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ABSTRACT
We study structural stability and local uniqueness of bang-bang-singular extremals
in a fixed-free Mayer problem. The problem can be seen as an optimal control
problem where the dynamics is control-affine. We prove our results under the same
assumptions on the nominal problem that permit us to prove that the extremal is
a strict strong local optimiser: suitable regularity assumptions and coercivity of a
restriction of the extended second variation. We also assume that the condition that
prevents the coercivity of the extended second variation is stable with respect to the
parameter.
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1. Introduction

An important requirement for any mathematical model of an actual phenomenon is the
stability of the result with respect to small variations of data. Indeed any measurement
is subject to some error, so for the model to be of any practical usefulness it is necessary
that at least some structural property of the solution is not affected by the uncertainty
on the data measurement.

Here we study the structural stability of a bang-bang-singular optimiser in a Mayer
problem. Indeed we consider the following optimal control problem (Pr) depending on
the parameter r varying in Rk:

minimise cr(ξ(T r)) subject to

ξ̇(t) ∈ X r(ξ(t)), ξ(0) = xr0, (1)

where the interval [0, T r] is fixed, xr0 is a fixed point in Rn, and X r(x) ⊂ Rn is the
convex hull at each point x ∈ Rn of the smooth vector fields Xr

1 , . . . , X
r
m.

We consider the problems (Pr) as perturbations of the nominal problem (P0) cor-
responding to r = 0. More precisely we ask for the C∞ regularity of the maps

r 7→ xr0, (r, x) 7→ cr(x), (r, x) 7→ Xr
j (x), j = 1, . . . ,m,

CONTACT Laura Poggiolini. Email: laura.poggiolini@unifi.it



even tough C2-regularity would suffice. As usual, solutions of (1) are meant in the
Carathéodory sense. Moreover, when referring to (P0) we shall omit the superscript
to the data, for example T means T 0.

In a recent paper [1] the authors studied the optimal control problem (P0) and

considered the case when such problem admits an extremal trajectory ξ̂ which is
the concatenation of two bang arcs and a partially singular one. Namely there exist
0 < τ̂1 < τ̂2 < T , υ̂ ∈ L∞([τ̂2, T ], (0, 1)) and h1, h2, h3 ∈ {X1, . . . , Xm}, such that

˙̂
ξ(t) = f̂t(ξ̂(t)) :=


h1(ξ̂(t)), t ∈ (0, τ̂1),

h2(ξ̂(t)), t ∈ (τ̂1, τ̂2),

h2(ξ̂(t)) + υ̂(t)(h3 − h2)(ξ̂(t)), t ∈ (τ̂2, T ).

(2)

Under some regularity assumptions and assuming the coercivity of a quadratic form
related to a sub-problem of (P0), it is shown that ξ̂ is a strict strong local optimal
trajectory for (P0), according to the following definition:

Definition 1. An admissible trajectory ξr : [0, T r] → Rn is a strict strong local min-
imiser of problem (Pr) if it is a strict minimiser among the admissible trajectories of
(Pr) which are close to ξr in the C0([0, T r],Rn) topology, regardless of their velocities.

Problem (P0) can be written as an optimal control problem with a control-affine
dynamics, see [1]. Hence its classical second variation is degenerate. In the same paper
the authors construct the extended second variation J ′′ext starting from a sub-problem
of (P0) and applying an invariant version of Goh’s transformation.

Setting fd := h3 − h2, the coercivity of J ′′ext implies L2
fd
c(ξ̂(T )) > 0. So that, if

Lfdc ≡ 0, J ′′ext cannot be coercive. Nevertheless, in [1] it was proved that, if this is the
case, then the coercivity assumption can be weakened and the strong local optimality
result still holds. Hence the title of this paper: we aim at proving the structural stability
of bang-bang-singular extremals in the case when this condition is preserved under
perturbations of the data, i.e. setting f rd := hr3 − hr2,

Assumption 1. We assume Lfr
d
cr ≡ 0 ∀r.

We point out that even if the bang-bang structure seems more generic, examples in
the literature, such as the Van der Pol oscillator and the Rayleigh problem studied in
[2,3], suggest that bang-bang-singular concatenations cannot be neglected. Moreover
Assumption 1 is satisfied by Lagrange problems where the running cost does not
depend on the control. We give more details in Section 3.1.

The proof of the structural stability result is based on the Hamiltonian approach,
an approach already exploited in [4] where the extremal of the nominal problem is
bang-bang with a double switching time and [5–7] where the authors consider the
minimum time problem for different control structures.

We point out that we only ask for the same conditions required to prove the strong
local optimality of ξ̂. Namely we require that ξ̂ satisfies Pontryagin Maximum Principle
(a necessary condition for strong local optimality), the regularity of each of the three
arcs and of their junction points (see Section 2.1), plus the coercivity of a suitable
second variation related to a sub-problem of (P0), see Section 2.2.

We construct, via the implicit function theorem, a bang-bang-singular extremal
trajectory ξr for (Pr) which is also a strict strong local optimiser for (Pr). Using the
implicit function theorem guarantees that ξr and its switching times depend smoothly
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on the parameter r, so that a sensitivity analysis could also be carried out.
Here we consider the fixed-free case (i.e. the initial point of admissible trajectories is

prescribed while no constraint is imposed on the final one) which implies less technical-
ities with respect to the generic constraints on end points and, nevertheless, it shows
the underlying ideas and methods we use. Optimality results for generic constraints
were obtained in [8] and, from the results therein, we could extend the structural
stability result to that kind of problems.

For classical approaches to structural stability and sensitivity analysis, see [9] and
the references therein. For more recent results, see [10–12].

1.1. Notation

For the sake of conciseness and clarity we use notation from differential geometry.
Indeed, this notation helps to realise that the discussion is intrinsic and the result can
be applied to problems on manifolds. In particular we denote the trivial cotangent
bundle (Rn)∗×Rn as T ∗Rn and we distinguish between points in Rn, usually denoted
as x, and tangent vectors to Rn, denoted as δx.

If N is a smooth manifold of Rn, we denote as TxN and T ∗xN the tangent and
cotangent spaces to N at a point x ∈ N , respectively.

Given a C1 vector field f on N , we denote as exp tf(x) the flow at time t emanating
from a point x at time 0, i.e. exp tf(x) is the solution to

ξ̇(t) = f(ξ(t)), ξ(0) = x.

If g is another C1 vector field, then the Lie bracket between f and g is denoted as
[f, g], i.e. [f, g](x) := Dg(x)f(x)−Df(x)g(x).

If α : N → R is a C2 function, dα(x) is its differential at a point x ∈ N and we
denote Lfα (x) := 〈dα(x) , f(x)〉, while dα∗δx is

(
D2α(x)(δx, ·), δx

)
∈ T ∗Rn whenever

the point x is clear from the context.
If G is a C1 map from a manifold X to a manifold Y , its tangent map at a point

x ∈ X is denoted as G∗ whenever x is clear from the context.
We also use some basic element of the theory of symplectic manifolds referred to

the trivial cotangent bundle T ∗Rn, see e.g. [13].
Let π : ` = (p, x) ∈ T ∗Rn 7→ x ∈ Rn be the canonical projection, and denote by

s :=
∑n

i=1 p
i dxi the canonical Liouville one–form on T ∗Rn. Given a time-dependent

smooth Hamiltonian Ht : T
∗Rn → R we can define a Hamiltonian vector field

−→
H t by

means of the canonical symplectic two–form σ = ds =
∑n

i=1 dpi∧dxi. Indeed one sets

σ
(
V,
−→
H t(`)

)
= 〈dHt(`) , V 〉, for any V ∈ T`T ∗Rn, i.e.

