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Abstract

After some years of controversy, it was recently demonstrated how to obtain the correct
long-distance limit (point-dipole approximation, PDA) of pseudo-contact NMR chemical
shifts from rigorous first-principles quantum mechanics [L. Lang et al., J. Phys. Chem.
Lett. 11, 8735 (2020)]. This result confirmed the classical Kurland-McGarvey theory. In
the present contribution, we elaborate on these results. In particular, we provide a
detailed derivation of the PDA both from the Van den Heuvel-Soncini equation for the
chemical shielding tensor and from a spin Hamiltonian approximation. Furthermore, we
discuss in detail the PDA within the approximate density functional theory and
Hartree—Fock theories. In our previous work we assumed a relatively crude effective
nuclear charge approximation for the spin—orbit coupling operator. Here, we overcome
this assumption by demonstrating that the derivation is also possible within the fully
relativistic Dirac equation and even without the assumption of a specific form for the
Hamiltonian. Crucial ingredients for the general derivation are a Hamiltonian that
respects gauge invariance, the multipolar gauge, and functional derivatives of the
Hamiltonian, where it is possible to identify the first functional derivative with the
electron number current density operator. The present work forms an important
foundation for future extensions of the Kurland—McGarvey theory beyond the PDA,
including induced magnetic quadrupole and higher moments to describe the magnetic

hyperfine field.
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1 Introduction

NMR observables, such as resonance frequencies and linewidths, are strongly affected by

the presence of unpaired electrons. These perturbations encode information about the

molecular structure as well as the electronic structure, and therefore represent a

precious source of information in modern chemistry. As a consequence, the study of

paramagnetism in NMR (pNMR) has attracted increasing attention,' both from

experimental and theoretical standpoints.

For closed-shell systems, which have a nondegenerate ground state usually well-

separated from any excited states, it has been known for many decades that the

chemical shielding tensor can be calculated via the equation originally derived by

Ramsey.> * Moon and Patchkovskii derived an equation for pNMR chemical shifts for

individual Kramers doublets in terms of spin Hamiltonian (SH) parameters,' an

approach that was generalized to arbitrary spin degeneracy by Pennanen and Vaara.” In

both cases, the chemical shielding tensor is defined as the mixed 2" derivative of the

Boltzmann-averaged energy. Van den Heuvel and Soncini calculated the shielding as the

derivative of the averaged magnetic hyperfine field® and obtained expressions that are

3
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also valid in the strong spin—orbit coupling limit. They successfully applied their theory

to pNMR shifts in lanthanide systems. Shortly after, it was found by the same authors

that the chemical shielding tensor can actually be considered as the mixed 2" derivative

of the electronic Helmholtz free energy.” This resulted in one of the most general

equations for chemical shieldings developed so far and showed that earlier treatments

based on the Boltzmann-averaged energy instead of the free energy can lead to wrong

conclusions. The Van den Heuvel-Soncini equation can be employed in practically any

situation, as long as the basic assumption of the different time scales of electronic

dynamics and nuclear spin dynamics and the weak-field approximation (i.e., that

shieldings are independent of the magnetic field strength) are fulfilled. The same authors

also used their theory to obtain expressions in terms of SH parameters for a single spin

state subject to zero-field splitting.® Gendron et al. were the first to evaluate the Van

den Heuvel-Soncini equation in a sum-over-states (SOS) manner, without recourse to

SH parameters.’

An alternative route to the calculation and interpretation of pNMR shifts that has been

developed since the 1960s separates isotropic chemical shifts into “contact” shifts, i.e.,
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shifts arising from the Fermi contact interaction, and “pseudocontact” shifts (PCSs),

arising from all other interactions. The isotropic shifts result after rotational averaging

of the full chemical shielding tensor and only include contributions to the latter that

have a non-zero trace. Starting from the SH approximation, McConnell and Robertson"

used the point-dipole approximation (PDA) to derive an equation for PCSs in terms of

the g values of the paramagnetic center and structural parameters. Their work was

extended by Jesson.'" Kurland and McGarvey generalized their results under weaker

assumptions and showed that the previous equations were special cases of an equation

that expresses the PCSs in terms of the susceptibility tensor and structural

12
parameters,

1
127 R?

O™ ~

Ax  (3cos” 0 —1)+ Ax, gsin2 6 cos(29)|. (1)

Here, Ax _ and Ax, are parameters that describe the anisotropy of the susceptibility
tensor of the paramagnetic center, # and ¢ are the polar and azimuthal angle of the
direction of the nucleus in the principal axis system (PAS) of the susceptibility tensor,

and R is the distance between the nucleus and the paramagnetic center. It should be
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stressed that, compared to the Van den Heuvel-Soncini equation, which is valid for any

distance, Eq. (1) is more approximate and only strictly valid in the long-distance limit.

