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LIPSCHITZ STABLE DETERMINATION OF POLYGONAL
CONDUCTIVITY INCLUSIONS IN A 2-DIMENSIONAL LAYERED
MEDIUM FROM THE DIRICHLET-TO-NEUMANN MAP

ELENA BERETTA, ELISA FRANCINI, AND SERGIO VESSELLA

ABSTRACT. Using a distributed representation formula of the Gateaux derivative of
the Dirichlet-to-Neumann map with respect to movements of a polygonal conductivity
inclusion, [14], we extend the results obtained in [9], proving global Lipschitz stability for
the determination of a polygonal conductivity inclusion, embedded in a 2-dimensional
layered medium, from knowledge of the Dirichlet-to-Neumann map.

1. INTRODUCTION

In this paper we consider the inverse problem of determining a polygonal conductivity
inclusion in a 2-dimensional layered medium ). We address the issue of stable recon-
struction from knowledge of the Dirichlet-to-Neumann (DN) map, proving a quantitative
Lipschitz stability estimate. This extends the results obtained in [9], where Lipschitz sta-
bility was proved in the case of one or more well separated polygonal inclusions embedded
in a homogeneous medium. There, a crucial step to prove Lipschitz stability was an ac-
curate investigation of the differentiability properties of the DN map and a lower bound
of the derivative of the DN map with respect to movements of a polygonal conductivity
inclusion P°. In [9] the authors used a boundary integral representation of the directional
derivative, obtained rigorously in [13], via an accurate study of the blow-up rate of the
gradient of solutions in a neighborhood of the vertices of the polygon.

In the case of an arbitrary polygonal regular partition of the domain €2, the behaviour of
the solutions in a neighbourhood of the points of intersection of the sides of the polygons
depend on how the sides of elements of the partition intersect not allowing in general the
derivation of the boundary representation of the derivative, [10]. On the other hand, as
shown in [14], [21], [19], one can prove the existence of a distributed representation of the
Gateaux derivative of the DN map.

The novelty of our approach is to use the derivative of the DN map in its distributed form
and via this representation to establish a lower bound for the derivative, which represents
the key to derive the desired Lipschitz stability estimates. The main idea to derive this
bound is the following: we compute the distributed derivative of the DN map along a pair
of singular solutions Go(.,y) and Go(., z) for the conductivity operator with singularities
Y,z € RA\Q close to 9Q and we, then, study the properties of this function that we
denote by Sy(y,z). First, an integration by parts allows us to express Sp(y, z) in terms
of the boundary representation of the derivative away from the vertices. Then, using the

2010 Mathematics Subject Classification. 35R30, 35J25.
Key words and phrases. polygonal inclusions, conductivity equation, shape derivative, stability, inverse
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Figure 1. An admissible geometry.

fact that the Green function is solution of the conductivity equation, and exploiting its
behaviour near the discontinuity interfaces, we establish for Sy(y, z) quantitative estimates
of smallness, [2], along a walkway connecting the part of the boundary where the data are
localized to the sides of the polygon P, far from its vertices and its intersections with the
interfaces, allowing Sy(y,z) to blow up, at a certain controlled rate, when getting close
to its sides. This fact, coupled with the asymptotic behaviour of the Green’s function in
the walkway when approaching the side of P?, leads to the desired lower bound of the
derivative.

To our knowledge, stability for polygonal inclusions from finitely many boundary mea-
surements has been derived only in the case of polygonal inclusions embedded in an homo-
geneous medium: in [7] where the authors derive a local stability result and in [23] where
the logarithmic stability estimate for convex polygons is global but the measurement de-
pends on the unknown polygon. Also, the results obtained in [3] where Lipschitz stability
has been proved for conductivities belonging to a finite dimensional subspace do not apply
in our case. On the other hand, in several applications, like the geophysical one, many
measurements are at disposal justifying the use of the full DN map, [6].

The result can be extended also to a more general piecewise linear partition of the
domain 2 provided the distance of the vertices of the polygon is at controlled positive
distance from the layers of the partition. This kind of geometrical setting originates from
applications, for example in geophysics exploration, where a layered medium (the Earth)
under inspection contains heterogeneities in the form of rough bounded subregions (for
example subsurface salt bodies) with different conductivity properties [18], [17].
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We think that the ideas introduced here will pave the way to new stability results for
relevant higher dimensional problems. In fact, in a paper in preparation, we prove Lipschitz
stability in the case of an arbitrary polyhedral Lipschitz conductivity inclusion imbedded
in a homogeneous medium and we expect to extend the result also in the case of polyhedra
embedded in a layered medium. Moreover, we expect to be able to generalize these results
to the framework of linear elasticity.

The paper is organized as follows: in Section 2 we state our main assumptions and the
main results. In Section 3 we derive a first rough stability estimate in order to establish
that, if the difference of the DN map corresponding to two polygons are close, then the
polygons have the same number of sides and are close in the Haussdorff distance. In Section
4 we construct a suitable Lipschitz vector field and prove some crucial regularity results.
In Section 5 we derive a representation of the Gateaux derivative of the DN map and prove
its continuity. In Section 6 we derive a lower bound of the derivative and give the proof
of the main results stated in section 2. Finally, Section 7 is devoted to a discussion on
possible generalizations and open problems.

2. ASSUMPTIONS AND MAIN RESULT

In this section we state the main assumptions and the main results. For sake of simplicity
we fix a domain Q = (—L, L) x (=L, L) C R? and let w, . . ., wy, be real numbers such that
wp=-L<w < <wpy=0Land let

Q=uU",Q;, where Q; ={(z,y) € Q:w;1 <y <w}

Let us consider a background conductivity of the form

(2.1) (@) =3 yixa,.
=1

for positive given constants «;,7 = 1,...,m. Let us denote by ¥; the interface (—L, L) X
{w;}. We assume
(2.2) dist(X2;, Xi41) > do,Vi=0,...,m — 1.

for some dy > 0. We denote by dist(-, -) the Euclidean distance between non empty subsets
A, B in R? ie dist(A, B) = inf{|lz — y||,z € A,y € B}.

