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consequence, besides vorticity, acceleration and temperature gradient, also the shear tensor contributes
to the polarization of particles in a fluid. This contribution to the spin polarization vector, which is
entirely non-dissipative, adds to the well known term proportional to thermal vorticity and may thus
have important consequences for the solution of the local polarization puzzles observed in relativistic
heavy ion collisions.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In a rotating fluid at global thermodynamic equilibrium, particle spin gets polarized along the direction of the angular velocity vector
by an amount which is proportional to iw/KT. This phenomenon is the essence of the Barnett effect [1] and it has been known for a long
time. In a relativistic fluid at local thermodynamic equilibrium, the covariant form of statistical mechanics dictates that spin polarization
is driven by thermal vorticity:

1
Wy = _5 (auﬁu - auﬂu) (1)
where g is the four-temperature vector:
pH = luu« (2)
T

u being the four-velocity and T the proper temperature. At first order in thermal vorticity, the formula relating the mean spin vector
SH(p) of a spin 1/2 fermion to thermal vorticity reads [2]:

J5dZ-pnp(1 —np)wpe

Jsd=-pnF
where X is a 3D hypersurface, ng is the Fermi-Dirac phase-space distribution function:

1
ng = s
exp[B-p—qu/T1+1
q being the charge of the particle and w the corresponding chemical potential. The equation (3) predicts that a particle can get a spin
polarization in the presence of gradients of temperature, vorticity and acceleration.
The observation of spin polarization in relativistic nuclear collisions [3] confirmed the predictions of the formula (3) for the global

polarization (with X the hadronization hypersurface), that is integrated over all momenta. In fact, the formula (3) failed to reproduce the

measurements as a function of momentum [4-6]; particularly, the sign of the longitudinal polarization and the polarization along the
angular momentum as a function of the azimuthal angle, which has been investigated in several papers [7-15].

3)

1
$H(p) = —g € pe
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Fig. 1. The space-time diagram of a relativistic nuclear collision in the center-of-mass frame. Xq is the 3D hypersurface where LTE is achieved, Xfo is the freeze-out
hypersurface. The o are the side branches subsets of X¢q and Xp is the hyperplane connecting the limiting surfaces of Xro. In the volume 2, matter is in the quark-gluon
plasma phase.

In this work, we will show that also the symmetric gradient of 8 contributes to the spin at local thermodynamic equilibrium at the
leading order. This term is non-dissipative as well as non-local for it depends on a specific 3D integration hypersurface and implies a new
relativistic effect, namely a coupling between spin and the shear tensor in a relativistic fluid.

Notation

In this paper we adopt the natural units, with i = c = K = 1. The Minkowskian metric tensor g is diag(1, —1, —1, —1); for the Levi-
Civita symbol we use the convention €9123 =1,
We will use the relativistic notation with repeated indices assumed to be saturated. Operators in Hilbert space will be denoted by a wide
upper hat, e.g. H, except the Dirac field operator which is denoted by a W.

2. Local thermodynamic equilibrium and its gradient expansion

For a relativistic quantum fluid which, at some time, achieves Local Thermodynamic Equilibrium (LTE), a powerful approach is the
Zubarev's method of the stationary non-equilibrium density operator [16,17]. We refer the reader to the recent paper [18] for a more
detailed description. The actual density operator of such a fluid, in the Heisenberg representation, is:

1 ~ -~
p=—exp|— / A=, (TH 0By (x) — ¢ (0" ) |, (4)
Yeq

where g is the four-temperature vector, ¢ the ratio between chemical potential and temperature and X.q is some initial 3D hypersurface
where LTE is achieved. For relativistic nuclear collisions, this is supposedly the 3D hyperbolic hypersurface where the quark-gluon plasma
(QGP) thermalizes (see Fig. 1). It should be pointed out that the form of the local equilibrium density operator is pseudo-gauge dependent
[19,20], with the form in eq. (4) applying to the Belinfante stress-energy tensor only. We note right away that the final result of this work
would be the same if we used the canonical stress-energy tensor instead; this is shown in detail in the Appendix A. Henceforth, it will be
understood that T is the Belinfante symmetrized stress-energy tensor.