The dependence of PCSs on geometrical parameters, as given by Eq. (1), has been used
extensively to extract information about the molecular structure of metalloproteins, as
well as of small complexes. This dependence can also provide insight into conformational
heterogeneity.'*"” More recently, the improved computational efficiency and quality of
relativistic wavefunction-based quantum chemistry (QC) methods' made it possible to
rapidly and reliably calculate the magnetic susceptibility of metal complexes from first
principles.'™ Therefore, the dependence of PCSs on the magnetic susceptibility has
been used to gain a deeper understanding of the metal coordination, for instance in

20, 21

paramagnetic metal complexes, including single ion magnets,” and even to refine the

structure of the active site of cobalt(I)-bound enzymes.”

Eq. (1) for the PCS can also be expressed via
C ]' C
o = —gtr(a'ID ) (2)

in terms of the pseudocontact contribution to the full chemical shielding tensor,
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o ~
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T
3RR _1].

This is one of the central equations around which the current work revolves. We shall
call it the Kurland-McGarvey (KM) equation, although it did not appear in full tensor
form in the original paper. Incidentally, the same equation was already derived by
McConnell in his treatment of the NMR chemical shielding in closed-shell molecules
arising from distant electrons.*® Eq. (3) has a clear physical content that can be
intuitively understood as follows: For a nucleus K at position R, that has a
sufficiently large distance from the paramagnetic center, the magnetic hyperfine field

due to induced currents can be described in the PDA, i.e.,

My 3R((p)-R) — R*(p)
T 4 R

(B™(R,)) ) (4)

where (u) is the average induced magnetic moment. The latter can be expressed in

terms of the “single-molecule” magnetic susceptibility (which has ST units of m?) via

Inserting this into Eq. (4) gives
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1 (3R(R-x-B)

B™(R )) ~ ‘
BT R 4R R

which, compared with the expression <BHF(RK)> =—0" B for the induced magnetic

field in terms of the chemical shielding tensor, immediately leads to Eq. (3).

In 2016, it was proposed that the susceptibility tensor x in Eq. (3) should be replaced
by an unsymmetrical tensor X', where in the SH approximation x' = x- gc(gT)*l.”’
This can lead to significantly different results compared to the original KM equation." **
" The derivation of the equation containing X’ started from the QC expression for the
chemical shielding in terms of SH parameters and assumed that the only relevant
contribution to the A tensor is the spin—dipolar one, in particular neglecting the orbital
contribution induced by spin—orbit coupling (SOC). Several papers found apparently
good agreement of this approach with experimental results.”* However, as already
noted before,” the uncertainty in the calculated SH parameters (g and D tensors) can
lead to uncertainties that are of the same order of magnitude as the expected difference

of the two approaches. Therefore, the better performance of the equation with the

unsymmetrical x’ tensor in some cases could also possibly be ascribed to fortuitous
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error cancellation. A recent experimental study” compared the performance of the two
versions of the KM equation for an S =1/2 Cu(Il) ion in an axial coordination
environment, where there is no zero-field splitting (ZFS) and it was possible to
experimentally obtain the g tensor under the same conditions as the NMR data. The
results were clearly in favor of the classical equation with the symmetrical y tensor.””
This led to our reinvestigation of the derivation leading to the unsymmetrical X’
tensor. Based on rigorous first-principles quantum mechanics and without invoking the
SH approximation, we found that the KM equation can be directly derived from the
Van den Heuvel-Soncini equation.” In our derivation, we only assumed that the PDA
holds and that the Hamiltonian is the effective nuclear charge SOC Hamiltonian
including gauge correction terms. Thus, it became clear that the neglect of contributions
beyond the spin—dipolar interaction was not justified. Within the SH approximation, the
KM equation is exactly equivalent to the approximation of the A tensor in terms of the

32
g tensor,

By
AT R?

A

3RR"
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where ~ is the gyromagnetic ratio. We found a proof for this long-distance limit as well,

and could verify it via QC calculations.”” The current work contains a detailed

discussion of the proofs for Egs. (3) and (7), the latter also in the context of the

approximate Kohn-Sham density-functional theory (DFT) and Hartree-Fock (HF)

methods. Figure 1 gives an overview of the different ways to calculate the chemical

shielding and the approximations involved. Furthermore, we go beyond the simple

effective nuclear charge Hamiltonian of our previous work® and generalize the results to

arbitrary Hamiltonians that fulfill a certain gauge invariance condition, including the

fully relativistic Dirac Hamiltonian.

10
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Figure 1: Overview of different approaches for calculating PCSs and the approzimations involved. Note that all the
equations are given in atomic units. The application of the SH approzimation (solid red lines) is straightforward, while
the correct application of the PDA (blue dashed lines) has been unclear in the recent past. The top left arrow refers to
the derivation of Eq. (3) involving Van Vieck’s equation for the susceptibility from the Van den Heuvel-Soncini
equation. The bottom right arrow refers to the derivation of Eq. (7), the long distance limit of the A tensor. Both

derivations are discussed in depth in the present article.

