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Abstract

This paper deals with the existence of entire nontrivial solutions for fractional (p,q) systems with critical
Hardy terms in RY. Existence of solutions for system (S) is derived via the mountain pass lemma, whose
application is pretty involved and requires some variants of the concentration—compactness principle of Lions
and of the concentration—compactness principle at infinity of Chabrowski for vectorial fractional spaces, here
proved. Indeed, the "triple loss of compactness” in (S), caused by the simultaneous presence of Hardy and
critical terms in the whole RY, forces to study the exact behavior of the PS sequences, in the spirit of Lions.
We also present a simplified version (S) of the main system (S), which is anyway interesting, since the

existence proof for (S) is simpler and more direct. Finally, both existence theorems improve or complement
previous results for fractional (p, ¢) scalar and vectorial problems.

Keywords: Fractional partial differential equations, Variational methods for elliptic systems, Second order
elliptic systems, Critical exponents, Integro—differential operators
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1. Introduction

Recently, great attention has been devoted to the study of fractional elliptic problems with lack of
compactness. These models arise quite naturally in many different applications, and we refer to the extensive
paper [14] and the references cited therein for further details. This paper is devoted to the study of existence
of solutions for the following fractional (p, q) system in RY | involving critical and Hardy terms,

q—2
(=304 (=Bt =2t uft =2 = oS = A 0) + S
d t ()
v|? 2y
(=)0 + (A -+ o0+ bl=20 = o1 — B o0, 0) + Sl ol 2,

where 0 < s <t<l<p<gq, N>2 tqg<N. The exponents & > 1 and § > 1 are such that o + 8 = ¢,
where ¢; = Nq/(N — tq) is a critical exponent, while A > 0 and o are real parameters. Finally (-A)f,
0 <s <1< p, is the fractional (s, p)-Laplacian operator which, up to normalization factors, is defined

pointwise along any ¢ € C(RY) as

(@) = @I *(p(2) — ¢(y)) ,
|z — y[N e

(=A)p(z) =2 lim

Y
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for + € RY. When s = t = 1, system (S) reduces to a typical (p,q) elliptic system, which has been
extensively studied by many authors, cf., e.g. [12, 15, 17, 24]. These problems arise from general two—
component reaction—diffusion problems of the form

uy = div(D(u)Vu) + f(z,u,v),

vy = div(D(v)Vv) + g(z, u,v),
and have a wide range of applications in physical and related sciences, e.g. in biophysics, plasma physics and
chemical reaction design. We refer to [12] for further details about the physical relevancy of such problems.

Here w = (u,v)T is a vector of concentration variables, R(w) = (f(z,u,v),g(z,u,v))T describes a local
reaction term related to source and loss processes, while D is a diagonal diffusion coefficient matrix

o= ("% bln):

where D(u) = |Vu[P~2 + |Vu|?72 and D(v) = |Vo[P~2 + |Vv|?~2 have a power law dependency. Actually,
two—component systems allow for a much larger range of possible phenomena than their one-component
counterparts. The hypothesis that just a difference in diffusion coefficients of components could be enough
to destabilize the homogeneous solution was put forward by Turing in [32] by studying the problem of
biological morphogenesis.

In the fractional scenario, (p,q) critical problems set in bounded domains can be found, e.g., in [6, 21].
On the other hand, only few recent works deal with fractional (p, ¢) Laplacian problems in the whole RY. For
instance, in [4] the author proves an existence result for a critical fractional (p, ¢) equation via the mountain
pass theorem. In [18] the authors study critical and possibly degenerate Kirchhoff fractional systems, while
in [2] concentration and multiplicity of solutions for a class of fractional problems have been established.
Here, we investigate for the first time the interaction between critical Sobolev—Hardy nonlinearities and
fractional (p, q) operators in the whole RY.

We assume that H,, H, are partial derivatives of a Carathéodory function H satisfying the subcritical
growth conditions

(Hy) There exist m and m, with p < m < m < ¢}, such that for every e > 0 there exists C; > 0 for which
the inequality

|VH(z,u,v)| < me|(u,v)|™ " +mCe|(u, )| for any (u,v) € R?

holds for a.e. x € RN, where |(u,v)| = Vu? +v2 and VH = (H,, H,).

(Hz) There exists 8 € (p,q;) such that the inequality
0 < 0H(x,u,v) < VH(x,u,v) - (u,v) for all (u,v) € R?

holds for a.e. x € RN,

(H3) Fora.e. x € RN it results H(z,-,-) € CY(R?), H(x,-,-) > 0inR%, H,(z,-,0) =0 inR and H,(x,0,-) =
0 in R. Moreover, for all (u,v) € RT x Rt the function H(-,u,v) is strictly positive a.e. in RY.

We emphasize that the subcritical term is p-superlinear, but ¢; subcritical. This is interesting and new,
being 0 < s <t <1< p<gq, with tg < N, so that p < ¢ < ¢}.

From here on, - denotes the natural inner product in any Euclidean space R? for any dimension d > 1.
The main results of the paper are based on the best constant Hs , = Hs (s, , N) of the Hardy inequality



for fractional Sobolev spaces. The value of Hs (, has been determined in [20] and it is given for any 0 < s < 1
and sp < N by

o d /g
Hep=  inf M, where [[u|g, , = (/ |u|px) : (1.1)
ueDE;JO(RN) lullF, . ' RN |z|°®

and D*#®(R™) is the homogeneous Sobolev-Slobodeckii space, which is defined as the completion of C2°(RY)
with respect to the Gagliardo seminorm

/e
Ols,p = ff \(p N+5J dx dy) along any ¢ € C°(RY).

Hardy’s inequality plays a fundamental role in many physical contexts, such as molecular physics, quantum
cosmology and linearization of combustion models. However, from a mathematical point of view, the main
interest in considering Hardy potentials relies in their criticality. Indeed, the lack of compactness of the
embedding D% (RY) < L#(RY,|z|~*dz), even locally in any neighborhood of zero, together with the
critical terms and the unboundedness of the domain, causes a "triple loss of compactness”.

As customary, the natural space where finding solutions of (S) is

W= [WePRN) 0 Wha(RN))

endowed with the norm
([ (w, v)[| = [lullsp + |

where [ulls o = ([Jull$ + [u]f,P)l/@ for all u € W=#(RY), while || - ||, denotes the canonical L*(R") norm
for any 0 < s < 1 < . We are now ready to state the main result of the paper, concerning the existence of
solutions for system (S).

Theorem 1.1. Suppose that (H1)—(H3) hold. Then, for any o € (—o0, Hy q), there exists Ay = A (0, N, t,q,0)
0 such that system (S) admits at least one nontrivial solution (us x, Vo) in W for all X > A.. Moreover,
each component of (ug x, Vs x) s nontrivial and

a +lvllsp + [[0lleq,

lim [[(ug,x, vo0)| = 0 (1.2)
A—00

holds.

Theorem 1.1 extends in several directions previous results, not only for the fractional vectorial context,
but also for the presence of the Hardy terms, cf. [4, 6, 15, 17]. Existence is obtained via the mountain pass
lemma of Ambrosetti and Rabinowitz and follows somehow the ideas of [15]. Anyway, the presence of two
fractional Laplacian operators and the triple lack of compactness in the vectorial setting make our analysis
more delicate. In particular, in order to handle the critical Hardy Sobolev potentials, we first study the
exact behavior of the weakly convergent sequences of 2 = D*4(RY) x D%9(R¥) in the space of measures,
in the spirit of Lions.

When dealing with the study of critical problems, the concentration—compactness principle developed by
Lions in [27, 28], CC principle briefly, has proved to be a fundamental tool. This method was originally
introduced for dealing with local critical equation and since then it has been extensively developed in litera-
ture. In the fractional setting, the first extension of the C'C' method was obtained in [30] for p = 2 and then
in [29] for any 1 < p < N/s. We also refer to [4, 8, 14, 16] for similar results in this setting. Let us consider
the following optimal constants, only related to the greater exponent ¢ of the system

oo LB ol + i)
-

(u,0)ED a/q; y 0 € (_OOaHtﬂ])) S = SO' (13)
(uz£0) A (v£0) </ |u|o‘|v|ﬁdx)
RN



Let us also introduce, for notational simplicity, the fractional (s, p)-gradient of a function u € D%#(RY) as

©
Dbt~ | ju(a) — u(y)l”
Dl = [

Then, we are able to prove the following variant of the C'C' principle for fractional, critical-Hardy systems.

Theorem 1.2 (CC principle for fractional systems). Let {(un,vn)}n be a bounded sequence in 2 such that
(un,vn) — (u,v). Then, there exist three nonnegative Radon measures p, v and w on RN, an at most
countable set J, a family of points {x;}je; C RN, two families of nonnegative numbers {p;}jcs and {v;};cs
and three nonnegative numbers vy, po,wo, such that

|t |*|vn [Pda = v = |u]|®|v]Pda 4 vodo + Z vjbe, in M(RN), (1.4)
jeJ
(|D'uy|? + | D'y |?)dx = > (|D'ul? + |Dtv|q)da:+u050+2uj61j in M(RY), (1.5)
JjeJ
L e |ul? + 0] : N
de D= de +wodp  in M(RY), (1.6)
V?/q:’ < % forall j € J, l/g/Q: < Mogi:‘ﬂo’ (1.7)

where S, and S are optimal constants defined in (1.3) while 0o, 6, are the Dirac function at the points 0
and x; of RY, respectively.

Theorem 1.2 extends Lemma 2.3 of [4], see also [8, 14, 16, 30]. The strategy is the same as the one in the
seminal papers of Lions [27, 28], but there are several complications due to the nonlocal context. In order to
overcome these difficulties, we employ Lemma 2.4 and Lemma 2.5. The scalar counterpart of Theorem 1.2
can be deduced as a particular case of our result when u,, = v,,, and it is still new because of the simultaneous
presence of Hardy and critical terms in the nonlocal context.

The (second) CC principle, the so—called limit case [27, 28], is used to examine the behavior of weakly
convergent sequences in Sobolev spaces in situations in which the lack of compactness occurs. The limit of
this method is that it does not exclude a possible loss of compactness due to the ”drifting towards infinity”
of the mass, or — in other words — the concentration at infinity, cf. [14]. It is clear that in the whole R this
phenomenon is really common and can be provided by translations. Just think, for example, that given a
nontrivial smooth, compactly supported function u in R | the sequence of functions u,, (x) = u(z—ne;) is not
precompact. That also explains how the Palais—Smale sequences can fail to be strongly relatively compact.
The aforementioned aspect becomes even more pronounced when dealing with fractional problems, since the
nonlocal interaction could produce or send additional mass to infinity, and we refer to [14] for a wide range
of examples and remarks.

