it follows that (M(Oo),g(oo)) is a lo-
cally homogeneous C¥-Riemannian manifold. Since convergence in pointed C1:°-
topology implies convergence in pointed Gromov-Hausdorff topology, it holds that
sec(g(>)) > —1. Moreover, by [66, Thm. 6.4.8] we get a positive uniform lower
bound on the convexity radius convy(B™, Q(”)) along the sequence, and hence
by [I5, Thm. 5.1] we get sec(g(>)) < 1. Furthermore by [72, Lemma 1.5] it
necessarily holds that E(*) = Exp(g(®)) (see also the proof of [65, Thm 4.4]).
Therefore, fixed a ¢(>)-orthonormal frame u : R™ — T, M, one can consider the
pulled-back metric () := (Exp(g(°), o u)*¢(>) on B™ = By (0,7) C R™. It
is easy to realize that (B™, f](oo)) is a geometric model and, since it is isometric
to (M (%), () we conclude that (B™, §(™, 0) converges to the geometric model
(B™,§(*),0) in the pointed C1*-topology. O]

From Theorem [[IT.2.5] we also get the following

Corollary I11.2.9. Let (B™, g(n>) be a sequence of geometric models and assume
that there exist an integer k > 0 and a constant C' > 0 such that

| Rd (50)] 0y <C, 0<j<k.

Then the sequence (B™, ™) subconverges to a geometric model (B™, §(>)) in the
pointed C*+t1 topology for any 0 < o < 1.

Proof. By means of Theorem [[I1.2.5, we can assume that (B™, §(™) converges
to a geometric model (Bm,g(OO>) in the pointed C1*-topology as n — +oo. Fix
0 <6 <7 and set Q5 := By (0,7 — ) C B™. Then, by Theorem we get

harktbe(B™ gM) > 7, >0 for any = € Q5 .
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Following [34], proof of Thm A] and [I, Lemma 2.1], it is possible to construct,
up to passing to a subsequence, smooth embeddings w(”) - Qs — RN, for some
N >> m, such that 1 (0) = 0 and Q = (™ (Q5) c RY are locally repre-
sented as graphs of smooth functions over Bst (O ) C R™, uniformly bounded in
Cht2.a (Bst (O, 5 )) Then, up to passing to a subsequence, Q( n) converges in the
Cht2.e topology as submanlfolds of RY to an embedded C¥*2*-submanifold Q(OO)
of RN. Set ¢ := ((1p()~1)*¢§(™ . Up to pass to a further subsequence, the pro-
jection along the normals of Qg ) induces a sequences of C¥t2:2_diffeomorphisms
pr(™ an) — ngo) and the metrics ((pr(™)=1)*¢(™ converges in the CF*+1e-
topology to a CFt1®_Riemannian ¢(>) on Q((SOO).

Since we assumed that (B™, g(”)) converges in the pointed C1'®-topology to
(B™, §(*)), it comes that there exists an isometric embedding ¢ : (ngo), g™ —
(B™,§()) with ¢(0) = 0. Moreover, given any compact set K C B™, one
can take 0 small enough in such a way that K C gp(ﬂgoo)). This completes the
proof. O

ITI.3 Algebraic aspects of locally homogeneous spaces

I111.3.1 The space of locally homogeneous spaces

For any m,q € Z, with m > 1 and 0 < ¢ < %, we denote by H;?fn the
moduli space of transitive orthogonal Lie algebras (g = h+m, (,)) of rank (¢, m)
up to isomorphisms, and by Hgy ., C J—C}ffn the subset of moduli space of regular

ones (see Section [[.4.5). Moreover, we define
Vym = (GL(g) x O(m))\ (A*(RT"™)* @ RTF™) |

where we considered a fixed decomposition R¥T" = R? & R™ and the diagonal
embedding of GL(q) x O(m) into GL(¢ + m), which acts on A%(RI+t™)* @ RI*+™
on the left by change of basis:

(a-p)(X,Y) =apat X,a”1Y).
Following the same argument as [41], one can show that the map

Dom : HO = Vo, (@=b+m, ()= p=u([])
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where u : R™T9 — g is any adapted linear frame for (g = b +m, (,)), is well
defined, injective and that its image contains precisely the elements 1 € Vg,
which verify the following conditions:

(h1) p satisfies the Jacobi Identity, u(R?,R?) C R? and p(R?,R™) C R™;

(h2) (u(Z,X),Y)s = (X, u(Z,Y))g for any X, Y € R™ Z € RY,

(h3) {Z e RY: p(Z,R™) = {0}} = {0}.

loc
q?m

ﬂ{}l‘?ﬁl C Vy,m. For the sake of clarity, for any p € ‘I>q7m(f]-C};7’%) o~ i]-(};ffn we set

From now on, we identify X, with its image through ®,,,, i.e. we think

gu = (Rqumvu) ) hu = (Rq,IU,hRqXRq)

so that (g, = b, + R™,(,)st) is the orthogonal transitive Lie algebra uniquely
associated to the bracket pu.

Remark IT1.3.1. Conditions (h1l) and (h2) above are closed, while (h3) is open.
Nonetheless, as pointed out in [4I], given any sequence (,u(”)) C J—Ciﬁfn which

loc
q7m

converges to an element fi € Vg, \ 35, in the standard topology of V, p,, there

exists a decomposition R? = R7~7 @ R? for some 0 < ¢’ < ¢ such that
RIY = {Z € R?: u(Z,R™) = {0}}
and the restriction

() jg';m = Prgar+m © (filga’+mxga'+m) » (I11.3.1)

satisfies (ﬂ)|q/7m € %};fm. Here, R?+™ = R? @ R™ and Prpgsm : RIT™ — RT+m
denotes the projection with respect to the direct sum decomposition RIT™ =
R4 @ RI+™,

Moreover, for later purposes, we consider the orthogonal decomposition (see

Remark [[.4.6))

= ptly, g+ Hb, +pRm . with g, R™AR™ = b, pge : RPAR™ — R™
(111.3.2)
and we also set

m(m—1) m(m—1)

2 2

ot i= | o, Hao= | Hem (I11.3.3)
q=0 q=0
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The set J{Lgc parametrizes the moduli space of the equivalence classes of m-
dimensional smooth locally homogeneous Riemannian manifolds, up to equivari-
ant local isometries, in the following way.

Theorem I11.3.2 ([77], Lemma 3.5 and Prop 4.4). For any p € 39, there
exist a pointed locally homogeneous space (M, g,p) and an injective Lie algebra
homomorphism ¢ : g, — €l such that ¢(h,) C &I and (P(R™), (p~1)*(,)st) =
(T,M, gp). The space (M, g,p) is uniquely determined up to an equivariant local

isometry and it s non-strictly locally homogeneous if and only if v is regular.

Given an element z € H!2°, the locally homogeneous space uniquely associated
to p as in Theorem is constructed in the following way. Let G, be the only
simply connected Lie group with Lie(G,) = g, and H,, the Lie subgroup of G,, with
Lie(H,) = b, which is closed in G, if and only if u € 3(;,. Then we consider the
local factor space G, /H,, which admits a unique suitable real analytic manifold
structure (see Proposition. Moreover, by means of the standard local action
of G, on G, /H,,, one can construct a uniquely determined invariant Riemannian
metric g, on G, /H,, such that (R™, (,)st) >~ (Te,n, Gu/Hu, Gule )

II1.3.2 Curvature of locally homogeneous spaces

For the sake of shortness, we also indicate any geometric quantity related to
(Gu/Hu, g,) just by writing p in the place of g, e.g. we write Rm”(u) instead of
Rm*(g,). We will also denote by €ill(x) the Nomizu algebra of (G,/H,, g,)-

For any u € H!9¢, the canonical Ambrose-Singer connection D* (see Section

[.4.3) is uniquely determined by the (1,2)-tensor S* := D* — V*, which can be
identified with the linear map S* : R™ — so(m) defined by (see [37, Thm 3.3, Ch
X])

= 2(S"(X)Y, Z)st = (prm (X, Y), Z)st + (urm (2, X), Y )st + (urm (Z,Y), X)st -
(111.3.4)
Then, by [37, Thm 2.3, Ch X] it comes that

Rm® (1) (XAY) = ad,, (1, (X, Y))=[S*(X), S*(Y)]—S" (uam (X,Y)) , (I11.3.5)

where pp, and pgrm were defined in ([II1.3.2]). Moreover, since D* Rm(u) = 0 we
obtain

X Rm* 1 (p) = —=SH(X)-RmF(p) forany k>0 . (I11.3.6)
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We also stress that for any k£ > 0

Rm* (X1, Xo, X3, ..., Xpyo|VIAY:) — RmF2( Xy, X1, X3, ..., Xpio|VIAY,) =
= —(Rm"(X1, Xo) - Rm" ) (X3, ..., Xp42|V1AY2) . (IIL3.7)

Notice that in both ([II.3.6) and (III.3.7]), given a linear map P : QIR™ —

so(m) and an element A € so(m), the linear map (A - P) : @IR™ — so(m) is
defined by

(A-P)YV1,...,Vy) == [A, P(V4,...,V,)] —zq:P(Vl,...,A-Vi V) . (I11L3.8)
=1

Finally, for the sake of notation we denote by

FHOG (1) = {p € HE, « [sec(p)| <1}, Hom(1) == HPOL (1) N Hym

q7m
and we define the spaces H1°¢(1) and 3,,(1) in the same fashion as in ([11.3.3).

Remark ITI.3.3. We stress that for any u € J—Clq‘?fn there exists R > 0 such that
R -y € 3¢ (1), where the bracket R - p is defined by

q,m
(R : /"L)’h,u/\g,u = H|b,u/\g,u ’ (R : /"L)hp, = %/’l’bp‘ ? (R : M)Rm = %/"Lh# (11139)

(see [I1I.3.2)). Indeed, the locally homogeneous space (Gg../Hr.u, gr.;) is locally
equivariantly isometric to (G, /H,, R%g,) and hence it follows that sec(R - u) =

£ sec(p).

IT1.3.3 The subset 3, ,, is dense in %}Z‘fn

In this subsection we are going to show that the inclusion 9{}1?% C Vy,m induces a

loc

topology on the set Hp’7, with respect to which the subset 3, is dense. More
precisely (see also [83, Thm 4.1])

Theorem I11.3.4. The set Hgy,, is dense in Hloc with respect to the standard

q’m

topology induced by Vg m.

In order to prove Theorem we need the following
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Lemma II1.3.5. Let T™ = Z™\R™ be the m-torus and let L, be the 1-parameter
subgroup of T™ generated by a fized element v = (v',...,v™) € R™ = Lie(T™).
Then

dim L, = dimg spanQ(vl, ™) (I11.3.10)

where Span@(vl, .o 0™) C R s the Q-subspace of R generated by the components

of v.

Proof. We recall that the closed subgroups of a locally compact topological group
are characterized as being those which are intersections of kernels of continuous
characters (see [69, Rem 1.20]). Moreover, the continuous characters of T™ are
precisely the maps

Xr: T = SY X (2™ z) = 2Vlmns with r € ZM

Since L, C ker(x,) if and only if (x,)«(tv) € Z for any ¢t € R, i.e. if and only if
(v,7)st = 0, we get

—

L, = m ker(x,) -
rezZ™
(v,r)st=0
So by a straightforward computation it comes that

dimL, = dimg ﬂ ker(x,)s« = m —rankg F' |

rezZ™
<U7T>St =0

where we denoted by F' the free Z-module F' := {r € Z™ : (v,r)s = 0}. Since
the rank of F'is

rankz F' = m — dimg spanQ(’Ul, conu™)
the thesis follows. O

Corollary II1.3.6. Let T™ = Z™\R™ be the m-torus, Grs(t) the Grassmannian
of s-planes inside t := Lie(T™) and Gry(t) the subset of those a € Grg(t) such
that @' = a. Then Gr%(t) is dense in Gry(t) for any integer 0 < s < m.

Finally, we are ready to prove Theorem
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Proof of Theorem [[II.3.4) Fix p € HPe \ Hym. Let (,)), be the ad(h,)-invariant
Euclidean product on g,, defined in Remark and G, the simply connected
Lie group with Lie(G,) = g,. Then, the Malcev-closure EZ“ of b, in G, turns out
to be faithfully represented by its adjoint action as a subalgebra of so(g, (,)},)
(see [78, Sec 3|) and hence it is reductive. Therefore by [58, Thm 3, p. 52] it
follows that

EZ” =[bu, bl +t,, with t, C g, abelian such that 3(bu)6” =t,.

By Corollary [I we can pick a sequence of subalgebras a(™ t, which
converges to 3(?)”) with respect to the standard Euclidean topology such that

a(n) o = a(™. Then we define h™ := = [bu, bl + a™, m(™ as the {,)'-orthogonal
complement of H(™ inside g, and <,>(") = (,) ) xm(m - It is easy to check
that (g, = b + m (VM) is a regular orthogonal transitive Lie algebra, and
so it corresponds uniquely to an element p(™ € Hgm- Finally, by the very
construction, we can conclude that (™) —  as n — 400 in the standard topology
induced by Vg . O

Remark IIL.3.7. We recall again that, by [52, Sec 7], it follows that g, = H°S,
for any m < 4.

I11.3.4 Algebraic convergence and infinitesimal convergence
We begin by recalling the following

Definition III.3.8. A sequence (u(”)) C i}C}ffn is said to converge algebraically
to () € H!°¢ if one of the two mutually exclusive conditions below is satisfied:
i) TSNS U‘floc and p(™ — 1(*°) in the standard topology induced by Vyms
i) p( e 9{100 for some 0 < ¢’ < g and there exists i € Vg m \ }C}ffn such that
p — M(OO) in the standard topology of V., and (i (00 ))‘q/’m = 1) as in
Remark [IL3.11

We introduce also a second notion of convergence. Firstly, let us notice that
Theorem and Theorem [[T[.3.2] allow us to consider the map

Hpt = R*(m) ,  pe p*(u) = (Rm®(u), Rm' (), ..., Rm®(u))

which associates to any pu € H19¢ the Riemannian s-tuple p*(u) of (G, /H,, ), for
any integer s > 2(m) + 2. This map is surjective but not injective. In particular,
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by Theorem [[.4.12| and Theorem [II1.3.2] it holds that p*(u1) = p®(u2) for some,
and hence for any, s > «(m) + 2 if and only if &ill(u;) = &ill(u2).

