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Abstract

We deal with the analysis of a general equilibrium model with restricted participation
in financial markets and with numeraire assets. We consider an exchange economy
and assume that there are two periods of time and S possible states of nature in the
second period. Markets may in principle be complete, but each household has her
own specific restricted way to access to it. In particular, we assume that households
are allowed to choose portfolios in a closed and convex set containing zero. Our
main goal in this work is to provide a proof of existence of equilibria under rela-
tively general assumptions, by assuming that the households may have non-complete
or non-transitive preferences, and by using a variational inequality approach. More
precisely, we introduce a sequence of generalized quasi-variational inequalities and
we show that an associated sequence of solutions converges to an equilibrium.
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M.B. Donato et al.

1 Introduction

The object of this paper is the analysis of the existence problem in a general equilib-
rium economic model with restricted participation on financial markets. The desired
goal is accomplished by using a variational inequality approach.

The model describes an exchange economy where time and uncertainty are explic-
itly taken into account. Agents live for two periods and in the second period a finite
number of uncertain scenarios, or states of the world, can occur. We assume that they
can have non-complete or non-transitive preferences. It is assumed that agents cannot
directly exchange goods in different states, but they can use financial assets to indi-
rectly accomplish that task. A financial asset is a binding contract which in exchange
of a payment in the first period gives the right to receive back some resources in each
state the second period. It is well known that if the number of available, sufficiently
diversified assets is large enough, then an equilibrium exists and it coincides with the
standard equilibrium in an exchange economy - see Arrow (1953). If that is not the
case, it can been shown that equilibria still exist - see Cass (2006), Werner (1985) and
Geneakoplos and Polemarchakis see (1986) - but with dramatically different proper-
ties - see Villanacci and others (Villanacci et al. 2002) for a formalization and a proof
of the above sentence. Observe that in the above framework, agents or households
are assumed to be free to buy any vector of assets, so-called portfolios, in the whole
Euclidean space of dimension equal to the number of available assets.

The above model of so-called incomplete financial markets has been criticized
under the simple observation that recent years have witnessed the very fast growth
of the number of qualitatively different available financial assets. It seems hard to
believe that the assumption about the availability of too few assets does hold true in
current financially very sophisticated economies.

On the other hand, “while there might be some disagreement over whether, in
a modern developed economy, financial markets are actually incomplete, there can
hardly be any disagreement over whether at least some economic agents are vari-
ously constrained in transacting on those financial markets.”! It is then important
to generalize the incomplete market model adding the restriction that each agent or
household can choose her portfolio holdings in a personalized subset of the appropri-
ate Euclidean space of dimension equal to the number of available assets. This subset
represents the household specific portfolio set, i.e., the set of possible credit trans-
actions available to the corresponding household. The above model of “restricted
participation constitutes a bona fide generalization of the model with incomplete
markets, but the latter potentially embodies far more interesting institutional fea-
tures (and not just the flavor of restricted participation) since it permits, for instance,
modeling short sales bounds or market margin requirements .

ISee Cass (1992), p. 274.
2See Cass (1992), p. 275.
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Restricted Participation on Financial Markets: A General Equilibrium...

Several contribution on the topic are available in the literature. The first contribu-
tion was provided in the research group leaded by David Cass at the University of
Pennsylvania and it is the paper by Siconolfi (1988), where existence of equilibria is
shown in the case of nominal assets.> More recent contributions by Aouani and Cor-
net (2009, 2011) deal with numeraire assets* and more general assumption on the
financial side of the economy.

Several other contributions present either extension of the framework of the model
or deeper analysis of properties of equilibria. In Gori et al. (2014) and Seghir and
Torres-Martinez (2011), authors prove existence in the case of financial constraints
depending on some endogenous variables and in Balasko et al. (1990), Gori et al.
(2013), and Hoelle et al. (2016), authors prove regularity of equilibria in different
specifications of the restricted participation model.

Our model continues the line of research by Aouani and Cornet (2009), Aouani
and Cornet (2011), and Siconolfi (1988). By using a variational inequality approach,
we show the existence of equilibria in a model with numeraire assets and restricted
participation. More precisely, we provide a different and, we believe, easier existence
proof under assumptions at the same level of economic generality as in Aouani and
Cornet (2009). It is well known that a variational inequality problem provides a gen-
eral formulation that encompasses many mathematical problems, including, among
others, nonlinear equations, optimization, complementarity and fixed point problems.
The theory of variational inequalities was introduced in the seventies by Stampacchia
(1964), as an innovative and effective method to solve equilibrium problems arising
in mathematical physics. Nowadays, the variational inequality, with all its general-
izations and extensions, has developed as a powerful tool for the analysis of several
classes of equilibrium problems arising in different branches of applied sciences. For
the state of the art about this topic, see Allevi et al. (2019), Aussel (2014), Aussel
and Dutta (2008), Barbagallo et al. (2014), Berglund and Kwon (2014), Daniele et al.
(2014), Donato et al. (2016), Donato et al. (2018a), Donato et al. (2018b), Friesz
et al. (2001), Hamdouch et al. (2016), Jofre et al. (2007), Milasi (2013), and Scrimali
(2014) and references therein.

The paper is organized as follows. In Section 2, we describe the set-up of the model
and present and discuss our assumptions. To better appreciate the contribution of our
paper, we compare our assumptions on the financial side of economy with those used
in Aouani and Cornet (2009), Aouani and Cornet (2011), and Siconolfi (1988). In
Section 3, we prove some preliminary results on the main ingredients of the model:
the set of no-arbitrage asset prices, the portfolio sets and the budget constraint set-
valued functions. In Section 4, we introduce a sequence of variational inequalities
and we show that the associated sequence of solutions converges to an equilibrium.

3 Assets mainly differ in terms of the nature of their returns: if they are measured in terms of units of
account, say euros or dollars, then assets are called nominal assets.
4Returns of numeraire assets are measured in terms of a given, so-called numeraire, good.
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The Appendix lists some well known results on variational inequalities needed in our
framework.

2 Set-Up of the Model

We consider a model of restricted participation with numeraire assets. We assume
that there are 2 periods of time, say today and tomorrow: the state of the world today
is known to individuals, and it is called state O; in the following period, S states
of the world, with § > 1, are possible. We label each state of the world, or spot,
by s, where s = 0 corresponds to the first period, and we set S := {0} U S and
S = {1, ..., §}. In this framework, a commodity may be defined in terms not only
of its physical or chemical characteristics, but also in terms of the period or the state
of nature in which it is available. Spot commodity markets open in the first and
second period, and there are C commodities or goods, with C > 1, in each spot,
labelled by ¢ € C := {l, ..., C} and the total number of commodities available in
the economy is G := (S + 1)C. There are H households, with H > 1, labelled by
heH:={1,.. H}, and A assets, with A > 1, labelled by a € A := {1, ..., A}. An
asset is an S + 1 dimensional vector whose first component is the price of the asset,
and the other S components are the yields of that asset in each state, i.e., the amount
of units of a given good, called the numeraire good, that a household has the right
to receive in each state if she purchased one unit of that asset in state 0. We choose
good C as the numeraire.

The time structure of the model is the following one. In the first period, com-
modities and assets are exchanged and first period consumption takes place. Then
uncertainty is resolved, households fulfill their financial commitments and, finally,
exchange and consume second-period commodities. Following the standard notation,
we have that x;¢ is the consumption of commodity ¢ in state s by household £, e;¢ is
the endowment of commodity c¢ in state s owned by household / and p*¢ denotes the
price of commodity c in state s and, moreover we set

. c . G ) GH
xp = (e €RY, xp 1= (x))5es0 € RY, x = (xp)pen € R77,

s . S C . : G . GH
e;l = (e;lc)cEC € R+, €p = (e;,)se.so € RJr, e:= (en)heH € R+ ,

p*i= (P Vec €RE, pli= (pP)ses € REC, pi= (p% pY) = (p")yes0 € RY.

and D := (psj)x‘jeg is a § x S matrix such that p% = 0 forall s # j and p* = p*¢
for s € S. Each individual  is characterized by a binary relation >, on R¢ which
describes the taste of household: x >j y denotes that the consumption y is at least
as desired by the consumer as x; the strict inequality x >;, y means that x is strictly
preferred to y,i.e., x >; y but not y >j; x.Finally, x ~; y means that x is
indifferent to y, that is, x >j; y and y >; x. Given the preference relation >, we
define the strictly preference set-valued function P, as follows P, : R¢ = RC,

Py (xp) = {ZGRG:z>h x} )
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Restricted Participation on Financial Markets: A General Equilibrium...

We assume that assets pay in each state in units of good C, the so-called numeraire
good. g represents the price of asset a and b represents the demand of asset a by
household &; we set

q:=(qacA €RY,  by:=(}),cq. b= Onien -

The § x A matrix ¥ := (¥*“)seS.4e4 is called yield matrix and for any a € A and
s € S, y*¢ is the yield of asset a in state s, i.e., the number of units of good C
delivered by asset a in state s.