The right condition to avoid this type of phenomena is the tightness: roughly speaking, if a sequence
of measures is tight, then the amount of mass at infinity goes to zero uniformly. In order to prove that a
sequence is tight one could employ the (first) C'C principle, that is the locally compact case [25, 26], showing
that the other two possibilities, namely vanishing and dichotomy cannot happen. However, the use of the
first C'C principle is often very technical and involved, see for example [31]. Another approach to prove
tightness is supplied by [3], ¢f. Lemma 2.2 and 2.6, see also [14], cf. Lemma 4.2.4. In order to avoid these
methods, we employ a variant of these two principles, that is the concentration—compactness principle at
infinity. This variant was introduced in [7, 11] by Bianchi, Chabrowski and Szulkin, and has been employed
in the nonlocal context in [4, 8]. In particular, we prove a suitable version of this principle in the order to
deal with fractional, critical Hardy systems in the whole RY.

Theorem 1.3 (C'C principle at infinity for fractional systems). Let {(un,vpn)}n be a bounded sequence in 9
such that (up,v,) = (u,v) and define

Voo = lim limsup/ |t |* 0n | P de, (1.8)
R—o0 nooco Bg,



foo = lim limsup/ (|D*un|? + | D'y |?) da, (1.9)
By

R—0o0 nooco

q q
Woo = lim limsup/ Mdm. (1.10)
R—oo pooo B}‘t ‘I|tq
Then,

: «@ B _ N

hmsup/ [ |*vn|Pde = V(RY) + Voo, (1.11)
n—o00 RN

limsup/ (|D"un|? + | Doy |?)da = p(RY) + pios, (1.12)
n—o00 RN

q q

limsup/ de = wRY) + weo, (1.13)
n—oo JRN ||t

Jalai < Moo — 0o (1.14)

S,
where p,v,w are the measures introduced in (1.4)—(1.6).

Due to the complexity of (S), we decided to present also a simplified version of the system, when ¢ =0
and H does not depend on z, that is the system in R

(=g + (=) + [ufP~>u + |ul?=2u = \H,, (1, 0) + 0] [u]*u,
gt (S)
(=A)sv + (—A)ZU + [w|P~20 + [v|7 %20 = AH, (u, v) + qé*|u|”‘\v\5’2v.

t

Clearly, the main assumptions required for (§) can be stated in a much easier way. Moreover, we are
able to prove the following

Theorem 1.4. Suppose that (Hy)~(Hs) hold with H independent of x. Then, there exists X\ > 0 such that
for all X > X, system (S) admits at least one nontrivial solution (ux,vy) in W for all. Moreover, each
component of (ux,vy) is nontrivial and (1.2) holds.

Theorem 1.4 can be seen as the vectorial analogue of Theorem 1.1 of [4]. However, the strategy on which
is based the existence argument of Theorem 1.4 bypasses the proof of the Palais-Smale condition. Therefore,
we are able to find solutions for system (S) for possibly different values of A. Indeed, the critical value A, in
Theorem 1.1 only appears in Lemma 4.4, where the application of the concentration compactness principles
allows to find level sets ¢ for which the the (PS). condition is valid. Since now we avoid proving the strong
convergence of the PS sequences, the fact that the solution constructed in Theorem 1.4 is nontrivial is not
automatic and relies on a deep result d la Lions, see Proposition 5.2, which has interesting consequences when
dealing with autonomous systems. We thought to present also (S) since the proof argument of Theorem 1.4
is more direct and elegant, and Theorem 1.4 improves or complements previous results for (p, ¢) local and
nonlocal problems such as, e.g., [4, 6, 15, 17].

The paper is organized as follows. In Section 2, we recall some fundamental definitions and properties
related to the fractional Sobolev—Slobodeckii spaces and we give some useful lemmas. Section 3 is devoted
to the proof of Theorems 1.2 and 1.3, while Section 4 deals with the proof of existence of nontrivial solutions
for (S), that is Theorem 1.1. Finally, in Section 5 we prove Theorem 1.4, obtaining existence of nontrivial

solutions for the simplified system (S).

2. Preliminaries

In this section, we recall some well known facts related to the fractional Sobolev—Slobodeckii spaces and
we give some preliminary lemmas which will be used in Theorems 1.2 and 1.3. These results can be deduced



from [4] and [8]. However, following [8], we include a more direct proof of these facts in order to make the
paper self contained.

Given 0 < s < 1 and 1 < p < oo, the fractional Sobolev space W*#(R") is defined as the set of functions
uw:RY — R in L®(RY) such that [u]s,, < oo, where

/e
([ @l
e = ( Yo dy) .

This is a Banach space endowed with the norm [ufwse = (|lul|© + [u]f,p)l/p.

Let us also define the
homogeneous Sobolev-Slobodeckii space D*#(RN) as the completion of C2°(RYN) with respect to the norm
[-]s,0. Observe that the latter is indeed a norm on C(RY). We endow D*#(RY) with the norm || -
| ps.o®vy = [ - |s,, which turns it into a reflexive Banach space. For more details and a complete survey on
the motivations for the homogeneous Sobolev-Slobodeckii spaces we refer to [9]. It is worth to emphasize that,
in the case sp < N, then D*#(R") is actually a function space. Indeed, if sp < N, the Sobolev embedding
theorem (see e.g. Theorems 7.34 and 7.47 of [1] or Theorem 6.5 of [13]) asserts that D*#(RN) C L#s(RV)
for pf = Np/(N — sp). In particular, there exists a constant C' = C(N, g, s) such that

[ullf, < Clulg,,  for all u € D?(RY). (2.1)

3]

Thus, we can consider the best constant in this inequality, namely

_ . [U]ép,p
Cor = inf o (2.2)
ueD**®") [lullg.
u#0

As a consequence, for any r € [p, p%], we have the following continuous embedding
W= (RN) — L"(RY).
Let us also introduce, for notational simplicity, the fractional (s, p)-gradient of a function u € D%#(RY) as

©
D)= [

Observe that, by Tonelli’s theorem, the (s, p)-gradient of a function u € D*#®(RY) is well defined a.e. in
RY and |D%u|® € L}(RY). The next lemma follows directly from Theorem 6.5 and Theorem 7.1 of [13].

Lemma 2.1. Let0<s<t<1<p<gq, N>2,tqg<N. Then, the embedding
W — L"(RY) x L"(RY)
is continuous for all r € [p,q;], and
o)l < 27" (lulle + lloll) < Collw, o) for all (u,v) € W, (2.3)
where C,. depends on r, N, p and qf. Moreover, if r € [1,q;), then the embedding
W s L, (RY) x L, (RY)
1§ compact.

From now on we fix 0 < 5§ < 1 < p with sp < N. First, we report the following scaling property of the
fractional (s, p)-gradient.



Lemma 2.2 (Lemma 2.1 of [8]). Let p € C®(RY), € > 0 and 9 € RY. Define p. = o((x — x0)/e). Then,

ro()
e

Observe that in general —contrary to what happens for the conventional gradient— the nonlocal (¢, q)-
gradient of a compactly supported function does not have compact support. For this, we shall need the
following lemma, which gives useful decay estimates as |z| — oo of the fractional (s, p)—gradient of a C°(R™)
function.

[
|D*pe ()" = —

Lemma 2.3 (Lemma 2.2 of [8]). Let p € C(RY) be such that 0 < ¢ < 1, suppy C By and ||Vleo < 2.
Then, there exists a constant C = C(N,s, o) such that for any x € RV

|Dfp(z)|® < Cmin{1, |z|~ N9}, (2.4)

Using the previous estimates, we are able to prove the next result, which is a particular case of Lemma
2.4 of [8]. However, for completeness, we report the proof in this context.

Lemma 2.4. Let ¢ € C°(RYN). Then, the following embedding is compact
D*?(RN) s L°(RY | D%p|?dz).

In particular, for any bounded sequence (uy), C D*®(RYN) there exists a subsequence (un, )i and a function
u € D*¢(RYN) such that

lim [tn, () — u(z)|®|D%p(z)|*dx = 0.
N

k—o0 R

Proof. From the reflexivity of D*¢(RY) and the Rellich theorem, there exist u € D%#(RY) and a subse-
quence, still denoted by (u)n, such that

U, —uin D**(RY),  u, »ue LY (RV). (2.5)

loc

Fix R such that supp ¢ C Br and compute

[, o) = ula) 1D @) e = ( |+ ) n () = (o)1 D (0)|
Now, from (2.4) and (2.5)
/ lun(2) — u(2) | D°p(x)[°dz < | D*oll%, / fun(z) — u(z)|Pde
Bar Bar (26)

< C’/B [t () — u(x)|Pdr = 0, (1)

as n — oo. On the other hand, by Lemma 2.3, using (2.1) and the Holder inequality with r = p%/p =
N/(N — sp) so that ' = N/sp, we get
05 ,
Be

2R
d sp/N
© © © r 2.7
e + lullg ) Callells, ( /B C M(HW)) (2.7)
2R

sp/N
<& / _ dz
< . || NO+N/50)

/ |un(z) = u(@)[?|D*p(2)]7dz < [lun —ul
B

c
2R

sp/N
Dsw(xﬂN/sdx)

<277 (|luy|




for some universal constant C. Now, for any 6 > 0 we can choose R sufficiently large so that

d sp/N
1‘ ~
SupngCBR and / m <6/C
BSp, ||
Finally, by (2.6) and (2.7), we obtain
limsup/ [un (z) — u(z)|?|D*¢(x)|Pde < 6
n— 00 RN
and sending § — 0" we get the desired conclusion. O

The following lemma extends to the vectorial case Lemma 2.3 of [4]. However, we give a more simple and
direct proof based on the precise decay rate of |D%p.|®, first proved in [8], cf. (2.8). The main difficulties
here, as we already noticed, are the fact that the nonlocal gradient |D*p.|® does not have compact support
and that the sequence {(u,,vn)}n C Z does not belong to L¢(RY) x L®(RY). The proof uses the same
strategy of Lemma 2.4, which is effective thanks to the decay estimates given by Lemma 2.2 and (2.4).

