
International doctorate in

Atomic and Molecular Photonics

CYCLE XXXIII

COORDINATOR Prof. Francesco Saverio Cataliotti

Microbubble resonators for sensing and

light generation applications

Academic Discipline (SSD) FIS/03

Doctoral Candidate

Dr. Gabriele Frigenti

___________________
(signature)

Supervisor

Dr.ssa Silvia Soria Huguet

_____________________
(signature)

Co-Supervisor

Dr.ssa Costanza Toninelli

_____________________
(signature)

Co-Supervisor

Dr. Gualtiero Nunzi Conti

_____________________
(signature)

Coordinator

Prof. Francesco Saverio Cataliotti

_______________________
(signature)

Years 2017/2020



ii



Contents

Contents iii

List of Abbreviations v

List of Figures vii

Abstract ix

1 Introduction 1

1.1 Whispering Gallery mode resonators overview . . . . . . . . . . . . . . . . 1

1.2 The microbubble resonator . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Biomedical photoacoustics . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Single-photon sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Whispering Gallery modes of a microbubble resonator 13

2.1 Modelling the microbubble . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Formal solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3 Spectrum of the MBR system . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.4 Energy density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.5 Waveguide coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.6 Modal volume . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3 Photoacoustic sensing 33

3.1 The experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Static contrast agent configuration . . . . . . . . . . . . . . . . . . . . . . 39

3.3 Flowing contrast agent configuration . . . . . . . . . . . . . . . . . . . . . 47

3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4 Absorption sensing 53

4.1 The experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 Experiment description . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

iii



Contents

5 Light collection from single-photon sources 67
5.1 Dibenzoterrylene molecules . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.2 The microbubble implementation . . . . . . . . . . . . . . . . . . . . . . . 69
5.3 Evaluating system performance . . . . . . . . . . . . . . . . . . . . . . . . 71
5.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6 Conclusions and outlook 77

A Details on derivation of the microbubble WGMs 79
A.1 Wave equation in a homogeneous medium . . . . . . . . . . . . . . . . . . 79
A.2 Field matching and characteristic equation . . . . . . . . . . . . . . . . . . 84
A.3 Computation of the radial function F . . . . . . . . . . . . . . . . . . . . . 88

List of Publications 91

Bibliography 93

iv



List of Abbreviations

WGM Whispering Gallery mode
MBR Microbubble resonator
SPS Single photon source
PA Photoacoustic
GNRs Gold nanorods
DBT Dibenzoterrylene
ZPL Zero phonon line
TE Transverse electric
TM Transverse magnetic
FEM Finite element method
SEM Scanning electron microscope

v



List of Abbreviations

vi



List of Figures

1.1 Examples of Whispering Gallery mode resonators . . . . . . . . . . . . . . 2

1.2 Microbubble fabrication and characterisation . . . . . . . . . . . . . . . . 4

1.3 Photoacoustic images of biological tissues . . . . . . . . . . . . . . . . . . 7

1.4 Possible coupling strategies for single photon sources . . . . . . . . . . . . 10

2.1 Modelling of the microbubble resonator . . . . . . . . . . . . . . . . . . . 14

2.2 Optical spectrum of the microbubble resonator . . . . . . . . . . . . . . . 17

2.3 Comparison of TE and TM spectra . . . . . . . . . . . . . . . . . . . . . . 18

2.4 Angular dependency of the energy density . . . . . . . . . . . . . . . . . . 21

2.5 Radial dependency of the energy density . . . . . . . . . . . . . . . . . . . 22

2.6 Radial dependency for high order modes . . . . . . . . . . . . . . . . . . . 23

2.7 Distribution of the energy density . . . . . . . . . . . . . . . . . . . . . . . 24

2.8 Overlap between a microbubble WGM and a fiber mode . . . . . . . . . . 26

2.9 Fiber coupling of different MBR modes . . . . . . . . . . . . . . . . . . . 28

2.10 Modal volume for TE and TM modes . . . . . . . . . . . . . . . . . . . . 30

3.1 Setup for PA sensing through an MBR . . . . . . . . . . . . . . . . . . . . 34

3.2 Characterisation of the beam focusing . . . . . . . . . . . . . . . . . . . . 36

3.3 Detection of the pulse energy . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4 Checking PA generation with an ultrasound transducer . . . . . . . . . . 38

3.5 Read-out of the PA wave through the MBR transducer . . . . . . . . . . . 40

3.6 Measurement of the PA response trend . . . . . . . . . . . . . . . . . . . . 42

3.7 Fourier spectrum of the MBR read-out signal . . . . . . . . . . . . . . . . 43

3.8 Results of the FEM simulation reproducing the MBR detection . . . . . . 45

3.9 Miniaturisation predictions . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.10 MBR transmission for the flow configuration . . . . . . . . . . . . . . . . 48

3.11 PA wave read-out through Fourier analysis . . . . . . . . . . . . . . . . . 49

3.12 PA response trend for the flow configuration . . . . . . . . . . . . . . . . . 50

4.1 Setup for absorption sensing through an MBR . . . . . . . . . . . . . . . . 54

4.2 Characterisation of the beam focusing . . . . . . . . . . . . . . . . . . . . 56

4.3 Characterisation of the laser source . . . . . . . . . . . . . . . . . . . . . . 57

4.4 Measuring the absorption-induced optical shift . . . . . . . . . . . . . . . 59

vii



List of Figures

4.5 Preliminary reconstruction of the nanoparticles absorption . . . . . . . . . 60
4.6 Real-time reconstruction of the temperature trend . . . . . . . . . . . . . 61
4.7 Thermal contribution of the nanoparticles and the host liquid . . . . . . . 63
4.8 Nanoparticles absorption spectrum measured by the MBR . . . . . . . . . 65

5.1 Dibenzoterrylene fluorescence . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.2 Sketch of the quantum optics experiment . . . . . . . . . . . . . . . . . . 69
5.3 Coupling between a WGM and a DBT molecule . . . . . . . . . . . . . . 72
5.4 Single-photon emission figures of merit . . . . . . . . . . . . . . . . . . . . 74

viii



Abstract

Microbubble resonators (MBR) are micro-sized optical resonators belonging to the
Whispering Gallery mode (WGM) family. On practical terms, these resonators are
produced by inflating a glass capillary, with the resulting spherical bulge being the
resonator itself. In analogy with other WGM resonators, MBRs are realised with highly
transparent material (e.g. silica), have a very small footprint (below 0.5 mm) and their
optical modes are concentrated on circular path running along the MBR equator. These
features lead to high quality factors, high finesse and little modal volumes. At variance
with other WGM resonators, MBRs have a hollow structure and through their capillary
stem can be easily filled with liquids or gasses. This allows the MBR to be used as optical
sensor to study the properties of the hosted fluid (e.g. viscosity, refractive index), or
study the properties of particles dissolved into the fluid.

In this thesis MBRs are studied for their implementation as optical sensors for the
characterisation of photoacoustic (PA) contrast agents and then as micro-cavities for the
collection of the emission from single-photon sources (SPS).

The first study is experimental and focuses on two experiments aimed at implement-
ing the MBR as an all-optical transducer for the characterisation of photoacoustic (PA)
contrast agents. In both experiments the MBR plays the double role of vial contain-
ing the PA agent and of optical sensor, allowing to reach ultra-compact configurations
with an active volume below 100 nl. More specifically, in the first experiment the MBR
resonances are used to sense the ultrasound wave produced by the PA contrast agent
and deduce its photostability curve. To challenge the system, this measurement is per-
formed in a static and in and in a flow-cytometry configuration (i.e. contrast agent
running through the MBR), showing that in both cases the photostability curve is mea-
surable. In prospective, the miniaturisation of the MBR promises better performance
and the mechanical spectrum, which has an important role in the sensing mechanism,
could be exploited through positive interference or lock-in amplification. In addition
to the characterisation of PA contrast agents, the system could be implemented in the
analysis of flowing samples (e.g. the measurement of blood cells oxygenation or the
detection of venous thrombi and/or circulating tumour cells through a minimal blood
draw).

In the second experiment, instead, the MBR allows to reconstruct the contrast agent
absorption spectrum through a thermometric measurement. In particular, the MBR
resonance are used to track the temperature shift generated by the PA agent optical
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Abstract

absorption, making the system insensitive towards light scattering from both the PA
agent or the host solution. This aspect is particularly interesting for applications aimed
at the analysis of highly opaque biological samples. In addition, due to the similarities
between the two setups, it is possible to envisage the combination of the two experiments
to perform the two characterisation measurements in quick succession.

At variance with the first, the second study of this thesis is theoretical/computational
and focuses on the implementation of an MBR as a micro-cavity for the collection of
fluorescence from a single-photon sources. In this study, the reference quantum emitters
are dibenzoterrylene (DBT) molecules, which are known and efficient quantum emitters
under investigation for the implementation into photonic devices. The presented feasi-
bility study evaluates the performance of the system based on the indistinguishability
of the produced photons and on the overall photon collection efficiency. The results of
the computation are promising for an actual implementation of the system, since strong
coupling regime is reached at cryogenic configuration, but also room temperature indis-
tinguishability remains high. In addition, the system has an overall better performance
with respect to a cavity-less configuration.

To support this part of the thesis work, an analytical theory of the MBR modes
extending the microsphere case to the microbubble case was developed, since no similar
dissertation was found in literature. The theory is developed formally and is aimed
at the computation of key quantities related to the DBT-WGM coupling, such as the
volume and the distribution of the WGM.

This document is structured in six Chapters. Chapter 1 is an introduction that
contextualises the thesis work and briefly summarises the topic area where the MBR
implementation contributes. Chapter 2 presents the modelling used to describe the MBR
modes. In Chapter 3 the first experiment aimed at the detection of a PA wave from
contrast agents is described, while in Chapter 4 the second experiment reconstructing
the absorption spectrum through the thermometric measurements is described. Then,
in Chapter 5, the theoretical study on the light collection from quantum emitters is
discussed. Finally, Chapter 6 is dedicated to conclusions and outlooks.
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Chapter 1

Introduction

This Chapter focuses on presenting the features of a MicroBubble Resonator (MBR)
and contextualise this thesis work. In particular, Section 1.1 and Section 1.2 give an
overview of the properties of Whispering Gallery mode (WGM) resonators and of the
MBRs, respectively. Then, Section 1.4 and Section 1.3 give a brief description of the
research fields to which this thesis work contributes with the MBR implementation:
biomedical photoacoustics (Section 1.3) and control of single photon sources (Section
1.4).

1.1 Whispering Gallery mode resonators overview

At the start of the twentieth century, Lord Rayleigh studied the acoustics of the Saint
Paul’s Cathedral in London and explained the singular acoustic phenomenon taking
place in the gallery under the dome. In this place, in fact, a word whispered against
the gallery walls could be heard by a listener regardless of its position along the 105-
meter walkway. For this peculiar feature the gallery was named “Whispering Gallery”
and, even today, this acoustic phenomenon represents a fascinating attraction for the
cathedral visitors. Lord Rayleigh showed that this phenomenon was caused by the
curved walls of the gallery, which continuously refocused and guided the acoustic wave
during its propagation [1, 2]. In particular, this curved guiding forced the acoustic wave
to run along gallery walls, producing a “wall sticking” effect, and proved to be energy-
efficient, allowing the wave to travel for the entire walkway length. With the advent of
laser technology and the possibility of refining extremely pure glasses, it was possible
to translate this phenomenon into optics, using curved dielectric surfaces to efficiently
guide an electromagnetic wave. In analogy with their acoustic counterpart, these optical
modes were named Whispering Gallery modes (WGMs) [3, 4, 5].

There is a wide variety of systems that can support optical WGMs (cfr. Figure
1.1), such as microspheres [6, 7, 8, 9, 10, 11, 12], microdroplets [13, 14] microdisks [15],
microtoroids [16], microrings [17] and micropillars [18, 19]. In addition, even hollow
structures are possible such as microbubbles [20, 21, 22] and microbottles [23, 24, 25].
In all cases, the systems present a cylindrical symmetry around one axis, have curved
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Chapter 1. Introduction

Figure 1.1: Series of panels showing examples of WGM resonators (adapted from [26]). Mov-
ing from left to right one has (a) an embedded microring resonator coupled to an
embedded waveguide, (b) a microdisk, (c) a micro-toroid, (d) a microsphere, (e) a
microbubble, and (f) a niobate crystalline milli-disk.

dielectric surfaces and present an high refractive index contrast with the surrounding
medium. These features allow the formation of the optical WGMs, which are produced
by the combination of the total internal refraction and the guiding effect provided by the
curved interfaces. As consequence, WGMs are concentrated in close proximity to the
dielectric interfaces (“wall sticking”), while running circular paths around the symmetry
axis. In this regard, WGMs can be easily and effectively visualised as rings of light
localised at the dielectric boundaries.

The physical process leading to the WGMs formation is the interference of the guided
wave with itself on the these closed paths [27, 28, 29, 30]. This formation is analogous
to the one happening in interferometers (e.g. Gires-Tournis, bowtie), where the guiding
is instead provided by a set of mirrors. As consequence, WGMs form a set of discrete
confined electromagnetic modes and the systems sustaining them are called Whispering
Galley mode resonators. Since the wave must run several round trips without significant
attenuation for the interference process to happen, WGM resonators must be fabricated
with low-loss materials and must have a little footprint.

More formally, the WGMs are found as solutions of the vectorial Helmholtz equations
after the application of appropriate boundary conditions on both the electric and the
magnetic fields. In particular, this resolution defines both the resonance wavelengths of
the WGMs as well as their spatial distributions. As a general feature, WGMs are mostly
localised within the resonator physical boundary (i.e. within the dielectric surfaces),
but they also have a very small fraction extending in the surrounding environment
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Chapter 1. Introduction

as evanescent tails. In practical terms, these evanescent tails play an important role
since they allow to couple the WGMs to an external waveguide and then inject and/or
extract light from the WGMs. There are different waveguides and strategies that can
be implemented to achieve the WGM-waveguide coupling, but all implementation share
two main goals: achieving both a good spatial overlap and phase matching between the
WGMs and the waveguide mode.

Once that the coupling is achieved, laser light can be injected into the resonator
to excite its WGM resonances. By scanning the laser wavelength and recording the
system transmission, it is then possible to observe the lineshape of the WGM resonances
and define a series of parameters to characterise the resonator. This list of figures-of-
merit is inherited from interferometry and comprises, for example, the quality factor,
the finesse, the contrast (or visibility), the full-width half-maximum (FWHM) and the
free spectral range. Among these parameters, the quality factor, the finesse and the
contrast are the most important in applications, since they quantify the sharpness of the
WGM resonances, the average number of photon round-trips and the loaded energy in
the WGM, respectively.

Due to their sharp optical spectrum, their little modal volume and little footprint,
WGM resonators have found applications in several fields [27, 28, 29, 30, 31, 32, 33].
For example, they have been used as optical sensors to measure physical and chemical
perturbation [34, 35, 36], as optical filters to stabilise opto-electrical oscillators and
laser sources, and optical micro-cavities for the generation of non-linear effects (e.g.
Kerr frequency combs, Brillouin scattering) or the coupling to quantum emitters. In
particular, these last two applications benefit also from the small modal volume of the
WGMs, which can reduce the threshold intensity of the non-linear effect and increase
the WGM-emitter coupling. Finally, the little footprint of the resonator is promising for
the development for the development of ultra compact systems or even on-chip devices
[37].

1.2 The microbubble resonator

This thesis focuses on the implementation of microbubble resonators (MBR), which
are hollow WGM resonators produced by the inflation of a glass capillary. In practical
terms, this inflation is achieved by pressuring the capillary with with an inert gas (e.g.
nitrogen) and then rapidly heating it (e.g. through a laser pulse [20] or an electric
discharge [21]). This rapid heating produces a softening of the capillary walls, which
expand to a spherical bulge due to the internal pressure: this bubble-shaped bulge is the
resonator itself.

At variance with other WGM resonators, MBRs are hollow and can be filled with
liquids or gasses through their capillary stem [38, 39, 40, 41, 42, 43, 44, 45]. For this
reason, MBR are ideal optical sensor for studying the properties of the hosted fluid,
focusing, for example, on their viscosity [40, 42] or their refractive index [46, 38]. In
addition, if particles are dissolved into the fluid, their interaction with the WGM internal
evanescent tail can be exploited to make the MBR an optical sensor for chemistry or
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Figure 1.2: Panel a: wide shot showing the MBR and the electrodes used for the arch discharge
(left), and microscope image of the MBR (right). Panel b: typical profile of an MBR
resonance. Panel c: sketch highlighting the optical sensing mechanism assuming to
lock the probe laser to specific wavelength (blue dashed line). Panel d: cavity ring
down profile of an MBR resonance

biochemistry [47, 44]. Finally, due to their minute mass and their sharp mechanical
spectrum, MBRs are interesting platforms for fundamental studies in optomechanics
[48, 49, 43, 50].

In this thesis, the MBRs are studied both from a theoretical and an experimental
point view. In particular, Chapter 2 deduces the WGM of the microbubble and Chapter
5 uses these results to study the potential of the MBR as a micro-cavity for the control
of single-photon sources. Chapters 3 and 4, instead, describe the implementation of an
MBR for the detection of a photoacoustic wave generated by nanoparticles [51, 52] and
for the measurement of their absorption spectrum, respectively. In the following of this
Section, the fabrication and the characterisation of the MBRs used for the experiments
of Chapters 3 and 4 are discussed. In prospective, these methods will also be tested for
the implementation of the MBR for the control of single-photon sources.

The MBRs used in this thesis work were fabricated with the arc discharge technique
described in [21]. They were produced from fused silica capillaries (Z-FSS-200280 and
Z-FSS-100-165 from Postnova Analytics GmbH, Landsberg, Germany) and their typical
radius fell in the [200 µm - 250 µm] range. Panel a of Figure 1.2 shows one of the MBRs
mounted on the discharge system after the inflation process.

After the fabrication process, the MBR was characterised by coupling it to a home-
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Chapter 1. Introduction

made tapered fiber [53] and then scanning its WGM spectrum through a tunable laser
source (Tunics plus, NetTest; spectral range 1500 nm - 1640 nm, in-fiber emission). As
shown in Panel b of Figure 1.2 by a representative resonance, the MBR resonances show
a high contrast (0.95), a high quality factor (6.0 · 106) and a narrow FWHM (32 MHz),
making them promising for optical sensing. In particular, if a small perturbation has
to be detected, the steep resonance fringe allows to read little shifts of the resonance
position as significant changes in the system transmission (cfr. panel c of Figure 1.2,
red curve). Otherwise, if large perturbations has to be detected, the steepness allows to
accurately define the position of the resonance on a larger detuning scale (cfr. panel c
of Figure 1.2, blue curve). As shown in Chapters 3 and 4, both conditions were found
during the experiments.

Finally, it is important to highlight that these promising optical features are a con-
sequence of the little value of the intrinsic losses and the coupling losses of the system
as well as their little difference (critical coupling). More in detail, the intrinsic losses
(η2) are the ones connected with the quality of the fabrication process and account for
the absorption of the material making up the MBR, the scattering produced by the
roughness of the MBR surface and the contaminations of the MBR surface by impurities
(e.g. dust). Coupling losses (κ2), instead, quantify the energy exchange between the
waveguide and the MBR. These quantities can be retrieved by performing a fast wave-
length scan of the WGM resonance and analysing the resulting cavity ring down (CRD)
profile [54, 55]. Panel d of Figure 1.2 shows an example of these CRD profiles, whose
analysis leads to η2 = 2.8 · 10−5 and κ2 = 6.4 · 10−6, proving the overall small values and
little difference. In addition, the intrinsic losses η2 can be used to compute an intrinsic
quality factor Q0 = 3.3 ·108, proving the high quality of the the arc discharge fabrication
process.

1.3 Biomedical photoacoustics

The first studies on the generation of sound waves through the light-matter inter-
action are dated back in the 1870-1880 decade, and are especially associated with the
activity of Alexander Graham Bell on telecommunications. In particular, using the pho-
toconductivity properties of selenium foils discovered by Willoughby Smith in 1873, Bell
designed an ingenious device called the phonophone, which allowed to translate speech
into light modulation and then light modulation again into speech, achieving the first
wireless phone call in history [56]. This result sparked the interest of the scientific
community of the time and several experimental and theoretical investigations of the
interaction between sound and light were performed. After this initial boost, however,
the subject became less investigated, since a quantitative approach to the subject was
limited by the technology available at the time (i.e. mostly due to the lack of sensitive
microphones and bright light sources). This technology barrier was overcome in the XX
century, with the advent of capacitive microphones and of laser sources, which brought
new life to the subject and allowed the implementation of the photoacoustic effect in
several fields [56].
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In a nutshell, the photoacoustic (PA) effect is the emission of an acoustic shockwave
from an optical absorber after its excitation with a short laser pulse. The emission of the
shockwave is the final step of a complex chain of thermo-elastic processes involving the
absorber and the host material surrounding it. On a general level, this chain starts with
the transfer of heat from the absorber to the host material in its proximity, producing a
local change in density and pressure (thermo-elastic conversion). Then, this perturbation
in density and pressure propagates away from the absorber and through the remaining
part of the host material as an acoustic wave. For basic studies, the PA effect is an
effective tool for the investigation of the absorption spectrum of the absorber, its elastic
properties and its non-radiative de-excitation, since it combines high optical selectivity
and mechanical relaxation.

In recent times, the effect has been implemented with success in the biomedical
field for its optical specificity towards optical absorption and unhindered propagation
of acoustic waves into biological tissues. In the biomedical context, the typical host
material is a biological tissue (e.g. skin, blood), the absorber is a particle naturally
present in the tissue (e.g. melanin, hemoglobin, lipids, collagen) or artificially inserted
into it (e.g. noble-metal, carbon-based, semiconducting polymer nanoparticles; organic
dyes), and the objective is to diagnose the health state of a tissue by reading-out the PA
wave or use the PA wave to apply a treatment. One of the most successful technique in
this regard is PA imaging, which allows to produce an image of a biological structure by
reconstructing the optical absorption map of the sample [57, 58, 59, 60] and can be easily
adapted to a treatment protocol in the case of cancerous tissue, effectively combining
imaging/diagnosis and treatment (theranostics) [61, 62, 63, 64, 65, 66].

In practise, the PA image is reconstructed by scanning the biological sample with a
pulsed laser and recording the ultrasound wave generated by each illuminated point, in
analogy with a raster scan in optical microscopy. To a microscopic level, the ultrasound
wave is produced by the de-excitation of the optical absorbers making up or marking
the biological structure of interest [67]. Figure 1.3 exemplifies this concept in two cases.
In panel a, a PA image of the red cells in a blood sample is obtained by searching the
PA response of haemoglobin [68]. In panel b, instead, an in-vivo image of a group of
veins is obtained: even in this case the targeted absorber is the haemoglobin in the red
cells [60].

In general, the targeted optical absorber is referred to as PA contrast agent because
its PA response highlights the structure of interest with respect to the other elements
in the sample. As shown with the examples of Figure 1.3, PA contrast agents can
be naturally present in biological tissues, but they can also be artificially synthesised
[69, 70, 71, 72, 73, 70, 74]. In particular, these synthetic agents can be inserted into the
tissue of interest to increase its PA response or simply elicit one if the tissue is naturally
lacking of PA agents. In addition to these implementation, synthetic PA agents are also
used for the treatment of cancerous tissues through hyperthermia [63, 64, 65]. In this
case, after an initial imaging phase, the cancerous tissues is illuminated by CW light to
overheat the synthetic PA agent and induce thermal damage into the tumour cells.