The operator (4) can be turned into a more manageable form by means of the Gauss’ theorem, taking into account that T and /_]\ are
conserved currents:

1 ~ ~ 1 ~ - ~ ~
p=exp|— / dz, (THBy —j*¢) | = ZeXp | = / dz, (THB, —]“g)+/ds2 (TH'VuBy — j*Vui) |, (5)
Yeq (1) Q

where X(7) is some 3D hypersurface at “present” time 7. In the case of heavy ion collisions the hypersurface X(t) is usually the joining of
the freeze-out hypersurface Xrp encompassing the QGP space-time region and the two side branches o+ subsets of the X¢q, as shown in
Fig. 1. A peculiarity of the heavy ion collisions is that the hypersurface of “present” local equilibrium is partly time-like, that is i -7 = —1.
In the right hand side of the density operator (5) the first term is the LTE and, as expected for a quasi-ideal fluid such as the QGP, it
is the predominant one; the second term is, on the other hand, supposedly a correction and it is responsible for everything that can be
called dissipative. Indeed, it can be shown that entropy is generated only if the second term is non-vanishing [16].
We shall focus on the LTE term:

~ 1 Fuv i
e =5-ew |~ [ 4z, (U 0p0) T 0x) | (©)
x

The density operator (6), as well as egs. (4) and (5), is independent of the hypersurface only if the g field satisfies the Killing equation
[21]. When calculating the mean values of any local operator O (x), as the thermodynamic fields 8 and ¢ are supposedly slowly varying
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compared to the correlation lengths between 0 and the operators T and 7 (see e.g. ref. [22]), it is a good approximation to expand 8 and
¢ in a Taylor series from x:

Bu(¥) = By (X) + 3, By () (¥ — x)*

and similarly for ¢. Thus, we have:

A 1 ~ - ~
Tr(pLEO(x»:Z—LETr exp | — / Az, (THYWIBy () + 338y () (¥ — 0 = JF WL X) + 8.0y — M) [ 0(%) (7)
>z

LE

1 =~ ~ ~
=-—Tr{exp —ﬂv(x)/dﬁu T’”(y)—axﬁu(x)/dzu (v =0T (y) —C(X)/dzu e+
z z z

—3,¢(%) / ds, (y =0 * | 0w
>

For the sake of simplicity, we will omit the gradients of ¢ and focus on the gradients of 8, which are the most relevant for our purposes.
These gradients can be split into a symmetric and an anti-symmetric part giving rise to:

1 ~ ~ 1 ~ ~
ST / 4% [ =0 TR @) = (v =0 TR 0] = 5 0u + 0u) / A=, [(y — P T (y) + (y — 0" T (9)] (8)
> >

where o is the thermal vorticity (1). We can recognize in the first term of the above equation the total angular momentum-boost
operators J2V (with a proviso, see ref. [23]) centered in x, while the second term includes the non-conserved operator:

Q= / =y [(v =0 T3 + (v =0 TH ()] .
z

coupled to the thermal shear tensor:

1
EM} = 5(8A/3v + avlgk) (10)

which vanishes at global thermodynamic equilibrium due to the Killing condition. It is very important to stress that Oy is a tensor in a
more limited sense than the angular momentum-boost operator J. Indeed, since the integrand of Qy in eq. (9) is not divergenceless:

[y =0T ) + (v =0 TH ()] = 2T
its value specifically depends on the hypersurface X, unlike Tx, and, strictly speaking, should then be denoted as GX(E) (even though we
will not use that notation). In quantum language, the operator Qx does not fulfill the transformation rule for a tensor operator under a
Lorentz transformation, that is:

AQERTTEATIATYQL,

where A is the unitary representation of the Lorentz transformation A in the Hilbert space. This implies that all results involving 0., for
instance in quantum correlators, will eventually depend on that hypersurface and are thus expected to break local covariance.
Altogether, in the eq. (7), we can approximate the local thermodynamic equilibrium operator at first order in the gradients as:

~ 1 DV 1 “TAV 1 AV
PLE ™ —— €Xp [—ﬂv(X)P + EZUAV(X)JX - Eéxu(x) Qy (E)} , (11)
LE

where P is the total four-momentum operator and the dependence on the hypersurface of the last term was highlighted.
3. Spin and thermal shear tensor