Lemma 2.5. Let {(up,vn)}n C 2 be a bounded sequence and let ¢ € C°(RYN) be such that 0 < ¢ < 1,
©(0) =1 and supp ¢ C By. Take e > 0, fit zg € RN and put ¢ () = o((x — x0)/¢), x € RN. Then

lim limsup/ |D%@c 51 (|un|® + [va]®)dy = 0.
RN

e—0t nooco

Proof. By the scaling property in Lemma 2.2 and by (2.4) it follows

Tr — X
D¢ | ——
(=)

From the reflexivity of 2 and the Rellich theorem, there exist (u,v) € 2 and a subsequence, still denoted
by {(una Un)}n, such that

3]

1
< Cmin{e™*®, &Nz — o| -V Fs0)}, (2.8)

|D?pe ()| = prr

(U, V) = (u,v) in P, (Un,vn) = (u,v) in LY (RY) x LY (RY). (2.9)

loc

Consider

/|D5we@(|un|@+|vn|p)dx</ +/ )|D5soe|@(|un|@+|vn|@>dz.
RN Be(z0) £(zo)

Let us first estimate the integral over B.(z¢). By (2.8) and (2.9) we have

limsup/ |D*@c | (Jun|® + vp|?)da < limsup Ca_ﬁp/ (|unl® + vn]*)d
BE(ZEQ Be(mﬁ)

n—oo n—oo

(2.10)
= Ca_ﬁp/ (Jul® + [v]®)da.
Bs(xﬂ)

Now we turn to the integral over BS(z). Using again (2.1), (2.8) and the Holder inequality with r = p¥/p =
N/(N —sp) so that ' = N/sp, we get

sp/N
[ 105 (il + 00l < s 00) 5 g e ( / |Dﬁsoe<m>N/5dx>
B¢(zo) ’ Bg(zo)

/N
< 0N dz v
> e e 2| NOA+N/50)



< CyeN (|€|N(17N/5p)>5@/N _ e,

where the constants C, Cy,Cs are independent of n and €. Thus, from what we obtained above, it follows
that

n—oo

limsup/ D¢ |? ([un]® + [v,|?)da < Cae®™®. (2.11)
Bg

Finally, using (2.10) and (2.11), we conclude

e—=0T n—ooco

lim limsup/ |D%¢c ;1% (|un|® + |vn|®)dz < lim 05*59/ (|ul® + |v|?)dz + C2e® | =0,
RN e—0t B.(z0)

being sp < N. O

Finally, the next lemma concerns the behaviour of regular functions concentrating at infinity. For the
proof we refer to [4] or [8].

Lemma 2.6. Let {(u,v)}n C 2 be a bounded sequence and let n € C°°(RYN) be such that0 <n<1,7=0
in By and n =1 in B§. Take R >0 and put ng(v) =n(x/R), x € RN. Then

lim limsup/ |D*nR|® (Jun]® + |vn|*)dz = 0.
RN

e—=0T n—ooco

3. Concentration—compactness results

Throughout the section, we assume that 0 <t <1 < ¢ with N > 2, ¢ < N, and that «, 8 > 1 are such
that a+ 8 = ¢f, where ¢; = Nq/(N —tq). Moreover, 0 € (—o00, H; ). Denote by 2 = D“4(RY) x Db4(RYN).
Then, the optimal constants introduced in (1.3), namely

P [l + ol

(u,v)E2
(u#0) A(v7£0) (/ [u|®|v|® dx
RN

q/q;’

gl — o (e, + el )
S, = inf

(u,v)E2D a/a;
(u#0)A(v#£0) </ u|a|v|ﬁdl‘)
RN

are well defined. Indeed, the Holder inequality and (2.1) give

a/qf B/a; ;
/RNIUI“\vIBd:v < </RN|u|qt dm) (/RN|U|% dx> < cg;/Q[u]gq[v]ﬁq (3.1)

for all (u,v) € 9, since a, 8 > 1 are such that a 4+ 8 = ¢;. Therefore, (3.1) and the Young inequality yield

) o E (_007Ht’q)7

a/q;
o aq/q; [ 1Ba/a; o 8
([ Jueepan) ™ < colalis/ 1y < o (Statt, + 2, ) .
. : (52

< Cg; ([ulf g + V)i 4)

for all (u,v) € 2. Hence S > C’q_*1 >0. and So > (1 —0/H;4,4)/Cqr > 0 by (1.1), being o < Hy 4.
Since our goal is to study the behaviour of weakly convergent sequences in Z in terms of measures,
following [19] we recall some classical definitions related to the weak convergence of measures. Let M(RY)
be the space of all real valued, finite, signed Radon measures on RYY. We denote by C.(RY) the space of all



functions whose support is compact in RY and by Cy(R™) the completion of C.(RY), w.r.t. the supremum
norm | - [|oo. From the Riesz representation theorem in Cy(RY), see Theorem 1.200 in [19], it is known that

M(RY) = (Co(R™))"

Thus, we say that a sequence of measures (i), C M(RY) weak—* converges to a measure u € M(RY),
i — pu, if for every ¢ € Co(RY)

od i, —>/ ¢dp  asn — oo.
RN RN

Clearly, this notion of convergence is the usual weak star convergence with respect to (Co(RY))". A sequence
(ttn)n of bounded Borel measures is tight if for all € > 0 there exists a compact set K. C X such that

S%p[ﬂn(RN) \ Ks)] <e&.

Roughly speaking, if a sequence of measures is tight, then the amount of mass at infinity goes to zero
uniformly. Moreover, by Prokhorov Theorem, cf. Theorem 1.208 of [19], a bounded sequence of measures
(ftn)n is relatively compact in duality with C,(RY) if and only if it is tight.

However, proving tightness is often very technical, and it is not necessary in order to get compactness of
PS sequences, as explained in Remark 3.1. For this reason we employ a variant of these two principles, that
is the concentration—compactness principle at infinity. This variant was introduced in [11, 7], and has been
employed in the nonlocal context in [4, 8].

Let us first report the next Brezis—Lieb type lemma for vectorial critical terms, which is an extension of
Lemma 2.1 in [22].

Lemma 3.1. Let {(un,v,)}n be a sequence in 9. Assume that (un,v,) — (u,v) in D and u, — u, v, — v
a.e. in RN. Then,

lim {/ |un|a|vn|ﬂdx—/ |un—uavn—v|ﬂdx} :/ luf[o[?dz. (3.3)
n—oo RN RN RN

The proof of Lemma 3.1 is identical to the one in [22], just noting that the fact that {(un,vn)}n is
bounded in & implies that (uy), and (v,), are bounded in L% (RY) by (2.1).

Before proving Theorem 1.2 and Theorem 1.3, we observe the following simple but crucial fact. The
next remark essentially says that if you are able to exclude both the concentration at finite points and the
concentration at infinity, then you can turn the weak convergence into strong convergence.

Remark 3.1. If (1.4) holds and the coefficients are all zero, that is v; = voo = 0, j € J, then up to a
subsequence

lim |t — u|®|v, —v|Pdz = 0. (3.4)

n—oo RN

Indeed, the fact that v; = 0 for all j € J implies that |u,|*|v,|?dz = v = |u|*|v|®dz in M(RN). Moreover,
if voo = 0, then by (1.11) up to a subsequence

lim [t |“ |0 |Pdz = V(RN ) + v = / u|“|v|? da.
N RN

n— oo R

Therefore, Lemma 3.1 yield (3.4). Similarly, if (1.6) holds and wy = ws, = 0, then

i |tn|? + [V |?
im —
n—eo JgpN |[*

|ul? + [o]?
[t

dsr::w(RN)—i—woo:/
RN

10



and so the celebrated Brézis and Lieb lemma of [10] gives as n — oo

Tim {Junllly,, = llun =y, b= lullly, o Y {loal,, = o = ol } = ol .
Consequently
Tim = ullf, | + o — ollf,, =0. (3.5)

Proof of Theorem 1.2. Since {(un,v,)}, is a bounded sequence in 2, by (1.1) and (3.2), in virtue of
Proposition 1.202 of [19], there exist three bounded nonnegative Radon measures p, v and w on RY such
that, up to a subsequence, we have

[un|®|valPdz = v, (1D un|? + [ Dtvy| V) dz = o

q q 3.6
deiw in M(RM). (36)
||t

Step 1. Proof of (1.4): Consider {(un,v,)}n and (u,v) as in the statement and divide the proof into two
cases.

Case 1. u=v = 0. Fix ¢ € C*(RY). Then, since clearly (puy,,pv,) € 2 for all n we get by (1.3)
) a/a;
([, et tunllonlPae) " <57 (ol + fovalt)

- <// W” yéﬂ?x DL dady (37)

//Rm @vn yfﬁﬁ)( )l dwdy>

since a + 3 = ¢;. Now,

@un — (pun) ()|
dzd
//RZN y|N+tq xray

|Un ) — |90 z) — o)’
(//R?N o — |N+tq dxdy+ o |un ()| ————F77— ELET dzdy

and, from Lemma 2.4, it follows that

Jale@ =gl
//Rzzv z)| x—y‘N+tq dzdy = on(1),

and similarly for v,,. Therefore, we get by (3.7)

a/a;
(/ o] |uno‘|vn|ﬁdx> < C/ || (|Dtun|q) + \Dtvn|q) dx + 0, (1) (3.8)
RN RN

where C' = 2P~15~1. Therefore, by (3.6) passing to the limit in (3.8), we have the following reverse Holder

. 1/q; 1/q
(/ || % dV) < C(/ |g0qd,u> for all ¢ € CEO(RN).
RN RN

11
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Thus, by Lemma 1.2 of [27], we conclude that there exist an at most countable set J, a family of points
{z;}jes CRY and a family of nonnegative numbers {v;} ;e such that

V= Zujézj 2L (39)
jeJ
This concludes the proof of (1.4) in Case 1.
Case 2. (u,v) # (0,0). Set w, = u, —w and v,, = v, —v. Clearly, (U, v,) — (0,0) in S and (3.7) still
holds for (i, ¢0,) for any ¢ € C°(RY). Moreover, n — |U,|*|u,|?dz and n — (|D',|? + |D*0,|?)dx are
still bounded sequences of measures and so by Proposition 1.202 of [19], we can conclude that there exist

two bounded nonnegative Radon measure 7 and i on R”Y, such that, up to a subsequence, still labelled

{(a’fhin)}n, we have
(1D |7 + |DGu|?)dz 5 i, [in]® ] ®de — 7 in M(RY). (3.10)

Thus, from Case 1. there exist an at most countable set J, a family of points {z;};e; C RY and a family
of nonnegative numbers {v;};cs such that

U= Z Vj0a, + 100. (3.11)
jedJ

Furthermore, Lemma 3.1 implies that for all p € C°(RY)
|un\a|vn|’8dx — |u|°‘\v\5dx = |up — u|*|v, — v|ﬂdaz —o(1), (3.12)

where o(1) = 0 in M(RY), since a4 = ¢;. Then, computing the limit in (3.12) using (3.6) and (3.10), we
get U = v — |u|*|v|?dz. Consequently, from (3.11), we obtain the claimed representation (1.4) of v.

Let us now prove the first part of (1.7). Fix a test function ¢ € C°(R¥), such that 0 < p < 1, ¢(0) =1
and supp ¢ = B;. Take € > 0 and put ¢, ;() = ¢((x — x,)/e), z € RY, for any fixed j € J, where {z;}; is
introduced in (3.11). Fix j € J. Then, for all § > 0 there exists Cs > 0 such that for all £,n € R

€+ 0l < (1+ )€ + Cslnl*.