Due to its promising combination of imaging/diagnosis and treatment, PA imaging
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a) b)

Figure 1.3: Panel a shows the PA image of the red cells in a blood sample (adapted from [68]),
while panel b shows an in-vivo PA image of a group of veins (adapted from [60]). In
both cases the targeted PA contrast agent is the haemoglobin in the red cells.

is greatly investigated to improve its performances. In this regard, a first improvement
roadmap is the development of new PA detectors. The most straightforward detectors
that one can think of using in PA imaging setup are piezoelectric ultrasound transduc-
ers. Due to their widespread use and advanced industry, these detectors are available
on the market in various designs, allowing to cover various possibilities in terms of de-
tection figures of merit (e.g. bandwidth, acceptance angle, sensitivity). However, these
transducer are typically designed for echographic tests and therefore their specifications
do not match the levels required for PA imaging [75]. In addition, they are difficult to
miniaturize because this process leads to strong degradation in performances. Optical
detection of the PA wave represents a solution to these problems, since it proved to
combine miniaturisation with high-performances [75, 68, 60]. One interesting possibility
in this regard is given by embedded WGM microrings, which combine a wide detection
bandwidth with an extremely small detection area [76, 77, 68, 60].

A second improvement roadmap for PA imaging is the development of new PA con-
trast agents. In this case, the challenge is to design and synthesize contrast agents
having an increased PA response during the imaging phase and an increased heat re-
lease during the therapeutic phase. Due to the complexity of the PA process, which is
made up of an articulated chain of thermoelastic processes [58, 78, 79], this task is not
easy and is an open problem that interests both chemistry and material science. On
top of this fundamental considerations, contrast agents must also comply to low-toxicity
requirements for their usage in a clinical scenario, meaning that also biology is involved
in their development. As a matter of fact, the development of PA contrast agents has
to be tackled with a multidisciplinary approach due to its multi-faceted challenge.

Among the various possibilities tested in research gold nanorods (GNR) are an in-
teresting option, as proved by their long implementation history [72, 71, 74, 69, 70, 73].
Their main advantages are the ease of synthesis, the possibility to finely tune their ab-
sorption wavelength during the synthesis process and their high absorption cross section.
In particular, the absorption wavelength of a GNR is fixed by its aspect ratio, which is
the ratio between the longitudinal and the transversal length. Typically, the target value
is close to 4, to produce absorption in the [650 nm - 1300 nm] spectral window. This
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window is particularly important for clinical applications and bio-optics in general, since
biological tissue have maximum transmission for these wavelengths, allowing a deeper
penetration of the laser beam and therefore a deeper imaging/treatment. In terms of
improvements, an important goal is the increase of their photostability threshold (i.e.
the maximum optical exposure before particle reshaping), which would allow the illu-
mination with higher fluences and lead to a performance increase for both imaging and
therapy [80, 81, 82].

In this context, the MBR system combines a series of promising features for its im-
plementation as an optical PA transducer aimed at the characterisation (and possibly
the development) of contrast agents. On a general level, in analogy with other optical
transducers [83, 84, 85, 40, 42], the MBR system can detect the PA wave generated
by a contrast agent through the optical shift induced in its WGM resonances. More
specifically, by impinging on the MBR walls, the PA wave perturbs the MBR radius
and the walls refractive index, leading ultimately to the optical shift. Indeed, this de-
tection mechanism is similar to the one of other optical transducers, but the hollowness
of the MBR allows for a unique configuration regarding the positioning of the contrast
agent. At variance with both piezoelectric ultrasound transducers and other WGM
transducers, in fact, the MBR can host internally the contrast agent and therefore can
forgo any acoustic impedance-matching medium. As consequence, this allows to work
with minimal samples due to the MBR minute volume, and it also allows a more direct
detection of the PA wave, without the mediation of the matching medium. Another im-
portant and unique feature of the MBR system is the presence of mechanical resonances,
which can be used to filter mechanical environmental noise and/or to achieve positive
mechanical interference. The implementation here outlined is extensively discussed in
Chapter 3. In particular, the first part of this Chapter aims at proving the sensitivity of
the MBR towards the PA wave through a proof-of-concept experiment, and the second
part challenges the MBR in an application-like context: a flow-cytometry configuration
[86, 87, 88, 89, 90].

Finally, by adopting a similar implementation, MBRs can also perform a measure-
ment of the contrast agent absorption spectrum. In this case, the MBR reconstructs the
agent absorption spectrum by detecting the temperature increase produced by the opti-
cal absorption. In practise, this temperature increase is detected by reading the shift of
a WGM resonance, effectively implementing the MBR as a thermo-optical sensor. Even
in this case, the sensing element are the MBR walls, which are uniformly heated and
deformed by the contrast agent temperature increase and expansion. Since the measure-
ment is based on a thermal phenomenon and scattering cannot rise the contrast agent
temperature, this implementation implies sensitivity only towards the contrast agent
absorption spectrum, and not towards its scattering spectrum. This is at variance with
measurements based on optical extinction (e.g. spectrophotometry), which is produced
by both absorption and scattering, and represents a characteristic feature for the MBR
system. Chapter 4 describes the implementation here outlined using two different ex-
perimental approaches: one where the probing laser is constantly scanning the WGM
resonances and one where it is positioned on the side of the resonance fringe.

8
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1.4 Single-photon sources

The stringent requirements on secure communications, the management of massive
data amounts and the ever-growing complexity of scientific models are strong drivers for
the development of quantum technologies [91, 92, 93, 94, 95]. The building block of these
technologies is the quantum bit (simply referred to as qubit), which can be generally
defined as a two-level system whose state |ψ〉 can be prepared and manipulated with
precision and reliability. At variance with the classical bit, which can only be prepared
into two states (0 or 1), the qubit can be prepared in a superposition of the two levels
(|0〉 and |1〉) by taking advantage of the superposition principle of quantum mechanics:
|ψ〉 = α |0〉+β |1〉. When considering all the (α, β) combinations (both in terms of phase
and amplitude), it is straightforward to understand that a qubit can single-handedly
represent a massive amount of information. In addition, when more qubits are available,
it is possible to entangle their states and maintain information correspondence even when
the two qubits are separated by a great distance. This feature, which is intrinsically
associated with the quantum nature of the qubit, is impossible to replicate with classical
bits and represents the most unique and revolutionary aspect for these new technologies.

In addition to solid-state implementations, where the spin state of an atom, a ion,
a nucleus or a crystalline defect is used as the qubit state |ψ〉, a promising qubit imple-
mentation is represented by single-photon wavepackets. In this case, the quantum state
|ψ〉 can be represented by the polarisation state of the photon (e.g. |0〉 for the horizontal
polarisation and |1〉 the vertical polarisation |1〉) or by the its presence/absence in the
wave packet (in this case |0〉 and |1〉 are the vacuum and one-photon Fock state, respec-
tively). An important advantage in using single-photon wavepackets as qubits is their
natural propagative nature, which represents an incredibly promising feature for quan-
tum communication. A challenging aspect, instead, is represented by the generation of
these wavepackets with precision and reliability, in order for them to undergo successive
processing through optical ports (e.g. an Hong-Ou-Mandel interferometer to produce
photon coalescence).

Great research effort was made to develop sources that could reliably produce this
non-trivial light states, with the ultimate goal being the realisation of the so-called pho-
ton gun: a source capable of producing on-demand single-photon wavepackets with 100%
certainty. Many single-photon sources (SPS) have been investigated with this prospec-
tive [96, 97], with the most promising systems being nano-emitters such as atoms, ions,
organic molecules [98, 99, 100, 101], quantum dots [102, 103], crystal defects [104, 105]
and nanocrystals. For these systems, the physical process leading to the emission of
single-photons wavepackets is the relaxation fluorescence (i.e. spontaneous emission)
following the pumping of the system into an excited state. The three main parameters
used to characterise SPS emission are: antibunching, indistinguishability and quantum
efficiency (also referred to as quantum yield). More in detail, antibunching defines the
“quantumness” of the SPS emission by estimating the temporal separation between each
wavepacket, which has to be greater than the one associated with laser light and ther-
mal light (hence the name). Indistinguishability, instead, defines the degree of equality
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Figure 1.4: Panel a: sketch of a waveguide system used to collect the emission from dibenzoter-
rylene (DBT) molecules (adapted from [106, 101]). Panel b: micropost resonator
used to collect the emission from an embedded quantum dot (on the left: SEM im-
age of the micropost cavity, on the right field distribution of the fundamental mode)
(adapted from [107]).

between the wavepackets and its a very important parameter for successive photon pro-
cessing, since quantum interference effects require an high level of indistinguishability to
happen (e.g. photon coalescence). Finally, the quantum efficiency quantifies the number
of generated photons with respect to the number of excitation cycles and its another
important parameter with respect to applications, since it defines the energy efficiency
of the SPS as well as the maximum information rate that the SPS can provide. For
comparison, the ideal photon gun has a quantum efficiency equal to one (i.e. on-demand
emission).

On top of this efficiency, one has also to account for the collection efficiency, which
the is the ratio between the collected and the generated photons. At variance with the
parameters previously defined, collection efficiency is mostly influenced by the environ-
ment surrounding the SPS and, in particular, by the presence of photonics structures.
These structures, in fact, can redirect the free-space emission of the SPS into well-defined
spatial modes, allowing for a more efficient collection. Two common photonics structures
used for this purpose are micro-cavities [108, 109, 110, 28, 111, 112, 113, 114, 115, 107,
116, 117] and waveguides [118, 119, 106], but even more straightforward approaches like
the use of solid immersion lenses proved to be effective in redefining the SPS emission
[120]. In addition to enhanced light collection, micro-cavities can also modify the emis-
sion rate of the SPS through Purcell effect, therefore allowing to exceed the SPS natural
emission rate.

In this context, an MBR can be envisaged as a micro-cavity for both the enhancement
of the SPS emission and the improvement of light collection, with the microbubble
WGMs acting as the cavity modes [28, 115, 117, 114, 113, 111]. In particular, taking
again advantage of the hollowness of the MBR, the SPS can be placed inside of the MBR,
achieving a configuration where the internal evanescent tail of the WGM couples the
WGM to the SPS, while the external evanescent tail couples the WGM to a waveguide.
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In this way, the WGM can both collect light efficiently from the SPS and, at the same
time, launch it into a guiding structure (i.e. the waveguide) for detection or processing.
In Chapter 5 this implementation is studied from a theoretical/computational point of
view using the results of Chapter 2 as the computational foundations. In particular,
the discussion of Chapter 5 represents a feasibility study for the implementation of the
experimental scheme here outlined, and focuses on deducing the collection efficiency and
the photon indistinguishability. The single-photon sources selected for this study are
dibenzoterrylene (DBT) molecules, which are organic molecules belonging to the family
of polycyclic aromatic hydrocarbons (PAH). These molecules are known to be efficient
quantum emitters both at room and cryogenic temperatures and are under study for
the implementation in photonic devices [121, 106, 101]. DBT molecules are typically
embedded in a PAH matrix to make them photo-stable and photo-resistant and this
aspect can be exploited for the MBR configuration. In fact, the PAH matrix can be
used as a suspension material to infiltrate the DBTs inside the MBR, in analogy with
other experimental configurations [122].
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Chapter 2

Whispering Gallery modes of a

microbubble resonator

This Chapter presents the derivation of the Whispering Gallery modes (WGM) of
a microbubble resonator (MBR) and the computation of quantities of interest for the
design of experiments. In particular, the Chapter aims at evaluating the coupling of the
microbubble WGMs with an external waveguide (Section 2.5) and the WGMs modal
volume (Section 2.6). Both parameters, in fact, are important for the discussion of
Chapter 5, where the control of single photon source through a microbubble mode is
discussed. In performing these computations, other stand-alone quantities such as field
distribution (Section 2.4) are also analytically deduced.

The theory used to deduce the microbubble WGMs, which is mostly concentrated
in the first four Sections of the Chapter, is developed with a formal approach, using
analytical expression as much as possible and resorting to numerical methods only in
a few instances. This makes the theory versatile and enables finalizations that can be
different from the ones here presented. This formal derivation follows the argument of
[123, 124], where the WGMs of a microsphere are deduced, and constitutes an original
contribution, since no similar dissertation about the MBR system was found in literature.

2.1 Modelling the microbubble

Before starting the derivation of the microbubble WGMs, the approximations and
the assumptions used to describe the dielectric structure and the geometry of the mi-
crobubble are presented.

The microbubble system can be divided into three dielectric sectors, each representing
a different part of the microbubble and each having spherical symmetry. The first sector
represents the material hosted inside the MBR and it is a core sphere of refractive index
nc and radius Rc. The second sector represents the MBR walls and it is a spherical
shell of refractive index nw with internal radius Rc and thickness W , or equivalently
with external radius Re = Rc + W . Finally, the third sector represents the medium
surrounding the MBR and it is a spherical shell of refractive index ne, internal radius Re
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Figure 2.1: Panel a and b show two sketches of the microbubble modelling presented in this
Section. Different colors are used to mark the three dielectric sectors: blue for
core, green for walls, red for external medium. Panel c shows the orientation of the
spherical coordinate system used in this theory with respect to a real microbubble.

and infinite thickness. The refractive indexes nc, nw and ne are assumed to be uniform
within each sector and therefore the index changes abruptly at the sectors boundaries.

Panel a and b of Figure 2.1 show this modelling through a sagittal cut of the mi-
crobubble, using a 3D and 2D prospective, respectively. In these panels the dielectric
sectors are depicted with different colors, the geometrical parameters are marked with
arrows and the spherical coordinate system used in the following Sections is shown. In
addition, panel c of Figure 2.1 shows the orientation of the coordinate system with respect
to a real microbubble, highlighting the correspondence of the z-axis with the capillary
stem direction and of the xy plane with the equatorial plane of the microbubble.

This modelling of the microbubble implies a uniform wall thickness along the meridi-
ans, which may appear a rather strong approximation when considering the wall tapering
shown in panel c of Figure 2.1). However, this is just an apparent problem, since WGMs
have a very limited extensions outside the equatorial plane (see Section 2.4) and there-
fore only the wall thickness at the equator is relevant for their properties. For these
reasons, it is the wall thickness at the equator that has to be used as the W value. A
real approximation, instead, is made by neglecting the absorption of the media making
up the three sectors, therefore assuming the refractive indexes to be real-valued param-
eters. This approximation produces real-valued characteristic equations in Section A.2
and allows to implement basic numerical methods for their solution.

Finally, focusing on the advantages of this modelling, it is important to highlight its
versatility in terms of refractive indexes and radii. In fact, since there are no constraints
on these parameters, several experimental configurations can be simulated: both in terms
of different materials by changing nc, nw and ne, as well as in terms of different sizes by
changing Rc and W (or equivalently Re).
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2.2 Formal solution

By solving the scalar Helmholtz equation in spherical coordinates and then using the
Hansen method to obtain the vectorial solution to the Helmholtz equation, it is possible
to write the analytical expressions for both the electric field and the magnetic fields in
each sector of the MBR. For compactnesses, the analytical derivation leading to these
expression is described in Subsection A.1 of Appendix A and here only the main results
are reported.

In particular, the scalar solution for the Helmholtz equation for a dielectric sector
having index n (wavenumber k = k0 n = 2πn/λ0) is written as

ψ(r, θ, φ) = F (kr)Yℓ,m(θ, φ) (2.1)

where the function F (kr) accounts for the radial dependence and the spherical harmonic
Yℓ,m(θ, φ) accounts for the angular dependence. As shown in Subsection 2.6, the function
F (kr) is a key quantity for the computation of the modal volume, while Yℓ,m(θ, φ) fixes
the WGM distribution along the meridian.

With this factorisation, the field expressions for the TE (transverse electric) and the
TM (transverse magnetic) modes are

TE mode







E = F (kr)Xℓ,m

H =
i

ωµ0

[
ℓ(ℓ+ 1)

r
F (kr)Zℓ,m +

1

r

d

dr
(rF (kr))Yℓ,m

]

(2.2)

(2.3)

TM mode







E =
ℓ(ℓ+ 1)

kr
F (kr)Zℓ,m +

1

kr

d

dr
(rF (kr))Yℓ,m

H =
i k

ωµ0
F (kr)Xℓ,m

(2.4)

(2.5)

with the auxiliary vectors Xℓ,m, Yℓ,m and Zℓ,m defining the spatial direction of each field
component. These vectors are defined in Equations (A.22)-(A.24) and form an orthog-
onal base, with Zℓ,m being parallel to r̂ and with Xℓ,m and Yℓ,m being a combination

of θ̂ and φ̂. In particular, these definition lead to the usual classification of TE and
TM modes, since the electric field E is totally tangential (i.e. orthogonal to the radial
direction) in the TE case and, in turn, the magnetic field H is totally tangential in the
TM case.

After writing the solutions (2.2)-(2.5) for each of the three dielectric sectors making
up the MBR (i.e core, walls, external), boundary conditions have to be imposed on
both the electric and the magnetic fields. This procedure is detailed in Subsection (A.2)
and consists in placing a series of requirements on the four amplitudes needed to define
F (kr) (cfr. Equation (A.34)). For convenience, these conditions are resumed with the
matrix formalism, leading to one matrix being defined for the TE modes and one for
the TM modes (cfr. Equations (A.47) and (A.50)). To guaranteed the physical meaning
of the four amplitudes making up the F (kr) function, these matrices must have null
determinant and this leads to the characteristic equations for both mode families (cfr.
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Equations (A.47) and Equations (A.50)). Since the geometry and the composition of the
MBR are considered input parameters, the only unknown variables in the characteristic
equations are the vacuum wavelength λ0 and the integer ℓ, as highlighted by the explicit
dependences in Equations (A.49) and (A.51)).

2.3 Spectrum of the MBR system

To deduce the structure of the WGM spectrum of the MBR, it is necessary to solve
for λ0 the characteristic equations (A.49) and (A.51). Due to the presence of the Bessel
functions and the high number of terms required to compute the determinant of MTE

and MTM (cfr. (A.47) and (A.50)), it is not possible to find an analytical solution to
these equations and therefore a numeric approach must be implemented. In practise, the
resolution method consists in locking ℓ and scanning λ0 to find a set of zeroes; then ℓ is
moved to another value and the process is repeated, leading to various λ0 sets labelled
by ℓ. A second index n = {1, 2, 3, . . . } is then used to label the solutions within each set,
assigning n = 1 to the highest zero (i.e longest wavelength), n = 2 to the second-highest
zero and so on. In the end, each solution is uniquely identified by the (n, ℓ) pair and is

formally referred to as λ
(n, ℓ)
0 .

As previously mentioned, the structural parameters (i.e radii and indexes) of the
MBR are to be considered fixed parameters. The configuration here studied features
an MBR made in silica (nw = 1.45), filled with water (nc = 1.33) and surrounded
by air/vacuum (ne = 1), having an external radius Re = 150µm and a wall thickness
W = 4µm (Rc = 146µm). These parameters are chosen for their similarity with the
experimental configuration presented in Chapter 3.

Taking the TE characteristic equation (A.49) as example and applying the previously
described resolution method, one obtains the results shown in Figure 2.2. In both panels

each dot represents a λ
(n, ℓ)
0 solution and the same color code is used in both panels to

mark the n value. These solutions are obtained by scanning λ0 between 740 nm and 760
nm and moving ℓ between 1788 and 1793 (panel a) or between 1690 and 1822 (panel b).
In particular, the λ0 window was arbitrarily chosen, while the ℓ window was chosen to
be close to the approximate ℓ value given by

ℓ ≈ 2π nwRe

λ0
, (2.6)

where ℓ is roughly estimated as the number of oscillations around the MBR equator
(ℓ ≈ 1800 in the case here considered). The fine details defining the exact ℓ range are
discussed in the following. By observing the two panels, it is possible to deduce the
trends associated with the two labelling indexes, which give the general structure of the
solutions and therefore of the WGM spectrum of the microbubble.

Starting with panel a, for example focusing on the ℓ = 1790 case, it is possible
to notice that an increase in n produces a decrease in wavelength (around 7 nm) or,
equivalently, an increase in frequency. In addition to this, as shown in Section 2.4, each
increment of n produces a new node in the radial function F (kr), and, in the end, n
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Figure 2.2: Each dot represents a numerical solution of Eq. (A.49), obtained by scanning λ0
between 740 nm and 760 nm for various values of ℓ. The n values are marked with
the same color code in both panels. The ℓ set used for panel a is narrower than the
one used in panel b to better highlight the structure in which the solutions organize.

equals the number of nodes incremented by 1: n = (# nodes) + 1. The frequency also
increases if n is kept fixed and ℓ is increased (cf. blue coloured n = 1 branch in panel
a). In particular, a one unit increment in ℓ produces a decrease of 0.403 nm in the
n = 1 branch, which is within 2.5 % from the microbubble free spectral range estimated
through the resonator size (FSR = 0.412 nm). In the end, the frequency increases with
increasing ℓ and with increasing n.

Moving to panel b, one can notice a great increase in the number of solutions when
more ℓ numbers are taken into account. The structure is the same of panel a and a zero
with lower ℓ needs an higher n to fit into the selected spectral window. This aspect is
particularly evident with the lowest (1690) and the highest (1822) ℓ values: in the first
case, the n = 5 solution barely enters the spectral window, while in the second case, all
n > 1 solutions fall outside of the spectral window.

Indeed, these considerations lead to the problem of defining the ℓ range which pro-
duces a faithful representation of the WGM spectrum. Regarding the highest ℓ, the
case here presented gives the answer: the highest ℓ is the one producing only the n = 1
solution in the spectral window; increasing ℓ beyond this value would be useless since the
solutions will fall outside the spectral window. Regarding the lowest ℓ, the limit is less
sharply defined since it is based on the mode profile. As shown in Section 2.4, increasing
n rises the number of nodes in the radial function F (kr), but also the percentage of field
outside the microbubble walls or, equivalently, its leakiness. After a certain nlim value,
the mode becomes too leaky to allow light confinement and solutions with n > nlim are
not physically acceptable. This, in turn, sets the lowest ℓ, which is the one producing
a n = nlim solution at the beginning of the spectral window. In panel b, nlim was ar-
bitrarily set to 5 without taking into account the mode profile in order to have a clear
plot. When using the correct nlim, plots like this allow to estimate the density of modes
for the microbubble resonator. Using panel b as an example, one has 241 solutions in
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Figure 2.3: Comparison of TE solutions (dots) and TM solutions (crosses), using the color code
of Figure 2.2. To visualise the differences between the two solution families, this
Figure shows only a fraction of the (λ0, ℓ) plane shown in Figure 2.2b.

a 20 nm range, producing a density of modes equal to 12 nm−1 without accounting for
mode degeneracy.

Up to this point, the discussion focused on the solutions of the TE characteristic
equation, but these same conclusions are also valid for the TM solutions. Figure 2.3
highlights this parallelism by plotting the TM solutions (crosses) together with the TE
solutions (dots), keeping the same color code used for Figure 2.2. Just as TE solutions,
TM solutions increase in frequency with increasing n and ℓ, and the two solution families
are close. In Figure 2.3 the different positions of the two solution families are shown
by plotting a fraction of the (λ0, ℓ) plane (cfr. Figure 2.2b). In terms of wavelength
difference, one can notice that TE and TM solutions having the same (n, ℓ) values are
separated by a little less than one FSR for n = 1 and n = 2 (0.30 nm and 0.33 nm,
respectively) and a little more than one FSR for n = 3 (0.55 nm).

A final note regarding the structure of the λ
(n, ℓ)
0 solutions is its analogy with the

particle-in-a-box problem in quantum mechanics [27]. In this analogy, the number ℓ
represents the angular momentum of the particle, the number n represents the principal
quantum number, the refractive indexes are the heights of the potential barriers and the
radii are their widths. Indeed, in this analogy the particle in the box is the photon and
the WGMs become bound states for the photon.