Definition IT1.3.9. Let m,s € N with s > 1(m)+2. A sequence (p(™) c Floc
is said to converge s-infinitesimally to (> € F°¢ if p*(u(™) — p*(u(>)) as
n — +oo in the standard Euclidean topology of R*(m). If (™) converges s-
infinitesimally to () € 319¢ for any integer s > 2(m) + 2, then (u(™) is said to

converge infinitesimally to ().

Notice that by the previous observation, if a sequence (u(”)) C ¢ converges
s1-infinitesimally to ,ugoo) and seo-infinitesimally to ,ugoo) for some integers so >
51 > 1(m) + 2, then {?i[[(,ugoo)) = {?i[[(,ugoo)).

The following proposition puts in relation the algebraic convergence with the
infinitesimal convergence (see [41, Thm 6.12 (i)] and the errata corrige [43, Thm

3.9)).

Proposition II1.3.10. Let m >1 and 0 < ¢ < W be two integers.

i) If (u™) C J{;‘?fn converges algebraically to p(>) € 3¢ then (u™) converges

infinitesimally to u(oo),

it) The converse assertion of (i) is not true.

Proof. Let us assume that (,u(”)) C 3¢ converges algebraically to u € Jo°.

q?m

From (II1.3.4) we immediately get that ey 1> i the standard Euclidean

topology. Then claim (i) is a consequence of ([11.3.5)) and (III.3.6). On the other
hand, claim (ii) follows directly from [I0, Ex 9.1]. O

As we will see in Chapter [[V|and in Chapter E there are sequences (u(™) C

Hioe, with bounded curvature, say e.g. |sec(u™)| < 1, which do not converge

to any element in CH}%C. By Remark [[T1.3.1} in this case it necessarily holds that
|,u(n)|st — 400 as n — +0o. Motivated by this fact, we recall the following

Definition II1.3.11. A sequence (u(™) C Hoe, (1) is said to be algebraically
collapsed if (™ |s, — +00 as n — +o00, algebraically non-collapsed otherwise.

Notice that by Remark [[TI.3.T] and Proposition [T[.3:10] we immediately get

Corollary II1.3.12. If (1) c ﬂ{};’fn(l) is algebraically non-collapsed, then it
converges infinitesimally, up to a subsequence, to an element u(° e Floc(1).
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I11.3.5 Proofs of Theorem [I11.1.1| and Theorem [I11.1.4

We are now ready to prove the following

Theorem II1.3.13. For each p € HIC(1), there exists a geometric model
(Bus 9u) = (Bg,, (05 ), §u) which is equivariantly locally isometric to (G, /Hu, gu),
and it is unique up to a global equivariant isometry.

which coincides with Theorem [TT.T.11

Proof of Theorem [[T1.3.13. Let us fix p € 3¢, (1). If u is regular, then the claim

q?m

holds true by Remark [[11.2.4] So, we assume that p € J{lqc,’fn \ Hy,m- By Theorem
I11.3.4] we can pick a sequence (u(”)) C Hgm which converges algebraically to
. By Proposition [II1.3.10|it comes that (,u(")) converges infinitesimally to p and

hence we can assume that
1
(1- ﬂy

s

| sec(p™)] < for some positive £™ — 0 .

By repeating the same argument as in Remark we can pull back the
metric g, to the tangent ball of radius m — (™) at the origin of GM")/HM”) via
the Riemannian exponential. By Proposition and Corollary we
can pass to a subsequence in such a way that these tangent balls converges to
a geometric model (B, §) in the pointed C*-topology. Therefore, from Theorem
it necessary holds that (B™, §(*)) is locally isometric to (G, /H,, g,.), since

they have the same Riemannian s-tuple model for any s > 2(m)+2. O

Finally, we notice that the pointed C5*2-convergence of a sequence of geomet-
ric models clearly implies the s-infinitesimal convergence. Our Theorem [[T1.1.4]
which we prove below, is a kind of converse of such statement.

Proof of Theorem[III.1.7) Claim (i) follows directly from the very definition of
pointed C**2-convergence and s-infinitesimal convergence. In order to prove claim
(i), let us consider a sequence (p(™) C 31°¢(1) and assume that (u(™) converges
(541)-infinitesimally to an element u(>) € 3¢ for some s > 1(m)+2. By Propo-
sition we get u(®) € Hl°¢(1). Fix 0 < a < 1. By Theorem and
Corollary [[I1.2.9] it comes that there exists a subsequence of (B u(n),fyu(n)) which
converges to (3#(00),@#(00)) in the pointed C**2®-topology. Moreover, it holds
more: any convergent subsequence of (B () gmn)) in the pointed C*12*-topology
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necessarily converges to (B 1(5) gu<w>). Let us assume then by contradiction that
(an),gu(n)) does not converges to ((BM"")’QM(‘X’)) in the pointed C*t%*-topology.
Then, there exist 0 < § < 7 and a sequence (nj) C N such that for any j, € N and
for any choice of C*1t3*-embeddings ¢ : Bg#(w) (ou(w),ﬂ —0) C B ) = Bu(n]-)
with qﬁ(”)(ou(w)) = 0,(n)) and j > j,, the pulled back metrics (qﬁ("j))*gu(n].)
do not converge to g#(w) in C5t?°-topology. On the other hand, the sequence
(Tiu(nﬂ,@u(nj)) has bounded geometry up to order s+1, and hence it admits a
subsequence which converges to a limit geometric model in the pointed C512*-
topology. By construction, this limit is not isometric to (BH(O@,QM(}O)), which is

a contradiction. O






Chapter IV

On the infinitesimal convergence
of locally homogeneous spaces

IV.1 Statement of results

In this Chapter, we investigate more deeply the notion of s-infinitesimal conver-
gence by letting the integer s vary. In particular, we prove that keeping all the
covariant derivatives of the curvature tensor bounded along a sequence of locally
homogeneous spaces is a much more restrictive condition than just a bound on

any finite number of them. More precisely

Theorem IV.1.1. For any choice of m,s € N such that m > 3 and s > 1(m)+2,
the notion of s-infinitesimal convergence in H1°¢ is strictly weaker than the one

of (s+1)-infinitesimal convergence.

See Formula ([.4.8)) for the definition of +(m). In particular, we construct an
explicit 2-parameter family

{pc(e,0) 6,0 eR, >0, 0<6 <1} CHps(l)

with the following property: for any fixed integer k > 0, there are (™), (6()) ¢
(0,1) and C > 0 such that, letting (™ = (™, 5(), it holds that

| Rm® ()|, + | R (u)] + ..+ | R ()| < O,

’anl‘“rl(u("))‘st — 400  asn— +oo .

st

69
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The key idea to construct such p,(g,d) is to consider a slight modification of the
well-known Berger spheres, which arise from the canonical variation of the round
metric with respect to the Hopf fibration St — SU(2) — CP! (see [3, p. 252]),
which correspond to the case § = 0.

Combining Theorem and Theorem we also obtain

Corollary IV.1.2. For any m,k € N with m > 3 and k > 1(m) + 4, there
exists a sequence of m-dimensional pointed locally homogeneous spaces converging
to a limit pointed locally homogeneous space in the pointed C*-topology for any
0 < a < 1 and which does not admit any convergent subsequence in the pointed

CF+1-topology.

To the best of our knowledge, Corollary provides the first examples
of locally homogeneous spaces converging in the pointed C*®-topology for any
0 < a < 1 but not in the C**1-topology, for some fixed k > 0.

Finally, we stress that the contents of this chapter lead to the following corol-

lary (compare with Corollary [III.1.3]).

Corollary IV.1.3. If1 < m < 3, then 39¢(1) = 3, (1) is compact in the pointed
C>-topology. On the contrary, (1) is not compact in the pointed C3-topology
for any m > 3.

IV.2 Riemannian curvature of left invariant metrics on

SU(2)

Let us fix a left invariant metric g on the Lie group SU(2), which we will con-
stantly identify with the corresponding Euclidean inner product on the Lie algebra
su(2). By the Milnor Theorem, it is known that there exists a g-orthogonal basis
(Xo, X1, X3) for su(2) such that

(X0, X1] = —2Xo , [Xo, Xo] = +2X1, [X1, Xs] = —2X . (IV.2.1)

Up to an automorphism of su(2), we can assume that

i 0 0 -1 0 i
X, — X = L Xo = , IV.2.2
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We also set
9(Xo,Xo) =¢, g(X1,X1)=XA1, g(X2,X2)= 2. (Iv.2.3)

We aim to study the curvature of (SU(2),g). Firstly, by means of (IV.2.1) and

(IV.2.3), we notice that the bracket p € Ho 3 satisfying (G, gu) = (SU(2),9) is
given by

wu(eg,e1) = —2 8/\1 e2, uleg,ez) =42 8/\2 e1, pler,er) = —2\/%60 .
(IV.2.4)
Here, we indicated with (eg, e1, e2) the standard basis of R3. From now on, we
will denote by
(Bij =e'®ej—e/ @6, 0<i<j<2)

the standard basis of s0(3).
Let S¥ : R? — 50(3) be the linear operator uniquely associated to the canonical
Ambrose-Singer connection of . By ([11.3.4), one can directly check that

S“(eo) = —i—CgElQ , S‘u(el) = —leEog s S“(eg) = —I-CgEm , (IV.2.5)
where cf, ¢}, cy € R are the coefficients defined by

Mo —e+Ait+Ae Mo de—AitAo Mo Fetdi—)o
e v v Sy v vl B v oy venll (IV.2.6)

In virtue of ([T1.3.5) and ([V.2.5)), the curvature operator Rm®(y) : A’R?® — s0(3)

is diagonal, i.e.

Rm" (1) (eg A e1) = sec(u)(eoNer)Eor , Rm®(p)(e1 A eg) = sec(p)(erAez)Ers
Rm® (1) (eg A e2) = sec(p)(eoNea)Eoa

and the sectional curvature is given by

sec(p)(eoNer) = —che + 'ch + cfchy

= g (e 202 — A1) —e (A2 = M) (A1 +3X))
sec(p)(e1heg) = —Fcoc1 —dichy + cycy

= 5o (3 200+ X) + e (A = A)?)
sec(p)(eoNe2) = +che + d'dy — chchy

= s (E—200 = A) +e T e = A) (M2 +30))

(IV.2.7)
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By applying (II1.3.6)), we obtain the following expressions for the non-zero com-

ponents of Rm? (1)

(IV.2.8)
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We stress also that from ([I1.3.6)), for any integer k£ > 0 there exists Cj > 0, which

depends only on k, such that

(IV.2.10)

st —

}X_n Rmk+1(u)| < Ck‘SM(X)‘St‘ Rmk(,u)}st .
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Finally, we prove the following

Lemma IV.2.1. Let k > 1 be an integer and b(k) = 1+ (k mod2). Then, it
holds that

Run" (1) (o, . ., eolearer) = (~1)12 12 (ch) 1 (ch — &) Bouiry
Rm* (1) (e, . . ., egleohes) = (—1)!2 ]Qk( )k+1(c — &) Eopk+1) (IvV.2.11)
Rm" (1) (eo, . . ., eole1Aea) =0

where b, ¢, ¢y are defined in (IV.2.6).

Proof. We proceed by induction on k > 1. The case k = 1 follows directly from
the computations in ([V.2.8)). In order to prove that k = k + 1, we first notice
that

k-1

k
[Era, Eopgy)] = (—1)* Eopge1y » (—DE = (1=l (IV.2.12)

So, by (IV.2.5)), (II1.3.6)), (IV.2.12) and the inductive hypothesis we get

Rm* (1) (e, . . ., egleoNer) =
= — (-2 () 2 — &) [Bra, Bonw ]+
+ (—1)[T]2k( 02 - ) Egp(kt1)
(‘Uk_l(_1)[%}2“1(05)“2(# - CQ)EOb(k+1)

k
(—1)[2}2]6(00)“1(01 - cg)EOb(kJrl) .

The second formula is analogous. For the third formula, from (IV.2.5), (III.3.6)
and the inductive hypothesis

Rm"* (1) (eo, . . ., eole1Nea) =
= 0+ ¢ Rm*(11)(ep, - - -, eolea A ea) — ch Rm* () (eq, . . ., eoler Aer)

=0

which completes the proof. O
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IV.3 Collapsing sequences on SU(2)

IV.3.1 Almost-Berger sequences

We consider now a sequence (u(™) C Ho,3 of brackets which corresponds to a
sequence (g,,n) of left-invariant metrics on SU(2). By (IV.2.1), we can assume
that

Gt (X0, Xo) =™ g (X1, X1) = A g0 (X2, Xo) =AYV

(IV.3.1)
9um (X0, X1) = g, (X0, X2) = g, (X1, X2) = 0

where (X0, X7, X2) is the standard basis of su(2) given in (IV.2.2). Let us suppose
that
e 0, )\En) — )\Eoo) € (0,4+00) asn— +o0o.

A direct computation based on ([V.2.7) shows that the sectional curvature
sec(u(™) is uniformly bounded if and only if

’)\gn) — )\g‘)‘ <Ce™  for some C >0 . (IV.3.2)

Notice that (IV.3.2) is coherent with Theorem in the next Chapter, which
will give necessary conditions for a sequence of invariant metrics on a compact

homogeneous space to diverge with bounded curvature.

Since we are interested in studying sequences with bounded curvature, we
assume without loss of generality that )\(100) = )\(200) = 1. Notice that, if we define

_ L3
Fimsup{kez: (™) 20 = A5 0asn > 400}, (1V.33)
then condition (IV.3.2)) implies that k& > 1. We introduce now the following

Definition IV.3.1. An almost-Berger sequence is any sequence (u(™) C 33
which corresponds to a sequence of left-invariant metrics on SU(2) as in
such that

i) e — 0 and )\En) — 1 asn — 4o0;

i) sec(u(™) is uniformly bounded, i.e. holds true.
The positive integer reg(u(™) := k defined in is called regularity index of

(n™).
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This nomenclature is motivated by the following fact. If )\gn) = )\gn) =1 for
any n € N, then Gy (m) comes from the canonical variation of the round metric on
S$3 = SU(2) with respect to the Hopf fibration S* — S3 — S? (see [3, p. 252]).
The 3-sphere endowed with any such a metric is commonly named Berger sphere.
They provide the first non trivial example of collapsing sequence with bounded
curvature (see e.g. [17, [18]).

From the very definition of regularity index, the following properties hold:
k
T2\ AW g as s oo for any integer 0 < k < reg(u(™);
1 2
_ k+1
- if reg(u(™) = k is finite, then (5("))_% ‘)\gn) - )\én)| is bounded away from
Zero.

Let us stress also that from ([V.2.4) it comes that any almost-Berger sequence
(™) verifies

™ (eg,e1) = —oo,  p™(eg,e0) = 400, p™(er,e0) =0 asn— 4oo .

