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ABSTRACT

We study structural stability and local uniqueness of bang-bang-singular extremals
in a fixed-free Mayer problem. The problem can be seen as an optimal control
problem where the dynamics is control-affine. We prove our results under the same
assumptions on the nominal problem that permit us to prove that the extremal is
a strict strong local optimiser: suitable regularity assumptions and coercivity of a
restriction of the extended second variation. We also assume that the condition that
prevents the coercivity of the extended second variation is stable with respect to the
parameter.
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1. Introduction

An important requirement for any mathematical model of an actual phenomenon is the
stability of the result with respect to small variations of data. Indeed any measurement
is subject to some error, so for the model to be of any practical usefulness it is necessary
that at least some structural property of the solution is not affected by the uncertainty
on the data measurement.

Here we study the structural stability of a bang-bang-singular optimiser in a Mayer
problem. Indeed we consider the following optimal control problem (P,) depending on
the parameter r varying in R¥:

minimise ¢ ({(7")) subject to

§(t) € XA7(E(1)),  €£(0) = g, (1)

where the interval [0,77] is fixed, z is a fixed point in R", and X" (x) C R" is the
convex hull at each point z € R" of the smooth vector fields X7,..., X/, .

We consider the problems (P,) as perturbations of the nominal problem (Pg) cor-
responding to r = 0. More precisely we ask for the C'°° regularity of the maps

T X, (r,x) > " (x), (r,x) = Xj(z), j=1,...,m,
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even tough C?-regularity would suffice. As usual, solutions of (1) are meant in the
Carathéodory sense. Moreover, when referring to (Pg) we shall omit the superscript
to the data, for example T means 7°.

In a recent paper [1] the authors studied the optimal control problem (Pg) and
considered the case when such problem admits an extremal trajectory §A which is
the concatenation of two bang arcs and a partially singular one. Namely there exist
0<71 <T2a<T,v0€ L>®(r,T],(0,1)) and hy, ha, hs € {X1,..., X)n}, such that

L h (€(2)), t e (0,7),
(1) = Fi€(t) = { ha(€1), A te GLm), ()
ho(€(t)) +0(t)(hs — h2)(§(1)),  t € (72, T).

Under some regularity assumptions and assuming the coercivity of a quadratic form
related to a sub-problem of (Pg), it is shown that £ is a strict strong local optimal
trajectory for (Pg), according to the following definition:

Definition 1. An admissible trajectory £": [0,77] — R™ is a strict strong local min-
imiser of problem (P,) if it is a strict minimiser among the admissible trajectories of
(P,) which are close to " in the C°([0,T"], R") topology, regardless of their velocities.

Problem (Pg) can be written as an optimal control problem with a control-affine
dynamics, see [1]. Hence its classical second variation is degenerate. In the same paper
the authors construct the extended second variation J starting from a sub-problem
of (Pg) and applying an invariant version of Goh’s transformation.

Setting fq := hs — ha, the coercivity of J, implies L2 ¢(&(T)) > 0. So that, if
L¢,c=0, J/; cannot be coercive. Nevertheless, in [1] it was proved that, if this is the
case, then the coercivity assumption can be weakened and the strong local optimality
result still holds. Hence the title of this paper: we aim at proving the structural stability
of bang-bang-singular extremals in the case when this condition is preserved under
perturbations of the data, i.e. setting fj := hs — hj,

Assumption 1. We assume Lgrc" =0 Vr.

We point out that even if the bang-bang structure seems more generic, examples in
the literature, such as the Van der Pol oscillator and the Rayleigh problem studied in
[2,3], suggest that bang-bang-singular concatenations cannot be neglected. Moreover
Assumption 1 is satisfied by Lagrange problems where the running cost does not
depend on the control. We give more details in Section 3.1.

The proof of the structural stability result is based on the Hamiltonian approach,
an approach already exploited in [4] where the extremal of the nominal problem is
bang-bang with a double switching time and [5-7] where the authors consider the
minimum time problem for different control structures.

We point out that we only ask for the same conditions required to prove the strong
local optimality off Namely we require that 5 satisfies Pontryagin Maximum Principle
(a necessary condition for strong local optimality), the regularity of each of the three
arcs and of their junction points (see Section 2.1), plus the coercivity of a suitable
second variation related to a sub-problem of (Pg), see Section 2.2.

We construct, via the implicit function theorem, a bang-bang-singular extremal
trajectory &" for (P,) which is also a strict strong local optimiser for (P,). Using the
implicit function theorem guarantees that £&" and its switching times depend smoothly



on the parameter r, so that a sensitivity analysis could also be carried out.

Here we consider the fixed-free case (i.e. the initial point of admissible trajectories is
prescribed while no constraint is imposed on the final one) which implies less technical-
ities with respect to the generic constraints on end points and, nevertheless, it shows
the underlying ideas and methods we use. Optimality results for generic constraints
were obtained in [8] and, from the results therein, we could extend the structural
stability result to that kind of problems.

For classical approaches to structural stability and sensitivity analysis, see [9] and
the references therein. For more recent results, see [10-12].

1.1. Notation

For the sake of conciseness and clarity we use notation from differential geometry.
Indeed, this notation helps to realise that the discussion is intrinsic and the result can
be applied to problems on manifolds. In particular we denote the trivial cotangent
bundle (R™)* x R™ as T*R"™ and we distinguish between points in R”, usually denoted
as x, and tangent vectors to R", denoted as dz.

If N is a smooth manifold of R", we denote as TN and TN the tangent and
cotangent spaces to N at a point x € N, respectively.

Given a C! vector field f on N, we denote as exp tf(z) the flow at time ¢ emanating
from a point x at time 0, i.e. exptf(z) is the solution to

£(t) = FEt)), €(0) =

If g is another C! vector field, then the Lie bracket between f and g is denoted as
[f, 9], Le. [f. g)(z) := Dg(z) f(z) — Df(z)g(x).

If a: N — R is a C? function, da(z) is its differential at a point # € N and we
denote Lya () := (da(z), f(z)), while da.dz is (D?a(x)(6x, ), 6z) € T*R™ whenever
the point z is clear from the context.