Let k be a positive given constant k #£ v;, i = 1,...,m, let P C  be a closed polygon
and set

v =w(®) + (k — () xp(2).
Let us denote by Ap the DN map related to yp, that is the map
Ap: HY2(0Q) — H™Y2(0Q)
fo= o
where u € H'(2) is the unique solution to

div(ypVu) = 0in
(2.3) { u = fon df,
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and n is the unit outer normal direction to 2. The norm of the DN map in the space of

linear operators £(H'/2(09), H=1/2(99)) is defined by
142 = sup { [ APl -1 2000/l 1s2(0 = & # 0}

Let us now define the class of polygons we are dealing with.
Let A the set of closed, simply connected, polygons P C 2 whose boundary is a simple
curve such that:

(2.4) P has at most Ng sides each one with length greater than dy;

(2.5) OP is of Lipschitz class with constants ro and Ko;

there exists a constant 5y € (0, 7/2] such that the angle 5 at each vertex of P satisfies the
conditions

(2.6) Bo < B <21 — By and B — 7| > By
(2.7) dist(P, 09) > dp.

We also assume that for every vertex P, of P we have

(2.8) dist(Pg, X;) > do/2,Vi=1,...,m — 1.

Notice that we do not assume convexity of the polygon.
In the sequel PYAP! := (PU\P!) U (P}\P?) will indicate the symmetric difference of the
two polygons P° and P!.

We also assume that we can distinguish the inclusion from the background, so we assume
there is a positive constant ¢y such that
(2.9) |k —~i| > co, fori=1,...,m.

The constants Ny, dg, 7o, Ko, L, Bo, co, and m will be referred to as the a priori data.

In the sequel we will introduce a number of constants that we will usually denote by C.
The values of these constants might differ from one line to the other but they will only be
determined by the a priori data and will always be greater than 1.

Finally, let us recall the definition of the Hausdorff distance between two sets A and B:

di (A, B) = max{sup inf dist(z,y),sup inf dist(y,z)}.
rcAYEB yeB €A

The following stability results hold:

Theorem 2.1. Let P°, Pt € A and let k,v;, i = 1,...,m satisfy assumption (2.9). There
exists C depending only on the a priori data such that

di (0P°,0P) < C||Apo — Api |+

Theorem 2.2. Let PV, P! € A. There exists a positive constant C depending only on the
a priort data such that,

(2.10) [vpo = vpillr() < CllApo — Apr .

Remark 2.3. Our main results can be extended thoroughly to the case where ) is a bounded
domain with Lipschitz boundary.
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3. LOGARITHMIC STABILITY ESTIMATES

In this section we first state a stability result obtained in [16], where the authors establish
a logarithmic stability result for conductivities in H*(2), for s € (0,1/2), that we can apply
in our framework since, for P € A, we have that vp € H%(Q) for s € (0,1/2) (see [11], [12]
and [25]). This allows us to prove that, if the DN maps corresponding to two polygons
are close, then the polygons have the same number of sides and are close in the Hausdorff
distance (Proposition 3.4).

Proposition 3.1. (3.1 in [16]) There exists « < 1/4 and C > 1 depending only on the a
priori data, such that, for PO, Pt € A,

(3.1) po = p1llzzgy < C Ml Apo — Apt [l 7,
’Lf ||Afp0 - Ap1||* < 1/2

Corollary 3.2. Under the assumptions of Theorem 2.1, there exists o < 1/4 and C' > 1
depending only on the a priori data, such that, if |[Apo — Api|l« < 1/2, then

c _
(3.2) IPLAP| < — [ f|Apo — Apa ] 2
0
Proof. It follows immediately from (3.1) and from assumption (2.9), that gives
[vpo — 77>1||%2(Q) = (ypo — ’7771)2
Q
= [P [ )
PI\PO PO\ P1
> APtAPY).

0

We can now follow the same strategy as in [9] and notice that the a priori assumptions
on the set of polygons A give a relation between |[PLAP|, dy (9P, OP) and the distance
between the endpoints of the polygons.

Let us recall here some results from [9].

Lemma 3.3. (Lemma 3.2 in [9]) Given two polygons P° and P! in A, we have
dg(OP°,0P") < C\/|PPAPY],
where C' depends only on the a priori data.

Proposition 3.4. (Proposition 3.3 in [9]) Given the set of polygons A there exist 0y and
Co depending only on the a priori data such that, if for some P°, P! € A we have

dp (0P°, 0PY) < 4y,

then P° and P! have the same number N of vertices { PP}, and {P!}Y |, respectively,
that can be ordered in such a way that

(3.3) dist(P?, P!) < Cody (9P°, 0PY) for everyi=1,...,N.

More precisely §o = min{ Koo, dy Sirllégo} and Cy = /1 + sir1126,80'
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By Corollary 3.2, Lemma 3.3 and Proposition 3.4 we have the following

Proposition 3.5. (Proposition 3.4 in [9]) Under the same assumptions of Theorem 2.1
there exist positive constants €y, o, C' > 1 depending only on the a priori data, such that,

if

g = HApO — Ale* < €0,
then P° and P! have the same number N of vertices {P]Q}é-\f:l and {le}é-vzl, respectively.
Moreover, the vertices can be ordered so that

(3.4) dist(P),P}) <w(e), Vj=1,...,N,
where w(e) = C|lne| ™.
4. MapPING PY TO P!

In this section we construct a suitable Lipschitz vector field mapping the polygon P to
Pl In this section we assume that

dp(0P°, 0P) < 55—0

where g is as in Proposition 3.4 and let ~{PJQ}§V:1 and {le ;-Vzl be the vertices of P? and
PL. Let us also consider the intersections of 9P° with

Y =urty,
and denote them by {P]Q}j.v:t\’;il.
Since, by (3.3),
. 50 do sin 50 16 vV 17d0 do
dist(P?, P < Cp— < ——= /1 < <—=,i=1,...,N,
is(F, B < Cog = =5 Tk S 80 S22

by assumption (2.8), for each side of P° intersecting ¥, the corresponding side in P!
intersects ..