Households are allowed to choose portfolios in a personalized subset By, of R4;
By, is the financial constrained set of household 4; define B = [ [, .4, Ba-

An economy in a financial economy model with numeraire assets and restricted
participation is an element ¥ := (e, P, Y, B) € Rﬁf X P x Mg 4 xB, where Mg 4
is the set of § x A dimensional matrices, P is the set of the set-valued functions
P = (Pp)pen and B is the set of all lists of financial constrained sets of households.
The aim of each household is to have an optimal consumption under the constraints
that in period 0 expenditure for goods and assets is smaller than the value of wealth
in that period and, similarly, in each state in the future, expenditure for consumption
is smaller than wealth increased by the value of the assets yields. For any & € H, we
define the budget set of & at prices (¢, p°, p!) as follows:

Ta(q. p°, p") : = {Gen. bw) € RY x By = (p°, xj) — ef)e + (g. )y <0,
x(p*.xp —ef)e — P’y bu)a <0 Vs €S).
The formal definition of equilibrium is presented below.
Definition 2.1 The vector (¥, E, g, D) € ROH x RAH  RA x Rﬁ is an equilibrium
vector for the economy X if

1. foranyh € H,
Gy bi) € Th(q, p°, p)
(Ph(Xn) x B) NTu(q@, p°, ) = & (N

2. foranys e S%andc e C,

Z;ia < Z e;‘lc if p~sc =0,

heH heH
DEE =D e W0
heH heH
3. foranya € A,
Y by =o.
heH

Household / choice variables are her consumption vector x;, € RY and her con-
strained portfolio b, € Bj. We then say that a consumption, portfolio holding,
commodity and asset price vector is an equilibrium vector for the economy ¥ if
at those prices, (X),, by,) is optimal in household 4’s budget set and market clears,
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i.e., commodities demand is smaller than or equal to commodities supply and assets
demand is equal to zero.

The description of the set of no free lunch good prices and no arbitrage assets
prices is a convenient preliminary step in the process of proving existence of equi-
librium prices: prices outside that set cannot be equilibrium prices. In the case of
unrestricted financial participation and numeraire asset, the set of no-arbitrage asset
prices5 for household # (see e.g. Carosi et al. (2009) ) is given by6

0"(D,Y) := {q € RA : there is no b, € R such that [;‘; :| by > 0}

- {q € RA: Vb, € RA such that DYby, > 0we have (g, bp)a > 0].

By using, a form of the Alternative Lemma (for details, see Lemma 14, page 297,
in Villanacci et al. (2002)), one has that

o"“(D,Y) = iq eRA: P 6R§_+ such that ¢ = vDY}.
Observe that if (psc)ses >> 0, then
0" (D,Y)=0" () = iq eRA: I GR§_+ such that ¢ = vY} .
In the case of restricted participation, it may be that there is b; € R4 such that
—-q
DY

allowed to demand an unbounded amount of that portfolio. Therefore, in the case of
presence of financial restriction, for given (psc)‘Y s € RS ,Y € Mg aand B € B,

by > 0, but if By is bounded in the direction of b}, then household 4 is not

we define the set’ of no-arbitrage asset prices for household / as

On(D,Y, By) := {q € RA : there is no by, € rec By, such that |: l_)?/i| by > 0}

={q e RA : Vb, € rec Bysuch thatDYb;, > 0 we have (g, bn)a > 0},
and the set of no-arbitrage asset prices as

Q(D,Y,B):= () Qu(D.Y, By
heH

={q € RA: Vbe Upeprec Bysuch that DY b > Owe have (g, b)4 > 0}.

From an economic viewpoint, prices in O, are such that if there exists a portfolio
by, which gives a positive return in some state and non-negative return in each state
tomorrow, i.e., such that DY b;, > 0, and which can bought in an unbounded amount

SIn the symbol Q, the superscript u stays for “unrestricted”.

SFor vectors v,z € R", y > zmeans that fori = 1, ...,n, y; > z;; y >> z means that fori = 1, ..., n,
y; > z; and y > z means that y > z but y # z.

7rec By, is the recession cone of By; see the Appendix for definition and simple facts.

@ Springer



Restricted Participation on Financial Markets: A General Equilibrium...

by household #, i.e., b, € rec By, then that portfolio must cost a positive amount
today, i.e., (g, bp) 4 > 0. Moreover, define

onlY, By) = {q € RA : there is no by, € rec By, such that |: _Yq :| by > 0} s

Q(Y, B) := () Qu(Y, By.
heH

Remark 2.1 For any ¥ € Mg s, B € B, and (pSC)SES € Ri+, one has that
On(Y, By) = On(D, Y, Bp). Indeed, that result follows immediately from the fact
that if (p*©) _g € RS, then

—q O (=g |, _| —4
|: v ]b>0<:> I:ODi||: % :|b—|:DY]b>O.
From now on, we make the following Assumptions.

Assumption 1 Foranyh € H, e, >> 0.

Assumption 2 For any h € H, the preference set-valued function Py, is
2.1 lower semicontinuous, with open and convex valued;
2.2 strictly increasing in the numeraire good sC, for every s € S, i.e.,

=sC =
€5 X, = x5 € Py(xp);

VX, Xp € RE D Xp > Xp with f;l
2.3 locally nonsatiated in state 0, i.e.,
Vx, = (xg,x}l,...,x,f) € Rg and Ve >0, Txp = (fg,x}l,...,x}f) € RE
such that |x) —x2|| < & and % € Py(xp).
Assumption 3 For every s € S°, ¢ € C, there exists ¢ > 0 and h' € H such that for

every x; € }RJGF, Ph’IB(xh,,g)g is strictly increasing in sc, i.e.,

= o~ = . X5C o~ =
Vxp, Xy € B(xp, €)1 Xy = X with X0 > X, = X € Py(Xp).

Assumption 4 Forany h € H,

4.1 By is a convex and closed subset ofRA and 04 € By,

42 KerYNrec By, = {04},

43 forany p € ]Rg such that p° = O¢ and for any g € C1(Qy, (D, Y, B))\ {04}
there exists by, € By, such that (—q, bp)a > 0.

Assumption 1 is a survival assumption on the commodity side of the economy: it
helps insuring households are able to buy, and consume, some good in each state of
the world.

88 (x), €) is the ball centered at x and radius &
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Assumption 2.1 is relatively general and standard in the general equilibrium
literature.’

Assumption 2.2 is based on the fact that, by construction of the model, households
agreed upon choosing the numeraire good as the unit of measure of asset yields and
therefore “they strongly like that good”.

Assumption 2.3 simply says that households care about consumption in period
ZEero.

Assumption 3 stresses the fact that each good is appreciated at least by one
household.

Assumption 4.1 is quite general and implies that households are allowed to stay
out of the financial market.

Assumption 4.2 is crucial in several steps in the proofs below and it is implied by
any of the following conditions: Bj, is bounded (which implies that rec Bj, = {04});
there are no redundant assets, i.e., rank ¥ = A (which implies that KerY = {04}).

Assumption 4.3 is a survival assumption on the financial side of the economy: it
insures that even if the available endowment at time zero has no value, then there
exists an admissible portfolio which generates positive wealth in state zero itself.

Several reasonable conditions are indeed sufficient for Assumption 4.3 (see Propo-
sition 2, page 776, in Aouani and Cornet (2009)). For example, it is enough that for
any households there is a lower bond on some asset demand, or the origin of R4 is
an interior point of the portfolio set.

We can observe that our assumptions are at least as general as Siconolfi’s ones
(see Siconolfi (1988)). More precisely, Assumptions 4.1 and 4.3 are identical to those
assumed by the most relevant contributions which are related to our work, i.e. Aouani
and Cornet (2009) and Aouani and Cornet (2011). Assumption 4.2 is not logically
comparable with the corresponding one in Aouani and Cornet (2009) and it is indeed
less general than that one in Aouani and Cornet (2011); on the other, all the economi-
cally interesting conditions proposed in Aouani and Cornet (2011) which imply their
assumption do imply ours as well. Moreover, the proof of existence in Aouani and
Cornet (2011) is a further elaboration on the already not trivial proof in Aouani and
Cornet (2009).

With respect to the consumption side of the model, we point out that we analyze
the case of preferences represented by a continuous, quasiconcave utility function
satisfying some monotonicity assumptions. This approach is line with other contribu-
tions in the literature and it is more general than Siconolfi’s approach (see Siconolfi
(1988), page 276). Our assumptions on preferences are definitely less general than
those analyzed in Aouani and Cornet (2009) and Aouani and Cornet (2011).

3 Preliminary properties

Proposition3.1 1. @ # Q“(D,Y)C Q(D,Y,B) CCI(Q (D,Y,B));
2. foranyy € Ryy, onehasy Q(D,Y,B) € Q(D,Y, B);

9This general way to describe the tastes of the households encompasses the case where the household /
has a preference relation >, which is a complete preorder.
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3
4
5.
6
7

Q(D, Y, B)U{04} is a cone;

Q(, B) isopen and Q(D, Y, B) is convex;
Cl(Q(D,Y, B)U{04}) =Cl1(Q(D, Y, B));
Cl(Q(D,Y, B)) is a convex and closed cone;
forany a € R\ {0},

aQ(D,Y,B) = Q(D,aY,g);

forany a € R\ {0},

aCl(Q (D, Y, B)) = Cl <Q (D, ay, g)) .