Consequently, (1.3) and the above inequality applied to (¢e jun, @e,jvn) yield

i a/a;
S [ 1oealt lunl*lon o)
]RN

(e tn) (@) — (e 1) )] (Pegtn)(@) ~ (pegun) )"
< /RZN o — y|N+tq dzdy + //RZN o y‘N-&-tq dzdy (3.13)

' (lDfunw + DtvnIQ)d“" +Cs [ D" (funl?+ [0, 17)da

<+ [ loes
RN

for any 6 > 0. Now we want to pass to the limit in (3.13) as n — oo and € — 0T. To this aim, let us observe
first that from (3.6) and (1.4) we get

lim lim 19 [y, | |lop |Pdz = Tim 19 du
o0+ oo Jgn e, 1% [wn]*vn| vt Bg(wj)|80w|
. * 3.14
= dim S [ el P de 4 () 19
e—0+ Bs(Ij
=Vj

12



since

[ Gl [ i iiPar = o)
B. (17)

B (z;

as € — 07, being 0 < ¢ < 1. On the other hand, (3.6) gives

i [ el (1Dt + 1Dy = [ el 3.15)
n—oo RN RN
while Lemma 2.5 yields
lim limsup/ |D ¢ |7 (Jun|? + |vn|?)dy = 0. (3.16)
e=0t nooo JRN

Then, combining (3.14)—(3.16) and letting € — 0" in (3.13) we get
SV?/QI <(1+6)p;, foranyjeJandd>0
where p; = lim. o+ p(B:(z;)). Sending § — 0" we finally obtain

Sl/g/q‘ <p;, ged

Step 2. Proof of (1.5): Clearly,

> Z,Ujdgj + p1odo-
jed

On the other hand, by Lebesgue’s differentiation theorem for measures (see for example [19]), in order to
prove that > (|D'u|? + |D'v|?)dz it suffices to show that

lim inf 1 Br(0) > (|D'u|? + [D'|?) (z) for LV ae. zg € RN, (3.17)

r—0+ riN -

Clearly, since (|D'u|? + |D'v|?) € L{ . (R"), we know that

loc

im —— |D*ul? + |D'0|?) < 0o for a.e. zg € RY. (3.18)
r—0t |BT‘ BT(IO)( )

Fix then 2o € RY such that (3.18) holds. Now, the functional ® : 2 — R defined as

lu(z) —u(y)|* | (@) —o@)| / t ¢
D(u,v :/ / + dydz = D'u|? + |D*v|?) dx
( ) By (z0) JRN ( ‘.’L' _ y|N+tq _ y|N+tq By (20) (| | | | )

|

is convex and strongly continuous on 2. So, since (uy,v,) — (u,v) in 2, we have

lim inf (|Dtun|q + |Dtvn|q) dz > / (‘Dt“|q + ‘Dt”|q) dz.

n—oo Br(a;O) Br(ﬂﬁo)

Then, what we observed above and Proposition 1.203, Part (i¢) of [19] give

BT . n BT‘ . ]-
L(f[o) > lim sup L&;ﬂo) = lim sup = / (|Dun|? + |D'vy|7) da
WNT n—o0 WNT n—oo WNT Bi(x0)
1 1
> lim inf ~ / (|D*up|* + | D'y ) dae > ~ / (|D*ul* + |D*v|?)dx
n—oo WNT ~(z0) WNT B, (z0)

13



where wy is the Lebesgue measure of the unit ball. Passing to the liminf as r — 07 and using (3.18) we
obtain (3.17). Finally, since (|D*u|? + |D*v|?)dx is orthogonal to Y7, ; y1j0.; + podo, we get the desired
conclusion.

Step 3. Proof of (1.6): We proceed as in the first part diving the proof into two cases.
Case 1. u=v = 0. Fix ¢ € C>(RY). Then, since clearly (pu,,pv,) € 2 for all n we get by (1.1)

Hea (lounls,, + lovallly, ) < lounlfy + lovnld,

_ |(pun) (z) = (pun) ()|
- //Rzzv |x — y\N—Hq dady (3.19)

[(pn) () = (pn) (y)[*
i //Rw =y o

Now, exactly as before from Lemma 2.4 and (3.19) it follows that

alnl” Tlonl® 3 < T (|D%up ) + | D'v,|7) d 1 2
- o] =0 |0 (1D un|?) + |D vy |?) d + 0n (1) (3.20)

[t

where C' = 2’1_17{[);. Therefore, by (3.6) passing to the limit in (3.20) we have that

1/q 1/q
</]RN <p|qdw> < C(/RN <p|qdu> for all p € C°(RY).

Thus, by Lemma 1.2 of [27], we conclude that there exist an at most countable set J, a family of points
{z;}jes C RN and a family of nonnegative numbers {w;};e. s, wo such that

w = wpdo + ijézj. (3.21)
jedJ

Clearly, the set J determined in (3.21) is not necessary the same of the one obtained in the representation of
v. However, since the coeflicients v;, 11, w; are allowed to be 0, we can replace these two set with their union
(which is still at most countable). For this reason we keep the same notation J for the indexes set. In order
to conclude the proof of (1.6) on Case 1, it remains to show that w is concentrated at 0, namely that w; =0
for any j € J. But this is obvious. Indeed, fix ¢ € C°(RY), with 0 ¢ supp ¢, so that = — |o(x)]9]z|7" is
in L>(supp ). Then, by Lemma 2.1, (uy,,v,) — (0,0) in LT (RY) x LI (RY) and so we get

loc loc

fppoltalElonl? g [ jalel? el
v 00 Jafta " oo Tl
supp ¢

<C (lunl? + o) da = 0
supp
as n — co. This, combined with (3.6), gives [,y |¢|?dw = 0, that is w is a measure concentrated in 0. Hence
w = wpdp, and so (1.6) in proved in Case 1.
Case 2. (u,v) # (0,0). Set u,, = up, —u and v, = v, —v. Clearly, (4, v,) — (0,0) in Z and (3.7) still
holds for (¢, pv,) for any ¢ € C2°(RY). Moreover by Proposition 1.202 of [19] there exists a bounded
nonnegative Radon measure @ on RY, such that, up to a subsequence, still labelled { (i, 0y)}n, we have as

n — o0 _ -
[t | + [0 |?
|z[ta

de =& in M(RY). (3.22)

14



Thus, from Case 1, there exist an at most countable set J, a family of points {¢;},c; C RY and a family of
nonnegative numbers {w;};es,wo such that
w = LU()(S(). (323)

q
loc

Now, the Rellich Theorem gives that both (u,)n, (v,), converge to u and v in L{ (RY), respectively and

SO, up to a subsequence we can assume

(Un;Vn) = (Uo,r, Vo) ae€. in RY,

|un| < 9r, |Un| < gr a.e. in RN

for some gp € LY(Bg) and all R > 0. Thus, for all ¢ € C>°(RY) by the Brézis-Lieb lemma we get
: a a  _ ~4
Jim {lpunl, , = lleullly, , = Im lleu,
and similarly in the v component. A combination of the above formulas yields that for all p € C°(RY)

|un|? + [0n]? [ul? +Jol? , _ Jun = ul? + o, — 0]
_ v —
|| ||t [t

dx —o(1), (3.24)

where o(1) = 0 in M(RY). Then, computing the limit in (3.24) using (3.6) and (3.22), we get @ = w —
(|u|q + \U|q) |z|~*9dx. Consequently, taking into account (3.23), we obtain (1.6).

It remains to prove that l/g/q: < (o — owp)/Sy. Fix p € CX(RY) such that 0 < ¢ < 1, ¢(0) = 1 and
supp ¢ = Bj. Take ¢ > 0 and put ¢.(z) = ¢(z/e), z € RY. Then, arguing as in (3.13), by (1.3) for any
6 > 0 there exists Cs5 > 0 such that

/% (peun) (@) = (peun) ()"
S, a; e nﬁd _ Peln Peln ) Y dad
R e

[(pevn) (@) = (pevn)(y)[*
+ //RQN o dxdy

y|N+tq

q q
—o [ gl el
RN || (3.25)

<o) [ et (10wl 4 100017 ay
RN

+Cs [ 1Dl (fual? + fenl)dy
R

|Un|q + ‘vn|q
_ qr—"r 17"
o / el

since a + B = ¢;. Now, as in (3.14) we know that

lim lim e |9 |t |* [vn|Pda = v, (3.26)
e—0t n—o0 JpN

while Lemma 2.5 implies

e—=0t pooo

lim limsup/ | D 0|9 (|un|? + vn]?)dy = 0. (3.27)
RN

Finally, from (1.6) and the fact that w > wody we get

lim lim |oe]?
N

q q
de = lim |oe|?dw > wp. (3.28)
e—0t n—oo R B,

|£E|tq e—0+
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Hence, by (3.26)—(3.28) we obtain passing to the limit as n — oo and ¢ — 0% in (3.25)
San/qZ < (14 d)po — owo

for all § > 0. Finally, sending § — 0% we obtain (1.7). This concludes the proof.
O

Let us now turn to the proof of the C'C principle at infinity, that is Theorem 1.3. The strategy is similar
to the one used before but instead of taking a function that concentrates at the finite points x;, we consider
the function g of Lemma 2.6, which is a function that in some sense ”concentrates at infinity”.

Proof of Theorem 1.3. Let us show (1.11)—(1.13). Let ng be defined as in Lemma 2.6. We can write

[, (Dt + 1040, )iz
RN

(3.29)
= [ Dl 4 1D e )it + [ (1Dl D) (1 el
RN RN
We first observe that
/ (|Dtun|q+|Dtvn|q)da:§/ (|Dtun|q+|Dtvn|q)|nR|qug/ (ID"un | + |DVon|?)de
B, RN BS,
and so by (1.9)
foo = lim limsup/ (|D*un|? + | D'y |?) g |9da. (3.30)
R—o00 nosoo JrN

On the other hand, since p is finite and 1 — |ng|? has compact support and nr — 0 a.e. in RY, we have by
the definition of y and the dominated convergence theorem that
lim limsup (|D'u,|? + [D'v,|?) (1 — [ng|9)dz = lim (1 — |ng|9)du = p(RY). (3.31)
R—o0 nooo R—o0

Using (3.30) and (3.31) in (3.29) we obtain (1.12)
Arguing similarly for v and w, we can see that

Voo = ngn limsup/ 1R [tn|¥|v, [P de,
o0 N
noee IR (3.32)

|[un|? + |vn|
||t

Woo = lim limsup/ Ing|? dx
RN

R—o0 nooo

and so (1.11)—(1.13) are proved in the same way.
In order to show (1.14), let us consider again the function ng. Then, since 0 < ng < 1, by (1.3) applied
to (NRUn,MRVR) € 2, we get for all n and for any § > 0

. ’1/4; U q+ v 9
S( [, al ol onlPde ) < (aonlt, + lowonlty) o [ el e
R R

||t

<0+ [ |nR|q(|Dtun|q T |van|q)dx
RN (3.33)

o) / D ] (Jun] + 0n]?)
RN

[un|? + |vn|?
— qZnl” T el 4
O-/RN |77R‘ |£17|tq €z



since a + 8 = ¢;. Now, from Lemma 2.6 we know that
lim limsup |[Dng|?(|un|? + |va|?)dz = 0. (3.34)
R—oo posoo