The mean spin polarization vector of a spin 1/2 particle can be obtained from the particle term (i.e. the future time-like part) of the
Wigner function W+ [23]:
1 [dS ktr[yHy > WH(x, k)]

(o) —
ST =3 J5dZ - ktr[WH(x, k)]

(12)

As pointed out in ref. [23], this formula applies to free, or quasi-free fields, therefore, in relativistic nuclear collisions, only to hadronic
fields if X is a 3D hypersurface outside Xfp in Fig. 1. Furthermore, it is convenient to set X = Yo to calculate it most accurately. The
Wigner function is the expectation value of the Wigner operator [24]:

1

W+ _ 0 2
W (x, k) =60(k"6 (k )(271) .

/d“s e kS Wy (x+5/2)Wa(x —5/2) 1, (13)

3
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W being the free Dirac field, “::” denotes the normal ordering and 6 the Heaviside step function. In the application to relativistic nuclear
collisions, W is to be understood as an effective hadronic field. For our purposes, the Wigner function is the expectation value of (13) with
the LTE operator (6) W;(x, k) =Tr (pLEW (x, k)) As has been mentioned, in the hydrodynamic limit of slowly varying thermodynamic
fields, one can approximate the Wigner functlon in x by making a Taylor expansion of the four-temperature in (6) around the point x. The
contribution to the local expectation values of the gradient terms of the (11) is small compared to the contribution from the term B(x) - P,
hence one can expand the exponential in (11) with the familiar techniques of linear response theory [17]:

eA+B=eA+/dzeZABe‘ZAeA+-~,

where:

o~

-~ o~ 1 VA 1 Al
A=—pX) P, B=smn®]" = 580w®Q .

Thereby, the Wigner function, and the spin vector as well, in (12) will receive two linear corrections: one proportional to thermal vorticity
involving correlators between the Wigner operator and the angular momentum-boost operator 7x and one proportional to the thermal
shear tensor, involving correlators between the Wigner operator and the operator 0. The thermal shear tensor contribution to the spin
vector has been usually neglected, for a twofold reason: first, it certainly vanishes at global equilibrium because of Killing condition
and, secondly, the symmetric part of the gradients are canceled by the Levi-Civita tensor in the formula (3). However, we will show,
that a combination of thermal shear tensor and momenta eventually survives and gives rise to a contribution which can be numerically
important, especially for a fluid which is not yet very close to global equilibrium.

To make calculations more compact, we will not separate the symmetric and antisymmetric part of the Taylor expansion of 8 like in
eq. (8) and study the linear response in terms of the perturbation:

o~

B= _/dzk(y)?“(y)Aﬂp(x, y),

=
where:
ABp(x, ¥) = Bp(¥) — Bp(®) = o Bp(X)(y —X)7. (14)
Therefore, the particle term of the Wigner function at LTE can be approximated by:
(W (x. K)LE = (W (x.K)) gy + AW (%, ). (15)
with:
1
AWk == [ dz [ dZ. A8 06 D Wb IOT (3 + 2000 oo (16)
0

where with (---)gx) we denote the thermal expectation values calculated at the homogeneous global thermodynamic equilibrium, i.e.
with the density operator:

1 ~
Po=- exp[—B () - P].
The subscript ¢ on the thermal average in (16) denotes the connected part of the correlator, that is, for the simplest case of two operators:

(0102)c = (0102) — (01)(02).

The two terms of the right hand side of the eq. (15) can be evaluated with standard techniques (see Appendix B) and turn out to be:

Wg % k) = (W k) gy = (m+ yHk,) (k% —m )e(ko)(2 )3np()
and
1 d3
+ _ p’ st (ko PP
0 x
X T (p, p')ap €'P~PI*0e2P=PPnr(p)(1 — np(p)),
where T is

T“’<p,p’>ab——[(p +my*(p+m), (pf’+p’p)+ [(p +m)y?(p +m)], (0" +p™). (18)

We can now replace the Af in eq. (17) by using eq. (14):



F. Becattini, M. Buzzegoli and A. Palermo Physics Letters B 820 (2021) 136519

1
1 (y—x)"/ /d3 p ( p+p’)
awgk == [ ae [ammaen, G5 [ 50 [5F 2 (19)

0 >
X T (D, p)ap € PPIXDZP=P By (p) (1 — np(p')).

