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Let ¢ be a p-power where p is a fixed prime. In this paper, we look at the p-power
maps on unitriangular group U(n, ¢) and triangular group T'(n, ¢). In the spirit of Borel
dominance theorem for algebraic groups, we show that the image of this map contains
large size conjugacy classes. For the triangular group we give a recursive formula to

count the image size.

Keywords: Word map; triangular group; unitriangular group.

Mathematics Subject Classification: 20G40

1. Introduction

Let G be a finite group and w be a word. The word w defines a map into G called
a word map. It has been a subject of intensive investigation whether these maps

are surjective on finite simple and quasi-simple groups; we refer to this paper by
Shalev [9] for a survey on this subject. A more general problem is to determine the
image w(G) of a word map and, in particular, its size. In this paper, we investigate
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power maps, that is, maps corresponding to the word w = XP, for the lower-
triangular matrix group T'(n, ¢) and lower unitriangular matrix group U(n, q) over
finite fields F,, where ¢ is a p-power for a fixed prime p. Results concerning the
verbal subgroup, that is the group generated by the image of the power map, for
triangular and unitriangular group can be found in [11 [1T].

Motivated by the Borel’s dominance theorem for algebraic groups, Gordeev,
Kunyavskif and Plotkin started investigating the image of a non-surjective word
map more closely (see [3H6]). In the spirit of questions raised in [0, Sec. d] for
algebraic groups, we address, for the groups T'(n,q) and U(n,q), the question:
Which semisimple, and unipotent elements lie in the image of the power maps and
whether it contains “large” conjugacy classes?

One of the motivations for our interest in the triangular and unitriangular groups
lies in the fact that T'(n,q) is a Borel subgroup of GL(n,q) and U(n, q) is a Sylow
p-subgroup of GL(n,q). In the finite groups of Lie type, the regular semisimple
elements play an important role as they are dense (see [7]). Considering the image
of a word map on maximal tori has turned out to be useful in getting asymptotic
results. Thus, we aim at considering the large size conjugacy classes in U(n, q),
described in [I2], and try to understand if they are in the image under the power
map w = XP. (Note that clearly, raising to a power coprime to p gives a bijection of
U(n,q)). In what follows, we use the notation G? for the image w(G) of a group G
under the word map given by w = X? (we call it power map). So, GP = {g? | g € G}
is the set consisting of the p-powers of the elements of G. We remark that the verbal
width with respect to power maps, that is, the smallest number k such that the
product of k-copies of GP, coincides with the verbal subgroup (GP), has already
been determined: see [ Theorem 5] for G = U(n,q) and [11l Theorem 1] for
G =T(n,q).

It is known (see [I, Theorem 3 or Proposition[34]) that U(n, q)? is contained in
the subgroup Up—1(n,q) = {(ai;) € U(n,q)|ai; = 0,¥i—j < p— 1} consisting of
the lower triangular matrices with the first p — 1 sub-diagonals having zero entries.
Moreover, U(n, q)? =1 if and only if n < p, and U(n, q)? = Up—1(n,q) if and only
if n=p+1 and p+ 2. Our first result, for n > p + 3, is the following estimate on
the set of pth powers in U(n, q).

Theorem A. Let g be a power of a prime p and n an integer such that n > p+ 3.
Then, the set U(n,q)P is a proper generating subset of Up_1(n,q) and |U(n,q)?| >
%|Up,1(n,q)|, when g >n —p— 1.

Next, we prove the following result, which reduces the counting of p-powers for
T(n,q) to that of unitriangular groups of smaller size.

Theorem B. Let q be a p-power and suppose g > 2. Then for the group T = T'(n, q)
we have

k
m= T (g (H|U<ai,q>p|)q<z> a(¥),
=170 i=1

(a1,...,ak)Fn,k<q
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where the my’s are obtained by writing the partition (ai,...,ax) in power notation

as 1™ .. .n™Mn,

Using the estimate in Theorem A, we hence, get the following corollary.
Corollary C. Let q be a power of a prime p such that ¢ >n—p—1> 2. Then for
the group T = T'(n,q) we have

|Tp| 2n72
= s )
T

We conclude the section with a quick layout. Theorem A is proved in Sec.Bland
Theorem B and Corollary C in Sec. @l All groups considered in what follows are
tacitly assumed to be finite.