This means that the intersections of 9P with ¥ are given by {le };V: —5\’7611 and

dist(P}, P}) < Codg (OP°,0P"), for j =N +1,...,N + ko.
Let us reorder the indices in
{Pjo}jj\il and {le}j]\/ib
such that M = N + kg < mN, PJQPJQJrl is a segment in OP°, and
dist(P), P}) < Codg (OP°,0P") for j=1,..., M.
Let W CC Q be a tubular neighborhood of 9P of width %0 so that

dist(W, 092) > %,

and W D 0P,
Let us now define a map & € W1°°(R?) in such a way that the following properties are
satisfied (cf. [13] for a similar construction):

(4.1) U(P}) = P} — P} for every j =1,..., M,
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(4.2) supp(U) C W,

(4.3) U is piecewise affine continuous on the line segments PJQPJQH, ij=1....M,
and also on (W NX)\ P°.
Notice that on X the map is parallel to X.

(4.4) U| + %ypm < Cody (OP°,0PY),

where we denote by DU the Jacobian matrix of &. From now on I will denote the 2 x 2
identity matrix.

Proposition 4.1. The map
O, =1+tU, forte]|0,1],
has the following properties:

(4.5) ®; is piecewise affine continuous on OP° UL\ PY;

(4.6) o, € WH(Q) is invertible and
|D®; — I|, |D®; ' — I| < Ctdy (OP°, OPY);

(4.7) Dy(U\PY) CQ foralli=1,...,m;
(4.8) 4 dp-1] < Cdy (oP°, 0P);
' dt ‘|7 lat t | : ’
(4.9) 4 pa,| | Lpat| < Cdy(0PY,0PY);
' e a7 ’ ’

%(D@;l)T + DUT| < Ctd% (0P, 0Ph).

Proof. (4.5) follows directly from the definition of U.
In order to prove (4.6) we notice that

(4.10) ‘C‘;D@;l + DL{‘ < Ctd% (0P, 0Ph),

C
|D®, — I| = t|DU| < 8td—0dH(8730, Py,
0
hence
8Cohdg < V17 < 17
5dg — 10 2
hence @, is invertible for every ¢ € [0, 1]. Moreover, by the Implicit Map Theorem it follows
that D®; ! (y) = (D®;)~1(®; ! (y)) and the analyticity in the parameter ¢ of (D®;)~ " gives

D, — I| <

|D®; 1 — 1] < St%dH(GPO, oPh).
0

Let us now prove (4.7) noticing that if PjQ € 3, then L{(P]Q) is parallel to X, hence ®,(X) C
Y. The invertibility of the map ®; then gives (4.7).
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Estimates (4.8) and (4.9) follows directly from (4.4) and finally we obtain (4.10) again
by analyticity of (D®;)~! with respect to ¢:

d
D, 1y Du‘ < Ct|DU|? < Ctd%(0P°, 0PY),

and analogously, since (D®; *(y))T = (D®;)~T(®; (),
d
which concludes the proof. ]

< Ct|DU* < Ctd% (0P, 0P,

5. DIFFERENTIABILITY PROPERTIES OF THE DN MAP

In this section we will first show the existence of the material derivative of u, u :=
d(uo®y)

i [t=0
DN map and the explicit computation of the distributed form of the Gateaux derivative.
Finally, via its representation we will prove that the derivative is continuous.

Let ®4(x) = = + tU(z) and let us define
Pt = &(PY),

in a variational setting. This will allow us to prove the differentiability of the

and notice that, by (4.6),
vpi(x) = ypo (7 (2)) -

Notice that the notation is consistent, that is ypo (®7'(2)) = yp1(z). Let us denote by u;
the solution to

div(yptVu) = 01in Q,
(5-1) { ug = f on 0N
Let us define
A(t) = (DB, 1) (DB, )" det (D),

and
d

A= %A(t)| = div(U)I — (DU + DUT).
t=0
Let us now show a result corresponding to Lemma 2.1 in [14].
Lemma 5.1. The solution u; to problem (5.1) has a material derivative at t = 0, U €

HZ(9), that solves

(5.2) / Ypo Vi - Vip = —/ Ypo AVug - Vb,
Q Q
for every ¢ € H} ().

Proof. Let f € H'(Q) be an extension of f such that supp(f)Nsupp (i) = 0. Let wy = uy—f
for t € [0,1]. Notice that w; € H}(2) and div(yp:Vwt) = —div(yp: V) in €, that is

(5.3) /nyptit -V = —/Q'yptVf- Vi, V€ HY (Q).
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Let @; = w; o ®4; since ®4(x) = z close to 92, we have that @, € H} (1) satisfies
(5.4) / Ypo A(t) Vi, - Vip = —/ YoV Vb Vib € HH(Q).
Q Q

where we have used the fact that A = I on the support of f and the fact that yp: (®;(z)) =
~po(x). By subtracting (5.3) for ¢ = 0 from (5.4) and dividing by ¢, we get

55 [ a9 (

Now we proceed as in the proof of Lemma 2.1 in [14]. Applying (4.1) we have that
| A(E) || oo (@) = C for all t € [0,1] and that A(t) is differentiable at ¢ = 0. Hence, choosing

= @ € H}(Q) as test function and applying Cauchy-Schwarz inequality, we get
Dy —

()
t

W — Wo

W — Wo

>'V¢=/Q’YPOI_;MVMO'V¢, v € HY(9).

< O Vwol| 2.
L2(9)

which means that

is bounded in HJ (1),

therefore there is a weakly convergent sequence in H& (Q) and its weak limit is the material
derivative w of w. By passing to the limit in (5.5) we get that

(5.6) /provw -V = —/Q’YPOAVU)O SVip, Vb € HH(Q).