11
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2 Derivation of the long-distance limit of the quantum-chemical

expression for the chemical shielding

In this section, we present in detail our derivation of the KM equation from rigorous

first-principles quantum mechanics, which we could only roughly sketch in our previous

work®™ due to space limitations. The most important non-standard symbols used

throughout this article are given in Table 1. Figure 2 illustrates the meaning of the

different position vectors used in our derivations.

Table 1: Symbols used throughout this article. Non-boldface versions of symbols representing vectors are used to

denote their magnitudes. Furthermore, uppercase letters (like in S = E s, ) denote quantities summed over all
i

electrons. Superscript is used for Cartesian indices.

H

H(O)

H nonrel
H nonrel,(0)

(0)
| \Ijnu>
E©
SM
[
(0),nonrel
EI onrel

&'(r)

B
M

K

Electronic Hamiltonian (including relativistic effects like
SOC).

Hamiltonian in the absence of magnetic fields.
Nonrelativistic Hamiltonian (Eq. (8)).

Nonrelativistic Hamiltonian in the absence of magnetic
fields (Eq. (9)).

Eigenstates of H.

Eigenvalues of H".

Eigenstates of H®"™™

Eigenvalues of H®mo

Effective nuclear charge SOC factor (Eq. (11)).
Homogeneous magnetic field.

Magnetic dipole moment of nucleus K .

12
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(OH / )"

a—3 a

v v

z
ou’ [/ ou

(g1h)
x(r)
(6H / 5A(x))"”

I

v

Derivative of the Hamiltonian with respect to some
parameter p, evaluated at B=0, M, =0.

Gauge origin (chosen at the “location” of the
paramagnetic center).

Index of the nucleus whose chemical shielding we are
interested in.

Index of another nucleus that e.g. creates SOC.

Vector from the magnetic nucleus under consideration to
the gauge origin.

Electron indices.

Position of electron i relative to point L.

The vector-valued function defined in Eq. (33).

Spin density matrix in the atomic orbital (AQO) basis.
Spatial part of the SOC operator (Eq. (88).

Perturbed orbital coefficients for spin channel o € {a, 5} .
Coulomb repulsion integrals (Eq. (91)).

Scalar field that defines a gauge transformation.
Functional derivative of the Hamiltonian with respect to

the magnetic vector potential evaluated at A(r)=0.

13
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Figure 2: Position vectors occurring in our derivations. Dashed lines denote position vectors with respect to some
arbitrary coordinate origin 0, while full lines are position vectors relative to other positions in the molecule. Red lines
are vectors describing the position of an electron with index i. The vectors are illustrated for the NiSAL-HDPT
complex from our previous work.. For this example, where the paramagnetism arises due to a single Ni ion, the gauge
origin O is chosen at the position of this ion. A is another nucleus that e.g. causes SOC (in this example a N atom),

and K is the nucleus whose chemical shielding we are considering (in this ezample a H atom).
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2.1 Quantum-chemical Hamiltonian

Hartree atomic units (A =m_ = e = 4me, = 1) are used in the following, where the Bohr

magneton has the value p, =1/2 and the vacuum permeability is given by p, = 4mal’

with « being the fine-structure constant. The nonrelativistic QC Hamiltonian in the

presence of a magnetic field with vector potential A is given by

nonre. nonrel,| 1 g(‘ 1
= 0 DS AG) P, + P, AG)) 5 Y BE)-s + S ANE) (9

2

Hnonrel,(ﬂ) — Zl;_l _ Zé + Zl
Tia "

i iA i<j ij

(9)

Here, H™ % is the nonrelativistic Hamiltonian in the absence of magnetic fields. In

order to go beyond “spin-only” magnetism, it is necessary to extend this Hamiltonian

and include spin—orbit coupling (SOC). For simplicity, we assume it in this section to be

of the effective nuclear charge form,”
A
Hyy = Zf G R
iA

2 eff
_aZy

€)= 54

15

(10)

(11)
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73 must be

If this operator is added to the Hamiltonian, a so-called “gauge correction

added in the presence of magnetic fields, which guarantees gauge-invariant observables.

The gauge correction for the effective nuclear charge SOC operator has the form

HE = 5, )y < AG)) s, (12)

Note that this term also arises when making the substitution p — p + A(r) in Eq. (10),
i.e., when using the proper expression for kinetic momentum instead of canonical
momentum. If the vector potential describes the sum of an external homogeneous
magnetic field B and the magnetic field created by a nucleus at position R, with

magnetic moment M,

om nuc ]' M X r
A(I'):Ah (r)+ A (r):EerO—i—aQ%, (13)
K
the complete Hamiltonian can be written as
(0) (0)
+ k
Z OMA EA: 83"
(0) g | () (14)
- kBl + k - le )
Z 8B’“6Bl %: OB*OM,, Z 6Mk aMl oo
16
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The last term in Eq. (14) (quadratic in M, ) contributes to nuclear spin-spin coupling
constants but is not relevant for the current work. Note that we use the notation
r, =r— R, to denote a position relative to a point L at position R . The point O
occurring in Eq. (13) is the “gauge origin” of the vector potential for the homogeneous

magnetic field.”