2. Conjugacy Classes in U(n, q)

The conjugacy classes of the unitriangular group U(n, q), considered as the group of
upper unitriangular matrices, have been studied in a series of papers by Arregi and
Vera-Lépez; we will use, in particular, the results in [I2] [13]. For the convenience
of the reader, we reproduce some notations and results from [13] in the setting of
lower unitriangular matrices, i.e. swapping the notation by taking transpose.

Let us order the index set Z = {(4,7) |1 < j <4 < n} in the following manner:

nn—-1)<(n—-1,n—-2)<(n,n—-2)<(n—2,n—-3)<---<(n—1,1) < (n,1).

To every A = (a;;) € U(n,q) and (r,s) € Z, one associates a vector ji( ) (A) (the
(r, s)-weight of A) as follows:

ir,s) (A) = (@is)) i,y <(r,s)»

where p(ai;) = 0 if a;; = 0 and p(ai;) = 1 if a;; # 0. The vector g, 1y(A) is
called the weight of A and is simply denoted by p(A). So, {u(A)|A € U(n,q)} =
0,1}
sidering 0 < 1). For a given index (7, s) € Z, we order i, 5)(A) in the same manner.
We remark that in [13], the word “type” is used in place of “weight”. But we will
use “weight” as we use “type” for some other purpose.

For (r,s) € Z, define

Grs) = {A = (aij) € U(n,q)|ay; =0 for all (4,5) < (r,s)}.

It is a routine check to see that Gy, ) is a normal subgroup of U(n, ¢) having order
q"S*T’S(S;). The tuple ji(, 5)(A) doesn’t depend on the representative A of the
coset A == AG(r.s)- Thus, it makes sense to define the (r, s)-type of A as the (r, s)-
type of A. As proved in [I3, Theorem 3.2], every conjugacy class in U(n, q)/Gr,s)

contains a unique element of minimum (r, s)-weight. A matrix A € U(n, q) is said to

and we totally order this set of weights by lexicographical order (con-

be canonical if AG(, ) is the unique element of its conjugacy class in U(n, q)/G(rs)
having minimal (r, s)-weight for all (r,s) € Z.

2150121-3
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For each (r,s) € Z, let us define
jv'(r,s) = g(r,s)* /g(r,s)7

where (r, s)* denotes the preceding pair of (r, s) in the ordering of Z defined above.
It follows from [I3] Lemma 3.4] that for every A € U(n, q) and (r, s) € Z the number
of conjugacy classes in U(n,q)/G( ) which intersect with AN’(T,S) is either 1 or q,
where A = AG, ;). We say that (r,s) € Z is an inert point of A € U(n,q) if the
number in the preceding statement is 1.

The following two results are restatements of [I3], Lemmas 3.7 and 3.8] for lower
unitriangular matrices.

Lemma 2.1. Let A € U(n,q) be a canonical matriz such that a,s # 0 and a;s = 0
for all j such that s < j < r. Then the pairs (r,s"), with ' < s, are inert points of
A.

Lemma 2.2. Let A € U(n,q) be a canonical matriz such that a,s # 0 and a,; =0
for all i, s < i < r. Then the pair (r',s) for any r' > r is an inert point of A if
ajrr =0 for all j > 1.

We set the following notation. Given k € {0,1,...,n — 1}, we say that the
array of entries (ag41,1,0k+2.2,--,0nn—r) is the kth-sub-diagonal of the matrix
A = (a; ;). For [ such that 0 <1 <n — 1, define

Ul(n7q) = {A - (alj) € U(n7q) | Qij = 07 for all ¢ —-J< l}7

consisting of lower unitriangular matrices whose first [ sub-diagonals have all zero
entries. We remark that

U(n,q) =Us(n,q) D Ui(n,q) D ---DUi(n,q) D+ D Uyn-1(n,q) = {1},

is the lower central series of U(n,q), with U;(n,q) = v+1(U(n,q)), and that the
Ui(n, q) are the only fully invariant subgroups of U(n, ¢q) [, Theorem 1].

Having fixed a dimension n, in M (n, q) we denote by I the identity matrix and
by e,s the elementary matrix with 1 at (r, s)th place and 0 elsewhere. We now turn
our attention to some relevant elements of the subgroups U;(n, q).

