SYLOW BRANCHING COEFFICIENTS FOR SYMMETRIC GROUPS

EUGENIO GIANNELLI AND STACEY LAW

ABSTRACT. Let p > 5 be a prime and let n be a natural number. In this article we describe
the irreducible constituents of the induced characters d)TG” for arbitrary linear characters ¢ of
a Sylow p-subgroup P, of the symmetric group &, generalising results of [GL18]. By doing
this, we introduce Sylow branching coefficients for symmetric groups.

1. INTRODUCTION

The study of the relationship between the representation theory of a finite group and that
of its Sylow subgroups has been a central topic of research in the last few decades [N1§|. For
instance, Problem 12 of Brauer’s article [B63] and the famous Brauer Height Zero Conjecture
[B63, Problem 23] ask what amount of the algebraic structure of a Sylow p-subgroup can be
read off the character table of a finite group. More recently, it has been noted that given a
finite group G with Sylow p-subgroup P, the permutation character 1 pTG controls important
structural properties of the entire group G. For example, in [MN12] it is shown that P is normal
in GG if and only if all irreducible constituents of 1 pTG have degree coprime to p. At the opposite
end of the spectrum, in [NTVI4] it is shown that when p is odd then the Sylow p-subgroup P
is self-normalising if and only if 1 is the only constituent of 1 pTG of degree coprime to p.

The abundant and deep knowledge on the representation theory of symmetric groups often
allows one to ask (and sometimes answer) questions about this family of finite groups which are
out of reach for arbitrary groups. This is the case for the study of the interplay between charac-
ters of &, and those of its Sylow p-subgroup F,. Our main object of investigation is restriction
of irreducible characters of &,, to P, and their decomposition into irreducible constituents. In

particular, for x € Irr(&,,) we let
xlp, = D 2o

oelr(Pr)
where each Sylow branching coefficient Z;f € Ny is the multiplicity of ¢ as an irreducible con-
stituent of Xl P Letting 1p, denote the trivial character of P, the positivity of foPn was
completely described in [GLI§|, for odd primes. In this article we largely extend the work of
IGL18] by considering the entire set Lin(FP,) of linear characters of P,. In particular, for any
linear character ¢ of P,, we study the set Q(¢) consisting of all those irreducible characters x of
&, such that Z;f # 0.

Fix a prime p > 5, let n € N and P, € Syl,(&,). Let ¢ be any linear character of P,. We
recall that the set Irr(S,,) of ordinary irreducible characters of &,, is naturally in bijection with
the set P(n) of partitions of n, and for any A € P(n) we let x* € Irr(&,,) be its corresponding
irreducible character. Thus we may view €(¢) as a subset of P(n); in other words, we set

Q¢) ={r e P(n) | Z} # 0},
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where, for simplicity, we used the symbol Z d); to denote Z;A.

Our first result is Theorem There, for every prime number p > 5 we give a complete
description of Q(¢) for a certain family of linear characters of P, which we call quasi-trivial
linear characters (see Definition [2.8). This is a broad extension of [GLI8, Theorem A]. We
omit the precise statement from the introduction as it depends on the identification of linear
characters of P, with multisets of sequences, as explained in full detail in Section 2.2l What is
important for now is that this result gives an exact characterisation of Q(¢) for all quasi-trivial
¢ € Lin(P,). In order to describe the sets Q(¢) for all linear characters ¢ of P,, we first define
for any n,t € N the set

B,(t) :={AeP(n): A\ <t, I(N) <t}
Here A; and [(\) denote the length of the first row and first column of A respectively. In
particular, BB, (t) is the set of partitions of n whose Young diagrams fit inside a ¢ x t square grid.
Finally, we let m(¢) and M(¢) be the integers defined as follows:

m(¢) :=max{t € N|B,(t) CQ(¢)} and M(¢) :=min{t € N|Q(¢) C B,(t)}.

The main result of this article is Theorem where we explicitly compute m(¢) and
M (@) for any linear character ¢ of P,. As in the case of Theorem the statement holds for
all primes p > 5 and is given in full details in Section

Theorem translates into a very precise description of Q(¢) for all ¢ € Lin(P,). In fact

B, (m(¢)) € Q(¢) € Bn(M(¢)),
and we will show that that the values M (¢) and m(¢) are close to each other for all ¢ € Lin(P,).
We conclude with an asymptotic result, which is somewhat curious. Namely, almost all
X € Irr(6,,) share the following property: Z;f # 0 for all ¢ € Lin(P,). More precisely, given a
prime p > 5 and n € N we let €, be the intersection of all the sets €2(¢) where ¢ is free to run
among the elements of Lin(F,,). Then, in Theorem we show that

i Sl
nroe [P(n)]

Remark 1.1. This article studies Sylow branching coefficients for primes p > 5. We take the
opportunity to discuss the main differences and the obstacles that arise when studying this
problem for the primes 2 and 3.

When p = 2 the restriction of irreducible characters to Sylow 2-subgroups was studied for its
connections to the McKay Conjecture in [G17], [GKNTI17] and [INOTI7]. In this setting the
situation is completely different from the uniform description given in this article for all primes
p > 5. For instance, (¢) is no longer closed under conjugation in general, and at the time of
writing we do not even have a conjecture for the structure of the sets (¢), where ¢ is a linear
character of a Sylow 2-subgroup of &,,. Indeed, a first open problem in this line of investigation
for the prime 2 is to determine Q(1p,). A second question is whether Theorem would still
hold for the prime 2.

For the prime 3 the set Q(1p,) was described in [GLI8|]. However, Theorems [2.9| and of
the present article (see Section do not hold for p = 3. We refer the reader to Examp
for concrete cases of linear characters ¢ of Sylow 3-subgroups such that the structure of (¢)
does not agree with the one described by Theorems and Despite the many differences
in the behaviour of Sylow branching coefficients for the prime 3 compared to bigger primes, the
ideas contained in this article, together with new and more sophisticated ad hoc combinatorial
machinery, should allow us to address the problem and to obtain results similar to Theorems
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and for the prime 3 as well. In particular, we conjecture that Theorem holds for
p = 3. This specific and very technical analysis will be the subject of future investigation. ¢

This article is structured as follows. In Section [2| we recall basic facts in the representation
theory of symmetric groups and their Sylow p-subgroups. This allows us to formally state our
main results (Theorems and . In Section |3| we set up the combinatorial background
necessary to tackle the main proofs. In Section [d we consider the case where n is a power of
the prime p, and in Section [5] we extend the scope of our results to arbitrary natural numbers n.
We conclude the article with Example This can be used as a guide throughout the article
as it illustrates the main results in several specific cases.

Acknowledgements. The second author was supported by an LMS Early Career Fellowship at
the University of Oxford. We are indebted to Jason Long for his help and for useful conversations
on Section 3. We also thank Mark Wildon for helpful discussions on [dBPW18] and [PW19]. We
are very grateful to the referee, whose comments and suggestions were very helpful and greatly
improved the exposition of our article.

2. NOTATION, PRELIMINARIES, AND STATEMENTS OF THEOREMS [2.9] AND [2.11]

Throughout this article, p is a prime and P,, denotes a Sylow p-subgroup of &,,. For a finite
group G, let Char(G) denote the set of ordinary characters of G, and let Irr(G) (resp. Lin(G))
denote the subset of those which are irreducible (resp. linear).

Given H a subgroup of G and ¢ € Irr(H), we denote by Irr(G | ¢) the set consisting of
those irreducible characters of G lying over ¢ (i.e. x € Irr(G | ¢) if and only if ¢ appears as an
irreducible constituent of the restriction Xi )

Given a partition A, we denote its conjugate by X'. Given A C |J,,cyy P(n) a set of partitions,
we define A" :={\ | A€ A} and A°:= AU A"

For m a natural number, let [m] denote the set {1,2,...,m} and [m] the set {0,1,...,m—1}.

2.1. Wreath products. We use this section to fix the notation for representations and char-
acters of wreath products. This will be important for our study of Sylow p-subgroups of G,,.

Let G be a finite group, n € N and H < &,,. We denote by G*" the direct product of n
copies of G. The natural action of G,, on the direct factors of G*™ induces an action of &,, (and
therefore of H < &,,) via automorphisms of G*", giving the wreath product Gt H := G*™ x H.
We sometimes refer to G*™ as the base group of the wreath product G H.

As in [JK81, Chapter 4], we denote the elements of G H by (g1,...,gn;h) for g; € G and
h € H. Let V be a CG-module and suppose it affords the character ¢. Welet V€ :=V®---@V
(n copies) be the corresponding CG*"~module. The left action of Gt H on V®" defined by
linearly extending

(91,2 gnih) ¢ V@ @ Uy > g1Up-1(1) @+ © GnVh-1(n)

turns V®" into a C(G ! H)-module, which we denote by yen (see [JK8I1, (4.3.7)]). We denote

by ¢ the character afforded by the C(G U H)—module V®". For any character ¢ of H, we let 19
also denote its inflation to G H and let

X(p3) =

be the character of G ! H obtained as the product of ¢ and 1. Moreover, if K < G and L < H
then we have by the definition of X' (¢;) that

X (o) |l = x(0| vl
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Let ¢ € Irr(G) and let ¢*™ := ¢ x --- X ¢ denote the corresponding irreducible character of
G*", and observe that ¢ € Irr(G H) is an extension of ¢*". For ¢ € Irr(H) we have that
X(¢;¢) € It (G UH | ¢*™), the set of irreducible characters x of G H whose restriction x| ;x,
contains ¢*™ as an irreducible constituent. Indeed, Gallagher’s Theorem [[76, Corollary 6.17]
gives

Irr(GUH | ¢°") = {X (5 0) [ ¥ € Irr(H)}.
We also record the form of irreducible characters of G C), where C), is a cyclic group of prime

order p (see [JK81, Chapter 4]): every ¢ € Irr(G C)) is either of the form

(a) Y =iy X -+ X g, ngCpp’ where ¢;,,...,¢;, € Irr(G) are not all equal; or

(b) ¢ = X(¢;6) for some ¢ € Irr(G) and 0 € Irr(Cy).
When (a) holds, wl Gxp 18 the sum of the p irreducible characters of G*P whose p factors are
a cyclic permutation of ¢;,, ..., ¢;,. When (b) holds, wlcw =¢*P.0(1) = ¢*P.
Lemma 2.1 (Associativity of wreath products). Let l,m,n € N and let G < &;, H < &,, and
I <&,. Then (GRH)I = GU(HI). Moreover, given o € Char(G), € Char(H), v € Char(I)
and z € (GVH) 1, we have that X(X(c; 8);7)(z) = X (a; X(B;7))(0(z)). Here  denotes the
canonical isomorphism between (GUH)1I and GU(H ).

Proof. The first statement is a routine check, following the notational convention in [JK81 §4.1].

The second statement follows from the formula for character values of wreath product given in
[JK81, Lemma 4.3.9]. O

In particular, associativity for three terms as in Lemma[2.] then gives associativity for k-term
wreath products for all £ > 3, and so from now on we simply write G, Ga 0 --- ! G without
internal parentheses when referring to such groups, and identify corresponding elements under
such isomorphisms.

We record some useful results describing the irreducible constituents of restrictions and in-
ductions of characters of wreath products. The first is entirely elementary: we state it here for
the reader’s convenience as it will be used later in the article.

Lemma 2.2. Let G be a finite group and H < &,, for some n € N. Let x € Irr(G). Then
G\H
X g = >, 0(1)- X(x:0).
0elrr(H)

Next, we record a consequence of the basic properties of characters of wreath products. A
detailed proof of the following lemma can be found in [L19, Lemma 2.18].

Lemma 2.3. Let p be an odd prime and G be a finite group. Let n € Char(G) and ¢ € Irr(G).
If (n, ) > 2, then (X(n;7), X(p;6)) > 2 for all 7,60 € Irr(C)).

We conclude with a result that will be used frequently later in the article.

Lemma 2.4. Let G, H be finite groups with H < &,,, for some m € N, and let 0 € Irr(H). Let

a € Irr(G) and A € Char(G) be such that (A, o) = 1. Then for any 5 € Irr(H),
(X(A;0), X(a; 8)) = (0, ) = dg,5-

Proof. Let ¢ = X(A;6) and ¢ = (¢, X¥(a;0)). Clearly ¢ > 1, since « is a constituent of A. (More

generally, if A =1 +--- 41, is a decomposition into irreducible constituents, then ) . X (1;;0)
is a direct summand of X' (A;60).) Now Clcxm =6(1)- A*™ so

0(1) = 0(1) - (A )™ = (¢ gumr @™y = D (G - (] goomr @™

~vyelrr(GUH)
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> > (G (@ B) (X (@ B) | gemr ™™ = Y B(1) - (¢ X (a3 B))

Belrr(H) Belrr(H)
>0(1)-c>0(1).
Thus the above inequalities in fact hold with equality and the claim follows. O

2.2. The Sylow p-subgroups of &,,. We recall some facts about Sylow subgroups of symmet-
ric groups, and refer the reader to [JK81, Chapter 4] for a more detailed discussion. In doing
so, we also fix the notation necessary to formally state the main results of this article. These
are Theorems 2.9 and .11 below.