Thus, using (3.30),(3.32) and (3.34) in (3.33) and sending § — 07 we get the desired conclusion. This
completes the proof of Theorem 1.3. O
4. Existence for system (S)

In this section we assume, without further mentioning, that the structural assumptions required in The-
orem 1.1 hold. We say that the couple (u,v) € W is a (weak) solution of problem (S) if

(b + (0 + g+ 00 [ (P2l Z)updo+ [ (o + ol 2o
[ Lt it e
=0
R

N |[*

dCE—‘y-)\/ {Hy(z,u,v)p + Hy(z,u,v)¢}da
RN
e 2 [ ol eds 2ot ods

4y JrN 4y JRN

for any (¢, ) € W, where

WP~ (u(@) —uy) (=) = ¢(y))
(U, @)sp = //RZN dxdy,

|z —y|Nps
u()]=2(u(z) — u(@))(o(z) — o(4)
//R [ — y[ e dardy

and similarly for v. Clearly, the (weak) solutions of (S) are exactly the critical points of the Euler-Lagrange
functional I : W — R associated to (S) and given by

I(u,v) = IIUII”,p ||u||t,q || ol + *Ilvl\tq / H(z,u,v)dx

q
_g/ M _7/ |u||v|Pdz,
q Jen |zl

which is well defined and of class C'(W) by (Hy), (H3) and (2.1). Note that for any e > 0 conditions
(Hy)—(H3) give the existence of C. > 0 such that for a.e. x € RY

|H (2, u,v)| < e|(u,v)]™ + Ce|(u,v)|™  for all (u,v) € R?. (4.1)
Furthermore, since a, 8 > 1 are such that o + 8 = ¢}, then (3.2) yields
o : ¢/ : ;
[ JultlolPde < € (ulf + 0lf,) " < € o) (42)

for all (u,v) € W.
The structural assumptions of Theorem 1.1 imply that the functional I possesses the geometric features
of the mountain pass theorem of Ambrosetti and Rabinowitz. In particular, we have the following

Lemma 4.1 (Geometry of mountain pass). For all 0 € (—oo0,Hq) and A > 0 we have
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(i) There exists a couple (e1,ez) € C°(RY) x C(RY), independent of A and o+, with e; >0, e3 > 0 in
RY and [;nle1]*]ez|?dx > 0 such that

I(er,e2) <0, [[(er,e2)]| = 2;

(i3) There exist numbers 3= (o, A) > 0 and p = p(o, ) € (0,1] such that
Huw) 2 for any (u) € W with [(u,0)] = p.

Proof. The proof of Lemma 4.1 is almost standard and very similar to the demonstrations which appear in
Lemma 2.4 of [17]. Therefore, we only sketch it.

(i) Let (u,v) € C(RN) x C°(RY) be such that u > 0 and v > 0in RY, ||(u,v)|| = 1 and [ [u|*|v|?dz > 0.
Then, by (Hs) we have as 7 — oo

T

a;
- / |u|a|v\5dx%foo
4t JRN

" 4 . o

Irur) < 2t o ol + el ) -

since 1 < p < ¢ < gf. Hence, taking (eq, e2) = m(u, v), with 79 > 0 sufficiently large, we obtain at once ().
(#9) For the second part, fix any (u,v) € W, with ||(u,v)|| <1 . Then view of (4.2), for all £ > 0 there exists

C. > 0 such that, by (2.3) and (4.2), we have

1 1 ot
o) 2 1 (ol + 1012,) + £ (folly + lo1d) = 2 (ol , + o,
m 1 «
- el o)l = A — = [ ullolPe
q¢ JRN
91 214 o
> u, v)||? + u,v)||? — u,v)||?
o)) 0l = 2]
1
~ AR o)™ = ACCEN ™ — & [ el
q: JRN
91-p 1/, ot Cgi* .
> el ) w4 L (2 0 ) s ) = ACLCI s )™ — () |
D q Hiq q;

= All(w,0)[” + B|(w, )| = Cll(w, v) " = D (u, v)||*,

where .
217 1 + o
A= —XeC™, B=- (21_(,_0)’ C=XC.C", D=-—%,
p q Hi,q 4y

Now, choosing € > 0 so small that A > 0, we can conclude that there exists p € (0,1] such that

m[%)i] y(t) = y(p) >0, where y(7) = A7P + B7? — Cr™ — D%,
T7€|0,

since ¢, m € (p, q;f). Consequently, I(u,v) > y(p) =y for all (u,v) € W, with ||(u,v)|| = p, as desired. O
Thanks to the geometry given in Lemma 4.1, for any o € (—o0, H;,4), we can introduce the special levels

of I

Cor = éréfr nax, I(y(7)), (4.3)

where
I'={y e C([0,1],W) : v(0) = (0,0), I((1)) <0}.
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Obviously, ¢, > 0 thanks to Lemma 4.1, since in particular [[(e1,ez)|| > p. Let us also report a crucial
asymptotic condition of the level ¢, ». We emphasize that this result was first observed in the local scalar
case in [15], and then extended to the vectorial local case in [17], cf. Lemma 2.5, taking into account also
Hardy terms. We also refer to [4] for the nonlocal case.

Lemma 4.2. For any o € (—o0, Hy4) we have
lim ¢, =0.
A—00

In particular, there exists A = Ai(0, N,t,q,0) > 0 such that

1 1
0<con < <9 - *> min{ SN/ SN/t\  for all A > \,. (4.4)
4y

Proof. Fix o € (—oo0,Hy q) and A > 0. Let (e, e2) be the couple determined in Lemma 4.1. By the mountain
pass geometry of the functional I, there exists 7, > 0 verifying I(7, xe1, 7o r€2) = max,.>oI(Te1, Tes).
Therefore, (I'(15,x€1,To,x€2), (€1,€2)) = 0, that is

le1]? + [ea|?

[t dx

-1 —1 —1
23 (leallzy + lleal,) + 725" (lealf + lleallf ) =73t |

= VH(x,Tsxe1,Tore2) - (€1, €2)dx + Tg"*;l/ |el\“|eg|’3dx (4.5)
RN i ’ RN

N N

by (Hz), being A > 0. This implies, since [y |e1]|*|e2|?dz > 0 by Lemma 4.1 and p < ¢ < ¢}, that {7,,x}x
is bounded in R.

Fix now an arbitrary sequence {\,}, C R*' such that A\, — co as n — oo. Obviously {75, }n is
bounded. Thus, there exist a subsequence of {\, },, still denoted by {\,}, and a number 79 > 0 such that
Ton, — To as n — co. We claim that 79 = 0. Otherwise, (H;) and the dominated convergence theorem yield
as n — 0o
/RN(Hu(TU,,\nel,Tg,,\neg)el + Hy(Ton, €1, Ton, €2)€2) dT — RN(Hu(Toel,Toeg)el + Hy(m0e1, Toea)ez)dz > 0,

by (Hs). Consequently, recalling that A\, — oo, we have as n — o0

-1
5t (ler

50+ llea

-1
2,) + 75k (lleallfy + lleallf, ) = L € (0,00)

while
|
)\n/ (Hu(TU,,\nel,Tg,,\neg)el—|—HU(TU,A"el,TU,A"eQ)eg)dx—|—Tgf)\n / |el‘a|82|5dx—>oo,
RN RN

which gives a contradiction in view of (4.5). Thus 7 = 0 and so 7, — 0 as A — o0, because of the
arbitrariness of the sequence {\, },.
Now the path v(7) = 7(e1, e2), 7 € [0, 1], belongs to I and so by Lemma 4.1 we infer

0<con < m&gl(W(T)) = I(T5,n€1, To,0€2)

P q _
ToA ToA o
<722 (Jeallz +lleallz,) + 22 (leally + lleally) + =72 (leal'h,, + el ) 0

as A — 0o, since (e, e2) does not depend on A. In particular, there exists A, = A\«(0, N, t,¢q,0) > 0 sufficiently
large such that (4.4) holds. O
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Our goal is now to prove that the Palais-Smale sequences at the levels ¢, » weakly converge in W and
that the weak limits are critical points of the functional I.

Lemma 4.3. Let {(un,vn)}n C W be a Palais-Smale sequence of I at the level ¢, 5 for all o € (—o0, Hy q)
and A > 0. Then,

(i) up a subsequence, (Un,vp) = (U x,Vsx) in W as n — oo,

(12) the weak limit (uy x,Vs2) is a critical point of I.
Proof. (i) Let {(un,vn)}n C W be a Palais—Smale sequence of I at level ¢, 5 for any A > 0, that is
I(un,vn) = con  and  I'(up,v,) >0 in W asn — oco. (4.6)

In order to prove our claim, we start showing that {(uy,vn)}n is bounded in W. Thanks to (4.6), there
exists d, » > 0 such that as n — oo

) <Il(unavn)a (Umvn»
1 1
) (anlzy + Honlz,) + (5 = 3) (ol + lonlz, )
1
q

Co’,)\ + da,)\H(unyvn)” + On(l) 2 I(Un7Un

1
- 9) (Il , + 1oy, )

+ / (VH(x, Upy Up) - (U, vn) — OH (z, Uy, vn)> dx (4.7)
RN

1 1

= 2) [l
0 4 RN

1

> (5 5) (Il + Bonl2y + el + onl, ),

ot /1 1
_ 2 (Z_Z q q
Hiq <q 9> <”u"”t’q+ ”v"”t’q)
> 4(||un||§,p + [lvallf , + llunllf g + ||Un||§,q>

by (Hsz) where dy x = 0,(1) for every A and o and

() )

Assume by contradiction that ||(u,,v,)|| = 00 as n — oo. Then, passing if necessary to a subsequence,

since ¢ < 0 < ¢}.

still labelled by {(un,vn)}n, at least one component has at least one Sobolev norm diverging as n diverges.
Thus, we could have either at least one component, with exactly one Sobolev norm divergent, say || - ||s,p, Or
two components with different norms || - ||s,, and || - ||¢,4 divergent, respectively. In the first case,

”un”;p + [lvn I;JJ + ”un”Zﬂ + [lvn Ig,q + On(l)
[unllsp + llvnllsp + lunllf, + lvallt

<ty (Llp Pl Jinlia Il

lunllfp + llvnllSp — llunllEp + llvallfp

/ -1/p’
< 2!/P dU,A(HunHIs],p + ||vn||€,p) s on(1)

0 <l <dyn
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= 0,(1).
This gives the required contradiction and proves the claim. On the other hand, in the second case as n — oo

[unlls.p + [[vnlls.p + [[unlliq + [[0nlltq

0 <l <dyx +o0 (1)
M unllSp + lonllfp + lunlliy + llvallfy
unlls.p + lvnllsp [wnlt.g + llvalle q)

S d 7)\ ( D ) ) ) +0 (1)

P2 \Nunllfp + loallsp — Nunllfy + llonllf "

, -1/ ’ , -1/ ’

< 2!/p da’/\(llun”{;,p + [lvn |§,p) P gol/a da,A(Huan,q + HUan,q) e on (1)
= o0,(1).