If G is a C' map from a manifold X to a manifold Y, its tangent map at a point
x € X is denoted as G, whenever x is clear from the context.

We also use some basic element of the theory of symplectic manifolds referred to
the trivial cotangent bundle T*R", see e.g. [13].

Let m: £ = (p,x) € T*R™ +— x € R" be the canonical projection, and denote by
s=>0r.p 'dz; the canonical Liouville one—form on T*R". Given a time-dependent

smooth Hamiltonian H;: T*R"™ — R we can define a Hamiltonian vector field ﬁ by
means of the canonical symplectic two—form o =ds =", dp® Adx;. Indeed one sets
o (v Ho ) (AHy(6), V), for any V € TUT*R", ie. Hi(0) = (— 8x Hy(£), 0,Hy (1)),

for any ¢ = (p,x) € T*R".
We recall that any vector field f on R™ defines a Hamiltonian

F: 0= (p,x) e T"R" — (p, f(x)) €R

In particular we denote by Hi, Ho, H3 and Fy the Hamiltonians associated with hy, ho,
hs and fq, respectively. Moreover His and Hs3 denote the Hamiltonians associated
with the brackets [hi, ho] and [ha, hs], respectively. Analogously Hase and Hsag are
the Hamiltonians associated with [he, [hs3, ho]] and [hs, [he, hs]], respectively. Finally
F, denotes the time-dependent Hamiltonian function obtained by lifting the reference
vector field ft and .7-} denotes its flow from time 7', i.e. the flow associated with its



Hamiltonian vector field. Indeed, due to the construction required to carry on our
proof, we deal with flows starting from time 7" and evolving backwards in time. In
particular the flow St of ft is a local diffeomorphism defined in a neighbourhood of
13 ( ). Finally, we recall that for any ¢ = (p,z) € T*R"™ we can define the maximised
Hamiltonian associated to problem (Pg) as

H™() :=max{(p, Y): Y € X(z)} = max {(p, X;(z)): j=1,...,m}.

We conclude this section recalling that, for any interval I C R, the symbol C2°(1)
denotes the set of C°°(R) functions which are compactly supported in I.

2. Assumptions on the nominal problem (Pg)

In this section we state the assumptions on the nominal problem that ensure that E
is a strict strong local minimiser of (Pg). We refer the reader to [1] for details and for
the relations between the sufficient conditions and the necessary ones.

The first assumption is the main necessary condition for optimality, i.e. Pontryagin
Maximum Principle (PMP). The principle holds in its normal form since there is no
constraint on the final point of admissible trajectories.

Assumption 2 (PMP). There exists an absolutely continuous mapping p: [0,T] —
(R™)*, such that

i) = ~A)DLED),  ae te[0,T),
A(T) = —de(€(1)),

~ ~

Fi(1),&(1)) = H™(a(0), (€(1)).

~

The trajectory & is called a state extremal while the couple A(t) := (1(t),&(t)) € T*R™
s called an extremal. Notice that

BY = ~
At) = Fy(A(t)) a.e. t€]0,T].

We denote the terminal and switching points of X and §A as follows:

2.1. Regularity conditions

In this section we state the regularity conditions given in [1, Section 3.1] in a form
which is more suitable for our scopes. We also introduce some constants which we are
using further on.

Assumption 3 (Strong generalized Legendre condition (SGLC)). Set
L(¢) := (Hso3 + Ha32)(£), €€ T*R", and R(t) :=L(A(t)).
Let mp := min{R(t): t € [72,T]}, Mg := max{R(t): t € [2, T|}. We assume mp > 0.



Remark 1. In [1] the authors prove that if (SGLC) holds, then fq(Z7) # 0, and that

H
the singular control is given by v(t) = £32 (A(t)), hence v € C*>([72,T],[0,1]). We

recall that when (SGLC) holds, a singular extremal is said to be a singular extremal
of the first kind (see, e.g., [14, page 7]).

Assumption 4 (Regularity along the singular arc).

~

Hy(Mt)) = Ha(M8) > (@(t) . X;(E(1), ¢ € [ T) X; # o, hs,
0 € C=([7,T1.(0,1))

~ -~

so that mos = min{HQ(/\(t)) —(u, X;(&®)): te[m,T], X;# hg,hg} > 0, and
vs = min{dist(v(t),{0,1}): t € [72,T]} > 0.

Assumption 5 (Regularity along the bang arcs).

>) >
—~
~ ~

(@), X;E0),  teloR), Xj#h,
(), X;E1),  te @ R), Xj+#ha
my = min {Hl(i(t)) —(f(t), X;(EW)): t € 0,71, X # ha, hQ} >0,
Mgy = min {H2(X(t)) — (A(t), X;(E®)): t € [F1, 7], X; # 1, ha, h3} > 0.

Hy(A(t)) >
Hy(A(t)) >

Assumption 6 (Regularity at the switching times).
Y12 = ng(zl) > 0, HQgQ(ZQ) > 0.

Remark 2. ¢ By Assumption 4

H. ~ A
Z2A) <1—ns, te [T

Vs <

In particular Hasa(A(t)) < L(X(t)), thus msss := min{Hsa3(A(t)) > 0: t € [7, T]} > 0.

e Assumptions 4-5 mean that the value of H™?* is reached by a vertex of the set
of admissible velocities along the two bang arcs, while it is reached by an edge along
the singular arc.

e The first inequality in Assumption 6 is the classical regularity condition for
bang-bang concatenations, see e.g. [15]. The second inequality means that left-hand
side second order derivative of ¢ — (Hy — H3) o /)\\(t) is positive, see [16], so that this
function is strictly monotone decreasing on a left-hand side neighbourhood of 75.

e Notice that t — f; is discontinuous at 75.

