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Random-Finite-Set-Based Distributed
Multirobot SLAM

Lin Gao"”, Giorgio Battistelli

Abstract—This article addresses fully distributed multirobot
(multivehicle) simultaneous localization and mapping (SLAM).
More specifically, a multivehicle scenario is considered, wherein
a team of vehicles explore the scene of interest in order to coopera-
tively construct the map of the environment by locally updating and
exchanging map information in a neighborwise fashion. To this end,
a random-set-based local SLAM approach is undertaken at each
vehicle by regarding the map as a random finite set and updating the
first-order moment, called probability hypothesis density (PHD),
of its multiobject density. Consensus on map PHDs is adopted in
order to spread the map information through the team of vehicles
also taking into account the different and time-varying fields of view
of the team members. The convergence of the consensus strategy
is analyzed theoretically, and the effectiveness of the proposed
approach is assessed on both simulated and experimental datasets.
The complexity and scalability of the proposed approach are also
analyzed both theoretically and experimentally.

Index Terms—Consensus, probability hypothesis density (PHD),
random finite set (RFS), robot navigation, sensor data fusion,
simultaneous localization and mapping (SLAM).

I. INTRODUCTION

IMULTANEOUS localization and mapping (SLAM) con-
S sists of constructing in real time a map of the unknown
environment surrounding an autonomous vehicle (mobile robot)
while simultaneously estimating the vehicle motion withinit [1].
SLAM has attracted a lot of attention owing to its wide potential
applications in autonomous navigation [2] and driving [3], unfa-
miliar environment exploration [4], etc. According to the taxon-
omy in [ 14], the map can be represented in either occupancy-grid
or landmark-based way, where the latter representation is con-
sidered in this article. In this setting, the landmark measurements
are relative to the pose of the vehicle; thus, the localization error
is deeply correlated with the mapping error. In the literature,
landmark-based SLAM is commonly tackled within a proba-
bilistic (Bayesian) framework [1], [6] as the determination of the
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joint distribution of the vehicle trajectory and the environment
map conditioned on both sensor measurements and vehicle
control inputs, referred to hereafter as the joint posterior (JP)
distribution.

In the application of SLAM, it is convenient to factorize the JP
probability density function (PDF) as the product of the condi-
tional PDF of the map given the vehicle motion by the marginal
PDF of the vehicle motion. Then, it turns out that the overall
SLAM problem is decomposed into two subproblems: vehicle
motion estimation and map estimation conditioned on the ve-
hicle motion estimate. Such an idea has motivated two classes
of SLAM algorithms, i.e., Rao—Blackwellized particle filtering
SLAM (RBPF-SLAM) [7], among which a representative is
FastSLAM [9], [10], and graph-based SLAM [8]. In this article,
the attention is devoted to the former one, i.e., RBPF-SLAM.
In RBPF-SLAM, vehicle motion estimation is usually accom-
plished via a particle filter (PF), where each particle represents
a hypothesis for the vehicle pose evolution. Conversely, map
estimation exhibits a very close resemblance with the multitarget
tracking problem. At the present state of the art, there exist many
SLAM approaches, in which data association between measure-
ments and landmarks is explicitly considered [1], [9]-[13]. A
survey on the state of the art can be found in [14]. More recently,
it has been recognized that the map can actually be more natu-
rally regarded as a random finite set (RFS) [16], [17] so that RFS
multiobject filters, originally introduced for multitarget tracking
purposes, have also been developed for SLAM [18]-[22]. The
advantage of the RFS approach over the traditional one is that it
can incorporate data association, landmark appearance and dis-
appearance, missed detections, and false alarms in the Bayesian
recursion, so that the JP can be propagated in a more elegant and
effective way.

It has been recognized that utilizing several vehicles to co-
operatively explore the area of interest can enhance both ef-
ficiency and performance of SLAM [5], [23], [24]. One of the
major extra challenges of multivehicle SLAM (MV-SLAM) over
single-vehicle SLAM (SV-SLAM) lies in the problem of map
fusion [5]. Actually, if the maps are not fused in a proper man-
ner, the overall performance of mapping will possibly degrade
compared to the single vehicle mapping and then affect the
performance of vehicle motion estimation. Generally speaking,
the local maps from multiple vehicles can be fused either in
a centralized way, where the global map is constructed by
carrying out fusion at the likelihood level, or in a distributed way,
where the global map is constructed by fusing the local maps
of vehicles. Because of the fact that distributed systems have
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remarkable advantages in terms of low communication load,
flexibility, and scalability [43], it is of particular importance to
develop a fully distributed MV-SLAM (DM V-SLAM) filter.

In this article, we consider a multivehicle scenario, wherein
multiple vehicles cooperatively explore different, typically over-
lapping, portions of a given environment with the aim to con-
struct a map of the overall environment. It is assumed that vehi-
cles can communicate with each other depending on their rela-
tive position, and that there is no master vehicle that can gather all
the information from the other (slave) vehicles, so that all vehi-
cles must cooperate in a peer-to-peer fashion in order to solve the
SLAM problem. To this end, the RFS paradigm is followed, and
the probability hypothesis density (PHD) representation [44] is
specifically adopted for the map RFS. Kullback—Leibler fusion
(KLF) [45] and consensus of PHDs [46] are exploited for fusing
multiple PHDs in a distributed peer-to-peer manner. Unlike
multitarget tracking addressed in [46], however, the MV-SLAM
problem of this article is characterized by different and time-
varying fields of view (FoVs). Hence, a direct application of
the fusion method of [46] to standard PHD-SLAM [18]-[21]
is ruled out, since the resulting fused map PHD would be null
outside the common FoV of vehicles.

In this article, the problem of fusing map PHDs among agents
with different time-varying FoVs is solved by combining KLF
with the so-called adaptive birth method (ABM) [48], [49].
In single-vehicle PHD-SLAM, the ABM is usually employed
in order to initialize new components in the PHD map on the
basis of the collected measurements, so as to account for newly
appeared or previously undetected landmarks. In this article, the
ABM is extended to the multivehicle case so that each vehicle
is able to initialize new components from neighbors in the
fusion steps. Furthermore, in the map fusion step, it is proposed
that just a single estimated (unconditional) map PHD of each
vehicle be passed over the network in order to perform map
consensus, while multiple maps conditioned on several vehicle
trajectories are locally managed by each vehicle. In this respect,
a mathematical analysis on convergence as well as optimality
of the proposed method is carried out. Moreover, an efficient
Gaussian mixture (GM) implementation is proposed to perform
DMV-SLAM. In the proposed implementation, the map PHD of
each vehicle before fusion is represented as an affine GM, i.e., a
GM plus a constant that models the fact that new landmarks can
be discovered in the whole map space with uniform probability.
Before map fusion with a neighboring vehicle, it is split into two
parts: one, called matched GM, containing all Gaussian compo-
nents (GCs) that are sufficiently close (in Mahalanobis distance)
to some GC of the other fusing map and the other, comple-
mentary, unmatched GM. Then, the matched GMs are directly
fused according to KLF, while the remaining unmatched GMs
of both vehicles are fused only with the constant component and
added. The effectiveness of the proposed algorithm is assessed
with both simulated and experimental datasets [50], [51]. Some
videos showing the evolution over time of DMV-SLAM can be
found in [52].

The main contributions of this article can be summarized as
follows.
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1) A new ABM is proposed for PHD-SLAM that makes it
possible to initialize new landmarks from neighbors in the
fusion steps.

2) Based on such ABM as well as the consensus diffusion
strategy, a fully distributed MV-PHD-SLAM (DM V-PHD-
SLAM) algorithm is proposed.

3) A computationally efficientimplementation strategy of the
proposed DMV-PHD-SLAM algorithm is provided, and
its computational complexity and memory occupation are
analyzed.

II. RELATED WORK

DMV-SLAM has been investigated by several researchers in
the past decade. In [25], DMV-SLAM was tackled by regard-
ing the estimated landmark positions from neighbor vehicles
as additional virtual measurements. This approach was also
extended to the case of unknown relative initial poses among
vehicles by forcing all vehicles to explore common landmarks.
In [33], based on the assumption that all landmarks have glob-
ally unique identifiers (i.e., no data association is needed), the
authors extended to the multivehicle case the smoothing and
mapping graphical model approach of [34] by introducing the
constrained factor graph as an extended graphical model in order
to perform map fusion. Such a method suffers from the problem
of double counting and was then fixed in [35] by combining
local and neighborhood information into a single augmented
local map. In [36], a decentralized localization algorithm was
presented in order to work in dynamic robot networks without
full-connectivity requirements. Each robot only needs to con-
sider its own knowledge of the network topology in order to
get localization performance equivalent to the centralized case
whenever possible. Based on such a method, Leung et al. [37]
proposed a novel graph-based framework for DMV-SLAM that
does notrely on any specific local SLAM method. Guo et al. [38],
based on the assumption that the relative initial poses among
vehicles are known, studied the problem of cooperative map-
ping, wherein the local trajectory and map of each vehicle are
combined into a global map by imposing geometric constraints
among jointly observed point and line features.

Besides the aforementioned contributions, there has also been
a lot of work closely related to DMV-SLAM. For instance,
in [23] and [26]-[32], the problem of centralized MV-SLAM was
successfully addressed. In [39] and [40], a distributed strategy
was proposed to handle the problem of feature map fusion, which
consists of two main tasks, i.e., association and state fusion. Such
a strategy can work with traditional divide-and-conquer SLAM
algorithms (e.g., EKF-SLAM and FastSLAM) that directly out-
put map estimates, while it is unsuitable for density-based map
estimation algorithms. Paull et al. [41] addressed the problem of
path planning of multiple vehicles for area coverage, which can
be regarded as an inspiration for the problem of DMV-SLAM.
The problem of 2-D grid-map fusion has been addressed in [42],
which can be further extended to DMV-SLAM with grid maps.

