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SUBNORMALIZERS AND THE DEGREE OF NILPOTENCE IN FINITE
GROUPS

PIETRO GHERI

ABSTRACT. We present a CFSG-free proof of the fact that the degree of nilpotence of a
finite nonnilpotent group is less than 1/2.

1. INTRODUCTION AND TOOLS

Let G be a finite group. The degree of commutativity of G is the probability that two
randomly chosen elements ofG commute. As a natural generalization, the degree of nilpo-
tence ofG is defined to be the probability that two randomly chosen elements ofG generate
a nilpotent subgroup, that is

(1) dn(G) =
|{(x, y) ∈ G | 〈x, y〉 is nilpotent }|

|G|2
=

1

|G|
∑
x∈G

|NilG(x)|
|G|

.

where for any x ∈ G, NilG(x) is the set of elements y ∈ G such that 〈x, y〉 is nilpotent.
In 1978 Gustafson proved that the degree of commutativity of a finite nonabelian group

is less or equal than 5/8 ( [4]). In [3] Guralnick and Wilson proved an analogous theorem
for the degree of nilpotence.

Theorem 1.1. Let G be a finite group. If dn(G) > 1/2 then G is nilpotent. The value 1/2
is tight.

This was obtained as a corollary of a similar result concerning the probability that two
elements generate a solvable subgroup. However, while Gustafson’s proof was very short
and only involved basic tools, Guralnick and Wilson’s proof used the Classification of finite
simple groups. In that work the authors ask if there is a Classification-free proof of their
result on the degree of nilpotence. In this paper we present such a proof.

We immediately clarify that the tightness of the value 1/2 is trivial, since one can verify
directly that dn(S3) = 1/2.

The first step in our proof consists of replacing the set NilG(x) in (1) with another set,
namely SG(〈x〉), the Wielandt subnormalizer of 〈x〉 in G. The reasons of this substitution
will be clarified in the last section.

Definition 1.2 ( [5], page 238). Let H be a subgroup of G. The subnormalizer of H in G
is the set

SG(H) = {g ∈ G | H �� 〈H, g〉}.

Wielandt’s subnormality criterion can be restated using this definition: a subgroupH of
a finite group G is subnormal if and only if SG(H) = G.

A crucial result for our proof is a theorem proved by Casolo in 1990 which gives a
formula to count the elements of the subnormalizer of a p-subgroup. Given a prime p
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dividing the order of G and a p-subgroup H of G, we write λG(H) for the number of
Sylow p-subgroups of G containing H . When H = 〈x〉 is a cyclic subgroup we write
SG(x) and λG(x), in place of SG(〈x〉) and λ(〈x〉).

Theorem 1.3 ( [2]). Let H be a p-subgroup of G and P ∈ Sylp(G). Then

(2) |SG(H)| = λG(H)|NG(P )|.

The proof of this result does not rely on CFSG.
With the degree of nilpotence in mind, we can then define a new probability where,

as we said before, NilG(x) is replaced by SG(x). If we set spG(x) = |SG(x)|/|G| we
have that spG(x) ≥ |NilG(x)|/|G| since every subgroup of a finite nilpotent group is
subnormal. Then we set

sp(G) =
1

|G|
∑
x∈G

|SG(x)|
|G|

.

Moreover if x is a p-element, using Theorem 1.3 the ratio spG(x) can be written as

(3) spG(x) =
|SG(x)|
|G|

=
λG(x)|NG(P )|

|G|
=
λG(x)

np(G)

where np(G) is the number of Sylow p-subgroups of G. The value spG(x) is then the
proportion of Sylow p-subgroups of G containing x.

2. PROOF

The main step for our proof of Theorem 1.1 is the following probabilistic version for
cyclic subgroups of Wielandt’s subnormality criterion.

Proposition 2.1. Let p be a prime dividing the order of G, x ∈ G be a p-element of order
pr and 1 ≤ k ≤ r. If spG(x) > 1/(pk + 1) then xp

k−1 ∈ Op(G).

Proof. By (2), we have spG(x) = λG(x)/np(G). Let y1, . . . , ypk+1 be pk + 1 distinct
conjugates of x. Then there exists P ∈ Sylp(G) such that two of these conjugates both
belong to P . For if not,

Ui = {P ∈ Sylp(G) | yi ∈ P}, i ∈ {1, . . . , pk + 1},
would be disjoint sets, each of cardinality λG(x) (since the function λG is constant on the
conjugacy classes of p-elements) and we would have

np(G) ≥

∣∣∣∣∣∣
pk+1⋃
i=1

Ui

∣∣∣∣∣∣ = (pk + 1)λG(x)

against the hypothesis.
Let g ∈ G and set y0 = x, yi = xgx

i−1

for 1 ≤ i ≤ pk. We then have two cases: either
there exist 0 ≤ i < j ≤ pk such that yi = yj or the set of the yi’s has cardinality pk + 1.
In any case we then have that the following statement holds.