This means that they never converge algebraically to an element of ﬂ-C%OC. Actu-
ally, we point out that any almost-Berger sequence is, in particular, a diverging
sequence with bounded curvature as the ones in Chapter [V} Hence, the fact that
almost-Berger sequences cannot converge algebraically can be also derived from

Proposition

IV.3.2 Curvature estimates

We investigate the behavior of the curvature along an almost-Berger sequence
(u™) c Ho3. Concerning the sectional curvature, from (IV.2.7) we directly get

Proposition 1V.3.2. Let (,u(”)) be an almost-Berger sequence with reqularity
index reg(u™) = k. Then

sec(p™)(egner) = 0, sec(u™)(e1Aer) =4,  sec(u™)(eghez) = 0
if and only if k > 2.

We give now a characterization for the covariant derivatives of the curvature
tensor along (1(™) in terms of the regularity index. More precisely
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Proposition IV.3.3. Let (,u(”)) be an almost Berger sequence with reqularity
ndex reg(,u(”)) =k > 2. Then, for any integer k > 1 there exists a constant
Ly > 0 such that

k42

‘ Rmk(,u(”))}st < Lk<(6(”))% + (8(")) 2 ‘/\gn) — /\gn)D for anyn €N .
(IV.3.4)

Proof. Let us assume, without loss of generality, that (™ < 1 and !)\gn) _/\gn)‘ <1
for any n € N. Firstly, since k > 2 by hypothesis, from ([V.2.6) we get

(n) (n) 1
m n

and so from (IV.2.5), (IV.2.8) and (IV.2.10)) it follows that for any k& > 1 there

exists Ly o > 0 such that

k
2

‘Rmk(u(”))(eil, Cen eik\ejl/\e]é)‘st < Lyo (a(”)) (IV.3.5)

forany 1 <i1,...,1 <2,0< 71 < jo <2.

Secondly, by ([V.2.6)) we notice that
n _1
" 2 (em) 2
and so from (IV.2.11) it follows that for any k& > 1 there exists Ly ; > 0 such that
k —H2 () (n)
|Rm (™) (e, . . .,eo|ej1/\ej2)}st < Lk,k(s(")) 2 A =AY (IV.3.6)
for any 0 < j1 < jo < 2. Moreover, from (IV.2.5), (IV.2.10) and (IV.3.6), it

follows that for any k,r € Z with k > 2 and 1 <r < k — 1, there exists Ly, > 0
such that

—r32 n n
|Rmk(u(n))(ei1, <y €49 €0y -5 €0 \ejl/\ejQ)‘st < Lkﬂa (E(H)) 2 })\g ) — )\g )‘

r

(IV.3.7)

forany 1 <i1,...,05,» <2,0<j1 <jo <2
Thirdly, a direct computation based on and the last identity in (R1)
(see Section shows that for any k,r € Z with £k > 0 and 0 < r < k, there
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exists Ny, > 0 such that

“ Rmk+2(,u(”))(ea1, s Cany €015 €l Cap s - - o eak|€j1/\€j2)|st_
— ‘ Rmk“(,u("))(eal, N <7 N <7 N H VI eak|ej1Aej2){st <
r
< Nip > |Rm?(uM)] | Rm*=9(uM)| - (IV.3.8)
q=0

for anyoéal?"'vak S27 0§£1a£2 §2a Ogjl <]2 <2
Finally, we are ready to prove ([V.3.4) by induction on k£ > 1. For k£ =1, it

follows directly from (IV.2.6) and (IV.2.8). Let us fix now k& > 1 and assume that
(TV.3.4)) holds for any 1 < k' < k. Then

} Rmk—i—l(u(n))' <

st —

k+1 n . .
<Ci E ‘ Rm (/~L( ))(eocu ceo Capyg ’eleejz)‘st
0<au,...,ap41<2
0<j1<j2<2
k+1
k+1 n

E E ‘Rm (,U,( ))(eil,...,ei(k+1)77.,60,...,60’
—_——

r=01<i1,. .8 q1)—r <2 r

0<j1<ja<2

k—1
rejm%mz!me»»stmmkq1<u<">>ist}

q=0
V35).0V3D. V39 [ PRax i
3{ NCREDMCR) 3 AP — A+
1=1 1=0

+Z|qu )| B3 >>|st}

+Z|qu )] | B3 >>|st}

where C; are some suitable positive constants. Finally, by Proposition and
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the inductive hypothesis, we obtain

k—1 . . ks .
[Ra ()] | R ), < () ()7 g =)
q=0
for another suitable C' > 0. Therefore, the thesis follows. O

From (IV.2.8), (IV.2.11]) and (IV.3.4)) we directly get

Corollary IV.3.4. Let (,u(")) be an almost Berger sequence with reqularity index
reg(u™) = k.
a) If k >3, then ‘Rmk(,u("))‘st — 0 asn — +oo forany 1 < k <k — 2.
b) If k > 2 and it is finite, the following conditions hold true:
- ].Zirn’_“*l(,u("))‘st does not converge to 0 as n — 400;
z _kt1
. ‘ Rnrlk_l(,u(”))‘st is bounded if and only if (6(”)) 2 ‘)\(ln) - /\én)‘ is
bounded.
c¢) If k is finite, then |Rmk(u("))lst — 400 as n — 400 for any integer k > k.

Proof. Claim (a) follows directly from ([V.3.4)). Let us assume now that k > 2.
Then, by (IV.2.11) we get

‘ R (1) (eq, . . ., 60\60/\61)‘8t ~ 22k (E("))

_ k42
> |

A=A avag)

for any k > 1. Therefore, claim (b) follows from (IV.3.4) and (IV.3.9), while claim
(c) follows from (TV.3.9)). Finally, if k& = 1, then claim (c) follows from (TV.2.8)
and ([V.2.11)). O

IV.4 Proofs of the main results
For the proofs of the main results, we begin by considering the 2-parameter family
{te = pu(,0) 16,0 € R, e>0,0<0 <1} C Hos

defined by

pileo,er) = —=24/23 8 ey | pi(en, e2) = +2¢/135 e

pis(er,e2) = =24/ 1255 eo -
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IV.4 Proofs of the main results

By means of ([V.2.4)), each element fi,(e,d) € Hp 3 corresponds to the Lie group
SU(2) endowed with the diagonal left-invariant metric g,,, (. 5y defined by
Ge)( X0, X0) =2, Gueoy(X1, X1) =1-3 . g, c0(X2, Xo) =143,
(IV.4.2)

where (Xo, X1, X2) is the standard basis of su(2) given in (IV.2.2)).
/’LO(€37 ) =0

Let us also consider the Riemannian symmetric space (CP! x R, gFS+dt2),

which corresponds to the element p, € H; 3 defined by
pole1, e2) = —2eq ,

tol(eo, e2) = +2e;

to(eo, e1) = —2eg
(IV.4.3)

Clearly, it holds that
4

Rm® (1) = < 0 ) , Rm*(i) =0 forany k>1.
0

n) ._ 1
o = L

Proof of Theorem [IV.1.1] Let us fix m = 3, and hence 2(3) = 1 (see Section[[.4.3).

Fix an integer s > 3 and consider the sequence u(™ := p*(e(”), 5(”)) defined by

e = % ,
Then we get

(5(n))_§5(n) _ nk—s—g ’ lim nk_s_g _ 0 Ho<k<s+2
e +oo ifk>s+2

regularity index reg(,u(")) = 542 (see Definition|IV.3.1)). From Proposition|[V.3.2

and hence, from (IV.4.2), it comes that (u(”)) is an almost Berger sequence with

and Corollary we get

4
Rm’ (™) — ( 0 ) ., Rm*(u™) =0 foranyl<k<s ,
0

for any k' > s +1
For m > 3, it is sufficient

[Ran ()], o0

Therefore the thesis comes directly from (IV.4.3).
to consider the Riemannian product (SU(2) x R™3 Gpum +9fat), where p(™ is
O

constructed as above choosing s > 1(m) + 2.



80 Chapter IV. On the infinitesimal convergence

Proof of Corollary[IV.1.3 As in the proof of Theorem [[V.I.I| we can reduce to
the case m = 3. Fix an integer k > 1(3) +4 = 5 and consider the sequences

e = 1

5(n) 1

’ T opktl o

By arguing as in the proof of Theorem from Proposition and Corol-
lary [IV.3.4] it comes that the sequence u(™ := u,(e(™,5™) converges (k—2)-

infinitesimally to p, and

% < ‘Rmk_l(,u("))‘st <C, ‘Rmkl(,u(”))‘st — +oo for any k' > k

for some C' > 1. We can choose R > 0 big enough so that |sec(R - u™)| < 1,
where the scaled bracket R- (™ is defined by . Letting 2(™ := R-p(™ and
fio *= R+ 1o, by Theorem and Corollary it follows that we can pass
to a subsequence in such a way that (Bﬂ(n),gﬁm)) converges to (B, , gn,) in the
pointed C*“-topology for any 0 < o < 1. Finally, let us assume by contradiction

that (Bﬁ(n) , §-(n)) admits a convergent subsequence in the pointed C**!-topology.

By Theorem [[11.1.4] this would imply that ‘ ernk_l(,u(”j)){st — 0 as j — 4oo for
some (nj) C N, which is not possible. O

Proof of Corollary[IV.1.3 Let us first prove that the moduli spaces H; (1), Ha(1)
are compact in the pointed C*°-topology. For m = 1, H; = Hy 1 contains only the
bracket ;2 = 0 which correspond to the straight line (R = R/{0},dt?). Therefore
in this case the statement is trivially true. For m = 2, the moduli space Ho(1)
decomposes as Ha(1) = Hp2(1) U 2(1). Then, by the well known classification

of real 2-dimensional Lie algebras, we get
%0,2(1) = {0} U{R " pso1 : R € (0,1] },

where the bracket 1 = 0 correspond to (R? = R?/{0}, gat), while psoi(e1, e2) = €1
correspond to the solvmanifold presentation of the hyperbolic space (RH? =
Gt /{0}, ghyp)- On the other hand

%12(1) ={po} U{R - ue: Re(0,1], e = £1},

where

po(eo,e1) = +ea,  po(eo,e2) = —ea,  po(er,e2) =0
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corresponds to (R? = SE(2)/S0O(2), ggat), while

pe(eo,e1) = +ea ,  pe(eg,e2) = —ea, pe(er,e2) =€eg, with e = £1

correspond to (S? = SO(3)/SO(2), ground) and (RH? = SL(2,R)/SO(2), ghyp)
respectively. Therefore, Hy(1) is compact with respect to the topology of the
algebraic convergence and hence the claim follows by Corollary Finally,
to prove that J—Cl?f(l) is not compact in the pointed C3-topology for any m > 3,
one can reduce to the case m = 3 and applying again Proposition[[V.3.2] Corollary

V3.4 and Remark [[I1.3.3] in order to construct a sequence (u(™) C H3(1) such

that ‘ Rm! (™ ’St — 400 as n — +00. O

IV.5 A note on the infinitesimal convergence

In this section, we recall the definition of infinitesimal convergence introduced by
Lauret in [41] for sequences of homogeneous spaces and we prove that it is equiv-

alent to the notion of infinitesimal convergence according to Definition [[II.3.9]

IV.5.1 Taylor expansion of real analytic Riemannian metrics

For reader’s convenience, we give a detailed proof for the following known fact
(see also |2, Prop E.IIL7]).

Proposition IV.5.1. For any integer k > 0, every partial derivative
ok+2g,;
8q1x1...8qﬂjlxm ‘0
normal coordinates is expressible as a polynomial in the components of

Rmo(g)’(]v BERY Rmk(g)|0

of order k + 2 of a real analytic Riemannian metric g in

To check this, consider a ball B CC R™ centered at the origin and denote
by g a real analytic Riemannian metric on B. We also assume that the standard
coordinates (z!,...,2™) of R™ are normal for g at 0. Then, there exists £ > 0

sufficiently small such that

017
gz] 513 + Z Z g” xq for any ‘x|st <e ,
k=0 |q|=F+2

where for any multi-index ¢ = (q1,...,¢m) we denote by ¢! := ¢1!...qn!, by
29 = (21)8.. (2™)% and by 07 := ol

091 gl,. . 9amgm
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Fix now y € B and consider the radial geodesic y(t) := ty together with the
Jacobi vector field J(t) := tw 1- along 7(t). Set also f(t) := gy (J(t),J(t))
and, for any tensor field A = A( ) along 7(t), denote by A#} the k-th covariant
derivative AU} () := (V?)F A(t) along ~(t). We recall that the Jacobi equation is

JE () = R)(JO)  with R(#)(-) == = Rm(g)y(3(0) A (-))3(F) -
By the Leibniz rule, we get

JOoy =0, JB0)=w, JZ0O)=0,

IV.5.1
T2 0) = B (R1(0),..., RF1(0))w for any integer k > 1, | )

where Py are polynomials in k variables of deg(Py) = L%J recursively defined
by

Pl(ao) =a?, Pg(ao,al) =2a!,

k—2
k , .
Pi(d°,...,a* ) = kaF 1 + Z (Z N 2) a* 2P0, . et Y .
i=1

Differentiating the function f, we get f(0) = f(0) = 0, f(0) = (w,w)s and for
any integer k > 1

Kok + - :
f(2k+1) (0) — 2(2k +1 <J{2k} w>st + Z < > J{2k+1—l} (O)7 J{'L} (0)>st ,

FERHD(0) = 2(2k + 2)( T2+ (0) w>st—|—
k

2k + 1) 4 .
+22< M > (JERF2=3 (0, 71 (0)) +

N (2(k - 1)) (751 (0), JEHH0))

k+1
(IV.5.2)
From (IV.5.1) and ([V.5.2)) it follow that
k+4) Z Z a”q quiwj for any integer kK > 0 ,
ij |q|=k+2

[¥]

where @5, are coefficients which depends polynomially only on the components
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of Rm®(g)lo, . .., Rm*(g)|o. Hence, for ¢ sufficiently small

— /M)
:Z k! *

=; ww7t2+sz+) )tk+4
i (k+4)!

alfl
= ¢2 (5,] + Z Z Uq qtk+2> wiw! .
k=0 |q|= k+2
Since f(t) = t2g;;(ty)w'w’, we finally get
J

ql
gyl =dy+ 3 Y

k=0 |q|=k+2

4 ‘auq 24

and the thesis follows.