The field-free Oth order Hamiltonian is given by

H(O) — Hnonrel,(()) +H

socC”

(15)

For the purpose of the present discussion, only SOC is added to the nonrelativistic 0"
order Hamiltonian. However, it is also possible to add the direct electronic spin-spin
coupling operator without having to change any of the arguments that are presented in
the following. The first derivatives of the Hamiltonian can be interpreted as the
operators for the electronic magnetic moment, M® = —0H /OB, and the magnetic
hyperfine field created by the electrons at the position of the nucleus,

B"(R,)=—0H /OM,. The derivative with respect to the nuclear magnetic moment

17
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can be written as the sum of four terms: The paramagnetic spin—orbit (PSO) term is

defined as

(0)
oH _ ey
[3M ] @ Z P’

K Jpso ¢ ik

the spin-dipolar (SD) term as

9
SD i Tk

oM

K

(0)
[ OH ] — o &Z 31, (8, 1) — 78,
the Fermi contact (FC) term as

(0)
OH , g 8T 5
O 2 L STy g
[8M ]FC a23z (£ )8,

(16)

(17)

(18)

Likewise, the derivative with respect to the external magnetic field can be written as the

sum of three terms: An orbital part involving the total angular momentum operator

with respect to the chosen gauge origin R,

18
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OH 1 1 1
[a_B] =§Lo 25212-0 252(1}0@2-)7

orb v v

and a gauge correction term given by

OB

Finally, the second derivatives are given by

(0)

O°H 1 o
OB OB = ZZ(TI:QO&M /r’LO/’;O)’
OH _ 04_2 Z <r20 Uik )6kl — T;I;CZO
8B"'8Mj( 2 5 7";(

19
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(0)
[a_H] N %ZgA(T;ZA)[Si (r,-r,)—r,(s 1)l

(21)

(22)

(23)



2.2 Chemical shielding and susceptibility as 2"! derivatives of the molecular free

energy

Van den Heuvel and Soncini derived the following expression for the chemical shielding

tensor in a molecule with arbitrary degeneracy:

2 9 (0) (0)
= || = e S [ | || e
| OB'OM,, A " \oB! m oM L
o |" or |
P [ o] w2 ] s
(0) (0) K
+Z <\I[m/ 6Bk(9Ml | \Il7w> + ZZ E(O) o E(O) ]
14 K m=n Vi n m
(25)
Here, F=-kTInZ 1is the electronic Helmholtz free energy of the molecule,

A Zexp(—ﬁEflo)) is the canonical partition function belonging to the 0™ order

Hamiltonian, and 3 =1/k/T. These expressions assume that the eigenfunctions and

eigenvalues of the relativistic 0" order Hamiltonian are known,

H(O) | \IJ<0)> — E(U) | \I](O)>, (26)

nr

where v is an additional label for states that are degenerate at zero field. For

completeness, we present a simplified derivation of Eq. (25) in Appendix 6.1. The basic

20
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assumptions in Eq. (25) are that the timescale of transitions between different electronic

states is much shorter than that of the nuclear spin dynamics, meaning that the nuclei

sense the average effect of all thermally populated electronic states, and that the

shielding is independent of the field strength (weak-field approximation). These

assumptions are fulfilled in most cases.

Analogously to Eq. (25), the magnetic susceptibility can be written as™

'A%
X kl

_Z (W

14

_HO

(0)

nr

O’F

OB"OB'

OH

0B'OB'

© (0) (0)

s > D wU] oo NEIEN o

(0) (0)
OH OH
© (o) [W] !WE,?LMWS,?L![@B,] | T7) + c.c.
o)y _
| m/> mZ;L %L: ET(LO) . E’T(:) ].
(27)

This is the generalization of the van Vleck equation according to Gerloch and

McMeeking®” plus a diamagnetic term; see also the discussion of van den Heuvel and

Soncini.’

Publishing
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2.3 Long-distance limit of the operator derivatives

We now investigate the limit of Eq. (25) for the case that the magnetic nucleus is at a
large distance from the paramagnetic part of the molecule that gives rise to the chemical
shielding. McConnell performed a similar analysis* based on Ramsey’s expression for
nondegenerate ground states.” > Choosing the gauge origin used for the vector potential
of the external magnetic field in the region of space where the unpaired electrons are

located, the vector

R=R —R (28)

is a good measure for the distance between the nucleus and the paramagnetic center. In
principle, the gauge origin can be chosen arbitrarily and should not influence any
observables because the effective nuclear charge Hamiltonian in Eq. (14) (including the
gauge correction term) is well-behaved under gauge transformations. For example,
McConnell chose the gauge origin for the external field at R 2" However, this choice

makes the derivation more complicated.