(∗) There exist i, j such that 0 ≤ i < j ≤ pk and 〈yi, yj〉 is a p-group

We want to prove that if (∗) holds for all g ∈ G then xp
k−1 ∈ Op(G). Arguing by

induction on |G| we can suppose that xp
k−1 ∈ Op(H), that is 〈xpk−1〉 is subnormal in H ,

for all proper subgroups H of G containing xp
k−1

.
We now recall the statement of the so-called zipper lemma of Wielandt, [5, Lemma

7.3.1]. Let K be a subgroup of a finite group G such that K is not subnormal in G, but
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K � � H for all proper subgroups of G containing K. Then K is contained in a unique
maximal subgroup M of G; moreover, if for some g ∈ G, Kg is contained in M then
g ∈M .

Suppose that xp
k−1

/∈ Op(G). Then, by the aformentioned zipper lemma, xp
k−1

is
contained in a unique maximal subgroup M of G, which is not normal in G.

If 1 ≤ s < pk then xp
k−1 ∈ 〈xs〉 and so M is the unique maximal subgroup containing

xs. Moreover if for some a ∈ G, (xs)a ∈M then xs ∈Ma−1

and so M =Ma−1

. Since
M is maximal and is not normal in G, we have a ∈M .

Let then g ∈ G, yi be defined as above and suppose that (∗) holds. We separately
consider two cases: one in which i = 0 and the other in which i ≥ 1. If i = 0 then 〈x, yj〉
is a p-group, which implies that yj = xgx

j−1 ∈ M . It follows that gxj−1 ∈ M and so
g ∈M . If instead i ≥ 1 then 〈yi, yj〉 is a p-group and so is the subgroup

〈x(x
j−i)g

−1

, x〉 = 〈yi, yj〉x
−(i−1)g−1

.

It follows that x(x
j−i)g

−1

∈M , so (xj−i)g
−1 ∈M and finally g−1 ∈M .

We proved that if (∗) holds then g ∈M . It follows that G ≤M , a contradiction. �

The bound in the previous proposition is the best possible, as we can see looking atG =
PSL(2, p). We have that each Sylow p-subgroup of G has cardinality p, np(G) = p + 1
and Op(G) = 1. Then if x ∈ G is a p-element we have that sp(G) = 1/(p+ 1).

Corollary 2.2. Let x ∈ G be an element that does not lie in the Fitting subgroup F(G) of
G. Then spG(x) ≤ 1/3.

Proof. Let p be a prime dividing the order of x such that the p-part xp of x does not lie in
Op(G). Then by Proposition 2.1 we have spG(x) ≤ spG(xp) ≤ 1/(p+ 1). �

We can now prove Theorem 1.1.

Proof. First of all we observe that [G : F(G)] ≤ 3. For if [G : F(G)] ≥ 4 then by Corol-
lary 2.2

dn(G) ≤ sp(G) =
1

|G|
∑
x∈G

|SG(x)|
|G|

=
1

|G|

|F(G)|+ ∑
x/∈F(G)

|SG(x)|
|G|


≤ 1

|G|

(
|F(G)|+ 1

3

|G| − |F(G)|
|G|

)
=
|G|+ 2|F(G)|

3|G|
≤ 1

3
+

1

6
=

1

2
.

(4)

Thus [G : F(G)] ∈ {2, 3}. Let G be a counterexample of minimal order. It is an easy
exercise to verify that setting N := F(G), we have G = N〈x〉 with |x| = q ∈ {2, 3}
and N is an elementary abelian group of order say pk, for some prime p 6= q. Moreover
CN (x) = 1 and G is a Frobenius group with kernel N . For every 1 6= a ∈ N we have

NilG(a) = N,

while for every y /∈ N we have
NilG(y) = 〈y〉.
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Therefore

dn(G) =
1

|G|
∑
g∈G

|NilG(g)|
|G|

=
1

|G|

∑
g∈N

|NilG(g)|
|G|

+
∑
g/∈N

|NilG(g)|
|G|


=

1

pkq

(
1 + (pk − 1)

1

q
+ (q − 1)pk

1

pk

)
=

1

pkq
+
pk − 1

pk
1

q2
+
q − 1

pkq
,

which is greater then 1/2 if and only if q = 2 and pk = 3, that is if and only if G ' S3.
By direct calculation one see that dn(S3) = 1/2 and so we have the assertion. �

The next theorem is another result with the flavour of Gustafson’s theorem, concerning
the probability sp(G).