Consequently, the claim is proved in all the possible cases. Thus, since {(uy,,v,)}, is bounded in the reflexive
Banach space W, there exist (us,x,Vs2) € W such that (uy,, v,) = (te, Vs,2) in W. For simplicity, in what
follows we still denote by {(un, vy)}n every subsequence extracted from the original sequence.

(i4) Proving now that the weak limit (u,v) is a weak solution of (S), namely (I'(u,, vy), (¢,1)) = 0 for all
(¢,9) € W is somewhat standard. Indeed, given any couple (¢,1)) € C°(RY) x C°(RY), we know by (4.6)

that
On(l) = <I/(’(,Ln,’()n), (d’ﬂ/’» = <un7 ¢>S7P + <un7 ¢>t,q + <vn7w>s,p + <Una7/’>t,q

—|—/ (|un\”72 + \un|q72)un¢dx+/ (|11n|p*2 + |vn|q72)vn¢dx
RN RN

- 0/ [ul?"?ug + o]0y
RN |t (4.9)

_ )\/ {Hy(%,un,v0) 0 + Hy (2, Uy, vp)0 }da
RN

3 T I L L)
¢ JrN q¢ JRN
Now, from part (i), by (2.3), up to a subsequence we can assume that
(Un, Un) = (Ug rs Vo n) I L (RYY x LT (RN) for all r € [1,¢]),
(Un, V) = (Uo,r, Vo) €. In RY, (4.10)

|Un| < IR, |vn| < gRr a.ce. n RN7

for some gr € LY(Bgr) and all R > 0. Furthermore, by (2.2) and the Holder inequality, since o + 8 = ¢, we

obtain
af 9 (a—1) af (af —a) Y af (a—1) af (af —=)
— -1 —1 —1 *_1
/]H[ “unla 1‘Un|6 W dr < [|tn, q;qt v, q;qt < Cg;tk q[un]t,;t [Un]t,qqt
n

< O (v |4 < C,

where C' > 0 is a suitable constant. Similarly,

/RN ||u”|a|vn|ﬂ_1

Consequently, again up to a subsequence, we have

af
“-1dy <(C.

|Un|a72un|”n|ﬂ - ‘UU,A|Q72UU,A‘WU,>\|'B in Lq:/(qril)(RN)v

' . (4.11)
‘un‘alvnlﬁ_zvn - ‘ua,k|a|va,>\|ﬁ_2va,>\ in L%/ _1)(RN)7
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thanks to (4.10). Consider now the sequences

|un (@) — un(y) P2 (un (@) — un(y)) [vn (@) — vn (1) "% (vn () — va(y))

Un(xay) = |1‘—y|(N+Sp)/p/ , Vn(x7y) = |5£‘—y|(N+5p)/p/
for p’ =p/(p — 1) and put
Ule.y) = [u(z) — u(y)[P~> (u(z) — u(y)) Viey) = [v(z) — v(y)[P~* (v(@) —v(y)) '

|;1j—y|(N+5P)/P/ ’ ‘Jj—y|(N+SP)/p/

Then it is standard to see that {(Uy, V;1)}» is bounded in P (R2N; R?) and so there exist ¢4,V in L? (R2V)
such that U, — U and V,, = V weakly in L' (R2N). But (U,,V,) — (U,V) a.e. in RN and so (U,V) =
(U, V). Therefore,

/ Upn(z,y)®(x, y)dzdy — / Ul(x,y)®(x,y)dedy for all & € LP(R?N),
R2N R2N
and
// Vi (2, 9)V (2, y)dzdy — // V(x,y)¥(z,y)dxdy for all U € LP(R?N).
R2N R2N
This holds in particular if we take for any ¢, € C°(RY)

Doy CE O g ) ()

x — y|(N+sp)/p’ x — y|(N+sp)/p’
Y )
since obviously ®, ¥ € LP(R2Y). Thus,

“M@”WZZLNUA@_““”pWﬂ@—uawxa@—¢@»

|z —y|Nes

dxdy

_ (4.12)
u(@) — u(y) P2 (u(@) — u(y))(¢(z) — ¢(y))
- L. FETE = (1.0)
In a similar way we can see that
<v7la q/}>S,p — <Ua ¢>S,pa <un7 ¢>t,(1 — <’LL, ¢>t,Q’ <’Un, 7/’>t,q — <’U, ¢>t,Q' (413)

On the other hand, since H has standard subcritical growth we have by (Hi)
‘Hu(l', U, Un)¢ + HU(‘T» Un s vn)'l/}‘ < m|(un7 Un)‘m71¢ +m Cl‘(una vn)|m71w <&6¢ Ll(BR)a
and again the dominated convergence theorem yields as n — oo

/{Hu(x,un,vn)¢+Hv(x,un,vn)w}dx—>/ {Hoy(%,u5.7,05,0)0 + Hy (T, Ug x, Vo)1 fda. (4.14)
RN RN

Finally, as n — oo

a2 q—2 a-2 a2
/ [unl® 2und & Jonl*Pontp o ful? e ol 0 (4.15)
R

N || RN ||
since [, |772u, — |ug |9 2ugx in LY (RY, 2| ~) by Proposition A.8 of [5]. In conclusion, passing to the
limit in (4.9) using (4.10)—(4.15) we obtain (I’ (us x,vs.2), (¢,%)) = 0 for all (¢,9) € CZ(RN) x C=(RY).
Consequently, from the density of C°(RY) in W*P(RY) and in W*(RY) we obtain that (uyx,v,) is a
critical point of I for any o € (—o0, Hy,4) and for any A > 0. O
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Finally, armed with Theorems 1.2 and 1.3, we are able to find special levels ¢, for which the the
(PS)
the relations between the singular coefficients of the measures, cf. (1.7) and (1.14), play a fundamental role.

¢,.» conditions is valid. To this aim, the asymptotic property of the critical levels, cf. Lemma 4.2, and
In particular, we first prove that for sufficiently large values of A, the weak—« limits of the critical sequences
in W cannot have singular points. Then, we exclude the concentration at infinity, as well. These two facts
together imply, thanks to Remark 3.1, the strong convergence of the related sequences and consequently the

validity of the (PS)., , condition.

Co, X

Lemma 4.4 ((PS)
Then, for any o € (—oo, Hyq) and any A > A, up to a subsequence (un, vp) = (Ug,x, Vox) in W.

co.n condition). Let {(un,vpn)}n C W be a Palais-Smale sequence of I at the level ¢, .

Proof. Let {(tn,vn)}n C W be a Palais—Smale sequence of I at the level ¢, ». Now, since o + 8 = ¢; and
0 < Hiq, from Lemma 4.3 and (3.2) we can apply Theorem 1.2, obtaining the existence of three Radon
measures fi, v, w, an at most countable set J, a family of points {z;};es C RY, a number wg > 0 and two
families of nonnegative numbers {1} ;e su{0}, {¥j}jesufo} such that

[t |*[vn|Pdz = v = [u]*[v|Pdz + vodo + Y vjda,,

JjeJ
(ID"un|? + [D'v,|9)dz = p > (ID"ul + [D'o|")da + podo + Y _ 150z,
[n]? + [v] 7 + | "~ 19
unQ+Unq " _|UQ+U|Q
de w = de + LU()(S(),
vl < BT < B oral j e

where S, and S are the constants defined in (1.3) while do, 0., are the Dirac function at the points 0 and x;
of RV, respectively. Moreover, from (4.7) and Lemma 4.3 we obtain the crucial formula

11 o
fqt \|vn||§7q) + (0 - q*> /RN |t | *|vn| P (4.17)

t

cont0(1) = €(lfunllZ, + onllZ,, + unl

as n — 0o, where / is defined in (4.8).
In order to show the strong convergence, we split the proof into several steps.

Step 1. No concentration at finite points: Let us first show that v; = 0 for all j € JU {0}. Assume
by contradiction that v; > 0 for some j € J U {0}, that is z; is a singular point of the measure v. Fix
a test function ¢ € C§°(RY), such that 0 < ¢ < 1, p(0) = 1 and supp ¢ C B;. Take ¢ > 0 and put
vej(@) = p((x —zj)/e), » € RN. Then ¢, ;(tun,v,) € W and s0 (I’ (U, Vy), @e j (Un, vn)) = 0(1) as n — oo.
Therefore,

On(]-) :<un7 @e,jun>s,p + <una @E,jun>t,q + <Un7 @a,jvn>s,p + <Un7 @E,jvn>t,q
b [ oesual + e [l + ontt)de o e T g
. e,] n n RN £, n n RN &, |x|tq (418)

_)\/ Lpg,j{Hu(%un,vn)un—i—Hv(x,un,vn)vn}dx—/ @6)j|un|a\yn|5da:
RN RN
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as n — oo. Now, observe that

Un (T) — Up, P=2(y, (z) — un
(s oo = [ 10 ﬁ’)_' 5 £+p§ V70D s (2) — e e )y,

Un (T) — Un (Y P=2(y, (z) — un,
[ - (x’_' _ ]Sﬂ,ﬁ L2l ) (e ) — e )y

where, using the Holder inequality

| JEEE ungﬂp—f (00 =) o 0) — g )
//sz U,; - y|<N+§asng_l fun(y)] |<p|;j(x;|<_zvf;f§%f)| dady
(//sz |(pw|g; - |£12£ )|p|un(y)|pdxdy>l/p
(// ) e )

Thus, Lemma 2.5 yields

Up (T) — Up, P=2(y, (x) — un
lim lim sup //R?N [un () Sj)_ y|[\(f+p‘£ ) (y))un(y)(wsd(w) — e, (y))dzdy = 0. (4.19)

e—=0t n—sco

Arguing similarly, we can deduce the same for (un, - jun)tq, (Un, e jUn)sp and (Upn, e jUn)tq. On the
other hand, from (4.10) it follows that

lim hmsup/ ©ej (Junl? + |un|9)dz =0 (4.20)
RN

e—0t nooco

and similarly in the v component. Finally, using the subcritical growth of H, that is (H;), and again (4.10)

we obtain
OS / @e,j{Hu(xaunuvn)un+Hv(x7unavn)vn}dx
]RN
< / (m|(un,vn)|m + mCl|(un7vn)\m)d$
Be(z5)
— / (m|(ua,>\, ve )™ + mCl|(u07,\,vg’)\)|m)dx
z;)
and so

lim lim sup/ e { Hu(@, Un, vp )y, + Hy (2, U, vp) 0y, fda = 0. (4.21)
RN

e—=0T nooo

In conclusion, passing to the limit in (4.18) using (4.16) and (4.19)—(4.21) we obtain the crucial inequality
for all j € JU{0}

Qe jdp +o0:(1) < O’/ ¥, jdw +/ e jdv  ase— 0. (4.22)
N RN RN
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Consider first j € J. Now fix A > A, so that by Lemma 4.2

0 < con < (; - ;) min{ SN/t gN/ta} (4.23)
t

Thus, (4.16) and (4.22) imply SV?/Q: < p; < v; and, since by contradiction v; > 0, this yields v; > SN/ta,
Moreover, by (4.16) and (4.17) we know that

11
oy t+o(l) 2| - —— / e, AV
aro = (G- =) [ v

as n — oo since ¢ ; < 1 and so, sending n — oo and ¢ — 0%, we have for all A > \,

11 1 1\ .y
> )v,>(>-= /ta
foh = <9 q;*)yj_ <9 qt*)s >0

where A, is obtained in Lemma 4.2. This is an obvious contradiction by (4.23). Hence, v; = p; = 0 for all
j € J and for all A > \,, as desiderd.