2.2. The second wvariation

Problem (Pg) can be written as an optimal control problem with a control-affine dy-
namics, see [1]. Hence its classical second variation is degenerate. We are going to

describe the extended second variation J! constructed in [1]. Indeed in a neighbour-



hood of Zr, define the ” push-forwards” vector fields
g =85 fao S, te[mT),  ki=S81thioS:, i=12 = k1 — ko, (3)
and recall the following equalities:
Ligypgc (@) = Hio(h), o= Si' [ha,hs] 0 SVt € [, T).
Consider the linear system on [72, 7]
() =wt)g(@r), ((F2) =eok(@r), ((T)=6x+e1fa(@r) (4)

and let de := (dz,£0,61,w) € R® x R x R x L?([72, T],R). The space of extended
admissible variations is given by the Hilbert space

Wext := {0e: system (4) admits a solution} .

In [1] the extended second variation is obtained as the quadratic form on Wey

. €2 N 2 ~ .
exil0€]” = —e1 L5 Ly,c (Tr) — glLfde (z7) + 50 <Li0($T) + Hm@l))

17 R 2
3 /? (2w(t)Lew Lg, e (Tr) +w(t)*R(1)) dt.

Under the assumption Ly,c = 0 we obtain JZ[(—fa(Zr1),0,1,0)]* = 0, i.e. the ex-

tended second variation is not coercive on Weyi.

We thus consider only the variations de € Wey such that €1 = 0. Indeed, let
W C R" x R x L?([72, T],R) be the Hilbert space of triplets ée = (6x, g, w) such that
the following boundary value problem admits a solution:

) =wt)a(@r), ((B) =eok(@r), ((T)=ow.

Set Jo := L2c(Zr) + ng(zl) and define

2

T
J[oe)? = %OJO + % /? (2w(t) Loy Lg,c (Tr) +w(t)>R(t)) dt.

We can now state our coercivity assumption.
Assumption 7. The quadratic form J is coercive on W.

In [1] the following strong local optimality result is proved

Theorem 2.1. Let Ly,c = 0. If §A is a bang-bang-singular trajectory which satisfies
Assumptions 2-7, then £ is a strict strong locally optimal trajectory for (Pg).



3. The main results

In this section we state the main results of this paper. Moreover, in Section 3.1, we show
a class of Lagrange problems that trivially satisfy Assumption 1 when transformed into
Mayer problems.

Theorem 3.1. Let Assumption 1 hold. Assume that E is a bang-bang-singular trajec-
tory of the nominal problem (Po) satisfying Assumptions 2-7.

Then there exist p > 0, and a neighbourhood U of ZT in T*R™ such that for any r,
|r| < p, there exists a normal extremal \" := (u",&") of (Py) such that \"(T") € U,
and \" satisfies Assumptions 2-7 so that £ is a bang-bang-singular strict strong local
optimal trajectory for (Py). The switching times and the final point of X" depend
smoothly on .

We point out that the smooth dependency of A" with respect to r allows to perform
a sensitivity analysis with respect to the parameter r.

Theorem 3.2. Let Assumption 1 hold. Assume that E is a bang-bang-singular trajec-
tory of the nominal problem (Po) satisfying Assumptions 2-7.

Then there exist p > 0 and a neighbourhood O of the graph of/): mn R x T*R™ such
that if |r| < p, then the extremal A" defined in Theorem 3.1 is the only extremal of
(Py) whose graph is in O.

The proofs of the above theorems are quite technical and they are postponed to
sections 5 and 6, respectively.

3.1. Lagrange problems

In this section we introduce Lagrange problems which naturally fit in our setting. In-
deed, Lagrange problems whose running cost does not depend on the control, trivially
satisfy Assumption 1 when transformed into a Mayer problem with an augmented
state space. This class of problems includes examples studied in the literature, for
instance the Van der Pol oscillator and the Rayleigh problem studied in [2,3]. They
are Lagrange problems in R? where the running cost is |31:|2 and for which the authors
prove the existence of bang-bang-singular extremals. Moreover in [1,17] we proved that
the bang-bang-singular trajectory provided by [2] for the Van der Pol oscillator is a
strict strong local optimiser.
Consider the family of problems (Ly)

T
minimise L7(&(t)) dt subject to

0
E(t) € XT(E(t)), ae tel0,T7], £(0) =z

As before, when we omit the superscript r, we are referring to the nominal problem
(Lg) obtained for r = 0.
Let y:= (z,2p41) € R?" x R. For j = 1,...,m and r € R* define

V) =Y )= (o) )

7



Problem (L;) can be written as the following Mayer problem (P;)

minimise C"(n) = n,4+1(T") subject to

n(t) € conv{Y/(n(t)): j=1,...,m}, ae tel0,77], n(0)= (%6> .

A trajectory 5 for the nominal Lagrange problem has the bang-bang-singular structure
as in equation (2) if and only if

| m (1)), te(0.7),
i) = § ma((1)), te (R, 7),
ma(@(1) + B(pa(@(t), € (@.T).

a) = (B0) i=128 =0 - = (B9 - (F).

Assumption 1 for (P;) reads Ly, 41 = 0 which is trivially satisfied.
We aim at rephrasing Assumptions 2-7 for problem (Pg) directly in terms of the
quantities appearing in problem (Lyg).

Assumption 2. There ezists an absolutely continuous mapping p: [0,7] — (R™)*
such that

~ o~

fi(t) = dC(E() — At) DA(E®),  ae t€[0,T],
A(T) =0,
Fy(fi(t), £(t)) = H™™(a(t),£(t)),  te[o,T).

Assumption 3 (SGLC). For any t € [T2,T]
R(t) i= 13,2 (&1)) + (Hszs + Has) (A(1)) > 0.

Assumption 4 (Regularity along the singular arc).

~

H;(\t)) = Ho(A(t)) > (f(t), X;(E(4))), te[R,T], X;# ha,hs,

Assumption 5 (Regularity along the bang arcs).

H(A®) > (1), X;E®),  te[0,7), Xj#h,
Hy(A(t) > (A(t), X;(€1)),  te[0,A),  Xj#hi hy,
Hy(\()) > (A(t), X;(E(1)),  te(FLR), X;+#ha,
Hy(X(t)) > (A(t), X;(E(1)),  te [, Xj# hi hy,hs.