Theorem 2.3. If sp(G) > 2/3 then G is nilpotent, and the bound is the best possible.

Proof. This is just a calculation which follows easily from Corollary 2.2. Let G be a
nonnilpotent group: then |F(G)| ≤ |G|/2. Thus

sp(G) =
1

|G|
∑
g∈G

spG(x) =
1

|G|
∑

g∈F(G)

spG(x) +
1

|G|
∑

g/∈F(G)

spG(x)

≤ |F(G)|
|G|

+
1

3

|G \ F(G)|
|G|

=
1

3
+

2

3

|F(G)|
|G|

≤ 2

3
.

The fact that the bound is tight follows from an easy calculation that gives sp(S3) =
2/3. �

3. SOME EXAMPLES AND REMARKS

In this section we first of all explain why it is crucial for our proof of Theorem 1.1 to
replace NilG(x) with SG(x). Looking at Gustafson’s proof about the degree of commuta-
tivity ( [4]) we find that a fundamental fact is that if x ∈ G satisfies |CG(x)| > |G|/2 then
x ∈ Z(G), that is CG(x) = G. Corollary 2.2 gives a similar result concerning SG(x):
if |SG(x)| > |G|/3 then x ∈ F(G), that is SG(x) = G. It is not difficult to see that
the elements x such that NilG(x) = G are exactly the elements in ζω(G), the hyper-
center of G. The question could then be asked if there is a constant c > 0 such that if
|NilG(x)|/|G| > c then x ∈ ζω(G). The following proposition shows that such a constant
does not exist.

Proposition 3.1. There exists a sequence of groups (Gk)k∈N together with xk ∈ Gk such
that Z(Gk) = 1 and

lim
k→∞

|NilGk
(xk)|

|Gk|
= 1.

Proof. For k ∈ N and k ≥ 2, let n = 2k. Moreover let K = F2n be the field with 2n

elements and V be the additive group of K, so that V is an elementary abelian group of
size 2n.

By Zsigmondy’s theorem there exists a prime p which divides 2n−1 and doesn’t divide
2l − 1 for any 1 ≤ l < n. Let P = 〈x〉 be the subgroup of order p in the multiplicative
group K×. P acts fixed point freely on V by multiplication and the elements of the group
V o P have order either 2 or p.

Let G = Gal(K|F2), a cyclic group of order n = 2k. Then G acts both on V and on P .
If σ ∈ G is such that xσ = x then x ∈ E = FixK(〈σ〉) the field fixed by σ. Since x /∈ F2
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we have E > F2. By the choice of p, and since |x| = p has to divide |E| − 1, we have that
E = K so that σ = 1, i.e., G acts fixed point freely on P .

We can consider the group G = (V o P )o G, whose order is 2n+kp.
It is easy to see that there are not any elements of composite order in G. In particular

Z(G) = 1. MoreoverNG(S) = S for all S ∈ Syl2(G) and if S1, S2 ∈ Syl2(G), S1 6= S2,
then S1 ∩ S2 = V . Then V = O2(G) and so for all v ∈ V \ 1

NilG(v) =
⋃

S∈Syl2(G)

S = V ∪ (G \ (V P )).

Finally
|NilG(v)|
|G|

=
2n + 2n+kp− 2np

2n+kp
= 1− p− 1

2kp
,

which tends to 1 as k tends to infinity. �

In [5], page 238, some candidates for the role of subnormalizer are defined, other then
the one we used (Definition 1.2). For example, inspired by the Baer-Suzuki theorem, we
may define S1

G(H) as follows:

S1
G(H) = {g ∈ G | H �� 〈H,Hg〉}.

As explained in [1] the cardinality of this set can be written as

|S1
G(H)| = δG(H)|NG(H)|

where
δG(H) = {Hg | H �� 〈H,Hg〉}.

The following example shows that there is not an equivalent of Corollary 2.2 for S1
G(x),

that is, a probabilistic version of the Baer-Suzuki theorem.

Example 3.2. Let n = 2k for k ∈ N, k ≥ 2 and let G = Sn, x = (1, 2). We want to
count the number of transpositions that generates a 2-group together with x. If y is such a
transposition then y commutes with x, because otherwise xy would be a 3-cycle. Then

δG(x) = |{x} ∪ {(i, j) | 2 < i < j ≤ n}| = 1 +
(n− 2)(n− 3)

2

and so
|S1
G(x)|
|G|

=
1 + (n−2)(n−3)

2
n(n−1)

2

which tends to 1 as n goes to infinity.
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