Preliminary results on DMV-PHD-SLAM can be found
in [47], where it was proposed to solve the problem of fusing
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map PHDs among vehicles with different FoVs by initializing
each SLAM agent by an uninformative (flat) map PHD, which is
approximately represented by a GM containing a large number
of GCs. In this way, the map PHD outside the FoV of each
vehicle is no longer null, and landmarks outside the common
FoV could be properly preserved after KLF. However, this
preliminary solution suffered from two major drawbacks: 1)
it requires heavy computational burden; and 2) it works well
only when the probability of landmark detection is sufficiently
high (close to 1) for each vehicle; otherwise, the PHD of an
agent tends to become extremely small (even null because of
the pruning strategy adopted to limit the computational load)
in correspondence of landmarks that have not been detected by
such an agent when the landmark was in its FoV. As a result,
when performing fusion with other vehicles, such landmarks
have a very high probability of being lost. In this article, a novel
ABM is proposed, where the GCs of the birth PHD are created
only at locations where there is high probability of having
landmarks. Moreover, the fusion strategy is tailored so as to take
into consideration the prior knowledge of the expected number
of landmarks per unit volume of the map space. The proposed
method avoids resorting to the uninformative initial PHD and
thus provides significant reduction of both computational load
and memory occupancy.

III. RFS-BASED SV-SLAM

The aim of this section is to recall the random set approach
to SV-SLAM [18], [20], which is referred to as PHD-SLAM
in this article. It should be clarified that, since the PHD-SLAM
algorithm is not vehicle dependent, all the variables are not tied
to any specific vehicle in this section.

A. Problem Formulation

Let X denote the space of all possible poses of the autonomous
vehicle (mobile robot) and z.; = {xg,z1,..., 2} € X! the
vehicle trajectory, i.e., the sequence of poses up to time ¢. It
is supposed that the vehicle can predict its motion by means
of a dynamical model with known input u; in the short term.
Accordingly, ug.; = {uo,u1,...,u:} denotes the sequence of
control inputs. Hence, the time evolution of the vehicle relies on
the following motion model:

Ty = fi (Teo1, U1, wy) (1

where w; is the so-called process noise. In this article, the map
of the environment is described as a set of fixed (motionless)
point landmarks, represented as vectors in a suitable map space
M, that can be detected by the sensors onboard the vehicles.
Hence, the visited map M, consists of a finite subset of M,
whose cardinality and elements are both unknown.

At each time ¢, each vehicle acquires measurements about
its surroundings. These raw data are fed into a suitable feature
extraction algorithm, whose role is to identify the landmarks.
The output of this algorithm lives in a suitable measurement
space Z that depends on the types of sensors onboard the vehicle.
When a landmark m is detected by the vehicle, a measurement
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z is generated with probability described by the single-object
likelihood function g (z|m, x¢).

Because of the fact that any practical feature extraction al-
gorithm is imperfect, the presence of false measurements (i.e.,
measurements not belonging to any landmark) as well as the
possibility of miss-detections (i.e., existing landmarks that do
not generate any measurement) must be taken into account. At
each time ¢, the output of the feature extraction algorithm is
a finite set of measurements Z; C Z, and accordingly, Zy.; =
{Z0,21,..., 2} denotes the sequence of observations col-
lected up to time ¢.

B. Outline of the Single-Vehicle PHD-SLAM Algorithm

In this article, the unknown map M is modeled as an RFS,
i.e., a set that is random in both the number of elements (i.e.,
the number of landmarks) and the values of the elements (i.e.,
the landmark locations). The basics of RFS theory needed to
develop the proposed SLAM algorithm are briefly reviewed in
Appendix A; details can be found in [16].

From a Bayesian viewpoint, solving SLAM amounts to prop-
agating the JP

A
Pejt (M, 20:4) = oo (M, To:t| Zo:t, o1, 0).  (2)

Note that such a PDF is a hybrid one, being the joint PDF of a
random set (the map M;) and an ordinary random vector (the
trajectory xg.;). In principle, Bayesian SLAM can be carried out
via a slight modification of the multiobject Bayes filter, so as to
account for such a hybrid nature [19]. However, the aforemen-
tioned recursion involves multiple ordinary and set integrals,
which hinder a direct algorithmic implementation. PHD-SLAM
circumvents such difficulties by factoring the SLAM posterior
PDF into the product of a multiobject PDF and an ordinary PDF

Pee (M, z0.t) = p (M| 0.1, Z0:¢) P (20:t| Z0:¢, Uo:t, To)

= Pejt (M| zo:t) pepe (0:e) - (3)

Such a factorization makes it possible to adopt a PF to propagate
the marginal trajectory PDF, which is then approximated as

M
Peje(To:e) & Z wi 8(z0:e — Tyy) “)
i=1

where §(-) represents the Dirac delta and w; are nonnegative
importance weights summing up to unity, i.e., Ziv i Jwi=1.
For each trajectory hypothesis 7., maintained by the PF, the
multiobject PDF of the map conditioned on such hypothesis
is modeled as a Poisson RFS represented by means of its PHD,
denoted by Dz‘ ,(m|Z{.,) (and abbreviated as Df‘ ,(m) hereafter).
The PHD Dz‘ ,(m) can be interpreted as the local expected
density of landmarks at point m so that the peaks of the PHD
correspond to the most probable locations of the landmarks (a
sample of PHD overa [0 600] x [0 600] [m?] region is illustrated
in Fig. 1). The reader is referred to Appendix A for a brief
review of the PHD. Summing up, a different conditional map
PHD D;t(m) is maintained for each particle ¢ = 1,..., M and
propagated via a PHD filter.
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Fig. 1. Example of PHD.

As a result, the PHD-SLAM algorithm propagates a set of
extended particles P, = {P{}M,, each one consisting of an
importance weight, a trajectory hypothesis, and a PHD, i.e.,

P; = {w}, T Dy () }- (5)

As expected, the trajectory PF and the map PHD filter are not
independent of each other. Indeed, the map PHD plays its role
inside the particle weight update (correction) step, which, if the
dynamic prior is used as PF proposal density, takes the following
form:

Wi (Zt|31-t71>§6t)
T M
ZJ 1Wt 1€ (Zt‘zlt 1,370,5)

where ((Z;|Z'1,7¢.,) represents the multiobject likelihood.
The likelihood ¢(Z;| 21, 7}, ) can be computed with different
methods in the framework of PHD-SLAM. For instance, it can
be specified to the empty map [18, eq. (26)] or single-feature
map [18, eq. (27)] or multifeature map [15, eq. (28)] based on
the Rao—Blackwellized PHD filter, or it can be also computed in
the context of the single-cluster PHD filter [20, eq. (34)]. Since
this article does not actually focus on the development of the
single-vehicle PHD-SLAM filter but rather on the map fusion,
details on the computation of the likelihood are out of the scope
of this article.

Given the particle set P, the vehicle pose and the map can
be estimated using either the expected a posteriori (EAP) or
maximum a posteriori (MAP) criteria.

According to the EAP criterion, the minimum mean square
error (MMSE) estimate of the vehicle pose at time ¢ is approxi-
mated as

Wi (©)

Bope = Zw; . (7)

As far as the map is concerned, the quantity of interest is the
uncondltlonal PHD of the random set M, which is denoted by
Dt|t( ). The following result holds:

Dyj(m) = Eqy, [Dyjs(mlzo.t)] ©)
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where E/,,, denotes the expectation operator over the distribu-
tion of x¢... Hence, such unconditional PDF can be approxi-

mated as

Dyje(m

Zw be(m ©)

According to the MAP criterion, the particle with highest
weight is considered, i.e.,

1€ arg Z=r1nauxM wy. (10)
Then, the MAP estimate of the vehicle pose is taken as
Ty = T} (11)

and the map is estimated by considering the conditional MAP
PHD

Dyje(m) = Djj,(m).

Once the PHD ﬁt‘t (m) has been determined using either (9)
or (12), the estimates of the landmark locations in the space
M can be obtained by extracting the most significant peaks of

ﬁt\t(m)'

(12)

C. Propagation of the Conditional PHD

The crucial point of PHD-SLAM is to propagate, at each time
t, the conditional PHDs Dt|t( ) (i =1,..., M) of all particles.
Since this involves computation of integrals through the PHD
recursions, it is impossible to propagate the PHD in closed form.
Conditional PHDs are usually approximated by GMs' [57], i.e.,

Ji
in(m) = C“; ‘g (m; mi’k» Ptl’k)
k=1

13)

where G(m; m, P) denotes the Gaussian PDF with mean m and
covariance P.

The PHD filter consists of two steps, prediction and cor-
rection, that are carried out independently for each particle
(i.e., trajectory hypothesis). In the prediction step of PHD-
SLAM, the predicted conditional PHD D, ,(m) is obtained

by adding the so-called birth densityB;(m) to the conditional
PHD D} 1 1(m),ie.,

i\H(m)

The birth density B (m) accounts for newly appeared or previ-
ously undetected landmarks. A typical choice for the birth den-
sity Bj(m) is the so-called ABM [48], [49], in which new GCs
are generated from the measurements collected at time ¢ — 1.
Note that, since the primary concern here is on the map fusion
between agents with different FoVs, this article considers, for the
sake of simplicity, a purely static map, wherein all landmarks
are motionless. In the general case of mobile landmarks, (14)
could be modified so as to account for landmark motion [20].