Proof 1.-2.  As observed in Section 2, from a form of the Alternative Lemma,

0“(D,Y) = {q €RA: Vb, € RA st. DYby, > Owe have (g, bp) 4 > o}.

Then, the desired conclusions follow from the fact that rec B, C R4 and from
the Definition of Q(D, Y, B).

Take ¢ € Q(D,Y, B) U {04}; we want to show that for any A € Ry,
we have Ag € Q(D,Y,B) U{04}. If ¢ = 04 or A = 0, we are done.
If g € Q(D,Y,B) \ {04} and L > O, from item above it follows that
rq € Q(D,Y, B).

Convexity follows easily from the definition of Q (D, Y, B). About the open-
ness of Q (Y, B) observe what follows. Suppose otherwise; then there exists
g € Q(Y, B) such that for any n € N, there exists ¢” ¢ Q(Y, B) and such
that ||lg — ¢"|l < % and therefore lim ¢" = g. Since for any n € N,

n—-+00

q" ¢ Q(Y, B), then, there exists bh € recBy, such that YbZ > 0 and
{(q",by)a <0.Then, forany n € N, b} # 04 and, without loss of generality,

bl
lim = bo # 04. Then, taking also into account that, from Proposi-
n—+00 IIthI

tion 6.1 in Appendix, rec By, is a cone, we have

_”23” € rec By, ”z,,” > 0 and {(g¢" ||b"||>A < 0. Taking limits for

n — +o00o, we get bh € recBy, th > 0 and (q, bh)A < 0. We now claim
that Y bo > 0; indeed if we suppose otherwise, we have bo € KerY and then,
since bo # 04, Assumption 4.2 is violated. Then, we showed that there exists

bh € recB, C By such that th > 0 and (q, bh) A < 0, contradicting the
assumption that g € Q(Y, B).
Clearly, C1(Q(D, Y, B)) C C1(Q(D, Y, B) U{04}). We prove that

CI(Q(D,Y,B)U{04}) €ClQ(D,Y,B).

Letg € C1 (Q(D, Y, B)U{04}). If ¢ = 04, we can take an arbitrary ¢* €

QO(D,Y,B) and g, = %q*. Since Q(D, Y, B) U {04} is a cone, we have

{gninen © Q(D, Y, B) and hT gn =04 = g; thatisq € C1Q(D, Y, B).
n—+0oo

If g # 04. There exists a sequence {g, },eny S (Q(D, Y, B)U{04}) such that
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liT qn = q . Since g # 04, there exists v € N such that for any n > v,
n——+0oo

gn 7 04. Hence {gn}neny € O(D, Y, B),and g € C1(Q(D, Y, B)).

Since Q(D, Y, B) U {04} is a cone, then C1(Q(D, Y, B) U {04}) is a cone.
Hence, from C1(Q(D, Y, B)) = CI(Q(D,Y, B) U {04}) and taking into
account that Q(D, Y, B) is convex, C1(Q(D, Y, B)) is a closed and convex
cone.

Firstly, we prove that «Q(D,Y,B) < Q(D,«aY, g). Taken ¢ €
aQ(D, Y, B), then there exists ¢ € Q(D, Y, B) such that ¢ = ag’, that
is ¢ = Z. From £ € Q(D,Y, B), we have that Vb € Ujcyrec B,
such that DYb > 0 it follows that (g, b)sy > 0. We have to prove that
Vb € Upeyrec % such that e DYD > 0, it follows that (g, Z)A > 0. Taken

be Upeprec % such that «DYD > 0, then there exists /' € H such that
b € rec % =sgn (é) rec By , where last equality follows from Proposition

6.1.2 in the Appendix. Observe that ab € « sgn(é)rec By = |ajrec By =
rec By, then, by assumption, (g, az) 4 > 0. Then (g, B) A > 0 as desired. In
order to prove that Q(D, Y, g) C aQ(D,Y, B), observe that the argument
is basically symmetric to the above one.
C For any g € «aCl(Q(D,Y, B)), there exists {gnlneN
Q (D, Y, B) such that lim,,_, 4 o0 g, = q. From item 7, {aq, }neN
0 (D, aY, g); thenag € C1 Q (D, aY, g)
D From 7. above, it suffices to show that

-
-

Cl(xQ(D,Y,B)) 2aCl(Q(D,Y, B)) .

Indeed, f : RA — RA, f (x) = ax is continuous and, from basic
general topology, for any set X € R”, f (C1(X)) € Cl(f (X)) and
therefore the desired result follows. O

Proposition 3.2 Let B C R4 be given.

1.

If B is a convex set such that 04 € B, then for any A € [0, 1], one has AB C B.
If B is nonempty, closed, convex and 04 € B, then for any o« € R\ {0} one has
that o B is nonempty, closed, convex and 04 € o B.

If KerY Nrec B = {04}, then for any a, P € R\ {0} one has Ker (BY) N
rec (a B) = {04}.

Proof 1. Forany A € [0, I]and b € B onehas Ab = (1 — A)04 + Ab € B.
2. The thesis follows from properties of B.

3.

Since Ker (BY) := {b eRA:BYb = 0} = KerY and rec(eB) = sign(a)rec B
(see Proposition 6.1 in the Appendix), one has

Ker (BY) Nrec (e B) = Ker Y N (sign () rec B) .

If there exists b # 04 such that b € KerY and b € sign («) rec B one has that
b* = (signa) b # 04 and b* € Ker Y Nrec B, a contradiction. O
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Proposition 3.3 Let a set B satisfying Assumptions 4.1 and 4.2 be given. Let also a

sequence {0y }neN such that o, = ”) 0 with {x,}nen € B and hIJ’l:l |yl = 400
o0

and lim «, = o be given. Then,
n—+oo

1. foranyn eN, «a, € rec B C B;
2. ae€recB CB.

Proof 1. Thanks to Proposition 6.1 in Appendix, it is sufficient to prove that for
any A > 0, Ax,, € B. For sufficiently large n, one has € (0, 1); then, since
Bisconvexand 04 € B

A A
Ay, =(1— 204 + X, € B
lynll llynll

thatis «,, € rec B C B.
2. Letan arbitrary A € R be given. Since Ax, € B and hm Xan = Aa, being B

n—-+

IU [

a closed set, one has Ao € B. Hence o € rec B.
O]

Proposition 3.4 Let a set B satisfying Assumptions 4.1 and 4.2 be given. If
{bp}nen € B and there exists y € RS such that lim Yb, = 3, then there exists a

n——+00

subsequence {by, }reN of {bn}nen such thatk lim b, = beB.
—+00

Proof Given a sequence {b,},ey € B € R4, then either the sequence {by}pen is
bounded or it is unbounded. If it is bounded, taking into account that B is closed,
then {b,} admits a convergent subsequence {by, }, that is limy_, 40 by, = b € B.
Now, we want to show that the sequence {b,},en cannot be unbounded. Suppose
otherwise lim,_, 4o0 ||by|| = +00. Define b, = HZ T € 9B(04, 1), then {b,} admits

a convergent subsequence (b ) such that limy_, | b,,k = b # 04. From Proposition
3.3.2, one has that b erec B € B. Moreover

1
lim Yb, =Yb d lim Yb, = lim Yb, —— =75-0=0
koo an e N T T S
Hence Yb = 0s. Summarizing, we have that b # 04, berec Band Yb = Os. Then
Ker YN rec B # {04}, contradicting Assumption 4.2. O

We now define p := ) .5 D ,c4 ¥*“. The proposition below says that there is no
loss of generality in assuming p > 0, a condition which is crucial in the arguments
below.

Let P* be the set of the preferences set-valued functions satisfying Assumptions
2 and 3; let F'0 be the family of pairs (Y, B) € My 4 x B satisfying Assumptions
4 and define £ = Rgf x P* x F to be the set of economies satisfying all our
maintained assumptions.