Step 2. No concentration at 0: Similarly, we prove that vy = 0. Indeed, taking as test function ¢, = ¢ o,

namely when the center of the ball is 0, then (4.16) and (4.22) give S(,ug/qz F+owg < pp < owp+vg. Assume

by contradiction that vy # 0. Then, vy > SN/t Ag above, by (4.17) we obtain as n — oo and € — 0

1 1 1 1
Cor>|l=——=)vi>=—-— Scj,v/tq>0,
/A_<9 qz*) ]_<9 q?)

which is again a contradiction by (4.23). Therefore, vy = 0 and so g = owp for all A > A,.
In summary, we have shown that there exists A, = A.(0, N, t,q,6) such that for all A > A,

|t |*[vn|Pde = v = Jus A [ve.x[Pdz in M(RY) (4.24)

as n — 0o, by (4.16). In particular, for all ¢ € C5°(R™Y)

n— oo

lim/ ¢|un|a|vn\5dx:/ it |0 |Pd.
RN RN

We prove now that wy = 0. By (1.1) we get for all 6 > 0 the existence of a constant Cs such that

U |7+ |pevp |7
Ht,q/ |90€ TL| t|50€ n| dfl? S [Sosun]t,q + [stvn}t,q
RN ||t

<(1+ 5)/ l e (I D un|? + |Dtvy,|7) da (4.25)
RN
+Cs [ 1D el + o) da
RN
where by Lemma 2.5

lim limsup/ D' 0. |9 (|un|? + |vn]?)dz = 0.
RN

e—=0T nooo

Therefore, by (4.16) and (4.32) we have for all § > 0

Hoa [ ool to(t) < (1+0) [ ficltd
RN RN
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which yields as § — 07 that Hy ,wo < po. Thus, assuming by contradiction that wy > 0, we obtain by
Hiqwo < po = owo < Hy qwo
which is obviously impossible. Hence wg = 0 for all A > A, and so by (4.16)

a9+ Jonl? o Jual?+ ol

[t |[*

dr in M(RM). (4.26)

In particular, for all ¢ € C§°(RY)

|uo,/\|q + |UU,)\|q

lim [un|? + |vn|?
||t

n—oo JpN ||

dr = 10) dx.
RN

As a consequence, also pg =0

Step 3. No concentration at infinity: Using the notations of Theorem 1.3, in view of Remark 3.1 if we
manage to prove that also v, = ws = 0, then by (4.24) and (4.26) we can conclude that the corresponding
convergences are strong. We argue as before, but instead of taking a function that concentrates at the finite
points x;, we consider the function nr of Lemma 2.6, that is a function which in some sense ”concentrates
at infinity”. Clearly, (nrun,nrvn) € W and so (I'(un,vn), (NRUR, NRVR)) = 0o(1) as n — co. Therefore, as
n — 00

On(]-) :<un7 nRun>s,p + <un7 nRun>t,q + <Una nRvn>s,p + <'Un; 77R'Un>t,q

p q p q [un|? + |vn|?
+ 773(|un\ + |un] )d;v—i— nR(\vn| + g )dw—a NR———r——dz
RN RN RN ||t

—)\/ nR{Hu(x,umvn)un+Hv(x,un,vn)vn}da:—/ nR|tn|*|vn P da
RN RN (427)

|[un|? + |vn|?
||t

> <Um 77R“n>t,q + <Una 77R”n>t,q - U/NnR dx
R

— /\/ nR{Hu(x,un,vn)un +Hv(x,un,vn)vn}dz 7/ nR|un|a|vn\ﬁdz.
RN RN
Again we have

[un () — un(y)]?
<una 77R“n>t7q = //RZN UR(x)dedy

e e e

and similarly for v. Thus, by (4.27)

[ (Dl 41000, e < = [ e = ) =) ) (o) — )

_ //R2N ‘Un(x) - Un|(g)|q;|1\([1j:;§$) - vn(y>)vn(y)(nR($) _ HR(y))dxdy
+ )\/RNUR{HU(%un,vn)un + Hy (2, Up, vn) vy, fda (4.28)

Up|? + |vn|?
+a/ nRMdm—#/NnRIun|a|vn\ﬁda@+on(1).
R

RN ||t
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As before but using Lemma 2.6 instead of Lemma 2.5 we get

R—oo posoco

|tn(2) = un(Y)|72 (un(2) — un(y))
hm lim sup //RM iz — g Uun(y)(nr(z) — nr(y))dzdy = 0. (4.29)
By Theorem 2.8 of [17], up to a subsequence as n — o0
(tUn,vn) = (Ugr, Vo n) strongly in L™ (RY) x L™(RY) for any 7 € (p, q}). (4.30)

Therefore, (H;) with € = 1, together with the Holder inequality and (4.30) give as n — oo

lim sup
n—oo

< umsup/ 11 (1, 00)I™ 4+ 0 G at, 0) ™)
RN

n—oo

/ Nr{Hu (2, Un, vp)tn + Hy (2, Up, vp)vy, pda
RN

n—oo n—oo

< mlimsup/ |(tn, vp)|™dx + mCy limsup/ | (U, vp)| ™ d
R R

:m/ . |(ua7>\,v07>\)\mdx+m01/ . [(tox, Vo n )| " dx.
R R

Consequently,
hm hmsup/ Nr{Hu (@, tn, vn)ty + Hy(2, uy, vy )0y pdz = 0. (4.31)
RN

R—00 nosoco

Then, recalling (3.30) and (3.32) and using (4.28)—(4.31) we obtain fioe < OWeo + Voo, Which together
with (1.14) give S, l/q/q‘ + 0Woo < fhoo < OWo + Voo- Assume by contradiction that vo, # 0. Then,
Voo > SN/' This yield, using (4.17), (1.11) and (4.24)

con = lim {I(umvn) - ;(I'(un,vn),(un,vn»}

n—o00
1
> limsup ( *)/ |t |* |0 | P de
n— 00 0 q RN
()] e
> N
> (5 o) s

which contradicts again (4.23). Thus Vs = 0 and S0 fiee = OWo-
It remain to prove that ws, = 0, which in turn implies po, = 0. But this is analogous to the proof of
wo = 0, since (1.1) applied to (ngrun, NRY,) yields

Up, q + U, q
Ht,Q/ U t|nR | dr < [NRUnlt,q + [MRVR]tq
RN ||t
<+) [ (D w1+ D', 7)o (432
RN
+05/ D'l (jun| + [0a|7) do
]RN
where by Lemma 2.6
0 n—oo

lim limsup/ |D* gl (Jun|? + v,|?)dz = 0.
R RN
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So, assuming by contradiction that wy > 0, we have again
Ht,qwoo < floo = OWeo < Ht,qwoo

which is absurd.

Step 4. Strong convergence: By (4.24), (4.26) for all A > A, in virtue of Remark 3.1 we obtain up to a

subsequence

[t =l = olPdz 0, ~ sl + o = vl 0 (433)
R

as n — 00, since Vo, = weo = 0. Note that we can not conclude the same for p, since (1.5) does not hold in
general with the equality. Then, by (4.16) and Lemma 4.3, part (ii) as n — oo

0n(1) = {I'(un, vn), (tn, vn)), on(1) = (I'(u,v), (u,v)).
Subtracting the two formulas we obtain

on(1) = llunllgp + lonllfp + llunllf g + llvnlliy = luoxlls, = lvonllE ) = luonlliy = llvealli

=0 (lunlla, + lonllm, = vl , = llvolls. ,)

— )\/ {VH(aj,un,vn) (U, V) — VH(Z, Ug 2, Vo)) - (uU,A7vU,,\)}da: (4.34)
RN

- ( [l [ |u|“|v|ﬁ).
RN RN

Now, adding and subtracting the term VH (z,up, vp) - (U 1, Vs,x) We have
/ {VH($, Unp,, vn) . (u'ru Un) - VH(l‘, Ug, Xy UO',A) . (ua,/\a UU,A)}dx
RN

= VH(.I, Un, Un) ’ (un — Ug,\y Un — Uo,k)dx (435)
RN

+ {VH(x,un,Un) — VH(z,up v07>\)} - (Ugx; Vo p)dT
RN
where, by (4.30), (Hy) with € = 1 and the Hoélder inequality, it is easy to see that

NVH(.%, Un , Un) ' (un — Ug,\y Un — Uo,k)dx
R

[ 00, 02) = 000)  Hof 00, 00) (0 = )
R

1 (4.36)
< [ [l o)™ ) (0,0
RN
+m C | (tn, )™ (U 0n) = (g x, V2| da
< C ([[(uns vn) = (Uoxs Vo \)llm + [ (Un, vn) = (Ugx; Vox)[m) = 0,
since ¢ < m < m < ¢/, while the dominated convergence theorem implies, since (H;) holds, that
/ {VH(x,un, Up) — VH(.Z‘,UU)\,UU,,\)} (Ug xy Vo n)dx — 0 (4.37)
]RN
as n — oo. Therefore, (4.35)—(4.37) imply as n — oo
/ {VH(SL’, Un, Un) * (Un, ) — VH(Z,Up 2, Vo) - (uU,A,vU,A)}dx — 0. (4.38)
RN
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Then, (4.34) together with (4.33) and (4.38) yields

lunllfp + lonllf, + llunlliq + lonllig = luorlls, + 0o S, + luoalliq + lveallzy: (4.39)

Finally, from an application of the Brézis and Lieb lemma [10] to the functions
|un (@) = un(y)| |2 — y| = NP Jo, (@) = v (y)| |2 — y|~ NP/ € LP(RPV)

and
|un () = un(y)| |2 — y|—(N+tq/q)7 [vn (%) — vn(y)| |2 — y|_(N+tq/q) € Lq(RQN)

we can conclude, thanks to (4.39), that
[wn — UJ,A”Z;,p + [Jvn — va)x”?,p + [lun — ua)x”?,q + [Jvn — UUJH?,q —0
as n — co. Consequently, (un, vy) = (Up x, Vs,x) In W as n — oo. O

Proof of Theorem 1.1. First, Lemma 4.1 guarantees that for any ¢ € (—oo, H;,) and any A > 0 the
functional I has the geometry of the mountain pass lemma. Thus, I admits a Palais—Smale sequence
{(tn,vn)}n at level ¢, » which, in virtue of Lemma 4.3 part (¢), up to a subsequence, weakly converges to
some limit (uq x,vor) € W. Moreover, by Lemma 4.3 part (i), the weak limit (uq x,v,x) € W is a critical
point of I. Now, for all ¢ € (—o00,H;4) and all A > X, the functional I satisfies the (P.JS)
as asserted in Lemma 4.4. Therefore, up to a subsequence, (uy,,v,) = (U, Vo,x) in W as n — oo and so

¢o.» condition,

(o, Vs x) 1s a nontrivial solution of system S.