IV.5.2 The infinitesimal convergence in the sense of Lauret

A sequence (u(”)) C K, converges infinitesimally to p(°) € H,, in the sense of
Lauret if there exists a sequence of smooth embeddings

¢(n) : ‘Bgu(oo) (eu(oo)HM(oo)7€(n)) C Gu(oo)/Hu(oo) — G“(n)/HM(n) . with e™ — ot

such that d)(”) (eu(oo)Hu(oo)) = eu(n)Hu(m and

-0 asn— 4oo, forany k>0.

(IV.5.3)

Fixing a system of local coordinates centered at e, H, and letting gl(Jn), 91(3 *) he the

) ((V“)k (¢(")*gu<n) — 9u<°°)))e#H

I»LgM

components of qS(”)* Gpum and Gy respectively, it is easy to realize that | m
is equivalent to require that

97957 (0) — 81957 (0)  as n — +oo (IV.5.4)

for any multi-index q.
Proposition IV.5.2. Let (u™) C H,, be a sequence and p(> € H,,. Then

(™) converges infinitesimally to (> in the sense of Lauret if and only if (u(™)
converges infinitesimally to () according to Definition |I11.3.9,
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Proof. Let (B™, gu(m) and (B™, gu(oo)) be the sequences of geometric models as-
sociated with p(™ and p(°°), respectively. Here, we recall that B™ := By (0,7) C
R™. By , it comes that if (u(™) converges infinitesimally to u(>) in the
sense of Lauret, then 09(g,,m))er(0) — 09(g,,(=))ij(0) as n — +o0, for any multi-
index ¢, and so (,u(")) converges infinitesimally to u(°® according to Definition
On the other hand, if (,u,(”)) converges infinitesimally to ;(°) according
to Definition then there exists a sequence of matrices (a(™) c O(m) such
that a(™ — I, and

a™ . Rm*(u™) — Rm*(u(>))  asn — +oo,

for any integer k > 0, where a™ acts by change of basis. Therefore, Proposition

implies that
(a(n))f(a(n)); aq(gu(m)ér(o) — 3‘1(@“(00))1']'(0) asn — +00 ,

for any multi-index ¢, and this completes the proof. O



Chapter V

Diverging sequences of unit
volume invariant metrics with

bounded curvature

V.1 Statement of results

In this Chapter we study the space Mf of G-invariant, unit volume metrics on a
given compact, connected, almost-effective homogeneous space M™ = G/H. In
particular, we focus on diverging sequences, i.e. which are not contained in any
compact subset of M‘f, and we prove some structure results for those which have
bounded curvature.

In [I2] the authors introduced the notion of 0-Palais-Smale sequences, that are
sequences (™) ¢ M$ such that scal(g"™) — 0 and ‘Rico(g(")ﬂg(n) — 0. Here,
Ric®(g(™) is the traceless Ricci tensor of ¢ and | - | g(m is the norm induced by
g™ on the tensor bundle over M. Moreover, they proved the following result:
if M admits a 0-Palais-Smale sequence, then there exists a closed, connected in-
termediate subgroup H® C K° C G° such that the quotient K°/H® is a torus. (see
[12, Thm 2.1]). Here, H° and G°® denote the identity components of H and G,
respectively. This last theorem is optimal if the isotropy group H is connected. In
case H is disconnected, the authors conjectured that G/H is itself a homogeneous
torus bundle (see [12] p. 697]).

Notice that a 0-Palais-Smale sequence (¢(™) cannot have convergent subse-

85
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quences if M is not a torus. This means that (¢)) goes off to infinity on the
set Mf and consequently we say that such sequences are divergent. Moreover,
the Gap Theorem [IT, Thm 4| implies that any sequence (¢) c M$ with
scal(g™) — 6 > 0 and ‘Rico(g("))}g(n) — 0 has bounded curvature and hence,
assuming that M is not a torus, 0-Palais-Smale sequences are special examples of
diverging sequences with bounded curvature.

The first main result proved in this chapter is

Theorem V.1.1. Let M™ = G/H be a compact, connected homogenous space. If
there exists a diverging sequence (g(”)) - MlG with bounded curvature, i.e. with
|sec(g(™)| < C for some constant C > 0, then there exists an intermediate closed
subgroup H C K C G such that the quotient K/H is a torus.

We stress that the proof of Theorem [V.1.1]is purely algebraic and constructive.
In fact, we show that the sum of the eigenspaces associated to all the shrinking
eigenvalues of any diverging sequence (g(”)) C MlG with bounded curvature is a
reductive complement of h = Lie(H) into an intermediate Ad(H)-invariant Lie
subalgebra h C [ C g = Lie(G), which uniquely detects a strictly intermediate
Lie subgroup H € L € G, possibly not closed, such that the quotient L/H is a
torus. Clearly Theorem follows by setting K := L. Actually, we know more
about the structure of any such a sequence: (g(")) approaches asymptotically, in a
precise sense, a submersion-type metric with respect to the (locally) homogeneous
fibration L/H — G/H — G/L whose fibers shrink as n — +o00. We refer to
Theorem for more details.

Since 0-Palais-Smale sequences are, in particular, diverging sequences with
bounded curvature and we require neither that the Lie groups H, G are connected,
nor that the traceless Ricci goes to zero, Theorem generalizes [12, Thm 2.1].
We stress that this proves the previously mentioned conjecture in [I12, p. 697|. On
the other hand, we point out that [12, Thm 2.1] allows for changing the transitive
group actions, while our Theorem does not.

Letting Ng(H®) be the normalizer of H° in G, from Theorem we imme-
diately obtain the following

Corollary V.1.2. If there exists no intermediate closed subgroup H C K C G
such that the quotient K/H is a torus, e.g. when rank(H) = rank(Ng(H®)), then
any diverging 1-parameter family in J\/[(f has unbounded curvature. In particular,
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in such a case the scalar curvature functional satisfies the Palais-Smale condition
on all of the space M$.

We remark that, again by means of the Gap Theorem [I1, Thm 4|, 0-Palais-
Smale sequences get flatter and flatter as they go off to infinity. This last obser-
vation, together with the aim of providing an algebraic proof of the Palais-Smale
condition for the functional scal (e.g. see [9, Sec 2| for an algebraic proof of the
Bochner Theorem), brought us to study diverging sequences inside the subsets
(M$)., with € > 0. The second main result proved in this chapter is

Theorem V.1.3. Let M™ = G/H be a compact, connected homogenous space
and let € > 0. Assume that there exists a diverging sequence (g™) C (M),
with bounded curvature and let K be the intermediate closed subgroup determined
by (g(”)) as in Theorem . Then, there exists a second intermediate closed
subgroup K C K' C G such that the quotient K'/H is not a torus.

As above, the proof of Theorem is purely algebraic and constructive.
In fact, we show that the sum of the eigenspaces associated to all the generalized
bounded eigenvalues of any diverging sequence (¢(™) c (M$). with bounded cur-
vature is a reductive complement of h into a second intermediate Ad(H)-invariant
Lie subalgebra h C [ C I' C g, which uniquely detects a strictly intermediate Lie
subgroup L C L’ C G, possibly not closed, such that the quotient L’/H is not a
torus. Again, Theorem follows by setting K’ := L’

We also exhibit an example of a sequence of unit volume invariant metrics
on the Stiefel manifold V3(R%) = SO(5)/SO(2) which diverges with bounded
curvature and whose scalar curvature converges to a positive constant. In that
case, referring to the notation above, the intermediate subgroups are L = K =
SO(2)xSO(2) and L’ = K’ = SO(4). We stress here that, unlike the previous case,
this example shows that a sequence (¢(™) C (M$). which diverges with bounded
curvature does not necessarily approach asymptotically a submersion-type metric
with respect to the (locally) homogeneous fibration L'/H — G/H — G/L’ given
by the bigger Lie subgroup L’ (see Subsection .

Finally, we relate our results on diverging sequences with bounded curvature
to the algebraic convergence introduced in Chapter [[IIl Of course algebraically
collapsed sequences are necessarily divergent. Remarkably, the following weaker
converse assertion follows from Theorem [V.3.3
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Proposition V.1.4. Let M™ = G/H be a compact, connected homogenous space
and suppose that m (M) is finite. If (g") C MS$ is a diverging sequence with
bounded curvature, then it is algebraically collapsed.

Notice that Proposition is optimal. In fact, we provide an easy example
of a sequence of unit volume invariant metrics on the product S'xS? which di-
verges with bounded curvature whose associated sequence of brackets converges
algebraically to (R3, ggat).

V.2 H-subalgebras, submersion metrics and submer-

sion directions

V.2.1 H-subalgebras

We consider a compact, connected and almost effective m-dimensional homoge-
neous space M = G/H, with G and H compact Lie groups, and a fixed Ad(G)-
invariant Euclidean inner product @ on the Lie algebra g := Lie(G). Notice that
we call Lie subgroup of G any immersed submanifold of G which is also a subgroup.
We refer to [7, 8] for what concerns H-subalgebras and submersion directions.

Since G is compact it is well known that g is reductive, i.e. its radical coincides
with its center 3(g). We observe also that every Lie subalgebra ¢ C g is reductive
itself. This last claim can be easily proved by noticing that restriction of Q) to ¢
is an Ad(K®)-invariant Euclidean inner product on €, where we indicated with K°
the connected Lie subgroup of G with Lie algebra £. Hence, any Lie subalgebra
£ C g splits as € = [E, € @ 3(£). We denote also by K° the closure of K° in G,
which is itself a Lie group, and by € its Lie algebra, which coincides with the
Malcev-closure of £ in g (see Definition . Then, ¢ is a compact subalgebra of
g, possibly € = g, and moreover [€, €] = [¢, €] by [58, Thm 3, p. 52].

Definition V.2.1. A H-subalgebra of g is an Ad(H)-invariant intermediate Lie
subalgebra ¢ which lies properly between h = Lie(H) and g. An H-subalgebra ¢ is
called toral if [¢,€] C b, non-toral if [¢,€] Z b.

Notice that if H is connected, then the condition of Ad(H)-invariance in the
definition above is redundant. However, in the general case proper intermediate
subalgebras which are not Ad(H)-invariant can occur.
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Let us consider now an H-subalgebra ¢ C g and let K° be the only connected
Lie subgroup of G with Lie algebra Lie(K°) = ¢. Of course, if H is connected then
H C K°. However, in general it only holds that the identity component of H stays
in HN K and there is no need for the whole subgroup H to be contained in K°.
Anyway, we stress the following important fact.

Proposition V.2.2. Let € be an H-subalgebra of g and K° be the only connected
Lie subgroup of G such that Lie(K°) = £. Then, the subgroup K generated by H
and K° is a Lie subgroup of G, not necessarily closed, with Lie(K) = £. Moreover,
H is closed in K and the quotient K/H is connected. Finally, € is toral if and only
if K/H is a torus.

Proof. Since tis Ad(H)-invariant, it follows that H normalizes K°, i.e. C'(h)(K®) C
K° for any h € H. Here, C(:) indicates the conjugation inside G. Therefore the
subgroup K C G generated by H and K° coincides with the set HK® = {hk : h €
H, k € K°}. Since

HK® ~ (HxK®)/HNK® |

where H N K® acts freely on HxK® on the right by (h, k) - b’ := (hh/, (h')"'k), it
comes that K is a Lie subgroup of G which is closed if and only if K is closed
in G. Since the identity component of H is contained in K°, it follows that the
identity component of K coincides with K° and hence Lie(K) = ¢.

We notice now that K is Hausdorff and H is compact, hence H is necessarily
closed in K. Moreover, by the Second Isomorphism Theorem we get K/K° ~
H/(H N K°) and hence K/H is connected.

Let us suppose now that £ is toral. We can also assume that K° is closed
in G. Otherwise, one can just reply the same argument as below by replacing ¢
with its Malcev-closure £ inside g. We notice that by the Second Isomorphism
Theorem K/H ~ K°/(H N K°) and that the subgroup H N K° is normal in K°.
To prove this last claim, firstly we observe that it is straightforward to show
that the commutator [K° K°] is connected. Therefore, since [¢,€] C b it holds
that [K°,K°] € HN K and hence C(k)(h) = [k,hlh € HNK° for any k& € K°,
h € HN K°. This actually proves that K/H is a compact, connected Lie group.
Finally, by using the fact that [¢,€] C b, the Lie algebra £ splits as

t=bda, with[h,a]=]a,a = {0}
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and therefore K/H is a torus. On the other hand, it is easy to check that if K/H
is a torus, then [, €] = [€,€] C b and this completes the proof. O

From now on, we will always associate to any H-subalgebra ¢ C g the Lie
subgroup K C G defined as in Proposition If K is closed in G, then it gives
rise to the homogeneous fibration K/H — G/H — G/K whose standard fiber K/H,
which is not almost-effective in general, is a torus if and only if € is toral. If K is
not closed in G, then we get a fibration of local factor spaces K/H — G/H — G/K
whose standard fiber K/H is a dense submanifold of K/H, which is a torus if and

only if ¢ is toral.

Any H-subalgebra ¢ determines an Ad(H)-invariant Q-orthogonal decomposi-

tion
m
—_—
g=bh+me+mp , with [¢,mp] C mi . (V.2.1)
N——
¢

Since t is reductive, ¢ is toral if and only if mg lies in the center of &, i.e.
[h, me] = [mg, me] = {0}. If € is not compact, i.e. if the subgroup K is not closed
in G, from the equality [€,€] = [€,€] we get a finer Ad(H)-invariant Q-orthogonal

decomposition
m;-
—_—~
g=t+a —Hngl =bh+mg+my, with [£ ap] = [ae, ae] = {0} . (V.2.2)

|

We remark also that any submodule of m is Ad(K)-invariant if and only if is
Ad(K)-invariant.
Finally, if we suppose that the group G is semisimple, given any not necessarily

compact toral H-subalgebra £, the following result holds.

Lemma V.2.3. Let £ be an H-subalgebra of g. If G is semisimple and € is toral,

then € is faithfully represented by its adjoint action on mEL.