−→
H t(`) = (− ∂xHt(`), ∂pHt(`)),

for any ` = (p, x) ∈ T ∗Rn.
We recall that any vector field f on Rn defines a Hamiltonian

F : ` = (p, x) ∈ T ∗Rn 7→ 〈p , f(x)〉 ∈ R.

In particular we denote by H1, H2, H3 and Fd the Hamiltonians associated with h1, h2,
h3 and fd, respectively. Moreover H12 and H23 denote the Hamiltonians associated
with the brackets [h1, h2] and [h2, h3], respectively. Analogously H232 and H323 are
the Hamiltonians associated with [h2, [h3, h2]] and [h3, [h2, h3]], respectively. Finally

F̂t denotes the time-dependent Hamiltonian function obtained by lifting the reference
vector field f̂t and F̂t denotes its flow from time T , i.e. the flow associated with its
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Hamiltonian vector field. Indeed, due to the construction required to carry on our
proof, we deal with flows starting from time T and evolving backwards in time. In
particular the flow Ŝt of f̂t is a local diffeomorphism defined in a neighbourhood of
ξ̂(T ). Finally, we recall that for any ` = (p, x) ∈ T ∗Rn we can define the maximised
Hamiltonian associated to problem (P0) as

Hmax(`) := max {〈p , Y 〉 : Y ∈ X (x)} = max {〈p , Xj(x)〉 : j = 1, . . . ,m} .

We conclude this section recalling that, for any interval I ⊂ R, the symbol C∞c (I)
denotes the set of C∞(R) functions which are compactly supported in I.

2. Assumptions on the nominal problem (P0)

In this section we state the assumptions on the nominal problem that ensure that ξ̂
is a strict strong local minimiser of (P0). We refer the reader to [1] for details and for
the relations between the sufficient conditions and the necessary ones.

The first assumption is the main necessary condition for optimality, i.e. Pontryagin
Maximum Principle (PMP). The principle holds in its normal form since there is no
constraint on the final point of admissible trajectories.

Assumption 2 (PMP). There exists an absolutely continuous mapping µ̂ : [0, T ] →
(Rn)∗, such that

˙̂µ(t) = −µ̂(t) Df̂t(ξ̂(t)), a.e. t ∈ [0, T ],

µ̂(T ) = −dc(ξ̂(T )),

F̂t(µ̂(t), ξ̂(t)) = Hmax(µ̂(t), (ξ̂(t)).

The trajectory ξ̂ is called a state extremal while the couple λ̂(t) :=
(
µ̂(t), ξ̂(t)

)
∈ T ∗Rn

is called an extremal. Notice that

˙̂
λ(t) =

−→
F̂t(λ̂(t)) a.e. t ∈ [0, T ].

We denote the terminal and switching points of λ̂ and ξ̂ as follows:

̂̀
0 := λ̂(0), ̂̀

1 := λ̂(τ̂1), ̂̀
2 := λ̂(τ̂2), ̂̀

T := λ̂(T ),

x̂0 := ξ̂(0) = π̂̀0, x̂1 := ξ̂(τ̂1) = π̂̀1, x̂2 := ξ̂(τ̂2) = π̂̀2, x̂T := ξ̂(T ) = π̂̀T .
2.1. Regularity conditions

In this section we state the regularity conditions given in [1, Section 3.1] in a form
which is more suitable for our scopes. We also introduce some constants which we are
using further on.

Assumption 3 (Strong generalized Legendre condition (SGLC)). Set

L(`) := (H323 +H232)(`), ` ∈ T ∗Rn, and R(t) := L(λ̂(t)).

Let mR := min{R(t) : t ∈ [τ̂2, T ]}, MR := max{R(t) : t ∈ [τ̂2, T ]}. We assume mR > 0.
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Remark 1. In [1] the authors prove that if (SGLC) holds, then fd(x̂T ) 6= 0, and that

the singular control is given by υ̂(t) =
H232

L
(λ̂(t)), hence υ̂ ∈ C∞([τ̂2, T ], [0, 1]). We

recall that when (SGLC) holds, a singular extremal is said to be a singular extremal
of the first kind (see, e.g., [14, page 7]).

Assumption 4 (Regularity along the singular arc).

H3(λ̂(t)) = H2(λ̂(t)) > 〈µ̂(t) , Xj(ξ̂(t))〉, t ∈ [τ̂2, T ], Xj 6= h2, h3,

υ̂ ∈ C∞([τ̂2, T ], (0, 1))

so that m2s := min
{
H2(λ̂(t))− 〈µ̂ , Xj(ξ̂(t))〉 : t ∈ [τ̂2, T ], Xj 6= h2, h3

}
> 0, and

γS := min{dist(υ̂(t), {0, 1}) : t ∈ [τ̂2, T ]} > 0.

Assumption 5 (Regularity along the bang arcs).

H1(λ̂(t)) > 〈µ̂(t) , Xj(ξ̂(t))〉, t ∈ [0, τ̂1), Xj 6= h1,

H2(λ̂(t)) > 〈µ̂(t) , Xj(ξ̂(t))〉, t ∈ (τ̂1, τ̂2), Xj 6= h2.

m1 := min
{
H1(λ̂(t))− 〈µ̂(t) , Xj(ξ̂(t))〉 : t ∈ [0, τ̂1], Xj 6= h1, h2

}
> 0,

m2b := min
{
H2(λ̂(t))− 〈µ̂(t) , Xj(ξ̂(t))〉 : t ∈ [τ̂1, τ̂2], Xj 6= h1, h2, h3

}
> 0.

Assumption 6 (Regularity at the switching times).

γ12 := H12(̂̀1) > 0, H232(̂̀2) > 0.

Remark 2. • By Assumption 4

γS ≤
H232

L
(λ̂(t)) ≤ 1− γS , t ∈ [τ̂2, T ].

In particular H232(λ̂(t)) < L(λ̂(t)), thus m323 := min{H323(λ̂(t)) > 0: t ∈ [τ̂2, T ]} > 0.
• Assumptions 4-5 mean that the value of Hmax is reached by a vertex of the set

of admissible velocities along the two bang arcs, while it is reached by an edge along
the singular arc.
• The first inequality in Assumption 6 is the classical regularity condition for

bang-bang concatenations, see e.g. [15]. The second inequality means that left-hand

side second order derivative of t 7→ (H2 −H3) ◦ λ̂(t) is positive, see [16], so that this
function is strictly monotone decreasing on a left-hand side neighbourhood of τ̂2.
• Notice that t 7→ f̂t is discontinuous at τ̂2.