= Dj_1;_1(m) + Bi(m). (14)

! Another representation of PHDs is by means of particles [54]. However, this
method requires higher computational burden not affordable in the context of
PHD-SLAM.
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Algorithm 1: PHD-SLAM Filter (Time ¢).

Input: P;_; and Z;

1:  Predict the conditional PHD of each particle via (14);

: Fori=1,..., M, sample the new trajectory
hypothesis Z% from Z%_; via a suitable importance
sampling distribution [58];

3:  Compute the updated conditional PHD of each particle
Dilt via (16);

4: Reweight particles and then normalize particle weights
by (6);

5: Estimate the vehicle pose using either the MAP or
EAP strategy; R

6: Compute the estimated PHD Dy, from {Di‘ t}ﬁ’i
using either the MAP or EAP strategy;

7. Extract the landmarks (i.e., the estimated map M\t)
from Dy;

8:  Resample [59] to the new set of particles Py,
1=1,..., M. -

Output: Py, 7y, and M,

Let Pp(m|z;) be the probability of detecting a landmark
located at m given that the pose of the vehicle is x;. This clearly
implies that the vehicle FoV at time ¢ can be defined as

Vi = {m € M |Pp(m|x;) > 0}. (15)

Furthermore, let x(z|z;) be the intensity of false measurements
(clutter) in the map space M given the vehicle pose. Then, the
correction step of PHD-SLAM takes the form

i\t(m) = [1 - Pp (m| 53\715)] Dti|t71(m)
Pp (m| ;) gi(2|m, =) Dy, (m)
T Z =i N\ i
= k(zlzy) + [ Pp (m|Z) ge(zlm, 23) Dy, (m)dm
(16)

also called PHD update equation. Note that the equivalence
between the updated PHDs and the predicted PHDs of the
landmarks outside the FoV is guaranteed by the fact that
Pp(m|zy) = 0form ¢ V,. Hence, GCs corresponding to land-
marks outside the FoV do not change during correction. Con-
versely, the PHD inside the FoV is modified on the basis of the
measurements collected at time ¢. It should be noted that, in
practice, the FoV V;, measurement noise variance, and clutter
intensity x(:|-) may not be known precisely. In such a case,
the method of robust PHD filtering in [55] and [56] can be
exploited. The details of practically dealing with the FoV are
deferred to [20, Sec. II-B].

Details on the GM implementation of the correction step
can be found in [57]. Note that the number of GCs increases
by a factor |Z;| after each update step, which will eventually
lead to an unacceptable computational load. Hence, a suitable
procedure to limit the number of GCs needs to be adopted. This
can be accomplished, e.g., by the pruning & merging methods
described in [57, Table II]. The overall PHD-SLAM filter is
summarized by Algorithm 1.

IEEE TRANSACTIONS ON ROBOTICS, VOL. 36, NO. 6, DECEMBER 2020

IV. DISTRIBUTED MULTIOBJECT FUSION OVER A
PEER-TO-PEER NETWORK

The aim of this section is to introduce background on dis-
tributed multiobject estimation over a static peer-to-peer net-
work, though the results can be extended to time-varying net-
works as well. Let (N, A) be a network with stationary agents,
where N' = {1,..., N} is the vehicle set and A C N x N the
arc set, i.e., (r,s) € A if and only if vehicle r can receive data
from vehicle s. It is also assumed that the network works in a
peer-to-peer fashion, i.e., all vehicles operate in the same way
exchanging data with the neighbors, and there is no fusion center.
Moreover, let N denote the in-neighborhood of vehicle r € N
(i.e., the set of vehicles from which r receives data). Assume the
vehicles to be associated with suitable, possibly multiobject,

densities p" (M) = p(M]Z7) relative to a common RFS of
interest M, obtained from possibly correlated measurement sets
Z".

The purpose is to compute, in each vehicle r € N, the collec-
tive (fused) density p(M), which takes into account the whole
information gathered over the network. In this article, the fused
density p(M) is taken as the weighted normalized geometric
mean

el M)
T Loy b (MO 50

where 7" are suitable nonnegative weights summing up to
unity, and the integral in (17) has to be intended in the set
integral sense. The fusion rule (17) was originally proposed
for the fusion of PDFs in the statistics literature, where it is
known as logarithmic opinion pool [61]. Its generalization to
RFS densities was first proposed in [62] as generalized covari-
ance intersection (GCI). As discussed in [46], the fusion rule
(17) admits a meaningful information-theoretic interpretation
as weighted Kullback—Leibler average (WKLA) of the densities
to be fused. In particular, when 7" = % for all r € N, p(M)
turns out to be the unweighted Kullback-Leibler average (KLA).
The fusion rule (17) has been shown to be immune to double
counting of information [60], [62].

In case that the local map at each vehicle r is a multiobject
Poisson process with PHD D" (m), then the collective map
resulting from (17) turns out to be of the same type, with PHD
D(m) given by [63]

D(m) = [] (D" (m))"".

reN

p(M)

A7)

(18)

Normally, however, a vehicle r cannot access the local PHDs
of all other vehicles. In order to overcome this limitation, a
consensus approach [46] is adopted to compute the unweighted
collective PHD D(m) at each vehicle by iterating several times
data exchanges with the neighbors and wKLA of the received
PHDs with the local one. Specifically, whenever the local PHD
D" (m) has been obtained at vehicle r € A/ after the local
PHD filtering step, the fused PHD D" (m) is computed by the
following steps.

1) Before consensus, set D (m) = D" (m).
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2) For{ =1,..., Lbroadcast D ,(m) to the out-neighbors
and receive D ,(m), s € N7, from the in-neighbors.
Then, perform the consensus step

[T i)™

seNTU{r}

Dy(m) = (19)

where 7% > 0 are suitable consensus weights such that
ﬂ.rr + ZSENT 7Trs — 1

3) After consensus, set D" (m) = D7} (m).

Remark 1: Under suitable network connectivity conditions
and choices of the consensus weights, it turns out that D" (m)
converges to the unweighted collective PHD [45] when L. — oo,
ie.,

lim D7} (m) = D(m)

L—oo

(20)

for any vehicle r. A sufficient condition for (20) is that the
matrix II of the consensus weights be primitive (i.e., there
exists an integer £ > 0 such that each entry of II* is strictly
positive) and doubly stochastic (i.e., both its rows and columns
sum up to unity). Furthermore, II turns out to be primitive
whenever the underlying network (N, A) is strongly connected.
When the network is undirected, a possible choice ensuring
double stochasticity of 1I is given by the so-called Metropolis
weights [64]. Another typical choice [65] amounts to setting
IT = I — eA, where A is the network Laplacian and € a positive
scalar; indeed, such a matrix turns out to be primitive for suitably
small values of e and doubly stochastic for any balanced network.
Note that the convergence in (20) has to be intended in the
pointwise sense, but under mild assumptions (i.e., boundedness
of all local PHDs D,.(m)), uniform convergence also holds. The
above convergence results do extend to a time-varying network
scenario provided that the network topology is infinitely often
strongly connected [64].

Remark 2: When performing a consensus step, the PHD of
every involved agent is raised to a given power 7 € (0, 1),
where 7 is a consensus weight; unfortunately, the result of this
operation cannot be computed in closed form when the PHD is
represented as a GM. In practice, there are many approximation
strategies, e.g. the simple strategy of [46] when GCs are well
separated, or the more accurate sigma-point-based approxima-
tion [66] to be used in the case of closely spaced GCs.

V. DISTRIBUTED MULTIVEHICLE SLAM

In this section, the proposed DMV-PHD-SLAM algorithm
is introduced. First of all, the main working hypotheses of the
considered scenario are given as follows.

1) The environment is explored by a vehicle set A/, where

W= N.

2) Each vehicle expresses the map in a common reference
frame (or, equivalently, the transformations between the
local coordinates of vehicles are exactly known).

3) Communication between two vehicles can occur depend-
ing on the relative poses of the vehicles and is modeled
by means of a multivehicle network (N, A;) with time-
varying arc set A;. Accordingly, the neighbors of vehicle
r € N are denoted as N;. It is also assumed that A,

1763

(and thus ;") remain unchanged within the ¢th sampling
interval.

4) There is no fusion center, and the vehicles are unaware of

the network topology.

Note that the network arc set A; is time varying as a con-
sequence of the vehicle motion. Note also that hypothesis 2)
is satisfied whenever, at the beginning of the exploration task,
the relationship between the initial poses is known. This also
ensures that the error on the relative poses remains bounded as
long as the error with respect to the common reference remains
bounded. In the case that the relative initial poses among vehicles
are unknown, registration could be performed in advance of M V-
SLAM. For this, the coordination step proposed in [25] provides
a potential solution. Furthermore, in our previous work [67],
[68], the problem of distributed sensor registration has been
thoroughly studied in the context of multitarget tracking, and
recently, the method has been extended to handle the problem
of distributed multivehicle registration and mapping [69], which
can be directly adopted in advance of DMV-PHD-SLAM by
letting vehicles explore the same environment in order to achieve
the relative initial poses, like [25] does. Since the main focus of
this article is on DM V-PHD-SLAM under limited vehicle FoV,
the registration issue is not addressed here.