Ending this Section, it is important to discuss the indexes needed to uniquely identify
a WGM and how they relate with the (n, ℓ) couple discussed so far. Indeed the (n, ℓ)

couple fixes the value of the resonance wavelength λ
(n, ℓ)
0 , but this is not enough to

identify the geometry of the mode. To do so, recalling Eq. (A.21), it is necessary to add
the number m to the list, ending with the triplet (n, ℓ,m). Since m does not appear in
the characteristic equations (A.49) and (A.51), modes differing only for the m number

share the same resonance wavelength λ
(n, ℓ)
0 and, in analogy with quantum mechanics, are
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said to be degenerate. This degeneracy is important for the computation of the density
of modes since it can strongly increase the final result. To a first approximation, in

fact, one could assume to count each λ
(n, ℓ)
0 solution 2ℓ+1 times to consider all possible

m values (roughly 3500 times for the case shown in Figure 2.2). However, as shown
in Subsection 2.5, this approach overestimates severely the m degeneracy, since it does
not take into account how the m value influences the mode geometry and the coupling
with a waveguide. In particular, several m lead to WGMs that cannot be efficiently
excited, therefore leading to an effective m degeneracy of a few units, rather than a few
thousands.

2.4 Energy density

The energy density profile of a Whispering Gallery mode is a key element for the
computation of the mode volume and allows to visualise clearly the field distribution.
For these reasons, this Section focuses on working out this quantity, starting from the
results of the previous Sections. In particular, it is assumed that the (n, ℓ) couple and

the resonance wavelength λ
(n, ℓ)
0 are already known from the solution of the characteristic

equation. The third number m, instead, is assigned within the allowed range [−ℓ, ℓ] to
completely identify the mode under study. Different possibilities for m are considered
within this Section to show how this number dictates the geometrical properties of the
WGM.

The total energy density u is formally defined as the sum of the electric energy
density uele and the magnetic energy density umag. Both of these densities are deduced
from the real fields E, D, H, B through the equations







u = uele + umag

uele =
1

2
E ·D =

1

2
ǫ0 ǫrE

2

umag =
1

2
H ·B =

1

2
µ0H

2 ,

where Eq. (A.2) and Eq. (A.3) are used to obtain expressions featuring only E andH. For
lossless materials, the two densities are equal (uele = umag, [123] for a detailed derivation
starting from Maxwell’s equations) and therefore the total density can be equivalently
stated as u = 2uele or u = 2umag. Since the materials making up the MBR sectors are
assumed to be lossless (cf. Section 2.1), these alternative forms for the density u are
valid and lead to 





u = 2uele =
1

2
ǫ0 ǫr E(r) · E∗(r)

u = 2umag =
1

2
µ0H(r) ·H∗(r) ,

(2.7)

(2.8)

where the complex fields E and H are inserted through Eq. (A.6) and the terms oscil-
lating at the frequency 2ν are neglected, since they average to zero on any time scale of
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interest for this work. Both forms are useful because they allow to exploit the formal
similarity between the E field in the TE case and the H field in the TM case. In fact,
by combining Eq. (2.7) with Eq. (2.2) and Eq. (2.8) with Eq. (2.5), one obtains







(TE case) u =
ǫ0
2
n2 |F (kr)|2 |Xℓ,m(θ, φ)|2

(TM case) u =
1

2µ0c2
n2 |F (kr)|2 |Xℓ,m(θ, φ)|2 ,

(2.9)

(2.10)

which differ only by a multiplicative constant. In both functions the radial and the angu-
lar dependencies are factorised and can be analysed separately. In particular, Subsection
2.4.1 develops in detail the analytical expression of |Xℓ,m(θ, φ)|2, while Subsection 2.4.2
develops a method to compute F (kr).

2.4.1 Angular function G

To deduce the angular dependency of the energy density it is necessary to explicitly
write the term |Xℓ,m(θ, φ)|2 appearing in Equations (2.9) and (2.10). Since Xℓ,m(θ, φ) is
defined through the derivatives of the spherical harmonic Yℓ,m(θ, φ) (cf. Eq. (A.22)), it
is useful to express Yℓ,m(θ, φ) through the Legendre polynomial Pℓ,m(cos θ):

Yℓ,m(θ, φ) =

√

(2ℓ+ 1)(ℓ −m)!

4π(ℓ+m)!
Pℓ,m(cos θ) eimφ . (2.11)

Using this expression, one obtains the following form for |Xℓ,m(θ, φ)|2:

|Xℓ,m(θ, φ)|2 =
(2ℓ+ 1)(ℓ+m)!

4π(ℓ−m)!

[
m2

sin2θ
P 2
ℓ,m(cos θ) + sin2θ

(
P ′
ℓ,m(cos θ)

)2
]

(2.12)

To avoid the numerical computation of the derivative, P ′
ℓ,m(cos θ) is written through the

difference of two Legendre polynomials:

P ′
ℓ,m(η) =

1

1− η2
[Pℓ,m(η)− (ℓ−m+ 1)Pℓ+1,m(η)] (η = cos θ) .

Then, all Legendre polynomials are substituted by the Schmidt seminormalized associ-
ated Legendre functions Sℓ,m(η) through

Pℓ,m(η) =







Sℓ,m(η) m = 0

(−1)m

√

(ℓ+m)!

2(ℓ−m)!
Sℓ,m(η) m 6= 0
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Figure 2.4: Angular functions G(θ, ℓ,m) for ℓ = 1790 and m = {1790, 1787, 1786}, giving the
difference |ℓ−m| = {0, 3, 4} for panel a, b and c, respectively. The axis labels are
the same for the three panels and are omitted in the second and third panel for
compactness. Each profile is normalized to its maximum.

to avoid the saturation of the floating point variables when computing high order Leg-
endre polynomials. In the end, |Xℓ,m(θ, φ)|2 is written as

|Xℓ,m(θ, φ)|2 =
Nℓ,m

sin2θ

{

(m2 + 1)S2
ℓ,m(cos θ) + [(ℓ+ 1)2 −m2]S2

ℓ+1,m(cos θ)+

−2
√

(ℓ+ 1)2 −m2 Sℓ,m(cos θ)Sℓ+1,m(cos θ)
}

≡ G(θ, ℓ,m) (2.13)

with Nℓ,m=0 =
2ℓ+ 1

4π
and Nℓ,m6=0 =

2ℓ+ 1

8π

and where the compact notation G(θ, ℓ,m) is introduced to better handle this long
expression and highlight the dependencies.

In particular, regarding this last point, the absence of φ in Eq. (2.13) leads to rota-
tional symmetry around the z axis or, equivalently, invariance when moving along the
equator or any other parallel. The presence of θ, instead, means that the mode is not
invariant when moving along a meridian and that the function G(θ, ℓ,m) is the angular
distribution of the mode. The distribution is fixed by the Schmidt seminormalized func-
tions appearing in Eq. (2.13), which in turn are fixed by the (ℓ,m) combination. Finally,
the absence of λ0 means that modes with the same (ℓ,m) combination have the same
angular distribution, regardless of the n number and also regardless of the belonging to
the TE or TM family.

In Figure 2.4 the function G(θ, ℓ,m) is plotted for ℓ = 1790 and a series of m values
giving the following |ℓ−m| differences: |ℓ−m| = 0 for panel a, |ℓ−m| = 3 for panel b
and |ℓ−m| = 4 for panel c. In panel a, the function has a bell-shaped profile centred
at θ = π/2 = 90◦ with a full-width half-maximum (FWHM) of 0.012π = 2.3◦. In panel
b and c, instead, the function has a comb-like profile, with two primary peaks at the
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Figure 2.5: Radial functions F (kr) associated with the ℓ = 1790 TE solutions shown in Figure
2.2a. The profiles are deduced applying the methods discussed in Section A.3 and are
normalized to their maximum. The axis labels are the same for the three panels and
are omitted in the second and third panel for compactness. The color code specifies
the sector over which the function F (kr) extends: blue for the core sector, green for
the walls sector and red for the external sector.

extrema (FWHM = 7.2 · 10−3π = 1.3◦) and a series of secondary peaks between them
(FWHM = 4.6 · 10−3π = 0.82◦). The number of nodes in the central region is equal
to |ℓ−m|, while the number of secondary peaks is |ℓ−m| − 1. In other words, Figure
2.4 shows that, as |ℓ−m| increases, the angular distribution G(θ, ℓ,m) moves away
more and more from the equator (θ = π/2 = 90◦), with primary peaks occupying other
parallels and secondary peaks occupying equator zone. As discussed in Subsection 2.4,
these features are directly translated to the energy density distribution.

2.4.2 Radial function F

Moving to the radial dependency of Equations (2.9) and (2.10), the computation of
the function F (kr) has to be performed. To do so, it is necessary to restart from the four
amplitudes defining F (kr) (cfr. Equation (A.34)) and use the relationships imposed by
the boundary conditions to work out an analytical expression for them (cfr. Equations
(A.47) and (A.50)). In both the TE case and the TM case, the characteristic equation
imposes a null determinant and therefore it is possible to write three amplitudes as
function of the fourth, which remains a free parameter and becomes an overall scaling
factor. The details of this calculation are reported in Subsection A.3 and, in particular,
general expressions for the TE and TM amplitudes are worked out. It is in fact important

to highlight that each λ
(n, ℓ)
0 solution has its own set of amplitudes, which, in turn, define

its own radial function. In the following a series of F (kr) functions are commented to
highlight their features.

Figure 2.5 shows the radial functions F (kr) obtained with the methods of Section
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Figure 2.6: Radial functions F (kr) of TE modes with ℓ = 1613 falling in the [740 nm, 760 nm]
spectral window used for Figure 2.2b. The profiles show the transition from wall
modes (panel a) to core modes (panel b and c) due to the increase in n. This Figure
adopts the same color code and the same conventions of Figure 2.5.

A.3 for the TE ℓ = 1790 modes appearing in Figure 2.2a: in particular, panel a shows
F (kr) for the n = 1 solution, panel b for the n = 2 solution and panel c for the n = 3
solution. In each panel F (kr) is normalized to its maximum and the color code specifies
the sector over which the function extends: blue for the core, green for the walls and
red for the external medium. As anticipated in Section 2.3, each n increment produces
a new node in F (kr) and, in the end, n is equal to the number of nodes incremented
by 1 (# nodes + 1). In addition, an increase in n shifts the maximum of the F (kr)
function towards the center of the microbubble (positions of maxima: 149.05 µm, 147.69
µm, 146.82 µm), and therefore away from the microbubble surface (at Re = 150 µm).

Due to the higher index of the microbubble walls (nw = 1.45 vs. nc = 1.33 and ne =
1), the mode is confined in the walls sector and only evanescent tails are present in both
the core and the external sectors. Even if these evanescent tails represent a tiny fraction
of the field distribution, both have important roles for the microbubble applicability. The
external tail, in fact, can couple the WGM to a waveguide mode, allowing light injection
and extraction [24]. The core tail, instead, allows to sense particles in proximity or in
contact with the internal wall, enabling the implementation of the microbubble as an
optical sensor [125, 25].

Finally, Figure 2.6 shows the radial function F (kr) for a set of TE modes in the
[740 nm, 760 nm] window (cfr. Figure 2.2) having a low ℓ number and an high n number.
In particular, the three profiles have ℓ = 1613 and n = {7, 8, 9} for panel a, b and c,
respectively. The three plots, which follow the same conventions of Figure 2.5, highlight
the transition from WGMs totally confined in the microbubble walls (“wall modes”,
panel a) to WGMs having their maxima in the core sector (“core modes”, panel b and
c). This shift, which is a consequence of the n increase, is particularly interesting for

23



Chapter 2. Whispering Gallery modes of a microbubble resonator

a) b)

Figure 2.7: Normalized energy density unorm for the fundamental WGM (n= 1, ℓ= 1790, m=
1790) (panel a) and for the non-fundamental WGM (n=2, ℓ=1790, m=1787) (panel
b). The two plots have the same axis labels and follow the same color scale, reported
on the right side of the Figure.

sensing the microbubble contents, since it significantly increases the percentage of field
in the core with respect to the low n cases, which only have the evanescent tails (cfr.
Figure 2.5). Core modes are also fundamental to couple the microbubble WGMs to
quantum emitters, as discussed in Chapter 5.

2.4.3 Energy density distribution

Now that the radial function F (kr) and the angular function G(θ, ℓ,m) are known
from the Subsections 2.4.2 and 2.4.1, the energy density u can be computed directly
using Equations (2.9) and (2.10). In particular, a 2D plot of u in the (θ, r) coordinate
plane can be obtained, allowing to clearly visualise the mode distribution. However, for
better comparison and visualisation, in this Subsection the normalised energy density
unorm defined as

unorm =
G(θ, ℓ,m)

max
0≤θ≤π

{G(θ, ℓ,m)}
n2 |F (kr)|2

max
0≤r<∞

{

n2 |F (kr)|2
} (2.14)

is plotted in the various panels.
Figure 2.7 shows unorm for two TE Whispering Gallery modes: the one associated

with the triplet (n = 1, ℓ = 1790, m = 1790) in panel a and the one associated with
(n = 2, ℓ = 1790, m = 1787) in panel b. The 2D distribution of the modes reflect the
angular and radial behaviour discussed in the previous Subsections, with the number n
and the difference |ℓ−m| dictating the number of nodes in unorm along the r direction
and the θ direction, respectively. In particular, the distribution in panel a arises from
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the combination of the profiles shown in Figure 2.4a and 2.5a, while the distribution in
panel b arises from those shown in Figure 2.4b and 2.5b.

The WGM of panel a is defined a fundamental WGM since it arises from the combi-
nation of a n = 1 radial function and a |ℓ−m| = 0 angular function. As a consequence
of this definition, the fundamental WGM has no nodes along the r direction nor the θ
direction, and therefore is concentrated in just one lobe. Also, since no condition is posed
on ℓ, many fundamental modes are possible: each associated with a different ℓ value (e.g.
panel a shows the ℓ = 1790 fundamental mode). For these modes the interpretation of
a WGM as a ring of light running along the microbubble equator is particularly fitting,
due to the single-lobe concentration and the φ symmetry discussed in Subsection 2.4.1.

The mode in panel b, instead, arises from the combination of a n = 2 radial function
and a |ℓ−m| = 3 angular function, therefore having a single radial node and three
angular nodes. As a consequence, this mode cannot be classified as fundamental and is
made up of numerous lobes. By comparing this mode with the fundamental one, one
notices that the distribution in several lobes lowers the maximum (0.61 vs. 1.0) and the
maximum position is shifted inwards (147.7 µm vs. 149.1 µm). Indeed, in this case, the
idea of a ring of light is less fitting, since the mode is distributed among different parallels
and different radial shells due to the angular nodes and the radial nodes respectively.

As discussed in Section 2.5 and Section 2.6, the geometrical features of the energy
density distribution here discussed are key elements dictating the coupling between the
WGMs and a waveguide as well as the volume of the WGMs themselves.

2.5 Waveguide coupling

This Section focuses on using the energy density distribution obtained in Subsection
2.4 to estimate the coupling between a microbubble WGM and a waveguide. This
parameter, in fact, is of great interest in designing an experiment, since it allows to
predict the WGMs that can be efficiently excited and brought into a critical coupling
regime. In particular, the computation here presented is an initial step towards a full
computation implementing the complex field distribution of both the WGM and the
waveguide.

To simulate the tapered fibers used in the experiments of Chapter 3 and Chapter
4, the waveguide chosen for this Section is an optical fiber having a silica core (ncore =
1.45), an air cladding (nclad = 1) and a 3 µm diameter. Its energy distribution ufib is
derived following the theory of optical fibers described in [126]. In particular, since the
index mismatch is high (ncore − nclad = 0.45), the weakly guiding approximation cannot
be made and the complete characteristic equation has to be solved, implementing a
numerical method similar to one described in Subsection 2.3. From this resolution, both
the energy density distribution ufib and the propagation constant β are found, imposing
the WGM resonance wavelength λ0 as the guided wavelength of the fiber.

In terms of positioning, the fiber is placed in the MBR equatorial plane and in
contact with the MBR walls, as shown in panel a of Figure 2.8. In analogy with Figure
2.1, this sketch shows a sagittal cut of both the MBR and the fiber, while using a a
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Figure 2.8: Panel a shows a sagittal cut of the MBR and the fiber to describe their relative
positioning. Panel b and c support this sketch by showing the energy density distri-
butions of both the microbubble WGM and the fiber mode, in the xy and xz plane
respectively. Panel d shows the overlap of the two distributions, as deduced by the
profiles shown in panel c.

3D prospective. This sketch is also aided by panels b and c, which show the WGM
energy density umbr and the fiber energy density ufib in the xy plane and the xz plane,
respectively.

The dielectric structure of the MBR is the same of the previous Sections (i.e. water
core, silica walls, air as surrounding medium) and also the walls thickness is kept to 4
µm. Instead, the MBR external radius and the wavelength range are changed to better
represent the experiments in Chapter 3 and Chapter 4. In particular, the MBR external
radius Re is set to 250 µm, while the MBR spectrum is reconstructed around 1550 nm.
The WGM selected for the computations of this Section is the fundamental one (n = 1
and m = ℓ) and has a resonance wavelength λ0 = 1549.824 nm (ℓ = 1448). Its energy
density umbr is deduced as in Section 2.4 and, as previously mentioned, it is shown in
panel b and c of Figure 2.8 in both the xy and the xz planes.

The coupling κ between the MBR mode and the fiber mode is rigorously computed
through coupled mode theory [127, 128] by performing an overlap integral between the
two field distribution in the transversal plane xz and then an integration along the fiber
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propagation direction y. In formulas, this is

κplane(y) =
k20
2β

∫
(
n2mbr − n2fib

)
Embr(x, y, z) E∗

fib(x, y, z) dxdz (2.15)

κ =

∫

κplane(y) dy (2.16)

where Embr and Efib are the complex field distribution of the two modes. Here, however, a
simplified approach is adopted to reduce the complexity of the calculation and introduce
the real-valued energy densities umbr and ufib. In particular, Equation (2.15) is modified
into

κplane(y) =
k20
2β

(
n2w − n2e

)

∫

umbr(x, y, z)ufib(x, y, z) dxdz
√

∫

u2mbr(x, y, z) dxdz

√
∫

u2fib(x, y, z) dxdz

(2.17)

where the integrals at the denominator are inserted for normalization purposes and
the index difference is simply n2w − n2e since the MBR walls and the fiber are both
made of silica and their surrounding environment is air. An important approximation
introduced with this modification is the absence of a phase interference term, which
is instead naturally present in Equation (2.15) through the use of the complex fields.
As a consequence, this introduces a certain overestimation of κplane, since it implicitly
assumes a perfect phase match between the modes.

As example, panel d of Figure 2.8 shows the overlap function umbr ufib produced by
the distributions shown in panel c. Since the two distributions superpose through their
evanescent tails, the product umbr ufib is orders of magnitude below the typical values of
both umbr and ufib, as shown by the different colormaps.

By a numerical integration of the distributions shown in panel c and panel d of Figure
2.8, it is possible to evaluate the integrals appearing in Equation (2.17) and obtain the
value of κplane for the plane y = 0. Then, by shifting the integration plane along the y
direction and repeating the numerical integration, it is possible to reconstruct the κplane
function. For the fundamental WGM mode here considered, the κplane function is shown
as a blue curve in Figure 2.9 and features a decreasing value for increasing y. This trend
is explained with the curvature of the MBR, which reduces the spatial superposition of
the two modes for increasing y (cfr. panel b of Figure 2.8), and shows that the coupling
region extends up to 15 µm. Due to the symmetry of the configuration, the function
κplane is evaluated only for positive y, with the negative-y side taking the same values
of the positive-y side.

Taking into account the function symmetry for the final integration of Equation
(2.16), the overall coupling coefficient κ for the fundamental WGM is κ = 5.72 · 10−4

and its square, which is the quantity dictating the efficiency of the WGM excitation,
is |κ|2 = 3.28 · 10−7. This value is comparable with the ones found experimentally
through a cavity ring down analysis (cfr. Subsection 1.2 and [54, 55]) and shows that the
presented approach is a good starting point for a complete complex-field computation.

27



Chapter 2. Whispering Gallery modes of a microbubble resonator

0 5 10 15 20 25

0

10

20

30

40

Figure 2.9: Function κplane resulting from Equation (2.17) for a series of WGMs differing in their
m number. The dots represent the computed values, while the connecting lines are
an aid to visualise the trend.

In particular, assuming a critical coupling regime (i.e intrinsic losses equal to coupling
losses) the |κ|2 here computed leads to a resonance quality factor Q = 7.0 · 109, which
has the order of magnitude of the ones experimentally (cfr. Subsection 1.2 and [54, 55]).

Finally, the entire calculation is repeated for non-fundamental WGMs having |ℓ−m| =
{1, 2, 3, 4} to highlight the importance of the mode distribution along the polar direc-
tion. In particular, Figure 2.9 shows that the coupling is maximum in the |ℓ−m| = 0
case, it is reduced for the |ℓ−m| = {2, 4} case and almost null for |ℓ−m| = {1, 3}. This
behaviour is a consequence of the angular function properties discussed in Subsection
2.4.1 and, in particular, of the increase of nodes in the equatorial plane for increasing
|ℓ−m| difference. In practice, as shown in Figure 2.4, odd |ℓ−m| values produce a
node in the equatorial plane and this severely reduce the value of the overlap integral in
Equation (2.17). For an even |ℓ−m|, instead, secondary peaks are present in the equa-
torial plane, lowering the overlap but not completely cancelling it. As a consequence,
the value of |κ|2 computed from the integration in Equation (2.16) is affected, since
|κ|2 = {1.56 · 10−10, 4.22 · 10−10} for |ℓ−m| = {1, 3} and |κ|2 = {1.07 · 10−7, 6.78 · 10−8

for |ℓ−m| = {2, 4}.

In the end, the coupling dependency on the m number limits the modes that can
be efficiently coupled and therefore produces a reduction of the initial 2ℓ + 1 mode
degeneracy discussed in Section 2.3. In particular, the results of this Section show an
effective degeneracy in the order of units, rather than thousands (2ℓ+ 1 = 2897), which
strongly influences the computation of the density of modes in a specific wavelength
range (cfr. end of Section 2.3). Finally, it is important to highlight that the effective
degeneracy here discussed ultimately depends on the waveguide field distribution and
therefore strongly depends on the adopted experimental configuration.
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2.6 Modal volume

From the results of Section 2.4, it is finally possible to compute the volume of the

Whispering Gallery mode. As in Section 2.4, it is assumed that n, ℓ and λ
(n, ℓ)
0 are already

known from the solution of the characteristic equation, while m is an assigned value in
the [−ℓ, ℓ] range. Even in this case, different m values are considered to highlight the
volume dependency on this number.

The volume V of a WGM is defined in terms of its energy density as follows:

V =

∫

u(r, θ, φ) dV

max
(0≤r<∞, 0≤θ≤π, 0≤φ≤2π)

{u(r, θ, φ)} , (2.18)

where the integral on the energy density u extends over the entire space. By inserting
in this expression Eq. (2.9), or equivalently Eq. (2.10), one obtains

V =

∫ ∞

0
n2 |F (kr)|2 r2dr

∫

|Xℓ,m(θ, φ)|2dΩ

max
0≤r<∞

{

n2 |F (kr)|2
}

max
(0≤θ≤π, 0≤φ≤2π)

{

|Xℓ,m(θ, φ)|2
} , (2.19)

where the integral on |Xℓ,m(θ, φ)|2 extends over the entire solid angle. This expression is
the same for both TE and TM modes due to the analogy between Eq. (2.9) and Eq. (2.10)
discussed in Section 2.4.

Equation 2.19 can be simplified taking into account the properties of Xℓ,m(θ, φ). First
of all, the angular integral in the numerator is known and given by [129]

∫

|Xℓ,m(θ, φ)|2dΩ = ℓ(ℓ+ 1) .

Then, recalling Eq. (2.13), one has |Xℓ,m(θ, φ)|2 = G(θ, ℓ,m) and therefore the compu-
tation of the maximum in the denominator becomes

max
(0≤θ≤π, 0≤φ≤2π)

{

|Xℓ,m(θ, φ)|2
}

= max
0≤θ≤π

{G(θ, ℓ,m)} .