In order to prove the asymptotic behavior (1.2), let us recall that (4.17) yields
1
Co,\ Z é(”uo,k vy
t

1
B+ ol + lumalty + lomallt) + (5= ) [ el lomalPde. (440

0

First we assert that as A — oo

tox = [tolf, + Ve allf, + ltolliy + llvoallfy = 0. (4.41)

Otherwise, limsup,_, o, %o,» = %5 > 0. Hence there is a sequence j — A; T co such that 1o,x; — %o 88 J —F 0O.
Then, letting j — oo we get from (4.40) and Lemma 4.2 that

0>/41, >0.

This contradiction proves the assertion (4.41). Therefore (1.1), (2.3) and (4.41) imply that

uollrr, = lm [[vs\|m, = lim / [ugA|*[vo|Pde = lim || (ugx, vor)| = 0. (4.42)
A—o0 A—oo JrN A—00

i
This proves (1.2).
Finally, the fact that the constructed solution has both components nontrivial follows as in Lemma
2.3 of [17]. Indeed, assume by contradiction that u, # 0, but v,y = 0 a.e. in RY. Then, taking
(¢, %) = (ue,x,0) € W in the definition of solution, we have by (Hs) and (1.1)

ot

iy

)

luollf g < lluonllfp + luonlliq = olluoalls, , < o Allf g5

which implies at once the contradiction that u, » = 0 a.e. in RY, whenever o < Ht g Similarly, the case
Uy = 0 a.e. in RY and Vo, x # 0 cannot occur. This concludes the proof.
O
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5. Existence for system (S)

Let us now deal with the existence of solutions for system (&), that is in the case in which ¢ = 0 and H
is independent of z. Clearly, the Euler-Lagrange functional I : W — R associated to (S) is given by

~ 1 1
I, v) = Zlulli, + 2 lle

1 1 1
q P q al, .18
- + =P, + - —\ | Hu,v)de — — d.
p |t,q pHU||5,p q”UHt,q /RN (u,v)dz @ /RN [u|*|v]” dz

t

Of course, since I is obtained as a particular case of I, it is well defined, of class C* (W) and the weak solutions
of (S) are exactly its critical points. Moreover, Lemmas 4.1-4.3 still hold with much simpler proofs.
Thus, we can introduce, thanks to the geometry of the mountain pass lemma, the special levels of 1

cx = inf max I(y(7)),

where
r={yec(o.1],w) : 1(0) = (0,0), T(3(1)) < 0}.

Obviously, ¢y > 0 and by Lemma 4.2

lim ¢y, =0.
A—00

So far, since Lemma 4.3 holds in particular when o = 0, we know that the PS sequences of T at levels c,
weakly converge in W to some couple (uy,vy), which is a critical point of I. However, we can not conclude

yet that (uy,vy) is nontrivial. Instead of proving the (PS)., condition, in this case we employ a result of

Cx
independent interest, which implies useful consequences when the main functions in (S) are independent
of z.

Let us first give a lemma by Lions [26] which gives conditions guaranteeing strong L" convergence of

bounded sequence of W. We report the proof of [33], Lemma 1.21.

Lemma 5.1 (Lions, [26]). Let {(un,v,)}n be a bounded sequence in W. If there exists R > 0 such that

lim sup / (Jun|? + |vn|P)dz = 0,
Br(y)

n—oo yE]RN

then for any r € (p,q}), un — 0 and v, — 0 in L"(RN) as n — oco.

Proof. By Lemma 2.1, the sequences {u, }, and {v, }, are bounded in L% (RY). Let r € (p, ¢}) and consider

¥ € (0,1) defined by

1 1-9 9
,:74’_7.
r p qy

Then, applying the Holder inequality we can see that

-9 9
||un||Lr(BR(y))dx S ||u”||iP(BR(y)) ||un||qu (Br(v))"

Covering RN with balls of radius R in such a way that each point of R" is contained in at most N + 1 balls

r(1-9)/p
/ |tun|"de < (N +1)C sup / |y, |Pdx =0
RN yeRN \ JBRr(y)

as n — oo. The same holds for v,. O

we obtain
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We shall apply Lemma 5.1 in the next proposition a la Lions, which gives two alternatives for the Palais—
Smale sequences of I. Proposition 5.2 is a variant of the result in [26] for vectorial, fractional (p, ¢) problems.
We refer also to Proposition 2.5 of [15] for the scalar local case and Proposition 2.8 of [17] for the vectorial,
local case.

Proposition 5.2. There exists X > 0 such that for any X\ > X the following property holds. If {(wn,vn)}n C
W is a Palais—Smale sequence of I at level ¢y such that (un,v,) — (0,0) in W as n — oo. Then, either

(’L) (un7’l)n) — (0,0> m W, or
(ii) there exists R > 0 and a sequence (yn)n € RY such that

n—oo

limsup/ (Junl? + vg|P)dz > 0.
Br(yn)

Moreover, (y,)n is not bounded in RY .

Proof. If (ii) does not occur, then

limsup sup / (Jun|? + |vn|?)dz = 0.
Br(y)

n—oo yeRN

Therefore, by Lemma 5.1 up to a subsequence u,, — 0 and v, — 0 in L"(R™) as n — oo for all r € (p, ¢}).
Consequently, by (H;) and (4.35) as n — oo

0< / [Hu(un,vn)un + Hv(umvn)vn} dx < / (m|(un,vn)|m + mCl|(un7vn)|m)dm — 0,
RN RN

since 1 <p<m<m<q;. Now, {(tn,vn)}n C W is a Palais-Smale sequence of I at level ¢y, so that, as
n— oo

unlls p + llonllS + llunllf g + lonllfq = /RN [un|* v | dz + 0,(1). (5.1)
Since in particular {(u,, vy)}, is bounded in W, up to a subsequence we have
Junllp + lvallf ) + lunlliq + llonlliq = La (5.2)
Therefore, by (5.1) we also have as n — oo
/ |t |*|vn | dz — Ly. (5.3)
RN

We claim that Ly — 0 as A\ — oco. Otherwise, there exists M > 0 independent of A\ such that Ly > M for
all A > 0. In this case, (4.17) yields

S T llvnllSy + llun

11 .
ex+o,(1) > K(Hun fa+ ||vn||§7q) + (0 - q*) /RN |t | |0 | P de (5.4)
t

and so for any A it results
1 1 1 1 1 1
C)\ZEL)\+<—*>L)\:<£+_*)L)\Z<£+_*>M
0 q 0 g 0 g

31



Sending A — oo by Lemma 4.2 we obtain

0> <€+1—1>M>0,
0 a4

which is the desired contradiction. Therefore, Ly — 0 as A — oo. In particular, there exists X > 0 such that
for any A > X we have Ly < (1/5)!/N | where S is introduced in (1.3). Assume now by contradiction that
there exists g > A such that Ly, > 0. From (1.3), (5.2) and (5.3) it results (Ly,)%% < SLy,, which implies
Ly, > (1/8)%/N  since Ly, > 0. This is clearly impossible and therefore Ly = 0 for all A > X, which in turn
implies ||(tn, vn)|| = 0 as n — oo for all A > X, as required. In conclusion, (i) holds.

Assume now that (i) is verified and suppose by contradiction that (3, ), is bounded in RY. Consequently,

there exists M > 0 so large that Br(y,) C By for all n. Now, (u,,v,) — (0,0) in LT (RY) x LI (RY) for
all € [1,¢;) by Lemma 5.1. Therefore,
0= lim (|un|? + |vn|?)dz Zlimsup/ (|un|? + |vn]?)dz > 0,
n—oo B n—00 Br(yn)
which gives the required contradiction. In conclusion, (i), is not bounded in R¥. O

Let us now conclude the section with the proof of Theorem 1.4 thanks to Proposition 5.2.

Proof of Theorem 1.4. As already pointed out, it remains to prove that we can construct a nontrivial
solution of (5‘) This is possible exploiting the invariance for translations of the autonomous system (5)
Fix A > A If (uy,vy) = (0,0) then of course {(un,vy)}n cannot converge strongly to (0,0) in W, since
otherwise I’ (uy,vy) = 0 and 0 = I(uy,v)) = ¢y > 0 by Lemma 4.3. Therefore, we are in the alternative (i7)

of Proposition 5.2. Thus, there exist R > 0 and a sequence (¥, ), € R such that

lim sup / ([tnl? + [0 ) dz > 0. (5.5)
n—oo Br(yn)
Let us see that we can construct a nontrivial solution as follows. Define a new sequence {(tn, Up)}n by
Uy = un( + yn)a Up = Un(' + yn) Then,
I(Up, Up) = I(tn,vn) = Ca, I' (U, 0y,) — 0. (5.6)
Indeed, for all (p,v) € W, with |[(¢,)[| = 1, putting on(2) = ©(2 — yn) and ¢, (2) = P(z —yn), 2 € RY,
we have

’U/(“nvvn)a (¢n, %))\ < Hll(um v ) lw 1| (@ns 0l = ||I/(unvvn)”W’
since 1 = ||(¢,¥)|| = ||(¢n,¥n)||- On the other hand, with a simple change of variable it is easy to see that

<I/(an75n)a (p,0)) = <Il(una Un)s (s Pn))-

Therefore, as n — oo

11 (T, O [l = sup (I (tn, On), (2, 90)| < T (s 0n) [ = 0 (1).
(p,h)eW
(e, ll=1

Consequently, (5.6) holds and so {(un,0,)}n is a Palais-Smale sequence at level ¢y. Thus, by Lemma 4.3
applied to the new sequence it follows that {(t,, v, )}, weakly converges to some (uy,vy) in W and (uy, )
is a critical point of I. Furthermore, by (5.5) it results

O<1imsup/ (Junl? + [vn]?)dz = lim/ (|ﬁn|p+|5n|”)d%:/ ([al? + [P .
Br(yn) N JBr

n—00 Br
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Hence, (@iy,0y) # (0,0) is the desired nontrivial solution of system (S).
Finally, we can prove as in Theorem 1.1 that both components of (@, 7y) are nontrivial and that (1.2)
holds. This completes the proof. O
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