22



If we only consider the effect of electrons i located at the paramagnetic center, in the
long-distance limit r, can be considered small compared to R and then
r. =r,+R~R. Therefore, it is possible to expand the inverse powers of r

occurring in Eqgs. (16), (17), (19), and (24) in a Taylor series around r,, =0 to obtain*

31

1 1 r,-R 15(r,-R)* 31 ,

2w R a0 29
iK

L_ 1 Lo 35(r¢0'R)2 57}20 (% 30
,,,,5 - Ro R? 2R9 _2R7 + 70) ( )
iK

Inserting these expansions into the expressions for the Hamiltonian derivatives and

retaining only the terms with inverse powers of R up to three, one obtains

(0) (0) m pl 2
OH ) OH 3R"R —R6
~a m 4 GO ‘(r. 31
S| =y M ) &
and
(0) (0) (0)
O*H O*H 3R"R' — R’ {oH
k 1 ~ QQZ k m 5 = + Z[ k 7Zfl(rt)] (32)
dB"OM, —\0B"0B R 0B -

23
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with

2 30[2

o (R-r,)(Rxr,). (33)

Note that Eq. (32) cannot be obtained as a derivative of Eq. (31) because the latter is
here evaluated at zero field. However, as we will demonstrate in section 4.2, Eq. (31) is
also true at non-zero fields. The detailed derivation of Eqs. (31) and (32) is not trivial
and is presented in the following sections. Note that the FC contribution to the
hyperfine field vanishes if there is no overlap between the nucleus and the electronic
system that is responsible for the chemical shielding. It can be observed that Egs. (31)
and (32) contain terms scaling as R~° due to the presence of the first term in f(r), in
apparent violation of the PDA, for which the lowest nonvanishing inverse power is
expected to be R~*. We will demonstrate below that these two R~ operators give rise
to terms that are of equal size but of opposite sign, such that they exactly cancel each

other.

24
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2.4 Derivation of Eq. (31)
This section is quite technical and may be skipped without compromises in conceptual
understanding. A basic identity used in this section is the commutator of the

nonrelativistic field-free Hamiltonian with an arbitrary local one-electron operator,

[0, 57 f ()] = — % > Af(x) =iy Vf(x)-p, (34)

which can also be written as

L, S f ()] = %Z[W(r) -p, +p,- V)] (35)

13

A local operator is one that is “diagonal” in the position representation, which is
equivalent to saying that it is “multiplicative”. l.e., when acting on a wavefunction in
the position representation, the latter is multiplied by another function. A prominent
example of a local operator is the potential energy. Another useful expression is the

product of two Levi-Civita symbols in terms of a determinant of Kronecker deltas,

0
il im in
Evﬁjk Elmn = gl 6jm |’ ( 36 )
kl 6]cm 6kn

25



From this equation, it follows that a product of two cross products can be written as

(axb)(cxd) =6,(a-c)(b-d)+a'd'(b-c)+bc'(a-d)—6,(a-d)(b-c)—bd'(a-c)—a'c'(b-d).
(37)

Furthermore, an expression for the contraction of two Levi-Civita symbols over a

common index can be obtained from Eq. (36),

Zeijkelmk - 61'16]'771 - 6im6jl' (38)

k

It is also useful to note that the commutator of many-particle operators that are the
sum of one-electron operators can be reduced to the commutator of the corresponding

one-particle operators,

324, 32]=le.b) (39)

(2

Using Eq. (29), the long-distance limit of the PSO operator Eq. (16) is given by

OH 2 lll 2 lzl 1 l 3 !
|~ e Rxp) — o, RRxp) (10
K Jpso iK
26
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where only terms scaling up to R ® are kept. In the derivatives of the Hamiltonian with
respect to the magnetic field that occur in the van Vleck equation for the susceptibility
tensor (Eq. (27)), there are no momentum operators except for the one that is part of
the orbital angular momentum operator. It is therefore necessary to remove the
remaining momentum operators from Eq. (40). By expressing the total momentum

operator as
P= Zp[ = Z-[Hnonrol,(o),zrio], (41)

which is a special case of Eq. (35), the second term in Eq. (40) becomes

—(RxP) =[O (R Y o)) (42)

The third term in Eq. (40) can be written using the Levi-Civita symbol as

3

>, R)RBxp) = > R R"> rip!. (43)

i p,mn=1 i

PN

Antisymmetric combinations of terms like E%pi occur in the orbital angular

3

momentum operator. Hence, using Eq. (38),
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Zekan];) = Z( Tob —ToDb)). (44)

k i

Using Eq. (34), the corresponding symmetric combinations are obtained via

Huonrel (0) er n :—ZN(S +Z P 7L " P (45)

where N is the total electron number. Combining Egs. (44) and (45),

EEMEHZW%+{WM Zw"+m”. (46)
k

i

When Eq. (46) is inserted into Eq. (43), Eq. (47) is obtained,

Z(rm ’ R) (R X pi)l = %[RQLIO - RZ(R ) Lo) + i[HmanL(O)a Z(R ’ rio)(R X rio)l] )

i

i

where we used Eq. (38), and the term involving N vanishes because of R xR =0. Eqgs.