Assumption 6 (Regularity at the switching points).
Hiz(0y) = Ly, —p, £ (F1) >0, Hazo(la) — (Ln, L, £ (T2) + L, £ (7)) > 0.

We now introduce some quantities and write the quadratic form J. Let k := hy — hg
and L; := L o S;. Define

T
Jo = Hiz(l1) — Ly L (Z1) +/ LiLs (Tr) ds.

T2

Then J reads

2 5% 1T 2
Tloel? = Do+ /A w(t)2R(t)+

T
+ 20(t) Loy (Lo £ Br) — Lo, s (Br) + / L. (3r)ds) dt
t
where de = (dx, g0, w) is subject to the constraints

() = w(t)in(@r), C((R) =eok(@r), ((T) = 6w

Assumption 7. J is coercive.

4. Exploiting the assumptions on the nominal problem (Py)

The first step in applying our Hamiltonian approach to sufficient conditions for strong
local optimality of trajectories having a singular arc is the construction of an over-
maximised Hamiltonian, see [5,16,18,19]. Indeed, as shown in [16, Section 3.1], the
presence of a singular arc does not permit to use the flow of the maximised Hamiltonian
which can be used when this Hamiltonian is C? (see [13, Section 17.1]).

In [1], under the same regularity assumptions of this paper, we proved the existence
of an appropriate over maximised Hamiltonian flow. Moreover, if

A= {(d(—c)(z),z): z € R"}

is the Lagrangian sub-manifold of the final transversality conditions, we proved that
the coercivity assumption guarantees the invertibility of the projected over-maximised
flow emanating from A. This invertibility property is crucial in order to obtain the
strong local optimality result via Hamiltonian methods. We refer to [1] for details.
Here we recall the main tools that we constructed in there and that we are going
to use for the structural stability result.
(SGLC) implies that there exists a neighbourhood Us of the range of the singular

arc X([/T\% T]) in T*R™ such that the sets
Y :={lels: F4(¢) =0}, S:={leX: Hy(l) =0}

are smooth simply connected manifolds of codimension 1 and 2, respectively. More

precisely H o3 is transverse to X in Us, while ?d is tangent to % and transverse to S
in ¥. We recall that every singular arc evolves on S.



Under Assumptions 2-6, there exists a tubular neighbourhood O of the graph of h\
and a piece-wise C' Hamiltonian function

H:(t,0) € O Hy(f) €R

that satisfies the regularity and over-maximisation properties required to pursue our
Hamiltonian approach to strong local optimality. The construction of H; is based on
the existence of the Hamiltonian Hs: Us — R, defined and studied in [1, Section 4.1]
and which satisfies the following properties

o EQ(@ > Hy(¢) for any ¢ gZ. Equality holds if and only if ¢ € S,
o H, is tangent to ¥ and Hy({) = ﬁg(ﬁ) for any ¢/ € S.

For the purposes of this paper we need to know the definition of Hy only for ¢t €
[T2, T]. Namely

Hi(0) = Hy(£) + D) Fa()  (t,0) € [72,T] x Us.

The flow associated with this Hamiltonian and starting from time 7' is denoted as
H: and it is C'*° in a neighbourhood U7 of ¢7 in X. The crucial properties are the
following

A(t) = Hi(lr),
Hi(l) € X for (t,0) € [12,T] x Ur,
o ?d is invariant with respect to H; on ¥ i.e. for any (¢,¢) € [T2, T] x X

Fa(Hi(0)) = Hya Fa(0). (5)

Let Ly :=1T; A = {d(—=c)«dz, : dx € R™} be the tangent space to A at 7 and let k be

as in (3). Define k= §;2*k:o :S’\;Ql and let K = Ko]-/:?;1 be the associated Hamiltonian.
As a consequence of the coercivity Assumption 7 we obtain the existence of a func-
tion as: R™ — R such that

Hz« Ly = {dag,dz: dz € R"}, Mz, 0l = dovgs (M Hz,00), YO0 € Ly, (6)
dag(@o) = fi(R),  Hia(lh) — L2y (@) > 0, (7)

see [1, Section 5.4].

5. Proof of the main theorem, Theorem 3.1

The first step in proving Theorem 3.1 is finding a bang-bang-singular extremal for
problem (P,). The proof is carried out by using the Implicit Function Theorem. Af-
terwards we prove that the extremal satisfies the regularity Assumptions 3-6 and finally
we prove that the second variation of such extremal is coercive.

5.1. Preliminaries

In order to prove our structural stability result, we take advantage of the Hamiltonian
flow associated to singular extremals of the first kind. Indeed, differentiating twice the

10
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equality Fg(A(t)) = 0, SGLC allows to define in a neighborhood of the range of the
singular arc of X the feedback control of singular extremals of the first kind

us(l) = %(5).

Associated to this control we can consider the feedback Hamiltonian of singular ex-
tremals of the first kind

FS = Hy + usFy.

which satisfies the following properties
o

o For any t € [, T], FS(\(t)) = Fy(A(t)) and ﬁ(x(t)) = ?t(A(t)).
e Forany 6l € T; S, let az(60) == - <du$(X(s)), FS60)ds. Then

Proposition 5.1. ° is tangent to S.

FE 00 = Mz 0l + ay(00) Fa (). (8)
Proof. The proof is analogous to the one of [5, Lemmata 4.1 and 4.2] . O]

We extend all the definitions given for the quantities involved in the nominal problem
(Pp) in the obvious way to the analogous quantities for problem (P). In particular

= (L TR Fj(0) =0}, & :={fc X" Hjy(0) = 0}

HT’
Moreover FS7 := H5 + ff’z Fy is obviously tangent to S".

5.2. Finding the extremal

We are looking for an extremal of (P,) which joins the Lagrangian manifolds defining
the transversality conditions of the fixed-free case

6 — {.%'6} % (Rn)*, TTT = {E — (p,:E): T € Rn, p= —dcr(iﬁ)} c X"

We point out that the inclusion A%, C X" is a direct consequence of Assumption 1.