We also have strong convergence. In fact, if we take ¢ = @ in (5.5) we get

frmatew (B 7 () = [ v ()

and, using weak convergence of wt;wo in H'(Q), strong convergence of Iﬁ’;‘(t) Vwg in L?(£2),

and by (5.6), where we choose w as test function, we obtain

lim [ vpo A(D)V (wt;w(’) v <“’t _“’0> _ _/ po AV g - Vi = / po Vi - V.
Q Q

t—0 Q t

Finally, by

~ 2 ~ ~

/ ")/'PO V (wt wo)' = / ")/poA(t)v (wt w()) . V <wt wO)
0 t 0 t t
+/ oI — A(t))V <“’t - w0> v <wt - w0> :
0 ¢ t

and since

[t ane (50) v () < cn

0 t t

we obtain

~ 2
v (75)

— H\/’YPOVMH%Q(Q)
L3 ()
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This last convergence with the weak convergence in H'(Q) and coercivity finally gives

ME)
t

as t — 0. Finally, by the Poincaré inequality, @ — 1 in H}H(Q).

— 0,
L2(Q)

Let us now go back to u;. Since uy = wy + f and @ = Wy + f(@)t), we have

U —uyg W — wWo f(q’t)—f'

t t t
But, we notice that f(®;) — f = 0 in Q, since supp(f) C {z : ®;(z) = z}, hence @ = w. [

5.1. Derivative of the forward map. Let us now evaluate the Gateaux derivative of
the DN map along the direction of the vector field U.
Let f,g € H'/?(99Q) and let u; solve (5.1) and v; be the unique solution to

div(ypt V) = 01in Q,
(5.7) { v = gon 0§
Let
8Ut
F<t7fag) - <A77tfvg>: Q’YPtvut'Vvt =< Vbainyg >,

and analogously let

F(0.1.9) =< Apofg >= [ 4o Vi =< g >
Hence,
F(t7fvg);F(07fvg) _ %38” (WZUO) .
Since fyb% = %%, because supp(U) is far from 0€2, by

in H(Q), and recalling (5.2), we get

t on QO Q

as t — 0. Hence

F(0,f,g9) = —/Q")/'/)OAVUO - Vg,

where we denote by F” the derivative with respect to t.

Remark 5.2. Using a similar argument, one can show that F(t, f,q) is differentiable at
any to € [0,1] and that

F/(t()?f?g) = _/ 'Y’PtOAtovuto ’ v’Utoa
Q
for

d _ _
Ay = dt ((D<I>t0}t) (D(I’to?t)Tdet (chto’t)) li=to-
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where @y, 1 = I + tUy, and Uy, is a WH(Q) map satisfying (4.2), (4.4) and such that
Uy, (PjQ —I—to(le — P]O)) = le — P]O Vi=1,...,M and finally, wy,, vy, are solutions of (5.1),
(5.7) respectively for conductivity vypt, -

5.2. Continuity of the Gateaux derivative. We now want to prove the following result

Proposition 5.3. There exist constants C', 8 > 0 depending only on the a priori data,
such that, for all t € [0, 1],

(5.8) |F'(t, f.9) = F'(0. £.9)| < Cllfll /200 19] 1200t dzf (0P, 0PY).
Proof.

F'(t, f,9) = F'(0,f,9) = _/Q’YPfAtVUt'VUt‘f‘/Q’YP“AVUO'VUO

= - /Q(’YPt — ypo)AVug - Vg — /Q’}’pt (A — A)Vuy - Vo, —

/ ypt AV (uy — ug) - Vg — / ypt AVuy - V(v — 1)
Q Q
= h+DL+13+ 14

Let us start estimating I;:

(5.9) L) =

/tA O(k — ’yb)AVuo . V’UO
PLAP

(5.10) < CllA[[L= @) Vol L2(peapo) [ Vvoll L2(pe apoy.-

By Meyers’ Theorem,[26], ug, vg € I/Vlif(ﬂ), with p > 2, so that, applying Holder inequality
we get

1—2 1—2
”VUOH%%WAPO) < |7DtA730| p”VUOH%p(ptmDO) < |7DtA7DO| P HVUUH%?(Q)a

which implies

11 1

1 1_1
(5.11) IVuo | L2prapoy < C2"rdy P (| fll 2o

where we have set, to simplify the notation, dy := dy (0Py, 0P1) and, analogously,

11

11 1-1
(5.12) [VvollL2(prapoy < Ct27rdy, "Nl 12 o0)-
Moreover, by (4.4) || Al ) < Cdpy, hence,

22
(5.13) L] <t rdy, 7

For estimating Is we need to estimate A; — A. Let us rewrite

d
A — A = <dt det D@t> DO ' Do T — (divi)I

+ det Dy (CZDQJ) D®; T + DU + (det D®;) DD, (iD@ﬁ) + pu’™

= Ji+Jo+ Js.
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where
d
Ji = — det D®,D®; DO, T — (divU)I,
d -1 -T
Jy = det DP; | = D®; " | DO, + DU,
and

Jz = det DO, D, ! (iD(I)tT> + DuU”.

From Proposition 4.1 and applying (4.4) we have the following bound on J; and we get
(5.14)

W] <C <‘jtdet D®; — (divu)I‘ + (divU)(|D®;t — I| 4+ |DD; T — I|)> < Ctd3;,
and again by Proposition 4.1 we derive
(515) 1l < OUDUl oy DBT — 1]+ | DO+ DUJ) < Oty
and, arguing as for Jo,
(5.16) |J3| < Ctd%;.
Hence, collecting (5.14),(5.15) and (5.16), we have
(5.17) A = All oo () < Ctdy,
which gives
(5.18) || < Ctdig || fll 1206 |91 /2 6

For the last two terms I3, I; we note that, by (4.4),
(5.19)

1 3_1
|I3] < CllAll Lo IV (e — o) || L2 | Vvoll 2y < Ct27dpy " fll marziom) |91z o0

1

where we have used the energy estimate
[[ue — woll 1) < Cl[Vuol|2¢prapoy,

and the bounds (5.11) and (5.12). Analogously,
(5.20)

3_1

1_1
11a| < Ol All oo @) IV (v = vo) | 2@ Vuoll L2y < Ct272dgy [ fll a2 o) 191 200 -

Finally, collecting (5.13), (5.18), (5.19), and (5.20), and setting 8 = > 0 the claim

follows.