10 F stays for financial structure.
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Proposition 3.5 For any a € R\ {0},
l. =(,PY.B)eE® 5= (e, P.aY, (&) eé&;

2. ( b q, p) is an equilibrium for ¥ if and only lf(x ,aq, p) is an equilibrium
for 2y,

Proof 1. Thanks to Propositions 3.1, 3.2, economy X satisfies Assumptions 1, 2,
3 and 4 .1 and 4.2 if and only if ¥, satisfies Assumptions 1, 2, 3 and 4.1 and
4.2. About Assumption 4.3, observe what follows. We assume that economy X

satisfies 4.3. Taken § € CI ( 0n(D, Y, &) ) \ {04}, from Proposition 3.1.8,
7 ¢ CL(Qn(D. Y, By)) \ {04}. Then, by Assumption 4.3, there exists b, € By,

o
such that ( ,bp)a < 0, that is equivalent to have there exists bh = bh € B” such

that (g, bh) A < 0, as desired. The proof of the opposite 1mphcat10n is symmetrlc
to the above one.
2. Since (Xp, bh) eln(@,p pl) if and only if <xh, o ) elp(ag, p pl) then

the desired result holds true. O]

Remark 3.1 Thanks to Proposition 3.5, in order to prove existence of equilibria, we
can assume that p > 0. Indeed, let ¥ = (e, Y, B, P) be an economy with associated
p being strictly negative and consider the economy ¥_; := (e, =Y, —B, P) , whose
associated p is strictly positive. Then, from Proposition 3.5, if (X,b,q, ﬁ) is an equi-
librium for X_j, then (X, —b, —¢, p) is an equilibrium for the original economy
.

The following proposition gives some preliminary properties.

Proposition 3.6 Let Assumptions 2 be satisfied. If for any h € H, (Xj, Eh) is optimal
in the budget constraints set Ty (q, p°, p1), then

L p%>0, (5°ses >> 0
2. foranyh € H,

(P30 — e + (@ ba)a=0,

(P53 —el)e — PSS, ba)a =0, Vs €S;

3. the following so-called S + 1 Walras laws hold true

Z(xh_eh)C‘i‘ thA—O

heH heH
PLY G—ee =P Y bia=0,  VseS;
heH heH

4. g€ Q(D,Y,B)=Q(Y, B).
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Proof 1. We first prove that p° > 0. Suppose p° = O¢. By Assumption 2.3, we

et

have that for any ¢ > 0, there exists X, = (352, f}l, ... ,)7,5) € Rﬁ N B Gy, €)
such that X, € P, (X1,). Moreover (X}, Eh) e TG, p°, pY), contradicting the
fact that X}, verifies statement (1).
We now prove that (5*€)scs >> 0. Suppose that there exists s* € S such
that p*"C = 0. Then, define %), such that
fz*c +1 if sc=s*C,

£ =

x° otherwise.

Then, for any h € H, (55;,, Eh) eTw(@, p° p1) and, since X, > X and @l*c >
%7€, from Assumption 2.2 one has X, € Py (X}), contradicting the fact that xj,
verifies statement (1).

Suppose otherwise; then there exists # € H such that

either (50, %) — el + (3. bp)a <0,

or3s € Ssuchthat (p*, X} —e))c — P (y*, buya < O.
Suppose (P, %) — e + (7, bu)a < 0. There exists & > 0 such that
ng € RJCr s.t. ||x2 —324h)|| <& = (ﬁo,xg —eg)c + (5,5;,),4 <0. 2

From Assumption 2.3, there exists X, = (552,5}%, .. .,f}f) € Rf_ such that
||352 — fg” < ¢ and X, € Py(x)). Moreover, from Eq. 2 it follows (X}, by €
I'(G, p°, pY), contradicting the fact that X, verifies (1).

Assume now that (p*, ¥} —ef)c — p*“(y*, bp)a < 0, for some s € S. Since
(P°C)ses >> 0, define
. {fzc — S (B, % = ef)e = PC0° Bu)a) if s =sC

xh = ~sc .
Xj, otherwise.

~

Then (fh, Eh) e (@, p° p1) and from Assumption 2.2 one has X, € P;, (X3),
contradicting the fact that X}, verifies (1).

It follows from summing up with respect to 4 the equalities obtained above.
Suppose that ¢ ¢ Q(D, Y, B), i.e., there exists A’ € H and bZ, € recBy such

DY
one has

that |: =1 :| b}, > 0. First, suppose that (g, b},)4 < 0 and DYb?, > 0. Then,

(P, %) — ey + (@, (b +bj))a <O.
Then, there exists & > 0 such that
Vxp € RS s.t. lxp —Xpll <e = (B, xp —ep)c+ (G, by —bf))a <O.

3)

From Assumption 2.3, there exists Xy = (fg,, f}l,, ...,)7;5,) € Rfr; such that
||552, — 3?2,” < g and Xy € Py (X ). Moreover, from Eq. 3 it follows (X7, (b +
b)) € Tw(q, 70, p1), contradicting the fact that X, satisfies (1).
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Assume now that (g, b¥,)4 < 0 and 5Yb;, > 0. Let s* € S be a state corre-
sponding to a strictly positive component of the vector DY b¥,. Define (’)?hr, bhr)

as follows:
~ok .
x;,/c + (ys*, biya if sc=s*C, R N
X0 = and by = by + bj,.
X otherwise,

This vector satisfies all budget constraints and from Assumption 2.3, we obtain
a contradiction. Hence ¢ € Q(D, Y, B). H

We consider the following price sets.

Ag = {(q,po)eCI(Q(Y,B)) xR : Y pr4 ) g =1+p},
ceC acA

Aszz{pseRE:Zp“:I , AI::nAS, A::HAS.

ceC seS se80
Forany h € H,letT), : A = RSF; x B, be the budget set-valued function,

Ti(g, p°, pY) : = {(xn, br) € RS x By« (p°, xf) — el e + (g, bu)4 <O,

(p*. x5 —el)c — p*C (¥, bp)a <0, Vs eS),

for any (g, p°, p') € A. We define " (g, p°, p') := [Ty, Tn (4. p°, PY).
The following proposition describes useful properties of I'j,.

Proposition 3.7 Let Assumptions 4.1, 4.2 be satisfied. Then, for any h € H, the
set-valued function 'y, is

nonempty and convex valued;

closed;

compact valued for any (q, Y, pl) € A such that p € RJGFJF and q € Q(Y, B);
lower semicontinuous for any (q, Y, pl) € A such that (psc)seso >> 0

M

upper semicontinuous for any (q, Y, pl) € A such that p € R$+ and q €

0, B).!

Proof 1. Since 04 € Bj, (from Assumption 4.1), one has that (e, 04) € Rﬁ X By,
then (e;, 0) € T, (¢, p°, p!) for any (g, p°, p') € A. Convexity is obvious.
2. Let {(qn, pg, p,ll)},,eN C A be a sequence such that 1i14r_1 (qn, pg, pz) =
n—-—+0o0

(g, p°, pt) and let {(xpn, bin)tnen S RS x RA be such that (xp,, bpn) €
T (gn. P2, p}) and lirJIrl (Xh,n» bhn) = (xn, bp). Since By, is a closed set, one
n—+0oo

!Recall that, from Remark 2.1, if (p*€) _s € RS, , then Qu(Y, By) = Qy (D, Y. By).
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has (xp, by) € Rﬁ X B, and from assumptions

(Pga x]?’n - 62)C + (‘]na bh,n>A = 07
(Pyxha—enc— o ban)a <0 VseS,
taking limits we get that (x;,, by) € ' (q, po, pl). Then I'y, is closed.
3. Since By, is a closed set and I', is defined in terms of weak inequalities via con-

tinuous function, it is closed valued. We are left with showing that I'j, is bounded
valued. Suppose otherwise. Then there exists a sequence {(xh,n, bh,n)},,eN -

'y (q, pO, pl) such that nEI-iI-loo || (xh)n, bh)n) || = +400. Consider

o
| et )|

Since, for every n € N, |l || = 1, the sequence {&;, },en lies in the boundary of
the closed ball of radius 1, B (0, 1); then, without loss of generality, one has

. 0
oy 1= (OlO,nv (as,n)seSv Olb,n) = (xh,n’ (xz’n)seg, bh,n) .

lim o, = a := (ag, (¢5)ses, Ab)
n—oo

and « is such thate € 9B(0, 1), a9 >0, oy > Oforalls € S, a # 0 and from
Proposition 3.3.2, «p € rec Bj,. Moreover, since (xp 5, bp.n) € I'n(q, po, pl) ,
for all n € N, one has:

(I’Oa 010,n)C - ||( )” (po’ 62)C + (q’ Olb,n)A <0,

Xh,ns ®%b.n
1

Xh,ns ®%b.n

SC<

<ps»as,n>C - ||( )” (ps7e;l>c _p ysvab,)’l)A S O VS € S

and, taking limits for n — 400, we get

COyS,ap)a <0 VseS.

“

(P°, a0 + (g, ap)y <0, (p*,a5)c — p

We, now, distinguish two cases:

o If(as)ses0 # O, that is there exists s € S0 such that &y > 0. Then, from
Eq. 4, one has, for some s € S,

— (g, ap)s = (P’ @0)c >0 or PO ap)a > (P a5)c >0,

with «p € rec B, and (p*, a5)c > O forany s € 8O which contradicts the
fact thatg € Q(Y, B).
o Ifap, # 0. We suppose that oy = 0 for any s € S°. From Eq. 4, it follows

—{g,op)4 =0 and PSS ap)a >0 foralls € S.