It is convenient to work out the integration over X in the eq. (19) by using the Gauss’ theorem, and splitting it into an integral over a flat
3D hypersurface X3 and a 4D integral over the region Q2 encompassed by ¥ and Xp; for instance, for heavy ion collisions applications,
it is convenient to choose ¥ = Xrq, see Fig. 1. The formula (12) is thus the sum of a 4D integral and a 3D boundary term:

1f2d2 ktr[yHy AgWh(x k)] 1 [cdS-ktr[yFy ApgWF(x, k)]

SH(k) == St (k) + Shy g (k) = = - 20
002 Si.000 + St n 0 [5d= -ktr[Wg (x, k)] 2 [pdS-ktr[Wg(x, k)] (20
where:
1
0, X ¢
AgWE(X,k):—/dz/d“y kPoX) _PtP
a 2m)8 Zsp 2€p 2
0 Qp
X TP (p, pape PP PP ng(p)(1 — ne(p')),
and
! )K d3 /
— X p 4 +p
AgWHh(x, k) =— [ dz | dZ,(»)d
sW (%, k) / Z/ (V) Kﬁp(X) (271)6 28,, 2¢, ( 2 >
0 Tp
x T (p, p')ape' PPV PP P ng(p)(1 — np(p')).
Consider the 4D integral first. Assuming that the region Q3 is large enough, we can approximate it with:
/ d*y el PP ~ 527353 (p—p')
Qp
where §t is the temporal extent of the region Q2. Hence:
1 d*p
AW (X, k) = — 8t 0 Bp (%) on )3/—84 (k—p) T**(p, P)apnr(p)(1 — NE(p)). (21)

Plugging this expression in the (20), taking into account that

[y y>(p' +myy*(p + m)] = 4ie"* " pop,,

and keeping in mind the (18), we readily find that tr [y“ySAQ W(x, k)] =0, so that the 4D integral does not contribute to the spin
vector. We note that such a result is naturally expected for the angular momentum-boost operators, as they are a conserved charge
independent of the integration hypersurface, but it is not obvious for the Q, pseudo-tensor. Indeed, the vanishing of the volume term is
a specific result owing to the choice of the region where the Gauss theorem has been applied and the observable, the spin polarization
vector.

We can now move on to the ¥p term. We start to evaluate the numerator:

ME/dZ'I(tr[VMVSABW+(X, ]

34 ’
~en )6/ > "/ oo [ 5 JE= e
P’
by

B

x [i€M7% popl kP + i€ po pl k*] e PP Pnp(p)(1 — np(p'))

and the denominator:

Dz/dZ«ktr[WJ(x, k] = (247"1)3/@ k8 (k> —m?)6 (ko)np (k)

of the second term on the right hand side of (20). If the hypersurface Xp is large compared to the other scales, it can be approximated
with an unbounded hyperplane and so:

/ A, (y)(y — x)< PPV = / By by —x)el PPy
) B (22)
~ — i, A (2)° (p-p)+LE Q)3 At (p—p),

op’

K’
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where { is the unit vector normal to g (which corresponds to the time direction in the QGP frame of Fig. 1) and AXY = nHv — thEy,
At=(y—x)-f and y-f is constant in S by definition. Notice that both terms in the integral of A/ contain the momenta p and p’
contracted with the Levi-Civita tensor and that the second term in (22) sets p’ = p in A after integrating p’; we therefore conclude that
the second term in (22) does not bring any contribution. Therefore:

dx -k | dz

—8@P-p)

dp’ s (PP
28y 2

(27[)3 ) axﬂp(x)tAA K’

Zep 3P/
x [GW"prpgk” + €M™ popl k] e P PP ng(p) (1 — np(p')).

Integrating by parts in p’ and taking advantage of the vanishing of the square bracket for p’ = p, we obtain:

H—
@2mr)?

f dS - kd By (x) f —84(k—p>nF<p>(1—np(p»m” [e““"p i —ZkP + €M™ p, k*]
Py ap/(’

where we have to take into account that dpg/dp, is non-trivial being p on-shell. We can then integrate in p getting:

" /dE k i Bp ()0 (ko) (k* — m?)ng(k) (1 — np(k)) . A%, slkg ke

- @m)?