For 0 <1 <n-—2,set

n—I[—1
A(al, ag, ..., an,lfl) =1+ Z Q;€14+1+i,i € Ul(n, q), (21)
i=1
where a1, ag,...,an—1—1 € Fy.
We have the following important property of the elements defined in (21]).

Lemma 2.3. For every choice of 0 <1 <n—2 and ay,az,...,an—1—1 € Fy, the
element A(ay,as,...,an—1—1) is a canonical element of U(n,q).
Proof. In order to show that A = A(ay,as,...,an—1—1) € Ui(n,q) is a canonical

element of U(n,q), we need to prove that each nonzero entry on the [ 4+ 1th sub-
diagonal of AG, ) will continue to be nonzero in every U(n, q)/G,s)-conjugate of

2150121-4
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AG(y.s) for all (r,s) € Z. More generally, we observe that if A = (a; ;) € U(n,q) and
B = (b;;) € U(n, q), then the (I + 1)th subdiagonal of A and B~'AB are identical
modulo G, 5 for all pairs (r,s) € Z. In fact, it is readily checked that the element
in the (I+ 1+ k, k)th place, for k =1,...,n—1—1, of the (I + 1)th subdiagonal of
both AB and BA, is simply aj414,k + biy14k,, modulo G, 5. This shows that A
is canonical in U(n, q). m|

We conclude this section with the following result in which we single out con-
jugacy classes of Uj(n, q) of considerably large orders, including the largest ones.

Proposition 2.4. Let 0 <1 <n—2. For0<m < L’“THJ +1, set

Am ={A(a1,a2,...,an1-1)|a; =0 for i <m,a; € F) fori>m},
and for |"==L] <m <n—1, set

B = {A(a1,a2,...,an—1-1)|a; € FqX fori<m,a; =0 fori>m}.

Then, the elements in A, are representatives of distinct U(n, q)-conjugacy classes
(n—l—1)(n—1—2)  m(m—1) . : o
2 z and the elements in B, are representatives of distinct
(n—l—1)(n—1-2) (n—l—m)(n—l=—m—1)
2 2

of size q

U(n, q)-conjugacy classes of size q

Proof. Since by Lemma 23] the elements in A,, and B,, are canonical elements
of U(n,q), it follows by [13] Corollary 3.3] that these are pair-wise non-conjugate
in U(n,q).

Let A€ A,,. Then for each t, m+1 <t <n—1[—1, it follows from Lemma 2.1
that there are ¢t — 1 inert points of A corresponding to a;. So the number of inert
points of A is at least B==Dn==2) _ m(";l). Thus, by [13, Theorem 3.5], the

2
conjugacy class of A in U(n,q) has size at least q(nflfl)z(nflﬁ)_m(vgfl). We claim

that it cannot be bigger than this. Let G,,, denote the subset of U;41(n, ¢) defined as

Gm ={B = (bij) € Uiyi(n,q) |bjj =0forall [+ 2 <i<l+m+1,1 <j<m}.

It is not difficult to see that G,, is a normal subgroup of U(n, ¢) having order
(et - 2=l Note that [A,U(n,q)] € Gy, where

[4,U(n,q)] ={[A,C]|C € U(n,q)}.

This shows that the size of the conjugacy class of A in U(n, q) is at the most |G,y |,
as claimed. Hence, the assertion for the elements of A,, holds.

Assertion for the elements in B, holds on the same lines using Lemma [2.2]
which completes the proof. O

2150121-5
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3. Unitriangular Matrix Group
We look at the power map w = X? on the unitriangular group U(n, q). We begin

by stating the following results from [I] to improve readability of this section.