If (y*, ap)a > O for some s € S, since p € RS, p*€(

oy € rec By, this contradicts the fact that ¢ € Q(Y, B).
If (y*, ap)4 = Oforalls € S, one has o, # 04 and op, € Ker Y Nrec By,
and this contradicts Assumption 4.2.

v, ap)a > 0 with

Hence, we can conclude that, for any (q, Y, pl) € Asuchthat p € Rﬁ 4 and
g € Q(Y, B), (g, p°, pY) is a compact set.
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4. To prove the lower semicontinuity of I'j,, we define the set-valued function Fh :
A= Rﬁ x By, such that for any (q, °, pl) eA

T(q, p° pY) = {(xn, bu) € RS x By, : (p°,x) — ed)e + (g, bu) 4 < O,

(p* x5 —elde — p*C (¥, bp)a <0 Vs eS).

Since Cl (Fh) = I'j and since a set-valued function is lower semicontinuous if
and only if its closure is lower semicontinuous, it is sufficient to prove that Fh
is lower semicontinuous. Firstly, we have (x, b)) = (0g, 04) € I'n(q, p p Ly,

that is T'j, is nonempty valued. Observe that, from Proposition 4 in Ok (2007) p.

229, to show the 10wer semicontinuity of ', itis sufficient to prove that for every
sequence {(¢a. py. p» )}neN such that lim,— 1 (gx. P, PY) = (q. p p" and
any (xp, bp) € T'n(yq, p°, pl), there exists {(xh.n, b, ,,)}neN - R X By such
that hm (xh nsbrn) = (xn, bp) and (xp,,, bpy) € Fh(qn, pn, pn) for each

n. Hence, for every sequence {(g, pn, )4 n)},,eN such that 11141_1 (gn, pn, n) =
n—+od

(¢, p°, pY), let (xp, by) € T'u(q, p°, p"). Since

tim (00 4f) = ef)e + (@n b a) = (07 = el + (. bu)a) <0,

n—+oo

and, forany s € S,

tim (3 i —ede =€ (" buba) = ((p°, X —ehde—=p*C 0", bu)a) < O,

n—-+00

there exists v € N such that for all » > v one has (x;,, by) € Fh (gn, pg, p;)

. Then, we can choose thejequence {h.ns bhon)tnen as (Xp n, bp.n) = (xn, bp)
and we can conclude that I'j, is lower semicontinuous.

5. It follows from the four results above and Lemma 1, page 33, in Hildebrand

(1974). O

4 The Sequence of Variational Inequality Problems

First of all we observe that, given our assumptions on the utility functions, the no-
free lunch good price set is RJGF - Now, we consider a non-zero lower bound on prices
and to this aim we define the following prices sets

1 1
0= {(q,p°> €fo:p’z e, g€ {;le} +Cl(e Q(Y,B)), q = —nlA},

1
AY = {pSEAslpSZZIC}, Al :=HA§’, and A" := HAS‘
seS 5e80
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Proposition 4.1 Let (q, Y, pl) € A" be given, the following properties hold true.

1.

O(D.Y,B) = Q(Y,B) := Qand Q" (D,Y) = Q" (Y) := Q%

2. foranyn €N, one has

%ISY €Q"<cQcCl(Q), {%ISY}JrCl(Q) c Cl(Q)

and 1gY € {%1517} +CIO) :
let {gn}nen be a sequence such that lim,,_, o0 ¢, = q and q € Q. Then, there
exists v € N such that for alln > v one has q, € H le} + Cl(Q);

quandpoeR_SH.

Proof 1. It follows from Remark 2.1.

2.

By definition of Q", point 1. above and from Proposition 3.1.1, % 1Y € Q" C

Q < Cl(D).

Since from Proposition 3.1, C1(Q) is a convex cone,
any g € C1(Q), 1 15Y + ¢ €C1(Q).

Finally, since (1 — %) 1Y € Q' € Q C Cl(Q), then 1s¥ = Ligy +
(1 _ %) 15Y € HISY} +ClQ).
Since g € Q = int Q, there exists § > 0 and v; € N such that forall n > vy it

12 we do have that for

results g, € B (¢, 3) € B(g, 8) € Q. Moreover, for any n > max {vl, —2”1§Y|| ]
, we have

1 1 1
qn = —1sY + <C]n - —le) IS {— ISY} + Cl1(Q).
n n n
Indeed, since

1 1 1 )
Il (qn - —le> —qll = =11sY [+ llgn — gll = =IAsY [+ 5 <4,
n n n 2

one has (q,, — %151/) € B(q,8) C O.
It is enough to prove thatg € Q. Since g € {% ISY} + CI(Q), then there exists
q' € C1(Q) such that

1 , 1\ 1 1/1 ,
g=-1sY+q = g=(1—--)-1s¥+—-|-1sY +nq ).
n n)n n\n
Since %ISY € Q, where Q is open, %le € Int(Q). Moreover, since Cl (Q) is

a cone ng’ € Cl1(Q) and, from item 1, (%ISY + nq’) € C1(Q). Then, since ¢

can be written as a convex combination of an element in the interior of Q and
an element in the closure of Q, one has ¢ € Int (Q) = Q. O

12Recall that A C R" is a convex cone if and only if Va,b € A, A, u >0, a + ub € A.
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Proposition 4.2 For any n > C and n®> > max {— >yt }, one has:
acA sesS

1. Ag is nonempty, convex, compact;

2. Al is nonempty, convex, compact for any s € S;
3. A" is nonempty, convex, compact.

Proof 1. A} is nonempty. Take (g, p°) such that

1 if ¢ # C, |
pY = and q:=—14Y,
=S (1-Y)pife=c, "
One has (7, p°) € Ap. Indeed, p° %10. For ¢ # C, the result is obvious; for

¢ = C, we have
Cc-1 1 1 C
1— +<1——>pz— < n= R
n n n 1+p
which is true since, from Proposition 3.5, 1 4+ p > 0 and since we assumed
n>C.
From Proposition 3.1.5, it follows that 04 € Cl (Q), then g € HISY} +

C1(Q) and, from Proposition 4.1.2, 7 € Cl(Q). Moreover, § > —nly if and
only if n> > — Y ¢y forany a € A, as we assumed.

Finally, since ) ", . 4 > s V' = p, we have

Y4y g = -1~ +1——C 1+( > ~) 2 Y =14p.

ceC acA aeA seS
Then (7, p°) € AJ.

Agis closed.

By definition of A7, we have that it is a closed set because defined in terms
of weak inequalities via continuous functions on the closed set Ay and because

{% ISY} + CI(Q) is the sum of a compact set and a closed set and therefore it

is closed.

Ajp is bounded.

By definition, A is bounded below. In order to prove that it is bounded above,
observe that, by definition ¢ > —nly, i.e., for any a € A, ¢ > —n and
then we also have ) , . 4¢“ > —nA and —) .1 ¢q* < nA. Then, for any
el p* =14p—3 p%— 3 g% <l+p+nA;foranyd € A, ¢¢ =

£ aeA
l+p=3p% =Y g*<14+p+nA-1).
ceC a#a

Ajp is convex.

It follows from the convexity of CI (Q) given in Proposition 3.1.6.

A is nonempty.
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Take p* € RS such that

if ¢ # C,

=

=sc

P =
1-Slife=c.

One has p* € A”. Indeed, clearly for ¢ # C, p* > %lc; for c = C,
DS > %1(; ifand only if n > C. Moreover Y p*¢ = (C — 1)%4—1 —% =1.
ceC

A% is compact.

A7 is a closed subset of the simplex, which is a compact set, and therefore AY
is a compact set, as well.

A% is convex.

It follows from the convexity of Ag.

A" is nonempty, compact and convex.

It follows from all properties of sets A%, with s € SO, O

Now, in order to relate the consumer /’s maximization problem with a variational
problem, we adapt the definition of the operator given in Aussel and Dutta (2008)
(see also Eq. 37 of the Appendix). To this aim, for any 4 € H, we consider the
set-valued function

Gy : RY = R such that
Gn(xp) = conv (N; (xp) N S0, 1)) Vx, € RY,
where N;” (x;,) is the normal cone to the convex set Py (x;) defined in the Appendix.

Let fCC be the element of the canonical base of RC with 1 in the component C.
Now, we introcluce the following GQVI,;:

Find (()7,,, bu), (Gn, PO, ﬁ}l)) e TG, PO, PYy x A" such that there exists g, =
(8nm)ner € [per Gn nn) with

(—&n, Xn _;n)GH + (Z gh,m qn — ‘7}1)A + (ZG{(})’" - e?,)’ P?L - ﬁgﬁc

heH heH
+Y D G —eh = fEGT A, Py — P e <0,
seS heH
0 1 ~ ~0 ~1 n
V((xn,bn), (Gn, Pys pn)) e I'(gn, p,» D) X A". (5)

Remark 4.1 ((3?,,,5,,), (qn, PO, 5;)) is a solution to GQVI, (5) if and only if,
simultaneously we have,
forany h € H,

(—8hn» Xhn — )G <0, Y(Xnn bun) € Th(Gn, 2, P (©6)

(O b —Gda+ (Y E5 = e pl—PNc <0 Vign. p) € Al (7)
heH heH
forany s € S,

(O G, —en = fEO  Ba). py — Pide <0, Vph e Al ®)
heH
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The above equivalence follows by replacing in Eq. 5, respectively,
(G bu). @ 22 2)) = (G ). G B0 D))

(s ba)s (Gns P25 PD) = @ ), (qns P2, PY)

and

((-xn’ bn)v (qus Pg, (P;i/)s’eS)) = ((;}’l’ Zn)v (an’ ﬁgv (52/)5’65\55 p,;)) .