2.2. The second variation

Problem (P0) can be written as an optimal control problem with a control-affine dy-
namics, see [1]. Hence its classical second variation is degenerate. We are going to
describe the extended second variation J ′′ext constructed in [1]. Indeed in a neighbour-
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hood of x̂T , define the ”push-forwards” vector fields

gt := Ŝ−1
t∗ fd ◦ Ŝt , t ∈ [τ̂2, T ], ki := Ŝ−1

τ̂1∗hi ◦ Ŝτ̂1 , i = 1, 2, k := k1 − k2, (3)

and recall the following equalities:

L[k2,k1]c (x̂T ) = H12(̂̀1), ġt = Ŝ−1
t∗ [h2, h3] ◦ Ŝt ∀t ∈ [τ̂2, T ].

Consider the linear system on [τ̂2, T ]

ζ̇(t) = w(t)ġt(x̂T ), ζ(τ̂2) = ε0 k(x̂T ), ζ(T ) = δx+ ε1fd(x̂T ) (4)

and let δe := (δx, ε0, ε1, w) ∈ Rn × R × R × L2([τ̂2, T ],R). The space of extended
admissible variations is given by the Hilbert space

Wext := {δe : system (4) admits a solution} .

In [1] the extended second variation is obtained as the quadratic form on Wext

J ′′ext[δe]
2 = −ε1LδxLfdc (x̂T )− ε2

1

2
L2
fdc (x̂T ) +

ε2
0

2

(
L2
kc (x̂T ) +H12(̂̀1)

)
+

1

2

∫ T

τ̂2

(
2w(t)Lζ(t)Lġtc (x̂T ) + w(t)2R(t)

)
dt.

Under the assumption Lfdc ≡ 0 we obtain J ′′ext[(−fd(x̂T ), 0, 1, 0)]2 = 0, i.e. the ex-
tended second variation is not coercive on Wext.

We thus consider only the variations δe ∈ Wext such that ε1 = 0. Indeed, let
W ⊂ Rn×R×L2([τ̂2, T ],R) be the Hilbert space of triplets δe = (δx, ε0, w) such that
the following boundary value problem admits a solution:

ζ̇(t) = w(t)ġt(x̂T ), ζ(τ̂2) = ε0 k(x̂T ), ζ(T ) = δx.

Set J0 := L2
kc (x̂T ) +H12(̂̀1) and define

J [δe]2 :=
ε2

0

2
J0 +

1

2

∫ T

τ̂2

(
2w(t)Lζ(t)Lġtc (x̂T ) + w(t)2R(t)

)
dt.

We can now state our coercivity assumption.

Assumption 7. The quadratic form J is coercive on W.

In [1] the following strong local optimality result is proved

Theorem 2.1. Let Lfdc ≡ 0. If ξ̂ is a bang-bang-singular trajectory which satisfies

Assumptions 2-7, then ξ̂ is a strict strong locally optimal trajectory for (P0).
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3. The main results

In this section we state the main results of this paper. Moreover, in Section 3.1, we show
a class of Lagrange problems that trivially satisfy Assumption 1 when transformed into
Mayer problems.

Theorem 3.1. Let Assumption 1 hold. Assume that ξ̂ is a bang-bang-singular trajec-
tory of the nominal problem (P0) satisfying Assumptions 2–7.

Then there exist ρ > 0, and a neighbourhood U of ̂̀T in T ∗Rn such that for any r,
|r| < ρ, there exists a normal extremal λr := (µr, ξr) of (Pr) such that λr(T r) ∈ U ,
and λr satisfies Assumptions 2-7 so that ξr is a bang-bang-singular strict strong local
optimal trajectory for (Pr). The switching times and the final point of λr depend
smoothly on r.

We point out that the smooth dependency of λr with respect to r allows to perform
a sensitivity analysis with respect to the parameter r.

Theorem 3.2. Let Assumption 1 hold. Assume that ξ̂ is a bang-bang-singular trajec-
tory of the nominal problem (P0) satisfying Assumptions 2–7.

Then there exist ρ > 0 and a neighbourhood O of the graph of λ̂ in R× T ∗Rn such
that if |r| < ρ, then the extremal λr defined in Theorem 3.1 is the only extremal of
(Pr) whose graph is in O.

The proofs of the above theorems are quite technical and they are postponed to
sections 5 and 6, respectively.

3.1. Lagrange problems

In this section we introduce Lagrange problems which naturally fit in our setting. In-
deed, Lagrange problems whose running cost does not depend on the control, trivially
satisfy Assumption 1 when transformed into a Mayer problem with an augmented
state space. This class of problems includes examples studied in the literature, for
instance the Van der Pol oscillator and the Rayleigh problem studied in [2,3]. They
are Lagrange problems in R2 where the running cost is |x|2 and for which the authors
prove the existence of bang-bang-singular extremals. Moreover in [1,17] we proved that
the bang-bang-singular trajectory provided by [2] for the Van der Pol oscillator is a
strict strong local optimiser.

Consider the family of problems (Lr)

minimise

∫ T r

0
Lr(ξ(t)) dt subject to

ξ̇(t) ∈ X r(ξ(t)), a.e. t ∈ [0, T r], ξ(0) = xr0.

As before, when we omit the superscript r, we are referring to the nominal problem
(L0) obtained for r = 0.

Let y := (x, xn+1) ∈ Rn × R. For j = 1, . . . ,m and r ∈ Rk define

Y r
j (y) = Y r

j (x, xn+1) :=

(
Xr
j (x)

Lr(x)

)
.
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Problem (Lr) can be written as the following Mayer problem (Pr)

minimise Cr(η) = ηn+1(T r) subject to

η̇(t) ∈ conv{Y r
j (η(t)) : j = 1, . . . ,m}, a.e. t ∈ [0, T r], η(0) =

(
xr0
0

)
.

A trajectory ξ̂ for the nominal Lagrange problem has the bang-bang-singular structure
as in equation (2) if and only if

˙̂η(t) =


κ1(η̂(t)), t ∈ (0, τ̂1),

κ2(η̂(t)), t ∈ (τ̂1, τ̂2),

κ2(η̂(t)) + υ̂(t)ϕd(η̂(t)), t ∈ (τ̂2, T ).

where

κri (y) :=

(
hri (x)
Lr(x)

)
, i = 1, 2, 3, ϕrd(y)=(κr3 − κr2)(y) =

(
(hr3 − hr2)(x)

0

)
=

(
f rd(x)

0

)
.

Assumption 1 for (Pr) reads Lϕr
d
xn+1 ≡ 0 which is trivially satisfied.

We aim at rephrasing Assumptions 2-7 for problem (P0) directly in terms of the
quantities appearing in problem (L0).

Assumption 2. There exists an absolutely continuous mapping µ̂ : [0, T ] → (Rn)∗

such that

˙̂µ(t) = dL(ξ̂(t))− µ̂(t) Df̂t(ξ̂(t)), a.e. t ∈ [0, T ],

µ̂(T ) = 0,

F̂t(µ̂(t), ξ̂(t)) = Hmax(µ̂(t), ξ̂(t)), t ∈ [0, T ].

Assumption 3 (SGLC). For any t ∈ [τ̂2, T ]

R(t) := L2
fdL

(
ξ̂(t)

)
+ (H323 +H232) (λ̂(t)) > 0.

Assumption 4 (Regularity along the singular arc).