1_1
2 D

O
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6. BOUND FROM BELOW FOR THE DERIVATIVE

In this section we will derive the key lower bound for the operator norm of the Gateaux
derivative,

|F'(0, £, 9)|
1 ez oo 191l 12 962

17(0)]]« :ZSUP{ : f,g;éO}.

In order to simplify the exposition of the proof we will assume that 2 contains only one
interior layer ¥ = (—L, L) x {0} and we denote by Q_ = (—L,L) x (—L,0) and Q4 =
(=L, L) x (0, L) the two layers with corresponding conductivity v_ and .

For seek of clarity let us describe the main steps of our strategy:

We introduce the Green’s function for the conductivity operator div (ypo V) in a slightly
enlarged domain €2y and investigate its asymptotic behaviour near the discontinuity inter-
faces comparing it with the one of a biphase explicit fundamental solution, see Proposition
6.1.

As a second step we consider the derivative F(0,Go(.,y), Go(., z)) computed along a
pair of Green’s functions Gy(.,y) and Go(.,z) for the conductivity operator div (ypoV-)
with singularities at y, 2 € Qo\€.

We study the properties of F'(0,Go(.,y),Go(.,2)) by using its integral representation
and we show that F'(0,Gq(.,y),Go(.,2)) can be extended to a suitable subset of 2. In
particular, via regularity of solutions to elliptic equations with discontinuous coefficients
(Proposition 6.2) and the estimates of the Green’s function of Proposition 6.1 we prove
quantitative unique continuation estimates for F’(0, Go(.,y), Go(., 2)). The peculiarity of
this estimate is that we allow the solution to blow up, at a certain controlled rate when
getting close to the sides of the polygon PY. This fact, coupled with the asymptotic
behaviour of the Green’s function close to the side of the polygon leads to the desired
lower bound of ||EF”(0)]l..

Let

Qp=QU {(—do,do) X [L,L + 2d0]},

and let us extend ypo to g by setting ypo = v+ in (—do, do) X [L, L + 2dp].
We now state some useful estimates of the Green function Gy(z,y) corresponding to the
operator div (ypoV:) and to the domain Qy. Our purpose is now to study the exact
behaviour of the Green’s function close to the discontinuities of ypo. This is done by
proving that the behaviour close to the interface discontinuities is the same as that one of
a biphase fundamental solution, indicated by I', which is explicitely computable.

Let us fix a point y € Qo\PY and let 0 < r; = dist(y, {Pio}j]\il U 0€Qp). There is a
constant C' (depending only on the a priori data) such that Brl/é(y) contains at most a
segment line dividing the disk into two parts with different conductivity. This means that,

for a suitable choice of the coordinate system centered at y, there exists a € [—rl/é, rl/é]
such that

(6.1) 1Po0(®) =7+ (7 = ¥ )X(wosay (2)  for every @ = (21,22) € B, & (y),

where ¥! and 72 can assume one of the values v, y_ and k.
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Let us now define a new coefficient ~,(z) by extending trivially to the whole R? the
values that the coefficient yp, assumes in B, /é(y). We take

(1) =7+ (0 = 1 ey () or every & = (21, 32) € R?

with the same values of 4! and 4% and the same coordinate system as in (6.1). For some
points y, vy (x) is a constant function.
Let us denote by I' the biphase fundamental solution to

div (7 (-)VIL'(,y)) = &y in RZ.

Proposition 6.1. For each ¢1 > 1, there exists a constant C > 0 depending only on the a
priori data and on cy such that for any y € Qo\P° with dist(y, {Pio}j]\/i1 U Q) > do/ca,
then

(6.2) 1Go(y) = T )l ey < O,
and, for any p > 0,
1/2

In —

(6.3) 1GoCs w)ller@ovs, @) < €0~

I

where D depends only on L and dy.
Let P be a point on OP° such that dist(P, {Pio}j]\/il) > do/c1 for some ¢1 > 1 and let

yr = P+rn(P), where n(P) is the unit outer normal to OP° and r > 0 . Then forr < C‘f—oé
and for x € PON B(P,dy/c1C) , we have

(6.4) IVGo(z,y,) — VI(z,y,)| < C,

and

— 2
VI(z,y,) = ——VI(z,y,),
(@.9) = VI w0)

where v* = v if B(P,dy/do/c1C) intersects Qt or v = ~y_ if B(P,dy/do/c1C) intersects
Q™ and where I'(x,y) is the fundamental solution for the Laplacian operator.

Proof. The proof of (6.2) can be derived with similar arguments as in Proposition 3.4 in
13].
Observe that from (6.2) we have

1GoC )l 00\B ) < 11Go(y) =T )l o) + ITC W) 00\ B, (1)

6.5) < CHITC N ©00\B, ()
Now,
(6.6) ITC ol oo < IFC 9 o w080

where D = \/4L? + (2L + 2dp)2. Now, using the explicit representation for the bi-phase
fundamental solution (see for example (4.26) in [5]) we have that

Tz, y)] < Cllnfe — yll, [VI(z,y)| < Clz —y|™,
where C' depends on v and v~ and an easy computation shows that

1/2

In —

(6.7) ITC 9l (B0 w0\Bow) < C P
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Hence, from last inequality, (6.6) and (6.5), inequality (6.3) follows. Finally, (6.4) follows
from similar arguments as in Proposition 3.4 in [§]. O

We will also need the following regularity result for solutions of elliptic equations with
piecewise constant coefficients. The proposition below is a special case of Proposition 1.6
in [22].

Proposition 6.2. Let B, be the disk of radius v > 0 centered at the origin, and let BE be
the upper and the lower half disk and let v* and v? be two positive constants.
Let v € HY(B,) be a solution to

(6.8) div ((71 + (92— vl)xBj) W) — 0 in B,.

Then v € C* (Bif> NC* (Ff) and for every 6 > 0 there is a constant C depending only
on ', v% and & such that

(6.9) IVl Lo (B, s, < Cllvilzes,)-

We are now ready to prove the main result of this section the proof of which will be
divided in four steps.