Lemma 3.1. Let A be a lower unitriangular matriz in U(n,q) such that A — 1 =
(aij). Then the matrizc A™ = I + (b;;) is given by

7—1 i—1 7—1
m m m
bij = aij + E iy Gy 5 |+ E E iry g,y Oy
1 2 - 3
r1=j+1

ri=j+1lra=r1+1

i—1

i—1 i—1
m
+oee k E § E Qir rg_y,rp—g -+ - Qryj

ri=j+1ra=ri+1 Tk—1=Tkp—2+1

i—1

i—1 i—1
aiﬂ“m— Ay, T — e Qe .
m 1 1 2 1,7

ri=j+1re=ri+1 Tm—1=Tm—2+1
We use Lemma [3.I] to prove the following result for pth powers.
Corollary 3.2. Let A € U(n,q) be such that A — I = (a; ;) and AP =1+ (b; ;).
Then, b; ; =0 for all i —j < p and

i—1

1—1 1—1
bi,j - E : E T E Qiry 1 Qry yrp_o - ey gy

ri=j+1ro=ri+1 Tp_1=Tp_2+1

otherwise. In particular, if n < p, then A? = I, and if n > p, then U(n,q)? C
Up—l(”aQ)‘

Proof. Since the binomial coefficients appearing in the formula of Lemma [B.1] for
m = p are all zero modulo p, except possibly the last one, we get

i—1

1—1 1—1
bi,j - E : E T E Qiry 1 Qry, yrp o Ury 5

ri=j+1ro=ri+1 Tp_1=Tp_2+1

If i — j < p, this is an empty sum, that is, it’s 0. This happens for all pairs (i, 7) if
n < p; giving AP = I. If i — j > p, which actually implies that n > p, then a; ;’s
are given by the expression as stated, and obviously fall in U,_1(n, q). O

As an immediate consequence, we have the following result.

Proposition 3.3. Forn > p andl =p— 1, every element of A,, and B,, (defined
in Proposition 2.4) is a pth power in U(n,q).

Proof. We first show that the elements A := A(aq, a2, ...,a,—;—1) defined in 21])
for ai,as,..., Gn_j_1 € IFqX are pth powers. Let by = -+ = by p—1 = 1. Then

2150121-6
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iteratively define

bptit1pti = (bit2it1 .. ~bp+i,p+i71)71ai+17
for 0 < i < n — p. Now, consider the lower unitriangular matrix C := (¢; ;), where
Ciji—1 = b;;—1 for 2 < i <nand ¢;; =0 for i —j > 1. Using Corollary B.2] it is a
routine computation to show that C? = A.

Now, let A := A(ay,a9,...,an—1—1) € Bp,. Then, by the definition, a; €
qu fori < m,a; = 0 for i > m. Thus, in the above procedure, b;;—1 = 0 for
p+ m < i < n. Considering C' := (¢; ), where ¢; ;—1 = b;;—1 for 2 < i < n and
¢i; =0fori—j>1, we see, again using Corollary B2}, that C? = A.

For A := A(a1,a2,...,an-1—1) € Ap, let b ;1 =0for2<i<m+1,b,-1 =1
for m + 2 <i < m+ p and then iteratively define

— —1
bp+i+1,p+i = (bi+2,i+1 .- ~bp+i,p+i71) Ajt1,
for m < i < n—p. Again, considering C' := (¢; j), where ¢; ;—1 = b;;—1 for 2 <i<mn

and ¢; ; =0 for ¢ — j > 1, it follows that C? = A, which completes the proof. O

The following proposition, which follows from the above formulas, is proved
in [Tl Theorems 2 and 3] (also see [8] III, Satz 16.5]).

Proposition 3.4. Let q be a p-power. Then,

(1) forn <p, Un,q)? =1,
(2) forn=p+1andn=p+2, U(n,q)P =U,_1(n,q);
(3) forn>p+3,U(n,q)? C Up—1(n,q) and (U(n,q)?) = Up—1(n,q).

We now provide a lower bound on |U(n, ¢)?|.

Proposition 3.5. Let q be a power of p and n an integer such that n > p + 3.
Then, if n — p is even,

L=
(n=p)(n—p-1) _ (n=p)(n=p=1) _m(m-1) L
Um,af12q = ((a=D)"")+ Y ¢ = 7 (21",
m=1
and if n — p is odd,
(n=p)(n—p-1) N (n=p)(n=p-1) _m(m=1)
U, @’ =q 2 ((q=1"")+ T 2e-mm)
m=1
+q(nfp)(;*p*1J_r(T;1) (2(61 . 1)n—p—r)7

where r = [*52 ] + 1.