Since we are looking for a bang-bang-singular extremal, the unknowns of our prob-
lem are £ € A%, N'S”, and the switching times 71, 7, 0 < 71 < 7 < 17, while the
equations are given by

wexp (~ni) oexp ((n = i) oexp (e - TV ) O =, )

(H} — H}) 0 exp ((Tl _ 72)?2) o exp <(72 _ TT)F—S’Z> (6) = 0. (10)

The unknowns for our problem are n + 1 as well as equations (9)-(10). We use the
Implicit Function Theorem to prove the following lemma.

11



Lemma 5.2 (Existence of a bang-bang-singular extremal). Under the assumptions of

Theorem 3.1 there exist p > 0, € > 0 and a neighbourhood U OfZT i T*R™ such that for
any r, |r| < p, there exists a unique normal bang-bang-singular extremal X" := (u",&")
of (Py) with the following properties:

(1) N'(T") e UNAL, |7 —71| <e, |1y — Tl <e, [T"—-T|<e;
(2) the switching times 7{ and 15 and the final point " := X" (T") depend smoothly
onr.

Proof. We start by linearising equations (9)—(10) with respect to ¢, 71 and 7o at
(r,é, 7'1,7'2) = (O,ET,'/]_\l,'/r\Q). For 6§/ € TZTS N TZTA’ we obtain

= ~
reexp (—7 H 1) exp (71 — ) H) (—om K (Ba)+ draus Fa(f)+ FS 60) = 0, (1)

To*

~ —~ =\ ~
— (5T1H12(£1) + o <(57'2 ug?d(gg) + .F§ (%, K) (52) =0. (12)

If we show that equations (11)-(12) are satisfied only by 6/ = 0, 671 = 072 = 0 then,
by the Implicit Function Theorem, we get an unique \".

Since the Hamiltonians H; and Hs are obtained by lifting the vector fields h; and
ha, respectively, equations (11)-(12) are equivalent to

= ~
s (—(57’1K(£2) + 57’2u‘9?d(€2) + f;’i*(%) =0, (13)

—~ —~ =
— 57‘1H12(€1) +o (57’2 Usﬁd(gg) + .7-}‘_92*56, K(€2)> =0. (14)

Taking into account (8) and (5) we can compute

draus Fa(la) + FS 00 = 5ryus Fa(ly) + Hayu0l + as(56) Fy(fa) =
= Hrye (55 + (57'2US(Z2) + a2(55)> ?d(ZT)) :

Set dag := mus(z@) + a2(6¢) and notice that the identity Ls,c = 0 implies ?d(ZT) =
d(—c)«fa(zr) € Lr. Therefore 6l = o0 + 5(12?01([%) = d(—¢)sm6lr. Thus, from
(13), we get (7Hz,)«00r = 6T k(Z2). Moreover equation (6) gives

H?Z*(%T = dag*(ﬂ"H%)*(wT = (57‘1 dCQJ%(i'\Q). (15)

Hence, from (14), we get
- - = ~ .
0 = —5T1H12(€1) + o <(5’7’1 dag*k(ﬂfg), K(fz)) = —57‘1 (ng(fl) — LEOZQ (332)) .

From ine%uality (7) we obtain d7; = 0. Hence, by (15), we get 0¢7 = 0. Since 0l =

ol + bas d(ZT) and ?d is transverse to S in X, we have ¢ = 0 so that ay(d¢) = 0.
Finally d7o = 0 by Assumption 4.
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We define

—
exp(t — TT)FST

A"(t) := { exp(t — Tg)ﬁg oexp(ry — 1)
exp(t — T{)ﬁ{ oexp(r] — Tg)ﬁg oexp(ry —1T7)

(£7) telr, T,
ey
For(er) telm, ),

—
FST(my  te[o,1]).

In the following Section 5.3 we show that A" is an extremal of (P;) as well as its
regularity. O

5.3. Proof of the extremality and the regularity of A"

The Hamiltonian vector field IﬁZ is tangent to 8", hence A" is an extremal on the
interval [75,T"].

By continuity and possibly restricting p, SGLC and the regularity at the switching
times hold true, i.e.

Hip(A"(11)) >0, Hjg(A'(73)) >0, (16)
R'(t):=L"(\'(t)) >0, Vte |17

H'f’
Moreover we also have v"(t) := %(A’"(t)) € (0,1).
5.8.1. Regularity along the singular arc

We have to show that for any X7 # hiy, hy, and for any ¢ € [r5,T"]

Hy(N"(8)) > (W' (1), X5 (€7 ()))- (17)

We prove this claim by a contradiction argument. If (17) does not hold, then there
exists a sequence r, — 0 such that for any n € N, there exist ¢,, € [ry",T"™], and
Xi" # hy', hy" such that

Hy (N (tr,)) < (u" (Er,) , X5 (€7 (E,)))- (18)

Up to a sub-sequence we can assume that the index j,, does not depend on n. Denote
its constant value as j. Moreover t,, € [r,",T"], so that, again up to a sub-sequence,

we can assume that ¢, converges to some ¢ € [T2,T]. Since ¢™ converges to {7 as
n — oo we get that A\ (¢, ) converges to A(t). Thus, as n — oo in (18) we obtain

~

Hy(X(®) < (D), X5(6(1))),

a contradiction to Assumption 4.

5.8.2. Regularity along the second bang arc
We have to show that for any t € (77, 75)

Hy(N'(1) > (" (1), X5(&"(1))  Xj # ha.

13



Indeed, proceeding as in the previous section we can show that for any ¢ € [7], 73]
Hy(N'(t)) > (u"(t), X5(£"(2)) X5 # hy, hy, hi.

A Taylor expansion at ¢t = 75 and 7], respectively, give

— 7T 2
(113 — 1) (1) = LB gy (0 (7)) - ol(t - 7)), (19)
(H — H) (V (1)) = (¢ — 7)) BV (7)) + ot — ). (20)

By (16), Hjso (A" (75)), Hi5(N(11)) are strictly positive. If € > 0 is as in Lemma 5.2,
then there exists € € (0,¢) such that equations (19)-(20) give

(Hy = H3) (\"(8)) >0 Vte(r —&m),
(H5 — HY) (\'(t)) >0 Vte (], 7] +2).