Finally, Equation (2.19) becomes

V =

ℓ (ℓ+ 1)

∫ ∞

0
n2 |F (kr)|2 r2dr

max
0≤r<∞

{

n2 |F (kr)|2
}

max
0≤θ≤π

{G(θ, ℓ,m)}
. (2.20)

Since the functions F (kr) and G(θ, ℓ,m) are known from the procedures described in
Subsection 2.4.1 and Subsection 2.4.2, one can use numerical methods to evaluate the
two maxima in the denominator and the integral at the numerator. These estimates are
then inserted into Eq. 2.20 to finally compute the modal volume V.
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Figure 2.10: Normalized volume V/λ30 for TE modes (panel a) and TM modes (panel b) having
ℓ = 1790, with the difference |ℓ−m| and the n number taking values in the [0, 17]
and [1, 4] ranges, respectively. The lines connecting the points associated with the
same n values are guides to the eye.

Figure 2.10 shows the volume V, normalized to the cube of the resonance wavelength
λ30, for a set of TE and TM modes. In analogy with Figure 2.4 and 2.5, the ℓ number
is set to 1790, while the difference |ℓ−m| and the n number take values in the [0, 17]
and [1, 4] ranges, respectively. Since the modal volume increases with increasing |ℓ−m|
and with increasing n, the fundamental mode (|ℓ−m| = 0, n = 1) has minimal volume
and therefore is the most promising for coupling with quantum emitters (see Chapter
5). Also, by comparing the two panels, one notices that TE and TM modes have almost
identical volumes and the same trends, leading to an equivalence of the two mode families
when modal volume is involved.

2.7 Conclusions

In this Chapter an analytical theory deriving the WGMs of a microbubble has been
presented, extending the microsphere case to the multilayer case and filling a void in
literature, where no similar dissertation was found. Using the results of the analytical
derivation, a semi-analytical approach allowed to compute a series of quantities of inter-
est, such as the mode profile and its spatial distribution. In particular, the discussion
focused on evaluating the coupling between the microbubble WGMs and optical fiber,
and on evaluating the WGMs modal volume. The results for the WGM-fiber coupling
are within one order from the experimental ones and represent a good starting point for
a more detailed theory. The modal volume results, instead, represent a starting point
for the discussion of Chapter 5, where the control of single-photon sources through a
microbubble mode is studied.

In prospective, the theory here presented can be further developed to account for
some aspects that in this first iteration were simplified. For example, the material
absorption from the dielectrics making up the resonator could be restored to deduce
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not only the resonance wavelength the WGMs, but also their linewidth. Then, the
coupling of the WGMs with an external waveguide could be revised to use the complex
field distribution rather than the energy density distribution and restore in this way the
phase matching contributions.

Finally, the theory could be specialised for quantities of interest outside of the context
of this thesis work. For example, the Poynting vector could be worked out from the field
expressions, allowing to estimate the intensity of the wave circulating in the WGM, and
the radial function F (kr) could be used to compute the WGMs effective indexes. This
quantities, in fact, are of interest for the onset of non-linear optical effects and could
guide the implementation of a setup aimed at triggering such effects.
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Chapter 3

Photoacoustic sensing

In this Chapter the detection of a photoacoustic (PA) wave is achieved through the
perturbation induced in an microbubble (MBR) optical resonance, effectively demon-
strating the implementation of the microbubble as optical photoacoustic transducer.

The Chapter starts with a description of the setup (Section 3.1), which featured
the MBR in the double role of optical PA transducer and vial containing the contrast
agent. The experimental configuration was designed to run a proof-of-concept experi-
ment (Section 3.2) and then to simulate a flow cytometry experiment (Section 3.3). The
first experiment demonstrated the feasibility of the measurement, verified the transducer
readings through the characterisation of a known PA agent and allowed to gain insight on
the transduction mechanism, which is strongly influenced by the mechanical properties
of the MBR. The second experiment, instead, challenged the MBR transducer through
the characterisation of a constantly flowing and more diluted PA agent, simulating the
configuration of a flow cytometry experiment.

The Chapter retraces and extends the contents of three articles published during the
PhD programme [51, 52, 130].

3.1 The experimental setup

Panel a of Figure 3.1 shows a sketch of the experimental setup used to demonstrate
PA detection through the microbubble resonator. The setup can be conceptually divided
into three subsystems: the microfluidic subsystem, used to load the PA contrast agent
into the MBR; the pump subsystem, used to excite the contrast agent and trigger the
PA emission; and the probe subsystem, used to sense the PA wave through the shift of
a WGM resonance.

The microfluidic subsystem comprises the elements on the bottom right corner of
this sketch and was aimed at filling the MBR with a solution containing the contrast
agent. This was achieved by connecting the MBR to a flexible polymer tubing (Tygon R-
3607, Saint-Gobain, La Défense, Courbevoie, France) and then using a peristaltic pump
(Minipuls 3, Gilson, Middleton, WI, USA) to draw the solution from its reservoir.
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Figure 3.1: Sketch of the experimental setup used to demonstrate PA detection through a mi-
crobubble resonator (panel a), along with two pictures showing some of the elements
making up the system (panel b and c). In particular, panel b shows the MBR po-
sitioned on its holder, while panel c shows the arrangement of the elements on the
optical table.

The solution was a water-based colloidal suspension of gold nanorods (GNRs) syn-
thesized by the seed-mediated approach [82, 69], PEGylated and concentrated to 4 mM
Au. For this proof-of-concept experiment, GNRs appeared a natural benchmark contrast
agent due to their long history and importance in PA applications [72, 71, 74, 69, 70, 73].
To match the emission of the pump laser (1064 nm), the GNRs were synthesized with
an elongated aspect ratio, leading to a 70 nm length and a 10 nm diameter. A GNRs
concentration of 13 nM was deduced from the particles geometry and the the Au con-
centration, assuming an FCC (face-centred cubic) structure for the crystal making up
each nanorod.

Moving to the MBR, it had a 430 µm diameter, a resulting capacity of 41 nl, and
was fabricated with the arc discharge technique [20, 21, 131] (base fused silica capillary:
Z-FSS-200280, Postnova Analytics GmbH, Landsberg, Germany). The MBR, mounted
on an home-made metallic holder (panel b), was placed inside a glass-floor box (panel
c), which shielded the MBR from air currents [132], while still allowing a laser beam
to impinge on the MBR. The box was connected to a set of micrometric stages (panel
c) in order to place the MBR in the waist of the laser beam exciting the GNRs. This
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alignment was performed by acting on the micrometric stages while maximizing the light
scattered from the MBR, which was observed through an handheld infrared camera.

The pump subsystem, instead, comprises the elements on the left side of the sketch
and was aimed at triggering the PA emission from the GNRs contained in the MBR. The
main element of this subsystem was a free-space pulsed Nd:YAG laser (Asclepion Laser
Technologies, Jena, Germany) having an emission wavelength of 1064 nm (coinciding
with the central wavelength of the GNRs plasmonic band), a pulse duration of 3.3 ns,
a pulse energy of 40 µJ and a repetition rate of 10 Hz: this source is labelled as pump
laser in panel a. A square wave provided by an electric waveform generator (Keysight
33210A, Agilent Technologies, Santa Clara, CA, USA; TRG in Figure 3.1a) was used
to time the emission of this source and to trigger the acquisition of the oscilloscope
(RTO1004, Rohde and Schwarz, Munich, Germany).

The beam produced by the pump laser source passed through a rotatable polariser
(RP) and was divided into two branches by a beam splitter (BS). The first branch
impinged on a pyroelectric energy meter (QE8SP, Gentec-EO, Quebec, QC, Canada;
EM), while the second branch impinged on the MBR after being focused by a converging
lens, allowing to expose the MBR uniformly (cfr. Subsection 3.1.1). Since the pulses
impinged on the MBR following a vertical line, with a floor-to-ceiling direction, the
second branch resembled the configuration of an inverted microscope. The polariser and
the energy meter allowed to tune and monitor the fluence exciting the GNRs, which was
an important aspect for the measurements, as discussed in Section 3.2 and Section 3.3.

Finally, the probe subsystem comprises the elements on the right side of the sketch
and allowed the detection of the PA wave through the MBR. In this subsystem, an home-
made tapered fiber [53] was used to couple the MBR with the emission of a CW infrared
fiber laser (Koheras ADJUSTICK, NKT Photonics, Birkerød, Denmark; spectral range
1550-1551 nm; probe laser in panel a of Figure 3.1). The taper could be moved finely
and put in contact with the MBR equator through a second set of micrometric stages
and a long working-distance microscope (custom model, Navitar, Rochester, NY, USA),
which are shown in panel c of Figure 3.1. A fiber polarization controller (PC) was used to
select the polarisation of light injected into the MBR and the transmission of the coupled
system was recorded through an InGaAs photodiode (PDA400, Thorlabs Newton, NJ,
USA; bandwidth 10 MHz; PD). A second electric waveform generator (Keysight 33220A,
Agilent Technologies, Santa Clara, CA, USA; SCN) was used to finely set the probing
wavelength or perform a frequency scan up to 1 GHz (or equivalently a wavelength scan
up to 8 pm).

3.1.1 Preliminary measurements on the pump laser subsystem

During the preparation of the experimental setup, a series of auxiliary measurements
concerning the pump laser subsystem were performed.

First of all, a set of knife edge measurements [133] was performed to check the
focusing produced by the converging lens: the results of this procedure are shown in
Figure 3.2. Indeed, the chosen lens produced the right level of focusing for the purposes
of the experiment, since the beam waist (w0 = 220µm, cfr. panel b) was very close to
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Figure 3.2: S-shaped transmission trend produced by the beam blockage in an knife edge mea-
surement (panel a) along with the beam radius at different heights (panel b). In
both panels blue dots represent the experimental data, while the red traces are fit-
ting curves.

the MBR radius (215 µm). In addition, this level of focusing produced a rather long
Rayleigh length (LR = 8.0 mm), which made the vertical alignment of the MBR less
critical during the preparation of the microfluidic subsystem.

The second set of auxiliary measurements, instead, was aimed at deducing the pump
laser fluence at the beam waist from the signals recorded by the energy meter (EM in
the sketch shown in panel a of Figure 3.1). To do this, a calibrated sensor was placed
in proximity of the beam waist in order to measure the energy of the pump laser pulses.
The readings of this calibrated sensor were recorded together with the signals from the
energy meter and the procedure was repeated for different pulse energies by acting on the
the rotatable polariser (RP). Panel a of Figure 3.3 shows some of the recorded signals as
examples. For each EM signal, the average value in the [22 µs - 25 µs] range was computed
to quantify the signal intensity and, since the signals were practically flat in that range,
this value is referred to as the plateau value. In panel b the plateau values are plotted
against the pulse energies, finding a linear trend to a very good approximation. Starting
from an assigned EM signal, the fitting line allowed to deduce the energy of the pulse
that triggered the assigned signal. In fact, this could be done by computing the plateau
value of the assigned signal and then interpolating the fitting line, finding the associated
energy pulse Epul. From this energy estimate it was then straightforward to compute
the pump laser fluence as F = Epul/Aspot, where the spot area Aspot = πw2

0 = 0.15mm2

was known from the knife edge measurements previously discussed.

Finally, the last set of measurements was aimed at checking the generation of the
PA wave from the GNRs hosted in the MBR. For this series of measurements, a test
MBR was connected to the microfluidic circuit, placed inside the box on the beam waist
and submerged with water, as shown in panel a of Figure 3.4. Then, an ultrasound
transducer (Olympus Panametrics, Japan; sensor diameter 0.5 inch, frequency range
from 1 to 10 MHz) was positioned so that the MBR was placed in its acoustic focus and
the pump laser was enabled. The signal picked up by microphone (blue curve, panel
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Figure 3.3: Panel a shows the EM signals generated by laser pulses of different energy. In panel
b the plateau value computed from these traces is plotted against the pulse energy
(blue dots): the line fitting the data is shown in red.

b), was in line with the reference signal (red curve, panel b), which was obtained by
positioning an hydrated chitosan film imbued with GNRs, in place of the MBR. This
chitosan film was used as a PA phantom in other works [80, 82] and represented a natural
benchmark to verify PA emission from GNRs when preparing the setup. In addition,
when illuminating the MBR, the microphone was slightly moved from its initial position
to reconstruct a 2D map of the PA intensity, obtaining the results shown in panel c.
This map confirms the GNRs as the source of the PA wave, since the extension of the
high-signal area is compatible with the size of the test MBR (radius 210 µm).
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Figure 3.4: Panel a shows the configuration used to verify the PA generation from the GNRs
inside the MBR using an ultrasound transducer. The MBR position is highlighted
by the green circle. In panel b the PA signals for GNRs inside the MBR (blue curve)
or imbued in a chitosan film (red curve) are compared. Finally, panel c is a 2D map
of the PA intensity: the black dots represent the measurements, while the color map
is an interpolation generated from these values.
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3.2 Static contrast agent configuration

In this Section the proof-of-concept experiment demonstrating PA detection through
the optical read-out of an MBR is presented. The Section focuses on a static configura-
tion where the contrast agent contained in the microbubble is still. This configuration
is the most adequate for a proof-of-concept experiment, since it removes the complexity
associated with the flow of the contrast agent. This complexity is restored in Section
3.3, moving the system towards an application-like configuration.

3.2.1 Experiment description and read-out deduction

After the setup preparation described in Section 3.1, the first operation of the ex-
periment was filling the MBR with the GNRs solution by enabling the peristaltic pump.
After that, the peristaltic pump was disabled and kept off for the rest of the experi-
ment to avoid mechanical perturbations on the MBR. A narrow resonance with an high
contrast was then searched by scanning the probe laser wavelength and its contrast was
further increased by acting on the polarisation controller. The resulting profile is shown
in panel a of Figure 3.5, where sopt is the normalised transmission of the photodiode
detecting the MBR signal (PD, cfr. panel a of Figure 3.1) and δν = ν − νhalf is the
detuning from the half-height point produced by the laser scan (λhalf = 1550.080 nm,
νhalf = c/λhalf).

After this optimization phase, the probe laser was set on the half-height point and
the wavelength scan stopped, obtaining a flat trace (black curve in panel b), which
represented the baseline of the experiment. The half-height point was the chosen work-
point for the experiment to optimise the sensitivity of the detection, taking advantage of
the high derivative in this point. After these preliminary operations, which prepared the
probe subsystem for the PA detection, the pump laser was enabled. In correspondence
of each pulse impinging on the MBR and triggering the PA emission, the MBR signal
changed to a pattern featuring a major dipolar peak followed by decaying oscillations:
the blue curve in panel b is an example of this kind of signals for a 8 mJ/cm2 fluence. In
terms of the physical origin, this shape originates from the probe laser reading a different
point of the resonance fringe as a consequence of the PA wave shifting the resonance
position. These MBR signals were collected for various pump fluences, which were
estimated by recording the energy meter signals and applying the procedure discussed
in Subsection 3.1.1. It is important to highlight that the aforementioned procedure
allowed to estimate the fluence produced by each single pulse.

Transmission patterns like the one in panel b of Figure 3.5 had to be converted into
the optical shifts sustained by the WGM resonance in order to represent a measurement
of the PA wave intensity. This was done by establishing a correspondence between
the MBR transmission sopt and the detuning from the half-height point δν using the
unperturbed lineshape in panel a as reference. Initially, this correspondence was based on
the WGM lineshape derived through the coupled mode theory presented in [134, 54, 55].
Indeed, this lineshape allowed a good reconstruction of the resonance on a wide detuning
range (cfr. panel a), but it was less accurate in reconstructing the resonance fringe (cfr.
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Figure 3.5: Series of panels resuming the raw signals recorded during the experiment and the
conversion into resonance shifts. Panel a: WGM resonance selected for the exper-
iment (blue curve) and fitting profile based on coupled mode theory (red curve).
Panel b: transmission from the MBR when no PA generation is triggered (black
curve) and when it is triggered by a 7.7 mJ/cm2 fluence pulse (blue curve). Panel
c: detail of the resonance fringe along with the different fitting curves used for its
reconstruction. Panel d: resonance shifts associated with the signals shown in panel
b, keeping the same color code. The red curve is the resonance shift produced by a
26 mJ/cm2 fluence pulse for the MBR filled with plain water.

panel c). To improve on this key aspect, a parabolic function

sopt = A (δν)2 +B (δν) + C (3.1)

was used in place of the theoretical lineshape and the fit range was limited to the fringe
zone. Panel c shows the parabola resulting from this empirical approach and proves its
effectiveness in reconstructing the experimental profile. Then, Equation 3.1 was inverted
to set the correspondence between the transmission values sopt and the detuning values
δν, obtaining

δν =
−B +

√

B2 − 4A (C − sopt)

2A
. (3.2)

In this formula, upon extracting the square root, only the + sign was used, since the
detection of the PA wave was performed with the fringe on the blue-side of the resonance.
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Additionally, the parameters (A, B, C) are to be considered known since they have been
estimated through the fringe fitting.

Finally, by inserting the transmission pattern produced by the PA perturbation into
Equation (3.2) as the sopt variable, the optical shift ∆ν induced in the WGM resonance
could be retrieved. As an example, panel d of Figure 3.5 shows the ∆ν curve associated
with the transmission pattern shown in panel b. The optical shifts ∆ν obtained with
the procedure here presented are the read-out signals of the MBR transducer and their
analysis allows to quantify the PA intensity and study the detection properties of the
transducer.

Before moving to the signal analysis, a series of comments about the MBR read-out
have to be made. First of all, the system showed good stability without an active locking
mechanism (e.g. feedback on the wavelength of the probe laser) and the offset difference
between the signals in panel d of Figure 3.5 is due to residual instabilities, producing
small shifts. From a numerical point of view, these small shifts are particularly non-
influential for the results of this Section, since the analysis is based on the computation
of differential values and Fourier transforms.

Second, the MBR hit an optimal point in terms of sensitivity for the chosen GNRs
concentration and fluence range. In fact, the PA wave produced resonance shifts close to
the resonance width (half-width half-maximum HWHM = 12 MHz), causing the probe
laser to read a considerable fraction of the fringe and therefore producing a raw trans-
mission signal with a good visibility. The measurements would have been less effective
with both a lower and an higher MBR sensitivity. In particular, a lower sensitivity would
have produced a less visible oscillation, making more difficult to distinguish the signal
from the noise; while, an higher sensitivity would have brought the probe wavelength in
the out-of-resonance plateau, making the resonance shift not computable.

Finally, to verify the origin of the WGM perturbation, a test at full fluence (26
mJ/cm2) with the MBR filled with plain water was made. The resulting signal (red
curve, panel d Figure 3.5) shows that the water contribution is negligible if compared
to the one of the GNRs when taking into account the great difference in fluence levels.
In particular, as also shown in Subsection 3.2.2 through the Fourier analysis, the 26
mJ/cm2 water-only configuration produces a read-out that is comparable with the 1
mJ/cm2 GNRs configuration.

3.2.2 Read-out validation and Fourier analysis

During the experiment the GNRs were excited with different fluences in order to
reconstruct their PA response curve, which served as a validation tool for the MBR
transducer. This curve, in fact, was already studied in a previous article [80] for a GNRs
batch produced with the same synthesis methods of the ones used in this experiment.

The PA response curve from the MBR data is shown in panel a of Figure 3.6 and it is
a plot of the peak-to-peak value of the read-out signal ∆ν against the excitation fluence.
The trend can be split into three parts and the red dashed line serves as a guide to the
eye for a better visualisation. For fluences up to 10 mJ/cm2, the excitation of the GNRs
is stable and the PA response is linear with GNRs absorbance; for fluences between 10
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Figure 3.6: PA response trend measured through the MBR transducer (panel a) and an ultra-
sound transducer (panel b). Error bars are not shown in panel a, but the typical
error is 0.22 MHz. Panel b is reproduced from the data in [80].

mJ/cm2 and 16 mJ/cm2 the GNRs reshape into spheres and produce a sub-linear PA
response; finally, for fluences above 16 mJ/cm2, cavitation (evaporation of the water in
proximity of the GNRs with consequent release of a vapour shockwave) onsets and PA
response increases rapidly. For better visualisation, error bars are not shown in panel
a, but the peak-to-peak values showed a good reproducibly, with each point having a
standard deviation close to 0.22 MHz on a series of repeated acquisitions.

The PA response trend obtained with the MBR measurements agrees with the one of
[80], which is reproduced in panel b of Figure 3.6 for a direct comparison. Even in this
case the PA response can be split into three parts and the interpretation in terms of PA
generation is the same of the previous paragraph. In particular, the reshaping threshold
is the same for both experiment (10 mJ/cm2), while the cavitation threshold differ (15
mJ/cm2 vs. 55 mJ/cm2). This difference is attributed to the different environment
hosting the GNRs: here, the GNRs were dispersed in water, while in [80] they were
immobilized in a hydrated chitosan film. Despite the threshold difference, the two data
sets produce the same PA emission regimes, validating the MBR system and proving its
suitability for the characterisation of a PA contrast agent.

After this validation, the MBR dataset was studied in Fourier space to observe the
frequency composition of the read-out signals and gain insight in the detection principle
of the MBR transducer. Some of these Fourier spectra are reported Figure 3.7 with
the addition of the spectrum associated with the signal recorded when the MBR was
filled with plain water (cfr. panel d of Figure 3.5). From these data, it is clear that the
spectra are not flat and are, instead, concentrated in peaks at around 0.7 MHz, 3.7 MHz,
6.5 MHz and 9.55 MHz. Since the shift of the WGM resonance is ultimately generated
by an elastic deformation of the MBR walls, a COMSOL Multiphysics

®

routine was
used to reconstruct the mechanical eigenmodes of the MBR and it was found that the
aforementioned frequencies are compatible with the MBR breathing modes.

This result shows that the mechanical modes of the microbubble have an important
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Figure 3.7: Fourier spectra of the MBR read-out signal ∆ν for different excitation fluences. The
last spectrum (black curve) is obtained for an MBR filled with plain water.

role in the sensing mechanism, since they filter the mechanical action produced by the
PA wave. In particular, the PA wave excites only a handful of the MBR mechanical
modes, which dictate the deformation of the MBR walls through their superposition.
This overall wall deformation is read through the WGM resonance, forcing only the
frequencies associated with the excited mechanical modes to appear in the MBR read-
out. This interpretation is reinforced by the behaviour of the spectra with respect to
the excitation fluence: a change of fluence, in fact, produces an overall scaling of the
spectra, but does not change the structure. In light of the previous interpretation, this
means that the PA wave excites the same MBR mechanical modes, with PA intensity
only dictating the overall mechanical energy loaded in the modes.

In agreement with the time domain signal discussed in panel d of Figure 3.5, the
PA contribution of water is negligible with respect to the one of the GNRs, especially
when considering the high fluence required to observed the water contribution. In par-
ticular, based on the comparison of the peaks height in Figure 3.7, a 26 mJ/cm2 fluence
exposition on water produced a Fourier spectrum very close to the one produced by a 1
mJ/cm2 fluence exposition on the GNRs solution.

The presence of mechanical modes filtering the read-out of the PA signal represents
a unique and promising feature for the MBR transducer. In fact, for example, the
mechanical enhancement provided by these resonant modes could be exploited to lower
the limit-of-detection of the transducer. Alternatively, the specific spectral fingerprint
could be used to amplify the read-out signal through a lock-in technique or to differentiate
a PA wave from environmental noise. In particular, the last possibility is demonstrated
in Section 3.3, where the solution containing the contrast agent is flowing inside the
MBR during the experiment. It is also important to highlight that the advantages
of the MBR mechanical spectrum have to be framed in the context of a non-imaging
PA application. In fact, a detector for PA imaging needs to have a flat frequency
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response in order to reconstruct faithfully the frequencies making up the detected signal
and, in turn, determine the size of the PA emitter. The MBR, for the aforementioned
discussion, would not satisfy this requirement and, in fact, embedded microrings are a
common solution for PA microscopes implementing a WGM transducer. In the case of
microrings, the detection mechanism is based on a modulation of the refractive index,
rather than a perturbation of the mechanical structure, and this produces the required
flat frequency response [76, 77, 68, 60, 75].