Proof. It follows from Proposition that every element of A, as well as of B,,

is a pth power in U(n,q). The result now follows by considering the sizes of all

distinct conjugacy classes of elements of A,, and B,, obtained in Proposition 241
O

2150121-7
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We are now ready to prove Theorem A.

Proof of Theorem A. The first assertion follows from Proposition B.4l For the
second assertion, by Proposition 3.5 we have

(n—p)(n—p—1) . o
|U(n,q)?| > ¢ 3 (g —1)" 4 2(q — 1)*P1).
Hence,
(n—p)(n—p-1) e N
Ul a7 (@-)"P+2q-1)""")
|UP*1(H7Q)| q(n—p)(;& ,

which implies

P 1\ 7! 1
L (s ()
[Up-1(n,q)] q q
Thus, if we take ¢ > n — p — 1, then we get
P 1\" 7" 1 1\* 1\ _ 1
W () () () (1)
[Up—1(n, q)] q q q q) 3
This completes the proof. O

We conclude this section with some computations using Bosma [2], which are
as follows.

(n,q) | UM, @) | |[Upa(ng)| | [U(n,q)?|/|Up-1(n,9)|
(5,2) 52 26 = 64 > 1
(5,4) 3376 45 = 4096 > 1
(6,2) 600 210 = 1024 > 4
(6,3) 585 30 =729 > 1
(7,2) 13344 21° = 32768 > %
(8,2) | 573184 | 22! =2097152 < i

In view of the values in the last row of this table, we remark that the condition
on ¢ in Theorem A cannot be completely dropped.

4. Triangular Matrix Group

In this section, we consider the group of triangular matrices T'(n, q), where ¢ is a
power of a prime p, aiming at computing the size |T'(n, ¢)P| of the set of its p-powers.
Since the group T'(n,2) = U(n,2) we assume ¢ > 2, now onwards. We begin with
setting up some notation. We denote by D(n, q) the subgroup of T'(n, q) consisting
of the diagonal matrices. The elements of D(n, q) can be grouped in “types” in such
a way that all elements of each type have the isomorphic centralizers in T'(n, q).
We recall that a partition of a positive integer n is a sequence of positive integers
0 = (a1,...,ax) such that a3 > az > -+ > a; > 0 and Z?:Nj = n. One can also

2150121-8
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write the partition ¢ in power notation 1™12™2 ... n™» where m; = |{a;|a; = i}|
is the number of parts a;’s equal to i, for 1 <i < n;so, m; >0 and > . im; = n.

Let IT = { X1, X2, ..., Xk} be a set-partition of I,, = {1,2,...,n}, i.e. a family of
non-empty and pairwise disjoint subsets of I,,, whose union is T,,. Setting a; = | X;|
and assuming, as we may, that a; > a; for i < j, the tuple 6 = (a1, a2,...,a5) is a
partition of the number n; we say that § is the type of II, and simply denote it as
§ = 7(II).

A diagonal matrix d € D(n, q), seen as a map from the set I, = {1,2,...,n} to
the set [ of the nonzero elements of the field Fy, determines in a natural way as
set-partition II; of I,,, namely the family of the nonempty fibers of the map d. We
set § = 7(I1;) as the type of d and we write § = 7(d).

We denote the number k of parts in ¢ by I(d), the length of §, and we observe
that there exist elements of type ¢ in D if and only if I(§) < ¢. (Thus, not all
partitions of n may appear as type of an element in D(n,q), when ¢ < n).

Given a partition ¢ of n with I(d) < ¢, we denote by Ds(n,q) ={d € D|7(d) =
0} the set of all elements in D(n, q) of the given type 4.

Lemma 4.1. Let n be a positive integer and let 6 = (a1, az,...,a) be a partition
of n. Write § in power notation as 1™ ...n™" and assume that k = 1(§) < q. Then
(g—1)n!
|Ds(n,q)| =

(g =k = DL (@)™ mal)”

Proof. Let A be the set consisting of the set-partitions of I,, having type . As
above, we associate to a diagonal element d € Dj a set-partition II; € A, and
observe that all the fibers of the map 7 : Ds — A defined by 7(d) = II4, have the
same size % (the number of injective maps from a set of k = [(0) elements into
a set of ¢ — 1-elements). On the other hand, the cardinality |A] is easily determined
by looking at the natural transitive action of the symmetric group S,, on A and
observing that the stabilizer in S,, of a partition of type 6 = 1" ...n"™ has size

[Li=y (@)™ - mil). m

Lemma 4.2. For any partition 6 of n, with 1(0) < q, and for any element
d € Ds(n,q), all centralizers Cyn q)(d) belong to the same isomorphism class.