Theorem 1 Let Assumptions 1, 2 and 4 hold true. For any n € N, with n > C and

n? > maxgeq{— Y ses Y4 GQVIL, (5) admits at least one solution.

Proof To get the desired result, we apply Theorem 4 in the Appendix. Consis-
tently with Definition A.2 in the Appendix, the variational problem (5) represents a
generalized quasi-variational inequality associated with

C := conv (F (A”)) x A"
and, for any ((xu, by), (qn. p2. p))) € T(gn. P2, p}) x A",
S (G bu). G 2 p1)) =T (a0, p5. p*) x A

@ ((xn, bn), (qn. P2, p)) :=

—(-TTGn@nn). > bwn, D x) =€, (Z(xz,,,—ez—fg 0, th)
seS§,

heH heH heH heH

Now, we have to check that Assumptions of Theorem 4 are satisfied.

o C is nonempty, convex, compact. From Proposition 4.2, A" is nonempty, convex
and compact and, from Proposition 3.7, for any 4 € H, ['j is nonempty, con-
vex, compact valued, closed, lower semicontinuous and upper semicontinuous
on A”". Then, I'(A") := Hhe?—t [, (A™) is nonempty, convex, compact valued,
closed, lower semicontinuous and upper semicontinuous as well (see Proposi-
tions 4 and 8 of Hildebrand (1974)). Hence, I'(A") is compact (see Proposition
3 of Hildebrand (1974)) and then conv(I" (A")) is convex and compact.

& The set-valued functionS(-) is nonempty, convex, compact valued, closed, lower
semicontinuous and upper semicontinuous . It follows from what said above.

& The set-valued function @ (-) is nonempty, convex, compact valued, closed and
upper semicontinuous. From Assumptions 2.2, 2.3, one has Py (x;) # @ for all
Xp € RG; then the set-valued function Gy, is equal to the set-valued function
g, presented in Eq. 37 in the Appendix. Then, for any 2 € 7, we have that
Gy, is nonempty, convex, compact valued, closed and upper semicontinuous (see
Proposition 5 in the Appendix) and furthermore the other components of @ are
continuous functions (see Proposition 4 of Hildebrand (1974)).

All assumptions of Theorem 4 are satisfied, then GQVI, (5) associated with
C, S and @ admits at least a solution. 0
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Theorem 2 Let Assumptions 2 be satisfied. For any n € N such that

n > C, n > maXged {— D oses ym} and n®> > max,eq {— Y ses y“’},let
(()7,,, bu), (Gn, PO, [7,1)) be a solution to GOVI, (5). Then, one has

@) foranyh € H, (Xpn, i;h,n) is optimal in the constraints set Uy (G, D 2), Pb).
(ii) foranyheHands € S,

(PO.50, —ehc + (@ ban)a =0, ©)
(Pa- %, —eh)e = DS b (10)
(iii) foranys € S,
(B Y G, — e+ (Gn Y brn)a =0, (11)
heH heH
(B > Ghn— e =P Y baa: (12)
heH heH

(iv) foranyheH,ceCands e S°,

0<xn<ZZe +CZZZ€Z”. (13)

ceC heH s€S ceC heH

Proof Thanks to Remark 4.11, for any & € H, (Xh.», I;h,n) is a solution to GVI,, (6),
(Gn> PY) is a solution to Eq. 7 and for all s € S, pS is a solution to Eq. 8.

(i). We suppose that, for some h € H, (fhn,gh n) 1s not optimal in
Fh((qn,p ), pn) there exists 7, € Pp(Xhn) N Tr((Gn, NO) pn) Since
P (Xp,.) is an open set, there exists @ > 0 such that z := Zj + agn, €
Py(Xp.). Hence, since gn, € N”(Xp,), one has (ghn,z — Xpn) =
allgnnll* <0, thatis || gx. || = 0. A contradiction with g, , # 0.'3

(ii) and (iii). Both statements follow from the fact (Xj ., by.,) is optimal in
(G, 9), P and from Proposition 3.6.

(iv). From Eq. 11, inequality (7) becomes

O bhman)a+ (Y _Eh,—e.phc <0 Viga, p)) €AY (14)
heH heH

and, from Eq. 10, for any s € S, inequality (8) becomes

O G, —e). i — 0t Y baanda <0 Vph e Al

heH heH

that is
Z(xhn thn A <0, VP;V,GA?. (15)
heH " heH

13 Also in the case of non-complete and non-transitive preferences, we can adapt the results obtained in
Aussel (2014) and Aussel and Dutta (2008) and Milasi et al. (2019)
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Summing up (14) and (15), for any (g, pg, p,ﬁ) € A", one has:

thn,qn A+ Z(th eh) Pn C+Z Z(xhn eil)’;s_fé)c
n

heH heH s€S heH
— Oy baada 0. (16)
seS heH
Now, choose g, = 1gY and p*¢ = %14 for any ¢ € C and

s € 8% From Proposition 4.1.2, 15Y € {%ISY} + CI(Q) ; since n >
maxged { = Yies V)L an = Yyes v* = —nla,and 3, 4 g5 = p. Hence
(gn, DO, DY) € A" and replacing (¢, p0, p}) with (15Y, p2, p}) in Eq. 16,

—Z Z(xhn ) +ZZ Z()?;fn —e) <0.

ceC heH s€S ceC heH
Then
EDIDIEIED 3D B BEAEED DD DD D) DD B4
ceC heH s€S ceC heH ceC heH s€S ceC heH

Hence, being C > 1, for any s € 8% ¢ € Cand h € H, we have:

EVEDIDIPIENED I IENELDII I IEVEI DO I

5€80 ceC heH ceC heH s€S ceC heH ceC heH
Y Y Y
seS ceC heH O

Proposition 4.3 Let Assumptions 1, 2, 3 and 4.3 be satisfied.
Let {(()7,,, b,,), @n> 52, N,%))}nGN be the sequence such that, for any n € N with

n > C andn® > maxged {— s v} (R, bu), (G, 7Y, ~1)) is a solution to
GQVI, (5) Then there exists a subsequence converging to (%, b) q.p YY) such

that (7, p°, pY) e Awithp >> 0,4 € Q and (X, b)er‘(q D pl)

Proof One has:

< limn—>+00(aﬂ’ 527 5};) = (Zis 507 171) € A

Since {(Gn, P N}nen € Ag and for any s € S, {p5}nen C Ay, with Ag and A
compact sets, without loss of generality, for any s € S, it follows that

S 0y~ 0 T
nlir—‘,r-loo(qn’ pn) - (q’ p ) € AO’ nlll—il:loo pn =p € AS .

Hence (7, p°, p1) € A.

< Foranyh € H, lim Xj,=X; € RO,
n——+o0o

140Opserve that f > % since by assumptionn > C.
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From inequality (13), forany & € H, s € S and ¢ € C, the sequence {Yflfn},,EN is
bounded, then claim holds.

< Foranys € S, p°* >> 0.

Suppose that there exist s’ € S and ¢’ € C such that p*¢" = 0. From Assumption
3 there exists ¢ > 0 and i’ € H such that Py 5(,,, () is strictly increasing in s’

Define (xp 5, Eh/),,) such that

~ ~a! ’ .
=Py NEe, + m(Py epde it se=s'c, o
x}s,/c = bh’,n = (l—pfi ¢ )bh’,n
(1- NV ¢ )N“ otherwise,

with m € N. Firstly we observe that, since for n sufficiently large (1 — sz ¢ ) € (0, 1]
from Proposition 3.2.1, we have that bh/ n € Byy. One has that limy,—, 400 X/, = X
where

NS <y L ( P eh/)c if sc=ys'c,

X0 otherwise.

Since p € AS and from Assumption 1, we have that {p* eh,)c > 0. Since

’ ~
Xy > Xp and X3 xh, > x;l,c, and for m sufficiently large X € B (xp, €), from

Assumption 3, it follows that X,y € P (X).
Moreover, from Assumption on preference set-valued map (P, (Xj,/) is an open set)
there exists n1 € N such that Vi > ny,

T € P (Xwn) (17)
Now, we show that
@n'ans boirn) € Ti G P P (18)

Taking into account that (Xp ,, Ehr,,,) € T (Gn, PO, p1), to check (18), we go through
3 steps.