Let x} denote the pose of vehicle r € A/ at time ¢, and
xh, its trajectory. Moreover, let z3:N = {zd,,...,2},} be
the collective trajectory of the vehicle team up to time
¢t and leigv = {lezt7 R 72{\[1’}’ u(l)lj‘v—l = {ull):t—lﬂ e ?ufjj\il}’
N = {z},..., 2]’} be defined in a similar way. Then, from
a Bayesian perspective, the MV-SLAM problem amounts to the
computation of the JP

(Mo, 2EY) £ p(My, af Y |25 w1 oY) @)
which can be factorized similarly to the single-vehicle case, as
follows:

Pt\t(Mh x(l)iv) = pt|t(x(l)iév)Pt|t(Mt|$(l)§fsV)

where the notation py,(-) stands for the conditioning on the
measurement history of all vehicles. Contrary to the central-
ized approach of [70], in which PHD-SLAM is extended to
a multivehicle setting by employing the multisensor PHD fil-
ter [71] for the propagation of py;(M,|z{:Y), in this work, a
distributed approximation is obtained by making each vehicle
perform single-vehicle PHD-SLAM and then, at suitable time
instances, combine its map estimate with those received from
the neighbors, according to the Kullback—Leibler paradigm il-
lustrated in Section IV. It can be immediately realized that the
received information will also affect the trajectory estimate via
the reweighting step of the PF (step 4 in Table 1).

In order to present the proposed approach, some notation is
first extended from the single-vehicle to the multivehicle SLAM
scenario, as follows.

1) Foreach vehicle r € N, let M, be the number of particles

employed in the local PHD-SLAM filter, and let P/ be the
set of such particles

(22)

Py ={Py 0. (23)
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Vehicle 2

Vehicle 1

Fig. 2. Example of two-vehicle SLAM with different FoVs.

Recall that each particle consists of an importance weight
w; ", a trajectory hypothesis Z;, and the conditional map
PHD DZ‘Z( |Z0") (abbreviated as Dt‘t( ), i.e.,

PIt = ful, 7 Dy ()}

e 24)

2) Let Dy +(-) and Dtr 4(+), respectively, denote the ith condi-
tional PHD and the unconditional PHD (obtained accord-
ing to either an EAP or MAP criterion) of vehicle r, at time
t, after £ consensus iterations. Moreover, L will denote the
total number of consensus iterations to be performed.

3) Let V] denote the FoV of vehicle r € N at time .

A. Dealing With Different FoVs

In a typical MV-SLAM scenario, each vehicle is able to detect
only the landmarks within its own limited FoV, as shown, for
instance, in the two-vehicle scenario of Fig. 2. After an iteration
of SLAM, each vehicle constructs the map PHD of the region
that it has visited. If GCI fusion is adopted directly, the map PHD
outside the common visited region tends to become null owing
to the multiplicative nature of such a fusion rule. This means that
special care has to be taken when applying the fusion strategy
of (18) in order to avoid undesirable effects.

This point can be easily understood by analyzing what would
be the effect of directly applying the fusion strategy of (18) to
the original PHD-SLAM, as introduced in Section III-C. Recall
that in the original PHD-SLAM, the initial PHD of each vehicle
is equal to zero everywhere, and new GCs are initialized from
the measurements after each correction step. As a result, after
the first correction/birth step, the PHD of each vehicle Dl\o( m)
turns out to be nearly zero outside its own FoV V. Then, if
we consider landmarks located inside the exclusive FoVs of the
vehicles (i.e., the blue and green circles in Fig. 2), the fused PHD

st~ [T 0]

reN
would be nearly zero in the neighborhood of such landmarks.
As aresult, no landmark would be detected when the FoVs of all
vehicles are mutually disjoint. This happens because, at a basic
level, the fusion strategy (18) can be interpreted as performing
an intersection among the landmarks of different maps.

(25)
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The undesirable behavior described above is essentially due
to the fact that each vehicle can only initialize tracks within its
own FoV. Then, in order to avoid this drawback, the idea is to
modify the birth process so that each vehicle could initialize
tracks also outside its own FoV on the basis of the information
coming from other vehicles. Specifically, the birth process is
designed so that, after each birth step, the local prediction step
at time ¢ relative to vehicle r and trajectory hypothesis 7 can be
decomposed as

Djjy_y(m) =
where G i 1( m) is a GM containing all the information on the
landmarks, while A > 0 is a suitable constant. The constant A
is a preset value that can be interpreted as the expected number
of landmarks per unit volume of the map space. The role of the
uniform component A in the PHD is twofold: 1) it allows each
vehicle to initialize new GCs from those of the other vehicles in
the fusion step; and 2) it allows each vehicle to initialize new GCs
from the measurements in the correction step. This idea makes
it possible to extend the usual ABM (which is also based on a
uniform birth process) to the case of vehicles having different
FoVs. As a result, the map PHD outside the common FoV can
be preserved under the standard GCI fusion rule (18). As will be
discussed in detail in Section VI, a predicted PHD of the form
(26) can be obtained by means of the birth process

[ _ Av
Bem) = {A~PD<ma?:ff1>,

This means that the initial birth density (representing the prior
knowledge on the map) is uniformly distributed in the whole
space, thus conveying total uncertainty on the landmark posi-
tions. In contrast, the birth process at the subsequent time instants
models the detection of new landmarks within the FoV.

Gy (m) + A (26)

ift=0

fort=1,2,... @7

B. DMV-PHD-SLAM Algorithm

In the proposed algorithm, a local PHD-SLAM filter is run
in each vehicle by exploiting the birth PHD model (27); then,
consensus is initialized, at time ¢ and vehicle » € N, as

Di5(m) = Dy (m) (28)
D{,o (m) = D;|t71(m)- (29)

Then, the /th consensus iteration takes the form
rim) = [Dpi )] T [Dreatm]™ o)

seNy

so that, for each trajectory hypothesis ¢ of vehicle r, the cor-
responding map D;’, , (m) is fused with the maps Dt (M)
estimated by its nelghbors using either the EAP or the MAP
strategy. Note that the consensus weights 7;° are, in general,
time varying, since the neighbor set N [ varies in time owing to
the vehicle motion. Also observe that the product

I [Dream]™

seNY
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is independent of the particle index ¢ and, therefore, has to be
computed only once. The proposed DMV-PHD-SLAM filter
running in each vehicle r € N is summarized in Algorithm 2.
Note that for ¢ = 0, the consensus steps can be omitted, since
all the PHDs are uniform and equal to the initial value A.

The expression for the /th consensus step given by (30)
deserves further attention. It can indeed be observed that the
unconditional PHDs D} s_1(m) received by the vehicle r are

fused with each conditional PHD D:”Ll(m) and not with the

unconditional estimate ZA);’ ¢+_1(m) corresponding to the rth ve-
hicle itself. The rationale underlying this choice is that different
particles should maintain different maps, since they are condi-
tioned on different trajectories. However, if a large number of
consensus iterations are carried out, the two approaches lead to
the same result, as stated by the following theorem.

Theorem 1 (DMV-PHD-SLAM consensus): Let us consider
the generic /th consensus iteration as in (30), and assume that
the unconditional PHDs of all vehicles are estimated with the
MAP criterion, at each time and consensus step. Then, for all
7 € N and m € M, the following results hold.

1) The local map estimates Dy ,(+) obey the usual consensus

recursion

TS

Diom)= I [Dieatm)]”

seNT U{r}

Consequently, under the standard assumptions of Sec-
tion I'V, such local estimates converge to the overall KLA
of the initial map estimates as the number of consensus
steps approaches infinity.

2) As ¢ — oo, each particle conditional PHD converges to
the overall KLA of the initial map estimates, i.e.,

€Y

lim D}’ (m) = Dy(m) (32)
L—00 ”
where D is the overall KLA given by
%
Dy(m) = |]] D;O(m)] . (33)
reN

Proof: See Appendix B.

Remark 3: Note that the convergence of Theorem 1 refers to
the static case, i.e., when an infinite number of consensus steps
are performed without any intermediate map update owing to
the new measurements. Since in practice consensus steps are al-
ways alternated with measurement-based updates, the diversity
between the particle maps is preserved. However, since in the
limit all particles will retain the same map PHD, an alternative
way of operating could be to simply perform consensus over the
local estimates, as in (31) and then set

Dy(m) = Dy (m), fori € {1,2,...,M;}. (34

Intuitively, it can be observed that such a choice would not
ruin the mechanism on which the PHD-SLAM is based. Indeed,
after the fusion, all the particles will share the same PHD, and
such a PHD will be close to the true map, since it originates
from the fusion of the (MAP or EAP) estimates. A particle
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Algorithm 2: DMV-PHD-SLAM Algorithm (at Time ¢,
Vehicle 7).
Input: P/_; and Z;

1 Predict the conditional PHD of each particle via (14)
using the birth intensity (27);
Compute the estimated PHD ﬁ’;l ;. from {D;ft_l}ﬁl

according to either the MAP or EAP criterion;
Initialize the consensus iterations via (28)-(29);
for /(=1,...,L do
Broadcast 5&71 and receive 13,5/171, seNT;
fori=1,...,M, do
‘ Fuse the conditional PHD of particle ¢ via (30);
end
Compute the estimated PHD lA)Z , from {D;z fi"l
according to either the MAP or EAP criterion;

(5]

N-T-1 RN - 7 LI

10 end

u Let Dy =Dy, fori=1,..., M

12 Carry out steps 2-8 of Algorithm 1 to get the local
posterior particle set P;"" ;

Output: P/, f’t‘t and //\/\l{

whose pose hypothesis is far from ground truth will find that
the measurement set acquired at the next time step does not
match such a PHD and will, therefore, be given a low weight at
the particle weighting step. It can be observed that this approach
would be much less computationally demanding, especially if a
large number of particles is adopted.