Proof. Since G is compact and K is closed in G, the quotient G/K is a reductive
homogeneous space. Let now N be the maximal normal subgroup of G contained in
K and n := Lie(N). We consider also the Q-orthogonal decomposition n = nj +na,
with ny := hNn. Since n is an ideal of g and n C §, it follows that [n, mg-] = {0}.
Moreover, since ng C mg and £ is toral, it holds that [ng,h] = [ng, mg] = {0}.
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But then ny C 3(g) = {0} and so n = n; C h. Being G/H almost-effective by
assumption, it follows that n = {0} and so G/K is almost-effective. Hence, its
isotropy representation is faithful (see e.g. [67, Cor 6.15]). But then

(X et:[X,mi] = {0}} C {X €E: [X,m] = {0}} = {0}

and so the claim follows. ]

V.2.2 Submersion metrics and submersion directions

As a standard reference for what concerns Riemannian submersion, we refer to
[3l Ch 9]. We recall here the following

Definition V.2.4. Let ¢ C g be an H-subalgebra. An invariant metric g € M
is called t-submersion metric if g(mg, mg-) = {0} and its restriction on mi- ® my-
is Ad(K)-invariant. The set of all £-submersion metrics is denoted by M®(€) and
the set of unit volume £-submersion metrics is denoted by M$(€) := M$ENME(¥).

This definition is due to the fact that, given an H-subalgebra ¢, any metric

g € MC(£) gives rise to a (locally) homogeneous Riemannian submersion
K/H = (G/H,9) = (/K. gl t o) - (v.23)

Moreover, by means of the following lemma, the submersion ([V.2.3) has totally
geodesic fibers.

Lemma V.2.5. Let £ C g be an H-subalgebra and g € MC. If g(my, mé):{()} with
respect to the decomposition (V.2.1), then K/H is totally geodesic in (G/H,g).

Proof. Let X1,Xs € mg and X3 € mi. Since by hypothesis g(mg, mi-) = {0},
from [3, Lemma 7.27] we directly get that

29(V%: X5, X3) = g([XT, X3, X3) + 9([X], X3], X3) + 9([X5, X3], X7)
== _g([X17 X2]m7 XS) + g([Xf%;Xl]m,XQ) + g([X37 X2]m7 Xl)

=0,
where we indicated with X := % exp(tX) x‘ 1o the action vector field associated
to X € g, with V9 the Levi-Civita connection of g and we used the fact that
[X,Y]* = —[X*,Y*] for any X,Y € g. This is equivalent of saying that the

second fundamental form of K/H in (G/H, g) is identically zero, and so K/H is
totally geodesic. O
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Let now M$ be the space of unit volume G-invariant metrics on M = G/H
and ¥ C T, M$ the unit tangent sphere defined in ([.5.7). Fix v € ¥ and a good
decomposition ¢ for v. Let also

’01<...<’D£U

be the distinct eigenvalues of v ordered by size, and let I7(y),..., I} (¢) C I =
{1,...,¢} be the index sets defined by the condition

v =0, <= 1€1)(p) foreveryse{l,.. l,},i€el . (V.2.4)

Lemma V.2.6 (|[7], Lemma 4.12 and Lemma 4.13). Let v € ¥ and let ¢ be a good
decomposition for v. Then £, > 1 and there exists a constant ¢ = ¢(G/H) > 0,
which does not depend neither on v nor ¢, such that 01 < —c and vy, > c.
Furthermore, for any 1 < i,j,k < £y, the real number [I} (¢)I7 () I ()], does

not depend on the choice of the good decomposition .

From ([.5.25)) it follows that the scalar curvature along the geodesic v, (t) is
1 1
scal(7(t)) = 5 Zdibie_t”i - Z [ik] etV vimuR) (V.2.5)
i€l i,j,k€l
We recall now the following definition, firstly introduced by Bohm.
Definition V.2.7 (7], Def 5.11). Let 8% denote the set of all v € ¥ with the
following property: if ¢ is any good decomposition for v, then for all (i, 5, k) € I®

it holds that
[ijkl, >0 = vi—v; —vp+01 <0. (V.2.6)

Any element v € 8% is called submersion direction.

Notice that (V.2.6)) does not depend on the choice of the good decomposition
¢ for v. Moreover, submersion directions (or non-negative directions, as originally
named by Bohm) have the following remarkable property, which comes directly

from (V2.0).

Proposition V.2.8 ([7], Lemma 5.16). Let v € 8% and let ¢ be a good decompo-
sition for v. Then

(D)1, (0) L, ()l = 0 forany 1< ji <ja <Aty . (V.2.7)

In particular, ¥1 == b + Myv(y) 1S an H-subalgebra.
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This last proposition gives rise to a partition of the set 8> into the sets of
£ -submersion directions, which are defined by

8E(ty) == {v e 8™ myo(,) =mg, for any good decomposition ¢ for v} ,

(V.2.8)
for any H-subalgebra ¢; C g. As a direct generalization of , we are going to
introduce a descending chains of subsets of 8, which will play a role in the next
section. First, we define flag of H-subalgebras any ordered set ¢ := (£1,...,€,) of H-
subalgebras of g such that & C ... C ¢,. The lenght of ¢ is the cardinality |(| = p.
Notice that, by Proposition[V.2.2] any flag of H-subalgebras determines univocally
a finite sequence of intermediate Lie subgroups H C K; € ... C K, C G.

Definition V.2.9. Let  := (¢,...,€,) be a flag of H-subalgebras. A unit tangent
vector v € X is called (-submersion direction if it satisfies the following conditions
for any good decomposition ¢ of v:

i) & =bh+ Mmyo(e) =8 —i—m]g(@) veen Ep =01+ Mo (p) ;

ii) for any 1 < ¢ < p, for any (,7,k) € {q,...,£,}> it holds

() ()R (9)]e >0 = 0 —0j —0p +04 <0 .

The set of all (-submersion directions is denoted by 8*(¢) or 8% (€1, .. ., £,), equiv-
alently.

Given a flag of H-subalgebras ¢ := (¢;,..., %), it follows from the very defini-
tion that

8E(C) = 8¥(ky,. .., t,) C 8% (by,..., 1) C ... C8%(t1, ) C 8¥ (k) .

Furthermore, the set §”(() of (-submersion directions is related with the notion

of submersion type metrics by the following

Proposition V.2.10. Let ( = (¢1,...,8,) be a flag of H-subalgebras. Then, it
holds that
8%(¢) € 8% NTy MF(t;) forany 1<q<p, (V.2.9)

i.e. vo(t) € MS(8,) for any v € 8¥(C), for any t > 0, for any 1 < q < p.

Proof. Let v € 8%(¢) and ¢ be a good decomposition for v. Fix 1 < ¢ < p.
We have to show that the submodule myv(,) is Ad(Ky)-invariant for any g <
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i < {,. Since every submodule myv(,) is Ad(H)-invariant, it follows from the
very definition of K, (see Proposition that it is sufficient to show that
mpu () is ad(tg)-invariant for any ¢ < i < ¢,. We already know from that
tg, mﬁ; | C mg;. From condition (ii) in Definition we get

[Lg (@)1}, (0) 1}, (9)] = 0 for any ¢ < j1 <ja <Ly -

In particular, Q([qu,m[;v(cp)},m]})(@)) =0 for any ¢ < i,j < £y, 1 # j. So, we can
conclude that [me,, myv(,)] C mpy(,) for any ¢ <i <4, O

By means of Proposition the following geometric interpretation for the
set of submersion directions arises. Given an element v € 8*(#;), moving along the
geodesic 7, (t) is equivalent to shrinking the fibers of the (locally) homogeneous
Riemannian submersion associated to € as in [V.2.3] and to rescaling the base
space, while the volume is keeped fixed.

The set 8 C ¥ of submersion directions has originally raised from the study
of the scalar curvature functional scal : Mlc — R, aimed to get results of existence
and non-existence for homogeneous Einstein metrics (see e.g. [87,[7]). It turns out
that it plays a crucial role in studying the asymptotic behavior of the curvature

tensor along geodesic rays ~,. More concretely

Theorem V.2.11. Let v € X and 7, the corresponding geodesic ray in M?
a) [, Thm 5.18] If v € £\ 8%, then

t£+moo scal(yy(t)) = —oo .

b) If v € 8%(&) for a non-toral H-subalgebra €1 C g, then

lim ‘Ric('yv(t))}%(t) — 400 .

t——+o0

Proof. Fixv € ¥ and a good decomposition ¢ for v. If v € £\ 8%, then there exists
e > 0 and a triple (io, jo, ko) € I such that lioJokol, > € and vy, —vj, —vg, +01 > €.

Since 07 < 0 by Lemma from (V.2.5) we get
scal(y, (1)) < %(bg/H - seta)e_ﬁ’l — —00

and this completes the proof of the first claim.



V.2 H-subalgebras, submersion metrics and submersion directions 95

Let now £; be a non-toral H-subalgebra of g and suppose that v € 8% ().
Then, if i € I7(yp), for any j, k € I it follows from (V.2.7)) that

lijk], (1 — et(”’c*vj)) =0foranyt >0,

(V.2.10)
lijkl, > 0 only if j,k € IJ(p) for some 1 < s < 4,
So, for any i € I{(p), from (1.5.21) we get
. b; _ 1 . i, 1 . e
rici (1 (t)) = 5’ i 2 Z [ik]pel e —vimvi) 4 i Z [i7k] et (Vi)
j.kel j.kel
[L5.13) o4 — Z [ijk] ) —tiy _ e*“’l Z [ijk] et We—v;) 4
' 2d 2d; , v
j,kel 7,kel
1 4 . (v
g e 2 ligklge e
kel
(V-2.10) P 1 . o
cie t01 + Zdiet’ul | Z [z]k‘]@e 2t
J,kE€IZ ()
1<s<t,
1 1 . VS| . (26—
= gz (et g 3 M) gy 30 ke
J kel (#) J.RELS ()
2<s<ty
Since €; is non toral, there exists i, € I{(y) such that
1 .
2d;, ¢, + 3 Z [iojk]p >0
J.kelt (o)
and so the second claim follows. O

Remark V.2.12. To prove the second claim, it is possible to argue also like
this. Let v € 8%(£;) for a given non-toral H-subalgebra €; and ¢ € ¢ be a good
decomposition for v. Since v, (t)|k,/n = eﬁ’lQli}(@) and 91 < 0, it follows that
the intrinsic sectional curvature of K;/H blows up as t — +o00. Moreover, from
Lemma and Proposition we know that Kj/H is totally geodesic in
(G/H, 7, (t)) for any ¢t > 0 and so also its extrinsic sectional curvature blows up.
Then, claim (b) follows directly from [I1, Thm 4].

As a consequence of Theorem the only way of reaching the boundary of
the space M$, moving along a geodesic 7, while keeping the curvature bounded,
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is to choose v € 8 (¢1) for some toral H-subalgebra £; C g. By the way, we stress
the fact that this last condition is far form being sufficient.

Example V.2.13 (Berger spheres). Let M = G = SU(2). Consider the
Ad(SU(2))-invariant inner product Q(A1, Az) := —3 Tr(A1-As) on su(2), the stan-
dard Q-orthonormal basis (X, X, X2) such that

[Xo, X1] = —2Xo , [X1,Xo] = —2X0, [X2, Xo]=—-2X1

and set £ := span(Xp). By means of ([.5.7) and (V.2.7)), it is easy to check that
§*(¢) = {v}, where the tangent direction  is given by

NG
3

V6
6
V6
6

S
I

Let us indicate now with (Xo(t) := etho, X1(t) = e_T\/Qthl, Xo(t) == e_T@th)
the v (t)-orthonormal basis for su(2) obtained by normalizing (X, X1, X2). Then,
one can directly check that the curvature tensor

Rm(75(t)) : su(2) A su(2) — su(2) A su(2)
is diagonal and explicitly given by
m(y0(£) (X1 ())AXa(t)) = e~ 30X (A Xa(t)
m(y5(£)) (X1 ())AXs(t)) = e~ 3VOX (A X3 (1)
R (s (£))(Xa(H)AX3(1)) = (467 _3¢75V6 t)Xg(t)/\Xg(t) :

Hence, we conclude that lim;_, 4 o ’ Rm(’yg(t))‘vf » = 0. Notice that (SU(2),(t))

is a Berger sphere for any ¢t > 0 (see Section [IV.3.1)).

V.3 Proofs of Theorem [V.1.1| and Theorem [V.1.3

V.3.1 Main results

Let us consider a sequence (¢(™) C MS$. Then, for every n € N there exist
v € ¥ and t( > 0, univocally determined, such that ¢ = Vo (n) (t(™). Since
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% is compact, there exist a sequence (n;) C N and a direction v(*) € ¥ such that
v(mi) — (%) For the sake of simplicity, in this section we will assume that the
whole sequence (v(™) converges to some v(>) € ¥, which we call limit direction
of (g™). We also say that (¢("™) is divergent if t(") — 4-o0.

(n) (n)

For any n € N we choose a good decomposition p(™ = (my”,...,m,;”) of m
for (™ so that

n n . n )4 (1)
g(n) = )\g )Qm(n) +...+ )\é )Qm(n) ,  with )\E Ve et (V.3.1)
1 ¢

Since v — v(*°) we can suppose that the sequence (go(”)) C F© converges as
n — +00 to a good decomposition () = (mgoo), e méoo)) for the limit direction
v(®) of (g(”)). For simplicity of notation, since we do not need to specify the
particular choice of (™ and () we will write [ijk]™ and [ijk](>) instead
of [ijk]@<n) and [ijkz]@(o@, respectively. Being the map ¢ — [ijk], continuous,
it holds that [ijk]™ — [ijk](>) as n — +oco. Furthermore, the coefficients

introduced in ([.5.11)) and ([.5.10]) will be indicated by bg"), cgn) when they refer

to the decomposition go(") and by bgoo), ) when they refer to the decomposition
) (c0) (n) (c0)
—b

go("o), respectively. Again, it holds that bgn , andc;’ — ¢ asn — +oo.