Fix a prime p, an integer n € N and P, € Syl ,(&,). Clearly P is the trivial group while P,
is cyclic of order p. More generally, Py = (Py-1)*? X P, = P10 P, = Py 0--- 1 P, (k-fold
wreath product) for all £ € N. If n € N has p-adic expansion n = Zﬁzl a;p™, that is, t € N|
0<mny <---<ngand q; € [p—1] for all ¢, then P, = (Pyn1 )X X -+ X (Ppns ).

Next, we fix a parametrisation of the linear characters of P, for all n. We begin with the
case when n is a power of p. Let Irr(P,) = {0, ¢1,...,¢p—1} = Lin(F,), where ¢pg = 1p, is the
trivial character of the cyclic group P,. When k > 2, [I76, Corollary 6.17] shows that

Lin(Py)= || Te(BPp | ™).
$ELin(P 1)
In particular, Irr(Pyr | ™) = {X(¢;¢) | ¥ € Lin(P,)}.

Using the above observations, we may naturally define a bijection s «— ¢(s) between the set
[p]* of sequences of length k with elements from [p] and the set Lin(P,). More precisely, if k = 0
we let the empty sequence of length 0 correspond to the trivial character of P;, and if £ =1 we
let s = () correspond to ¢,, for each x € [p|. If k > 2 then for any s = (s1,...,sx) € [p]*, we
recursively define

$(s) = X (P(s7); b(sk)),
where s~ = (s1,...,5¢_1) € [p]*"1. We observe that for any i € [k — 1], Lemma guarantees
that ¢(s) = X (P(s1,- .., 5i); ¢(Sit+1,- .-, Sk)). Moreover, under this labelling the trivial character
Ilppk corresponds to the sequence (0, ...,0) € [p]*.

We make the following remark for the interested reader: once we fix a natural isomorphism
P/ PZ’) » = (Cp)*, our indexing of Lin(P,x) can in fact be obtained equivalently from the canonical
bijection Lin(Pyk) +— Trr(FPyr/ PI; x)- This correspondence is described in detail in [GLL19].

We can now introduce the notation necessary to state our main results.
Definition 2.5. Let k € N and s € [p]*.
o For z € {0,1,...,k}, let Up(2) = {s € [p|*: |{i € [k] : si # 0}] = 2}.
o If s € Ug(z) where z > 1, then define f(s) = min{i € [k] | s; # 0}.

o If s € Ug(z) where z > 2, then define g(s) = min{i > f(s) | s; # 0}.
Notice that f(s) and g(s) are just the positions of the leftmost and second leftmost non-zero
entries in the sequence s.

Next, we divide sequences of length & into types.
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Definition 2.6. Let k € N and s € [p]*. The type of s is the number 7(s) € {1,2,3,4} defined
as follows:

if s = (0,0,...,0),

if s € Ug(1) and f(s) < k,

if s € Ug(1) and f(s) = k,

if s € Ug(z) for some z > 2.

T(s) =

=W NN =

Now let n € N be arbitrary. Suppose n has p-adic expansion n = Zle a;p™ where 0 < nj <
-~ <ng and a; € [p—1]. Since Py, = (Pyn1 )X X+ -+ X (Ppny )**, then
Lin(P,) ={¢(s) | s = (s(l, 1),...,s8(1,a1),8(2,1),...,8(2,a2),...,s(t, at))}, (1)
where for all i € [t] and j € [a;] we have that s(i,j) € [p|™, and

¢(s) = ¢(s(1,1)) x -+ x p(s(1,a1)) x P(s(2,1)) x - - x §(s(2,a2)) X -+ X ¢(s(t, ar)).
When we write that ¢(s) is a linear character of P,,, we mean that s is a sequence of sequences of
the form described in above. To simplify notation, we let R = 22:1 a; and let {s1,...,sgr}
be the multiset defined by {s1,...,sr} = {s(i,7) | i € [t], 7 € [a;]}. In this case we say that ¢
corresponds to {s1,...,Sgr}.
The following definitions are crucial for our main theorems.

Definition 2.7. Let n € N. Let ¢ € Lin(P,) and suppose it corresponds to the multiset of
sequences {s1,...,sg}. The type of ¢ is the 4-tuple T'(¢) = (1, x2, x3,x4), where for each i € [4]
we set

zi = {j € [R] | 7(s5) = i}

Definition 2.8. Let n € N and ¢ € Lin(P,) \ {1p,}. Suppose ¢ corresponds to the multiset
of sequences {si,...,sr}. We say that ¢ is quasi-trivial if there is at most one non-zero entry
in each component sequence s;. In other words, ¢ is quasi-trivial if 7(s;) # 4 for all ¢ € [R].
Equivalently, ¢ is quasi-trivial if T'(¢) = (z1, z2, z3,0) for some 1, z2, 23 € Ny.

Recall the definitions of the quantities m(¢) and M(¢) from the introduction:
m(¢) = max{t € N| Bn(t) C Q(¢)} and M (¢) = min{t € N[ Q(¢) C Bu(t)},

where B,,(t) = {\ € P(n) : A1 <t, I(\) <t}. We are now ready to give the precise statement
of our first main result, informally described in the introduction.

Theorem 2.9. Let n be a natural number and p > 5 be a prime. Let ¢ € Lin(P,) \ {1p,} be
quasi-trivial. Then Q(¢) = Bp(m(¢)), unless T(¢) = (R —1,1,0,0), in which case

Q¢) = Bn(m(9)) U {(m(¢) + 1, 1) | 1 € QLp,_ (1 4)41)) "

Theorem provides a complete description of £2(¢) for all quasi-trivial characters ¢, because
m(¢) is explicitly determined. We omitted this in the statement of Theorem as we are going
to compute m(¢) for all ¢ € Lin(P,) in Theorem below.

Given ¢ € Lin(P,) corresponding to s € [p]*, we sometimes denote m(¢) and M(¢) by m(s)
and M (s) respectively.
Definition 2.10. Let k € Ny and s € [p]*. The integer N(s) is defined as follows:
pk if 7(s) =1,
N(s)=<¢m(s)+1 if 7(s) =2,
m(s) if 7(s) € {3,4}.
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Note that if & = 0, then s is the empty sequence and N(s) = p* = 1.
We are now ready to give the precise statement of our second main result.

Theorem 2.11. Let p > 5 be a prime. Let k € N, and suppose ¢ = ¢(s) € Lin(Pp) \ {]lppk}.
Then M(¢) = pF — p*=f) | and

m(¢) — pk - pk_f(S) -1 + 6f(s),k lf T(S) 7é 4)
pk — pF=T(s) — pk—9(s) if 7(s) = 4.

Let n € N, not a power of p, and suppose it has p-adic erpansion n = Zle a;p™. For
¢ € Lin(P,) with corresponding multiset {s1,...,sr}, we have

R R
M(¢)=> M(s;) and  m(d) =) N(s).
=1 =1

Here § denotes the Kronecker delta. Notice also that for all odd primes p and n € N, the
quantities m(1p, ) and M(1p, ) have already been determined in |[GL18]. In particular, for all
p>5 and n € N, [GL18, Theorem 1.1] shows that M(1p,) = n and

(1p.) n—2 if nis a power of p,
m =
Fn n otherwise.

We refer the reader to Example[5.9]for a concrete application of Theorems [2.9]and There
we describe the sets Q(¢) for ¢ € Lin(P,), in the case where p =5 and n € {25,125,175}.

Remark 2.12. Let n be a natural number, p any prime and N = Ng,_(F,). The normaliser
N naturally acts by conjugation on the set Lin(P,). If ¢,¢ € Lin(P,) are N—conjugate, then
clearly ¢T6" = wTG". Extending a result of Navarro [N0O3], we have recently shown in |[GLLI9]
that the converse holds in the case of symmetric groups. Namely, given ¢, € Lin(P,), then
qﬁTG” = wTG” if and only if ¢ and ¥ are N—conjugate.

This result transcends the purpose of the present paper, and more importantly, it does not
simplify our study of the sets €(¢). For this reason we only briefly mention the structure (and
labelling) of the N—orbits on Lin(P,) in Remark below. O

Remark 2.13. Let n = p* and let s,t € [To]k It is not too difficult to see that the corresponding
linear characters ¢(s) and ¢(¢) lie in the same N—orbit if and only if

{ie[k] | si#0}={iek]|t;#0}.
In this case we write s = ¢. In particular, the set {0,1}* C [p]* labels a set of representatives
for the orbits of N on Lin(F,). Notice that this observation is reflected in the statements of
our main results: we always consider the position of certain non-zero entries in a given sequence
(i.e. f(s),g(s)), but we never give importance to the actual value of such entries.
In general, let n € N have p-adic expansion n = 25:1 a;p™ and let ¢, € Lin(P,) be such
that

¢ =o(s(1,1)) x - x @(s(1,a1)) X ¢(s(2,1)) X -+ X B(s(2, a2)) x - -- X B(s(k, ax)),

Y= ¢(t(17 1)) X X ¢(t(17a1)) X ¢(t(27 1)) X X ¢(t(27a2)) X X ¢(t(k7ak))7
for appropriate sequences s(i, ), t(i,j) as described in (1)). Then ¢ and 1 are N—conjugate if
and only if for all i € [k], there exists 0 € &,, such that s(i,j) = t(i,0(j)) for all j € [a;]. Proofs
of the aforementioned observations can be found in [GLL19]. O
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2.3. The representation theory of &,. For each n € N, Irr(&,,) is naturally in bijection
with the set P(n) of all partitions of n. For a partition A € P(n), also written A - n, we denote
the corresponding irreducible character of &, by x*. Under this natural bijection, the trivial
character of &,, corresponds to (n), and the sign or alternating character to (1) [JK81l, 2.1.7].
When clear from context, we also abbreviate wreath product characters X' (x*;x*) involving
characters of symmetric groups to simply X (A; u).

For a partition J, its size, length (number of parts) and conjugate are denoted by |A|, I(\)
and )\ respectively. Given two partitions A and p we denote by A + u the partition whose i-th
part is given by \; 4+ p;, for all i € N (here we regard A\; = 0, whenever i > [(\)). The Young
diagram [A] corresponding to the partition A = (A1, A2,..., Ag) is the subset of the Cartesian
plane defined by:

(A =A{@j) eENxN[1<i<h, 1<j< A}
where we view the diagram in matrix orientation, with the node (1,1) in the upper left corner.
To be precise, the node or box (i, 7) is that lying in row i and column j. Given two partitions A
and p we say that u C X\ if [u] C [A]. Given A € P(n) we sometimes denote by A~ the subset of
P(n — 1) consisting of those partitions u such that g C X. Similarly A" is the set of partitions
of n + 1 whose Young diagrams contain [)].

As usual, we say that A\ € P(n) is a hook partition if A = (n — x,1%) for some 0 <z <n — 1.
We introduce the following definition which will play an important role in this article.

Definition 2.14. We say that a partition A is thin if A is a hook, or a partition with [(\) < 2
or A\ < 2. For m <n € N, we denote the hook partition (m,1"~™) by h,[m]. When m > %, we
denote the partition (m,n —m) by t,[m].

We record some easy and useful facts.

Lemma 2.15. Let p be a prime, let P € Syl,(&,) and let v be the regular character of P. Then

Al@,,_ m - if X\ is not a hook,
Xdr T Y+ (=1)!-1p if X is a hook of leg length I,

where m and m' are integers satisfying mp = x (1) and m/p + (=1) = x*(1) in the respective
cases.

Proof. Since P is a cyclic group generated by a cycle of length p, the statement follows from the
Murnaghan-Nakayama Rule [JK81), 2.4.7]. O

2.4. The Littlewood—Richardson Rule. Let m,n € N with m < n. For g - m and v F
n —m, the Littlewood—Richardson rule (see [J78, Chapter 16]) describes the decomposition into
irreducible constituents of induced character
Sn
(XH X XV)TG'rnXanm.

Before we recall the Littlewood—Richardson rule, we introduce some notation and technical
definitions. By a skew shape v we mean a set difference of Young diagrams [A\ u] := [A] \ [y]
for some partitions A and p with [u] € [A], and || := |A\| — |u|. By convention, the highest row
of [A] for a partition A is numbered 1, but the highest row of a skew shape v = [\ \ ] need not
be the highest row of [A].