VI. IMPLEMENTATION OF THE PROPOSED DM V-PHD-SLAM
ALGORITHM

In the proposed DMV-PHD-SLAM algorithm, M, particles
are maintained at each vehicle, where each particle stands for
a hypothesis of the vehicle trajectory and the corresponding
conditional map PHD. Hereafter, an efficient implementation
of the proposed DMV-PHD-SLAM algorithm is presented. We
start by considering, at the generic time ¢, local predicted PHDs
D:\}Zq (m) of the form (26). Then, we discuss in detail how the
PHDs are modified in the fusion and correction steps.

A. Fusion Step

In order to streamline the presentation, we consider the case
in which vehicle r has only one neighbor, say vehicle s, so that
the generic consensus step simplifies to

s
~

Dyim) = | Dpi_ym)] ™ [ Diea(m)] ™
with 7{* = 1 — mw{". The proposed implementation can be di-
rectly applied also in the general case of multiple neighbors
by performing fusion pairwise, i.e., vehicle-by-vehicle. This
strategy is also preferable from the computational viewpoint
because a direct application of (30) with the proposed ABM
(27) would involve a number of GCs after fusion in the order
of the product of all the numbers of GCs of the involved GMs.
Conversely, by performing fusion pairwise, we can keep the

(35)
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number of GCs limited by performing pruning and merging
between two successive fusion steps.
Let the PHDs to be fused be decomposed as

DI:;—l(m) = G::é—l(m) +A
to1(m) =G, 1(m) +A

where G, v_1(m) and (A}’fyg_l(m) are GMs. Then, (35) can be
rewritten as

Djm) = [Griy(m) + 4]

(36)
(37

rr rr
Ty 1-7y]

[Grea(m)+ A
(38)
The following approximations are adopted.

1) In the region of the map space M where both vehicles r
and s have information (i.e., the two PHDs contain GCs
with nearby centers), we set

Dyim) = |Gpi_y (m)]

rr
T

~ 1—mym
Greatm] 7 +a.
(39)
Note that the above approximation is actually exact when
G;zfq( m) = Gt - 1(m)
2) In the region of the map space M where only vehicle r
has information, so that Gf’ -1 (m) is nearly zero, we set

Dyim) = [Griy(m)] ™ AT LA @)

3) In the region of the map space M where only vehicle s
has information, so that G}’, , (m) is nearly zero, we set

- [ As 1
Dyi(m) ~ AT [y ()] H AL @

4) Inthe region of the map space M where neither of vehicles
has information, we set

Dyj(m)~ A (42)

Based on the above considerations, an efficient GM imple-
mentation of the fusion step of the DMV-PHD-SLAM algorithm
can be devised. Without loss of generality (recall Remark 2), let
the powered GMs in (39)—(41) be represented in GM form as

tZl

Grim]™ = > of MG (mimyit, P
(43)
177" e
[Gima(m)] :Z@h%mWL&h)
(44)

Note that in the GM representations (43) and (44), each GC
stands for a potential landmark. If the kth GC of D}, is close
to the nth GC of Df)efl, both GCs belong to case 1 above.

Conversely, if the kth GC of D, ; | is not close to any GC of
Dy ,_y, then it belongs to case 2

Accordingly, the problem of interest becomes to check for
every GC of vehicle 7, whether another GC of the neighboring
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vehicle s can be associated with it. This can be accomplished
by resorting to a gating method [72]. Specifically, the kth GC of
vehicle r is associated with the nth GC of vehicle s whenever
Ty < T, where

~s,n T .1,k s,n -1
— My 1) (Pte 1 ert,’ffl)

~ S,N

Mylpq

is the Mahalanobis distance between the two GCs and 7, a preset
threshold. As a result, one can find two index sets representing
the respective GCs that can or cannot be matched to each other

(denoted as M;ZA 1’, MSZ , and M;ZL i, Mt% 1» respectively).
Then, the fused PHD takes again the form

Dyp(m) = Gyy(m) + A

where G:}Z(m) is a GM computed as follows:
ri,k _smn ~7ri,k 7,0,k

Z Z Qg 10y 1g(m myy, Py 1)

™, A i s,A
keM[ M neM;y

s,n
Y (m mte 17Pt,é—1)

~1rik
Tté 1= (mte 1

x (m: ko (45)

(46)

1—7m]" T, k ~ri,k r,i,k
+ATT Qg (m my " 1’Pt,é—1>
L,
keM, )~ Y
T ~S,Nn 5,1
+A™ Z oy 19 (m My I’Pt,é—l)
L
'rLEMt,L1

(47)

The proposed method for efficiently fusing map GM-PHDs of
two vehicles with different FoVs is detailed in Algorithm 3.
The following remark discusses how to substantially reduce
the algorithm’s computational load by avoiding unnecessary
fusions.

Remark 4: Because of the limitation of sensor FoV, a vehicle
can only explore a small region of the environment at each time
instance. Hence, the detected landmarks (represented by GCs)
located outside the collective FoV of the robots involved in
fusion remain unchanged. Since the fusion has been performed
in previous recursions and the states of these landmarks have
reached consensus, it is not necessary to perform GCI fusion
on such landmarks (GCs) even though they are matched at the
current time instance. Under this consideration, another check
should also be performed to find the matched landmark pairs,
whose Mahalanobis distance Tt’lel is sufficiently close to zero,
and then these landmarks are directly copied into the fused PHD
in order to save computations.

B. Correction and Prediction

Let us now focus on the correction step and consider appli-
cation of the PHD update equation (16) to a predicted density
Dy _— = Dy’ of the form (26). As discussed in the previous
section, this can be done without loss of generality, since the

form (26) is preserved under fusion. Then, for each vehicle r
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Algorithm 3: Fusion of PHDs With Different FoVs Between
Vehicles 7 and s.

Input: D’} _, (m) (i=1,...,M,), Dj, ; (m) and

w

1 Initialize empty index sets M:’[i‘é =0, M;*ffi =0,
MPA =0, and M) =0;

2for k=1,....J;;_, do

3 forn=1,....J7,_, do

4 Compute Tt’f?_l according to (45);

5 if T}'7 | < T, then

6 Add k into M;/"{, and add n into M2
7 end

8 end

9 end

10 Set M[[L_Zl and ]W:*ZL_I as

rLi T, r,Ai
MpEr =L g WM and

s,L s 5,A
My =L Ty \ My

11 Compute the fused PHD D;’é(m) according to
(46)-(47) .
Output: D;’y(m) (i=1,...,M,)

and each trajectory hypothesis ¢, the updated PHD will take the
form

Dyjim) = [1 = Po(mla}")] |Gy, (m) + A

0w |Gy m) A @)
zE€Z]
where
Wi (z|m)
— _ Pp(mla;")gf (2lm,a7") .
k7 (2@} )+ [ Po(mla) ) gy (zim,a) ") |Gy (m)+A] dm
(49)

Note that the updated PHD contains the following four terms.

a) The term [1 — Pp(m|Z}")] G:"tzl(m) preserves the pre-
dicted GCs with weight decreasing with the detec-
tion probability. For instance, outside the FoV where
Pp(m|2;") = 0and hence landmarks cannot be detected,
the GCs are not modified. _

b) The term }° ., ;" (z|m) G:l’z_l(m) updates the pre-
dicted GCs on the basis of the collected measurements.

c) The term 3., W;"(2|m) A generates new GCs from
the measurements in order to account for newly-appeared
or previously undetected landmarks. This term is analo-
gous to the so-called ABM [438], [49].

d) The term [1 — Pp(m|Z}")] A does not contain any in-
formation on the landmarks and simply plays the role of
preserving the uncertainty on the map outside the FoV.

Terms a)-c) can be effectively approximated as GMs. The

interested reader is referred to [48] and [49] for details on the

GM approximation of the correction step with ABM. Summing
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up, after the correction step, the updated PHD can be written as

Dyi(m) = GYy(m) + [1 = Pp(mlaf)] A (50)

= Yt

where G:"Z(m) is the GM approximating terms a)—c). Finally,
this updated PHD becomes the predicted PHD at time ¢ + 1 by
means of the birth process (27), so that

%
Dt+1\t

(m) =Gy (m) + A. (51)
Note that, as a matter of fact, term d) need not be computed,
since it does not contain any information on the landmarks, and
since only the predicted PHD D;"’. ,(m) is used in the fusion

. t+1t
step at time ¢ + 1.

C. Complexity Analysis

Since the expected number of landmarks per unit volume A
is a preset constant value, the correction and prediction steps
in Section VI-B are the same as in the standard PHD-SLAM
algorithm [18]-[22]. Furthermore, the contribution of this arti-
cle concerns the fusion step, and, accordingly, the complexity
analysis will focus only on this step.

In the pairwise fusion presented in Section VI-A, fusion
only involves two map PHDs. It can be seen immediately from
(47) that the fusion of two map PHDs of vehicles r and s has
complexity

r,Ai s,A r,L,i s,L
O(|Mt,€71 ’ |Mt,é—1|) + O(|Mt,Z71|) + O(|Mt,271‘) (52)

where O(-) stands for “in the order of.” When performing
DMV-PHD-SLAM with Algorithm 2, the above computational
complexity will also be multiplied by the number of particles
M,.. This actually represents the maximum computational com-
plexity when the proposed map fusion strategy is performed.
In practice, such complexity can be significantly reduced by
adopting the strategies of Remarks 3 and 4.