[ ;Mrokp +€HPTU]<)~] ,
Kic! Ek

where k is on-shell. Notice that the index «’ is in fact a spatial index, therefore:

ak Co ke
T —AF

- o
ok, o &k

Using the previous derivative and the decompositions
A~ ’ A ’ A ’
kP =tPgy + A‘;,kp , €MPTO = FPeMPTOR | ehP T"A’;/ ;

we can rewrite A as:

Nt = Qn )3/dE ki Bp (%)6 (ko) (k* — m?)ng(k)(1 — ng(k))

k
x €HATO 8’ (2 TP A e+ AP KK A B+ AR AF K< T+ A" AK ek)
k

Now we can split the gradient of g as the sum of the thermal vorticity and the thermal shear:

1 1
axﬁp = 5 [akﬂp + apﬂk] - 5 [apﬂx - af(ﬂp] = %-K,O — Wkp>

thus obtaining the linear contributions from the angular momentum-boost operators Jx and the operator Qy in the (11). For the thermal
vorticity o we obtain:

-1
NE =G / d - k6O (ko)s (k> —m*)np(k)(1 — np (k)€ o T mryp ke
)
whence:
fE dx - knp(l —NF)Wyo
JsdZ -knp

1
S (k) = —%e‘“’“k,

which is the known expression in eq. (3). Similarly for the thermal shear term, simple calculations yield:

0
N =- % / d= - k6 (ko)s (k> — m*)ne(k)(1 — nF(k))eW”k,E,,ggpk—
(27) J &k

whence it follows, replacing the four-momentum k with p:

1 E/warprp fz‘dz pnF(l_nF)tVSUp

sStp)=——
£ & [£dZ-pnF

(23)

which is, in general, non-vanishing. As has been mentioned, the integration hypersurface X, in relativistic nuclear collisions, is the freeze-
out Yo (see Fig. 1). This term is a new, non-dissipative contribution to the spin polarization vector at local thermodynamic equilibrium
to be added to the (3).
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4. Discussion and conclusions

The striking difference between the (3) and the new term (23) is that the latter apparently breaks covariance, for the presence of the
ty, the time direction in the QGP frame (see Fig. 1). The reason is the inevitable dependence of Qy operator (9) on the particular 3D
hypersurface of integration, as it has been discussed in section 2. The appearance of a particular vector f, which is, in a sense, the best
approximation of the unit vector perpendicular to the hypersurface X, is the telltale sign of this dependence.

The tensor & can be covariantly decomposed along the four-velocity of the fluid into:

s—la L R lu+l(Au+Au)+lcr +Loa (24)
v\ )P T 2P\ )T T ar NPT T ORI e 3 A

In the (24), denoting by V, =3, —u,u -9 and Ay, = g,y — uyly, A=u-0Ju is the acceleration field, o is the properly called shear
tensor:

1 1
Opy = E(VMU\) + VUU/L) — §AM‘)9

and 6 = V - u the expansion scalar. All of these terms can contribute to the spin vector (23), however only one of them, namely the
temperature gradient, has a non-vanishing non-relativistic limit:

1 [dxnp(1—np)V(F)
v x
8 [ d3xng

while all remaining terms, including the spin-shear coupling, are purely relativistic. Such a term was already noticed in the non-relativistic
limit of thermal vorticity [25], and provides an equal contribution. This will be the subject of further work.

The additional term of spin polarization vector (23) is linear in the gradients of the thermodynamic fields and can then play a major
role in driving the local spin polarization pattern in relativistic heavy ion collisions. We will show its numerical impact in a forthcoming
paper [26].