Definition 2.16. Let A = (A1,...,A\;) € P(n) and let C = (cy, ..., ¢,) be a sequence of positive
integers. We say that C is of weight X if

Hie{l,....,n} : ;=74} =X\, forall je{l,... k}.
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We say that an element c¢; of C is good if ¢c; = 1 or if

Hie{l,2,....5—1} s c;=¢;— 1} > {ie{1,2,...,5— 1} : ¢ =c¢j}].
Finally, we say that the sequence C is good if ¢; is good for every j € {1,...,n}.

Theorem 2.17 (Littlewood-Richardson rule). Let m,n € N with m < n. Let u = m and

vEn—m. Then
O < x”) Gmxm m = G X
AFn

where c L equals the number of ways to replace the nodes of [A\ u| by natural numbers such that

(i) the sequence obtained by reading the numbers from right to left, top to bottom is a good
sequence of weight v;

(ii) the numbers are weakly increasing along rows; and
(i1i) the numbers are strictly increasing down columns.

Let v be a partition. We call a way of replacing the nodes of a skew shape v with || boxes
by numbers satisfying conditions (i)—(iii) of Theorem a Littlewood—Richardson filling of ~
of weight v. It is easy to see that every skew shape has at least one Littlewood—Richardson
filling. Moreover, the coefficients described in Theorem are symmetric: c;)u = cﬁu for all
partitions u, v and all partitions A F |u| + |v|. Let LR(7) denote the set of all possible weights
of Littlewood—Richardson fillings of a skew shape .

The following necessary condition for positivity of Littlewood—Richardson coefficients is an
immediate consequence of Theorem [2.17]

Lemma 2.18. Let p and v be partitions. Let X\ be a partition of |u| + |v| and suppose that
e, >0. Then \; < py + vy and I(N) < 1(p) +1(v).

We can also define iterated Littlewood—Richardson coefficients cﬁl r 88 follows. Let r € N

20ty

and p',...,u" be partitions, and let A Fn := |u!| +--- + |u"|. Then cﬁl o is the multiplicity
A i L _
of x* as a constituent of (y* x x XM TG‘ XX When r = 2, these are the usual

Littlewood-Richardson coefficients as defined above. Letting m = |u!|+---+|u" | when r > 2,
it is easy to see that

=2
)u EN nu‘ HU‘T'

yFm
The iterated Littlewood—-Richardson coefficients are also symmetric under any permutation of
the partitions u',...,u". An iterated Littlewood-Richardson filling of [A] by u!, ..., u" is a
way of replacing the nodes of [A\] by numbers defined recursively as follows: if » = 1 then
[A\] = [p!] has a unique Littlewood—Richardson filling, of weight u!; if r > 2 then we mean
an iterated Littlewood-Richardson filling of [y] by wu!,...,u"~! together with a Littlewood—
Richardson filling of [A \ 7] of weight p" (for some v C X such that this is possible).

Lemma 2.19. Let a,b,...,b, € N. Let v}, ... 1% be partitions such that b; > |V*| for all i
and let ¢ = [V + -+ |v%]. Let u+ c and let A\ = (by + by + -+ + ba, u). Then the iterated

Littlewood—Richardson coefficients CE\bwl),m,(bl,V“) and Clrjl,...ya are equal.
Proof. Clearly c‘lf Ly < c(bl 1), (b1 o) since we may take any Littlewood—Richardson filling of

(] by vt ... v° and replace each number i by 7+ 1, then combine with the first row of [)\] filled
with all 1s to produce a Littlewood-Richardson filling of [\] by (b1, 2?1), ..., (be, ). Conversely,
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any such filling of [A] contains 1s in exactly the first row of [A] since A\; = by + - - - + by, so this

. .o . y _
process is bijective. Thus €t e = oyt (brwa)” O

We conclude this section by introducing an operator that will be useful later.
Definition 2.20. For n,m € N and A C P(n), B C P(m), let
AxB:={AFn+m|3pe€ A, ve B such that cﬁ,, > 0}.

It is routine to check that % is both commutative and associative.

3. PRELIMINARY COMBINATORIAL RESULTS

In this section we prove some results concerning Littlewood—Richardson coefficients useful for
later sections, which may also be of independent interest. Recall for n,t € N that

B,(t) ={AFn| A <tandI(\) <t}
Thus B, (t) is the set of those partitions of n whose Young diagrams fit inside an ¢ x ¢ square
grid. Notice that B, (t) is closed under taking conjugates of partitions, i.e. B, (t)° = B, (t).
Our first aim is to show that under appropriate hypotheses on the parameters, we have
B(t) x By/(t') = Bpiw(t +t'). This is proved in Proposition below using an inductive
argument. The following lemma deals with the base step of our induction.

Lemma 3.1. Let t, t/ € N. Then Bgt_l(t) * Bgtlfl(tl) = Bgt+2t/,2(t + t/>.

Proof. That Boy—1(t)*Bay—1(t') C Batyoy—o(t+1') follows from Definition 2.20]and Lemma[2.18]
To prove the converse, we proceed by induction on ¢ + t/. The base case follows from the
observation that for any natural numbers N and M such that N < 2M, we have By (M)*B1(1) 2
Bn+1(M +1): given any partition A\ € Byy1(M + 1), either A € By41(M) and we clearly have
that A € By(M) x Bi(1); or \y = M + 1, in which case A\a < M + 1 since N < 2M, and
so considering 1 = (A1 — 1, A2,...) € A~ we obtain that A € By (M) = Bi(1) (the case where
I(A\) = M + 1 is dealt with similarly).

We may now assume that ¢, > 2. For the inductive step, we take as inductive hypothesis
Bai—3(t — 1) x Boy_1(t') = Bogyop—a(t +t' — 1). By applying — % B1(1) to both sides, we find

Bat—3(t — 1) x Boy (t' + 1) = Boypop—3(t +1'),
and then applying B (1) x — to both sides, we find
Bot—o(t) * Boy (t' + 1) = Boprop_o(t + ' + 1).
Hence
Botyor—o(t +1') C Boyyor—o(t +t' + 1) = Bor—a(t) * Boy (t' + 1).
Thus, letting A\ € Boyyor—o(t +t'), there exist partitions p € Boy_o(t) and v € Bay (' + 1) such
that c/’),/ > 0. Fix a Littlewood-Richardson filling F of weight v of the skew shape [\ \ p].

To complete the inductive step, we construct fi € Bo;—1(t) and & € Byy_1(t') such that c;éﬁ >0,
from which we conclude therefore that Bos oy o(t +t') C Bay—1(t) * Boy—1(t'). The main idea
is to remove an appropriate box b from the skew shape [A\ p], set [i] = [1] U b, and exhibit an
appropriate filling F’ of [\ fi] of weight .

Since all sets considered are closed under conjugation of partitions, we may without loss of
generality assume 14 > [(v) (by taking X, u/ and v/ instead of A\, u and v if necessary). Let

k > 1 be such that vy =19 = ... =1 > k41, and let x denote the box containing the last 1 in
the Littlewood—Richardson reading order of the filling F (namely right to left, top to bottom).
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FIGURE 1. Example of case (i): t =8, ¢ =9, A = (9,8,7,5,3) F 32, u = (6,3,3,2),
v =(5%,2,1), k = 3 and F as shown. On the left, the box x is shaded, and the last i of F
is circled for 2 < i < k. On the right, F’ is shown with i = (6,4, 3,2) and 7 = (52,4,2,1).
The boxes containing the circled numbers have been relabelled to produce F’.

Clearly this must lie at the top of its column and leftmost in its row in [\ \ p], and so must be
an addable box for u. We split into three cases according to the position of x.

Case (1): the position of x is neither (1,t + 1) nor (t+ 1,1). Since x is an addable box for u €
Ba_o(t), setting /i to be the partition whose Young diagram is [u] Ux we find that i € Bo;—1(t).

If £ = 1 then the filling F’ defined as F restricted to the boxes of [A\ fi] is a Littlewood—
Richardson filling of weight o := (11 — 1,v2,...,vy()) € Bag_1(t' +1). Moreover, o1 =11 — 1 <
t'+1—-1=+t,and [(?) =l(v) <t since [(v) < vy and |v| = 2¢'. Thus © € Boy_1 (/).

If k > 1, then (11 — 1,v2,...,1,)) is not a partition: in this case we define F/ and © as
follows. Let ¢ € {2,...,k} and consider the position of the last ¢ in the reading order of the
filling F. By the definition of Littlewood—Richardson fillings, the last ¢ must appear later in the
reading order than the last ¢ — 1 since v;_1 = 1;. Since this holds for all i € {2,...,k}, the
box containing the last ¢ must be the leftmost 7 in its row in [\ \ x| (and hence leftmost in its
row), and either at the top of its column or immediately below the box containing the last i — 1
in the reading order of F. Thus we may define a Littlewood—Richardson filling F' of [\ \ ] to
be obtained from F by removing the 1 corresponding to the box x, then relabelling the last ¢
in F by the number i — 1, for each 2 < 7 < k. In particular, the weight of F’ is the partition
U= (U1, Vo1, Uk — L, Vky1, - -+, Vi) Moreover, k > 1 and I(v) < vy imply that v € Byy (1),
and hence ﬁ € Boy_1(t'). An example is shown in Figure

Thus for all values of k, setting b = x and taking fi, 7 as described above we find that

X € Byi—1(t) * Boy_1 (') as claimed.
Case (ii): x lies in position (1,t+1). Then pu; =t and A\ = p1 +v1 since x contains the last 1 of
F. Let y denote the box containing the last 2 in the reading order of F; this exists as v # (2t').
The box y must be leftmost in its row, as all of the 1s in F lie precisely in the first row of [\ \ p].
If y does not lie at the top of its column, it must lie immediately under a 1 in F, from which
we deduce that y occupies position (2,7) for some j > t + 1. But then pg > ¢, contradicting
|u| = 2t — 2. Thus y lies at the top of its column and is an addable box for u. Moreover, y
cannot lie in position (¢4 1,1) or else |u| > p1 +1(p) —1 =t 4+t —1. Thus, if y occupies position
(7, pr +1) then i = (p1, ooy pr—1, e+ 1, prg1s - - yguy) € Bar—1(t) (note fi is well-defined since
M < Mr—1)~

Let j > 2 besuch that v = v3 = ... = v; > v; 1. Similarly to case (i), we define a Littlewood-
Richardson filling F’ of [A\ /i] to be obtained from F by removing the 2 corresponding to the box
y, then relabelling the last 7 in F by the number i —1 for each 3 < i < j (or no relabelling required
if j = 2). The resulting weight is 7 := (v1,v2,..., 051,05 — L Vi1, ., V) € Boy—1 (T + 1).
Since A\; = p1 +v1 <t +t/, we must have [(v) < vy </, and so in fact & € Boy_1(t').

Thus setting b = y and taking /i, 7 as described we find that A € Bay_1(t) x Boy_1(t') as
claimed.
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Case (iii): x lies in position (t + 1,1). Let z denote the box containing the second-to-last 1
in the reading order of F; this exists as v # (12¢'). It cannot be in position (¢ + 1,2), or else
|| > p) + ph = 2t. Thus z must be leftmost in its row (in some row r < t) and lie at the top of
its column, so it must be an addable box for . Moreover, z cannot be in position (1,¢+ 1) as
lu| =2t — 2 and so fu == (p1, ..., -1, fir + 1, flrge1s - fiy()) € Bo—1(t).

Recall vy1 = ... = vy > vyq1. If k =1, then the filling F’ defined as F restricted to the boxes
of [A\ 1] is a Littlewood-Richardson filling of weight & := (v1 — 1,va,..., 1)) € Bag_1(t'). If
k > 1, then since the last 1 lies in the box x at position (¢ + 1,1), the last i lies in position
(t +4,1) for each 2 < i < k, and notice that u) <t — 2 since I(u) = ¢. Similarly to case (i),
we define a Littlewood-Richardson filling F’ of [A \ /] to be obtained from F by removing the 1
corresponding to the box z, then relabelling the second-to-last ¢ in F by the number ¢ — 1, for

each 2 <4 < k. The resulting weight is © := (v1,. .., Vp—1,Vk — L, Vks1, -+, Vi) € Bag 1 (t).
Thus setting b = z and taking /i, 7 as described we find that A € Boi_1(t) x Boy_1(t') as
claimed. O

Proposition 3.2. Let n,n',t,t’ € N be such that 3 <t <n and %/ <t' <n'. Then
B (t) % B (t') = By (t +1).

Proof. That B, (t) * By (t') C Byt (t +t') follows from Definition and Lemma For
the reverse inclusion, and hence equality of sets, we proceed by induction on the quantity
2t —n+2t' —n' > 2, with the base case given by Lemma Now suppose 2t —n +2t' —n/ > 2,
so without loss of generality assume ¢’ — 1 > % Then B,y—1(t' — 1) x B1(1) = B,(t') and
Bn(t) x By —1(t' — 1) = Byyp—1(t + ' — 1) by the inductive hypothesis. Thus

B(t) x B (t') = By (t) x (Bn/_l(t' -1) *Bl(l))
= (Bn(t) x Byy_1(t' — 1)) » By (1)
= Bpyw-1(t +¢ = 1)« Bi(1)
= Bpw (t + t/)
as claimed. 0

We remark that the hypotheses on n,t,n’ and ¢’ in Proposition are necessary. For instance,
considering (4,4) € P(8) we observe that B7(3) x B1(1) # Bs(4).