From now on, up to passing to a subsequence we will always assume that the

decompositions p(™ are ordered in such a way that
v%n) < vzn) <...< vén) for any n € N . (V.3.2)

For simplicity of notation, we set I := {1,...,(}, 1 = I;J(Oo)(cp(oo)) for any
1 <'s < () and we define the map 7 : {0,...,4, )} — {0,...,£} by imposing
the conditions

r(0):=0, I ={r(s—1)+1,..,r(s)} forany1<s</ly ) . (V.3.3)

Z (o)
Moreover, we set I(>O;) = sy 18, Let us fix for cach n € Na Qm-orthonormal

30(")—adapted basis (e&n)) for m. Since v — v(®) we can suppose that there

exists a Qm-orthonormal go(oo)—adapted basis (e&oo)) for m such that e&n) — e&‘”)
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as n — +oo. For the sake of shortness we set

sec; (g(")) = Z sec(g(”))(eg")/\egﬁ)) forany i € I | (V.3.4)
o) o) ()
sec;j (g(")) = Z Sec(g("))(e&”)/\e(ﬂn)) forany i, e, i<j . (V.3.5)
el em(™
)
From (I.5.9), (I.5.14) and (I.5.23]) we obtain
eg™) =3 ﬁ@%%%b+J%%a ol
o) &™) ™)
3 (n) (n) 2 M7 1
+ 30 e eyl =7 D2 16 edlnlo T
kel\{i} kel\{i} i i
(n)
m) o Lo ik _ 3 O
(d ¢ 4[@21] + Z [i1k] 1 Z [iik] CIRCE
kel\{i} kel\{i} i i
(V.3.6)

Moreover, from (.5.9) and ([.5.15)) we get

seci; (g(”)) =

-5 (e

o (A2 (AT A (—22 1A 1 3A) }

o) kel 4)\En)A§n))\](€n)
g)em§ n)
A A A\ NON
*Z ELANORO 3l (S 1) (=2 st )
;AL kel s Aj AN
(V.3.7)

(n)

Up to passing to a subsequence we assume that each coefficient \; " is mono-

tonic. Moreover, we introduce the following notation

(n)
) ._ N
p = e (V.3.8)
J
and, up to passing to a further subsequence, we assume that the limits
pZ(;O) = lim, pz(;) € [0,400] do exist. Moreover, we define

ali) = k™ 05 = 1) (= 26 + 1+ 3p{)) (V.39)
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(c0) (n)

and we set a; ;" = limy a;;; € RU {+oo} whenever it exists.

The next theorem is an intermediate result, which will be crucial in the proof
of Theorem Nonetheless, we stress that it would be enough for proving
Theorem [V 111

Theorem V.3.1. Let us assume that (¢") € M$ is divergent and has bounded
curvature. Then, v(®) € 8*(¢1) for some toral H-subalgebra & . Moreover, the

following necessary conditions hold.
A) For any i < j <k such that i € Ifoo), we have

- 1(00) . c21(n), () _
[k =0 = lim [ijk]["p; =0.

B) For any j,k € I we have

Proof. From (|V.2.5) it follows that

1 n),,(n) 1 () () (n)
scal(9™) = 5 3 dit{Me ™ = 3 37 [k el
icl iiwer

IN

1 n (n) (n)__ (n)  (n) n),,(n)
b= 3 0 a0
i,5,k€l

where bgy is defined in (.5.12). Since by assumption scal(g(")) is bounded from
below, there exists a constant C' > 0 such that

n) (™) _ () _ (n), (n)
Z [ijk}(")et( M@ ") < o for any n € N . (V.3.10)
i,5,k€l

We observe also that if v(°) € ¥ \ 8%, then (V.3.10)) is never satisfied. In fact, in
that case we can fix £ > 0 and a triple (iq, jo, ko) € I® such that [igjoko]™ > €

and v(n) vj(?) - ,Ul(;:) + vf“) > ¢, so that

t ) v~V e

[iojoko](n)e — 400 .

Then, it holds that v(°) € §¥(¢1) with & = b + m ) ) (see Proposition [V.2.8)).
Since by assumption the sectional curvature is bounded using (V.3.6)) and (V.3.7)),
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for any 7,5 € I such that i € Il(oo)

, 1< we get
)\5 )seci(g( )) :dicz(* )+1[m]( )+ Z [iik]¢ )_Z Z [iik]" )pl(ci) — 0,
kel\{i} kel\{i}
(V.3.11)
AN secij(9™) = 37 (likl Wpipl +al)) — 0 (V:3.12)
kel

as n — 400, where sec;(g(™), secij(g(")) were defined in (V.3.4), (V.3.5), respec-
tively, and the coefficients pg-q’), ag.;z were introduced in , , respec-
tively.

Step 1. We are going to apply by restricting ourselves to the case
JjE I(>O;). At first we notice that, since ¢ < r(1) < j, for any k € I we have

2vi(n) — v,(gn) — vj(.n) — 2@§°o) — v]g,oo) — vj(-oo) < @%Oo) — () <0,

(c0)

where 0, are the distinct eigenvalues of v(®) ordered by size, and so

lim [ijk]"™ p,, Py = for any 4, j,k € I such that i € Ifoo), j e 1(2020) )

n—-+00
(V.3.13)
Therefore, from (V.3.12) and (V.3.13)) we obtain for any fixed j € 1(2020)
lim Za(n) =0 for any i € 1\° (%)
n—-+00 igk ’ Y 1 . J
kel
Notice that, under the assumption ¢ € Ifoo) and j € I(ZOQO), it comes pgio) =0 and
so from ([V.3.9) we directly get the following implications:
P =00 = alf) ~ (i p) > 0
P elo0) =l =M™~ 1) (1+3p7) >0
P e01) = aly) = —lik (1 -p57) (1+3p)) <0
P =0 = ) ~=3[ijk|™p) <0
(V.3.14)

For any g € {0,1,...,0—r(1)—1}, we set j = {—q and we consider the following
claim, which we denote by P(q): the limit aE(OZlq)k exists for any ¢ € Ifoo), kel

(00)  _
and W lgpk = 0.
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First, we consider the case ¢ = 0, i.e. j = £. From , we directly get
that pﬁo) € [1,+oc]. But then, by means of and (%¢), it follows that
P(0) holds.

Let us fix now 0 < ¢ < ¢ — r(1) — 2 and assume that P(¢’) holds for any
0 < ¢’ < ¢q. In particular, this means that a(( )q’)k = ( for any i € Ifoo), kel

and hence for any 1 < ¢’ < g we have

limy, - 4 oo [i(ffq’)k](”)pgzq,)k =0 foranyie Ifoo) , keI\{l{—q'}
such that [i({—¢')k](®) =0 ,

p&’i)q,)k =1 for any k € I
such that [I; 1 (l—qk]>) >0 .
(V.3.15)
Then, for any i € I(Oo), k € I we obtain:
. if pE;O)q e € [1,400], then, by (V.3.14), we directly get that az(?é)qul)k is

definitely non negative;

. if pgf)q 0k € [0,1), then, by (V.3.2)), it follows that there exists 1 < ¢ < ¢

such that k = ¢—¢' and so (V.3.14)), (V.3.15) imply that the limit al

(00) _
exists and a; i(—g—1)k = 0.

By means of (;_q_1), this actually proves that P(qg+ 1) holds. Hence, we proved

by induction that P(q) holds for any 0 < ¢ < ¢ — r(1) — 1. In particular, this

means that

oo)
1(l—q—1)k

o) =0 foranyiel[™, jelly kel

and hence the following two conditions must hold:

el jel) kel and [N =0 = lim [ijk"pj) =0,
(V.3.16)

Step 2. We are going to apply (V.3.12)) by restricting ourselves to the case
jer™
that, since i; < ia < (1), for any k € I(>°2O

. For the sake of clarity, we set i; := ¢ and 9 := j. At first we notice

)

"~ —3[ivizk]™plY 290 (V.3.18)

i192k
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Moreover, by changing indexes in (V.3.13]), we get

lim [i1ipk]™ E?lngﬂ)z 0 forany k € I(ZOQO) . (V.3.19)

n—+00

So, from (V-3.12), (V-3.18) and (V-3.19), we get for any fixed i1, is € I1°7, iy < i

lim { Z <[i1i2k](n)pz(?lzpz(?z)2 + ag%k)} =0. (Ail’iQ)

n—-+o0o
ker{>

Let us notice that

Z ([’i1i2k](n) ffk)pglzl +az(1%)2k) -
ker(>)

_ i[z iok] (™) (o — D)% + 200, + 1)ply — 3 +
= 112 (n) _(n)
pzzzlpuk

+ Z [iviok] n)pgzpllzﬁ Z amk. (V.3.20)
k=i1+1 k=i1+1

Furthermore, if £ < i1 < i9, then pg?l,pgl ,2 > 1 by (V.3.2) and hence

(n) (n)\2 (n) (n)
(pzzzl 1) (pzl ) + 2(p1221 + 1)pz’1k -3

p o)

>1 forany k<i3 <iz. (V.3.21)

For any #; € {1,...,7(1)—1} and for any ¢ € {0,...,r(1)—i1—1}, we set
is = r(1)—¢ and we consider the following claim, which we denote by P(i1,q):
the limit ag(;(o:(l)_q)k exists for any k GA{Z'H'L ..r(1)} and al((r() gk = 0-

First, we are going to prove that P(i1,0) holds for any 1 <i; < r(1)—1. By
the very definition (V.3.9), it follows that each a( )( ) o With i14+1 <k < (1) is
definitely non negative. Hence, by applying (A (1 ) and m, we get the
claim.

Let us fix now 1 < 43 < r(1)—1 and 0 < ¢ < r(1)—i—2 and assume that
]5(2'1, q') holds for any 0 < ¢’ < ¢. By means of (A; (r(1)—¢)) and , we
get a( ()(1) k= 0 for any i14+1 < k < r(1). Again, for any i1+1 < k < r(1), we
have:
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- if pgf?i) g—1)k € [1,+0oc], then, by the very definition (V.3.9)), we directly get
that af ()T( 1—g—1)k is definitely non negative;

- if pgr(i)_q_l)k € [0,1), then, by (V.3.2)), it follows that there exists 1 < ¢’ < ¢

(00

such that £ = r(1)—¢’ and so the limit agff)(l) _py, exists and a;, (2( g1k =

0.
By means of (Ajy—q—1)), this actually proves that P(il,q+l) holds. Hence, we
proved by induction that P(i,q) holds for any 1 < 43 < r(1) =1, 0 < ¢ <
r(1)—i;—1. In particular, by (V.3.20) we obtain

(Liyi) =
( () _1)2(p(m)2 (n) (n)
() _ +20™ +1)p\") — 3
liril [2122k}(n) ((pzzn ) ( )( ) (( )1211 ) Di K > -0 1<k<i
n—-+oo n n
Piyiy Pirk
lim [iyitio]™p™ =0
<~ n—-+oo i241
dim [ivi2k] ™ p{")p") =0 i+l <k <r(1)
al>) =0 41 < k< r(1)
lim [i1igk]™ =0 1<k<i
n—-+o0o

— lim  [iyigio) ™ p(™
n—-+o0o

Piyiy =

im [iigh] ™ (p7) —1) =0 i1 <k <r(D)

Therefore, we get

im [iriyisVpl), =0 for any ir,ia,is € I

s 11 <19 <13 . (V.3.22)
Step 3. We are going to apply (V.3.11). Notice that, by changing indexes in

(V.3.16)), it holds
lim [iik]™p{” =0 for any i€ I, ke 1) . (V.3.23)

n—-+o00

Therefore from (V.3.11)) and (V.3.23)) we directly get
. -1 1(n) (n) 4 :% . (oo) 1 . 1(c0) . (o0) )
ngrfoo{ Z [iik] (p i 3)} 3d,,c2 + 3[2@2] , eIy (Vi)
kel{™\{i}

By applying (V.3.22) it follows that for any ¢ € Il(oo) all the summands inside
the curly brackets in the left-hand side of are infinitesimal or definitely non
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positive, while all the summands in the right-hand side are non negative. Hence,
it holds necessarily

A =0, [i1i1i] ™) =0 for any ir,iz € I (V.3.24)
The thesis follows now from (V.3.16)), (V.3.17)), (V.3.22)) and (V.3.24]). O

Next, we aim to extend Theorem by considering not only the most
shrinking direction, but all the shrinking directions of (¢{™). First, we need the
following

Proposition V.3.2 (|7], Lemma 5.55). Assume that there ezists a flag of H-
subalgebras ¢ = (¢1,...,8,) such that v(®) e W((). If t, is toral for some
1 <q<p, then

n) _4(n),,(n) 1 . n U(n)fv(.n)fv(n)
scal (g(")) < Z dibg Je—tMu™ _ 1 Z [”k](n)et( (" =) =) :

i>r(q) i,j,k>7(q)

N

(V.3.25)
where the map 1 : s — r(s) is defined in (V.3.3).

Since the estimate (V.3.25) plays a fundamental role in the proof of our main
results, we present a proof of Proposition in the next section.

Let us consider p € {1,...,{,)—1} in such a way that /\f,?) ) is bounded

p—1)+1

and )\SZ;)H — +00. We set 18P := UI(;:I Iéoo) ={1,...,r(p)} and we call it index

set of the generalized bounded eigenvalues of (g(”)). This name is due to the fact

that for any 7 € I, if )\Z(-n) is bounded then i € I8P, Notice that it can happen that
)\Z(.n) — 400 for some i € I8P,

Let also I*? := {1,...,7} C I be the index set of the shrinking eigenvalues of

(g(”)), ie. )\;”) — 0 and /\*(fi)l is bounded away from zero. We define then

£ = h+m§f:3) , Bi=% —|—m§?:2) R e +m§f§3) ,
1 2 p—1
e . (00) _ (o0)
Vimty = byt m = b+ > m
ielsb
(V.3.26)
and also

(=h+ Y m™. (V.3.27)

i€Ish
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Notice that it necessary holds that r(p — 1) <7 < r(p), and hence ¢, 1 C [ C l’.

We are ready to prove our main result. Notice that both Theorem [V.1.1I] and
Theorem [V.1.3] are consequences of the following

Theorem V.3.3. The set ¢ .= (¥1,...,8,_1,0') defined in (V.3.26) is a flag of
H-subalgebras of g and v(>°) € 8*(¢). Moreover, the subspace | defined in (V.3.27)
is a toral H-subalgebra of g and the following conditions hold true.
A) For any i < j < k such that i € I*®, we have

[ijk]) =0 = lim [zjk:](”)p,(f "o,

n—-+o0o

B) For any j,k € I we have

k) >0 = lim p](f) 1.

n—-+o0o

Finally, if ' is toral, e.g. if =1, then lim scal(g(”)) <0.
n—+00

Proof. If p=1, i.e. if )\y(?) 41— 00, then the first part of the theorem coincide
with the statement of Theorem [V.3.1] Let us suppose then that p > 1. If p = 2,
one can skip the next part of the proof.

We suppose now that p > 2. For any ¢ € {1,...,p — 1}, we consider the
following claim, which we denote by P(q): €, is a toral H-subalgebra, v(*®) ¢
W= (8, ...,&) and both (A), (B) hold after having replaced the index set I
with I

Notice that P(1) follows directly from Theorem Let us fix now 1 < ¢ <
p — 2 and assume that P(q") holds for any 1 < ¢’ < ¢. From we get

nym 1 n) (M) _, (n)_ (n)
scal < = Z d; b )t ol _ T Z [l]k](n) £ (0™ =i —v} ™)
z>r (9) i3, k>7(q)
(n) _ - 21.1(n) t(n) Uin)—v(.n) (n)—l-v(n) 1
( Z dib; Z [ijk]"™e ( i (q)+1) D)
Z>T 7.7 k>T(q) r(q)+1

and so, since by assumption scal (g(”)) is bounded from below, there exists neces-
sarily C' > 0 such that

n) (M) _yy(M) _ () (1)
Z [ijk](n)et( )(vi —v; =y +U7-(q)+1) <C foranyneN .