H3(λ̂(t)) = H2(λ̂(t)) > 〈µ̂(t) , Xj(ξ̂(t))〉, t ∈ [τ̂2, T ], Xj 6= h2, h3,

υ̂ ∈ C∞([τ̂2, T ], (0, 1)).

Assumption 5 (Regularity along the bang arcs).

H1(λ̂(t)) > 〈µ̂(t) , Xj(ξ̂(t))〉, t ∈ [0, τ̂1), Xj 6= h1,

H1(λ̂(t)) > 〈µ̂(t) , Xj(ξ̂(t))〉, t ∈ [0, τ̂1], Xj 6= h1, h2,

H2(λ̂(t)) > 〈µ̂(t) , Xj(ξ̂(t))〉, t ∈ (τ̂1, τ̂2), Xj 6= h2,

H2(λ̂(t)) > 〈µ̂(t) , Xj(ξ̂(t))〉, t ∈ [τ̂1, τ̂2], Xj 6= h1, h2, h3.
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Assumption 6 (Regularity at the switching points).

H12(̂̀1)− Lh1−h2
L (x̂1) > 0, H232(̂̀2)− (Lh2

LfdL (x̂2) + Lh23
L (x̂2)) > 0.

We now introduce some quantities and write the quadratic form J . Let k := h1−h2

and L̂t := L ◦ Ŝt. Define

J0 := H12(̂̀1)− LkL (x̂1) +

∫ T

τ̂2

L2
kL̂s (x̂T ) ds.

Then J reads

J [δe]2 :=
ε2

0

2
J0 +

1

2

∫ T

τ̂2

w(t)2R(t)+

+ 2w(t)Lζ(t)

(
LġtL (x̂T )− LgtL̂t (x̂T ) +

∫ T

t
LġtL̂s (x̂T ) ds

)
dt,

where δe = (δx, ε0, w) is subject to the constraints

ζ̇(t) = w(t)ġt(x̂T ), ζ(τ̂2) = ε0 k(x̂T ), ζ(T ) = δx.

Assumption 7. J is coercive.

4. Exploiting the assumptions on the nominal problem (P0)

The first step in applying our Hamiltonian approach to sufficient conditions for strong
local optimality of trajectories having a singular arc is the construction of an over-
maximised Hamiltonian, see [5,16,18,19]. Indeed, as shown in [16, Section 3.1], the
presence of a singular arc does not permit to use the flow of the maximised Hamiltonian
which can be used when this Hamiltonian is C2 (see [13, Section 17.1]).

In [1], under the same regularity assumptions of this paper, we proved the existence
of an appropriate over maximised Hamiltonian flow. Moreover, if

Λ := {(d(−c)(x), x) : x ∈ Rn}

is the Lagrangian sub-manifold of the final transversality conditions, we proved that
the coercivity assumption guarantees the invertibility of the projected over-maximised
flow emanating from Λ. This invertibility property is crucial in order to obtain the
strong local optimality result via Hamiltonian methods. We refer to [1] for details.

Here we recall the main tools that we constructed in there and that we are going
to use for the structural stability result.

(SGLC) implies that there exists a neighbourhood Us of the range of the singular

arc λ̂([τ̂2, T ]) in T ∗Rn such that the sets

Σ := {` ∈ Us : Fd(`) = 0} , S := {` ∈ Σ: H23(`) = 0}

are smooth simply connected manifolds of codimension 1 and 2, respectively. More

precisely
−→
H 23 is transverse to Σ in Us, while

−→
Fd is tangent to Σ and transverse to S

in Σ. We recall that every singular arc evolves on S.

9



Under Assumptions 2-6, there exists a tubular neighbourhood O of the graph of λ̂
and a piece-wise C1 Hamiltonian function

H : (t, `) ∈ O 7→ Ht(`) ∈ R

that satisfies the regularity and over-maximisation properties required to pursue our
Hamiltonian approach to strong local optimality. The construction of Ht is based on
the existence of the Hamiltonian H̃2 : Us → R, defined and studied in [1, Section 4.1]
and which satisfies the following properties

• H̃2(`) ≥ H2(`) for any ` ∈ Σ. Equality holds if and only if ` ∈ S,

•
−→
H̃ 2 is tangent to Σ and

−→
H̃ 2(`) =

−→
H 2(`) for any ` ∈ S.

For the purposes of this paper we need to know the definition of Ht only for t ∈
[τ̂2, T ]. Namely

Ht(`) = H̃2(`) + υ̂(t)Fd(`) (t, `) ∈ [τ̂2, T ]× Us.

The flow associated with this Hamiltonian and starting from time T is denoted as
Ht and it is C∞ in a neighbourhood UT of ̂̀T in Σ. The crucial properties are the
following

• λ̂(t) = Ht(̂̀T ),
• Ht(`) ∈ Σ for (t, `) ∈ [τ̂2, T ]× UT ,

•
−→
Fd is invariant with respect to Ht on Σ i.e. for any (t, `) ∈ [τ̂2, T ]× Σ

−→
Fd(Ht(`)) = Ht∗

−→
Fd(`). (5)

Let LT := T̂̀
T
Λ = {d(−c)∗δx, : δx ∈ Rn} be the tangent space to Λ at ̂̀T and let k be

as in (3). Define k̃ := Ŝτ̂2∗k ◦ Ŝ
−1
τ̂2

and let K̃ = K ◦ F̂−1
τ̂2

be the associated Hamiltonian.
As a consequence of the coercivity Assumption 7 we obtain the existence of a func-

tion α2 : Rn → R such that

Hτ̂2∗LT = {dα2∗δx : δx ∈ Rn} , Hτ̂2∗δ` = dα2∗(π∗Hτ̂2∗δ`), ∀δ` ∈ LT , (6)

dα2(x̂2) = µ̂(τ̂2), H12(̂̀1)− L2
k̃
α2 (x̂2) > 0, (7)

see [1, Section 5.4].

5. Proof of the main theorem, Theorem 3.1

The first step in proving Theorem 3.1 is finding a bang-bang-singular extremal for
problem (Pr). The proof is carried out by using the Implicit Function Theorem. Af-
terwards we prove that the extremal satisfies the regularity Assumptions 3-6 and finally
we prove that the second variation of such extremal is coercive.

5.1. Preliminaries

In order to prove our structural stability result, we take advantage of the Hamiltonian
flow associated to singular extremals of the first kind. Indeed, differentiating twice the

10



equality Fd(λ̂(t)) ≡ 0, SGLC allows to define in a neighborhood of the range of the

singular arc of λ̂ the feedback control of singular extremals of the first kind

uS(`) :=
H232

L
(`).

Associated to this control we can consider the feedback Hamiltonian of singular ex-
tremals of the first kind

FS := H2 + uSFd.

which satisfies the following properties

Proposition 5.1. •
−→
FS is tangent to S.

• For any t ∈ [τ̂2, T ], FS(λ̂(t)) = F̂t(λ̂(t)) and
−→
FS(λ̂(t)) =

−→
F̂t(λ̂(t)).

• For any δ` ∈ T̂̀
T
S, let a2(δ`) :=

∫ τ̂2
T 〈duS(λ̂(s)) , FSs∗δ`〉ds. Then

FSτ̂2∗δ` = Hτ̂2∗δ`+ a2(δ`)
−→
Fd(̂̀2). (8)

Proof. The proof is analogous to the one of [5, Lemmata 4.1 and 4.2] .