(42) and (47) can now be inserted into Eq. (40) to obtain

(0)

OH
e

K

R5

m

@
3R"R — RS
Z@FJ S ) (18)

PSO

with f(r) defined in Eq. (33). In order to achieve a cancellation of the R *-scaling terms

introduced by the f(r) function in the sum-over-states expression Eq. (25), there should
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be a commutator with the full effective nuclear charge Hamiltonian H

instead of

H™ % We therefore anticipate that another contribution to the long-distance limit of

(3H/3M;()(0) will produce the term i[H ,»  f'(r,)]. In order to know what to look

for, we now calculate this commutator. Since the one-electron spin operator commutes

with any spatial operators, we leave it out of the expressions for now and only consider

one-particle operators (see Eq. (39)). We can write

Z[Z ( iA lp ] o Z€ 7A Z pmn 7A 8frr-(r1) - ZgA(T;A)(rZA X vfl(rl))i”

Using this, the commutators with the two terms in f'(r) are, using Eq. (38),

iy &M r L (Rxr,) Zg D0, — TR,

A

& R )(Rxr, )] =

S ), X RY(Rxx,) + (R, )(Rox,)3, — (Rox, )i B

A

The term involving two cross products can be rewritten using Eq. (37) as

A )( 0) + RQC’IACZ + (I}A ) rio)RpRl

(r, xR)'(Rxx,) =8,(r
IR — (R, )R

—(r, - R)R'r! —6 (r,

29
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When inserted into Eq. (51), this gives

Zf r (Rt )(Rxx,) Zs r, -R)R-r,)

(53)
+(r, - zo)RpRl (r,, R)Rl Tio 6pl( i r )R —2R- rz'O)TilARp]'

2
+R T;A ZO iA

We now turn our attention to the long-distance limit of the gauge correction Eq. (19)

(again just the one-particle part with omission of the spin operator),

1
@ Zf 1A pl rvIK) - rzlAr;(] ~ Oé?ng(?::A)_([R?(I}A '1'7:0)67;1

ZK 4
—R2rp r 4+ R(r, R)(Spl — R’R"r!, = 3(r,-R)(r,, - R)6, + 3(x,, - R)r R"].

10 iA

(54)

Here, we used Eq. (29) and only kept terms scaling up to R™*. When combining Egs.

(50), (53), and (54), the following expression is obtained:

1 ,
QQZgA(T;A)T_g[(Sp](r'A ’ rzK) - TzlATzf(] ~
iK

A

Z Zg IA 7' ) mp - T;ZLT;Z]

(55)

3Rle _ R26 '
G by N U ().
A

Upon multiplication of this expression with s’ and summation over the Cartesian

components p and electrons i (using Eq. (39)), we obtain

(0)

OH OH 3R"R' —R6 =

P ] Z[ ] il 3 @) (56)
gauge m gauge 1

K
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We see that the long-distance limit for the gauge correction indeed produces the desired

commutator with the SOC operator.

Using Eq. (30), the long-distance limit of the spin-dipolar part (retaining terms scaling

up to R™*) can straightforwardly be obtained as

(0)

L P " SRR K5, (57)
oOM! —~0B™ ) . R’
K Jsp spin

The long-distance limit for the Fermi contact contribution (if there is no spin density at

the position of the nucleus) is 0. We can then add Egs. (48), (56), and (57) to obtain

Eq. (31).

2.5 Treatment of the commutator terms and derivation of Eq. (32)

Given two arbitrary Hermitian operators A and B, it is straightforward to show that

(see Appendix 6.2)

(W [H",B)| W)@ | A]0) + cc. |
2.2, i = S A B[ W), (58)
m=n_ vp n - m .

which is valid for arbitrary n . A similar equation, valid only for nondegenerate ground

states, can be formulated in terms of the polarization propagator and was for example

31



used by Geertsen in his proof of the gauge invariance of the 2" order energy in the

presence of magnetic fields.™

We now consider the case A= (0H /9B")” and B = Z f!(x,), for which we need to

(0)
evaluate the commutator Z[[ﬁ] ,Z f'(r)] on the right side of Eq. (58). Since local

operators commute with other local operators and with spin operators, only the orbital
part of (OH /9B")"” , which is proportional to the total angular momentum, contributes

to this commutator. Using

3

| OH v . o I 1 1
Z[[a_B] Z;f(ri)] —E[L(),Z:f (r)] —52(1@;0 xVfi(r)) (59)

together with Eq. (38), one obtains

io? {oH " Lo .
E[[aBk] ,(RX . ri()),] = 2R5 Z[RQ(riO .R)(Skl _ RZT;()R (60)

for the first term, and
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o \oB"| 4 ; 0/ 17 G s 2415 Vo
(61)