Possibly restricting p, we obtain (Hj — H3)(A"(t)) > 0, for any t € (7], 75 — €) and
(H5 — HY)(A\"(t)) > 0, for any t € (1] + €,75), which proves the claim.

5.3.8. Regularity along the first bang arc
We have to show that for any ¢ € [0,77])

H{(N'(1) > (W' (1), X5(&"(1)) X # hi.

The proof follows the same lines of the previous section.

5.4. Coercivity of the second variation J"

In order to conclude the proof of Theorem 3.1 we only need to prove that J” is coercive.
Namely, let z7- := £"(T") and consider the differential system

() = w(t)gf (er), t € [13,T"], ((Tr) =6z, ((15) = ok (xr)  (21)
the space of admissible variations is given by
W' = {de = (6z,e0,w) € R" x R x L*([rj,T"]) s.t. system (21) admits a solution} .

Let J§ = L2,¢" (2") + H12(A"(7])). We need to prove the coercivity on W" of the
quadratic form

T 52 T 1 ™ r T T
J"[6€)? := ?OJO + 5 /T (2w(t)Le Lo (@ )+ w(t)*R"(t)) dt.

Since J" is a Legendre form, it suffices to prove that J” is a positive quadratic form,
see [20, Theorem 11.1]. We prove the claim with a contradiction argument:

Assume there is a sequence {r;}jen C R¥, r; — 0 and that there erists
{e}jen, dej = (6xj,0,,wj) € W™ such that dej # 0, J"[de;]? < 0.

Then J is not coercive on W.
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Let € > 0 be given by Lemma 5.2. Then [ry’, 77| C I := [f2 — &, T + €]. Thus we can
prolong to the interval I, the function ¢ — w;(t) as zero and the functions

t— g (xr), t— a@r), t— R(t), t— R()

as constants. Hence ¢,’ (x7+) and R (t) converge uniformly on I to ¢:(Zr) and R(t),
respectively.

For any dej, let ||dej| := |6z;] + |eo ;| + [|[wjll,. where |Jw;]|, is the L?-norm of w;.
Without any loss of generality we can assume ||de;|| =1 for any j € N so that, up to
a sub-sequence,

533j — oz € R™, €0,j — €0, w; — W.
If e := (E,EO,@), then HEH <1
541 W) =0 ae t€fo—eR]U[T,T+e]

We prove that w(t) =0 a.e.t € [Ta —¢e,T2]. For t € [T, T + ¢] the proof follows the
same lines. Let ¢ € C°([T2 — €, T2]), hence

lim [ w;(0)p(t) dt = / Bt (t) dt. (22)

Jj—oo Jr I

Let I; := [min{7,’, 72}, max {r,’, 75 }]. We have

<

[uopta] -

I

[ wiewa

I;

< Jlwyll, (/I sog(t)dt) < ellog |72 = T2]*

J

(23)

Comparing (22) and (23) we get

/Iw(t)ga(t) dt=0 VoeCP(f—c )

Since C°([72 — ¢, 72]) is a dense subspace of L?([7; — ¢,72]), see [21, Corollary 4.23],
we get the claim.

5.4.2. be €W

T"i

By construction 0x; — e jk" (x5 ) — f7_27‘j w;(t)g;’ (x5 ) dt = 0, moreover

/T T w; () g, (xprs ) dt — / ' w(t)ge(Tr) dt‘ <

J ~
2 T2

<

/ (w; () — () 4 (Fr) | <

1

/ w;(t) (¢ (x775) — gu(@r)) dt‘ +

1
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<l 7 o) = @), + | [ o0) = w0 1) .
Since both addenda converge to zero, we get the claim.

5.4.8. Convergence properties

Clearly J;’ converges to Jy. Define

T3 T
Gj(t) = oz; /t w;i(t)gy’ () dt  and  ((t) :M/t w(t)g(zr) dt,

following the same lines of section 5.4.1, we obtain that ¢; converges uniformly to ¢ in

I and that /U]j(t)LCj(t)LgTj ¢’ (xprs) dt converges to /w(t)LC(t)Lgtc(ic\T) dt.
I ! I

5.4.4. J 1s not coercive

Consider /ijz(t)R” (t) dt, replacing w? — w2 = 2w (wj — W) + (w; — W)* we have

/ W ()R (t) dt — / T2)R(L) dt = / W3 (t) (R (t) — R(t)) dt+

I I 1

+/ﬁwwww—mmem+wawwwWwa>

1

> /(wj(t) = w(t))" R(t)dt — [[R? = R|[ o wjll; ’/IQ(Ufj(t) —w(t)) w(t)R(t) dt| .

1

The two final addenda converge to zero as j — oo. Taking into account the convergence
results of the previous sections we thus obtain

0> liminf J"[6¢;]2 > J[5e]? + lim inf = / (w; () — W) RE) At (24)

Jj—o0 Jj—o0 I

If e # (0,0,0) we immediately get that .J is not coercive on W. If de = (0,0,0) then,

1
for large enough j’s we have |lw;||, > 7 Hence from (24) we get

1., . 9 . .
02 3 liminf ffuy], min R(t) 2 ¢ min R(t)

which contradicts (SGLC). Since this condition is necessary for the coercivity of J, we
get the claim.

6. Proof of Theorem 3.2

The proof is quite technical. We split the construction of @ and prove the uniqueness
result in several steps. The leading idea is that if A" is an extremal of (P,) whose
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graph is in O, then it satisfies the properties of Lemma 5.2.

6.1. Defining O

Let € be as in Lemma 5.2 and m := min{my, mas, map, Vs, Y12, M323, mpr} (these quan-
tities are defined in Section 2). For t € (T, T + €| we set A(t) = \(T).

We are going to define a tubular neighbourhood of the graph of A of the following
form

O={(t0:tel0,T+z], e BA{),0)},

where B(X(t), 9) is the ball in T*R"™ centred at X(t) and of radius 4.