We extend all the definitions given for the quantities involved in the nominal problem
(P0) in the obvious way to the analogous quantities for problem (Pr). In particular

Σr := {` ∈ T ∗Rn : F rd (`) = 0} , Sr := {` ∈ Σr : Hr
23(`) = 0} .

Moreover FS,r := Hr
2 +

Hr
232

Lr
F rd is obviously tangent to Sr.

5.2. Finding the extremal

We are looking for an extremal of (Pr) which joins the Lagrangian manifolds defining
the transversality conditions of the fixed-free case

Λr0 := {xr0} × (Rn)∗, ΛrT r := {` = (p, x) : x ∈ Rn, p = −dcr(x)} ⊂ Σr.

We point out that the inclusion ΛrT r ⊂ Σr is a direct consequence of Assumption 1.
Since we are looking for a bang-bang-singular extremal, the unknowns of our prob-

lem are ` ∈ ΛrT r ∩ Sr, and the switching times τ1, τ2, 0 < τ1 < τ2 < T r, while the
equations are given by

π exp
(
−τ1
−→
Hr

1

)
◦ exp

(
(τ1 − τ2)

−→
Hr

2

)
◦ exp

(
(τ2 − T r)

−−→
FS,r

)
(`) = xr0, (9)

(Hr
1 −Hr

2) ◦ exp
(

(τ1 − τ2)
−→
Hr

2

)
◦ exp

(
(τ2 − T r)

−−→
FS,r

)
(`) = 0. (10)

The unknowns for our problem are n + 1 as well as equations (9)-(10). We use the
Implicit Function Theorem to prove the following lemma.
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Lemma 5.2 (Existence of a bang-bang-singular extremal). Under the assumptions of

Theorem 3.1 there exist ρ > 0, ε > 0 and a neighbourhood U of ̂̀T in T ∗Rn such that for
any r, |r| < ρ, there exists a unique normal bang-bang-singular extremal λr := (µr, ξr)
of (Pr) with the following properties:

(1) λr(T r) ∈ U ∩ ΛrT r , |τ r1 − τ̂1| < ε, |τ r2 − τ̂2| < ε, |T r − T | < ε ;
(2) the switching times τ r1 and τ r2 and the final point `r := λr(T r) depend smoothly

on r.

Proof. We start by linearising equations (9)–(10) with respect to `, τ1 and τ2 at

(r, `, τ1, τ2) = (0, ̂̀T , τ̂1, τ̂2). For δ` ∈ T̂̀
T
S ∩ T̂̀

T
Λ, we obtain

π∗ exp
(
−τ̂1
−→
H 1

)
∗exp

(
(τ̂1 − τ̂2)

−→
H 2

)
∗
(
−δτ1

−→
K̃(̂̀2)+ δτ2uS

−→
Fd(̂̀2)+ FSτ̂2∗δ`

)
= 0, (11)

− δτ1H12(̂̀1) + σ

(
δτ2 uS

−→
Fd(̂̀2) + FSτ̂2∗δ`,

−→
K̃

)
(̂̀2) = 0. (12)

If we show that equations (11)-(12) are satisfied only by δ` = 0, δτ1 = δτ2 = 0 then,
by the Implicit Function Theorem, we get an unique λr.

Since the Hamiltonians H1 and H2 are obtained by lifting the vector fields h1 and
h2, respectively, equations (11)-(12) are equivalent to

π∗

(
−δτ1

−→
K̃(̂̀2) + δτ2uS

−→
Fd(̂̀2) + FSτ̂2∗δ`

)
= 0, (13)

− δτ1H12(̂̀1) + σ

(
δτ2 uS

−→
Fd(̂̀2) + FSτ̂2∗δ`,

−→
K̃(̂̀2)

)
= 0. (14)

Taking into account (8) and (5) we can compute

δτ2uS
−→
Fd(̂̀2) + FSτ̂2∗δ` = δτ2uS

−→
Fd(̂̀2) +Hτ̂2∗δ`+ a2(δ`)

−→
Fd(̂̀2) =

= Hτ̂2∗
(
δ`+

(
δτ2uS(̂̀2) + a2(δ`)

)−→
Fd(̂̀T )

)
.

Set δa2 := δτ2uS(̂̀2) + a2(δ`) and notice that the identity Lfdc ≡ 0 implies
−→
Fd(̂̀T ) =

d(−c)∗fd(x̂T ) ∈ LT . Therefore δ`T := δ` + δa2
−→
Fd(̂̀T ) = d(−c)∗π∗δ`T . Thus, from

(13), we get (πHτ̂2)∗δ`T = δτ1k̃(x̂2). Moreover equation (6) gives

Hτ̂2∗δ`T = dα2∗(πHτ̂2)∗δ`T = δτ1 dα2∗k̃(x̂2). (15)

Hence, from (14), we get

0 = −δτ1H12(̂̀1) + σ

(
δτ1 dα2∗k̃(x̂2),

−→
K̃(̂̀2)

)
= −δτ1

(
H12(̂̀1)− L2

k̃
α2 (x̂2)

)
.

From inequality (7) we obtain δτ1 = 0. Hence, by (15), we get δ`T = 0. Since δ`T =

δ` + δa2
−→
Fd(̂̀T ) and

−→
Fd is transverse to S in Σ, we have δ` = 0 so that a2(δ`) = 0.

Finally δτ2 = 0 by Assumption 4.
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We define

λr(t) :=


exp(t− T r)

−−→
FS,r(`r) t ∈ [τ r2 , T

r],

exp(t− τ r2 )
−→
H r

2 ◦ exp(τ r2 − T r)
−−→
FS,r(`r) t ∈ [τ r1 , τ

r
2 ),

exp(t− τ r1 )
−→
H r

1 ◦ exp(τ r1 − τ r2 )
−→
H r

2 ◦ exp(τ r2 − T r)
−−→
FS,r(`r) t ∈ [0, τ r1 ).

In the following Section 5.3 we show that λr is an extremal of (Pr) as well as its
regularity.

5.3. Proof of the extremality and the regularity of λr

The Hamiltonian vector field
−−→
FS,r is tangent to Sr, hence λr is an extremal on the

interval [τ r2 , T
r].

By continuity and possibly restricting ρ, SGLC and the regularity at the switching
times hold true, i.e.

Hr
12(λr(τ r1 )) > 0, Hr

232(λr(τ r2 )) > 0, (16)

Rr(t) := Lr(λr(t)) > 0, ∀t ∈ [τ r2 , T
r].

Moreover we also have υr(t) :=
Hr

232

Lr
(λr(t)) ∈ (0, 1).