Lemma 3.3. Let n,m,t € N. Suppose that % <t < m and that n > 5. Then
B (t) % (Bp(n —2)U{(n)}°) = Bnyn(t +n).
In particular, P(m +n) = P(m)* (P(n) \ {(n —1,1)}°).

Proof. If t = 1 then m = 1 and the result follows from the branching rule for symmetric groups
[J78. 9.2], so from now on we may assume t > 2.

Let X := B,,(t) x (Ba(n —2) U {(n)}°). Since n > 5, we have that n —2 > %, and so
Bran(t+n—2) C X by Proposition Moreover, X C B, (t) x P(n) = Bpmin(t +n), again by
Proposition Since X° = X, it remains to show that if A\ - m+n with \; € {t +n—1,t+n},
then A\ € X.

First suppose A\; =t +n, so A = (t +n, ) for some p = m —t < t. Observe that C?t,u),(n) #0

and that (¢, ) € By, (t). It follows that A € X.

Otherwise we have \y =t+n—1,s0 A = (t+n—1,u) for some pum—t+1. If uy > ¢, then
m =2t — 1 and thus A = (¢t +n — 1,¢). Since cE\tt_l) (n) 7 0 and (t,t —1) € Bp(t), then X € X.
If () >t then m = 2t — 1, A = (t + n — 1,1"), and we similarly conclude that A € X since
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(t,1071) € B, (). Otherwise, pu € By—t41(t — 1), s0 (t — 1, ) € By, (t). Since ci‘t_lw)’(n) # 0 we

deduce that A € X. O

Recall from Section that LR(7y) denotes the set of weights of Littlewood-Richardson
fillings of a skew shape 7, and from Section that v+ denotes the set of partitions indexing

the irreducible constituents of the induced character X”TG'”‘“, for any partition v.

Lemma 3.4. Let X = [A\\ p] be a skew shape, and suppose v € LR(X). LetY be a skew shape
obtained from X by adding a single box. Then LR(Y)NvT # (.

Proof. Let || =n and |u| = m. First suppose Y is obtained from X by adding a box externally,
that is, Y = [A\ ] for some A € A\*. Since v € LR(X), the iterated Littlewood-Richardson

Gnim+1

o e X61> is positive. But by the branching rule,

coefficient c;\w’(l) = Ot x x” x xW

by o X ou v () 1+SnXSmy1 GSnitm+1
0 < c.u‘»llz(l) - <X 7X X (X X X ) 6n><6m><61 GnX6m+1

=> <xx,x“ x x”ﬁ:;’gtj“}

vevt
so there exists 7 € v such that <X;\, XM X’;Tg";’“g1+l> > 0. Hence v € LR(Y).
Otherwise, Y is obtained from X by adding a box internally, that is, ¥ = [\ \ fi] for some
i € p~. A similar argument shows that LR(Y) Nv™ # () in this case also. d

The following definition is crucial for our arguments in the next section.

Definition 3.5. Let ¢,m € N be such that ¢ > 2 and let B C P(m). Let H = (&,,)*9 < Syp.
We let D(q, m, B) be the subset of P(gm) consisting of all those partitions A € P(¢gm) for which
there exist p1, pa, ..., uq € B, not all equal, such that

XHI XXIJ2><,,,XX#(1

Notice that if B® = B, then D(q, m,B)° = D(q, m, B).

XALH'

We now aim to show that under appropriate restrictions on the parameters we have that
Bym(qt — 1) C D(q,m,Bm(t)). This is done in Proposition using an inductive argument.
Lemma below provides an important step towards the proof of Proposition [3.7]

Lemma 3.6. Let m,t € N and suppose 3 +1 <t < m. Let A € Byy(2t — 1). Then either
A€ D(Q, m, Bm(t)), or XAle «a, has two irreducible constituents X x x* and Y2 x x? where
a# B € Bn(t).

Proof. First suppose A = (m,m). Notice that x® x x? is a constituent of X)\le;mem with
a € By, (t) if and only if o = 8 = (a1,m — a1) with § <oy <t. Sincet > 2 and ¢t > F + 1,
we have that |[%,¢] " N| > 2. Thus we can always find two irreducible constituents x* x x“
and x? x x? where a # 8 € Bp,(t) as required. Arguing similarly we conclude that the same
happens for A = (2™) = (m,m)’.

Now let A € Bop (2t —1)\ {(m, m)}°. By Proposition[3.2] there exist partitions yu € By, (t) and
v € By(t—1) such that cl’\w > 0. If 4 # v then X € D(2,2m, By, (t)) and we are done, so assume

that u = v € By, (t — 1). By ‘passing a box’ between [u] and [\ \ p], we construct partitions
(i) i1 € Bypt1(t) and 0 € By,—1(t — 1) such that cgﬁ > 0; then

(il) 1 € By (t) and U € B, (t) such that ci)“; >0, and i # ,
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whence the assertion of the proposition follows (either since fi # Uso X € D(2, m, Bm(t)) directly,
or fi = U but i # p). We now explain in detail the constructions (i) and (ii).

Step (i): Fix a Littlewood-Richardson filling F of [A\ p] of weight v. Let b denote the box of
[A\ p] containing the last 1 in the reading order of F; clearly this is an addable box for u. We
split into three cases depending on the shape of [u] U b.

Case (a): [p] Ub is not a rectangle. Define i via [] := [u] Ub. Let k € N be such that
vl = vy = -+ = Vg > V1. Define F' to be obtained from F by removing the 1 corresponding
to the box b, and then if £ > 1 additionally relabelling the last ¢ in F by the number ¢ — 1,
for each 2 < i < k. Thus F' is a Littlewood—Richardson filling of [A \ fi] of weight o :=
(V155 V=1,V — L, Vi1, - -, V1)), DY the same argument as in the proof of Lemma

Now we may assume [u] U b is a rectangle. Notice m > 3, so either [(2,1)] C [u| or p €
{(m), (1™)}. If p = (m), then F being a filling of weight ¥ = p and the definition of b together
imply that A = (2m) ¢ Bo,,(2t — 1), a contradiction. Similarly if g = (1™) then A = (1?™) ¢
Bap, (2t — 1). Thus when [u] U b is a rectangle then [(2,1)] C [p].

Case (b): [p] Ub is a rectangle and [(\) > l(u). Let ¢ be the box in row I(x) 4+ 1, column
1, and define [41] := [p] U c. Suppose in F the box c is filled with the number j. Since the rows
of [A\ u] are filled weakly increasingly, and the columns strictly increasingly, the j in ¢ must
be the last j that appears in the reading order of F. Suppose v; = vj11 = ... = vy > V4.
Define F’ to be obtained from F by removing the j corresponding to the box ¢, and then if [ > j
additionally relabelling the last ¢ in F by the number i — 1, for each j +1 <4 < [. Thus F' is
a Littlewood-Richardson filling of [A\ fi] of weight o := (v1,..., 1,11 — L,v41,. ., V@), by
the same argument as in the proof of Lemma [3.1

Case (c): [u] Ub is a rectangle and I(\) = I(p). If (i) > 2, then the number 2 appears in F
precisely as the entries in the second row of [A \ u], and thus vo = Ay — . But the number 14
of 1s in F is equal to Ay — p; + 1 (they appear in the first row of [A\ u] and b). Thus u = v
and p1 = pg give Ay = A1 + 1, a contradiction. Thus I(x) = 2, in which case p is of the form
(a,a — 1) F m, but since I(A\) = I(u) = 2 and g = v then in fact A = (m,m), a contradiction.
Thus case (c) in fact cannot occur.

Observe that in cases (a) and (b), [] is obtained from [u] by adding a single addable box, so
€ B (t — 1) implies i € By,41(t). Also since v € B, (t — 1), clearly v € B,,,—1(t — 1).

Step (i1): Let x = [f] \ [p]. By construction [fi] is not a rectangle and hence x is not the only
removable box of [i]. Choose a removable box of fi different from x, say y. Let i be defined
via [f1] == [3] —y, so fi # p. Also ji € Bpy1(t), so ji € Bp(t). By Lemma [3.4] there exists a
Littlewood-Richardson filling of [\ \ /] Uy of weight o, for some v € 0. But v € By,—1(t — 1),
so U € B (t). O

Proposition 3.7. Let m,t € N be such that ' +1 <t <m. Let g € N>3. Then

Bym (gt — 1) € D(g,m, B (t)).
Proof. We proceed by induction on ¢, beginning with the base case ¢ = 3. Let A\ € B3, (3t — 1).
Then Bay, (2t — 1) x By, (t) = B3 (3t — 1) by Proposition and so there exists p € Bap, (2t — 1)
and v € By, (t) such that C;))u > 0. By Lemma one of the following holds:
(i) p € D(2,m, B (t)), in which case cbr > 0 for some o # T € By, (t). Then c),, > 0 and
hence X € D(S,m, Bm(t)); or

(ii) there exist two distinct partitions a, 8 € B, (t) such that che # 0 # cgﬁ. Then ¢, #

(6707774

0 +# cgﬁy. Since v # « or v # 3, we deduce that \ € D(S, m, Bm(t)) in this case as well.

Now suppose ¢ > 4 and assume the statement of the proposition holds for ¢ — 1. Let A €
Bym(qt —1). Then there exists 1 € B(y_1ym((¢ — 1)t — 1) and v € By (t) such that cﬁy >
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0, by Proposition By the inductive hypothesis, p € D(q — l,m,Bm(t)), so there exists
(s ftg—1 € Bm(t) which are not all equal such that ¢}, ., , > 0. Hence C//>1...uq71u > 0,
which gives \ € D(q, m, Bm(t)). O

4. THE PRIME POWER CASE

The fundamental part of Theorem B is the case when n is a power of p, which we address in
this section. Let k € N and let ¢ € Lin(P,) \ {1 P }. The aim of this section is to determine

the following numbers:
m(¢) = max{z € N | B (zr) CQ(p)} and M(¢) =min{zr € N|Q(¢) C B(x)}.

Recall that if ¢ € Lin(P,) corresponds to s € [B]* (see Section 2.2) then we sometimes denote
m(¢) and M(¢) by m(s) and M(s) respectively.

Let ¢ = ¢(s) for some s = (sy1,...,s;) € [p]¥. Since ¢ # lp, then s # (0,...,0) and
hence f(s) is well-defined. We denote by s~ the sequence (s1, 52, ..., s,_1) € [p]*~!. The main
strategy is to induct on k, computing M (s) and m(s) from M (s~) and m(s™) respectively. (This
is achieved in Theorems and below.) With this in mind, a first key step is to investigate

the relationship between the sets (s™) and €Q(s), for ¢(s) € Lin(P,r) and k € N>2. This is
done in the following lemma.

Lemma 4.1. Let p be an odd prime and k € Nso. Let s = (s1,...,s,) € [p|¥ and write

s” =(s1,...,8¢-1). Then
D(p,p*1,9(s7)) € Q(s).
Proof. We consider the following subgroups of & x: let P = Py = Pyr-11Fp, let B = (Pp-1)*?
be the base group of the wreath product P, and let H = (&x-1)*? < & ¢, naturally containing
B. Alsolet W=PH =H X P, <G,,s0 W=6,-11F.
Let A € D(p,p*~1,Q(s7)), so X)\lH has a constituent ¢ := x#* x --- x x"r € Irr(H) such
that 1 ..., € Q(s™) are not all equal. Since x* € Irr(S, | 1), there exists x € Irr(W | )

such that x is a constituent of X’\lw. Since p1, ..., pp are not all equal, then x = wTII/{V by the
description of Irr(&,x ! ) given in Section Since PH =W and PN H = B, we have that

Xl = wlBTP by [I76l Problem 5.2]. Moreover, wlB = X“llp o X - ~><Xuplp , 80 p(s7)*P

is a constituent of ¢lB Thus ¢(s XPT is a direct summand of XA\LP By Lemma 2.2, we
deduce that ¢(s) = X (p(s7); ¢s,) is a constituent of X/\lp Thus A € (s), as desired. O

Given a sequence s and its shorter subsequence s, Lemma allows us to deduce information
about €(s) from the knowledge of Q(s™). In order to exploit this, we need to understand the
structure of Q(t) for short or ‘minimal’ sequences ¢. This is done in the next two lemmas.

Lemma 4.2. Let p be an odd prime and let x € [p|. Then

Qz) = P\ {lp—-1,1),(2,1772)} ifz=0,
Pp)\{(p), (A7)} =By(p—1) ifxep-1].