. 9 (0) 2
Jia [[8H] ,Z(R-r.o)(RXr )l] @ Z[é(r XR)k(I‘iOXR)Z—g(RTZ.O)Q%—l—g(Ri‘iO)R :

for the second term of the commutator with » " f/(r) (defined in Eq. (33)). Using Eq.
(37), the term involving two cross products can be rewritten as
(ro xR) (v, X R) = [r R — (v, - RY’1o, =i, R'R = Rrr, o+ (v, - R) (1, R 47, ). (62)

Inserting this into Eq. (61) leads to

. (0)
S0 [[aH] 7Z(R'r7:0)(ery;0)l]

o’ 3 3 3 3
= — > [(-3R-r,) + -ri RS, —~r) R'R' — = R'ryri, + (r,, - R)3r,R" + S R')]

2R’ = 2 2 2 2

Furthermore,
<O> m pl 2
O*H 3R'R —R6 o 3 1 3 1
(){2; 8BkaBm ] R5 : = 2R5 Z §R1Rk7i) - §R2/r;2061<71 o 5 Rl/,’;kO (r'iO ) R) + 5 RQT;kO/r;lO "
(64)
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The long-distance expansion of the diamagnetic operator operator Eq. (24) (using Eq.

(29) and retaining only terms scaling up to R*) is given by

(0) 5
. Z[RQTQ 6, — ' T‘lo + R (r, - R)E, — RQerz‘lo —3(r, - R)’ 8, +3(r, 'R)eril()]

~ 5 i0 Kl i0'i
2R =

’H
OB'OM,

(65)

It can now be seen that the sum of Egs. (60), (63) and (64) is identical to Eq. (65),

which concludes the derivation of Eq. (32).

2.6 Long-distance limit of the chemical shielding

In the first term of Eq. (25), the term arising from the commutator in Eq. (31) vanishes,

since for an arbitrary operator A,

(0)
<\Ijm//

z'[H(O),A] | \II(O)> — i(E(O) _ E(O))(\IJ(O),

nv

A[EY) =0. (66)

Eq. (58) shows that the contributions to the second and third term of Eq. (25) arising
from the commutator terms in Eqs. (31) and (32) exactly cancel each other. Together,
these results mean that inserting Egs. (31) and (32) into Eq. (25) for the chemical

shielding gives
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VdHS 1 a% 3R"R!
gy = _47TR3 ;ka [ R - 5ml (67)

with x 'V given in Eq. (27). Eq. (67) is exactly the KM equation Eq. (3) written
component-wise. This shows that an exact QC treatment confirms the KM long-distance
expression, and indicates that the different results predicted by the use of the
unsymmetrical X’ tensor are an artifact that derives from the neglect of the orbital

contribution to hyperfine coupling.
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3 The long-distance limit in the spin Hamiltonian framework

It is often a good approximation to assume that all electronic states that make sizable

contributions to the paramagnetic shift can be described by a SH of the form

—S.D-S+uB-g-S+I-A-S. (68)

spin

Note that we employ the “IAS” convention for the magnetic hyperfine term in the SH.
The A tensor in this convention is related to the one in the also often used “SAI”
convention by transposition. In our previous work,” we argued that within the SH
approximation, the validity of the KM equation Eq. (3) implies that in the long-distance

limit, the complete tensor A can be expressed in terms of the tensor g ,*"*

(69)

which is Eq. (7) written in atomic units. This expression was previously only known to

hold for the SD contribution to the A tensor in terms of the spin contribution to the g

tensor.” In this section, we present a detailed derivation of Eq. (69) at the level of

degenerate perturbation theory up to second order (DPT2). It will turn out that it is
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crucial to use gauge-invariant expressions for the SH parameters, i.e. to properly include

the gauge correction terms Eqs. (19) and (22).