5.3.1. Regularity along the singular arc

We have to show that for any Xr
j 6= hr2, h

r
3, and for any t ∈ [τ r2 , T

r]

Hr
2(λr(t)) > 〈µr(t) , Xr

j (ξr(t))〉. (17)

We prove this claim by a contradiction argument. If (17) does not hold, then there
exists a sequence rn → 0 such that for any n ∈ N, there exist trn ∈ [τ rn2 , T rn ], and
Xrn
jrn
6= hrn2 , h

rn
3 such that

Hrn
2 (λrn(trn)) ≤ 〈µr(trn) , Xrn

jrn
(ξr(trn))〉. (18)

Up to a sub-sequence we can assume that the index jrn does not depend on n. Denote
its constant value as j. Moreover trn ∈ [τ rn2 , T rn ], so that, again up to a sub-sequence,

we can assume that trn converges to some t ∈ [τ̂2, T ]. Since `rn converges to ̂̀T as

n→∞ we get that λrn(trn) converges to λ̂(t). Thus, as n→∞ in (18) we obtain

H2(λ̂(t)) ≤ 〈µ̂(t) , Xj(ξ̂(t))〉,

a contradiction to Assumption 4.

5.3.2. Regularity along the second bang arc

We have to show that for any t ∈ (τ r1 , τ
r
2 )

Hr
2(λr(t)) > 〈µr(t) , Xr

j (ξr(t))〉 Xr
j 6= hr2.
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Indeed, proceeding as in the previous section we can show that for any t ∈ [τ r1 , τ
r
2 ]

Hr
2(λr(t)) > 〈µr(t) , Xr

j (ξr(t))〉 Xr
j 6= hr1, h

r
2, h

r
3.

A Taylor expansion at t = τ r2 and τ r1 , respectively, give

(Hr
2 −Hr

3) (λr(t)) =
(t− τ r2 )2

2
Hr

232(λr(τ r2 )) + o((t− τ r2 )2), (19)

(Hr
2 −Hr

1) (λr(t)) = (t− τ r1 )Hr
12(λr(τ r1 )) + o(t− τ r1 ). (20)

By (16), Hr
232(λr(τ r2 )), Hr

12(λr(τ r1 )) are strictly positive. If ε > 0 is as in Lemma 5.2,
then there exists ε̃ ∈ (0, ε) such that equations (19)-(20) give

(Hr
2 −Hr

3) (λr(t)) > 0 ∀t ∈ (τ r2 − ε̃, τ r2 ),

(Hr
2 −Hr

1) (λr(t)) > 0 ∀t ∈ (τ r1 , τ
r
1 + ε̃).

Possibly restricting ρ, we obtain (Hr
2 − Hr

3)(λr(t)) > 0, for any t ∈ (τ r1 , τ
r
2 − ε̃) and

(Hr
2 −Hr

1)(λr(t)) > 0, for any t ∈ (τ r1 + ε̃, τ r2 ), which proves the claim.

5.3.3. Regularity along the first bang arc

We have to show that for any t ∈ [0, τ r1 )

Hr
1(λr(t)) > 〈µr(t) , Xr

j (ξr(t))〉 Xr
j 6= hr1.

The proof follows the same lines of the previous section.

5.4. Coercivity of the second variation Jr

In order to conclude the proof of Theorem 3.1 we only need to prove that Jr is coercive.
Namely, let xT r := ξr(T r) and consider the differential system

ζ̇(t) = w(t)ġrt (xT r), t ∈ [τ r2 , T
r], ζ(Tr) = δx, ζ(τ r2 ) = ε0k

r(xT rj ) (21)

the space of admissible variations is given by

Wr =
{
δe = (δx, ε0, w) ∈ Rn × R× L2([τ r2 , T

r]) s.t. system (21) admits a solution
}
.

Let Jr0 := L2
krcr (xr) + H12(λr(τ r1 )). We need to prove the coercivity on Wr of the

quadratic form

Jr[δe]2 :=
ε2

0

2
Jr0 +

1

2

∫ T r

τr
2

(
2w(t)Lζ(t)Lġrt c

r (xr) + w(t)2Rr(t)
)

dt.

Since Jr is a Legendre form, it suffices to prove that Jr is a positive quadratic form,
see [20, Theorem 11.1]. We prove the claim with a contradiction argument:

Assume there is a sequence {rj}j∈N ⊂ Rk, rj → 0 and that there exists

{δej}j∈N, δej := (δxj , ε0,j , wj) ∈ Wrj such that δej 6= 0, Jrj [δej ]
2 ≤ 0.

Then J is not coercive on W.
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Let ε > 0 be given by Lemma 5.2. Then [τ
rj
2 , T

rj ] ⊂ I := [τ̂2 − ε, T + ε]. Thus we can
prolong to the interval I, the function t→ wj(t) as zero and the functions

t→ ġ
rj
t (xT rj ), t→ ġt(x̂T ), t→ Rj(t), t→ R(t)

as constants. Hence ġ
rj
t (xT rj ) and Rrj (t) converge uniformly on I to ġt(x̂T ) and R(t),

respectively.
For any δej , let ‖δej‖ := |δxj | + |ε0,j | + ‖wj‖2, where ‖wj‖2 is the L2-norm of wj .

Without any loss of generality we can assume ‖δej‖ = 1 for any j ∈ N so that, up to
a sub-sequence,

δxj → δx ∈ Rn, ε0,j → ε0, wj ⇀ w.

If δe :=
(
δx, ε0, w

)
, then

∥∥δe∥∥ ≤ 1.

5.4.1. w(t) = 0 a.e. t ∈ [τ̂2 − ε, τ̂2] ∪ [T, T + ε]

We prove that w(t) = 0 a.e. t ∈ [τ̂2 − ε, τ̂2]. For t ∈ [T, T + ε] the proof follows the
same lines. Let ϕ ∈ C∞c ([τ̂2 − ε, τ̂2]), hence

lim
j→∞

∫
I
wj(t)ϕ(t) dt =

∫
I
w(t)ϕ(t) dt. (22)

Let Ij := [min{τ rj2 , τ̂2},max {τ rj2 , τ̂2}]. We have

∣∣∣∣∫
I
wj(t)ϕ(t) dt

∣∣∣∣ =

∣∣∣∣∣
∫
Ij

wj(t)ϕ(t) dt

∣∣∣∣∣ ≤
≤ ‖wj‖2

(∫
Ij

ϕ2(t) dt

) 1

2

≤ ‖ϕ‖∞
∣∣τ rj2 − τ̂2

∣∣ 12 . (23)

Comparing (22) and (23) we get∫
I
w(t)ϕ(t) dt = 0 ∀ϕ ∈ C∞c ([τ̂2 − ε, τ̂2]).

Since C∞c ([τ̂2 − ε, τ̂2]) is a dense subspace of L2([τ̂2 − ε, τ̂2]), see [21, Corollary 4.23],
we get the claim.

5.4.2. δe ∈ W

By construction δxj − ε0,jk
rj (xT rj )−

∫ T rj

τ
rj
2

wj(t)ġ
rj
t (xT rj ) dt = 0, moreover

∣∣∣∣∫ T rj

τ
rj
2

wj(t)ġ
rj
t (xT rj ) dt−

∫ T

τ̂2

w(t)ġt(x̂T ) dt

∣∣∣∣ ≤
≤
∣∣∣∣∫
I
wj(t)

(
ġ
rj
t (xT rj )− ġt(x̂T )

)
dt

∣∣∣∣+

∣∣∣∣∫
I

(wj(t)− w(t)) ġt(x̂T ) dt

∣∣∣∣ ≤
15



≤ ‖wj‖2
∥∥ġrjt (xT rj )− ġt(x̂T )

∥∥
2

+

∣∣∣∣∫
I

(wj(t)− w(t)) ġt(x̂T ) dt

∣∣∣∣ .
Since both addenda converge to zero, we get the claim.