3.2.3 FEM model and miniaturisation predictions

Finally, to further verify the PA detection of the MBR, a finite element method
(FEM) model simulating the experimental setup was developed using COMSOL Mul-

tiphysics
®

. In this simulation the MBR was introduced as a bulge extending from a
glass capillary, with its wall thickness deduced through a spherical approximation from
a previous work [135]. The fillet connecting the MBR with the capillary was manually
adjusted to give a reasonable profile. The capillary and the MBR were filled with a
liquid simulating the GNRs suspension by having a 5 cm−1 optical density and the me-
chanical properties of water. The medium surrounding the MBR was a continuum of
air. The pulse triggering the PA effect was represented as a Gaussian pulse illuminating
uniformly the MBR.

In terms of computation, the simulation reproduced the cascade of thermal and me-
chanical phenomena triggered by the optical pulse to deduce, in the end, the deformation
of the MBR walls and the shift of the WGM resonance [58, 78, 79]. The first phenomena
to be accounted was the absorption of the optical pulse from the contrast agent and the
conversion of the absorbed energy into heat (photo-thermal conversion). This was done
by setting an uniform heat source Qterm [SI unit: W/m3] within the MBR core

Qterm = µabs F , (3.3)

where µabs [m
−1] is the absorption coefficient of the GNRs solution and F [J/m2] is the

fluence of the laser pulse. Then, by taking advantage of the COMSOL modules Heat
Transfer in Fluids and Pressure Acoustics (Transient), it was possible to numerically
solve the fluid dynamics Equations [58]







ρCp
∂T

∂t
= K∇2T +Qterm

∇2p− 1

v2s

∂2p

∂t2
= − α

v2s

∂2T

∂t2
,

(3.4)

(3.5)

obtaining the pressure perturbations p and temperature perturbations T produced by the
heat source Qterm (thermo-elastic conversion), as well as and their propagation within
the MBR core (acoustic propagation). In this Equations, ρ [kg/m3] is water density,
Cp [J/(Kg K)] is water heat capacity at constant pressure, K [W/(m K)] is water heat
conductivity, v2s [m/s] is the speed of sound in water and finally α = ∂P/∂T [Pa/K] is
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Figure 3.8: Results of the FEM simulation reproducing the PA generation and its detection
through the MBR transducer. Panel a shows the relative variation of the MBR
radius (cyan curve), of the walls refractive index (green curve) and of the resonance
frequency (red curve). Panel b compares the Fourier spectrum of the simulated ∆λ/λ
(red curve, as in panel a) with the one found experimentally (blue curve, taken from
Figure 3.7.

the pressure-temperature coupling parameter at constant volume for water. All previous
parameters are referred to water since the GNRs are dispersed in this liquid. Finally,
the module Solid Mechanics and the module Acoustic-Structure Boundary were used
to compute the deformation of the MBR walls due to the pressure applied by the PA
wave. Since the simulation accounted for the geometry of the MBR, it also intrinsically
account for the mechanical modes of the microbubble, giving a faithful description of
the walls vibration. From the walls deformation, it was then possible to compute the
change of the MBR radius (R) and the change of the walls refractive index (n), allowing
to estimate the WGM optical shift by assuming the approximate resonance condition

λ(ℓ) =
2π Rn

ℓ

(

⇒ ∆λ

λ
=

∆R

R
+

∆n

n

)

, (3.6)

where λ(ℓ) is the resonance wavelength and the positive integer ℓ is the resonance or-
der. This approximate resonance condition was preferred to the formal characteristic
Equations (A.49) and (A.51) for its analytical simplicity and ease of computation.

In Figure 3.8 the results of the simulation are shown by plotting the relative shift
∆λ/λ in panel a and its Fourier transform in panel b. The simulation produced a ∆λ/λ
compatible with the order of magnitude of the MBR signal, with the only imperfection
being the reduced prominence of the initial dipolar peak. Since this prominent peak
is present in the quantities ∆R/R and ∆n/n making up ∆λ/λ, this cancellation is
attributed to a series of geometrical and thermo-mechanical approximations made to
simplify the construction of the model, which is described in detail in the Supplementary
Material of [51]. In particular, since an expansion of the MBR produces a decrease in
the density and viceversa, the ∆R/R and ∆n/n contributions tend to compensate and
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Figure 3.9: Prediction of the FEM simulation regarding the miniaturisation of the MBR trans-
ducer, assuming a uniform scaling of the system. Panel a shows the predicted MBR
read-out signal, while panel b shows the peak-to-peak values against the MBR radius
size. The color code, which is the same in both panels, is used to indicate the scaling
factor.

therefore their comparison becomes critical. Despite this criticality, however, the factors
here reported are reasonable and allow to gain insight in the physical process.

Moving to the spectral composition in panel b, instead, a remarkable agreement was
found in the frequency range from to 2 MHz up to 11 MHz, which is the bandwidth
limit of the photodiode used in the experiment. Below 2 MHz, a certain mismatch was
expected since the capillary length and the details of the transition fillet influenced this
part of the spectrum. This dependency follows from the MBR mechanical modes, since
fine structural details can modify the modes with the lowest frequencies [50]. In the end,
by reproducing the physical processes leading to the resonance shift, the simulation con-
firmed the PA wave as the source of the oscillations seen in the experimental signal and
confirmed the important role of the MBR mechanical modes in the sensing mechanism.

To predict the effects of miniaturisation on the system sensitivity, a series of simu-
lations were run with different values for the MBR radius and the capillary diameter.
Panel a of Figure 3.9 shows the predicted read-out signals for uniformly scaled replicas
of the presented transducer, in particular for a 1/8, 1/4 and 1/2 scaling, assuming the
same optical excitation. Since the response is higher for smaller transducers (panel b
reports the peak-to-peak values for comparison), it is clear that the miniaturisation pro-
duces a better sensitivity, a characteristic which is at variance with standard ultrasound
transducers [75]. To a first approximation, this feature can be explained by the reduc-
tion in mass produced by the miniaturisation; in fact, the same PA wave produces more
deformation in a lighter MBR rather than an heavier one, therefore leading to an higher
resonance shift and, consequently, to an higher sensitivity. In turn, this also means that
smaller MBR are the most promising for lowering the limit of detection of the trans-
ducer. In practical terms, producing the scaling ratios associated with the simulations
of Figure 3.9 requires a revision of the MBR fabrication method. In particular, the cap-
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illary has to be tapered to the right diameter before inflating the microbubble in order
to obtain the desired capillary-microbubble combination. In analogy with optical fibers,
the tapering can be performed by heating the capillary to its softening temperature and
then pulling its extremities: this procedure, however, is more critical for capillaries due
to their allow structure. Indeed, developing a reliable tapering procedure, or a dedicated
tapering system, represents a technological challenge for the miniaturisation of the MBR
transducer and also represents an outlook for the presented activity.

3.3 Flowing contrast agent configuration

After the validation presented in the previous Section, the MBR transducer was
challenged in a configuration simulating a flow cytometry experiment, with the GNRs
running through the MBR during the measurements. As shown in the following, the
constant flow produced a strong noise in the MBR transmission and therefore a different
approach, based on Fourier transforms, was used to reconstruct the PA response trend
and validate the MBR transducer. No change was made to the setup, except for the
substitution of the MBR with one having a 540 µm diameter (82 nl volume) and using a
GNRs solution concentrated to 1 mM Au (GNRs: 3.2 nM) instead of 4 mM Au (GNRs:
13 nM). This dilution constituted an additional challenge for the system, since it reduced
by the same amount the number of PA emitters inside the MBR.

3.3.1 Experiment description

The system was preprepared for the measurements retracing the steps described in
Section 3.2 for the static configuration. In particular, the peristaltic pump was enabled
to fill the MBR with the GNRs solution and then left running to establish a constant
flow inside the MBR. A narrow and deep WGM resonance was then searched, and its
contrast was optimized through the polarization controller, obtaining the profile in panel
a of Figure 3.10. Differ ently from the static configuration, the resonance slowly moved
back and forth around a central position, producing an oscillation with a period of a
few seconds. This oscillation was attributed to both the contrast agent moving inside
the MBR and the tension applied on the capillary stem by the peristaltic pump through
the connection tubings. After the contrast optimisation, the probe laser was set on the
half-height point (λhalf = 1550.214 nm) and the wavelength scan stopped, obtaining the
baseline of the experiment (black curve, panel b). At variance with Section 3.2, the
work-point did not stay indefinitely on the half-height point, but moved to different
positions along the fringe due to the slow back-and-forth of the resonance. Additionally,
the baseline trace was not flat and featured noise oscillations. As for the slow back-and-
forth, this noise originated from the flow of the contrast agent within the MBR, but
developed on a very different time scale: microseconds rather than seconds.

After this preparation steps, the data acquisition proceeded as in Section 3.2: the
pump laser was enabled, the MBR signal sopt was recorded for each pulse impinging on
the MBR and the acquisition was repeated for different fluences. The blue curve in panel
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Figure 3.10: Panel a shows the WGM resonance resonance used for the PA sensing. Panel b,
instead, shows the baseline of the experiment (black curve) and the oscillations in
MBR transmission produced by a PA wave (blue curve).

b of Figure 3.10, obtained for a 10 mJ/cm2 fluence, is an example of the recorded signals.
Using the resonance in panel a as reference and applying the empirical method discussed
in the previous Section, the raw transmission traces were converted into the optical shifts
∆ν sustained by the WGM resonance. Since the work-point moved along the resonance
fringe from acquisition to acquisition, the parabolic fit was recentred and repeated each
time. This resulted in optical shifts easier to compare since they are centred on the
∆ν = 0 line. Panel a of Figure 3.11 shows as examples the results associated with the
raw transmission signals from panel b of Figure 3.5, keeping the same color code. The
MBR read-out signals ∆ν in flow configuration differ from the ones in static configuration
(cfr. panel d, Figure 3.5) since the initial bipolar peak is substituted with a single-side
peak and the secondary oscillations have a reduced prominence. One can also notice that
the frequency of the secondary oscillations is not present on the baseline trace. This last
evidence, as well as a not-easy to define peak-to-peak value, moved the analysis towards
the Fourier components, in analogy with Figure 3.7.

3.3.2 Detection through Fourier spectrum

As shown in panel b of Figure 3.11, the transform of the baseline (black curve) is
mostly flat, with the exception being the zone below 2 MHz, where a decay can be
noticed. Instead, the PA read-out transforms (blue and red curves) are concentrated
in a couple of major peaks at 3.25 MHz and 5.75 MHz, and a couple of minor peaks
at 4.75 MHz and 8.5 MHz. As discussed in the previous Section, these frequencies are
associated with the mechanical modes of the MBR, in particular its breathing modes.
Since the the transform of the baseline is practically null for any frequency above 2 MHz,
it was possible to use the aforementioned peaks as detection flags for the PA emission.
As consequence, the PA intensity was measured through the amplitude of one of the
Fourier peaks: in particular the 5.75 MHz peak, due to its prominence. In terms of
signal-to-noise ratio (SNR), this approach led to a value of 17 (67 ·10−3 vs 3.9 ·10−3) for
the 10 mJ/cm2 case and 14 (53 · 10−3 vs 3.9 · 10−3) for the 5 mJ/cm2 case. Both values
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Figure 3.11: Resonance shifts ∆ν produced by the PA wave (panel a) and their Fourier trans-
forms (panel b).

are significantly higher than the ones obtained directly from the time-domain signals
using, for example, the height of the initial peak: 2.9 (2.0 vs 0.70) for the 10 mJ/cm2

case and 2.1 (1.5 vs 0.70) for the 5 mJ/cm2 case.

The effectiveness of this Fourier-based detection method is a consequence of the me-
chanical spectrum of the MBR and the different modes involved during the background
and the signal acquisitions. In the first case, in fact, the pressure applied by the liq-
uid flow excites low-frequency modes (cfr. black curve in Figure 3.11b), while in the
second case the PA wave excites high-frequency modes (cfr. red and blue curves in
Figure 3.11b). This clear difference in frequency allows to decouple the noise contribu-
tion from the PA wave contribution, producing an almost background-free PA detection
through the modes above 4 MHz and, therefore, leading to an high SNR measurement.
Indeed, this Fourier-based detection proves the utility of the MBR mechanical spectrum
in environments with high mechanical noise, as in a flow cytometry experiment.

As for the static configuration, the read-out of the MBR transducer was validated by
the reconstruction of the PA response against the excitation fluence. In this case, the PA
response was quantified through the height of the 5.75 MHz Fourier peak, obtaining the
plot in Figure 3.12. This trend is consistent with the one found in the previous Section as
well as the reference trend in []: the GNRs undergo a stable excitation up to 5 mJ/cm2,
a reshaping regime from 5 mJ/cm2 to 10 mJ/cm2 and then a cavitation regime above
10 mJ/cm2 (black curve as guide to the eye). With respect to the static configuration
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Figure 3.12: PA response trend measured through the MBR transducer for two GNRs colloidal
solution, having a 1 mM Au concentration (panel a) and a 0.5 mM concentration
(panel b) respectively. In both panels the red crosses mark the average and the
standard deviation of the measurements groups.

(cfr. panel a of Figure 3.6), the data points are more spread and the fluence thresholds
are shifted by roughly 5 mJ/cm2.

As a final challenge, the PA response trend was also measured for a 0.5 mM Au solu-
tion, proving sensitivity of the MBR transducer towards the concentration of the contrast
agent, and also suggesting 0.5 mM Au (GNRs: 1.6 nM) as the limit concentration for
the implemented experimental configuration. At variance with the previous concentra-
tion, in fact, a non-zero amplitude is produced only for fluences above 5 mJ/cm2 and
the trend is more akin to a simple line, not distinguishing between the PA generation
regimes.

3.4 Conclusions

In this Chapter the implementation of a microbubble resonator as as an all-optical
PA transducer for the characterisation of a PA contrast agent has been described. The
presented configuration exploited the MBR in the double role of sensor and vial con-
taining the contrast agent under analysis. This led to an ultra-compact configuration
that was able to test a liquid sample below 100 nl and did not use any acoustic match-
ing medium, representing a strong reduction in volume if compared with configurations
implementing standard ultrasound transducers (cfr. Figure 3.4).

The system was initially studied in a static configuration and its optical PA read-
out was validated by reconstructing the PA response curve of an aqueous solution of
GNRs, obtaining the trend found in literature. In addition, a FEM model was used to
simulate the long chain of physical phenomena making up the PA effect and to predict
the resonance shift, finding particular good agreement between the experimental and the
simulated Fourier composition. By inspection of the Fourier spectrum, it was revealed
that the MBR sensing mechanism is based on the filtering of the PA wave through the
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discrete mechanical modes of the MBR.

The system was then challenged with a second experiment simulating a flow cytom-
etry configuration, with the contrast agent continuously flowing within the MBR. Since
the liquid flow caused an increased noise level in the time-domain read-out trace, the
analysis moved to Fourier space exploiting the filtering action of the MBR mechanical
modes. With this approach SNR was greatly increased and the the height of the most
prominent peak was used as the measurement of the PA intensity. As in the first exper-
iment, the PA response trend of the contrast agent was reconstructed and the limit of
detection for the presented system was estimated to be a 1 nM GNRs concentration.

The experiments discussed in this Chapter open the possibility of implementing the
MBR transducer in non-imaging PA applications, taking advantage of its extreme com-
pactness and its mechanical features. In particular, the MBR little size is promising for
on-chip implementations and portable devices, especially in contexts where the sampled
material is limited or must be kept to a minimum. For example, the MBR could be
implemented for the measurement of blood oxygenation through the PA response of the
heme group, while allowing an extremely little blood draw.

The FEM model allowed to predict the performance of the MBR transducer with
respect to miniaturisation, finding that scaling down the system increases its sensitivity
towards the PA perturbation. This feature is at variance with piezoelectric ultrasound
transducers and represents a strong motivation towards the improvement of the MBR
fabrication technique.

Another important and unique feature of the MBR transducer is its mechanical
spectrum and its possible exploitation to increase the performance of the device. For
example, positive interference could be used to increase the PA response and lower the
limit-of-detection, or the spectral fingerprint could be used to amplify the read-out signal
through a lock-in technique. Alternatively, the mechanical spectrum can be exploited
as a filter to reduce the environmental noise, as demonstrated with the simulated flow-
cytometry experiment. In this regard, the noise decoupling and the consequent increase
in SNR are promising for various in-vivo flow-cytometry applications, such as the mea-
surement of blood cells oxygenation, the detection of venous thrombi and/or circulating
tumor cells. In all these cases, in fact, the noise decoupling could reduce the effects of
physiological noise (e.g. heart beat and/or respiration) and the increased SNR could
lower the excitation fluences and/or the contrast agents concentration used by prac-
titioners. In addition, the extremely small volume, the direct implementation and the
absence of an acoustic impedance-matching material are promising elements for wearable
appliances and/or an endoscope.

Finally, the applicability range of the MBR transducer extends beyond the medical
area: in particular, applications in biology, material science and chemistry could benefit
from its features. For example, the transducer could be used as a compact biosensor or
as a gauge for development of new contrast agents. Additionally, the MBR would allow
to interrogate the hosted material with an high repetition rate, ultimately limited by
the decay time of the MBR mechanical modes. For the system here presented this limit
is close to 40 kHz and would allow, for example, to track the evolution of a chemical
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reaction with a 25 µs time step by measuring the PA response of one reagent (e.g.,
growth of GNR, oxidation of the heme group).
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Chapter 4

Absorption sensing

In this Chapter the absorption spectrum of nanoparticles is measured through the
temperature variation they induced in a microbubble resonator (MBR), proving the pos-
sibility for the microbubble to reconstruct the nanoparticle absorption spectrum without
relying on a light extinction measurement.

The Chapter starts with a description of the experimental setup (Section 4.1), where
the MBR takes the double role of mirco-vial containing the nanoparticles and optical
thermometric sensor. Then, the experiment demonstrating the absorption measurement
is described (Section 4.2), starting with a demonstration of the MBR thermal sensitivity
(Subsection 4.2.1) and ending with the estimate of the nanopartcles absorption coefficient
(Subsection 4.2.2).

4.1 The experimental setup

Panel a of Figure 4.1 shows the setup used to demonstrate the measurement of the
nanoparticle absorption spectrum. This setup is analogous to the one used in Chapter
3) for the photoacoustic (PA) sensing and is divided into three subsystems aimed at
specific tasks.

The microfluidic subsystem comprises the elements on the bottom-right corner of
the setup sketch and was used to load the solution containing the nanoparticles into
the MBR. Even in this case, the MBR was connected to a flexible polymer tubing (Ty-
gon R-3607, Saint-Gobain, La Défense, Courbevoie, France) and and a peristaltic pump
(Minipuls 3, Gilson, Middleton, WI, USA) was used to to draw the solution from a reser-
voir. As in Chapter 3, the nanoparticles chosen for the experiment were gold nanorods
(GNRs), which represented again a natural benchmark due to their applications history
[72, 71, 74, 69, 70, 73]. and their tunability in terms of absorption spectrum. In partic-
ular, the GNRs of this experiment were synthesised to have their plasmonic resonance
centred at 750 nm, and were then PEGylated and concentrated to 3 mM Au. Even in
this case, the synthesis was performed with the seed-mediated approach and the GNRs
were dispersed in water [82, 69].

The MBR was mounted on a metallic holder connected to a micrometric stage and
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Figure 4.1: Panel a: sketch of the experimental setup used to measure the absorption spectrum
of nanoparticles through an MBR. Panel b: MBR coupled to the tapered fiber and
positioned in the focus of the aspeherical lens. Panel c: overview picture showing the
micrometric stages, the microscope and the PMMA walls enclosing the MBR area.

was positioned in the focus point of an aspherical lens (cfr. panel b of Figure 4.1).
The area around of the MBR was shielded with transparent PMMA walls to avoid air
currents on the microbubble (cfr. panel c). The MBR was fabricated using the arc
discharge technique [20, 21, 131] (base capillary: Z-FSS-100-165, Postnova Analytics
GmbH, Landsberg, Germany).

The pump subsystem, instead, comprises the elements on the left side of the sketch
and was aimed at illuminating the GNRs contained in the MBR with different wave-
lengths. This was done by filtering the emission of a collimated free-space supercontin-
uum source (SuperK COMPACT, NKT Photonics, Birkerød, Denmark; spectral range
400-2400 nm; repetition rate up to 20 kHz) with an acousto-optic modulator (SuperK
SELECT, NKT Photonics, Birkerød, Denmark; spectral range 680-1100 nm) and focus-
ing the resulting beam on the MBR with an aspherical lens (C110TME-B, Thorlabs,
Newton, NJ, USA; focal distance 2.4 mm; labelled AL in the sketch). The 45-degrees
mirror (MR) was used to achieve an inverted microscope configuration, which allowed to
prepare the setup more easily. At variance with Chapter 3, the beam here was strongly
focused by the aspherical lens and produced a beam waist of 36 µm, which was one order
of magnitude below the MBR radius (details in Subsection 4.1.1).

A computer was used to interface with the supercontinuum source and with the
acousto-optic modulator to set a series of emission parameters, such as the repetition
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rate, the emission trigger and the pass-through wavelength. In particular, for the pur-
poses of this experiment, the repetition rate was set at 20 kHz, the laser operated in
a gated configuration and various lines between 680 nm and 1100 nm were used to ex-
cite the nanoparticles and reconstruct their absorption spectrum. Laser emission was
enabled through a square pulse provided by the built-in generator of the oscilloscope
(MDO4000C, Tektronix, Beaverton, OR, USA) and an on-emission feedback signal from
the laser was used to time the oscilloscope acquisition. Because of this closed-loop
communication between the two instruments, it was possible to run the experiment pro-
grammatically through a script controlling the oscilloscope. The programmatic control
allowed to minimize the experiment dead times, avoid user errors from repetitive tasks
and automatize file indexing for better book-keeping. In practical terms, it was imple-
mented through a MATLAB

®

script interfacing with the oscilloscope through the VISA
protocol.

Finally, the probe subsystem comprises the elements on the right side of the sketch
and was used to measure the shift induced in a microbubble Whispering Gallery Mode
(WGM) resonance by the nanoparticle absorption. In particular, the optical shift mea-
sured the temperature increase of the MBR walls, which was caused by the nanoparticles
absorbing the impinging beam from the supercontinuum source and heating the host so-
lution. By acquiring these temperature shifts for different impinging wavelengths and
applying the analysis described in Section 4.2, it was possible to finally reconstruct the
nanoparticle absorption spectrum.

In practical terms, the probe subsystem featured the same elements used in the
setup of Chapter 3. In particular, even in this case an home-made tapered fiber [53]
was used to couple the MBR with a CW infrared fiber laser (Koheras ADJUSTICK,
NKT Photonics, Birkerød, Denmark; spectral range 1550-1551 nm; labelled as probe
laser in the setup sketch). The fiber was placed in contact with the MBR equator
through a set of micrometric stages with the aid of a long working-distance microscope
(custom model, Navitar, Rochester, NY, USA), as shown trough panels b and c of Figure
4.1. A polarization controller (Pol.Con.) was used to optimise the MBR-taper coupling
by selecting the correct light polarisation and the system transmission was recorded
through an InGaAs photodiode (PDA400, Thorlabs Newton, NJ, USA; bandwidth 10
MHz; PD). A waveform generator (Keysight 33220A, Agilent Technologies, Santa Clara,
CA, USA; SCN) allowed to finely set the probe laser wavelength and perform a 1 GHz
frequency scan. In addition to coupling the probe laser with the MBR, the tapered
fiber was also used to position the MBR in the aspherical lens focus. During the setup
preparation, in fact, the beam focus was located by passing the fiber in front of the lens
and simultaneously observing through the microscope the red light it scattered. Once
the maximum scattering point was found (i.e the focus), the fiber was risen by one MBR
radius and the MBR placed beneath it.