6.1.1. Defining the appropriate €
Let
5 -1
m (T—%),e 6 n 36 n 12
(T % il 20 22
12 2h=\ 2 m*  m?2 ’

by the regularity assumptions on X there exists z € (0,¢) such that

Y := min

1) - (@0, GE) > tm, te 0,7 +2) X; # haha,
H(0) ~ (70), X,E0) > tm, t€R ST, X # ok,
His(A(t)) > gm te[F—27 43,
and, for any t € [7y —&,T + &,
gm <L) < gMR, gm < Hﬁ?’? Gt) <1— Lm,
Has(0) > tm, |HsGe)| <o, RG] <

6.1.2. Defining the appropriate §
Define

m= min{ min  (Hy — Hy)(\(t)), min (Hy — Hl)(X(t))}
t€[0,71—¢] tE[T14E,72]

so that, by Assumption 5, m > 0. By continuity, there exists § > 0 such that for any

o~

L= (p,xz) € B(A(t),0)

3 o

Hl(g) <pa X](‘T» > Zma te [077—1 +6]7 XJ 7& h17h2’
3 .

(Hy = Ho)(0) > S, te[0,71 —g,
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3 ~  _ _
HQ(K)_<p7XJ(x)> >Zm7 S [71_67T+6]a Xj#h17h23h3

3 SO
(Hy — Hy)(t) > S, t e [n+8 7,

3 S
H12(E) > Zm7 te [Tl—E,Tl+€],

o~

and, for any ¢ € [7o —&,T + €| and for any ¢ € B(\(t), ),

S <L) < 2M S < 222y <
4m < (f) < 4 R 4m =L (£> = m,
3 5 5 2
H3p3(l) > 7 |Hasz(0)] < 1’197 |[Fa(f)] < 119 .

6.2. Defining the appropriate p

By continuity with respect to r, there exists p > 0 such that for any r with |r| < p we

o~

have |T" — T'| < € and, for any ¢ = (p,x) € B(\(t),9),

m —~ _
Hf(f)*<PvX;($)>>§a t€ 0,71 +2l, Xj # hy, ha,
(Hf — H)(0) > 5, tefo -,

m ~ _ _

Hg(f)— <p> X;(.’IJ» > 57 te [Tl - EvT_'_E]v Xj 7& h17h2,h3,

(H; — H)(0) > 7, t € [7 +5,7,
H{2(£)>%, te[h—&7+8.

Moreover, for any t € [7, —,T 4 €], £ € B(A(t),8) and r such that |r| < p,

m 3 m HT m

— <" M 0P 21232 <1_m

5 <L) <Mk, s < o0 <1-5,

8 m r 3 - 3
H3os(0) > ol |H33(0)] < 519, |F(0)] < 5192.

6.3. Uniqueness of the extremal in O

(25)

(29)

Assume X: [0,77] — T*R" is an extremal of (P,) for some r such that |r| < p and
assume that the graph of A is in O. We prove that A satisfies the properties described

in Lemma 5.2 so that A = \".
Since A(t) € B(A(t),0), thanks to (25)-(26)-(27)-(28),

Nt = HIA@),  te[0,m -2,

Nt = HEO(t),  te[f+57 -2,

and there exists some measurable function u taking values in [0, 1] such that
MO = GOH[AW) + (1 - T)HAW),  telh-=7+3),
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The function ¢: t € [Ty —&,71 + €] — (H} — H{)(X(t)) is strictly monotone. Indeed
. ~ ~ Y m
olt) = o (X(0), (H — H)A(®) ) = HR(@) = 2 >0,

Since (71 —€) < 0 < ¢(71 + &), there exists one and only one 71 € () —&,7; +€) such
that ¢ vanishes and changes sign at 7. Hence, by PMP,

N = HI @), te0,m],  MNi)=HIO®), telmm—d

Thanks to (27)-(28), for ¢t € [7,—¢,T"], the maximised Hamiltonian in a neighbourhood

of A(t) is either Hj or Hj. Moreover, since A is an extremal of (Py), FJ(A(T")) = 0.

Assume, by contradiction, Fjj(A(¢)) < 0 for any t € [7» —&,T"). Then, by (29)

~ ~ - ~ ~
0= Fy(NT™) = Fi(NR—2) + [ o (o), (] — HH(R(e) e <

T2 —¢€

< [mena= [ (50G-2)+ [ o (36 TR) as) at -
-/ T (50 -2)+ [ g (A(s)) ds ) dt <
2

3 L ~ . _
< 59(TT—T2+8) — %(TT —T2+€)2 =

- 3 2 .
=(T" -7 +s){20—";(T7“—72+5)} <
- 3 2 -
< (T’“—T2+s){2«9—”; (T—Tg)} <0,

i.e. 0 < 0, a contradiction. Let

To :=min{t € [7o —&,T"]: FJ(A(t)) = 0}.

We have just shown that 7o < T". We want to show that 7, < 7 +¢. If o < 7 we are
done. Assume 75 > 75 and let s := 7o — 7. With a Taylor expansion at t = 75 we get
that there exists ¢ € (T2, T2) such that

~ ~ s2 ~
Fg(M(72)) = —sHaz(A(72)) — 5 Hag(A(D)).

This equation, in the unknown s, has one and only one positive root which is given by

. H0®) | (H;3<X<%z>>>2 2R 0G)

- ~— ~—— <
gy (\(D)) H(ND) ) Hisy(M7)
30 30\ 2 ) :
X 3 302 6 6 12
St | P T et (m e
4 4 4



-1
em [ 3 9 2 3 9
=—\|—+ 7—1—3 — | —+ 7%—3 =e.
2 m m m\m m

To conclude the proof we need to show that FJ(A(t)) = 0 for any t € [7o,T"]. Let

A= {t € (7, T"): FT(A(t)) o} .