5.4.3. Convergence properties

Clearly J
rj
0 converges to J0. Define

ζj(t) = δxj −
∫ T rj

t
wj(t)ġ

rj
t (xT rj ) dt and ζ(t) = δx−

∫ T

t
w(t)ġt(x̂T ) dt,

following the same lines of section 5.4.1, we obtain that ζj converges uniformly to ζ in

I and that

∫
I
wj(t)Lζj(t)Lġrjt c

rj (xT rj ) dt converges to

∫
I
w(t)Lζ(t)Lġtc (x̂T ) dt.

5.4.4. J is not coercive

Consider

∫
I
w2
j (t)R

rj (t) dt, replacing w2
j − w2 = 2w (wj − w) + (wj − w)2 we have

∫
I
w2
j (t)R

rj (t) dt−
∫
I
w2(t)R(t) dt =

∫
I
w2
j (t) (Rrj (t)−R(t)) dt+

+

∫
I

2w(t) (wj(t)− w(t))R(t) dt+

∫
I

(wj(t)− w(t))2R(t) dt ≥

≥
∫
I
(wj(t)− w(t))2R(t) dt−

∥∥Rj −R∥∥
C0 ‖wj‖22−

∣∣∣∣∫
I

2 (wj(t)− w(t))w(t)R(t) dt

∣∣∣∣ .
The two final addenda converge to zero as j →∞. Taking into account the convergence
results of the previous sections we thus obtain

0 ≥ lim inf
j→∞

Jrj [δej ]
2 ≥ J [δe]2 + lim inf

j→∞

1

2

∫
I

(wj(t)− w(t))2R(t) dt. (24)

If δe 6= (0, 0, 0) we immediately get that J is not coercive on W. If δe = (0, 0, 0) then,

for large enough j’s we have ‖wj‖2 ≥
1

2
. Hence from (24) we get

0 ≥ 1

2
lim inf
j→∞

‖wj‖22 min
[τ̂2,T ]

R(t) ≥ 1

8
min
[τ̂2,T ]

R(t)

which contradicts (SGLC). Since this condition is necessary for the coercivity of J , we
get the claim.

6. Proof of Theorem 3.2

The proof is quite technical. We split the construction of O and prove the uniqueness
result in several steps. The leading idea is that if λr is an extremal of (Pr) whose
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graph is in O, then it satisfies the properties of Lemma 5.2.

6.1. Defining O

Let ε be as in Lemma 5.2 and m := min{m1,m2s,m2b, γS , γ12,m323,mR} (these quan-

tities are defined in Section 2). For t ∈ (T, T + ε] we set λ̂(t) ≡ λ̂(T ).

We are going to define a tubular neighbourhood of the graph of λ̂ of the following
form

O = {(t, `) : t ∈ [0, T + ε], ` ∈ B(λ̂(t), δ)},

where B(λ̂(t), δ) is the ball in T ∗Rn centred at λ̂(t) and of radius δ.

6.1.1. Defining the appropriate ε

Let

ϑ := min

m2

12
(T − τ̂2), ε

(
6

m2
+

√
36

m4
+

12

m2

)−1
 ,

by the regularity assumptions on λ̂ there exists ε ∈ (0, ε) such that

H1(λ̂(t))− 〈µ̂(t) , Xj(ξ̂(t))〉 >
7

8
m, t ∈ [0, τ̂1 + ε], Xj 6= h1, h2,

H2(λ̂(t))− 〈µ̂(t) , Xj(ξ̂(t))〉 >
7

8
m, t ∈ [τ̂1 − ε, T + ε], Xj 6= h1, h2, h3,

H12(λ̂(t)) >
7

8
m, t ∈ [τ̂1 − ε, τ̂1 + ε],

and, for any t ∈ [τ̂2 − ε, T + ε],

7

8
m < L(λ̂(t)) <

9

8
MR,

7

8
m ≤ H232

L
(λ̂(t)) ≤ 1− 7

8
m,

H323(λ̂(t)) ≥ 7

8
m,

∣∣∣H23(λ̂(t))
∣∣∣ ≤ ϑ, ∣∣∣Fd(λ̂(t))

∣∣∣ ≤ ϑ2.

6.1.2. Defining the appropriate δ

Define

m = min

{
min

t∈[0,τ̂1−ε]
(H1 −H2)(λ̂(t)), min

t∈[τ̂1+ε,τ̂2]
(H2 −H1)(λ̂(t))

}
so that, by Assumption 5, m > 0. By continuity, there exists δ > 0 such that for any
` = (p, x) ∈ B(λ̂(t), δ)

H1(`)− 〈p , Xj(x)〉 > 3

4
m, t ∈ [0, τ̂1 + ε], Xj 6= h1, h2,

(H1 −H2)(`) >
3

4
m, t ∈ [0, τ̂1 − ε],
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H2(`)− 〈p , Xj(x)〉 > 3

4
m, t ∈ [τ̂1 − ε, T + ε], Xj 6= h1, h2, h3

(H2 −H1)(`) >
3

4
m, t ∈ [τ̂1 + ε, τ̂2],

H12(`) >
3

4
m, t ∈ [τ̂1 − ε, τ̂1 + ε],

and, for any t ∈ [τ̂2 − ε, T + ε] and for any ` ∈ B(λ̂(t), δ),

3

4
m < L(`) <

5

4
MR,

3

4
m ≤ H232

L
(`) ≤ 1−m,

H323(`) ≥ 3

4
m, |H23(`)| ≤ 5

4
ϑ, |Fd(`)| ≤ 5

4
ϑ2.

6.2. Defining the appropriate ρ

By continuity with respect to r, there exists ρ > 0 such that for any r with |r| < ρ we

have |T r − T | < ε and, for any ` = (p, x) ∈ B(λ̂(t), δ),

Hr
1(`)− 〈p , Xr

j (x)〉 > m

2
, t ∈ [0, τ̂1 + ε], Xj 6= h1, h2, (25)

(Hr
1 −Hr

2)(`) >
m

2
, t ∈ [0, τ̂1 − ε], (26)

Hr
2(`)− 〈p , Xr

j (x)〉 > m

2
, t ∈ [τ̂1 − ε, T + ε], Xj 6= h1, h2, h3, (27)

(Hr
2 −Hr

1)(`) >
m

2
, t ∈ [τ̂1 + ε, τ̂2], (28)

Hr
12(`) >

m

2
, t ∈ [τ̂1 − ε, τ̂1 + ε].

Moreover, for any t ∈ [τ̂2 − ε, T + ε], ` ∈ B(λ̂(t), δ) and r such that |r| < ρ,

m

2
< Lr(`) <

3

2
MR,

m

2
≤ Hr

232

Lr
(`) ≤ 1− m

2
, (29)

Hr
323(`) ≥ m

2
, |Hr

23(`)| ≤ 3

2
ϑ, |F rd (`)| ≤ 3

2
ϑ2.