Proof. This is a direct consequence of Lemma [2.15 g

Lemma 4.3. Let p be an odd prime, k € Ng and s = (0, . ,x) € [p)**! where x # 0. Then

Qs) = Bpk+1(pk+1 — 1), except if (p,k) = (3,1), in whzch case Q(( , )) = Bo(8) \ {(3*)}.
k41 _

Moreover, for all such p, k and s, <X(p 171)lek+l , ¢(s)> =1.
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Proof. The assertion can be checked directly if (p, k) = (3, 1) and follows from Lemma {4.2{ when
k=0. Now assume k > 2if p =3, or k > 1 if p > 5. To ease the notation we set P := P41 and

D :=D(p,p*, Q(s7)) for the rest of the proof. Since s~ = (0,...,0), by [GLIS, Proposition 3.8]
we know that D = Bpr+1(p"* — 2). Using Lemma we deduce that By (p"T —2) C Q(s).

Since €)(s) is closed under conjugation, in order to conclude that Q(s) = Bpk+1(pk+1 —1)it
remains to show that (pF*!) ¢ Q(s) and that (p**! —1,1) € Q(s). The first assertion is obvious
as X(pkﬂ)lp = 1p # ¢(s). On the other hand, if A = (p**! — 1,1), then [PWI9, Corollary
9.1] implies that X ((pk); (p— 1, 1)) is an irreducible constituent of X’\lgii;%p appearing with

multiplicity 1. Moreover,
p—1
S 116 Ky 6 _ S
X (=1 0) [ = & (X T B ) = 3 XA 60).
z=1

This shows that ¢(s) is an irreducible constituent of x* | p- Hence (PPt —1,1) € Q(s).
Keeping A = (pF™! — 1,1), we now wish to show that <X>\J,p>¢(8)> = 1. Let H = (&,x)*?
and B = (P,)*? with B < H. From [GTTI8, Lemma 3.2] and the Littlewood-Richardson rule
we see that XAlH =(p—1)1yg + ©, where
O=("XLx- XL+ L xx*x-xL) 4+ (Lx--x1Lxx* and p=(p*—1,1).
(Here 1 denotes Il@pk.) Since we already know that X ((p*);(p — 1,1)) is a constituent of
X)‘l 6 116, then by the description of irreducible characters of wreath products [JK&1l §4.3],
p P
rl & xP,
A . kp
X lepksz:z;X(]leka@)‘f‘(X“Xli"‘Xﬂ) 0o
1=

=x

Finally, (X(1g ,; 1) | p, #(s)) = (X(6(s7), 61), X (6(s7), ¢z)) = dia, and
& 1P,

(@17 Lo o(s) = (a] 517, 6(s)) = (o] g é(s) | ) = <X“lppk, 1p,) =0,

where the first equality in the line above follows from [I76, Problem 5.2] and the last one follows
from [GL18, Theorem A]. Since = € [p — 1], we deduce that <X)‘lp, o(s)) = 1. d

Before proceeding with the determination of m(s) and M(s), we encourage the reader to recall
the notation introduced in Definition It turns out that the positions f(s) and g(s) of the
leading non-zeros in the sequence s govern the form of Q(s).

First, we determine the value of M(s). This is done in Proposition and Theorem
below, for all odd primes.

Proposition 4.4. Let p be an odd prime, k € N, and s € [p|*\U(0). Then M(s) < pF—pF=f().

Proof. We proceed by induction on k — f(s). The base case f(s) = k follows from Lemma
Now suppose that £ > 2 and that f(s) < k. In this setting we have that f(s) = f(s7). Let
A& Bk (pF — p*=1)), so we may without loss of generality assume

k—1 k:flff(s_)).

A > pF = pP I = p(p P

Lemma |2.18| implies that for each irreducible constituent x#! x - - x x*» of X/\l(e Y 1)<P there
-

exists some i € [p] such that (u;); > p*~! — p#~1=/7) By the inductive hypothesis, M(s~) <
PPt — pF=1=77) and hence p; ¢ Q(s™) since p; ¢ B (pF~t — ph=1=167),
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Suppose that A € Q(s), then qﬁ(s)l(P <P = ¢(s7)*P is a constituent of X/\l(P RS Since
prT prT

¢(s7)*P is irreducible, it must be a constituent of
H1 R Hp
X lekq x XX \Lppkq

for some x#1 x --- x x*» as described above. In particular, this implies that p1,...,p, € Q(s7),
a contradiction. Hence X\ ¢ Q(s), and we conclude that Q(s) C B k(pk — ph=T10))y, O

Theorem 4.5. Let p be an odd prime, k € N, and s € [p)* \ Ux(0). Then M(s) = p* — pF=f().

Proof. By Proposition H we know that Q(s) C B (p¥ — pF=7()). Hence, it remains to exhibit

a partition A € Q(s) such that A\; = p* — p*=/(5). We proceed by induction on k — f(s). For
the base case f(s) = k, we have Q(s) = B (p* — 1) from Lemma which implies that
A= (pF —1,1) € Q(s).

Suppose now that f(s) < k. Then f(s) = f(s~) and there exists some partition p =
(11, i) € Q(s7) such that py = pP~t — pF=1=/7) by the inductive hypothesis. We
distinguish two cases depending on the value of s;. Let

(pp1, pp2, - - Ppm—1, P(pom — 1) +p—1,1) if 55, # 0, (p—1,1) if s #0,
A= and v =

(PH1, PH2; - - - s Pim—1, Plim) if s, =0, (p) if s, =0.

&
By [PW19, Corollary 9.1], X(M; 1/) is a constituent of X/\lepl,: 16, whence
.

) A
X)L [ XL,
p p
Since p1 € Q(s™) by assumption, and since v € Q(s;) by Lemma [4.2] we deduce that
G
6(s) = X(0(s7)i0n) | X (L7 X 57) = X i) -

Thus ¢(s) is an irreducible constituent of X)\lp . and therefore X € Q(s). Since A} = pF —pF=7(),
the proof is concluded. ! O

In the proof of Theorem for every sequence s we exhibited a partition A € Q(s) such that
A1 = M(s). We can do much better in fact. In the following lemma we determine all partitions

of (s) having first part of maximal size (i.e. equal to M(s)). This will also be very important
when proving Theorem

Lemma 4.6. Let p be an odd prime. Let 1 < z < k € N, and let s € Ui(z) be such that
f(s) < k. Then

Qs) VA E PP [ A= M(5)}° = {(M(s), 1) | 1 € Usps)p1s- -5 55)}°
In particular, if z > 2 then Q(s) N{\F p* | Ay = M(s)}° contains no thin partitions.
Proof. Let f = f(s),t = (s1,...,sf) and u = (sf41,...,5;). Let W = &,; 16—y < & and let
Y be the base group of the wreath product W, namely Y = (pr)kaif <W. Let P=P, =
Pys UV Pyr—y < W, and finally denote by B the base group of P, that is, B = (pr)ka_f <Y.

Let A = (M(s),u) € P(p*) for some pu € P(p*~7). It suffices to prove the following two
statements:

(i) <X>\J,p,¢(8)> <X( pf —1,1); lP’ )>, and
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(i) (X((p = 1,1);p) | p. &(s)) > 0 if and only if 1 € Q(u).
The first assertion of the lemma then follows, since €)(s) is closed under conjugation. The second
statement follows simply from the observation that if z > 2 then u # (0,...,0) € [p]*~7/, and
hence {(p"~7), (177} N Q(u) = 0.
We now prove (i) and (ii). For convenience, let o = (pf —1,1) and ¢ = p*~/.
(i) By Theorem M(s) = p* — p*~Ff = q(p/ —1). Hence Lemma implies that given
[, - - pg - pf such that C:\u,..‘,uq # 0, then either yiy = --- = pg = « or there exists j € [g] such

that u; = (p/). Since (p/) ¢ Q(t) by Lemma it follows that

O L 0®0) = (3 [ ) - ()] o 01 7).
Moreover, by Lemma [2.19) we have that
<X)\ly7 (Xa)xq> = C(/D\z,...,a = C!(Ll),m’(l) = XM(1)7
and thus <X)‘lB,¢(t)Xq> = x*(1) - ((Xo‘lppf,qb(t»)q. By [PW19, Corollary 9.1] we know that
X (a; ) is an irreducible constituent of XA\LW' Moreover,
(X(asp) [y, (X)) = x"(1).

Writing X)\lw = X(a; ) + A for some character A of W, and X (a;p) |y = x*(1) - (x*)*? 40
for some character 8 of Y, we have that

O | 0(0)) = (X as ) |y 609 + (AL 7 6(6)%)
=X (L SON) "+ (0] 6(0°7) + (AL 0(6)),
and therefore
O] 5, o(1)<9) = ALVBV, B(t)*7) = 0.
Letting ¢ = Alp , ®(s)), then since ¢(s lB t)*1, we have that

0= (Al 8(1)%) > eld(s) |, 0(6)) =,
from which we conclude ¢ = 0. Thus (x ’\lp, > (x a;u)lp,qﬁ(s».

(ii) Now let v = x lP = By Lemma 3, {7y, #(t)) = 1. Moreover, we observe that

X(asp) | p = aulppfleq XX = D W lppm) - A7),

T€lrr(Py)
Since ¢(s) = X (o(t); d(u)), we have that

<X(a;#)lpa¢(5)> = Z <Xulpqv7—> : <X(7;T)v¢(8)>

T€lrr(Py)
= Z X J,p » T 6(1)( ),T <Xulpqa¢(u)>a
T€lrr(Py)
where the second equality follows from Lemma By definition of Q(u) X“l P, ,o(u))y > 0 if

and only if p € Q(u). This concludes the proof. d
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Our next primary goal is to determine m(s). This is done in Theorem [4.9| below. The main
ingredients for proving this theorem are Lemma and Proposition below, whose proofs
are quite technical.

As introduced in Definition we recall that t,[m] = (n —m,m) and h,[m| = (n —m, 1™).
Lemma 4.7. Let p > 5 be a prime and k € N. Let s = (s1,...,5,) € Uk(1), f = f(s) and
x € [p]. Then

(a) Q(S,QZ’) = Bkarl (pk+1 _pk+17f - 1) L {(pk+l _pk+17fvu) VRS Q(Sf-‘rla <oy Sk x)}o'
(b) Moreover, if x # 0 and X € {ty [p"T — pF TS — 1] hea [pFHE — pFTI=F — 1730, then
A
<X lek+1v¢(Sax)> Z 2.

Proof. (a) Let f = f(s), t = (s1,...,5f) and v = (S¢41,...,5k). We proceed by induction on
k — f. For the base case f = k, we have that ()(s) = By (p¥ — 1) by Lemma Since p* > 4,
we have that B+ (pFtt—p—1)C D(p,pk, B, (pF — 1)) by Proposition ﬁ Hence

By (PP —p—1) C Q(s, 2)

by Lemma On the other hand, by Theorem we know that M(s,z) = pFtl — p. Hence
PPl —p—1 < m(s,z) < p**! —p, and the statement now follows directly from Lemma

Now suppose that f < k. Then f(s™) = f € [k — 1], and by the inductive hypothesis applied
to s = (s, sx) we have that

Qs) = By (0" =" T =) U{(" = p* ) | € Qu)}°. (2)
By Proposition and Lemma we deduce that
By (pM = pH T —p = 1) C D(p, p¥, B (p* — " — 1)) € D(p, 0", Q(s)) € Q(s, 2).

We now want to show that for all » € {0,1,...,p — 1} and all p - p*T'=/ 4+ p — r, the
partition A := (pF*1 — pFT1=F —p 4+ r 1) belongs to Q(s,2). This would allow us to conclude
that By (pF+! — pFH=f — 1) C Q(s, z), since Q(s, z) is closed under conjugation.

If r = 0 then p F p*T1=/ +p. Since Q(u) = P(p*~)\ {(»*/ —1,1)}° by [GLIS, Theorem A],
there exists a partition vy € Q(u) such that vy C pu. Hence there exist partitions vy F pF=/ + 2
and v3,...,vp pk*f + 1 such that c’lfl,m,l,p > 0. By Lemma we deduce that

A —
Clpk—ph=1 1), (PE—ph—F =20, (PF —ph—F —1,3) o, (P —pF =T 1) = Cvn,vyy = 0.

Since p*~f 42 < pF—p*=F —2, we have that (p* —p*=f, 1), (pF—p*~/ =2, 1) and (p* —p*—F -1, 1)
forall i € {3,...,p} are genuine partitions. Moreover, they belong to €(s), as shown by equation
, so by Lemma |{4.1| we conclude that A € D(p,p*,Q(s)) C Q(s,z), for all z € [p).