Moreover, if § = (a1, az,...,ax), then |Cye,q(d)| =q (%),

Proof. Let § = (a1, aq,...,a) be a given partition of n, with k& < ¢, and let
d=(dy,...,d1,...,dg,...,dg),
—— ——
ay ak
where dy,...,d; are distinct elements of F;, be a “standard-form” element in Ds.

Write G = GLy,(q), U = U(n,q). It is well known that Ce(d) = [, GLa,(q), the
subgroup of d-block matrices.

Let b = by € G be a permutation matrix, where 7 € S,,. We will show that
Cy (d®) is isomorphic to Cpy(d). In order to do this, it is enough to show that the

2150121-9
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two subgroups have the same order, since Cyy(d) = Cq(d)NU is a Sylow p-subgroup
of Ce(d) and Cy(db) = Cg(d)* NU = Ce(d) N U is a p-subgroup. We denote by
M = Hle M., (q), the §-blocks matrix algebra and write C' = C(d). We observe
that M NU =CNU, M NU = C*NU and that, arguing by induction on the
number k of diagonal blocks, in order to prove that [M NU| = |[M® N U| we can
reduce to the case k = 2.

Now, MNU = (I,+V)NU = L, +(VNUp), where V is the F,-space spanned by
the set of pairs of elementary matrices {e; ;,e;;}, where 1 <i < j <aqora;+1<
i < j < n, and the Fj-space Uy is spanned by the e; ;’s with ¢ < j. Observing
that for every pair i,j we have e}, = eq(;) r(;y and that the pair {e;;,e;;}" =
{eﬂ(i))ﬂ(j), eﬁ(j))ﬂ(i)} contains exactly one element in V? N U, we conclude that the
F,-spaces VN Uy and V N Uy have the same dimension. Therefore, |C N U| =
IMNU|=|M"NnU|=|C*NU|.

We finish by note that |Cy ) (d)] = [, q(a?i) is independent on the choice of
the elements dy, ..., d; and that every element in Dy is conjugate by a permutation
matrix to a “standard-form” element d as above. O

Before proving Theorem B, we recall some elementary facts.

For any fixed prime number p and an element (of finite order) g of a group G,
we can write in a unique way g = xy, where x and y commute, x is a p-element
and y has order coprime to p. We call = the p-part of g and y the p’-part of g.

Also, if g,h € G are elements of coprime order and they commute, then

Ca(gh) = Calg) N Ca(h).
Theorem 4.3. Let T =T(n,q), U =U(n,q) and D = D(n,q). Then,
77 = |Ds|[U = Cs]|CF ),
[

where the sum runs over all partitions 6 of n with length < q — 1, Ds = {d €
D|7(d) = ¢} and Cs = Cy(ds) for some ds € Ds.

Proof. We first prove that

= |J (@Y (4.1)

deD,UECU(d)p

where (dv)Y = {(dv)Y |y € U} is an orbit under the action by conjugation of U; we
call it a U-class.

To prove [I)), let us consider an element 2 = dv on the right-hand side where
d € D and v = w? for some u € Cy(d). Since (p,|D|) = 1 we can write d = dj)
for some suitable dy € D; note that v € Cy(dy) = Cy(d). Hence, x = djuP =
(dou)P € TP. Since TP is U-invariant, this proves that T? contains the union on the
right-hand side of ([@1]). Conversely, consider x = ¢ with ¢ € T. Now, write t = dou
where u and dy are the p-part and p’-part of ¢, respectively. So, in particular, u and
do commute. Let y € U such that dfj € D (such an element certainly exists, as D

2150121-10
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is a p-complement of 7" and the p-complements of T' are a single orbit under the
action of U). Write dy = dfj and v = u¥. Then 2¥ = (tP)¥ = (t¥)? = ((dou)¥)P =
(dyv)? = dvP. Now, d = d} € D and Cy(d) = Cy(dy). This proves the other
inclusion.