A is an open set. Assume by contradiction that A # (). Then it contains at least one
maximal interval (¢1,%2), so that two cases may occur:

Case 1. FJ(A(t1)) = Fj(\(t2)) = 0, FI(A(t) <0 Vte (ti,t2).
In this case, since A is an extremal, we have () = I?Z(X(t)) for any t € (t1,t2).

~ d _ ~
Moreover His(A(t1)) = aFg()\(tl)) < 0. Hence

0= Fy(Ae2)) = FE0) = [ (o). (2 — B (Re) ae = [ Tp(Reeyar =

1 tl

to _ ‘ B _m2 ) )
:/t <H§3(A(t1))— tHggg(A(s))d5> at< = (tgztl)<07

i.e. 0 < 0, a contradiction.

Case 2. Fi(A\(t1)) = Fi(A(t2)) =0,  E5(A\(#)) >0 Vit € (t,ta).
In this case, since A is an extremal, we have A(t) = I?;;(X(t)) for any t € (t1,t2).
Moreover H§3(X(t1)) = d—iFg(X(tl)) > 0. Hence

V

to

0= Fi(\(t2) ~ Fi (en)) = [ o (No), (B — FD) (e ) e = [ 3o (30 e =

t1

ta r Y t r Y m (t2 _ t1)2
:/t (HQS()\(tl))-i- Hip(\(s) s ) de > 722220 >,

Again we have obtained a contradiction.

Summing up \ satisfies all the properties of the extremal A" defined in Lemma 5.2.
Therefore A = \".

References

[1] Poggiolini L, Stefani G. Strong local optimality for a bang-bang-singular extremal: The
fixed-free case. STAM Journal on Control and Optimization. 2018;56(3):2274-2294. Avail-
able from: https://doi.org/10.1137/17M1140248.

[2] Vossen G. Switching time optimization for bang-bang and singular controls. Journal of
Optimization Theory and Applications. 2010;144(2):409-429.

[3] Maurer H, Osmolovskii N. Second-order conditions for optimal control problems with
mixed control-state constraints and control appearing linearly. In: 52nd IEEE Conference
on Decision and Control; 2013. p. 514-519.

20



[4]

[10]

[11]

[12]

Felgenhauer U, Poggiolini L, Stefani G. Optimality and stability result for bang—bang
optimal controls with simple and double switch behaviour. CONTROL AND CYBER-
NETICS. 2009;38(4B):1305 — 1325.

Poggiolini L, Stefani G. Structural stability for bang-singular-bang extremals in the
minimum time problem. SIAM J Control Optim. 2013;51(5):3511-3531. Available from:
http://dx.doi.org/10.1137/120895421.

Poggiolini L, Stefani G. A case study in strong optimality and structural stability of
bang-singular extremals. In: Stefani G, Boscain U, Gauthier JP, et al., editors. Geometric
control theory and sub-riemannian geometry. (Springer INAAM Series; Vol. 5). Springer
International Publishing; 2014. p. 333-350.

Poggiolini L. Structural stability of bang—bang trajectories with a double switching time in
the minimum time problem. STAM JOURNAL ON CONTROL AND OPTIMIZATION.
2017;55(6):3779-3798.

Poggiolini L, Stefani G. Strong local optimality for a bang-bang-singular extremal: Gen-
eral constraints. Journal of Optimization Theory and Applications. 2020;186.
Malanowski K. Stability and sensitivity analysis for optimal control problems with control-
state constraints. In: Dissertationes mathematicae. Vol. CCCXCIV. Institute of Mathe-
matics, Polish Academy of Sciences; 2001.

Felgenhauer U. Structural stability investigation of bang-singular-bang optimal controls.
Journal of Optimization Theory and Applications. 2012;152:605-631. 10.1007/s10957-011-
9925-0; Available from: http://dx.doi.org/10.1007/s10957-011-9925-0.

Aronna MS, Bonnans JF, Martinon P. A shooting algorithm for optimal control problems
with singular arcs. jJournal of Optimization Theory and Applications. 2013;158:419-459.
Bonnans JF, Hermant A. Stability and sensitivity analysis for optimal con- trol prob-
lems with a first-order state constraint and application to continuation methods. ESAIM
Control Optim Calc Var. 2008;:825-863.

Agrachev AA, Sachkov YL. Control theory from the geometric viewpoint. Springer-Verlag;
2004.

Zelikin MI, Borisov VF. Theory of chattering control. Boston, Basel, Berlin: Birkhauser;
1994. Systems & Control: Foundations & Applications.

Agrachev AA, Stefani G, Zezza P. Strong optimality for a bang-bang trajectory. SIAM J
Control Optimization. 2002;41(4):991-1014.

Poggiolini L, Stefani G. Bang-singular-bang extremals: sufficient optimality conditions.
Journal of Dynamical and Control Systems. 2011;17:469-514. 10.1007 /s10883-011-9127-y;
Available from: http://dx.doi.org/10.1007/s10883-011-9127-y.

Poggiolini L, Stefani G. Strong local optimality for bang-bang-singular extremals in
single input control problems. In: 20th IFAC World Congress Proceedings; (IFAC-
PAPERSONLINE; Vol. 50); IFAC. Elsevier; 2017. p. 6128-6133.

Stefani G. Strong optimality of singular trajectories. In: Ancona F, Bressan A, Can-
narsa P, et al., editors. Geometric Control and Nonsmooth Analysis; (Series on Advances
in Mathematics for Applied Sciences; Vol. 76); Hackensack, NJ. World Scientific Publish-
ing Co. Pte. Ltd.; 2008. p. 300-326. Pp. 361 ISBN: 978-981-277-606-8.

Chittaro FC, Stefani G. Minimum-time strong optimality of a singular arc: The
multi-input non involutive case. ESAIM: COCV. 2016;22(3):786-810. Available from:
http://dx.doi.org/10.1051/cocv/2015026.

Hestenes MR. Applications of the theory of quadratic forms in Hilbert space to calculus
of variations. Pacific J Math. 1951;1:525-581.

Brezis H. Functional Analysis, Sobolev Spaces and Partial Differential Equations. New
York: Springer; 2011. Universitext.

21