If r € [p— 1] then pu - p**'=f 4 p — r and there exists a partition v - 7p*~/ such that v C p.
(If » = 1 then we choose v € Q(u), given by |GLI8, Theorem A].) By [GL18, Theorem A], we
know that

v
]]'Prpk*f ‘ X lPrpkff'
Thus there exist v1,...,v. € Q(u) such that ¢,

exist partitions v,41,...,1p pk_f + 1 such that 0517_,,,,,T7,,T+17,,,7,,p > 0. Using Lemma we
deduce that

> 0, since ¢(u) = 1p «_s- Moreover, there
r P

A — M
C(pkfpk_f71/1)v“:(pk*pk_f7VT)7(pk7pk_f717’/7""'1)7'~~7(pk7pk_f71’yp) o cyl""’yp > 0
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Note that (pk—pk*f, v;) fori € [r] and (p*—p*=F—1,v;) for j € {r+1,...,p} are indeed partitions
aspP T 1 < pF—ph—T—1. Moreover, they belong to (s) by , so A € D(p,p*,Q(s)) C Qs, )
for all € [p], by Lemma
Thus we have shown that B,s+1(p —pM1=f —1) C Q(s,x). The statement (a) now follows
from Lemma since M(s,z) = p**t1 — p*+1=f by Theorem
(b) We turn to the proof of statement (b). Let ¢t = (s, z) and observe that f(t) = f(s) = f. Let
P = Py+1 = Pyl Py and let B be its base group, namely P = B x P, and B = (P,:)*?. Let
= (6,+)*? be the Young subgroup of &,+1 naturally containing B. We define two further
subgroups of & k11 as follows: H :=Y X 6, = G, 16, and W :=Y x P, = &, 1 P,. Clearly
P<W<H.

First, we let A = t 1 [pF*+! — pF+1=/ — 1] and define

=t [P —p* /] and v = tyn [p* —pt=l —1].

Note that u,v € Q(s) by part (a) of the present lemma if f < k, and by Lemma if f=k.
Moreover, it is easy to see that cl’\tl’m’#p,171j = 1 where p! = -+ = pP~! = p. Since 6 :=
(x*)*®P=1) x x¥ is an irreducible constituent of X)\lyv there exists p € Irr(W|9) such that
ol X/\lw' But p # v, so by the description of Irr(&x ¢ P ) (see Section , we have that
p= GTI;/V From [[76, Problem 5.2], we see that pl OlBT which has ¢(s XpT as a direct
summand, and hence <plp,¢(t)> > 1 by Lemma since ¢( ) = X(¢(8); ¢z). On the other
hand, X(u; (p—1, 1)) | X)\lH by [dBPW18, Theorem 1.5]. Thus B := X(u; ¢5) is an irreducible
constituent of X)\lw’ since X(p_“)lg’: = Zf;ll ¢;, and clearly (BLP, @(t)) > 1. Since p # 3 are
both irreducible, we find that

For A = hpki [pFt! — pF+1=f — 1], a similar argument using p = hyx [p* —p*~f] and v =
h [pF —pF=f —1], and [GTTIS8, Theorem 3.5] to show that X (u;7) | x| for some 7 €
{(p—1,1)}° shows that (x*| ,, ¢(t)) > 2. Statement (b) then follows since x*| , = X/\llp'

k+1

Next we state and prove Proposition This is the second technical ingredient needed to
prove Theorem
For convenience, we sometimes identify a partition A with its corresponding character x*.

Proposition 4.8. Let p > 5 be a prime and k € N. Suppose that s € [p|* satisfies the following:
(i) m(s) > i +1 and Q(s) \ B, k(m(s)) contains no thin partitions.
(i) (t lP ,6(8)) > 2 and ( lP , O(s

Then, for all x € [p],

m(s,x) = p-m(s),

Qs,x) \ B, k+1(pm(s)) contains no thin partitions, and
tyes1[pm lP ,qﬁsm and  (hyeer [pm(s lpkl,(ﬁ x)) >

Proof. Let m = m(s) and let € [p]. By Proposition [3.7 and Lemma
By (pm — 1) € D(p,p", B,i(m)) € D(p,p",(s)) € Q(Syw)-

If A = (pm, u) for some p € P(pF*t! —pm) \ {(p**1 — pm)}°, then by Proposition there
exist v1,...,vp € P(pF —m), not all equal, such that c,,l,,,,,l,p =% 0,. Hence cg‘m D)oo (o) £ 0, by
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Lemma Since m > % + 1, we have that (m, ;) is a well-defined partition for each i, and
(m,v;) € Byr(m) C Q(s). Thus A € D(p,p*,Q(s)) C Q(s, z).

It remains to study the two cases where p € {(p**1—pm)}°. Suppose first that i = (p
and thus A\ = (pm, p**t — pm) = tye+1[pm]. Then

k+1 —pm)

S k41

X (t,e[ml; () | Xklepkzep

by [PW19, Corollary 9.1]. By hypothesis, (t,«[m]] , k,gb(s)) > 2, and hence
P

(X(tyelm] | 360, 905, 7)) > 2

for all x € [p|, by Lemma But

X (tym] | p,i%0) =X (t,e[ml; (p)) li:: :Sf,

hence <X)\lp k+1,d>(s,:1:)> > 2 as claimed. Finally, if A = (pm, 1pk+1*pm) = hyk+1[pm], then
p

X(hmliv) | v o

kaGP

for some v € {(p), (17)} by [GTTI8, Theorem 3.5]. By Lemma
<X(hpk [m]lppk ; ¢0)7 (Z)(S, .’E)) >2

for all € [p]. But X(hpk[m]lppk;(bg) = X(h,r[m];v) ]GD;»:;S:’ S0 <X/\lppk+1,¢(s,x)> > 2 as
claimed. Since §2(s,z) is closed under conjugation we conclude that Bp+1(pm) C Q(s,z). It
remains to show only that Q(s, x)\ B,r+1(pm) contains no thin partitions. Let A = t,s+1[pm + a
for some a € N. Since A\; > pm, Lemma implies that for any p1,...,pup F pF such that

cﬁl’m,#p > 0, there exists j € [p] such that (u;)1 > m. Moreover, p; is thin since p; C A,

so uj ¢ Q(s) by hypothesis and hence <XAl(Pk)Xp,¢(s)Xp> = 0. Thus ¢(s,z) ¢ X/\lP k1’
ie. A ¢ Q(s,x). A similar argument holds for angl hook partition A\ = h k1 [pm + al. O

Roughly speaking, Proposition tells us that whenever the multiplicity of ¢(s) as a con-
stituent of the restriction of the irreducible characters labelled by the longest thin partitions in
Q(s) is greater than or equal to 2, then m(s,z) = p-m(s) for all € [p|]. The assumptions in
Proposition might seem artificial, but they in fact mimic exactly the structure of the sets
Q(s) (see Lemma for instance).

We can now determine the value of m(s) for all s € [p]¥. In fact, we prove much more about
the structure of (s). Our main strategy is to compute m(s) inductively. That is, knowing

m(s) and other particular features of €(s), we exploit Proposition to compute m(s,z) for
any x € [p]. This technique is illustrated concretely in Example below.

Recall that 7(s) was introduced in Definition
Theorem 4.9. Let p > 5 be a prime. Let k € N and let ¢(s) € Lin(P,) \ {ﬂppk}. Then

B pk} _ pk‘_f(s) — 1+ 5f(s),k if ’T(S) # 47
m(s) = k_  k—f(s) _ k—g(s) i =
pF—p P if 7(s) = 4.

Moreover, )(s) \ Byx(m(s)) contains no thin partitions.
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Proof. The assertion follows from Lemma |4.3|if 7(s) = 3, and from Lemma {4.7]if 7(s) = 2.
Now suppose that 7(s) = 4. By Lemm and t = (81,...,84(s) satisfies conditions

(i) and (ii) of Proposition In particular we have that m(t) = p9() — p9()=f() — 1. Applying

Propositionto the sequence ¢, we deduce that m(t, s4(5)11) = p-m(t) and that (¢, sy(s)41) also

satisfies both conditions of Proposition 4.8 The statement now follows by repeated application
of Proposition 4.8 (k — g(s) iterations), giving m(s) = p*~90) .m(t) = p# — pk=1() — ph—9(s)
Remark 4.10. Proposition in fact governs the entire inductive step from m(s) to m(s,z),
with Lemmas |4.3| and providing the base cases (we may ignore 1 P> corresponding to
s =(0,...,0), which was considered in [GL18]). This can be seen easily using Figure

We remark that we could not directly apply Propositionto sequences s = (0,...,0,s £( s)) €
[p]*, since condition (ii) on multiplicities is not satisfied (see Lemma, . Furthermore, we also

could not apply the proposition to sequences of the form s = (0,...,0, sf(s),O,...,O), since
Q(s) \ Bye(m(s)) does contain thin partitions, namely t,[m(s) + 1], h,x[m(s) + 1] and their
conjugates. This is why Lemma [4.7] is necessary. O
=0 all z
(0,0,...,0,9) € Lem L71 » Prop £.8]

FIGURE 2. Diagram describing the inductive step of determining m(s,z) from m(s).

The notation s € A means that s satisfies the conditions of A, while an arrow A = p
means that if the sequence s satisfies the conditions of A, then the sequence (s, ) satisfies

the conditions of B. Here y is any element of [p]

We include the following example to explain how to use Lemma and Proposition (and
the diagram represented in Figure 2) to compute m(s) in a concrete situation.

Example 4.11. Let p = 7 and s = (0100110). Then (01) € U(1) satisfies the conditions of
Lemma [{.7] with k£ = f = 2, so applying the lemma gives

Q010) = By (7* — 71 = ) U {(7* = T, 1) s € P(D\ {(6,1)}°)°,

since (0) = P(7) \ {(6,1)}° by [GL18, Theorem A]. Then (010) € Us(1) satisfies the conditions
of Lemma [{.7] with £ = 3 and f = 2, giving
Q(0100) = Bra (7! =72 = 1) U {(7" = 7%, ) : jp € P(49) \ {(48, )} }°,
and applying Lemma again to (0100) € Uy(1) with k =4 and f = 2 gives
Q(01001) = By (7> =73 =)W {(7° =73, 1) - p € Bys (73 — 1)}°,
where (001) = B3 (7% — 1) by Lemma Furthermore,
(tgs[7° — 73 — 1]lp75,<z>(01001)> >2 and (hss[7° -7 — 1]lp75,¢(01001)> > 2.
Thus (01001) satisfies conditions (i) and (ii) of Proposition Applying the proposition, we
obtain that m(010011) = 7-(7°—73—1) = 75— 7% —7 and that (010011) satisfies both conditions
of Proposition [4.8] This exemplifies the right-hand loop in Figure [2} if the sequence ¢ satisfies
the conditions of Proposition then so does (¢, x) for all € [p]. Applying the proposition

again, we obtain m(s) = 7-m(010011) = 77 — 75 — 72, as predicted by Theorem Moreover,
using Theorem [4.5| we obtain that Bz (77 — 75 — 72) C Q(s) C By (77 — 7°). O
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We can collect the results obtained so far in the following statement, which together with
Theorem gives Theorem in the case where n is a power of p.

Theorem 4.12. Let p > 5 be a prime. Let s € [p]¥ and ¢(s) € Lin(P,x). Then

p

pF—2 if 7(s) =1,

m(s) = p’; —pFI® -1 if 7(s) = 2,
pF—1 if 7(s) =3,

Pk — pF T —ph=9(s) if 7(s) = 4.

If 7(s) € {1,2,3} then we have a complete description of Q(s), namely
By (m(s)) U {(pH)}° i 7 (s)
Q(s) = ¢ Bye(m(s)) U{(m(s) +1,u) : p € Q(]lek,f(s))}o if 7(s)
B,k (m(s)) if 7(s)
If 7(s) = 4, then Q(s) \ By (m(s)) contains no thin partitions.

Proof. If 7(s) = 1 then ¢(s) = 1p, and the statement follows from [GL18, Theorem A]. If 7(s) #
1 then the statement follows from the combination of Lemmas and and Theorem O

)

1
2,
3

Theorem [£.12] allows us to deduce Theorem [2.9 when n is a prime power.

Corollary 4.13. Let p > 5 be a prime. Let s € [p]* and ¢ = ¢(s) € Lin(P) \ {]Lppk} be quasi-
trivial. Then Q(¢) = Bk (p*—1), unless T(¢) = (0,1,0,0), in which case m(¢) = p* —pF=7s) —1
and

(¢) = Bn(m(e)) U{(m(d) + L n) | 1€ QLp,_(10)41))}
Proof. We observe that 7(s) € {2,3}. The statement now follows from Theorem [4.12} O

We refer the reader to parts (i) and (ii) of Example to appreciate the results obtained so
far in the concrete cases of Go5 and G195 for the prime p = 5.

As mentioned in the introduction, when p = 3 the situation is much more complicated. The
following example shows that Theorem [2.9 would not hold for p = 3.