Proposition 6.3. There exists a constant mg > 0, depending only on the a priori data,
such that

(6.10) | F'(0)]|« > modgy.
Proof. Let us set
V=(P -P,Py—P),... Py —Py).
We observe that
(6.11) Cldy <|V| < Cdy,

for C' depending only on the a priori data: the upper bound follows from Proposition 3.4,
while the lower bound is just an immediate consequence of the fact that the two polygons
have the same number of ordered vertices, hence the distance between sides of the polygons
is bounded by the distance of the corresponding vertices.

Let us first normalize by the length of vector |V| by setting

~ Uu ~ A
U=—, A=—,
V| 14
and
H(f,g) = _/Q’YPOAVUO - Vo,
so that
F'(0, f,9) = |VIH(f,g).

Let

|H(f,9)|

1l /200 191 172002

(6.12) my = HHH*ZSHP{ : f,g#O},
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be the operator norm of H, so that

(6.13) IH(f,9)| < mallfll g2 00 191l 17200y for every f,g € H'2(00).

First step. To start with we choose special boundary values f and g, by setting, for
Y,z € Q\Q, f=Gol(,y),, and § = Go(:, 2),,- With these choices, the corresponding
solutions are

(6.14) Go(z,y) and Go(z,=2),

that we will continue to denote by ug and vy for sake of brevity. Notice that, since
Y,z € Qo \ ©, then ug,vg € H'(2). Let us define

So(y, z) = —/vaoAVuo Vg = —/Q’YP(JAVGO(',ZJ) -VGo(:, 2).

Notice that, for y,z € Dy = [—%0, %0] x [L 4+ %,L + %],

SO(y7 Z) - H(GO('vy)‘agwGU('7z)|DQ)7
hence, by (6.13), by (6.3) of Proposition 6.1 with p = dy/4, and, finally, by the Trace

Theorem we have

(6.15) |So(y, 2)| < Cmy for y,z € Dy,

i
do

where C' depends on the a priori data.

Second step. We now use the properties of the function Sy to go from the distributed
integral representation in € to a boundary representation formula on 9P far from the
vertices.

By assumptions (2.4) and (2.8), there exists a constant Cy depending only on the a
priori data, such that

P
dist(PY, P) > %, if 41,
0

and
d
B (PJO, C?) does not intersect sides of P that do not contain PJO.
0
Let B= Ujj‘/ilB (P]Q, 4%)0) and let us write
(6.16) So(y,z) = — / po AV ug - Vg — / AP0 AVug - Vup.
Q\B B

Since ypo is piece-wise constant, the solutions uy and vy are harmonic in each domain
where ypo is constant, that is in Q4 \ P%, Q_\ P? and P. In each of these sets

AVug - Vg = —div(b),

where

b= (Z/NI . Vuo> Vg + <Z/~{ . Vvo) Vug — (Vg - Vuo)l;l,
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(see [14] for details). We can write

(6.17) / ypo AVug - Vvg = —’er/ div(b) — 7/ div(b) — k:/div(b).
0\B Q4 \(POUB) Q_\(POUB) PO\B

For any function u defined in €2, let us use the following notation:

+ - _ i
U —U|§+\p0, U =AUy por U = U,

Let us now denote by n the unit outer normal to 99, to P?, and to the balls in B and by
e9 the unit vertical normal vector. 3
Integrating by parts and recalling that supp(U) C W, hence b = 0 on 9%, we have

(6.18) / div(b™) = —/ bt om— / bton— [ b7 e,
Q4 \(POUB) (OBNQLL)\ PO (OPONQ\B S\ PO
(6.19) / div(b™) = —/ b”-n —/ b~ -n—l—/ b~ - ea,
Q_\(POUB) (8BNQ- )\ PO (OP°NQ_)\B Z\ PO
and
(6.20) / div(d') = / b — / b .
PO\B aPO\B oBAPO
By (6.17), (6.18), (6.19) and (6.20) we get
(6.21) / AP0 AVug - Vg = / ypob - n + / [ypob - ea] — / [vpob - n],
O\B OB £\ PO oPO\B
where [ ] denotes the jump.

By definition, since U is zero on ¥\ W, affine on (W N X) \ P° and (4.1) holds for
P]Q € X, we have U - es = 0 on . By transmission conditions for ug and vy on 3, we have

7+Vu3' ~eg = 7-Vu, - ez and ’y+Vv§ ~eg = -V, - ez while U - Vua' =U- Vug, and
U- Vva“ =U - Vv, . For these reasons,

(6.22) [Ypob - e2] =0 on X.
In a similar way, by transmission conditions on 9P, we can write
(6.23) [ypob - n] = (Z;{ : n) (k — vy )MTVul - Vi on OPY\ BNQy,

where M™ is a tensor with eigenvectors n and n' with eigenvalues % and 1, respectively,
and

(6.24) [ypob - n] = (Z/Nl : n) (k —~y_ )M~ Vul - Vvl on 9P\ BNQ_,

where M~ is a tensor with eigenvectors n and n' with eigenvalues 7% and 1.
Hence, finally, by (6.16), (6.21), (6.22), (6.23) and (6.24),

(6.25) So(y,z) = —/ 'ypoflVUO'Vvo—/ ypob-n—l—/ (Z]n) (k—~po) MVuh- Vv
B oB 0

where M = M+XQ+mapo + M xa_napo-

PO\B
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Figure 2. The path from Dg to P.

Third step. We now use the properties of Sy to propagate estimate (6.15) up to
points that are close to the sides of PY but far from the vertices.
From formula (6.25) we deduce that Sy is well defined for y, z € Qo \ P° U B and, recalling
(6.14), we have that Sy solves the equation

(6.26) div (ypoVSp) =0 in Qo \ POU B,

both with respect to y and to z.

Let us now consider any segment Pj(-)P]QJrl of 9P° and let P be the mid-point of such
segment.

By Assumptions on (2.6)-(2.8) the disk B(P, %%) intersects AP only on the side con-
taining ]—7;]]3](.)Jrl and it does not intersect .