1,5,k>r(q)
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Then, by arguing as at the beginning of the proof of Theorem [V.3.1] we directly

get

i k> (), [k >0 = o™ —ul o o) <0 (v.3.28)
As a consequence ;41 is an H-subalgebra of g and v(®) ¢ W= (€1,...,8441). Since
A1) = 0 as n — +o0, for any i,j € I such that i € [J7, i < j it follows that

seci(g®™) A" = diel™ 4+ 2+ S k™ -2 ST [aak™pn — o
) i 1C; 4 A ki ;

kel\{i} kel\{i}
(V.3.29)
secij(9™) - 4™ = 37 ([ijk) Wi pl + all) — 0., (V.3.30)
kel

where sec;(g(™) and sec;;(g™) are defined in (V:3.4) and (V.3.5)), respectively,
and the coeflicients agﬂ were introduced in . So, one can apply, mutatis
mutandis, Step 1, Step 2 and Step 3 already seen in the proof of Theorem
to conclude that P(q + 1) holds true. Hence, it follows by induction that P(q)
holds for any 1 < ¢ <p—1.

From now on, it does not matter if p = 2 or p > 2. Since €, is toral and

Ai(; 141 is bounded, from ([V.3.25)) it follows that I’ is an H-subalgebra of g and

v(*) e 8%(£1,...,I'). Moreover, by repeating once again Step 1, Step 2 and Step
3 letting the index i run from 1 to 7, one can prove that [ is a toral subalgebra
and that both conditions (A), (B) hold true.

Finally, for the proof of the last claim, we do not assume anymore that p > 1,
i.,e. we allow p to be 1. Let us suppose by contradiction that [’ is toral and
scal(g(™) > § definitely, for some § > 0. By it holds that for any n large
enough

1 n), (1) 1 n)(,,(n)_ (n)__ (n)
5 2 i =2 3T [ijk)™ et @ 0 o) S s
i>r(p) i,5,k>7(p)

Hence, there exists a constant C’ > 0 such that

n) (,,(n)_,(n) _ (") (n)
400 L+ S i)™ T G0 < 0 for any ne N

(p)
i,3,k>r(p)
(V.3.31)
which is clearly not possible, since all the terms in (V.3.31]) are non negative and
A™ s unbounded. O

r(p)+1
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V.3.2 An explicit example on V3(RR%)

We exhibit an example of a sequence of SO(5)-invariant metrics on the Stiefel
manifold V3(R?), i.e. the space of orthonormal 3-frames in R®, which diverges

with bounded curvature.

Let M = V3(R®) = SO(5)/SO(2) and consider the Ad(SO(5))-invariant inner
product Q(Az, Ag) = —%TI‘(Al'Ag) on s0(5). We choose the @Q-orthonormal
basis for the Lie algebra so(5) given by

FE = e4®e5—e5®e4 , Xq1:i= €2®63—63®62 ,
Xy = e3®e4—e4®63 , X3:= 63®65—65®63 ,
X4 = €2®€4—64®62 , Xgi= 62®€5—€5®62 , Xg = el®e4—e4®el ,
X7 = el®@es—e’ Qe , Xg:i= el®es—e3®eq , Xg:= el®es—e?®eq ,
where we denoted by (eq,...,e5) the standard basis of R® and by (el,...,e°) its

dual frame. Then, the isotropy algebra is s0(2) = span(FE) and its Q-orthogonal
reductive complement m decomposes into six Ad(SO(2))-irreducible submodules:

m; =span(Xp), mg=span(Xq, X3), ms=span(Xy, Xs),
my = span(Xﬁ,X7) y my = span(Xg) s mg = span(Xg) .

Notice that mg ~ mg ~ my are equivalent to the standard representation of SO(2),
while my ~ ms ~ mg are trivial. One can directly check that the coefficients
related to this decomposition are

01:0, CQZC3ZC4:1, 05206:0,
bi=by=bg=by=bs=bg =6, (V.3.32)
[123] =2, [156] =1, [245]=2, [346]=2.

We define also
8 i=b+m ~50(2) Dso(2), & =¥ +my+mg~so(d),

which are SO(2)-subalgebras of s0(5). Notice that €; is toral, while €5 is non-toral.
Let us consider the sequence (g(”)) C M?o@ defined by

g™ = 1 Qm; + Qmy + Qmy + 1Qmy + 2nQms + 2nQu - (V.3.33)
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Notice that the eigenvalues of the tangent direction v(™ are

2+41
o™ = +ilogyn Do o 0,
\/20(10g2 n)2420log, n+6
(n) log, 1 (n) _  (n) _ 1+logy n
Vg Vs = U

~ \/20(log, n)2+201logy nt+6  \/20(logy 1)2+20logy n+6

and so v € 8¥(f)), but v ¢ 8(¢1,¢). From (V.2.9) it follows that (g(™)
lies in the space M$(£1) of unit volume £;-submersion metrics. One can directly
check that the Ricci operator of g™ is diagonal, with eigenvalues

ricy (gM) = B2EL | yicy (g() = rics (g()) = Mnit2mi=1

32n0 8nd )
: __ 3n?°—6n+1 : o _ 48n84+48n°5—16n%—1
rieg (g) = =53 ries (9)) = ricg (")) = SIS

By [IT, Thm 4] it follows that (¢(™) has bounded curvature. For the sake of
thoroughness, we provide the explicit expression of all the components of the
curvature operator Rm(g(™). Let us consider the g(™-orthonormal frame

xMi—om?x,, x{Mi=x,, X\MWi=Xy, x{"=x,, x{":i=x;,

XM= X, XY=Ly, x{V = Lxg, x§V = X

Then, the curvature operator Rm(g(”)) : A’>m — A’m takes the following form.

Rin(g™) (X AX{MY) = o xMAXEY + ﬁﬁxé"hxgm
Ran(g) (X1 AXE") = e X{AXE + 3ol x ) n ()
Ran(g)(X{VAX{™) = e X{ AN — 3ol x () A x (")
Run(g) (X AXSY) = pha X AXY — Bol x i A x (Y
Ran(g™) (X[ AXE") = %XSWX&”) - 72?gj§nle§")AX§")
Ran(g™) (X[ AX") = 2ednsd (WX — 2=l X (0 A x ("
Rm(g(n))(xln /\Xgn )= 641ns X1n /\X9n tBT\L/giS in /\Xﬁn j— 8%713 X3n /\X7n
Rm(g™) (X5 AX{M) = Xz(z) AXSY + 71612n;1Xé”)/\X5(”) — nlbntl x () A x (™)
Ranig )X 0 {7) = 9z (4 st

_2n°—12n*42n341 Xé")/\Xé")

16n°

Run(g™) (X5 AX{") = — b X4 AXS"

n n n— n n n2—9n— n n n— n n
Ran(g ™) (XSAKL) = 2L X (DA Iodimt (0 X a0
R (g(m) (X5 Ax (M) = —rDGnol) x(m)  x(m)

Rm(g("))(XQ(")/\Xé")) _ 5n2§7122n+1 Xén)/\Xén) + SnsgrQSnré“—lxin)/\Xén)

n n — n n n®—16n* n n

Rm(g("))(XQ( )/\ng )) _ (n-;éz/(;:4 1)Xf )/\Xé )+ 12 §3n5+43+1X§ )/\Xé )
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Rm(g)(X§VAXLY) = =g X5V AX{Y

T 16n?

Rin(g™)(X§MWAX{) = 8oL x (WA X (M 4 160723 x(m) p y ()
. 2n5+2727—1512n4+1 Xén)/\Xé")

Rm(g(n))(X?En)/\X(n)) - _ (n+18)7(;’;n—1) Xz(n)/\Xyl)

Rm(g™) (X5 AX7") = gl XM AXGY — 2ol X Axg - Iegapel X ax

Rm(g ™) (X5 AXE") = g2t X AN St X (0

Rm(g("))(X?()”)/\Xé”)) _ (n+12}gn—1)X1n)/\X§n) + 12n5—16n4;—4n3+1Xén)/\X8n)
16v2n4 32n

R (g() (XM AXM) = 16nd x (A x () o x(MWAx M - n2=bntd x (M) x(m)

n n n— n n n2—2n— n n n— n n
() (XA — — XX Tt X0 a1
Rm(g("))(Xin)/\Xén)) — _%x{”)/\xé") + %xén)/\xén)

16/2n* n
Rm(g™) (X{" A Xg") = — Bt gAK"Y o+ Bt X X"
Rm(g("))(Xén)/\Xén)) _ (n+18)£L:32n71)X£n)/\X§n)

n n n— n n n— n n n2—_2n— n n
Run(g ) O A7) = — L XA~ B XA — Tt
Rm(g("))(Xé”)/\Xé”)) _ 8n5;28q4—1X§n)/\X§n) + 5n2§2;1+1 X5(")/\XE§”)
Rm(g")(X§VAXIV) = —250gt X AX(Y — w0 ax (Y — L x (A x ("

n n — n n 2 — n n
Rmn(g™)(X§" AXZY) = 2oL (AKX + mi=2 X AX
Rin(gM) (X§VAXSY) = 222l x (M AX( 4 wt0n=2 x () p x
Rin(g™) (XSVAX{Y) = — 2oL x (WA X 4 nt8n=3 x(n) p x ()

n n n— n n n24+6n— n n
R LX) — S ) 4 0200 00
Rm(g(n))(XS(”) /\Xé”)) — _ 2n"712lréi§2n3+1 Xén) /\Xﬁin) _ 2n5712176L:LJ5r2n3+1 X{)()”) /\Xé”)+

+326Z:Lg3 Xé")/\Xén)

This example shows that, in some sense, Theorem is optimal. Indeed, we
have

p=2, I =1 =rh=y, =10 =23},

o o) _ (V.3.34)
I {17273} ’ I3 {47576}
and so [ = €1, [' = &5. Moreover
(n)
245]>0, 5 =2#1. (V.3.35)

4

So, even though v(*) € 8§*(I, ') because

o) = I CO N O I CO RN O

y Uy~ =13

(=)
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from it follows that claim (B) is not true anymore if one replaces the
index set I*" with I8P, This means that (g(”)) does not approach asymptotically
a I-submersion metric.

Moreover

6 5_ 4_ 2_
Scal(g(n)) — 224n/ +288n32n%2n 8n“—1 S T7>0

and this shows that: it is possible for a sequence of invariant metrics to diverge
with bounded curvature and positive scalar curvature bounded away from zero.

Finally, along the geodesic 7y, ) (t) we have

(n)

(n)fvfln)) . tvgn) — Ge v _ Geftvén)_

scal(y,m) (1)) = 12 — 2¢!(% e

Lt o) gt +08") _ go—t(eg”—f)

and so limy_, o scal(7y,m) (t)) = —oo for any n € N. On the other hand, one can
directly check that along the limit geodesic 7, ) (t), the Ricci operator is diagonal
with eigenvalues
. (o0)
rict (Y, (1)) = €1
: . (c0) EPYNCO)
rica (Y, () (1) = Tica (7,00 () = 2—3€1 4570

(0) (c0)
rica (Y, (0 () = e~ —e7 M

(c0) (c0) (00) _ (00)
Jric5(7v(oo)(1§)):1"106('y,0(00>(t)):36_“’4 —e 2t —%e_t(%‘l —vi )

_’_%eft(Qvioo) 7v£°°))

)

)

and so, by applying again |11, Thm 4], |Rm(’yv(oo) (t))‘,” NG is bounded. The

limit values of the Ricci eigenvalues along the original sequence (g(")) are
i i (n)y — i i M) — i (m)y 1
i ra(g) =0, i (o) = i seg®) = 1

lim riC4(g(")) = —% , lim rics (g(”)) = lim ricf;(g(”)) = % ,

n—+o0 n—+00 n—+00
while along the limit geodesic 7, ) (%)
Jim riei (v, () =0, lim riea (7,0 (8)) = lim rics(7,00(t)) = 2,

dmrica(y,00 (£) = Hm rics (7, (8)) = Hm rice(v,00(8)) =0 .

This actually shows that a diverging sequence (g(")) C Mf with bounded cur-
vature and limit direction v(° can develop a different asymptotic behavior with

respect to to the limit geodesic 7, (=) ().
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Finally, let us mention that in our previous example 7 = r(p — 1). It is also
easy to exhibit examples where 7 = r(p), e.g. by considering again Berger spheres
as in Example [V.2.13] However, it is not clear whether it is actually possible to
construct a sequence of invariant metrics which diverges with bounded curvature
with r(p — 1) < 7 < r(p). We stress that, for this to be the case, it is necessary
that the limit direction v(°) admits the eigenvalue ﬁg(;oo) = 0 and the module
m (o) needs to be Ad(K,_1)-reducible.

V.4 Proof of Proposition [V.3.2

For the convenience of the reader, we provide here a proof of Proposition
following Bohm’s original approach. First, we need the following estimate.

Proposition V.4.1. Let G be a compact N-dimensional Lie group with a
fized Ad(G)-invariant Fuclidean inner product @ on g = Lie(G), a C g an

abelian Lie subalgebra and (ei,...,en) a Q-orthonormal basis for g such that
a = span(ei,...,eq+1) for some 0 < ¢ < N — 1. Let also (egn),...,eg\?)) be a

sequence of Q-orthonormal bases for g such that egn) — e; as n — +oo for any

1 <i < N. Then, there exist n € N and C' > 0 such that

E Q([eg’n)? egn)L e§‘n))2 S C E Q([e§”)7 ez(n)]a e](gn))2 fOT’ any n Z n .
5,j<q+1 i<q+1
k>q+1

(V.4.1)

Proof. Of course holds true if g is abelian or ¢ = 0,1. Hence, we assume
that 1 < ¢ < N—1 and that g is not abelian. Let I :={1,...,N}, I :={2,...,q+
1} and I := {q+ 2,...,N}. Notice that we will pass whenever convenient to a
subsequence without mentioning it explicitly. Moreover, for any subspace p C g,
we denote by p' its Q-orthogonal complement inside g.