Example 4.14. Let p = 3, k > 4 and let ¢ € Lin(Psx) be the quasi-trivial character corre-
sponding to the sequence s = (1,0,0,...,0). Calling a = 3%~1 one can show that
Q(¢) = Bgr(2a) \ {(2a,a — 1,1), (2a,2,1°72), tc[2a — 1], hge[2a — 1]}°.

In particular we have 7(s) = 2, m(s) = 2a — 2 and the thin partition (2a, a) € Q(s) \ Bsx(m(s)).
This is just one of the many quasi-trivial linear characters of a Sylow 3-subgroup whose corre-
sponding set (¢) cannot be described by the statement of Theorem [2.9 O

5. PROOFS OF THEOREMS [2.9], AND FOR ALL NATURAL NUMBERS

Following on from the previous section, the aim of the present one is to determine the numbers
m(¢) and M (¢) for all ¢ € Lin(P,) where n is now an arbitrary natural number. This allows
us to complete the proofs of our main results, namely Theorems and

Let n € N and let n = Z’;:l a;p™ be its p-adic expansion, where 0 < n; < --- < n;. Recall

that we may write ¢ = ¢(s) = ¢(s(1,1)) x -+ x ¢(s(t,a¢)) as in Section equation (1), and
recall the operator x from Definition [2.20
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Lemma 5.1. Let p be any prime. For alln € N and ¢(s) € Lin(FP,),
O(s) = Us(1, 1)) %+ As(i, 1)) %+ % As(t, ).
Proof. Since P, = (Ppr1 )X X -+ X (Ppne)*% < (Gpny ) <4 X -+ X (Gpny ) < &, and since

o(s) = ¢(s(1,1)) x---x@p(s(t, ar)), the statement follows from elementary properties of induction
of characters. O

Theorem 5.2. Let p be an odd prime. Let n € N and ¢(s) € Lin(P,) be as above. Then
M(s) = M(s(i, ).
(i.5)

Proof. Let M :=3_; » M(s(i,j)). Fork € Ngand s € )%, by Theoremﬁwe have that M(s) =

p*—pF=1() whenever s # (0,...,0). On the other hand we have that M (0, ...,0) = p* by [GLIS,
Theorem A]. Hence M (s(i,j)) > p™/2 for all (4, ), so by Lemma and Proposition we
have that

Q(s) = Q(s(1,1)) % % Qs(t, ar)) € By (M (s(1,1))) % - % Byni (M (s(t, a¢))) = Bp(M).

Thus M(s) < M. On the other hand, let A(»7) € Q(s(4, 7)) be such that )\gi’j) = M(s(i, 7)) for
each (i, ) (this is possible since Q(s(i, j)) is closed under conjugation). Setting A = A0 ... 4

Aad) it is not difficult to see that ci<1,1)7,,_,>\(t,at) = 1. Hence A € Q(s(1,1)) % --- % Q(s(t, ar)) =
Q(§), and )\1 = Z(ZJ) )\517]) = _2\47 SO M(§) Z M |:|

We now aim to determine m(¢) for all ¢ € Lin(P,)\{1p,}. Fix a primep > 5. When ¢ = 1p,
we know by [GL18, Theorem A] that Q(1p,) = P(n) whenever n € N is not a power of p, while
if n = p* then Q(Lp,) = P(p) \ {(pF — 1, 1)}

As explained in Section to simplify notation we let R = Zle a; and we define the
multiset {s1,...,sr} as {s1,...,sr} = {s(4,7) | ¢ € [t], j € [ai]}. We let k; be the length
of sj, so {k1,...,kr} = {n1,...,n} and |{j € [R] | kj = n;}| = a;. When ¢ = ¢(s) and s
is identified with {s1,...,sgr} as above, we also denote m(¢) or m(s) by m(s1,...,sg). Note

that the order of sq,...,sg does not matter in determining m(¢), because inductions to &,, of
Ng, (P,)—conjugate characters of P, coincide (see Remarks and [2.13]).

Fix some ¢ € Lin(P,) with corresponding multiset of sequences {s1,...,sr} as described
above. Since P, is trivial whenever n < p, from now on we may assume that n > p. Moreover,
we may assume that R > 2 since the case of R = 1 is treated in Section In addition, we
assume for the rest of this section that there exists some ¢ € [R] such that 7(s;) # 1, since
¢ # 1p,. We wish to express m(¢) in terms of the quantities m(s1), m(sz2),...,m(sg) that we
determined in Section [4l In order to do this it is important to be familiar with the Definitions
and We encourage the reader to recall them before going forward with reading this
section. For ¢ € Lin(P,,) as described above, let N(¢) be defined as follows:

R
N(¢) =Y N(s;).
j=1

Here, for all 1 < j < R, N(s;) is the value introduced in Defintion

We proceed to give a description of m(¢), completing the proofs of Theorems and
This is done in Theorems and below. We first state and prove one auxiliary result. Let
n € Nand ¢ € Lin(P,) be as described after the proof of Theorem|[5.2] The proof of Theorem [5.4]
follows from Lemma [5.3] below.
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Lemma 5.3. Suppose that T(¢) = (R —1,1,0,0) and let i € [R] be such that 7(s;) = 2. Then
Q@) = BAN(8) - )L {(N(@).) | n € QLp, )}

Proof. Let m =n — p¥i, so ¢ = ¢(s1) x --- x ¢(sg) = 1p, x é(s;). Since R > 2 and 7(s;) = 2,

we have that m # 0 and k; > 2. To ease the notation, let k = k;, s = s; and f = f(s;).

By Lemma we have that Q(¢) = Q(1p, ) x Q(s) and Q(1p,) is determined in [GL1S]
Theorem A]. Moreover, by Corollary we have that

Qs) = By (0" —p" T = u{@" — ") [peQlp, )},

so in particular

Be(m(s)) € Q(s) € Byr(m(s) +1). (3)
Case 1: m is not a power of p. In this case Q(1p,) = P(m). Since m(s) > %k, applying

P(m) x — to (3]), we obtain

B (N(¢) —1) S Q(¢) C Ba(N(9))
by Proposition as N(¢) = m +p* — p*~F = n — p*=f. Since Q(¢)° = Q(¢), it suffices to
show that given p € P(p*=7f), then (N (¢), u) € Q(¢) if and only if p € Q(ﬂppkif).

So fix a partition A F n such that \; = N(¢). If A € Q(¢) = P(m) * Q(s), then cgﬁ > 0 for
some o - m and B € Q(s). Hence \; < a1 + 1 < m + (pF — p*~F) = N(#), so in fact this holds
with equality. Thus a = (m) and 38 = (81, 1) where B; = p* — p*~f, and u € Q(]].ppkif) since
B € Q(s). Moreover, A\ = a; + 1 and o = (m) together imply that 5 = (A1 — m, Az, As,...)
and that A = (N(¢), p).

Conversely, if A = (N(¢), p) for some p € Q(1p, ), then clearly A € P(m) Q(s) = Q(¢)

since c?m),(pkfpk_fﬂu) # 0, and thus the set (¢) is as claimed.
Case 2: m = p' for some | € N. In this case Q(1p,,) = P(p') \ {(p' — 1,1)}°. We have that
Q(¢) = QULp,) % Q(s) C P(') x By (m(s) + 1) = By (N(9)),
by Proposition On the other hand, by Lemma we have that
Q(¢) = QLp,) *2s) 2 (PE)\ AP = L, 1)}°) x By (" —p* = 1) = By (N(¢) — 1)

Arguing exactly as in Case 1 we deduce that Q(¢) = B, (N (¢)—1)U{(N(¢),p) | p € Q(]lppkif )},
as required. O

Theorem 5.4. Let p > 5 be a prime and n € N. Let ¢ € Lin(P,) correspond to {s1,...,Sr}
with R > 2. Suppose that 7(s;) # 4 for all i € [R]. Then m(¢) = N(¢) and

Q(¢) = Bn(m(¢)),
unless T(¢) = (R —1,1,0,0), in which case m(¢) = N(¢) — 1 and
Q6) = Bu(m(@)) U {(m(6) + L) | n € QTp, )
where i is the unique element of [R] such that T(s;) = 2.

Proof. The case T(¢) = (R —1,1,0,0) is treated in Lemma We may now assume that
T(¢) # (R —1,1,0,0). That is, s1,...,Sr are such that either there exists i € [R]| with
7(si) = 3, or there exists i # j € [R] with 7(s;) = 7(s;) = 2 and 7(s;) € {1,2} for all € [R].
We proceed by induction on R.
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We begin with the base case R = 2. Since we may reorder the s; without loss of generality,

we may assume that

(7(s1),7(s2)) €{(1,3),(2,3),(3,3),(2,2)}.
The arguments in each case are similar, but for clarity we will treat each one separately. To
ease the notation we let k = k1, f = f(s1) (if 7(s1) # 1), l = ky and e = f(s2).

Case (7(s1),7(s2)) = (1,3): we have that

P(1)*Bu(p — 1) if k=0,
Q(¢) = k k o 1 :

(P@*)\{(P" —=1,1)}°) « B(p" — 1) otherwise,
which equals B, (N (qﬁ)) in each instance by Proposition and Lemma respectively, as
N(¢)=p"+p' —1.
Case (T(Sl), 7'(32)) = (2,3): by Corollary we have Bk (m(s1)) € Q(s1) € Byr(m(s1) +1).
Thus Proposition [3.2] shows that

Bu(N(¢) — 1) € Q(¢) € Ba(N(9))

since N(¢) = m(s1)+1+m(s2) = p* —p"/ +p' —1. Let A = (N(¢), ) where  is any partition
of pF=f 4+ 1. Since p*~f + 1 is not a power of p, then Q(ﬂppk7f+l) = P(p*~f 4+ 1) by [GLIS,
Theorem A]. But Ip, sy =P, X 1p,s0p€ Q<prk—f+1) = Q(]lppk_f) *Q(1p,). That is,
there exists v € Q(]lppk_f) such that ci(l) > 0. Then by Lemma W’

(N(9);n)
(PE—pk=F w),(p—1,1) —

and thus A € Q(s1) * Q(s2) = Q(¢). Since Q(¢)° = Q(¢), we have that Q(¢) =

Case (7(s1),7(s2)) = (3,3): we have Q(¢) =B

tion

Case (7(s1),7(s2)) = (2,

Q@) C Bye(m(s1) +1) *

in order to show B, (
A= (N(¢)—2+j,pn) € Q(¢), for all j € {1,2} and for all u+ p*~/ +p'=¢ 42— .

Fix some p - p*~f 4+ p!=¢ 42 — j and consider A = (N(¢) — 2+ 4, ). Clearly || is not a power
of p, so

c ()>O

Ba(N())-
k(P — 1) % Bu(ph — 1) = Bn(N(¢)) by Proposi-

2
B,
@)

2): clearly B, (N(¢) — 2) = Bye(m(s1)) x B,i(m(s2)) € Q(¢) and
(m ( ) 1) = B,(N(9)), by Proposition Since Q(¢)° = Q(¢),

) it remains to prove that

peP(ul) =Q0p,) =200p, )*Qp, ., )
That is, there exist v € Q(ﬂppkif) and w € Q(ﬂszfeH,j) such that ¢/, > 0. Then by
Lemma 219

(N(¢)=2+j,u)
(PP —ph= I ), (p'—pl e —2+jw)
Thus A € Q(¢) and hence B, (N(gb)) = Q(¢) in all cases when R = 2.

Now for the inductive step: let R > 3 and suppose that the statement of the theorem
holds for R — 1. Since T'(¢) # (R — 1,1,0,0), there exists ¢ € [R] such that the multiset
{s1,...,8i-1,8i11,...,8r} corresponds to a linear character v € Lin(P, ) with T'(¢) #
(R —2,1,0,0). Without loss of generality, let i = 1. Let k = ki, s = s1, f = f(s1) (if
7(s1) # 1) and let ¢ € Lin(P,_,x) be the above linear character such that ¢ = ¢(s) x 1. Then
Q(¢) = Q(s) x Q(¢) and Q(¢) = B,,_,x (N (¥)) by the inductive hypothesis. In order to show

that Q(¢) = B, (N(¢)), we split into cases depending on 7(s) € {1,2,3}.

=c, > 0.
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Case 7(s) = 1: observe

) = {P(l) By (N (1)) if k=0,
(P(p*)\ {(»* — 1,1)}°) % B, (N(w)) otherwise.
Hence Q(¢) = B, (N(¢)) by Proposition [3.2| and Lemma as N(¢) = p* + N(¥).
Case 7(s) = 2: we have that
Ba(N(6) = 1) € Q(¢) € Ba(N(9)),

where N(¢) = m(s) + 1+ N(p) = p* — p*=/ + N(3). Since Q(¢)° = Q(¢), it suffices to show
that

A= (N(@),n) € ) for all p€ P(n—N(¢)) =P(n—p* +p* 7 = N(®)).
Fix such a partition A. Since p*~/ > p > 5 then by Lemma we have that
peP(n—p"+p" = N@)) = (PEH\{G - 1.1)}°) »P(n —p* — N(¥)).