Let o be a simple curve joining the point P+ %’;n(P) to the point Qo = (0, L+ dp) such
that o C 9 and dist(0, P°) < &. Let o’ = 0 U{P +tn(P) : t € [0, &]}.

Let K = {x € Qo \ P : dist(z,0') < %E} and Ko = {a: € Qo \ P : dist(z,0') < %E}'
See Figure 2 for an example.

The function Sy solves in K the equation div (ypoVSp) = 0 with respect to both y and
z. Let us now estimates function Sy(y, z) for points y,z € K.

First of all by (6.3) we notice that, since dist(K, B) > 7o := 4%’0, then

IVuollz2 sy < I1Go (- 9)ll 1 (20\Bry ) < C
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where C' depends only on the a priori constants. Since the same holds for vy, we have

(6.27) / Ypo AVug - Vg
B

< Cl|Vuol 2yl Vool L2 ) < C.

Let us now notice that we can cover 0B by a finite number of balls of radius g—go such
that, in each ball of radius SdTOO concentric to them, the function ug solves an equation of
the form (6.8) with h = ¢ = 0.

By combining (6.9) with (6.3) and the fact that the distance between K and the largest
balls covering 0B is bigger than 7o, then ||[Vuo| z 5y and [[Vvgl|Le(ap) are bounded by

a constant depending only on the a priori constants and, hence,

(6.28) ’/ ypob - n
oB

For a similar reason, for points on 9P°\ (BU B(P, g—%)) we can bound the L*° norms of
ug and vg for point y and z in K and

<C.

(6.29) (L? : n) (k — ypo) MV, - Vi) | < C.

/<9P0\(BUB(P,Z%))
Now, finally, we consider

/ (L? . n) (k — ypo) MV - Vi,
OPONB(P,2L)

and notice that, if y, z are at positive fixed distance from 0Py N B(P, g—%), then we can
again use (6.3) and (6.9) and bound the L* norm of Vuj and Vvj. On the other hand,

for points y and z close to 9P° N B(P, g—%) we can use (6.4) and the explicit formula for T
to finally get that

(6.30) < C(dyd:)™"?,

/ (Z;l . n) (k — vpo)MVul - Vi
8770ﬁB(P,g—%)

where d,, = dist(y, P°) and d, = dist(z, PY) .
By putting together (6.25) and (6.27)-(6.30) we finally get, for every y,z € K

(6.31) [So(y, 2)| < C (dyd) 2.

Let us now recall that Sy solves (6.26) with respect to both variables, that is bounded
by (6.15) if y,z € Dy = [~ %, L] x [L+ %, L+ 3%] and is bounded by (6.31) for y,z € K.

Let us fix z in Dg and consider Sy as a function of y only.

We take Qo = (0, L + dy) and 7 = dQ—O, so that, by (6.15) and recalling (6.12)

(6.32) 150, 2)[| 2(B1(Qo)) < Cru.

Let us set K = {x €K :d(z,P% > 4‘%00} and Ko = {3: € Ko : d(z,P°) > 2‘%00}
By (6.31) we have that there is a constant C' depending only on the a priori data, such

that
(6.33) 150+ )l i) < C-
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We now apply Theorem 5.1 in [2] that gives an estimate on smallness propagation for
solutions of elliptic differential equations and that, in the 2 dimensional setting, holds for
L™ coefficients (for a similar result, for coefficients with jumps, in any dimension see [15]).
Notice that, in the present case, the right hand side of the equation is null and we take

Q) = K. There exist positive constants § and C' depending only on the a priori data, such
that, by (6.32) and (6.33) we have

(631 IS0( 2l 2(, < O

In particular, since the disk centered at Q = P +3 Sdo n( ) of radius R; = Sdco is contained

in Ko, we have

(6.35) 150C+ )l 28, (@) < CmS Yz e Dy.

Now let us notice that, for fixed 2, Sy is a harmonic function in {z € K : dist(z, PY) < g—%}
hence, since (6.35) holds, by the mean value property and Holder inequality

(6.36) [So(y, 2)| < Cm,

for y € BRl/Q(@) and z € Dy.

Let us now fix y € Bg, /»(Q) and consider the function So(y,-). By the same procedure
as before we have that

(6.37) 15009, ) 2, @) < O ¥y € B, 12(Q).

We now apply a classical three sphere inequality for harmonic functions (see, for example,
[4, Appendix E.2|) to the function Sy(-, z) in the spheres

B, (Q) C By, (Q) C By, (Q),

for

= — do T do r

Ri=Ri1/2, Ry= 5Co 2 and R3 = 30, 1
where r will be chosen afterwards. We have that, for every z € By ( ) and for
(6.38) O, = M,

In(R3/R1)
then
6.39 So(-, 2 -\ < 1S (- 2) |0 s 1-6r
O30 1800 s, ) < 106N o ISCAIE -
hence, by (6.31) and (6.37) we have
1 1—6,
2
Oy S

where (see (6.37))

2
mo —Cm‘; .
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Recalling that Sp(+, z) is a harmonic function, by the mean value properties and Holder
inequality, we have, for y, = P + rn(P)

1-6,

N,
(6.41) S <0 (3) 7wl vseBa g

r

We now consider Sp(yr, ) in the same disks as before and we finally get

1\ e+ (1=0,) (% +1) 52
(6.42) oty < (1) .
From (6.38) it is straightforward to see that
1\
<> =1+o0(1), asr —0,
r
which implies
1 93
(6.43) [So(yr yr)| < CﬁmQ :

Fourth step. We now use the the fact that Sy blows up when approaching any side of
the polygon far from the vertices to conclude the proof.
By using estimate (6.4) and proceeding similarly as in [9, (3.21)] we have for r < 8%0 and
Ypr = P+ TTL(P)

CU(P) -n(P
(6.44) o)) = SLEE) Gy,
and, by comparing (6.43) with (6.44) we get

~ 1

(6.45) ‘Z/{(P) n(P)‘ <C <r lInr| 4+ ng72"> .
If ma < exp(—(48)*) i.e.