Step 1.  Ats = 0. We have that
(PO % =€) + @ns b n)a
= (=[P 30— ehc+ (g Bivnda| =B (B efye <0, (19)

Step2. Ats e S\ {s'}.
‘We have that

(P X — eh)e — Dol (v ) a
=-p° )[(ﬁ;;,f;,,n—ez,>c—ﬁ;;c<y‘, bh/,nm]—ﬁ;;“ (Py. ey <0. (20)

Step3. Ats =y
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‘We have that
B Fi = e = B0 Bwada = (1= ) [(B 5, — e
~c o~ 1
- ,bh’,n)A] + (Z - 1) PP el < 0. (21)

Then, from Egs. 19, 20 and 21 claim (18) is proved. Hence (17) contradicts the
fact that (X ., by ) is optimal in Ty (((Gn, Pn), ﬁ;)). Then, for any s € S it results
that p*¢ > 0 for any ¢ € C.

ap’>>o0.

Suppose our claim is false i.e., there exists ¢’ € C such that 5% = 0. Then either at
least a component in j © is zero or all components are zero. Both cases are analyzed
below.

Case 1. pY>0.

We suppose that there exists ¢ € C such that ﬁ{)”/ = 0. From Assumption 3 there
exists ¢ > 0 and h’ € H such that Py, B(x,.¢) 18 strictly increasing in 0c’. Define

(®h'.n» by n) such that

(1 - )xh, (ﬁg, V) if sc=0c,
¢ .

Xy =
1 -7p° )~“ otherwise,

with m € N, and Eh’,n = (1— 526/)Eh/,n € Byy. One has that lim,_ 10 Xjr., = X
where
~0c | 1,50 0 :
- X, 4+ (ptiey)c if sc= 0c’,
h/ = _
X7 otherwise.
Since p* > 0 for some ¢ € C and, from Assumption 1, we have that (5°, eg,)c >

0. Since Xjy > Xjy and XV > )72,‘ , and for m sufficiently large X}, € B (x)/, €), from

Assumption 3, it follows that X,y € P, (Xp).
Moreover, since Py, has open values, there exists n; € N such that Vi > ny,

3C\h’,n € Ph’ (;h’,n) (22)
Now, we show that
h'on- br.n) € Tw @G, Do )- (23)

Taking into account that (Xp ,, Zh/,n) € T (Gn, P2, P, to check (23), we go
through 2 steps.

Stepl. Ats=0.

‘We have that
(Py- 352’,11 — €Y+ (Gns b a)a = (1—%),6/)[(132’ ';2/,}'1 —€))) ¢+ {Gn. Bh’,n)A] <0
(24)
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Step2. Ats € S.

We have that
~5 A~ ~sC -~
(Pps X —€p)c — Pp (35 b n)a

= A=) (B By —eh )= RS0 B =B (B efhe <0 25)

Then, from Eqs. 24 and 25 claim (23) is proved Hence (22) contradicts the fact
that (Xp ,, bhr ) is optimal in T'y, ((gn, Pn), pn) Then, it results that 5% > 0 for any
ceC.

Case 2. pY = Oc and therefore § # 04.

From Assumption 3 there exists ¢ > 0 and 7’ € H such that Py B(xy.¢) 1 strictly
increasing in Oc’. From Assumption 4.3, there exists ¥, € By such that (—g, b;‘l,) A >
0. Define (X ., by ) as follows

*

e
(1= POHxe, ——<qn,o+h’/)A if sc=0c,

- )NSC otherwise.

withm € N, and by, := (1 — pO)byr , + ”" — by, where

~sCy_ |8 b*/
oy = max M:seS,neN , 1. (26)
(Py-ep)c

Observe that, since the sequence {ﬁ%}neN converges to ﬁl >> 0, the maximum

introduced in Eq. 26 exists. Moreover, by definition «;y > 1 and then 0 < aLh/ <1,
b, /

hence _*= € By. Being p° = Oc, for n € N sufficiently large, pnc € (0, 1) and then,

we have bhgn € By.
One has that lim,,_, 4 o0 Xj7,, = Xy Where

b*
~Oc 1 ,~ B . _ /
‘ Xy _E<q’_a;,,>f\ if sc=0c,
~sC .__
Xy =
e h .
Xy otherwise.

Since Xy > X and x° xh, > 72,6 , and for m sufficiently large Xy € B (x)y, €), from

Assumption 3, it follows that x; € Py (X)y). Moreover, since P, has open values,
there exists n; € N such that Vi > ny,

fh’,n € Py ()7;,/’”) . 27
Now, we show that
o b n) € T @G, Po. o). (28)

Taking into account that (Xj ,, l:h/,n) e I'y (qN,,, 7Y, 17;), to check (28), we go
through 2 steps.

Stepl. Ats=0.
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‘We have that
(B 50— e+ G Brada = (1= ) [ 50, — e + G Bra)a

, , 1\ . b% / 1 by
—p2pY, ey + pie (1 - —) (Gns oy a = —pY [(ﬁ‘;,e;’»c + (— - 1) (G, 2 >A] <o.
m ap m ap

Step2. AtseS.
‘We have that

~

By T =€) e =Bl % B ) a = (= B0 (B By — e he = P 0% Bvadal

o~ - b¥,
—Py [<pf,a e+ i’ a_:)A] <0,
where the inequality holds true for the definition of & . This fact contradicts that
(' n» by ) is optimal in T, (((Gn» Pn)> pL)). Then, it results that 5% > 0 for any
ceC. o
< lim b, =b e B.

n—400
From Egq. 10, taking limits, for all s € S, we get

NSC(

S lim b, =(p*, X —e)c.
p pom hon)C (p h 0 C

Then, from Proposition 3.4, we can conclude that for any 2 € H, lim,,—s 4 0 Eh,n =
by, € By,.
Q&b er@p°ph.
It follows from the fact that (X, E) € REH x B and from Proposition 3.7, T is
closed.
a4qgeQ.
The proof of this claim is similar to the one given in Proposition 3.6. O

Theorem 3 Let Assumptions 1, 2, 3 and 4 be satisfied. Then, for any financial econ-
omy ¥ € &, there exists an equilibrium vector with restricted participation and
numeraire assets.

Proof From Tlleoiem 1;f0£ any n € N, Wiih n~2 C; and n” > max,e4{— D oses Y4
there exists ((x,,, byn), (qn, pg, p;)) e I'(gn, pg, p,ll) x A" solution to GQVI,, (5).
Let {((?c'n, b,), (Gn, ]72 ’p‘,{)) }n < be the sequence of solutions; from Proposition 4.3

one has - N
tim (G B, @, 59, 5D) = (@ 5. @ 5 5D)
n—-400

with (X, 5) err@p%pYH, p°>> 0, p! >> 0and ¢ € Q. Moreover, we
observe that for any sequence {/,, },en such thatlim,,_, {  I,, = [ > Othere exists N €
N such that/ > % and, from the theorem of permanence of sign for sequences, there
exists v € Nsuch foranyn > v, [,, > % Then defined v = max{v, N}, one has, for
anyn >v>N,[, > % > % Then, since for all s € S® lim,,_, 40 Py =p°>>0,
then there exist v such that, for all # > v, one has ﬁfl > }llc. We now prove that the

vector (%, b, G, p°, p1) is an equilibrium vector according to Definition 2.1.
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<1 Condition (1). Fixed h € H, we suppose that there exists (x5, by) € (Pp(Xy) x
By) N Ty(g, p°, p). From Proposition 3.7 and the fact that p >> 0, we
have that I', is lower semicontinuous at (7, p°, p'l), that is there exists
a sequence {(Xp.n,bnn)lnen such that (xp,,bpn) € Th(gn, 52, 5,1,) and
limy 4 oo (Xn.ns br.n) = (xn, bp). Since Py (Xy) is an open set, it follows that there
exists n such that xj, , € P;(x}), for all n > n;. But this contradicts the fact that
(Xnn> bnn) is optimal on T (§u, P o, P o).

<1 Condition 3. Since ¢ € Q = int Q, there exists ¢ > 0 such that B(7, ¢) € Q.
Foralla’' € A, let fz/ be the element of the canonical basis of R4 with component

’ . 1+p £
a’equalto 1. Forany$ € (O, mm{ 3 TEp) el }),

take vectors:

-~ ! - —~ 6
Go = (1=2) (G, + 5874 d p%:=1-0)p% with A:=— €(0,1
qn = ( )@n+48fy) and p, = ( )P, Wi Ty 0, 1)
and
= = o ’ = = . = 8
Gp = (140 (@ —58f%) and pY:= (A+0)p% with X := 5,3 € (0,1).

We have (g, ), (;?n, ﬁn)) e AY. Indeed:

) Cece P+ Taeadn =0 =0 (Ceec P+ Xaends) + (1 =0)8 =
AI-MDA+p+dH=1+p

Y Pr+ > qi=0+n (Zﬁﬁw Zaz)—(lﬁ)a: A+0)A+p—8) =1+p
ceC acA ceC acA

(ii) As observed above, since

L0 _ 0 =0 = ~0
nl}rprn_(l AMp- >>0 nkToopn_U+Mp >> 0

there exist  and » such that, for any n > max{v, ?}, one has fag > }llc and
=0 1
P>yl

(iii) We have

lim g, =1—=2)@+58f¢) and lim 7, = A+ (G —8f%). (29)
n——+00

n——+00

One has that

1-DG+8)e0 and (1+0)G-38f) € 0.