4.1.1 Auxiliary measurements

During the preparation of the setup a series of auxiliary measurements were per-
formed to characterise the illumination of the GNRs.
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Figure 4.2: Results of the knife edge measurements. Panel a shows the S-shaped transmission
produced by the beam blockage, while panel b shows the beam radius for different
heights. In both panels the blue dots represent the experimental data, while the
red curves represent fitting functions. The inset of panel b shows the beam radius
function (red curve) against the profile of a 200 µm radius MBR (black curve).

First of all, knife edge measurements were performed to check the focusing produced
by the aspherical lens. The results of these measurements are reported in Figure 4.2
and show a strong focusing of the beam, leading, in particular, to a 36 µm beam waist
(w0 = 36 µm) and a 0.22 mm Rayleigh length (LR = 0.22 mm). In practice, this level
of focusing produced an optical coring of the MBR, with only the GNRs at the center
of the MBR to be illuminated. The inset of panel b shows this aspect more clearly by
comparing the beam radius w(z) against the profile of an MBR having a 200 µm radius,
and using the same scale for both the vertical and the horizontal axis. As previously
described, this strong focusing required a careful positioning of the MBR, but it also
assured that all the energy from the beam was channelled on the MBR to excite the
nanoparticles.

After the knife edge measurements, the emission lines of the acousto-optic modulator
were analysed through a spectrometer (SPM-002-XT64, Photon Control, Burnaby, B.C.,
Canada) to characterise the excitation of the GNRs. In practical terms, this was achieved
by positioning a collection fiber in place of the MBR and sending the collected light to
the spectrometer. Additionally, to protect the spectrometer CCD, an OD 3 neutral filter
was placed before the aspeherical lens for the duration of the measurements. Figure 4.3
shows 42 emission lines covering the 680 nm - 1100 nm wavelength range with a 10 nm
step. Since the acousto-optic modulator was set to launch one line at a time, each line
shown in Figure 4.3 was independently measured and the plot itself is a superposition
of the 42 measurements. Additionally, since the modulator was able to produce a line
centred on any user-defined wavelength in the 680 nm - 1100 nm range, the lines here
shown are to be considered as an arbitrary selection made to represent the modulator
emission.

From Figure 4.3 one can notice an average linewidth of 5 nm and a decrease in peak
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Figure 4.3: Collection of 42 emission lines from the acousto-optic modulator as measured by the
spectrometer: each line was independently recorded and this plot is a superposition
of the 42 acquisitions. The inset in the top-right corner shows the optical power and
the pulse energy associated with each line.

height for increasing wavelength, particularly between 780 nm and 900 nm. This de-
crease, however, is apparent and caused by a combination of the CCD quantum efficiency
(silicon) and the transmission of the OD 3 filter. Once that these aspects are taken into
account, the lines have a similar amplitude and their optical power is almost constant, as
shown in the inset in the top-right corner. Regarding this last point, the optical power of
each line was computed by integrating its spectrometer counts along the wavelength axis
and then converting the overall sum from counts to a power value. The last operation
was done with the aid of a calibrated power meter (Ophir PD300, MKS Instruments,
Andover, MA, USA), which allowed to establish a counts-power correspondence based
on the reading of the 680 nm line. Additionally, by dividing the optical powers for the
repetition rate (15 kHz in this case), it was possible to estimate the pulse energies, ob-
taining a value close to 1 nJ for each line (vertical axis on the right side of the inset).
This energy value leads to a 24 µJ/cm2 excitation fluence, which is three orders below
the fluence of Chapter 3 and therefore allows to observe the heating of the nanoparticle
without triggering any noticeable PA wave.

4.2 Experiment description

In this Section the experiment aimed at measuring the nanoparticles absorption spec-
trum through the MBR resonator is described. The Section starts by demonstrating the
MBR sensitivity towards the thermal perturbation induced by the nanoparticles absorp-
tion (Subsection 4.2.1) and then continues with the measurement of the nanoparticles
absorption coefficient through the temperature shift sensed by the MBR (Subsection
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4.2.2).

4.2.1 Demonstration of thermal sensitivity

After the preparation described in Section 4.1, the system was set up for the mea-
surements in analogy with Chapter 3. First of all, the MBR resonator (radius: 210
µm, base capillary: Z-FSS-100-165, Postnova Analytics GmbH, Landsberg, Germany)
was filled with the water-based solution containing the GNRs by enabling the peristaltic
pump, which was then turned off after the filling. Then, while keeping the supercon-
tinuum emission disabled, a WGM resonance with an high contrast was searched by
scanning the probe laser and its contrast was optimised by acting on the polarisation
controller. This resonance, shown as the black curve in panel a of Figure 4.4, represented
the unperturbed reference profile of the experiment. As in Chapter 3, the variable sopt
in Figure 4.4 is the normalised transmission of the photodiode reading the MBR sig-
nal (PD, cfr. panel a of Figure 4.1), while the variable δν = ν − νhalf is the detuning
from the half-height point produced by the probe wavelength scan (λhalf = 1550.024 nm,
νhalf = c/λhalf).

After this preparation, the supercontinuum laser was enabled and the resonance
began to shift towards lower optical frequencies. The presence of such a shift was the
proof of the MBR sensitivity towards the thermal perturbation produced by the GNRs
heating. While the resonance was shifting, the oscilloscope acquisition was triggered
after a set exposure time, performing an on-the-fly recording of the resonance position.
This procedure was repeated for different exposure times and different excitation lines,
with both the unperturbed and the shifted resonances recorded for each combination.
As example, panel a shows in blue the shifted resonance associated with a two seconds
exposure while illuminating the MBR with the 760 nm line. At variance with the PA
measurements of Chapter 3, here the scan of the probe wavelength was not stopped and
allowed to constantly observe the resonance and its position.

To evaluate the optical shift induced by the GNRs heating, the detuning distance ∆ν
between the half-height point of the unperturbed resonance and of the shifted resonance
was computed. In practise, this was done by fitting with a parabolic function the fringes
of both resonances, computing the detuning associated with the half-height points using
Equation (3.2) and then subtracting these values to obtain ∆ν. Panel b exemplifies
this calculation for the case shown in panel a, with the two half-height points being
at detuning 0 MHz and - 90 MHz, respectively, and therefore giving an optical shift
∆ν = −90 − 0 = −90 MHz. Since the heating moves the resonance towards negative
detuning, ∆ν is a negative quantity; however, in the following of the Chapter, its absolute
value is used for the graphics, to more easily quantify the effects of the GNRs heating.

The optical shifts ∆ν obtained for the tested wavelength-exposure combinations are
shown in panel a of Figure 4.5. The seven curves in panel a, which connect the shifts
sharing the same exposure time, show a peak at 780 nm that is compatible with the GNRs
plasmonic resonance. One could consider these curves as a measurement of the GNRs
absorption spectrum, but this interpretation is hindered by the rather long exposure
times, which ranged from 0.5 s to 3.5 seconds. For long exposures, in fact, the heat
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Figure 4.4: Panel a: position of the WGM resonance when the GNRs are not illuminated (black
curve) and when they are for two seconds using the 760 nm line (blue curve). Panel
b: plot of the resonance fringes (same color code of panel a) along with the parabolic
fit (red curves) used to compute the optical shift ∆ν.

dissipation of the system towards the surrounding environment plays an important role
in the thermal dynamics, and any data analysis or interpretation must take this aspect
into account. This is particularly evident with the 3 s and 3.5 s expositions, where the
system reached thermal equilibrium, with heat dissipation balancing heat generation
from GNRs absorption. Measurements with shorter exposures, which are discussed in
the following Subsection 4.2.2, allowed a more faithful reconstruction of the nanoparticles
spectrum, since it was possible to neglect heat dissipation to a first approximation.

Using the fused silica thermo-optical coefficient α = 12 · 10−6 K−1 [136], the optical
shifts ∆ν were converted into temperature shifts ∆T using the approximate resonance
condition given by Equation (3.6). In particular, since Equation (3.6) implies the equiv-
alence of the relative variations, one can write

∆ν

ν
=

∆n

n
=
α∆T

n
⇒ ∆T =

n

α

λ

c
∆ν (4.1)

where, on the right side, n represents the unperturbed refractive index of silica (1.44) and
λ represents the unperturbed resonance wavelength, which can be approximated to λhalf .
At variance with the PA modelling discussed in Subsection 3.2.3 and Equation (3.6),
here only the refractive index variation was considered, since no mechanical perturbation
acted on the MBR walls. The temperature shifts ∆T are shown through the vertical axis
on the right side of panel a and prove the sensitivity of the MBR to thermal perturbation
in the order of tens of millikelvin.

For comparison purposes, the entire acquisition process and analysis was repeated
for an MBR filled with plain water. In this case the optical shifts were smaller and
produced a flat wavelength profile rather than a peak, as shown in panel b of Figure
4.5. These results are interpreted as a residual absorption of water in the 680 - 1100 nm
spectral window [137] and show that water contribution is significantly below the one of
the GNRs suspension (µGNR ≈ 5 cm−1 vs. µ ≈ 0.1 cm−1).
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Figure 4.5: Resonance shifts induced by illuminating the MBR with different excitation wave-
lengths and different exposure times when the MBR was filled with the GNRs col-
loidal solution (panel a) or plain water (panel b). The right vertical axis shows the
associated temperature shift deduced from Equation (4.1).

4.2.2 Measurement of the absorption spectrum

After the demonstration of thermal sensitivity described in Subsection 4.2.1, a dif-
ferent acquisition procedure was used to quantify the thermal shifts for shorter exposure
times. This alternative approach consisted in an acquisition procedure analogous to the
one implemented for the PA experiment, with the probe wavelength scan disabled during
the acquisitions. No changes were made to the experimental setup, except for the sub-
stitution and re-alignment of the MBR (radius: 200 µm, base capillary: Z-FSS-100-165,
Postnova Analytics GmbH, Landsberg, Germany).

In analogy with the PA experiment, the probe laser wavelength was scanned to find
a resonance with a good contrast (panel a of Figure 4.6), then the probe wavelength was
set on the half-height point (λhalf = 1549.888 nm) and the scan stopped, obtaining a flat
trace representing the experiment baseline. After this preparation, the supercontinuum
source was enabled and, at variance with the acquisition procedure of Subsection 4.2.1,
the evolution of the MBR signal was followed in real-time by the oscilloscope, without
the necessity of a on-the-fly measurement. In particular, to rule out the presence of any
dynamics other than the thermal one, the MBR signal was reconstructed through six
different acquisitions, with each of them spanning a 200 ms time interval with a 20 µs
time resolution. Panel b of Figure 4.6 exemplifies this reconstruction when illuminating
the GNRs with the 760 nm line, highlighting each acquisition with a different color. On
each of these acquisitions the detuning-transmission conversion based on the resonance
fringe fitting was applied (cfr. Equation (3.1)) and therefore the data shown in panel
already represent the optical shift induced in the WGM resonance. For comparison,
panel b also shows the baselines recorded before enabling the supercontinuum source,
keeping the same color code. As in Subsection 4.2.1, different excitation lines were used
during the experiment and, in particular, the 680 nm - 1100 nm range was covered
with a 20 nm step. For each excitation line, the acquisition followed the procedure
exemplified in panel b for the 760 nm line: the time evolution of the MBR signal was

60



Chapter 4. Absorption sensing

a)

d)

0 0.5 1 1.5 2

0

20

40

60c)

b)

-600 -400 -200 0 200

0.2

0.4

0.6

0.8

1

0

10

20

30

Figure 4.6: Series of panel resuming the signal recorded during the experiment and the data
analysis. Panel a: WGM resonance used for sensing the thermal perturbation induced
by the nanoparticles absorption (blue curve) along with parabolic fit of the resonance
fringe (red curve). Panel b: series of acquisitions reconstructing the evolution of
the MBR signal caused by the GNRs heating (top) along with reference baselines
(bottom). Panel c: optical shifts caused by the GNRs heating when using the 760
nm excitation line (blue curve) and the 680 nm one (red curve). Panel d: optical
shifts after the averaging procedure (red and blue curves, same color code of panel
c) and exponential fit based on Equation (4.2) (black curve).

reconstructed with 6 different acquisitions, with baselines recorded each time before
enabling the supercontinuum source.

By subtracting the baselines, it was possible to compute the optical shift ∆ν induced
by the GNRs absorption for each excitation wavelength and panel c of Figure 4.6 shows as
examples the results obtained for the 760 nm line and the 680 nm line. The electric noise
from the detector (PD, cfr. panel a of Figure 4.1) and the quantisation of the oscilloscope
ADC introduced a significant noise level in these curves, but this could be mitigated by
exploiting the time resolution of the acquisition. As previously mentioned, the 20 µs
resolution was set to check the presence of dynamics in addition to the thermal one and,
since no one was present, it ultimately produced an oversampling of the MBR signal.
This oversampling allowed to lower noise contribution by grouping data points into 0.5
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ms intervals (0.5 ms/20 µs = 25 points per interval) and averaging them, effectively
collapsing 25 data points into one average value. This method produced a significant
decrease in the noise level and much smoother profiles (∆νavg), as shown in panel d of
Figure 4.6, which shows the same data set of panel c after the averaging process. The
time window employed for the averaging (0.5 ms) was chosen below the evolution time
scale of the ∆ν curves (≈ 400 ms) to ensure that the “averaged” and the originals curves
had the same trend.

Through Equation (4.1), the optical shifts ∆νavg were converted into thermal shifts
∆T . For the curves in panel d of Figure 4.6, the results of this conversion are shown
through the vertical axis on the right side of the panel. In analogy with the results
of Subsection 4.2.1, the order of magnitude of the temperature shifts ∆T is tens of
millikelvin, but here the time evolution of the temperature is clearly visible. In particular,
an exponential function given by

∆T (t) = ∆T∞ (1− exp (−t/τthr)) (4.2)

reconstructed faithfully the temperature trend for all the excitation wavelengths used
in the experiment: two examples are shown in panel d as black curves. In Equation
(4.2) the parameter ∆T∞ is the thermal equilibrium temperature or, in other words,
the temperature reached when the heat dissipation of the system balances the heat
generation from the GNRs absorption. The parameter τthr, instead, is the time constant
defining the transition to thermal equilibrium. By repeating the fitting procedure on the
entire dataset, both ∆T∞ and τthr were obtained for each excitation wavelength used in
the experiment.

At variance with Chapter 3, no particular frequency composition is expected for the
∆T (t) signal, due to the different perturbations produced by the different laser sources.
In Chapter 3, in fact, a high-energy laser pulse excites the GNRs and the MBR walls
vibrate as a consequence of the PA wave hitting them. Here, instead, the source can
be approximated to a CW laser (since it emits low-energy pulses with a high repetition
rate) and therefore the MBR walls are uniformly deformed and heated, rather than put
into motion. This interpretation is confirmed by the different dynamic of the signals,
with the first ones evolving on a microsecond time scale and the second ones evolving
on a seconds time scale.

The temperature trend ∆T (t) here reported confirms that the preliminary spectra
obtained in Subsection 4.2.1 are influenced by heat dissipation. In fact, those measure-
ments were performed using exposure times above 0.5 s: a time window where heat
dissipation becomes more and more important and ultimately leads to thermal equi-
librium, as shown in panel d of Figure 4.6. The acquisition procedure here described,
instead, overcomes this limit by allowing a detailed description of the temperature trend
up to time zero, where heat dissipation can be neglected to a first approximation. In
particular, as shown in the following, it was possible to deduce the GNRs absorption
spectrum from the temperature rate Rtrm, defined as the derivative of ∆T (t) at time
zero.

Using the definition of ∆T (t) given in Equation (4.2), the temperature rate Rtrm is
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Figure 4.7: Panel a shows the temperature rate Rtrm measured when the MBR was filled with
the GNRs colloidal solution (red curve) and when it was filled with plain water (black
curve). The difference of these curves is shown in panel b (blue curve).

formally given by

Rtrm =
d∆T

dt

∣
∣
∣
∣
t=0

=
∆T∞
τthr

(4.3)

and could be computed through the ∆T∞ and τthr estimates deduced from the temper-
ature trend fitting. Panel a of Figure 4.7 shows as the red curve the Rtrm resulting from
the dataset discussed up to this point, obtained with the MBR filled with the GNRs
colloidal solution. In addition, panel a also shows as the black curve the Rtrm obtained
with the MBR filled with plain water. The two curves differ significantly below 900
nm, but become almost indistinguishable above this wavelength. This difference can be
explained by considering the increase of water absorption for increasing wavelength in
the visible and infrared regions [137]. In practice, below the 900 nm threshold, water
is sufficiently transparent to contribute residually to the temperature increase of the
system and therefore the temperature trend is guided almost entirely by the GNRs ab-
sorption. Above 900 nm, instead, water absorption increases and this makes the system
totally driven by water absorption rather than GNRs absorption. By subtracting the
temperature rates Rtrm obtained in the two configurations, it was then possible to obtain
the GNRs contribution to the system temperature increase

RGNR
trm =

(
∆T∞
τthr

)

solu

−
(
∆T∞
τthr

)

host

. (4.4)

which is shown in panel b of Figure 4.7.
Finally, the nanoparticles absorption coefficient µ could be computed from the ther-

mal rate RGNR
trm by implementing a simple thermal model here described. Considering

an infinitesimal time interval δt immediately after laser emission, the energy imping-
ing on the MBR is given by δEopt = Popt δt, with Popt being the optical power of the
beam focused on the MBR. Only a fraction of the impinging energy is absorbed by the
nanoparticles and, through the nanoparticles absorption coefficient µ, this energy can
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be quantified as

δEabs = δEopt

∫ 2R

0
µ exp (−µz) dz = Popt

(
1− e−2µR

)
δt , (4.5)

where R is the MBR radius. By introducing the system heat capacity C, δEabs allows to
compute the temperature increase δT . In particular, since the nanoparticles represent a
tiny fraction of the solution volume and the micro-metric MBR walls have a minute mass
with respect to the solution mass, the heat capacity of the system C can be approximated
to the one of a water. With this approximations, the expression for δT becomes

δT =
δEabs

C =
Popt

(
1− e−2µR

)

cwat ρwat VMBR
δt (4.6)

where cwat is water specific heat capacity, ρwat is water mass density, VMBR = 4/3π R3 is
the MBR volume and the expression for δEabs is taken from Equation (4.5). By dividing
both sides of Equation (4.6) for δt, the temperature rate δT/δt is introduced explicitly
in the model

δT

δt
=
Popt

(
1− e−2µR

)

cwat ρwat VMBR
(4.7)

and, using standard analytical passages, Equation (4.7) can be inverted to obtain the
expression for the the absorption coefficient µ

µ = −
ln

(

1− δT

δt

cwat ρwat VMBR

Popt

)

2R
. (4.8)

In this model heat dissipation is neglected since the description focuses on the first
instants after laser emission, where, to a first approximation, evolution is only driven by
absorption.

Since the impinging optical power Popt was measured during the setup preparation
(cfr. inset of Figure 4.3), the thermal rate δT/δt was estimated through RGNR

trm and
the remaining quantities could be evaluated from the MBR radius (200 µm) or repre-
sented tabulated coefficients, it was possible to compute the absorption coefficient µ
from Equation (4.8). Regarding this computation, it is important to highlight that only
the values of RGNR

trm up to 900 nm were considered to avoid water absorption superseding
nanoparticles absorption.

The resulting absorption coefficient µ is shown as a blue curve in Figure 4.8 after
the rescaling to a base 10 logarithm through µ[10] = log10 e · µ[e]. In this curve, the dots
represent the computed values, while the straight lines connecting them are a guide to
the eye. Since each point corresponds to an excitation wavelength, the sampling of this
curve can be increased by testing more excitation wavelengths during the experiment.
For comparison, Figure 4.8 also shows as a pink curve the absorption coefficient (in base
10) measured by a spectrophotometer using a solution with a 0.4 mM Au concentration.

Despite some differences, the two curves share the same general trend, proving that
the MBR allows a qualitative measurement of the nanoparticles absorption spectrum.
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Figure 4.8: Comparison of the nanoparticles absorption coefficient as measured through the MBR
(blue curve) and through a spectrophotometer (pink curve). For this plot the µ
coefficient obtained from Equation (4.8) is scaled to a base 10 logarithm in analogy
with the values given by spectrophotometer.

At the moment, these differences, which concern the full-width half-maximum of the
curves (60 nm vs. 170 nm) and their peak value (6.3 cm−1 vs. 2.8 cm−1), are attributed
to inhomogeneities in particles batches and the different Au concentrations. Indeed,
further investigation is necessary to test this interpretation (for example, by repeating
the experiment with a series of more and more diluted solutions) and the system needs
refinement before being implemented for an application. However, the results of this
initial proof-of-concept experiment point in the right direction and are promising for
further development.

In prospective, an MBR system would allow to measure nanoparticles absorption
without relying on optical extinction, but rather through a thermal process. This pos-
sibility is advantageous since the light extinction spectrum is a combination of both the
absorption spectrum and the scattering spectrum, while a thermal process, such as the
temperature increase, is only dictated by the first. In the case of small nanoparticles
in a clear host environment, a light extinction measurement is indeed a good estimate
for particles absorption, due to the small scattering contribution. However, this same
measurement would become difficult in the case of big particles (i.e. particles with scat-
tering cross section close to absorption cross section) or opaque host environments, since
scattering contribution could overtake and hide the absorption contribution. An MBR
system, instead, would not suffer from these problems due to its temperature-based
measurement, which is sensitive only towards absorption and totally insensitive towards
scattering, both from the particles and the environment. Since biological fluids can both
be opaque and host highly-scattering particles, the MBR appears interesting for their
absorption analysis.
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4.3 Conclusions

In this Chapter the absorption spectrum of nanoparticles was deduced through
the temperature shift induced in an MBR, effectively implementing the resonator as
a thermo-optical sensor. In analogy with the PA study presented in Chapter 3, the
MBR took the double role of sensor and vial, allowing to interrogate an extremely small
sample (below 40 nl), to perform the optical detection of the temperature shift and
achieve an all-optical configuration. The absorption spectrum resulting from the MBR
measurements was compared with the one obtained with a spectrophotometer, finding
a compatible trend.

The differences between the two spectra, however, are noteworthy and will be the
subject of further studies. A first example in this direction, could be the revision of the
simple thermal modelling linking the measurable quantities to the absorption coefficient
µ through the development of a detailed thermal simulation of the system, in analogy
with FEM model of Subsection 3.2.3. Indeed, to obtain a quantitative and robust esti-
mate of the nanoparticles absorption spectrum, refinements have to be made, but this
proof-of-concept experiment represents a good starting point. In prospective, the MBR
system represents a promising device for the measurement of the absorption spectrum
of opaque biological samples or high-scattering nanoparticles suspensions.
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Chapter 5

Light collection from

single-photon sources

This Chapter presents a feasibility study about the implementation of a microbub-
ble resonator (MBR) as a micro-cavity for the collection of light generated by single-
photon sources (SPS). At variance with Chapter 3 and 4, this Chapter is of theoret-
ical/computational nature and represents a preliminary benchmark before the actual
implementation of the system. The goal of the Chapter is to quantify the potential
of the MBR by computing a series of figures-of-merit, using the results of Chapter 2
as foundations. The single-photon sources selected for this study are dibenzoterrylene
(DBT) molecules, which are known to be efficient quantum emitters that are already
under study for the implementation in photonic devices.

The Chapter starts with a brief resume of the properties the DBT molecules (Section
5.1), moves to the description of the envisaged experimental configuration (Section 5.2)
and then describes the computation of the figures-of-merit (Section 5.3).

5.1 Dibenzoterrylene molecules

The single-photon sources chosen for the MBR implementation here presented are
dibenzoterrylene (DBT) molecules embedded in an anthracene (Ac) matrix. These
molecules, which belong to the family of polycyclic aromatic hydrocarbons (PAH), are
known and reliable quantum emitters, and are promising sources for the implementation
into photonics structures [121, 106, 101, 138].