When the fusion involves more than two vehicles, in principle,
the number of matched GCs increases with the number of
vehicles, so that a direct application of (30) would involve

o > [T

SCN7 s€S

(53)

operations, where N7 = {r} U N}, and for any subset S C N}’
of vehicles, M. :;’A denotes the subset of GCs of vehicle s € §
matched to all other vehicles in S. However, as anticipated, when
fusion is performed pairwise, the computational complexity can
be significantly reduced by applying the pruning and merging
methods between successive fusion steps so as to reduce the
number of GCs. Furthermore, inherited from the consensus
broadcasting protocol (see [46, Sec. III]), the complexity of the
proposed DMV-PHD-SLAM algorithm running in each vehicle
is related to the number of neighbors rather than the whole size of
the vehicle network. Hence, it is immediately seen that the
proposed DMV-PHD-SLAM algorithm is scalable with respect
to the number of involved vehicles.
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In the particle representation (24), each particle consists
of a scalar particle weight, a vehicle trajectory, and a con-
ditional PHD. As pointed out in Section VI-A, each GC of
the GM represents a potential landmark. Hence, in the ideal
case, each particle contains 1+ (¢ + 1) x dim(x) 4+ | M| x
[14 dim(m)][1 + %] real numbers at time ¢ (since the
covariance matrix of each GC is symmetrical and the trajectory
of each vehicle is recorded from ¢ = 0), where dim(-) stands
for vector dimension. Compared to the traditional RBPF-based
method (e.g., FastSLAM [9]) that records, for each particle, the
particle weight, vehicle trajectory, mean vector, and covariance
matrix of each landmark, the proposed method will have to
record | M| more real numbers for each particle, corresponding
to the weights of each GC.

Remark 5: As far as fusion is performed, each vehicle can
get access to the landmarks outside its explored region, which
essentially increase the number of detected landmarks compared
tolocal SLAM. As aresult, the computational load of correction
and prediction steps as well as memory occupation in each
vehicle will increase. Certainly, such sacrifice is worth, since
a global map can be built at each vehicle and can also help to
improve its localization accuracy.

VII. PERFORMANCE EVALUATION

In this section, the proposed DMV-PHD-SLAM algorithm
is evaluated via both simulations and the two experimental
mapping datasets of UTIAS [50] and Victoria park2 [51]. In
all cases, landmarks are motionless and located within a planar
region, i.e., represented as m = [€ 7] ", where ¢ and 7 denote
horizontal and vertical Cartesian coordinate of position, re-
spectively. The pose of each mobile robot is represented by
the 3-D state vector = = [£ 1) 0], where & and 7 specify the
position of the vehicle, while 6 is the orientation angle relative
to the horizontal axis. Moreover, the control variable at time
t is described as u; = [§; €], where §; denotes the robot
speed and §2; the angular velocity. In this section, two different
types of motion model (1) are considered for each vehicle
r depending on the experiments. Specifically, we have the
following.

1) For the simulation and UTIAS datasets, the motion model

(1) of robot r is given by [6]

:Z:: = ft (I:—lvug—lvw;)
T-cosli_; O
=x; 4+ [T -sinf} ; 0
0 T

(uj  +wi) (54)

where the process noise w; is normally distributed with
zero mean and covariance Q; = diag(oZ, o3).

2The Victoria park dataset was originally collected for SV-SLAM. In our
experiment, the long-term vehicle trajectory has been manually divided into four
parts, where each part has been assigned to a virtual vehicle so as to artificially
produce a multivehicle scenario. The details are reported in Section VII-C.
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2) Forthe Victoria park dataset, the motion model (1) of robot
r is given by

.I‘: = ft (1‘;—17ug—17w§)

r r Yy tan(Qf )
Viiy - (T cos(0_1) — H,

=xp g+ | V- (T -sin(0) ) + ﬂfl.t?z(ﬂ;l))
T- Vt—;l ~tan( {,1)
+ wy (55)
where
r t—1
Vit [1 e (9. %] (56)
Yi 4 =a-sin(f;_ 1) +b-cos(b;_;) (57)
;1 =a-cos(B;_1)—b-sin(0; ;) (58)

and the vehicle-related parameters are setto H; = 0.76 m,

Hy =2.83m, a =3.78 m, and b = 0.5. In this case, the

process noise wy is taken as white Gaussian with zero
mean and covariance (Q; = diag(a?, 0727, 03).

Furthermore, in all cases, the sensors onboard each vehicle

provide the relative angle and distance between the detected

landmark and the vehicle, so that the measurement function is

given by

h(m,zy) = [\/(§_€Z)2+(77_77;)2 (59)

atan2(§ — &, 7 —ny) — 0]

where atan2 denotes the four quadrant inverse tangent.’ The
measurement noise is supposed to be normally distributed with
zero mean and covariance R; = diag(o3, 05)). Accordingly, the
single-object likelihood function g} (z|m, x¢) is given by

gr (2| m, zf) = G (zh (m, zt) , Ry) . (60)

Two performance indicators are considered, namely the aver-
age mean square error (AMSE), which quantifies the accuracy
of vehicle localization, and the optimal subpattern assignment
(OSPA) distance [77], [78], which quantifies the accuracy of
joint landmark cardinality and position error between the esti-
mated map RFS and the ground-truth one. In particular, we have
the following.

1) The ground-truth map RFS at time ¢ consists of all land-
marks that have been in the FoV of some robot r € A at
some time k < ¢;

2) The estimated map RFS is extracted from the uncon-
ditional PHDs Dy, (-), r € N, according to the MAP
criterion.

The involved algorithms are programmed based on MATLAB
2018 launched on a desktop with CPU E3-1225 at 3.30 GHz,
16-GB memory, and 64-bit Windows 10 operating system.
Furthermore, in order to evaluate the communication burden,

3Note that, in the Victoria park dataset, the angle reference line is
vertical to the vehicle so that the angle measurement function becomes
atan2(€ — &7,7 - n}) — 6 + &
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Fig. 4. Simulated scenario with the results of a typical run.

it is supposed that each real number is represented in 4-byte
single-precision floating-point format.

In the real data experiments, the parameters of the considered
SLAM algorithms have been tuned according to the available
knowledge of the sensor characteristics (for the FoV and mea-
surement noise variance) and to statistics on the dataset for the
clutter.

A. Simulated Dataset

In the simulated scenario of Fig. 4, a team of four robots is
exploring a 900 x 900 m? region, which contains 85 randomly
deployed landmarks. The standard deviations of the control
input are set to o5 = 0.025 m/s and og = 0.02 rad/s. It is
also assumed that robot r exchanges data with another robot
s if and only if their distance is less than 7; = 300 m. Note
that such choice is conservative enough since there are actually
communication devices that support the coverage range up to
over 3 km (see [79, Table I]). The landmarks inside the FoV of
each vehicle r are detected with probability P; = P; = 0.98,
and the measurement set is renewed at every robot with sampling
interval 7" = 1 s. The standard deviations of measurement noises

0.5m

are set to o4 = 1 m for range and o, = 557 rad for azimuth.
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The FoV of each robot changes in time and, specifically, con-
sists of a sector of a circular annulus with angular extension
[—%5, 5] rad around the current robot orientation and range
extension [0, 150] m from the current robot position. The clutter
intensity inside the FoV of each robot is taken as x(z) = 0.0075
at each time ¢ (i.e., the expected number of clutter points inside
the FoV at each time is equal to 3.5, which actually represents
a dense clutter scenario compared to the number of average
observed landmarks per vehicle at each time, which is 4.06).

The parameters of the DMV-PHD-SLAM algorithm have
been chosen as follows. For each robot 7, the number of particles
is set to M, = 100; the threshold for distinguishing between
matched and unmatched GCs is set to 71, = 5. After the end
of consensus, at each time and in each robot, the resulting
PHD undergoes a pruning and merging procedure with pruning
threshold Tp = 10~ and merging threshold Ty = 2.5.

The link number of the time-varying vehicle network is plot-
ted versus time in Fig. 3 (recall that the total number of possible
links for a four-agent network is equal to 6). It can be seen that
the vehicles start to exchange data from about 100 s, and the full
connection time of the vehicle network is much smaller than
the overall simulation time. The results of a typical run of the
DMV-PHD-SLAM algorithm with L = 1 in the simulated sce-
nario are illustrated in Fig. 4. As can be observed qualitatively,
the proposed algorithm can properly accomplish the distributed
multirobot SLAM task.

Next, robot localization and mapping performance are ex-
amined separately. First, Fig. 5(a) quantifies robot localization
performance by means of the position AMSE, averaged over
all vehicles and 100 independent Monte Carlo trials. Here,
the performance of a distributed implementation of FastSLAM
2.0 (denoted as D-FastSLAM hereafter) [10] and centralized
EKF-SLAM [75] (denoted as C-EKF-SLAM hereafter) is also
incorporated so as to provide comparisons. More specifically,
we have the following.

1) D-FastSLAM follows a distributed configuration, in
which the nearest-neighbor method is exploited for
measurement-to-landmark association, and for L > 1,
map fusion is performed by the method in [40] with
landmark association among vehicles performed via 2-D
assignment [76].

2) C-EKF-SLAM follows a centralized configuration, in
which the states of all vehicles and landmarks are stacked
into an augmented state vector, and 2-D assignment is
exploited for measurement-to-landmark association.