6.3. Uniqueness of the extremal in O

Assume λ̃ : [0, T r] → T ∗Rn is an extremal of (Pr) for some r such that |r| < ρ and

assume that the graph of λ̃ is in O. We prove that λ̃ satisfies the properties described
in Lemma 5.2 so that λ̃ = λr.

Since λ̃(t) ∈ B(λ̂(t), δ), thanks to (25)-(26)-(27)-(28),

˙̃
λ(t) =

−→
Hr

1(λ̃(t)), t ∈ [0, τ̂1 − ε],
˙̃
λ(t) =

−→
Hr

2(λ̃(t)), t ∈ [τ̂1 + ε, τ̂2 − ε],

and there exists some measurable function ũ taking values in [0, 1] such that

˙̃
λ(t) = ũ(t)

−→
Hr

1(λ̃(t)) + (1− ũ(t))
−→
Hr

2(λ̃(t)), t ∈ [τ̂1 − ε, τ̂1 + ε],
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The function ϕ : t ∈ [τ̂1 − ε, τ̂1 + ε] 7→ (Hr
2 −Hr

1)(λ̃(t)) is strictly monotone. Indeed

ϕ̇(t) = σ
(

˙̃
λ(t), (

−→
Hr

2 −
−→
Hr

1)(λ̃(t))
)

= Hr
12(λ̃(t)) ≥ m

2
> 0.

Since ϕ(τ̂1− ε) < 0 < ϕ(τ̂1 + ε), there exists one and only one τ̃1 ∈ (τ̂1− ε, τ̂1 + ε) such
that ϕ vanishes and changes sign at τ̃1. Hence, by PMP,

˙̃
λ(t) =

−→
Hr

1(λ̃(t)), t ∈ [0, τ̃1],
˙̃
λ(t) =

−→
Hr

2(λ̃(t)), t ∈ [τ̃1, τ̂2 − ε].

Thanks to (27)-(28), for t ∈ [τ̂2−ε, T r], the maximised Hamiltonian in a neighbourhood

of λ̃(t) is either Hr
2 or Hr

3 . Moreover, since λ̃ is an extremal of (Pr), F
r
d (λ̃(T r)) = 0.

Assume, by contradiction, F rd (λ̃(t)) < 0 for any t ∈ [τ̂2 − ε, T r). Then, by (29)

0 = F rd (λ̃(T r)) = F rd (λ̃(τ̂2 − ε)) +

∫ T r

τ̂2−ε
σ
(

˙̃
λ(t), (

−→
Hr

3 −
−→
Hr

2)(λ̃(t))
)

dt <

<

∫ T r

τ̂2−ε
Hr

23(λ̃(t)) dt =

∫ T r

τ̂2−ε

(
Hr

23(λ̃(τ̂2 − ε)) +

∫ t

τ̂2−ε
σ
(

˙̃
λ(s),

−−→
Hr

23(λ̃(s))
)

ds

)
dt =

=

∫ T r

τ̂2−ε

(
Hr

23(λ̃(τ̂2 − ε)) +

∫ t

τ̂2−ε
−Hr

232(λ̃(s)) ds

)
dt <

<
3

2
θ(T r − τ̂2 + ε)− m2

8
(T r − τ̂2 + ε)2 =

= (T r − τ̂2 + ε)

{
3

2
θ − m2

8
(T r − τ̂2 + ε)

}
<

< (T r − τ̂2 + ε)

{
3

2
θ − m2

8
(T − τ̂2)

}
≤ 0,

i.e. 0 < 0, a contradiction. Let

τ̃2 := min{t ∈ [τ̂2 − ε, T r] : F rd (λ̃(t)) = 0}.

We have just shown that τ̃2 < T r. We want to show that τ̃2 ≤ τ̂2 + ε. If τ̃2 ≤ τ̂2 we are
done. Assume τ̃2 > τ̂2 and let s := τ̃2 − τ̂2. With a Taylor expansion at t = τ̃2 we get
that there exists t ∈ (τ̂2, τ̃2) such that

F rd (λ̃(τ̂2)) = −sHr
23(λ̃(τ̃2))− s2

2
Hr

232(λ̃(t)).

This equation, in the unknown s, has one and only one positive root which is given by

s =
Hr

23(λ̃(τ̃2))

Hr
232(λ̃(t))

+

√√√√(Hr
23(λ̃(τ̃2))

Hr
232(λ̃(t))

)2

−
2F rd (λ̃(τ̂2))

Hr
232(λ̃(t))

≤

≤

3ϑ

2
m2

4

+

√√√√√√√
 3ϑ

2
m2

4


2

+
3ϑ2

m2

4

= ϑ

 6

m2
+

√(
6

m2

)2

+
12

m2


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=
εm

2

(
3

m
+

√
9

m2
+ 3

)−1
2

m

(
3

m
+

√
9

m2
+ 3

)
= ε.

To conclude the proof we need to show that F rd (λ̃(t)) = 0 for any t ∈ [τ̃2, T
r]. Let

A :=
{
t ∈ (τ̃2, T

r) : F rd (λ̃(t)) 6= 0
}
.

A is an open set. Assume by contradiction that A 6= ∅. Then it contains at least one
maximal interval (t1, t2), so that two cases may occur:

Case 1. F rd (λ̃(t1)) = F rd (λ̃(t2)) = 0, F rd (λ̃(t)) < 0 ∀t ∈ (t1, t2).

In this case, since λ̃ is an extremal, we have
˙̃
λ(t) =

−→
Hr

2(λ̃(t)) for any t ∈ (t1, t2).

Moreover Hr
23(λ̃(t1)) =

d

dt
F rd (λ̃(t1)) ≤ 0. Hence

0 = F rd (λ̃(t2))− F rd (λ̃(t1)) =

∫ t2

t1

σ
(

˙̃
λ(t), (

−→
Hr

3 −
−→
Hr

2)(λ̃(t))
)

dt =

∫ t2

t1

Hr
23(λ̃(t)) dt =

=

∫ t2

t1

(
Hr

23(λ̃(t1))−
∫ t

t1

Hr
232(λ̃(s)) ds

)
dt ≤ −m

2

4

(t2 − t1)2

2
< 0,

i.e. 0 < 0, a contradiction.

Case 2. F rd (λ̃(t1)) = F rd (λ̃(t2)) = 0, F rd (λ̃(t)) > 0 ∀t ∈ (t1, t2).

In this case, since λ̃ is an extremal, we have
˙̃
λ(t) =

−→
Hr

3(λ̃(t)) for any t ∈ (t1, t2).

Moreover Hr
23(λ̃(t1)) =

d

dt
F rd (λ̃(t1)) ≥ 0. Hence

0 = F rd (λ̃(t2))− F rd (λ̃(t1)) =

∫ t2

t1

σ
(

˙̃
λ(t), (

−→
Hr

3 −
−→
Hr

2)(λ̃(t))
)

dt =

∫ t2

t1

Hr
23(λ̃(t)) dt =

=

∫ t2

t1

(
Hr

23(λ̃(t1)) +

∫ t

t1

Hr
323(λ̃(s)) ds

)
dt ≥ m

2

(t2 − t1)2

2
> 0.

Again we have obtained a contradiction.

Summing up λ̃ satisfies all the properties of the extremal λr defined in Lemma 5.2.
Therefore λ̃ ≡ λr.
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