Let us suppose by contradiction that

Z Q([egn), egn)], e§n))2 > ™ Z Q([egn), egn)], e,gn))2 forany n € N |

t,jel ’166651
2

(V.4.2)
for some sequence ¢™ — +o0.
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Let also t C g be a maximal abelian Lie subalgebra of g such that e; € t. We
claim that it is possible to assume that egn) € t for any n € N. In fact, we can
choose a sequence (t™) of maximal abelian subalgebras of g such that egn) et
and t™ — t as n — +oo. But then, there exists a sequence (z(™) C G such that

Ad(z™) (™) = tand (™ — 1g. Therefore, by setting e, := Ad(z(™)(e; (n )) for

any ¢ € I, we obtain a new QQ-orthonormal basis (el( ) ... e N( )) which converges
to (61, ceey eN).
For any 7 € Il we write
) 61 ) z Z a in) ,  with zl( " ¢ span(e EIJF)Q,...,eX;”))
jen\{i}
(V.4.3)

and we choose j(i) € I \ {i} such that |a Z)| > |a | for any j € I \ {i},
for any n G N. Moreover, up to reorder the index set I;, we may assume that
la n)\ > ]a | So, by means of (]V4 2) and (V.4.3)), we get

Z ‘ i ( z)‘ > T2 Z ’Z n)’Q for any n € N . (V44)
1611 S
We claim now that it is possible to assume that for any i € Iy
(n)
a
lim ‘ ij (i )‘
n—+o0 }a(n)|

>0. (V.4.5)

In fact, let I} := {¢ € I : isatisfies (V.4.5)} and I := I} \ I]. Of course
{2,3} C I{. Then, by (V.4.4)

(1 + 117 D]afy [* = |afy) | + > ’“3? 1oty
iely ](z)’
(n
> Zl "l +* > ‘n‘l P (vae)
ieh el ’a’ij(i)’
Jen\{i}
> ST Qe el )’
iel]
keluly
where

(n) (n)|2
an) . — mln{CqQ,;nel}g{ ‘a(i?; ‘ 2}} — 400 .
el ‘a.. |

i§(1)
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On the other hand

> ’%%)’2 ~ ‘agg)‘Q for some C" > 0 (V.4.7)

iel]
and so by (V.4.6) and (V.4.7) we directly get that

Z Q([egn),egn)],egn))Z > ¢ Z Q([egn),egn)],eén))Q for any n € N
i,jEI] i€l
kel Ul
for some sequence ¢ — +o0.

So, from now on, we assume I; = I} and hence ‘agy()i)‘ > 0 for any n € N,
i € I1. Let also d := dim(t) be the rank of g.

We are going to prove by induction that there exists a @-orthonormal basis
(e1,1,€1,2,-..,e14) for t and a set of vectors Ei(oo) € a\ {0}, i € I, such that
for any s € {1,..., cg})the following claim, which we deno‘ie)by P(s), holds: there
n n

exist a sequence (e; ;) C span(eis,...,e14) C t, with e; / — €1, and, for any

1 € 11, a sequence of real numbers dz(',? > 0, with dl(-g) — 0, such that, if we set

(n) ) €£n) if s=1

prtg(81,1)0...0%(61,5,1)(ez(n)) if s>1

then
1
NO) [egfls),egg)] — Ei(oo) , eg;) —e asn— 4oo , foranyiel; .
ai,s
(V.4.8)
First, we consider the case s = 1 and we set
e11 = e1 , egrfl) = egn) , &gﬁ) = al(.;z()i) for any i € I; .
Next, we define
m._ 1 (n) () m._ 1
EY =~ 2. e Zit = A
A1 jen\{i} a1
in such a way that
1
NO) [egﬁ), el(-ﬁ)] = EZ(T{) + ZZ.(E) for any ¢ € I . (V.4.9)
a

i1
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By (V.4.4) and (V.4.5)), it follows that

Z }qu)‘é < ™ for some ™ — 0 ,

i€l
while, by construction, Ei(oo) = limy, 1 El(q) # 0 and Ei(oo) € antt. Hence,
it follows that P(1) holds. Let us fix now 1 < s < d — 1 and assume that P(s’)
holds true for any 1 < s’ < s. Notice that, by the inductive hypothesis, we get
le15,€;) =0 forany 1 < s’ <s,i € I and then a C cge1,1)N...Neg(er,s). Here,
we denoted by ¢g(X) the centralizer of X € g in g.

We consider now the following @-orthogonal decompositions:

with éﬁ?ﬂ € t and Ti(n) €t VZ(SJ)rl € cgler1) N ... Neglers) Nt Wf?}rl €
(cgler)N...N cg(el,s)) . Then

el e = e, VL + e W

with &)1, V1] € colen1) 0. Ncglens) N - and [ef”, W] € (gqler1) N
.0 cg(eLs))L. If we set

B = sl e,

a" o
we get,
) VT =6 Dre o) ocater o (BEY) (V.4.10)

and hence, since pr (, l)m-~~cg(€ls)('§’i(z)) — El( # 0 as n — +o0o, we deduce
that égtls)ﬂ = 0. Next, we set

~(n)
(n) . (n) @is

|él,s+1’Q

(n) : & e = lim e a
€1 5+1 ° ‘e | ’ Ls+1 - notoo Lstlo i,s+1 °
1,s+11Q

Since ef s)+1 = Ti( n) + VZ(SJ)A, it follows that

1w o _
W[eg,s’)—i-l’ez(,s)—&-l] = Prcg(el,l)n..cg(elys)(E( )= EZ(S)H + Zz(szi-l ;

ai,s—i—l
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where

(n) ._ =(n)
Ez',s+1 = prspan(e(n) () )(prcg(elyl)ﬂ...cg(elys)(Ei,s )) )

2,5+10"" q+1 s+1

._ m(n)
is+1 T pr(span( (n) (™ D (prcg(elyl)ﬂ...cg(elvs)(Ei,s )) :

€9, 5412 Cq+1,s+1

Since by inductive hypothesis a C ¢g(eq,1)N...Neg(eqs), it follows that egz)_i_l — e

for any ¢ € I} and hence

Efﬂ_l — Ei(oo) , Zi(’QH —0 asn— +4oo .
Since [e1,511, €] = al(iollE( ), with a,f 5_21 = limy, 100 aE s)+17 and e;, E -(OO) € a,

it follows that a( )1 = 0. This proves that P(s+1) holds and hence, by induction
that P(s) holds for any 1 < s <d.
By (V.4.8), it follows that

le1,s,€] =0, Ei(oo)eaﬂtj‘ foranyie 1, 1<s<d,

and hence [t,a] = {0}, ant" # {0}. Therefore, t+a is an abelian Lie subalgebra
of g and t C t+ a, which is not possible since t is maximal by assumption. O

Proof of Proposition[V.3.9 From now until the end of the proof, we adopt the
notation introduced at the beginning of Section Assume that v(®) e
S¥(¢y, .. ., &) and that &, is toral for some 1 < ¢ < p. From it follows
directly that

scal( (”)) =
n) _4(n 1 n (n) N CORNCO)
7Zdb( t()v _ZZ ij t< ; e )
el 7,ke
1 _4(n) () (n) 1 t(")(v(-n)—v(n>)
=3 e > ligH] ( —ge 7k )+
i<r(q) J,k<r(q)
n) (™) _yy ()
+ Z [ijK] ”)( t( @, )>—
J<r(q)
k>r(q)

1 n)(,,(n) (n) 1 s (n) (n)
a k; )[,ij.}(n) (iet( )(Uj Yk )+ iet( )(vk —v; ) 1)_
7 q
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n)(,(n) <n) 1 e (n) (n)  (n)
= 30 R o 3T (e e >}+

J<r(q) J,k>r(q)
k>r(q)

+% S dipMe _% Sl )
i>r(q) i,5,k>7(q)

Since &, is toral, it splits as ¢, = h + a, with [h,a] = [a,a] = {0} and a # {0}.
Hence, from (V.4.1)), it follows that there exist n € N and a constant C' > 0 such
that

Z lijk]™ < C Z [ijk]™  foranyn>a, 1<i<r(q) . (V.4.11)

J,k<r(q) Jj<r(q)
k>r(q)
We can also assume that there exists € > 0 such that v( "™ s ¢ for any

J
Jj <r(q), k>r(q) and n > n. Then

Gl (R ) I S e ] CR e e A

J:k<r(q) Jj<r(q)
k>r(q)
(n) t(")e
< Z ij: ) + Z [ijk]
J,s<r(q) J<r(q)
k>r(q)

1 . (n) ~
< _Z (n) (t'™e _
<3 Z [ijk] (6 C)

J<r(q)

k>r(q)

with C' := 2C + 4. Since

n) () _ (n) n) (") _ <n>
%eg UCHREEY ) 4 %et( ) (v}’ ) — cosh t® )( ](n) _U](gn))

the claim follows. O

V.5 Algebraically collapsed sequences of G-invariant
metrics
In this last section, we are going to apply Theorem to give a characteriza-

tion of algebraically collapsed sequences of invariant metrics on a given compact
homogeneous manifold.
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Let M = G/H be again a fixed compact, connected and almost effective m-
dimensional homogeneous space, with G and H compact Lie groups, and fix an
Ad(G)-invariant product @ on g. If ¢ = dim(H), then one can embed the space
ME into Hgym by associating to any g € ME the unique p € Hgm such that
(Gu/Hus 9u) = (G/H, g). We aim to prove the following

Proposition V.5.1. Let (g(”)) C JVElG be a diverging sequence with bounded cur-
vature and (™) the corresponding sequence of brackets. If m (M) is finite, then

(™) is algebraically collapsed.

which coincides with Proposition [V.1.4]

To this purpose, let g € M®, ¢ € F¢ a good decomposition for g, i.e. it
takes the form , and p the bracket corresponding to g. We consider also
the Q-orthogonal splitting

= (tlorg) + ft + pim ,  With  pgg:mAmM—=b, pp:mAm—m. (V.5.1)

Let (eqn) be a @-adapted Qu-orthonormal basis for m and (z,) be a Q-

orthonormal basis for h. Then, we obtain

2
|M|3t = ‘(M‘Mg)‘st =+ Wb’gt + ’Mm@t (V.5.2)
with )
2
| (elong) |5, = [ (ielons) SHLZ > [Zw*} ’
i€l eqEMy 9
2y€h
2 2
= (ulonn) s + D D |lzveeally (V.5.3)
i€l eqEMy
zy€h
2
= [(ulpnp) |, + ) dics
el
and
2 2 dici
k= Y [ %] = X lemenhly =X %
i,J€I ea€M; el €a,€q/ EM; i€l
eBGT'n]
2 . Ak
mld = > Y H } = Y [ijkloy -
melg L )\2)\]
1,5,k€1 eaemz i,5,k€l

egeEm;

(V.5.4)
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Proof of Proposition[V.5.1 Since M is connected and the fundamental group
m1(M) is finite, up to enlarging the space ME of invariant metrics, we can assume
that the group G is connected and semisimple. Let us fix a sequence (g(”)) C MlG
which diverges with bounded curvature. From now until the end of the proof,
we adopt the notation introduced in Section By Lemma and Theorem
we can choose i, € I*" and j,, s, € I\ I*" such that [iojoso](oo) > 0. Then,
by Theorem |V.3.3 and (V.5.4) we directly get

(n)

n)|2 .. n )\so .. 00 1

‘Mt(n)‘st > [Zo]oso]( ) (n)\ (n) ~ [101030]( ))\(n) — +00
io jo Z'O

and so the claim follows. O

The next easy example shows that the finiteness hypothesis on the fundamen-

tal group 71 (M) cannot be removed.

Example V.5.2. Let M? = S'xS? = G/H, with G := U(1)xSU(2) and
H:={1}xU(1) C G. Let us fix an Ad(G)-invariant inner product  on g = Lie(G)
and a @Q-orthonormal basis (X, X1, X2, X3) for g such that
g= h + my + my , h - Spa‘n(Xl) , My = span(XO) , Mo = Spa‘n(X27X3) )
[(Xo, Xi] =0, [X1,Xo] =-2X3, [Xo,X3]=-2X1, [X3Xi]=-2X5.

We consider now the sequence of metrics g™ := #le + nQm,, together with

the ¢g"™)-normalized frame

X =nXo, X{V = =Xz, x{" = = Xs

Then, one can directly check that the curvature operator Rm(g(™) : A?2m — A%m
is diagonal and explicitly given by
Rm(g™) (X5 AXS") = Rm(g™) (X§" nx5") = 0.,
Rm(g™) (X5 AX5") = 2 X5 nxg"
while
Y X5 = 1Y X =0, (XY, XY = -2

So, the sequence (g(™) diverges with bounded curvature and it is algebraically

non-collapsed.
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Finally, let us consider a sequence (¢(™) € MS and, up to a normalization, for
any n € N fix the scale of the most shrinking direction to be 1. This is equivalent
of saying that, with respect to a diagonal decomposition as in the previous
section, min{)\gn), - /\En)} =1 for any n € N. In this case, we say that (¢(")) is
normalized with respect to the most shrinking direction. Notice that any such a
sequence is divergent if and only if vol(g(™) — +oc.

Proposition V.5.3. If (¢") € M is normalized with respect to the most shrink-

ing direction and has bounded curvature, then it is algebraically non-collapsed.

Proof. Let (g(")) be a divergent sequence of G-invariant metrics with bounded
curvature and suppose that it is normalized with respect to the most shrinking
direction. As in the proof of Proposition from now on we adopt the notation
introduced at the beginning of Section By (L.5.21), the diagonal terms of the
Ricci tensor along the sequence are given by

i J ke[ ] j kel i Tk

Suppose by contradiction that (g(")) is algebraically collapsed. Since from our
normalization )\En) > 1forany n € N, 1 <4 </, from (V.5.4) we get necessarily
that [pm|,m — +oo. So, again by (V.5.4) there exists a triple (i1,i2,i3) €

Alm
I? such that [iliQig](n)W — +o0. Since ric, (¢™) is bounded, by (V.5.5)
ip 73

Al
there exist i4,95 € I such that [z’ﬂﬂdWW — 400. By the way, ric;, (¢(™)
i1 “lig

/\(")
is bounded too and then there exist ig,97 € I such that [i4i6i7](")W —

+oo. Iterating this procedure, we obtain two sequences (is), (js) C I such that
)\(_”)

—ots — +oo. Since I = {1,...,/} is finite and the relation defined
Aig Ajs

on the set {)\gn), ey )\gn)} by

[isjsjs+1] (n)

o™ < b = B oo

is asymmetric and transitive, the sequences (is) and (js) are necessarily finite too,
i.e. they are of the form (iy,...,is,) and (j1,...,Js,), respectively. So, it follows
that ricj, (¢™) — +oco and this is a contradiction. O
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