Indeed  [|(1 =A@ +8£5) — Il = 355G + 8£5) —qll <
< A+ )G+ — (A +p)F — G < (1 + p)Sf% + 85
1+p+5”( PG +68f) — 1+ p)g —dqll < |I(1+ p)sfy +8ql

<5((A+p+I7h) <e = (1-NG+8f8)eBG.e)SOQ.
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and  [01+2)@G =) =Gl =I5 @ —8f3) -Gl <
= 13,50 +0)G —8f3) — (1 +p)G+81 < || — (1 + p)fs + 54|
<SS+ +17) <e = (A+0G-8f)eB@.e) <.

Then, from Eq. 29 and Proposition 4.1.3, one has gy, Z]Z € {%ISY] +

Cl(Q). ~
(iv) From Eq. 29, it follows that g,, > —nl4 and g,, > —nly.

Then, from (i), (ii), (iii) and (iv), we have that (g, ﬁO), (?, ﬁ)) € Ag. From Eqgs. 7

and 11, and since §, /):, e (0, 1), one has:

O b G —Gda+ (G5, —eh. Pa— Do

heH heH
=X ((Z b Guda + () _ &}, — e, 52>c> +(1=08 Y by,
heH heH heH
=(1-28) b, <0 = Y bl <0 (30)
heH heH
~ = ~ ~ =0 ~
and (X hert brns @n — @) a + pen @) — €Dy Pa — Pic
=i <<Z B Gn)a + (Y G0, — el 52>c> —(+n8 Y by,
heH heH heH
=—(1+108 Y b, <0 = > b >0 31)
heH heH
Hence, from Egs. 30 and 31, we have that for any a’ € A,
Y by, =0. (32)

heH
Taking limits, we can conclude that Zhe?—[ EZ =0 VYaec A.

< Condition 2.

Firstly, from condition (32), conditions (11) and (12), for any s € 89, become

(> G, =€ P =0 (33)
heH
and VI,, (7) and (8) become
<Z(;2,n - e2), e <0 Yi(gn, pd) € Al; (34)
heH
forany s € S,
<Z($/S1,n —e),pylc <0, Vp)eAl (35)
heH
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Foranyn € Nand s € SP, define
Ci={ceC: Y @, —e)=0}, Cfi=fceC:) @, —e) >0}
heH heH
We suppose that there exists s € S” such that Cl # ¢ and we take

P+ K if ceC/,

~se  plCtl -

P _Kﬁ if CGCS 5

with0 < K < }g—;} (ﬁ;f - %). Clearly, if s = 0, (§,, p%) € All andiif s € S, P €
A" Then:

O @ —e.pie=KY > @, —e)-K

heH ceCy heH

[
(o

Z Z(fzfn —¢)>0

ceCy heH

contradicting (34) if s = 0 and (35) otherwise. Then we have that C;~ = . Hence,
being p >> 0, from Eq. 33, for any s € S” and ¢ € C, it follows that }_, .4 (x5, —
e;f)cz 0 . Taking limits, we can conclude ), 4, (X} —¢;) = 0, for any s € S% and
ceC. O

5 Conclusions

We presented a proof of the existence of equilibria in a model with restricted par-
ticipation and numeraire asset under relatively general assumptions and by using a
variational inequality approach. By using well chosen specifications of the house-
holds portfolio sets, we can get existence of equilibria in some extensively studied
models of general equilibrium, as an immediate corollary of our result. Indeed,
assume that markets are (potentially) complete in our model, i.e., the rank of the yield
matrix Y is equal to the the number S of states in the second period. Then, our frame-
work coincides with the standard exchange economy, if each households’ portfolio
sets is equal to the entire Euclidean space R4 and with the incomplete market case
if restrictions are constant across households and imply that portfolio have to belong
to a linear subspace of dimension equal to the number of available assets A smaller
than the number S of states.

Finally, since any equilibrium with numeraire asset is an equilibrium with nominal
assets (and not vice versa), Villanacci et al. (2002), Proposition 6, page 329, the
existence result we provide implies existence in the model by Siconolfi (1988).

We believe that our approach, which uses the variational inequality theory, has
the following important characteristics. It does provide a general, relatively simple,
few step methodology, which can be applied to show existence of equilibria of any
general equilibrium model (see also Donato et al. (2018a, b)). First of all, some cru-
cial properties of the budget set valued functions have to be proven to hold true on
a well chosen subset of the price set (Proposition 3.7). That analysis provides sim-
ple hints to define a sequence of nonempty, compact, convex sets of prices on which
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those properties are satisfied. Then, the main step is to find an appropriate sequence
of Variational Inequalities problems constructed using those sets (see Theorem 2 and
Proposition 4.3). The associated non-empty solution sets are then used to show the
existence of a sequence whose limit is an equilibrium. The quite interesting charac-
teristic and probably the main virtue of the above described approach is the following
one. The seemingly complicated Variational Inequality (see GQVI,, (5)) is made up
by two simple parts. The first one takes care of the individuals maximization prob-
lems in a quite standard manner. The second part is constructed exploiting the very
nature of the model under analysis: the so-called set of Walras’ laws, i.e., the set of
equalities obtained summing up budget equations across households.

Our future research work will focus on the analysis of models with real assets,
restricted participation, possibility of defaults, multiple periods and possibility of
asset trading which are still not completely analyzed in the existing literature. We
also plan to apply the Variational Inequality approach to general equilibrium models
in which households have noncomplete, nontransitive preferences.

Acknowledgments We thank the referees for their careful read which led to improve this manuscript.

Appendix

Definition A.1 Let A be a nonempty convex set in R”. The recession cone of A is
denoted and defined as follows

recA:{yeRn:VerA,VAzO,xO+kyeA].

Proposition A.1 (see Soltan (2015)) Let A be a convex set in R". Then
1. if A is nonempty, closed and 0, € A,
recA={ze€R": VA >0, Az € A} C A;

2. recA is a convex cone;
3. if Ais closed, then recA is closed;
4. foranya e R" and p € R,

rec(a + nA) = purecA = sgn(u) recA.

Definition A.2 Let C € R” be a nonempty, closed and convex set and let S :
C = R"and @ : C = R” be set-valued maps. A Generalized Quasi-Variational
Inequality associated with C, S, @, denoted by GQVI, is the following problem:

Find x € S (x) such that there exists ¢ € @ (x) with (¢, x —x) >0, Vx e S x).

(36)
In particular, when S(x) = C for any x € C, (36) is a Generalized Variational
Inequality, GVI; when @ is single-valued, (36) reduces to the Quasi-Variational
Inequality, QVI. When both @ (x) is singleton and S(x) = C, for any x € C, we have
the classical Stampacchia Variational Inequality, VI.
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Theorem 4 (see Tan (1985)) Let C be a nonempty, convex and compact subset of
R". Let® : C =2 R"and S : C = C be two set-valued maps satisfying the following
properties:

(1) S is closed, lower semicontinuous and with nonempty, convex and compact
values;
(1) D is upper semicontinuous with nonempty, convex and compact values.

Then the GQVI (36) admits at least a solution.

The above theorem, which establishes the existence of a solution for variational
inequalities, is a consequence of a Kakutani’s fixed point Theorem.

N (x)={heR": (h,z—x)<0 VzePkx)).
Let us define 5 : R" = R” such that

_ B0, 1) if Px)=0
Ggx) = (37)
conv (N"(x)NS@O, 1) if Px)#0

where B(0,1) = {x € R" : ||x|| < 1} and S(0,1) = {x € R" : ||x|| = 1} are,
respectively, the closed unit ball and the unit sphere of R”.

Theorem S Let P be lower semicontinuous with open and convex valued. Then the
set-valued map G, defined in Eq. 37 is with nonempty and convex and compact values,
and upper semicontinuous.

Proof Firstly, we prove that N~ is a closed map. Let {x,} € R" and {y,} € R" be
sequences such that lim,,_, y 5 x, = x and lim,,_, y 5 y, = y with y, € N~ (x,,). We
have to prove that y € N~ (x), thatis (y,z —x;) <0 Vz € P(x). We fix z € P(x))
and since P is lower semicontinuous, there exists {z,} such that z, € P(x,) with
limy,— 400 2n = z. From z, € P(xp,,) and y, € N~ (x,), it follows (y,, z, —x,) < 0.
Passing to the limits (y,z —x) < 0,s0y € N~ (x).

All Properties follows from the closedness of N~ and the proof of Theorem 3.2 in
Milasi et al. (2019). O

Definition A.3 Let C be a convex set of R”, call (GVI) the following problem:

“Find ¥ € C suchthat 3 g € G(X) with (g,x —%) >0 VxeC.” (38)
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