Next, we observe that for elements u,v € U and ¢,d € D which satisfy [u,c] =
1 =[v,d] and (cu)? = (dv)Y, it follows that, ¢ = d. Let y € U such that = dv =
cYu¥. Note that v and d are the p-part and p’-part of z, respectively, and that the
same is true for u¥ and ¢¥. By uniqueness of p and p’-parts, we hence get v = u¥
and d = ¢¥. In particular, c"'d = ¢ 1c¥ = [e,y] e DNU =1, 50 ¢ = d.

We also have that if cu € (dv)Y, for ¢,d € D, uw € U and v € Cy(d)?, then
cu = du = dv¥ for some y € Cy(d). Therefore, the family of U-classes in T? is in
bijection with the set of pairs (d,vq,;), where d € D and vq1,...,Vdm, is a set of
representatives of the Cyy(d)-classes in Cy(d)P. For a fixed d € D, write C' = Cy(d)
and let v € CP. Observe that Cy(dv) = Cy(d) N Cy(v) = Ce(v), because d and
v are commuting elements of coprime order, so |(dv)V| = |U : C|[v®|. Hence, we
have

maq

=[U:C1> G, =[U:ClcP.

U (@)

veCr i=1
By Lemma [£.2] we conclude that
TP = [U:Cu(@)|Cu(@P|= > |Dsl[U:Cs]|CH
deD § Fn,l(6)<q
where C5 = Cy(ds) for any fixed ds € Ds. O

We will now prove Theorem B.

Proof of the Theorem B. Proof of the theorem is obtained by simply substi-
tuting the values in the formula obtained Theorem [£.3] above. The value of |Dj| is
computed in Lemmal[4l The value of [U : Cj] is obtained from Lemmal[Z2l Now, to
obtain the last term |C}| we use the fact that Cs = Hle U(as, q). This completes
the proof. O

Next, we apply the formula obtained in Theorem B to compute some examples.

Example 4.4. Let n =3,¢ =5 = p. Let T = T'(3,5) and we want to compute |T°|.
In this case the partitions ¢ such that 1 < () < min(n,q—1) = 3 are (3), (2,1) and
(1, 1, 1). NOW, |A(3)| = 4, |A(2)1)| =3- (4 . 3) = 2232 and |A(1)1,1)| =4-3-2= 233.
Further |d”| = [U : Cy(d)] is, according to type, as follows: 1 for (3), 52 for (2,1)
and 52 for (1,1,1). Hence,

|T° = 4-1+2%3% .52 +2°3. 5% = 3904.
Example 4.5. Let n=6,¢=p=3,T =T(6,3), D= D(6,3) and U = U (6, 3).

2150121-11



Page Proof

June 25,2020 18:11 WSPC/S0219-4988 171-JAA 2150121

10

11

12
13
14
15
16
17
18
19

S. Dolfi, A. Singh €& M. K. Yadav

The partitions ¢ of 6 of length at most two are (6), (5,1),(4,2),(3,3) and for
ds € Ds we have the following.

(6) | (51) | 4,2) | (3.3)
|Ds| 2 | 12 | 30 | 20
[U:Culd)] | 1 | 3° 38 39
|Cu(ds)®| | 585 | 33 3 1

where we have used the fact that Cy(dg)) = U(6,3) and that [U(6,3)%] = 585 (by
direct computation).
Hence, we get

|73 =2-585+12-3%-3% +30-3%- 3+ 20- 3% = 1064052.

We finish by proving Corollary C.

Proof of Corollary C. We will consider just the partitions (of length 2) (n —1,1)
for 1 <i < |n/2]. Hence, by Theorems A and B, we have

n/2] o
=Y % UG, )P |U(n — i, q)7| - (3= ("2)=()

Ln/ J
> L i = Dla=2) ( ) L)@ )

— 1 Ln§/2j q 2) ( )*( —1)(n—p)
5 1)(n
32 (Z) e ’ !

27172 N e
> 3—2(‘1*1)(‘1*2)'(1(2) e=L(nr),
Hence,
7% _ 2" (g —1)(¢ —2) 2n2
> > .
|T| - g(q — 1)"(1(17_1)("_17) - g(q — 1)"_2q(17_1)("_17) o
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