Thus there exist v € P(p* =)\ {(p*/ —1,1)}° and w € P(n — p¥ — N(¢)) such that ¢, > 0.
This shows by Lemma that

(N(¢)m) _
C(pk—pk—f,u»(zv(w,w) = >0
and so A € Q(s)*B, (N (¢)) = ) as required. (Here we used that N (i) S n— p¥. This holds
because T'(¢)) # (R —1,0,0,0) and hence ¢ # 1p pk.)
Case 7(s) = 3: we have Q(¢) = (p —1)x B, (N(1)) = Bu(N(¢)) by Proposition
Hence Q(¢) = B, (N(¢)) in all cases. O

Lemma 5.5. For i € {1,2}, let n;,m; € N be such that %5 < m; < n;. Furthermore, let
A; CP(n;) be such that By, (m;) C A; and A; \ By, (m;) contains no thin partitions. Then

Biytny (M1 +ma) C Ay x Ag
and (A1 * A2) \ Bny+4n, (M1 + ma) contains no thin partitions.

Proof. By Proposition we know that By, 4n,(m1 + ma) C A x Ag.

First, suppose A\ € (A; x Ay) \Bn1+n2(m1 + mg) satisfies [(A) < 2. Then Ay > my + mo.
But A € Ay x Ay implies that c , > 0 for some p € Ay and v € Ay. Thus p; +v1 > A by
Lemma [2.18] giving either y; > m1 or v; > mg. However, u,v C Asol(p),l(v) <I1(\) < 2. That
is, both p and v are thin but either p € Ay \ By, (m1) or v € Ay \ By, (m2), a contradiction. A
similar argument shows that (A; x Ag) \ By, 4n, (m1 +m2) contains no other thin partitions. 0O

We are now ready to prove Theorem

Theorem 5.6. Let p > 5 be a prime and n € N. Let ¢ € Lin(P,) correspond to {s1,...,sg}.
Suppose that 7(s;) = 4 for some i € [R]. Then

(i) m(¢) = N(¢), and
(ii) Q@) \ Bn(m(¢)) contains no thin partitions.

Proof. We show that By, (N(¢)) C Q(¢) and that Q(¢) \ B, (N(¢)) contains no thin partitions.
From this we also deduce that m(¢) = N(¢).

We proceed by induction on R, beginning with the base case R = 2. (The case of R = 1 follows
from Theorem [4.12]) Without loss of generality we may assume that 7(s2) = 4. Let k = ki,
f=f(s1) (if 7(s1) # 1) and let [ = ky. By Lemmal5.1] we know that Q(¢) = Q(s1) xQ(s2), and
from Theorem we know that €(s2) \ By (m(s2)) contains no thin partitions. We split into
cases according to 7(s1) € {1,2,3,4}.
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(i) Case 7(s1) = 1: we have N(¢) = p* +m(sq). If k = 0, then Proposition [3.2] implies that
Q(p) =P(1) % Qs2) 2 P(1) * B, (m(s2)) = By (N(qb))
Moreover, Q(¢) \ B, (N(¢)) contains no thin partitions by Lemma Otherwise, if £ > 1 then

Q(¢) 2 (P*) \{(0" — 1,1)}°) » By (m(s2)) = B (N(9))
by Lemma Suppose A € Q(¢) \ B, (N(¢)) satisfies [(A) < 2, s0 Ay > N(¢) = p* + m(s2).
Then cf;l, > 0 for some p € Q(s1) and v € Q(s2), and A\ < 3 +14 by Lemma But p; < pF,
so v1 > m(s2). However, v C A so [(v) < 2, contradicting v € Q(s2) \ B,i(m(s2)). Also there
cannot be any A € Q(¢) \ B, (N (¢)) such that A\; < 2, since Q(¢) and B, (N(¢)) are both closed
under conjugation. A similar argument shows that there are no hooks in Q(¢) \ B, (N(¢)).
(ii) Case 7(s1) = 2: by Theorem we have that

Q(¢) 2 Byr(p" — p" = 1)« Bi(m(s2)) = Ba(N(¢) - 1).

Let A = (N(¢), ) where p € P(n — N(¢)). Using Lemma |3.3| we observe that P(n — N(¢)) =
Q(ﬂppkif) * P(p! — m(s2)). Hence C?pk—pk*f,v),(m(sz),w) = ¢y > 0 for some v € Q(]lppkif) and
w F pt —m(sy), by Lemma Thus A € Q(s1) * Q(s2) = Q(¢), and hence B, (N(¢)) C Qo)
since Q(¢)° = Q). If X € Q(¢) \ B, (N(9)) satisfies [(A) < 2, then cf;,,, > 0 for some p € Q(s1)
and v € Q(s2). Since up < pF—p*~f we must have v; > m(s2),as A1 > N(¢) = pk—pkff—i—m(sQ).
But then v € Q(s2) \ Bi(m(s2)) and I(v) < 2, a contradiction. A similar argument shows that
Q(¢) \ Bn(N(¢)) contains no other thin partitions.

(iii) Case 7(s1) € {3,4}: in this case the assertions follow from Proposition [3.2]and Lemma 5.5]

Finally, we turn to the inductive step. Assume R > 3 and that the statement of the theorem
holds for R—1. Let k = ki1, and let ¢ € Lin(F,,_,») be such that ¢ = ¢(s1) x 1, so ¢ corresponds
to s2,...,sgr and Q(¢p) = Q(s1) * (). We distinguish two cases, depending on the type T'(¢).

Suppose that T'(¢) = (R —2,1,0,1). Since R > 3, we may without loss of generality assume
that 7(s1) = 1. By the inductive hypothesis, m(¢) = N(¢) and Q) \ B, _x (N (1)) contains
no thin partitions. Then B, (N(¢)) C €(¢) and arguing as in case (i) above we obtain that
Q(¢) \ Bn(N(¢)) contains no thin partitions.

Suppose now that T'(¢) # (R — 2,1,0,1). In this case we may without loss of generality
assume that 7(s1) = 4. If |{i € {2,3,..., R} | 7(s;) = 4}| = 0 then the first part of Theorem [5.4
gives us that Q(¢) = B,,_,x(N(¢)). The required results then follow from Proposition and
Lemma On the other hand, if [{i € {2,3,...,R} | 7(s;) = 4}| > 0, then by the inductive
hypothesis we have that m(¢) = N(¢) and Q(¢) \ B,,_,«(N(¢)) contains no thin partitions.
The required results then also follow from Proposition [3.2] and Lemma [5.5 O

We refer the reader to Example below for an illustration of the results of Theorems [5.4
and in concrete examples. We remark that Theorem in fact holds for ¢ = 1p, as well,
since Q(1p,) = P(n) for p > 5 and R > 2 by [GLIS].

Corollary 5.7. Theorems and hold for any natural number n.

Proof. If n is a power of the prime p, then Theorems [2.9]and follow from Theorem and
This was already observed in Section

Let us now assume that n is not a power of p. In this case, Theorem is a consequence of
Theorem [5.4, This follows by observing that if ¢ is quasi-trivial then 7(s;) # 4 for all i € [R].
Moreover, when T(¢) = (R — 1,1,0,0) then p¥ /() = n — (m(¢) + 1), where 4 is the unique
element of [R] such that 7(s;) = 2. Similarly, Theorem follows from Theorems [5.2]
and 5.6 O
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Finally, we use Theorems and to obtain the asymptotic result first mentioned at the
end of the introduction.

Theorem 5.8. Let p > 5 be a prime and n € N. Let Q,, be the intersection of all the sets Q(¢)
where ¢ is free to run among the elements of Lin(P,). Then

Proof. Theorem shows that for all k € N and s € [p]¥, we have N(s) > m(s) > %k. Using

this together with Theorems and we deduce that m(¢) > Zf; 1 N(si) > § for every
¢ € Lin(P,). It follows that B,(5) C €,. This in particular implies the present assertion, using
the following classical result of Erdés and Lehner [EL41) (1.4)]: if f(n) is any function such that
f(n) = oo as n — oo, then for all but o(|P(n)|) partitions A of n, the quantities A\; and I(\) lie
between /n - (k’% + f(n)) where c is a constant. O

We conclude this section with a collection of examples illustrating the main theorems.

Example 5.9. Let p = 5. We consider (i) n = 25, (ii) n = 125 and (iii) n = 175.

(i) n = 25. We describe Q(¢) completely for all ¢ = ¢(s) € Lin(Pas5) using Theorem and
[GLI8, Theorem A]. This is summarised in Table [I| below, where each * represents any element
of {1,2,3,4} and P'(m) := P(m) \ {(m — 1,1)}° = By,(m — 2) U{(m)}° for m € N>s.

s | typeT(s) f(s) |m(s) M(s) Q(s)
(0,0) 1 n/a 23 25 P(25)
(0, %) 3 2 24 24 Bas(24)
(x,0) 2 1 19 20 Bys(19)U{(20,p) | p € P(5)}°
(x, *) 4 1 19 20 Bas(19) U {(20,p) | n € Bs(4)}°

TABLE 1. Data on Q(¢) for ¢ = ¢(s) € Lin(Pas).

We can similarly determine Q(¢) explicitly for all ¢ € Lin(P,2), for all p > 5.
(ii) n = 125. The various €)(s) are summarised in Table [2| below.

s 7(s) f(s) g(s) m(s) |m(s) M(s) Q(s)

(0,0,0) 1 n/a n/a n/a 123 125 P’(125)

(0,0, %) 3 3 n/a n/a 124 124 B125(124)

(0, %,0) 2 2  n/a n/a 119 120 Bias(119) U {(120,p) | € P'(5)}°
0% || 4 2 3 119 | 119 120 Bias(119) U {(120, ) | 1 € B5(4)}°
(%,0,0) 2 1  n/a n/a 99 100 Bi25(99) U {(100, 1) | € P’(25)}°
(,0,%) || 4 1 399 99 100 Bia5(99) LI {(100, 1) | p € Bos(24)}°
(*,%,0) 4 1 2 95 95 100 (see below)

(%, %, %) 4 1 2 95 95 100 (see below)

TABLE 2. Data on Q(¢) for ¢ = ¢(s) € Lin(Pi25).
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Recall from Theorem that we know (s) exactly whenever 7(s) # 4. We are able to
determine Q(s) completely for s = (0,%,%) and s = (%,0,%) even though 7(s) = 4 because
M (s) = m(s) + 1 in these cases, so the result follows from Lemma

In the remaining instances when 7(s) = 4, i.e. for s = (x,%,0) and s = (%, *, *), then By25(95) C
Q(s) C Bi25(100) and Q(s) \ Bi25(95) contains no thin partitions, by Proposition (In other
words, Q(s) does not contain (95 + 1,30 — i), (95 +4,13°7%) or their conjugates for any i € [5].)
Moreover,

Ok, %,2) 0 {(100, 1) | o - 25)° = {(100, ) | p € O, 2)}°
for all z € {0,1,...,4} where Q(%,z) has already been determined above in part (i) of this
collection of examples.

(iii) » = 175. Since 175 = 53 + 2 - 52, each linear character ¢(s) is labelled by a sequence

s = (s1,82,53) where 51 € [5]® and s9,s3 € [5]?. To give some examples, we list €(s) when
s1 = (0,0,0) in Table 3| below. O
52, 83 7(8:)i=1,2,3 | N(8i)i=1,2,3; N(¢) Q(s)

(0,0),(0,0) | 1,1,1 125,25, 25: 175 P(175)

(0,0, (x,0) | 1,1,2 125,25,20; 170 | Birs(169) LU {(170, 1) | 1 € P'(5)}°

(0,0),(0,%) | 1,1,3 125, 25, 24; 174 Bizs(174)

(+,0), (+,0) | 1,2,2 125, 20, 20; 165 Bi75(165)

(x,0), (0, %) 1,2,3 125,20, 24; 169 Bi75(169)

(0, %), (0, %) 1,3,3 125,24, 24; 173 Bi75(173)

(0,0), (x, %) 1,1,4 125, 25,19; 169 Bi75(169) LU {(170, 1) | 1 € Bs(4)}°

(,0), (x,%) | 1,2,4 125,20,19;164 | By75(164) U {(165, 1) | 1 € Bio(9)}°

(0, %), (x, %) 1,3,4 125,24,19; 168 B175(168) LU {(169, i) | 1 € Bs(5)}°

(%,%), (5,%) | 1,4,4 125,19,19; 163 B' (defined below)

B’ = By75(163) U {(164, 1) | p € B11(10)}° L {(165,v) | v € B1o(8)}°.

TABLE 3. Data on Q(¢) for ¢ = ¢(s1, 2, s3) € Lin(Pi75) with s; = (0,0,0). This follows
from Theorem H when 7(s;) # 4 for all i, and Lemma [5.1| otherwise.
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