3) Both D-FastSLAM and C-EKF-SLAM are periodically
checked every period of 5 s so as to remove false landmarks
(i.e., landmarks that are detected no more than twice
during this period).

Note that FastSLAM has the same structure than PHD-SLAM
(i.e., both are based on RBPF), thus enjoying similar character-
istics (inherited from the PF). It can be seen that the proposed
DMV-PHD-SLAM algorithm provides a much better vehicle
localization performance than both D-FastSLAM and C-EKF-
SLAM in both local (L = 0) and cooperative (L > 1) SLAM.
The reason of such results is that, inherited from PHD-SLAM,
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DMV-PHD-SLAM has advantages in dealing with (dense) clut-
ter (as confirmed in [15], [18], and [20]). In order to better see
this fact, we have also evaluated the localization performance
of D-FastSLAM and C-EKF-SLAM in the simplified case of
known measurement-to-landmark association and clutter-free
measurements.* The results obtained in this case are reported
in Fig. 5(b). Note that, here and in the following, we utilize
the acronym KA (known association) to indicate results ob-
tained in this simplified setting. A comparison of Fig. 5(a)
and (b) confirms that the reasons for the divergent behavior of
D-FastSLAM and C-EKF-SLAM in Fig. 5(a) are the unknown
measurement-to-landmark association and the presence of clut-
ter (false measurements), whereas DMV-PHD-SLAM is inher-
ently designed to handle these additional sources of uncertainty.
Furthermore, compared to the performance improvement from
L =0to L =1, slight improvements are observed for L > 1
consensus steps. The main reason of such result is that, since the
explored environment consists only of static landmarks, the in-
formation on the landmarks can actually be diffused throughout
the vehicle network also with multiple time recursions without
requiring multiple consensus steps per recursion.

Next, mapping performance will be taken into consideration.
For the sake of comparison, the mapping results of a typical
run at robot 1 are illustrated in Fig. 6. It can be seen that

4The details of D-FastSLAM with known data association are deferred to
Appendix C.
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Mapping performance of the DMV-PHD-SLAM algorithm: simulation

the robot is able to detect more landmarks when it exchanges
messages with its neighbors. Then, the OSPA map distances
(with cutoff ¢ = 20 and order p = 2), averaged over 100 Monte
Carlo trials, of the proposed DMV-PHD-SLAM algorithm are
illustrated in Fig. 7. Since D-FastSLAM and C-EKF-SLAM are
heavily affected by clutter, their mapping performance turns out
to be very poor and will not be shown hereafter. It can be seen
quantitatively that mapping performance improves when robots
can exchange data, thus demonstrating the effectiveness of PHD
consensus. It can be observed that also mapping performance,
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TABLE I
AVERAGE PERFORMANCE COMPARISON (PER RECURSION)
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DMV-PHD-SLAM DMV-PHD-SLAM-V1 D-FastSLAM C-EKF-SLAM
L=0 L=1 L[=2L=0 L=1 L[=2|L=0 L=1 L=2] (Centalized)
Local SLAM computing time [s] 0.59 0.71 0.78 116.22  110.75 112.06 0.18 0.29 0.31 0.02
Map fusion computing time [s] - 0.35 0.68 - 3.33 6.30 2.36 4.84 -
Vehicle localization error [m)] 3.97 2.61 2.56 4.37 2.78 2.64 12.08 7.81 7.44 11.39
OSPA [m)] 17.39 12.31 12.19 18.72 13.06 12.86 17.19 15.92 15.88 14.78
Communication burden [Byte] - 1587.9 31215 - 3696.1  7322.6 - 2561.6  5194.7 -
like the localization one, does not significantly improve when Real trajectory = Vehicle start point
the number of consensus steps increases. 6 © Landmarks == -Dead-reckoning estimate
R R R . . Estimated trajectory ® Landmark estimate
Finally, we examine the computational and communication al
burden in terms of execution time and packet size, respectively.
The original version of DMV-PHD-SLAM (named DM V-PHD- P
SLAM-V1) proposed in [47] is also considered in this compar- k=)
ison. In DMV-PHD-SLAM-V 1, the initial map PHD (see [47, £ 0
. g . <
eqs. (37)-(40)]) is constructed by dividing the map space into & 51
180 bins of size 5 x 5m?, and the scalar 3 in [47, eq. (40)] is )
chosen as 8 = 1.8. In the fusion part of DMV-PHD-SLAM-V1, al
the strategy introduced in Remark 4 is adopted. The results are © R
reported in Table I. Note that C-EKF-SLAM, being a centralized —60 : 5 3 . 5
algorithm, does not involve map fusion, and hence, its execution ¢-axis [m]
time in Table I is totally attributed to local SLAM; furthermore,
its communication burden is not considered, since only mea- Fig. 8. Experimental UTIAS scenario: results of a typical run.
surements are transmitted to the fusion center.
From the examination of Table I, the following observations 1r Dead-reckoning trajectory etror
can be made. —— DMV-PHD-SLAM (L=0)
1) Compared to DMV-PHD-SLAM, DMV-PHD-SLAM-V 1 0.8 = — ~D-FastSLAM-KA (L=0)
has significantly greater computational load, in both local B DMV-PHD-SLAM (L~1)
g yg : pu » D = 0.6 |~ — ~D-FastSLAM-KA (L=1)
SLAM and map fusion, as well as communication load B
owing to the much larger number of involved GCs. = 04 -
2) Due to the fact that D-FastSLAM is badly affected by % e ST
clutter, it has a larger average communication burden 021 et
than DMV-PHD-SLAM for delivering clutter; also, due =57
to clutter, the mapping performance of D-FastSLAM is 0 0 560 : 0‘00 : 5‘00
much worse compared to DMV-PHD-SLAM. £[0.1%s]
3) C-EKF-SLAM exhibits a much smaller average execution
time than the other algorithms, since it does not employ  Fig.9. Localization performance comparisons: the UTIAS dataset.

multiple particles.

4) Despite the larger computation and communication costs,
the performance of vehicle localization and mapping does
not improve so significantly whenever multiple consen-
sus steps are carried out. Hence, in practice, taking into
account the limited energy resources of vehicles, it is
advisable to perform consensus only once per sampling
interval.

B. UTIAS Dataset

In this subsection, the performance of the proposed DM V-
PHD-SLAM algorithm is experimentally assessed via the
UTIAS dataset [50], which has been collected through an indoor
experiment. In the experiment, all landmarks and robots are tied
with a unique barcode, which is used for identification. Each
robot was equipped with a monocular camera, which provided
images at a rate of 10 Hz. The barcodes, ranges, and bearings of
the landmarks inside the FoV were directly extracted from the
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Fig. 10. Mapping performance of the DMV-PHD-SLAM algorithm: UTIAS
experimental results.

images. In the experiment, the FoV extension of all robots is set
to [—0.5760 0.5760] rad x [0.8 8] m. The standard deviations
of measurement noise are setto g = 0.5mand o = 0.05rad,
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position estimates relative to L = 0, 1 with green and red points, respectively.

TABLE I
AVERAGE PERFORMANCE COMPARISON WITH UTIAS DATASET
(PER RECURSION)

DMV-PHD-SLAM | D-FastSLAM-KA

L=0 L=1 L=0 L=1

Local SLAM computing time [s]| 0.07 0.09 0.03 0.03

Map fusion computing time [s] - 0.02 - 0.02

Vehicle localization error [m] 0.21 0.14 0.21 0.13

OSPA [m)] 0.60 0.19 - -

Communicational burden [Byte] - 357.2 - 284.6

respectively. The standard deviations of odometry noises are set
to 05 = 0.03m/s and o, = 0.3 rad/s, respectively.

The measurement sets of four robots have been utilized. It
is assumed that two robots set up a bidirectional connection if
and only if their distance is less than Ty = 3.5 m. The threshold
for distinguishing between matched and unmatched GCs is set to
T,, = 0.3; pruning and merging thresholds are set to Tp = 10~°
and Ths = 0.3, respectively. A typical run of the proposed DM V-
PHD-SLAM algorithm with L = 1 is illustrated in Fig. 8. It can
be seen that distributed SLAM can be effectively accomplished.
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Vehicle localization comparison for the Victoria park dataset. GPS data are represented by black dots, vehicle start points with black squares, and vehicle
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Collective performance of MV-SLAM (Victoria park dataset). GPS data are represented by black dots, starting points of vehicles with black squares, the

estimated vehicle trajectories are depicted with lines, and estimated landmarks are represented by dots. The SLAM results of different vehicles are distinguished

with different colors.

Next, localization and mapping performance of the proposed
DMV-PHD-SLAM algorithm are illustrated in Figs. 9 and 10,
respectively. Note that for the UTIAS dataset, the labels of
landmarks are known by extracting the barcodes tied to the land-
marks and can, therefore, be exploited to avoid data association.
Hence, D-FastSLAM with perfectly known measurement-to-
landmark association (L = 0) and its consensus version (L = 1)
are also considered as baselines for the performance achievable
in the experiment. Similarly to the simulated scenario, it can be
concluded that the SLAM performance significantly improves
when robots exchange messages with each other. Finally, the
computation and communication loads are reported in Table II.