The promising features of this SPS rely on both the intrinsic properties of the DBT
molecule, which is the actual chromophore, and its seamless integration into the an-
thracene matrix, which follows from the analogies between the chemical structure of the
two molecules. In particular, DBT molecules in anthracene (DBT:Ac) feature an almost
unitary quantum efficiency, do not present multi-photon emission and are very stable
under continuous illumination, since the Ac matrix negates photochemical reactions be-
tween DBTs and oxygen. In terms of crystallography, the DBTs insert in a specific
spot of the anthracene crystal and this produces an high reproducibility of the SPS. In
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a)

Figure 5.1: Panel a: level scheme (or Jablonski diagram) of DBT molecules embedded in an-
thracene matrix highlighting with ascending arrows the two transitions used to pump
the system, and with descending arrows the de-excitation transitions associated with
the targeted fluorescence (adapted from [138]). Panel b: fluorescence spectrum of
the DBTs for different cryogenic temperatures (adapted from [138]).

addition, this positioning produces a specific orientation of the DBT emission dipole,
allowing to design photonic structure optimized for this orientation. Finally, the pro-
duction of the DBT:Ac sources can be implemented using standard chemical equipment
and it is cost-effective: an interesting combination when compared with other SPS which
need dedicated systems for their production and handling (e.g. optical traps for atoms
and ions, semiconductor epitaxy systems for quantum dots).

Panel a of Figure 5.1 shows the level scheme (or Jablonski diagram) of the DBT
molecules embedded in the Ac matrix, focusing on the first electronic levels (|S0〉, |S1〉,
|T1〉) and their associated vibrational levels (shown as grey bands). In this Figure,
the ascending arrows highlight the two transitions used to pump the system (767 nm
for room temperature experiments and 785 nm for cryogenic experiments), while the
descending arrows highlight the de-excitation transitions associated with the targeted
fluorescence. In particular, the targeted fluorescence is the one associated with the
transition between the ground vibrational level of |S1〉 with the ground vibrational level of
|S0〉. The fluorescence spectrum of this transition (called zero-phonon line, ZPL) is shown
in panel b of Figure 5.1 for a series of cryogenic temperatures. The ZPL is centred at
785 nm (λzpl = 785 nm), has a width γ = 50 MHz and a lifetime T1 = 1/γ = 20 ns. The
secondary peaks at longer wavelengths, instead, are associated with transition towards
the excited vibrational levels in the |S0〉.

At cryogenic temperatures, the Ac crystal does not show significant phononic vibra-
tions, but this condition changes rapidly with increasing temperature and affects the
emission of the DBTs. In particular, at room temperature, the photons wavepackets
produced by the ZPL are influenced by the matrix phonons and therefore show less
indistinguishability. This effect is called dephasing and can be quantified with the pure
dephasing rate γ∗ or equivalently with the pure dephasing time T ∗

2 = 1/γ∗. Both quan-
tities take the “pure” adjective to avoid misunderstanding with the overall dephasing
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Det
Fiber

Figure 5.2: Sketch of the experiment aimed at the collection of light from single-photon sources
through a microbubble resonator. An MBR is coupled to a tapered fiber (in blue)
and is filled with an anthracene matrix (hexagons) containing DBT molecules (purple
dots). The WGM coupled to the fiber is highlighted in orange and is also coupled
to the DBT molecules. The decay rate γ, the pure dephasing rate γ∗, the cavity
loss rate κ and the cavity-emitter coupling rate g are conceptually visualised with
straight or weavy lines.

rate γdeph = γ/2+ γ∗, which is defined in analogy with nuclear magnetic resonance. For
room temperature configurations, γ∗ exceeds γ by orders of magnitudes and therefore
dictates the value of γdeph. For cryogenic configurations, instead, the reverse is true since
γ∗ is approximately null.

5.2 The microbubble implementation

The envisaged MBR implementation for the collection of light from the DBT molecules
in the anthracene matrix is shown in Figure 5.2. In this configuration an MBR is filled
with an anthracene matrix (represented by hexagons in Figure 5.2) containing the DBT
molecules (purple dots) and is coupled to a tapered fiber as in Chapters 3 and 4. The
WGM coupled to the fiber is highlighted with an orange ring in this sketch and, due to
the uniform distribution of the DBTs in the MBR volume, some molecules are bound
to be located within its internal evanescent tail. This causes the WGM to be coupled
to both the fiber and the DBT molecules, leading to a configuration analogous to one
of quantum emitters in a photonic crystal micro-cavity [28, 115, 117, 114, 113, 111]. In
analogy with such cavities, the WGM acts as the cavity mode to enhance the source
emission and the light matter-interaction, while the fiber mode acts as the leakage mode
that allows light extraction. In particular, since the fiber mode is a guiding mode this
configuration is optimal for the detection of the emitted photon or its injection in an-
other optical system (e.g. Hong-Ou-Mandel interferometer). To simplify the discussion
and the computations of this Chapter, only one DBT molecule is assumed to be coupled
to the WGM. However, by adjusting the DBTs concentration in the Ac matrix, it is
possible for more molecules to interact with the same WGM, therefore making the MBR
an interesting platform for the study of multiple-emitters effects.

69



Chapter 5. Light collection from single-photon sources

As shown conceptually in Figure 5.2, the experimental configuration is described by
four parameters. The first two parameters γ and γ∗ have the same meaning of Section
5.1, and therefore represent the decay rate from the excited state |S1〉 and the pure
dephasing rate, respectively. Since the only the transition here considered is the ZPL,
the decay rate γ can be regarded as a fixed constant: γ = 50 MHz. The dephasing rate
γ∗, instead, takes values over a wide range, since the computations in Section 5.3 aim to
simulate a room temperature regime. The third parameter describing the experimental
setup is the cavity loss rate κ accounting for the photon probability to escape the WGM
and move into the fiber mode. Since the escape probability per round-trip is given by
the square of the fiber-WGM coupling coefficient, the cavity loss rate κ can be computed
as [54, 54]

κ = |κovrl|2 · FSR = |κovrl|2 ·
c

2π Re ne
(5.1)

where κovrl is the fiber-WGM coupling coefficient estimated by the overlap between the
two modes (cfr. Section 2.5) and FSR is the MBR free spectral range. As shown in the
following, this parameter influences strongly the value of β. Finally, the cavity-emitter
coupling rate g represents the strength of the interaction between the WGM and the DBT
molecule. This parameter follows from the Jaynes-Cummings model [139, 97, 140, 141]
describing the light-matter interaction in an optical cavity using a quantisation scheme
for both matter and field. The results of Chapter 2 are fundamental to compute this
quantity, since g depends both on the cavity modal volume (Section 2.6) and the energy
density distribution (Section 2.4.3). A detailed discussion on the computation of g is
given in Subsection 5.3.1.

To assess the performance of the MBR configurations in terms of light collection,
the main parameters here analysed are the photon indistinguishability I and the fiber
mode collection efficiency β. In addition, to compare the performance of the MBR
configuration with the no-cavity (i.e. free-space) configuration, a funnelling ratio F
combining both indistinguishability I and efficiency β is considered. As shown in [142],
which considers a general case of cavity-emitter interactions, the indistinguishability I
and the efficiency β can be computed using the second quantisation formalism and, in
the case of high-quality cavities (i.e. good cavity regime), both figures-of-merit have a
closed analytical expression. In particular, these expressions are deduced for a regime
of high dephasing (i.e. γ∗ ≫ γ), which allows to deduce the performance of the system
for a room temperature regime. In the end, these expressions are [142]:







R =
4g20

κ+ γ + γ∗

I =
γ + κR

κ+R

γ + κ+ 2R

β =
κR

κR+ γ (κ+R)

F =
γ∗

γ
βI

(5.2)

(5.3)

(5.4)

(5.5)
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and depend from the experiment parameters previously introduced. The auxiliary pa-
rameter R in Equation (5.2) allows to have more compact expressions and can be inter-
preted as the photon reabsorption rate between the DBT molecule and the WGM.

In the following Section, the performance of the MBR system are assessed by com-
puting these figures-of-merit while scanning the experiment parameters and using the
results of Chapter 2 to evaluate the coupling between the DBT molecule and the WGM.

5.3 Evaluating system performance

This Section begins with the computation of the coupling parameter g based on the
results of Chapter 2 (Subsection 5.3.1), then moves to the computation of the figures-
of-merit shown in Equations (5.3)-(5.5) to assess the system performance (Subsection
5.3.2).

5.3.1 Coupling to a DBT molecule

The general expression for the coupling parameter g(r) between an optical cavity
mode and a quantum emitter is given by the Jaynes-Cummings model discussed in
[139, 97, 140, 141, 143]:

g(r) =

√

πc

~ǫ0

µ2

λtrV
U(r) = g0 U(r) . (5.6)

In this general expression λtr is the vacuum wavelength of the transition under study,
µ is its associated dipole moment, V is the volume of the cavity mode and U(r) is the
normalized cavity mode distribution. For the system here considered, the transition
under study is the ZPL, therefore µ = 8.03 Debye and λtr = 785 nm, while V and U(r)
have to be deduced from the MBR mode coupled to the DBT molecules through the
methods of Section 2.4 and Section 2.6.

To mimic the experimental configuration of Figure 5.2, the MBR considered for
these computations has an anthracene core (nc = 1.6), silica walls (nw = 1.45) and
air as the external medium (ne = 1). However, this dielectric configuration produced
rounding errors in the evaluation of Equations (A.53)-(A.55), due to the high value of the
Bessel functions produced by the anthracene index and the typical MBR radii (around
200 µm). As a consequence, the F (kr) did not follow the boundary conditions at the
dielectric interfaces. This computational problem was avoided by switching to a micro-
sphere configuration (anthracene sphere in silica environment) and simplifying Equations
(A.53)-(A.55) in analogy with [124, 123]. As shown in the following, the microsphere
configuration represents a good approximations of the experimental configuration since
the WGM has little leakage in the surrounding medium due to the high value of the
anthracene index.

To consider the easiest geometry, the WGM assumed to be coupled to the DBT
molecule is the fundamental one (n = 1, m = ℓ) having its resonance wavelength λ0
closest to the ZPL. In panel a of Figure 5.3, the volume of this mode (computed as
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Figure 5.3: Series of panels resuming the computation of the WGM-DBT coupling. Panel a
shows the modal volume of the fundamental WGM coupled to the DBT molecule for
different choices of the anthracene microsphere radius. Panel b shows the associated
g0 values, while panel c and d show the U(r) function for the Rsph = 250 µm case
and the Rsph = 150 µm case respectively.

in Section 2.6) is reported for different anthracene microspheres (radius: Rsph) to re-
construct the V trend against the resonator size. In particular, the values of V shown
in the plot are normalized to the cube of the anthracene wavelength λmat = λ0/nc, in
analogy with the conventions in use for the photonic crystal micro-cavities, and the Rsph

values are chosen to represent possible MBR radii. Both TE and TM possibilities are
considered and their equivalence is confirmed by the superposition of the two curves, in
analogy with Figure 2.10.

As expected, the modal volume increases with increasing size of the resonator, but
no straightforward functional trend can be recognized. As a preliminary analysis, the
curve is fitted with a power-law (black dashed line, V = V0 (Rsph)

α, α = 6.44) finding
good agreement.

Using the V values shown in panel a of Figure 5.3, it is then possible to compute the
WGM-DBT coupling coefficient g0 by applying directly Equation (5.6). The resulting g0
values are shown in panel b and represent a promising prospective for the experiment.
In fact, since the g0 values are significantly higher than the decay rate γ of the ZPL
(γ = 50 MHz) and of the cavity loss rates κ (assuming |κovrl|2 = 10−6, κ falls between
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10 kHz and 40 kHz for the considered geometries), they allow a strong coupling regime
between the WGM and the DBT molecule in a cryogenic configuration. As discussed in
Subsection 5.3.2, these values are also promising for a high dephasing regime (i.e. room
temperature) since they lead to a high photon indistinguishability even in this case.

Finally, panel c and d show the profile of the U(r) function appearing in Equation
(5.6) in the Rsph = 250 µm case and the Rsph = 150 µm case respectively. This profile
is directly given by the normalized energy density unorm of Section 2.4.3, which is here
plotted assuming θ = π/2 (i.e. equator plane) and leaving r as the running variable.
The function shows a strong localisation of the WGM in the anthracene sphere, with
little evanescent tails in the silica environment. As previously mentioned, this justifies
the microsphere approximation used for the computation of the modal volume, since an
even lesser leakage is expected in the air layer of the MBR. In addition, the U(r) profiles
also show that the optimal spot for the DBT molecule is one micrometer away from the
MBR wall surface (with a ±0.6 µm tolerance given by the profile FWHM) and that the
MBR silica walls should have a thickness below one micrometer to achieve an efficient
fiber coupling.

5.3.2 Light collection figures-of-merit

From the results of the previous Subsection, it is finally possible to predict the perfor-
mance of the system by computing the figures-of-merit indistinguishability I, efficiency
β and funnelling ratio F shown Equations (5.3)-(5.5) for different experimental config-
urations.

A first series of plots reporting the I, β and F trends against the normalized dephas-
ing rate γ∗/γ is shown in panels a-c of Figure 5.4. In each of these panels, multiple curves
are reported to compare the trends produced by resonators of different sizes, in analogy
with panel a and b of Figure 5.3. For these plots the cavity loss κ is computed through
Equation (5.1) assuming |κovrl|2 = 10−6, in analogy with the experimental values given
by cavity ringdown spectroscopy (cfr. Subsection 1.2, [54, 55]), and the FSR is adjusted
for each curve to account for the different resonator size. For the cases here considered,
the resulting κ values fall between 10 kHz and 40 kHz.

Starting from panel a, one notices that the indistinguishability I rapidly reaches
values close to 1, with resonator size only slightly influencing this trend. From an exper-
imental point of view, this suggests that high dephasing do not hinder the single-photon
emission of the system, therefore allowing a room temperature operability. Following the
interpretation in [142], this response follows from the relationships between the various
rates. In particular, since both the cavity loss rate and reabsorption rate R are below
the decay rate (κ < γ, R < γ), the photon can stay for long time in the cavity without
being recombined with the emitter and therefore avoiding the dephasing effect.

Moving to panel b, one finds a substantially flat efficiency β, with a more important
effect of the resonator size due to the direct correlation between the cavity loss κ and
the resonator FSR (cfr. Equation (5.1)). In particular, the flat trend can be explained
by the low κ value, which strongly reduces the effects of γ∗ in Equation (5.4), but also
lowers β in the 10−3 order. As shown in the following (cfr. panel e), the efficiency β

73



Chapter 5. Light collection from single-photon sources

a)

0 2 4 6 8

0

0.2

0.4

0.6

0.8

1 d)

b)

0 2 4 6 8

0

2

4

6

8 e)

c)

0 2 4 6 8

0

10

20

30

40

50 f)

Figure 5.4: Series of plot showing the single-photon emission figures of merit indistinguishability
I, efficiency β and funnelling ratio F . The panels on the left side (a-c) features
different curves to highlight the differences between resonators of different size. The
panels on the right side (d-f), instead, show highlight the dependency on the cavity
loss rate κ.
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shows a significant dependency on the cavity loss κ and the experiment would benefit
from increased κ (i.e. increased fiber coupling losses).

Finally, panel c shows the trend of the funnelling ratio F , which quantifies the im-
provement produced by the cavity presence considering both the indistinguishability I
and the efficiency β. These curves clearly shows the effectiveness of the WGM-DBT
coupling due to their value well above 1 (i.e equivalence threshold between the cavity
and the free-space cases) and their rising trend, which predicts higher improvements for
higher dephasing. This results is also robust with respect to the resonator size, since the
different curves in panel c are weakly affected by this parameter.

In addition, to also test the effects of different cavity loss rates κ, a second series
of plots is reported in panels d-f of Figure 5.4. For these plots both the γ∗ and the κ
variables are scanned (y-axis and x-axis, respectively), while the microsphere radius is
fixed to the Rsph = 150 µm case. The scan on these parameters covers some order of
magnitude to simulate a wide range of experimental conditions.

Starting from panel d, one notices that indistinguishability I is almost independent
from the cavity loss rate κ, with a slight increase for lesser κ only noticeable at top-left
corner of the panel. Regarding the dephasing γ∗, instead, one finds the same trend of
panel a, with a quick rise to values close to 1.

Moving to panel e and considering the efficiency β, the dependency on the cavity
loss κ becomes apparent. In particular, the β value closely mimics the κ/γ value in the
bottom part of the plot, as shown by a close inspection of the colorbar. When moving
towards higher dephasing rate, however, the β value suffers a steady decrease, in analogy
with panel b. From a mathematical point of view, this trend is expected given the β
expression in Equation (5.4), but it also follows from a simple physical consideration:
the cavity loss κ sets the photon probability to escape the WGM and move to the fiber
mode, which ultimately leads to the photon collection.

Finally, panel f shows that even the funnelling ratio F depends on the cavity loss
rate κ, with an increasing F value for increasing κ. When combining this trend with the
one shown in panel c for the dephasing rate γ∗, one obtains a steady increase of F when
moving along the diagonal moving from bottom-left to top-right. In particular, this
trend confirms that the system is capable of high dephasing operability (as also shown
in panel c) and that an increase in cavity leakage would benefit the overall performance.

In conclusion, the computations performed in this Subsection show that the proposed
experimental configuration (cfr. Figure 5.2) is promising for the control of the DBT
molecule emission and the generation of indistinguishable single-photons even in a high
dephasing condition (i.e. room temperature). In particular, the system is predicted to
be robust against variations in the MBR size, represents a strong improvement with
respect to free-space configuration and would benefit from an increased coupling with
the collection fiber [117].
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5.4 Conclusions

In this Chapter, a feasibility study on the implementation of an MBR as a micro-
cavity for the collection of light from single-photon source has been presented. The quan-
tum emitters considered for this study are DBT molecules embedded in an anthracene
matrix (DBT:Ac), which are known and efficient quantum emitters under investigation
for the implementation into photonic devices. At variance with the previous ones, this
Chapter has a theoretical/computational approach and evaluates the performance of the
proposed configurations through a series of figures-of-merit.

The results of these computations indicate that the MBR offers the possibility to
reach a strong coupling regime in a cryogenic configuration, but also that the room
temperature operability is interesting. In particular, the photon indistinguishability I
remains high even in this regime and the cavity represents a strong improvement from
the bare (i.e. free-space) configuration, as shown with the high funnelling ratio F . The
computations also show that the system is predicted to be robust against variations in
the MBR size and would benefit from an increased coupling between the WGM and fiber
to increase the collection efficiency β.

In the end, this study represents a preliminary benchmark for the MBR system,
which gives a promising outlook on the realisation of this experiment.
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Conclusions and outlook

In this thesis work a Whispering Gallery mode (WGM) MicroBubble Resonator
(MBR) has been investigated as an optical sensor for the characterisation of a pho-
toacoustic (PA) contrast agents and as a micro-cavity for the collections of light from
single-photon sources (SPS).

Regarding the first matter of investigation, the thesis focused on two proof-of-concept
experiments implementing the MBR as an optical sensor for the characterisation of PA
contrast agents. In the first experiment, the MBR was implemented as an ultra-compact
all-optical PA transducer capable of reconstructing the contrast agent photostability. In
the presented configuration the MBR played the double role of sensor and vial containing
the contrast agent, producing a setup much smaller then the one used with standard
ultrasound detector, and allowing to test liquid samples below 100 nl. The performance
of the system were tested in a static configuration and in a flow-cytometry configuration,
proving in both cases the feasibility of the measurement. The MBR mechanical modes
proved to be key in the sensing mechanism and, in particular, they allowed to increase
significantly the signal-to-noise ratio in the flow-cytometry configuration by reducing
environmental noise. In prospective, the miniaturisation of the MBR is expected to
increase its sensitivity and the mechanical spectrum could be exploited to further increase
sensitivity through positive interference or lock-in amplification. In terms of possible
applications, in addition to the development of new PA contrast agents, the system
could be implemented in portable or on-chip devices aimed at the analysis of flowing
samples (e.g. the measurement of blood cells oxygenation or the detection of venous
thrombi and/or circulating tumour cells through a minimal blood draw).

In the second experiment, the MBR was implemented as an opto-thermal sensor
and the contrast agent absorption spectrum was reconstruct through the temperature
shift generated by optical absorption. In analogy with the previous implementation, the
MBR allowed an ultra-compact all-optical configuration, capable of interrogate samples
below 40 nl. Since the MBR uses a thermal shift to estimate particles absorption, the
measurement is insensitive to light scattering, making the system promising in the case
of opaque biological samples or high-scattering contrast agents. Additionally, due to the
analogies between the two setups, it is possible to envisage a combination of the two
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system, allowing to perform the two characterisation measurements in rapid succession.
Finally, regarding the light collection from single-photon sources, the investigation

was theoretical/computational and has shown that the MBR system represents an in-
teresting possibility for the dibenzoterrylene (DBT) molecules. The results of the com-
putations, in fact, indicate strong coupling for a cryogenic configuration, but also good
performance at room temperature. In particular, the photon indistinguishability remains
high even in this challenging regime, and the presence of the cavity is an improvement
with respect to the free-space configuration. These results represent a promising outlook
for the realisation of the envisaged configuration.

To support this theoretical study, an analytical theory of the MBR modes extending
the microsphere case to the microbubble case was developed, since no similar dissertation
was found in literature. The theory has been developed with a formal approach and
allowed to compute key quantities such as the modal volume of the WGMs and their
spatial distribution. In addition, the theory also allows for finalisations outside of the
scope of this thesis work, such as the computation of non linearities thresholds or the
coupling of the MBR with other photonic structures.
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Appendix A

Details on derivation of the

microbubble WGMs

This Appendix derives in detail the key expressions used in Chapter 2 to deduce the
Whispering Gallery modes of an MBR.

A.1 Wave equation in a homogeneous medium

In absence of free charges ρ and free currents J, Maxwell’s Equations for an homo-
geneous dielectric medium are







∇ ·D(r, t) = 0

∇ ·B(r, t) = 0

∇∧E(r, t) = −∂B(r, t)

∂t

∇∧H(r, t) =
∂D(r, t)

∂t

(A.1)

where, adopting standard notations, E is the electric field, D is the electric induction
field, H is the magnetic field and B is the magnetic induction field. For each field the
dependence on time t and position r is explicitly reported.

In addition to homogeneity, one can assume the dielectric to be non-magnetic and
non-birefringent, leading to the following constitutive relationships







D(r, t) = ǫ0 ǫrE(r, t)

B(r, t) = µ0 µrH(r, t) = µ0 H(r, t) (µr = 1)

n =
√
ǫrµr =

√
ǫr (µr = 1)

(A.2)

(A.3)

(A.4)

which allow to describe the properties of the medium using only one parameter: the
refractive index n. Adopting standard notations, ǫr and µr are the relative dielectric
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and magnetic constants of the medium, while ǫ0 and µ0 are the dielectric and magnetic
constants of the vacuum. In the previous Equations, the non-magnetic hypothesis is
readily used, setting µr = 1.

Through Equations (A.2) and (A.3) Maxwell’s Equations can be written using only
E and H, which are the main fields for the theory here presented:







∇ ·E(r, t) = 0

∇ ·H(r, t) = 0

∇∧E(r, t) = −µ0
∂H(r, t)

∂t

∇∧H(r, t) = ǫ0 ǫr
∂E(r, t)

∂t
.

(A.5)

The time dependence and the position dependence appearing in both E and H can be
separated by assuming the fields to be monochromatic with frequency ν and introducing
the complex fields E(r) and H(r):







E(r, t) =
1

2

(
E(r) eiωt + E

∗(r) e−iωt
)

H(r, t) =
1

2

(
H(r) eiωt +H

∗(r) e−iωt
)

(A.6)

with ω = 2πν being the angular frequency. These definitions ensure that the physical
fields E and H are real-valued for any choice of the complex fields E and H. By insert-
ing the definitions (A.6) into the Maxwell’s Equations (A.5), one obtains the following
relationships between the complex fields







∇ · E(r) = 0

∇ ·H(r) = 0

∇∧ E(r) = −iω µ0 H(r)

∇∧H(r) = iω ǫ0 ǫr E(r) .