Se =

(25)
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Appendix A. Canonical stress-energy tensor and operator @x

The purpose of this section is to show that, for the free Dirac field, the operator 0y in eq. (9) with the Belinfante stress-energy tensor:

0= [az 6 -0 T W+ 0 -0 T )] (A1)
z

is the same if we replaced T with the canonical stress-energy tensor Tc of the free Dirac field. Starting from the pseudo-gauge transfor-
mation relation between Tg and T¢:

~ ~ 1
T =T Lo (S0 - e - g,

where S is the canonical spin tensor of the free Dirac field. This is known to be dual to the axial current, hence it is completely antisym-
metric in the three indices; hence, the above transformation formula simplifies to:
~ -~ 1
MUY v ~a QUpY
Ty =T + 3 0 S

By plugging this formula into ax, we obtain:

A A~ ~ 1
&= / 4 [ =" T+ =0T W) |+ f Ay [ =01 0S " + (y — 0" 9S4 (A2)
) z

We now focus on the integral term involving the spin tensor. Integrating by parts we get:

/dEM [y =008 + (y — %" 8,5**] = / A%y 0 [(y — 0S¥ + (y — x)V SHH*] - / Az, (SH 4+ 8V,

) b x
The second integral on the right hand side vanishes because of the anti-symmetry of indices, so we are left with a 3D integral which can
be turned into a surface 2D integral by means of the relativistic Stokes theorem:

7
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/ A5, 90 [(y — 08 4 (y — 0" &*] = / 050 [y — %P F 4 (y — 0" 5.
z X

This integral can be made vanishing by enforcing suitable boundary conditions on the Dirac field; if ¥ = Xrp Uo+ (see Fig. 1) and
discussion in section 2), usually anti-periodic boundary conditions for a compact hypersurface ¥ are enforced before taking the limit to
infinity. Therefore, only the first integral in eq. (A.2) contributes to the operator Qy, which is the same in form as in eq. (A.1).

Appendix B. Local thermal equilibrium value of Wigner function

In this Appendix we evaluate the local thermal equilibrium Wigner function in eq. (15), which is given by the sum of the Wigner
function at global homogeneous thermal equilibrium [28]

Wq (% k) = (WHxK) gy = (m+ yHky) 8% — m?)6 (ko) ———n (k)

@ )3

and the first correction in temperature gradients (16). First, to work out the (16), we take advantage of the following relation between
Belinfante stress-energy tensor operator and the Wigner operator:

T (y) = %/d“k’ (KPtr [y W (y, k)] + Kk e [yPW (v, K)]).,

hence the (16) becomes
1
awhixto =3 [ dz [ammagoy [ 5 K0v+K9) W00 Wealy + 12800, K oo (B:1)
0o = cd

Thereby, the calculation of (16) boils down to the evaluation of the correlator of two Wigner operators at homogeneous global equilib-
rium. For this purpose, we shall express the Wigner function in terms of the normal modes of the Dirac field:

ok 1 &k —ikoxg ik-x7 T
W) = U_Z s / [ug(k)e o (k) + vo ke Bl (0],
where creation and annihilation operators are covariantly normalized:
[G5 (@), 8 ,(@)]s =26¢850:8> @ —q).
and u and v are the spinors of the Dirac field satisfying:
Ug KUy (k) =2méyq, Vo R)Vgr (k) = —2mbyq.

From the definition of Wigner operator (13) we obtain:

W x. k) = (1= P52 ) e Pur (paite (sl (p)Er ().

(27r 28p 28,,

The thermal correlator between two Wigner operators involves the connected part of the thermal average of four creation and annihilation
operators which is given by:

(@ a,8304)c = (@}a20504) — (@) 82) @504) = (@,da) (@285).

where '61 and @, come from the first Wigner operator and @ a; and 14 from the second one. The thermal averages of creation-annihilation
operators at the homogeneous thermodynamic equilibrium are well known quantities:

@ () (@) py =870 2695° (K — Qe (k).
@ (K8} (6)) g0 =8r70:269'8° (K — @) (1 = np(K)),
while all other combinations vanish. Taking advantage of the spinor identity

> us(p)iig(p)=p+m,

it is then straightforward to show that the thermal correlation between two Wigner operators turns out to be:

o' PHP \safp PP
(2n)6 26, 2 2

x (p' + M)aa (P + m)cpe’ PPV P=P b ng(p)(1 — np(p')).
Plugging this expression into (B.1) we readily obtain the eq. (17).

(W (O Wea(y +i2B(), K))e pix) =

28p
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