C. Victoria Park Dataset

Finally, in this subsection, the performance of the proposed
DMV-PHD-SLAM algorithm is assessed via the Victoria park
dataset [51], a large-scale experimental scenario. The Victoria
park dataset has been conceived for standard (single-vehicle)
SLAM,; thus, only one vehicle is deployed. For our experiments,
we manually cut the dataset into four pieces, wherein each piece
is assigned to a virtual vehicle in order to create an artificial four-
vehicle scenario. Specifically, we allocated 13 000 control inputs
to each vehicle. Note that the total number of control inputs in the
datasetis 61 945, and that we did not cut the dataset sequentially,
in order to ensure that the initial positions of the vehicles are
spread all around the scenario. As aresult, the vehicle trajectories
are not strictly adjacent. Furthermore, in our simulations, the
initial poses of vehicles are set by combining the result of running
an SV-SLAM and the available intermittent GPS data (used to
provide trajectory ground truth). Due to the fact that there is no
landmark ground truth provided in this dataset, the focus is on
comparison of localization performance.

In the Victoria park dataset, the vehicle was equipped with a
LiDAR, the control inputs u;, were provided at a rate of 40 Hz,

TABLE III
AVERAGE PERFORMANCE COMPARISON WITH THE VICTORIA PARK DATASET
(PER RECURSION)

DMV-PHD-SLAM
L=0 L=1
Local SLAM computing time [s] 1.76 2.79
Map fusion computing time [s] - 0.27
Vehicle localization error [m] 244 1.85
Communication burden [Byte] - 2748.3

while the measurement outputs were supplied at a relatively
slower rate of about 8 Hz. In the experiment, the FoV extension
of all robots is set to [0, ] rad x [0, 75] m, which means that
the cells with range larger than 75 m in the raw data of LiDAR
are omitted. The standard deviations of measurement noises are
settoog = 0.3mand o4 = 0.02rad, respectively. The standard
deviations of model noises are set to o¢ = 0.02m, 0, = 0.02m,
and oy = 0.001rad, respectively. Furthermore, it is supposed
that the vehicles exchange their map data at the rate of 1 Hz, and
vehicles can set up connections only when their relative distance
is not larger than 350 m.

The performance of vehicle localization is qualitatively and
quantitatively illustrated in Figs. 11 and 12, respectively. Note
that since the GPS data are intermittent and contain outliers,
the AMSE of vehicle localization in Fig. 12 is plotted only
when available. It can be seen that, as map fusion is carried
out, the accuracy of vehicle localization significantly improves.
Furthermore, the results of collective mapping are illustrated in
Fig. 13. It can be seen that, when running the proposed algorithm
with I = 1, the estimated maps tend to reach consensus among
vehicles, so that the landmarks located in the unexplored region
of a vehicle can serve as anchors when the vehicle moves to that
region, thus enhancing localization performance. Finally, the
average complexity and SLAM performance of the considered
methods is reported in Table III.
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VIII. CONCLUSION

In this article, distributed multirobot (multivehicle) SLAM
was addressed. Relying on the PHD-SLAM approach, GCI
fusion was suitably modified in order to cope with robots with
different and time-varying FoVs. Then, consensus was exploited
in each teammate robot in order to spread information on the
explored map. As a result, both mapping accuracy and the
size of the explored zone were significantly enhanced with
respect to a single robot. The performance of the proposed
DMV-PHD-SLAM algorithm was verified on both simulated
and experimental data. Potential future work will concern the
following:

1) extended (nonpoint) landmarks, which possibly provide

multiple measurements;

2) dynamic landmarks moving in the map;

3) DMV-SLAM based on more advanced multiobject fil-
tering techniques, e.g., cardinalized PHD, labeled multi-
Bernoulli filtering;

4) event-triggered data exchange strategies to save commu-
nication bandwidth;

5) case in which the relative robot poses are unknown, re-
quiring sensor registration.

APPENDIX A
RFS THEORY

From a probabilistic point of view, an RFS M is completely
characterized by its multiobject density (MOD) p(M). In this
article, we consider specific RFSs having MOD of this form

p(M) = [Mp(IM]) T dim)
meM

(61)

where: p(-) is a probability mass function (PMF) defined over
the set of nonnegative integers, d(-) is a PDF defined over the
map space, and | - | denotes set cardinality. The PMF p(n), n €
N, characterizes the cardinality distribution and expresses the
probability that the RFS M contains exactly n elements (i.e.,
the probability that the unknown map contains n landmarks).
The PDF d(m), m € M, is called location density and provides
information on the distribution of the elements in the space M.
The location density d(m) is usually multimodal, since it must
account for the distribution of multiple elements inside the RFS.
It is worth to point out that the factorial inside (61) accounts for
the unordered character of the RFS, i.e., the fact that the ordering
of the elements in the RFS is unessential. In addition, note that
the product in (61) is taken to assume independence among the
multiple objects.

Following [18], [19], and [21], the map is modeled as a
multiobject Poisson process, whose cardinality PMF p(-) is a
Poisson-distributed random variable with parameter A. Accord-
ingly, we have

)\”ﬂ
pln) = e (62)
and (61) is rewritten as
pM)=e? T »-d(m). (63)

meM
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All the information concerning a multiobject Poisson process
like (63) can be summarized in the so-called PHD or intensity

function
D(m) = A - d(m). (64)

In fact, the MOD of a multiobject Poisson process can be exactly
recovered from its PHD via the following relationship:

p (M) = e Pimam TT D(m).
meM

(65)

As pointed out in [53], the PHD D(m) can be interpreted as
local density of the number of elements at the map point m.
Furthermore, given the PHD, the estimated number of elements
inside a certain region Ml C M of the map space can be com-
puted as

N (W) = /MD(m)dm

and the total number of map elements (landmarks) within the
whole map space is given immediately by N = A.

For the considered class of multiobject Poisson processes,
the multiobject filtering problem can be accomplished by recur-
sively computing the PHD at each time by means of the so-called
PHD filter [44].

(66)

APPENDIX B
PROOF OF THEOREM 1

Proof: The proof of the first result follows from the definition
of MAP estimate. In fact, the MAP estimate of the unconditional
PHD corresponding to the rth vehicle, at time ¢ and after ¢
consensus steps, is obtained as

Dy y(m) = Dy} (m) (67)

where
= 68
B P TR S 08)

Since (30) holds for all ¢ € {1,2,..., M,}, one can set i = i*,
where the value of ¢* is given by (68), and thus obtain

IT [Bieom]™ .

SEN[

D7 (m) = [ Dy, (m) (69)
Then, substituting into (67), we arrive at the conclusion of (31),
which is indeed the ordinary consensus recursion for the PHD
fusion.

In order to prove the second result, for the sake of clarity, let
us define

Di1¢) £ D}(m) (70)

D 2 I (D5 ,m)]™ (71)
seENT

R (72)

D 2 Dy(m) (73)
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so that the consensus recursion can be expressed as
D}[¢] = D;[¢ —1]" D] [¢ — 1]. (74)

Note that, if the ordinary consensus recursion converges (which
is assumed), then

r o Nt _ pl-7
Jim DI[(] = H D™ =D (75)
SENT
Now, taking the logarithm of both sides of (74) yields
log DI [{] = wlog D} [¢ — 1] +log D [¢ — 1].  (76)

Then, setting &, = log D} [¢] and v, = log D[] leads to the
following dynamical system:
§e=m&-1+ v

which, since € (0, 1), is asymptotically stable and, moreover,
is driven by an input signal, which is asymptotically constant

77

lim vy = (1 —7) log D 2 . (78)
l—00

From standard LTT system theory, one can, therefore, conclude
that £, admits the following limit:

lim & = —— = log D. (79)
l—00 1—m
Finally, from the definition of &,, one obtains
fhm DIl =D, fori=1,2,..., M,. (80)
—00

The proof can then be concluded by noting that such an analysis
can be made for any m € M, so that pointwise convergence
holds. =

APPENDIX C

DISTRIBUTED FASTSLAM ALGORITHM
BASED ON CONSENSUS

Step 1 Local filtering
At time t, for each vehicle r € N, carry out the local SLAM
algorithm of [73] to achieve the local posterior represented in

particle form as
i) Mr
{7
i=1

Prt = {uwpt My}

where

M= {(0F i P“’k)}k 1 denotes the detected
landmarks of pamcle ¢ at time ¢ given the pose of vehicle
as "', and I["""F denotes the label of kth landmark.

Step 2 Consensus on maps
Denote the index of the particle with largest weight at vehicle
r as 4,.; then, the map estimate of vehicle r at time ¢ is obtained
by the MAP criterion as M} = {(I]"F m["*, tr’k)}livéir
Then, at vehicle r € N, after in1t1a11z1ng consensus informa-
tion as /T/l\:f) — M} and M7, = M, a typical consensus
iteration step ¢ is implemented as follows.
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1) Broadcast /(/l\i ¢ and then receive /(/1\254 froms € Ny.
2) For particle i=1,...,M,, denote the label sets ET’i =

ik AN N
{lt’e’k1 oy and L5 = {lH ety fors € N Let L§ =
L' L3, and denote

AT T,k r,i,k T,k
Mt,e = {( t,0—10 1M o 1’Pt,zf1>}” KeLpige

M, = {(l m; P> )} )
i 015 tZ D) [ ek e e
li,queﬁz\[:e

3) Forl. € L, fuse the state of its corresponding landmark

according to (81) and (82), where k : l:’i’k ={.and & :

1% = I.. Denote

roTe _ lr,ik mrzk Przk)} )
t,l { ( t,0 te Imikere
Then, the fused map of particle ¢ of vehicle r is given as

AT A qc Vi AAS
Mt,é = Mt,e U Mt,e U Mt,z-

-1

Pt = (Prh) X (P (81)
seNy
ri,k
te =
-1
k Kk k %
P N (Brt) g+ Y w (B i
SEN’
(82)
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