(A.7)

(A.8)

(A.9)

(A.10)

From these Equations it is possible to deduce the wave equation for both the E field
and H the field. For example, focusing on E , one has to apply the rotor operator to
Eq. (A.9), introduce Eq. (A.10) and finally use Eq. (A.7) to arrive at

∇2
E(r) + k2 E(r) = 0 , (A.11)

where the conventional expressions for the light speed c, the vacuum wavenumber k0,
the vacuum wavelength λ0, the wavenumber in the medium k and the wavelength in the
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medium λ are used: 





c =
1√
ǫ0µ0

λ0 =
c

ν
k0 =

2π

λ0

k = k0
√
ǫr = k0 n

λ =
2π

k
=
λ0
n

.

(A.12)

(A.13)

(A.14)

An analogous wave equation for H can be deduced applying the same procedure.
However, without losing in generality, one can work just with Eq. (A.11), since the two
fields are connected through Equations (A.7)-(A.10). In particular, once E is found, H
can be computed directly through Eq. (A.9):

H(r) =
i

ω µ0
(∇∧ E(r)) . (A.15)

To obtain a field satisfying Eq. (A.11), it is possible to use the Hansen method [144,
145], which derives the complex vectorial field E from the function ψ(r, θ, φ) satisfying
the scalar wave equation:

∇2ψ(r, θ, φ) + k2 ψ(r, θ, φ) = 0 . (A.16)

In particular, the Hansen method provides three different kind of vectorial solutions







L = ∇ψ

M = ∇ψ ∧ r = L ∧ r

N =
1

k
(∇∧M) ,

(A.17)

which are discussed in the following of this Section: at this stage, the goal is to find the
explicit form of the function ψ(r, θ, φ).

To do this, the angular and the radial dependencies of ψ(r, θ, φ) are separated by the
use of the spherical harmonic Yℓ,m(θ, φ) and the introduction of a radial function f(r).
In this way ψ(r, θ, φ) assumes the form

ψ(r, θ, φ) = f(r)Yℓ,m(θ, φ) , (A.18)

which can be inserted into Eq. (A.16) to give [129]

r2f ′′(r) + 2rf ′(r) +
(
k2r2 − ℓ(ℓ+ 1)

)
f(r) = 0 .

To solve this differential equation, it is useful to apply the change of variable x = kr and
recast Eq. (A.1) as

F ′′(x) +
2

x
F ′(x) +

(

1− ℓ(ℓ+ 1)

x2

)

F (x) = 0 , (A.19)
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where F (x) is the function f(r) evaluated with the new variable: F (x) = f(r). Equation
(A.19) is a modified Bessel equation and its solutions are [146]

F1(x) =
Js(x)√
x

or F2(x) =
Ys(x)√
x

(s = ℓ+ 1/2)

where Js(x) and Ys(x) are the conventional Bessel functions of the first and second kind,
respectively; and s = ℓ+1/2 is the order of the functions. A superposition of F1(x) and
F2(x) is the most general solution of Eq. (A.19) and therefore one can set

F (x) = A1
Js(x)√
x

+A2
Ys(x)√
x

(s = ℓ+ 1/2) (A.20)

where A1 and A2 are the combination coefficients.

Recalling that f(r) = F (kr) and using the solution given in Eq. (A.20), one finally
writes the function ψ(r, θ, φ), solution of the scalar wave equation, as follows







ψ(r, θ, φ) = F (kr)Yℓ,m(θ, φ)

F (kr) = A1
Js(kr)√
kr

+A2
Ys(kr)√
kr

(s = ℓ+ 1/2) .
(A.21)

This form shows explicitly the r and the k dependence of the radial function, which is
useful for Section A.2, where boundary conditions for the E and H fields are deduced.

Solved the scalar problem, one can use Equations (A.17), to compute the vectorial
solutions L, M and N. The expressions of these vectorial solutions are better visualised
by introducing the auxiliary vectors Xℓ,m, Yℓ,m and Zℓ,m, which are derived from the
spherical harmonic Yℓ,m(θ, φ) as follows:







Xℓ,m = ∇Yℓ,m ∧ r = 0 r̂ +
1

sin θ

∂

∂φ
Yℓ,m θ̂ − ∂

∂θ
Yℓ,m φ̂

Yℓ,m = r∇Yℓ,m = 0 r̂ +
∂

∂θ
Yℓ,m θ̂ +

1

sin θ

∂

∂φ
Yℓ,m φ̂

Zℓ,m = Yℓ,m r̂ .

(A.22)

(A.23)

(A.24)

In these expressions r̂, θ̂ and φ̂ are the basis vectors in spherical coordinates and the
explicit (θ, φ) dependence in Yℓ,m(θ, φ) was not listed to have more compact expressions.
With the aid of these auxiliary vectors, L, M and N can be written as







L =
dF (kr)

dr
Zℓ,m +

F (kr)

r
Yℓ,m

M = F (kr)Xℓ,m

N =
ℓ(ℓ+ 1)

kr
F (kr)Zℓ,m +

1

kr

d

dr
(rF (kr))Yℓ,m

(A.25)

(A.26)

(A.27)
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From these expressions, or directly from the definitions (A.17) in combination with
the scalar wave equation (A.16), it is possible to verify that







∇ · L = −k2 ψ

∇ ·M = 0

∇ ·N = 0 .

These properties imply that only M andN are acceptable solutions for E, since Eq. (A.7)
requires null divergence for this field. In addition, by applying the rotor operator to the
N definition given in (A.17) and using ∇ · M = 0, one obtains an alternative formula
for M:

M =
1

k
(∇∧N) , (A.28)

which is a convenient recasting for the next paragraph.

Assigning the M solution or the N solution to the field E leads to transverse electric
(TE) or transverse magnetic (TM) modes, respectively. Starting from the TE case,
which assumes E = M, one can write the following expressions for both E and H:

TE mode







E = M = F (kr)Xℓ,m

H
(A.15)
=

i

ω µ0
(∇∧ E) =

i

ω µ0
(∇∧M)

(A.17)
=

i k

ωµ0
N =

=
i

ωµ0

[
ℓ(ℓ+ 1)

r
F (kr)Zℓ,m +

1

r

d

dr
(rF (kr))Yℓ,m

]

(A.29)

(A.30)

where the numbers above the equal signs mark the Equation used for that step and the
expressions for N and M are taken directly from Equations (A.26) and (A.27). In terms
of spatial direction, the electric field E is parallel to Xℓ,m, which is defined through a

combination of the tangential vectors θ̂ and φ̂ in Eq. (A.22). Therefore E is orthogonal
to the radial direction r̂ and for this reason the mode is named transverse electric. The
magnetic field H, instead, has a tangential component, associated with the vector Yℓ,m,
and a radial component, associated with the vector Zℓ,m.

Moving to the TM case, one sets E = N and repeats the previous substitutions to
obtain:

TM mode







E = N =
ℓ(ℓ+ 1)

kr
F (kr)Zℓ,m +

1

kr

d

dr
(rF (kr))Yℓ,m

H
(A.15)
=

i

ω µ0
(∇∧ E) =

i

ω µ0
(∇∧N)

(A.28)
=

i k

ωµ0
M =

=
i k

ωµ0
F (kr)Xℓ,m .

(A.31)

(A.32)

At variance with the previous case, now it is the magnetic field H to be aligned with
Xℓ,m and orthogonal to r̂, therefore justifying the name transverse magnetic for these
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modes. The electric field E , instead, has both a radial and a tangential component, due
to the presence of Yℓ,m and Zℓ,m in Eq. (A.31).

In the next Section the fields expressions reported in Equations (A.29)- (A.32) are
used to impose boundary conditions at the dielectric interfaces and deduce the charac-
teristic equations leading to the microbubble Whispering Gallery modes.

A.2 Field matching and characteristic equation

The modelling introduced in Section 2.1 divides the microbubble resonator into three
sectors: the core, the wall and the external medium surrounding the microbubble (cf.
Figure 2.1). Each sector is a homogeneous dielectric medium and therefore, for each
sector, it is possible to write Equations (A.29)-(A.32). Due to the abrupt change of
index at the core-wall interface in r = Rc and at the wall-external interface in r = Re),
it is necessary to impose boundary conditions on the electric and magnetic fields. From
these conditions the characteristic equations for the TE mode and the TM modes arise,
limiting the possible values for the wavelength λ and therefore defining the spectrum of
the microbubble Whispering Gallery modes. For brevity, only the procedure leading to
the TE characteristic equation is reported in detail: the procedure for the TM equation
is identical and only the main result is here reported.

The first step of the procedure consists in reviewing the number of combination coef-
ficients that are necessary to define the function F (kr). In general, recalling Eq. (A.21),
it is possible to write

F (kr) =







Ac
1

Js(kcr)√
kcr

+Ac
2

Ys(kcr)√
kcr

r < Rc (core)

Aw
1

Js(kwr)√
kwr

+Aw
2

Ys(kwr)√
kwr

Rc < r < Re (wall)

Ae
1

Js(ker)√
ker

+Ae
2

Ys(ker)√
ker

r > Re (external) ,

(A.33)

which resumes the definition of F (kr) in the three sectors. As in Eq. (A.21), the index
s = ℓ+1/2 is the order of the Bessel functions, while kc, kw and ke are the wavenumbers
in the different media (cf. Eq. (A.13)). Indeed, Eq. (A.33) features six combination
coefficients, but Ac

2 and Ae
1 need to be zero in order to have a physically acceptable

function. In fact the Bessel functions Yp(x) have a divergence in x = 0 for any order p
and therefore are not suitable to be used in the core sector, implying Ac

2 = 0. The Bessel
functions Jp(x), instead, features slowly decaying oscillations in the limit of high x and
therefore are not suitable to describe the evanescent tail of a Whispering Gallery mode
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in the external sector, implying Ae
1 = 0. In conclusion, F (kr) becomes

F (kr) =







Ac Js(kcr)√
kcr

r < Rc (core)

Aw
1

Js(kwr)√
kwr

+Aw
2

Ys(kwr)√
kwr

Rc < r < Re (wall)

Ae Ys(ker)√
ker

r > Re (external) ,

(A.34)

which only has four combination coefficients.
The next step is to require the continuity of the tangential component of the E

and H fields at the core-wall interface (r = Rc) and at the wall-external interface (r =
Re = Rc + W ) for both TE and TM modes. This requirement can be equivalently
fulfilled by shifting the condition on the complex fields E and H, defining a set of
mathematical conditions through the analytical expressions in Equations (A.29)-(A.32).
In practise, recalling that the the tangential components are associated with the auxiliary
vectors Xℓ,m and Yℓ,m, one requires the continuity of the following quantities at the two
interfaces

TE mode







F (kr) for the E field

1

r

d

dr
(rF (kr)) for the H field

(A.35)

(A.36)

TM mode







1

kr

d

dr
(rF (kr)) for the E field

k F (kr) for the H field .

(A.37)

(A.38)

Additionally, it is important to highlight that these conditions also have consequences on
the radial components of the fields. In particular, the continuity of F (kr) for TE modes
(Eq. (A.35)) also implies the continuity of the radial component of H (cfr. Eq. (A.30)),
while the continuity of k F (kr) for TM modes (Eq. (A.38)) implies a discontinuity of the
radial component of E (cfr. Eq. (A.31)).

As anticipated at the beginning of the Section, the discussion now focuses on TE
modes to give a detailed description of the procedure leading to the characteristic equa-
tion. This procedure begins with translating the the continuity requirements into a set
of conditions on the combination coefficients (Ac, Aw

1 , A
w
2 , A

e) through Eq. (A.34).
For the core-wall interface at r = Rc, Equations (A.35) and (A.36) imply, respec-

tively:

Ac Js(kcRc)√
kcRc

= Aw
1

Js(kwRc)√
kwRc

+Aw
2

Ys(kwRc)√
kwRc

(A.39)

Ac

Rc

d

dr

(

r
Js(kcr)√
kcr

)∣
∣
∣
∣
r=Rc

=
Aw

1

Rc

d

dr

(

r
Js(kwr)√
kwr

)∣
∣
∣
∣
r=Rc

+
Aw

2

Rc

d

dr

(

r
Ys(kwr)√
kwr

)∣
∣
∣
∣
r=Rc

(A.40)
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The simplification of Eq. (A.39) is straightforward when recalling that each wavevector
is proportional to the vacuum wavevector k0 (cf. Eq. (A.3)). For Eq. (A.40), instead, the
simplification takes more steps due to the presence of the derivatives. In particular, it
is convenient to write the Bessel functions derivatives using the properties

J ′
n(x) = Jn−1(x)−

n

x
Js(x) and Y ′

n(x) = Yn−1(x)−
n

x
Ys(x) ,

which is a convenient choice also in terms of numerical computation, since the Bessel
function derivative is substituted with a difference between two Bessel functions. At the
end of the simplifications, Equations (A.39) and (A.40) become







Ac Js(kcRc)√
nc

= Aw
1

Js(kwRc)√
nw

+Aw
2

Ys(kwRc)√
nw

Ac Ps(kcRc)√
nc

= Aw
1

Ps(kwRc)√
nw

+Aw
2

Vs(kwRc)√
nw

,

(A.41)

(A.42)

where the auxiliary functions Ps(x) and Vs(x) are defined as

Ps(x) = xJs−1(x)− ℓ Js(x) (A.43)

Vs(x) = xYs−1(x)− ℓ Ys(x) . (A.44)

Repeating the same passages for the wall-external interface at r = Re leads to







Aw
1

Js(kwRe)√
nw

+Aw
2

Ys(kwRe)√
nw

= Ae Ys(keRe)√
ne

Aw
1

Ps(kwRe)√
nw

+Aw
2

Vs(kwRe)√
nw

= Ae Vs(keRe)√
ne

(A.45)

(A.46)

with the same definition for Ps(x) and Vs(x). For compactness and better handling,
Equations (A.41)-(A.42) and (A.45)-(A.46) are grouped into a system, which is here
reported using the matrix formalism:

















Js(kcRc)√
nc

−Js(kwRc)√
nw

−Ys(kwRc)√
nw

0

Ps(kcRc)√
nc

−Ps(kwRc)√
nw

−Vs(kwRc)√
nw

0

0 −Js(kwRe)√
nw

−Ys(kwRe)√
nw

Ys(keRe)√
ne

0 −Ps(kwRe)√
nw

−Vs(kwRe)√
nw

Vs(keRe)√
ne

















︸ ︷︷ ︸

MTE
















Ac

Aw
1

Aw
2

Ae
















︸ ︷︷ ︸

A

=
















0

0

0

0
















. (A.47)

86



Appendix A. Details on derivation of the microbubble WGMs

Indeed, setting all combination coefficients to zero (A = 0) would satisfy Eq. (A.47), but
it would also lead to null fields, which are not physically acceptable. To have non-zero
coefficients satisfying Eq. (A.47), the matrix MTE must have a null determinant:

det [MTE] = 0 . (A.48)

Before moving to the TM case, it is important to review the parameters appearing in
MTE. Since the aim of the theory here presented is to deduce the spectrum of an assigned
microbubble resonator, both its geometry and its composition are to be considered fixed
and therefore the indexes and radii appearing in Eq. (A.47) have to be regarded as fixed
constants. From Eq. (A.13), one notices that all three wavenumbers appearing MTE

are proportional to the vacuum wavenumber k0, since kx = k0nx = 2πnx/λ0 for any
x = {c,w, e}. This implies that the matrix MTE depends only on k0, or equivalently
on the vacuum wavelength λ0, and not on the three wavenumbers separately. Finally,
a dependency on the ℓ number (degree of the spherical harmonic Yℓ,m) is present due
to s = ℓ+ 1/2, which is the order of the Bessel functions and of the auxiliary functions
Ps(x) and Vs(x). In conclusion, MTE depends explicitly only on λ0 and ℓ, and therefore
Eq. (A.48) can be recasted as

det [MTE(λ0, ℓ)] = 0 . (A.49)

This condition can be satisfied only by specific (λ0, ℓ) combinations, with each com-
bination defining the resonance wavelengths of the WMGs and their field distribution.
For these reasons, Eq. (A.49) is the characteristic equation for the TE modes and its
resolution is discussed in Section 2.3 to show the features of of the WGM spectrum.

As mentioned at the beginning of the Section, the process leading to the TM char-
acteristic equation is the same as the one here presented for the TE modes. In the TM
case the system resulting from the boundary conditions is
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(A.50)
which is the counterpart of Eq. (A.47). Just as MTE, even MTM depends only on (λ0, ℓ)
and must have null determinant, leading to

det [MTM(λ0, ℓ)] = 0 (A.51)

which is the characteristic equation for the TM modes.

87



Appendix A. Details on derivation of the microbubble WGMs

A.3 Computation of the radial function F

Recalling its definition from Eq. (A.34), the elements required for the computation
of F (kr) are the three wavenumbers (kc, kw, kw) and the four combination coefficients

(Ac, Aw
1 , A

w
2 , A

e). Since the resonance wavelength λ
(n, ℓ)
0 is assumed to be already known

from the numerical solution of the characteristic equation, the three wavenumbers are
readily computed through Eq. (A.13) and can be regarded as fixed constants. The com-
bination coefficients, instead, are deduced in the following of this Section. For the sake
of brevity, the details of the resolution method are reported only for the TE case.

Recalling the characteristic equation (A.49), the TE resonance wavelengths λ
(n,ℓ)
0 are

defined as the wavelengths producing a vanishing determinant for the matrixMTE. This,
in turn, implies that three combination parameters can be written as a function of the
fourth, which remains free (cf. Eq. (A.47)). This freedom has a physical meaning, since
the independent parameter fixes the amount of energy stored in the mode. Assuming to
use Ac as the free parameter, the first two equations from system (A.47) can be extracted
and the terms with Ac moved the right side to obtain
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. (A.52)

In this system Ac has to be regarded as a fixed constant (e.g. Ac = 1 V/m) with Aw
1 and

Aw
2 being the unknown variables. These variables can be deduced by applying Cramer’s

rule to system (A.52), obtaining

Aw
1 =

√
nw
nc

Js(kcRc)Vs(kwRc)− Ys(kwRc)Ps(kcRc)

Js(kwRc)Vs(kwRc)− Ys(kwRc)Ps(kwRc)
Ac (A.53)

Aw
2 =

√
nw
nc

Js(kwRc)Ps(kcRc)− Js(kcRc)Ps(kwRc)

Js(kwRc)Vs(kwRc)− Ys(kwRc)Ps(kwRc)
Ac . (A.54)

Then, extracting the third equation from system (A.47), or directly recalling Eq. (A.45),
Ae can be deduced as

Ae =

√
ne
nw

Js(kwRe)A
w
1 + Ys(kwRe)A

w
2

Ys(keRe)
(A.55)

where Aw
1 and Aw

2 are already known from Eq. (A.53) and Eq. (A.54), respectively. It
is worth noticing that Equations (A.53), (A.54) and (A.55) depend from the ℓ number

through s = ℓ + 1/2 and from λ
(n,ℓ)
0 through the wavenumbers kc, kw, ke. Therefore,

modes with the same (n, ℓ) combination have the same F (kr) function.

The combinations coefficients for the TM modes can be obtained with the same pro-
cedure, starting from the matrix MTM in Eq. (A.51). Keeping Ac as the free parameter,
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the expressions for (Aw
1 , A

w
2 , A

e) are the following:

TM mode
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(A.56)

(A.57)

(A.58)

where q = nw/nc in Equations (A.56) and (A.57) is introduced for better visualisation
of the fractions. Comparing the expressions for the TE and TM cases, one notices that
the refractive index ratio q = nw/nc plays a more important role in the TM case, due
to the q2 in the fraction numerators.
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List of Publications

The implementation of the MBR as a PA sensor presented in Chapter 3 led to the
publication of three articles as first author on the journals Physical Review Applied,
Sensors and Il Nuovo Cimento C :

1. G. Frigenti, L. Cavigli, A. Fernández-Bienes, F. Ratto, S. Centi, T. Garćıa-Fernández,
G. Nunzi Conti and S. Soria, Resonant Microbubble as a Microfluidic Stage for
All-Optical Photoacoustic Sensing, Physical Review Applied 12, 014062 (2019)

2. G. Frigenti, L. Cavigli, A. Fernández-Bienes, F. Ratto, S. Centi, T. Garćıa-Fernández,
G. Nunzi Conti and S. Soria, Microbubble Resonators for All-Optical Photoacous-
tics of Flowing Contrast Agents, Sensors 20, 1696 (2020)

3. G. Frigenti, Microbubble whispering gallery mode resonator as an all-optical plat-
form for the characterisation of photoacoustics contrast agents, Il Nuovo Cimento
C 43, 127 (2020) (invited paper)

During the PhD programme I also contributed to activities of the research group
outside of the ones described in this thesis, which led to the following publications:

4. G. Frigenti, M. Arjmand, A. Barucci, F. Baldini, S. Berneschi, D. Farnesi, M.
Gianfreda, S. Pelli, S. Soria, A. Aray, Y. Dumeige, P. Féron and G. Nunzi Conti,
Coupling analysis of high Q resonators in add-drop configuration through cavity
ringdown spectroscopy, Journal of Optics 20, 065706 (2018)

5. X. Roselló-Mechó, D. Farnesi, G. Frigenti, A. Barucci, A. Fernández-Bienes, T.
Garćıa-Fernández, F. Ratto and M. Delgado-Pinar, M.V. Andrés, G. Nunzi Conti
and S. Soria, Parametrical Optomechanical Oscillations in PhoXonic Whispering
Gallery Mode Resonators, Scientific Reports 9, 7163 (2019)

6. G. Frigenti, D. Farnesi, G. Nunzi Conti and S. Soria, Nonlinear Optics in Micro-
spherical Resonators, Micromachines 11, 303 (2020)

In particular, the first article stemmed from the activity of my master thesis (Character-
isation of high-Q whispering gallery mode optical resonators in add-drop configuration
through cavity ring down spectroscopy, defended on 19/04/2017, Florence University)
and focused on the development of a general characterisation technique for optical res-
onators by studying their response to a non-stationary excitation. The second article,
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instead, is a study on the mechanical oscillations of the MBR triggered by radiation
pressure and their interaction with optical non-linearities. Lastly, the third article is a
review on non-linear optical effects of the third order that can be produced in spherical
micro-resonators, with a particular focus on microspheres and microbubbles.

In addition to journal articles, I also contributed to the preparation of the following
conference proceedings:

7. G. Frigenti, M. Arjmand, A. Barucci, F. Baldini, S. Berneschi, D. Farnesi, M.
Gianfreda, S. Pelli, S. Soria, A. Aray, Y. Dumeige, P. Féron and G. Nunzi Conti,
Cavity-ringdown-spectroscopy-based study of high Q resonators in add-drop con-
figuration, Proceedings of SPIE volume 10904, Laser Resonators, Microresonators,
and Beam Control XXI, 1090416 (2019)

8. S. Berneschi, F. Cosi, D. Farnesi, G. Frigenti, G. C. Righini, S. Pelli, S. Soria,
F. Baldini, F. Prudenzano, G. Persichetti, R. Bernini, Y. Dumeige, P. Féron, D.
Ristić, M. Ivanda and G. Nunzi Conti, Glass based microresonators, Proceedings
of SPIE volume 10683, Fiber Lasers and Glass Photonics: Materials through Ap-
plications, 106830F (2018)

Even in this case, the first proceeding is related with the master thesis activity; while
the second is an overview of the decade-long activity of the group in the wide context of
glass-based microresonators.

Finally, an article regarding the measurement of nanoparticles absorption spectrum
through an MBR presented in Chapter 4 is in preparation.
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