—(4 4 1/52
(646) my S <exp(c(18))> = C]__17

(where C depends only on a priori data), then we can pick up
P —1/4 _ 6do —1/4
r = 96R;|In(ms)| = ——|In(my)]
Co
in (6.45) and, after some straightforward estimations, we end up with the following bound
[G(P) - n(P)| < Cl1n(ma)| /%,
which, recalling the definition of mq, can be written as

(6.47) U(P) - n(P)| < wo(ma),

where wp(t) is an increasing concave function such that lim; o+ wo(t) = 0.
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Notice that, with a similar procedure, this estimate can be obtained for each point in
a neighborhood of P on the side P]QPJQH. Since U is affine on P]QPJQH, we get that the
estimate holds at the endpoint of the segment as well, hence

U(P) - nj)] < wo(ma),

and

UP1) - ngl < wo(ma),

where n; denotes the outer normal direction to P]QPJQJrl and wp is the function in (6.47)
multiplied by a constant depending on the a priori parameters.
In particular, by (4.1), for each P]O, we have

PO _ pl
(6.48) L .n| <we(m),
14
for each n normal to sides through PJO.
Let jo be such that |P]% — le()] = max;j—i,. M |P]Q 0— P]j\ By construction Pj% is an
PY —P:
endpoint of P (and not an intersection with ¥) and lJﬂTm > ﬁ Moreover, since there

are two linearly independent unit directions n for which (6.48) holds for j = jo, then it
holds for every unit direction, and, by choosing n parallel to PJ% — leo we get

1 |P) - P} PO pl
_ S Jo Jo — J J ,";L Swo(ml),
M 14 14
from which
1
(6.49) my > Wo_l(M)-

Hence, recalling (6.46),
. 1,1 .
mi > min <w0 1(M)’Cl 1> .
Finally, from (6.11) and the fact that
7" (0)]« = [VI[IH]

we get
IF"(0) [« = mod,
with mg = C~! min (wgl(ﬁ), C’l_l). O

Remark 6.4. We performed the proof in the simpler case of a single interface 33, but the
same proof works in the case of multiple interfaces X; for i = 1,...,m, as long as we
control the distance between interfaces (see Assumption (2.2)) and only consider polygons
whose vertices are far from the interfaces (see Assumption (2.8)). In that case the proof
1s only technically more involved to write down in the integration by parts that lead to
formula (6.25). See Figure 3. The case where the vertices are allowed to get close to an
interface or touch it is more complicated because the definition of the map U is not at all
straightforward, but not impossible to treat and will be object of future work.
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Figure 3. The path from Dy to P in the general case

6.1. Lipschitz stability estimate. In this section we conclude the proof of Theorem 2.1.
From Proposition 6.3 we have that there there exist fo and go in H'/2(9Q) such that

mo
[F'(0, fo, g0)| > ~ dallfollirrzo)ll90ll m17200):

Let us first assume that ||Apo — Ap1]|« < €0, and let fp and go be the functions that satisfy
(6.10) in Proposition 6.3. By (6.10) and by (5.8), we have

1
< (apo — Apn) ()0 >| = [F(L favg0) = FO. a0 = | [ F’(t,fo,go)dt‘

\

1
> 1F(0, fo, o)) — /0 [F'(t, forg0) — F'(0, for go)| dt

> (mo = Cdjy) dullfoll i 20m 90l 2000
By (3.4), there exists e1 € (0,e9) depending only on a priori constant such that, if
[Apo — Ap [« <1,

then
(mo — C’d/;l) > mgp/2,
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and
2
(6.50) dy = dy (0P°,0P") < —|lApo = Apr ],
0

and the claim follows if ||[Apo — Ap1 |« < &1 (where g1 depend only on the a priori data).
If, now, |[Apo — Api]|« > €1 (and, hence, also if [[Apo — Ap1 ||« > &), since the following
trivial inequality holds
dg (0P°,0P") < 2L,
we easily derive
[Apo — Apils

(6.51) dp (0P°,0P") <2L <2L -
1

We now proceed with the proof of Theorem (2.2)

Proof. As in the proof of Theorem 2.1 we distiguish two cases.
In the first case ||Ay, — Ay, ||« > €1, hence

o =l = C[PPAP <ClQ|

< ol =l
— 81 .

In the second case, from (6.50) and Proposition 3.4, it follows that P and P! have the
same number of vertices that can be ordered so that

(6.52) dist(PY, PY) < CllAyy — Aoy ..
Let di = max;—1 N dist(P?, P!). We have that
Pl C (PY),, = {zeR? : dist(z,P°) < di},

and, hence,
PP C (P, \ P,
that gives
[P\ PY| < ‘(Po)dl \790) < 2Nodod,,
so that
|POAPY < Cdy,
and, by (6.52) we have (2.10). O

7. CONCLUSIONS

We have derived Lipschitz stability estimates for polygonal conductivity inclusions in a
layered medium in terms of the DN map, using its differentiability properties.

In order to reduce as much as possible the technicalities of the proofs we have considered
straight layers though we expect that the result can be generalized to the case of piecewise
linear layers.

Also, let us observe that our result extends thoroughly to the case of finitely many
conductivity polygonal inclusions Pj,j = 1,..., M contained in {) if they are at controlled
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distance from OS2 and from each other, and all vertices are at a given positive distance from
the layers. In fact, under these assumptions we can still propagate the information on the
data from 0 to Q\Uj=1,..m fj, establish a lower bound for the derivative of F' and, using
similar arguments as in the proof of the main result, derive a Lipschitz estimate.

To reduce as much as possible the technicalities of the paper, we have used a logarithmic
stability result known in the literature, [16]. On the other hand, we can extend our main
Lipschitz stability result in terms of the local DN map either adapting the results obtained
in [1], or observing that we can use the Green’s functions with localized trace on the
boundary, used in the proof of Proposition 6.3, to obtain a logarithmic stability in terms
of the local DN map, see [20] for a similar result.

Finally, it is relevant for the geophysical application we have in mind to extend the results
of stability and reconstruction to the 3-D setting possibly considering an inhomogeneous
and/or anisotropic medium. This case is not at all straightforward since differentiability
properties of the DN map in this case are not known.
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