3.1 Exact eigenstates

We now consider eigenstates of the nonrelativistic field-free Hamiltonian, which are

eigenfunctions of the total spin operator and its z component,

Hnonrel,(()) | \IIfM> — E(O)ynonrel | \IJ}S'M > (70)

1

Using DPT2, the g and A tensors can be written in terms of the nonrelativistic

eigenfunctions and eigenvalues as* ***!

g = gspin + ggauge + gorb/S()C’ (71)
9a" = 8udo (72)

auge 1 ; z
g = GO 1 28 0L, o) — sl |07, (73)

(U7 L L) (0 1528 s | 97°) + e
iA

(74)
57 E[E[]).,nonrel . E(()O),nonrel ’

and
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A — AFC +ASD +Agauge _|_APSO/SOC7 (75)

FC 1 g, 8w
l =5M§a 7—— (U | 253 s 1w, (76)
1 —r’é
iD Ea ,Y \I/SS |Z 7K zK iK klé’j |‘I’§S>, (77)
7,K
auge 1 1
AT = 0Pl 1 D 800 [0 ) = T Js] | 07), (78)
iA

iK

\IJSS|ZLK‘\IJSS \IISS‘Zé- Z ZAZ \IJSS>+CC

1
pPsOo/soc _ - 2
Akl - S @y Z E(()),nonrcl E(()) nonrel (79)

b,5,=5 b — L

Egs. (74) and (79) involve a sum over all excited states. Hence, we will call those terms
the sum-over-states (SOS) contributions to the g tensor and the A tensor, respectively.
The gauge correction to A was only considered in a few ab initio studies so far™ **. In
the latter article, it was called “diamagnetic orbital contribution”. The fact that it is
usually neglected in QC calculations indicates that its contribution is often small in
standard situations. However, without this contribution, the A tensor is not gauge

invariant.
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The spatial integrals that are necessary to evaluate Eq. (78) are very similar to the

integrals needed for calculating the contribution of SOC to NMR indirect nuclear spin—

spin couplings.” In practice, there is the problem that the integrals diverge for K = A.

One therefore usually follows the pragmatic approach to leave out the SOC contribution

of the nucleus for which the property is calculated.” ** We expect this to be an excellent

approximation for the numerical results in our previous® and present work, since the

probe nucleus is far away from the electronic system of interest. Hence, SOC due to this

nucleus should be negligible. Note that the necessity for such an ad hoc approach is an

artifact of the approximate effective nuclear charge Hamiltonian employed in this

section. For the Dirac Hamiltonian discussed below, no such divergence issues arise.

The Fermi contact contribution to A is easily seen to vanish in the long-distance limit,

where r, = 0. However, note that there are examples of extended electron spin

delocalization, e.g. across 7 systems. In these cases, our basic assumption of a spatially

confined paramagnetic center is not strictly applicable. For the spin-dipolar

contribution, it was already known before that*
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2 T ? !
(e ’7 3RR o 1]gspin — x ’yge [ﬁ — ]_]7 (80)

2R* | R?

which can also immediately be obtained by using Eq. (30). This leaves us with the
investigation of the long-distance behavior of the SOS contribution and the contribution
due to the gauge correction. For an arbitrary Hermitian operator A and an arbitrary
Hermitian singlet operator B, i.e., one that does not mix different total spins and
magnetic sublevels of nonrelativistic 0" order states, there is a relation similar to Eq.

(58),

(W [, B]| W) () | AU + e

E(O),nonrcl E(O),nonrcl - <\II§S | Z[A’ B] | \Ilgs > (81)
b5, =S b -5

This equation is derived in Appendix 6.2. Inserting Eq. (48) into Eq. (79) and applying

Eq. (81) leads to

pso/soc . &

TR 4

3RkRm orb/SOC SS . A l z SS
R2 6 7<\I]0 | Z[Z€ ( 7A Z7A ) Z'f \Il : (82)
iA

Using Eq. (55), the long-distance limit of Eq. (78) is given by

gauge o

! N2R3 —

3R'R" |
R2 6 L]gilg + S,}/ \Ijbé | Zg lA lAT Zf |\I/bé (83)
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The two “nonphysical” commutator terms scaling like R > cancel when adding Eqgs. (82)
and (83), which concludes the proof of Eq. (69) at the level of DPT2. Note that only the
gauge-invariant sum of the gauge correction term and the SOS term fulfills Eq. (69). In
contrast to that, the SOS term alone, Eq. (82), has an unphysical R * long-distance

contribution.

3.2 Approximate methods: Kohn—Sham density functional theory and Hartree—

Fock

In practice, one has never access to exact eigenstates of the Hamiltonian and has to
resort to approximate methods instead. In our previous work,” we observed that for
unrestricted Kohn-Sham (UKS) density functional theory (DFT) with the BP86
exchange-correlation functional, Eq. (69) was only fulfilled for very large basis sets. In
order to understand this behaviour, we now discuss the PDA for UKS and unrestricted
HF (UHF). In this section, we use Greek letters pw... for atomic orbitals (AOs), ij...
for occupied molecular orbitals (MOs), ab... for virtual/unoccupied MOs, and pgq... for

general MOs. In UKS and UHF, the expressions for the SOC* “ and gauge
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contributions to the g tensor and the A tensor corresponding to Egs. (73), (74),

and (79) are given by

gy = —Z ol Zﬁ 5) =il VE, "

z pv

:—Z Z<20|Z§ (TA)[(SM(I'A'I‘)—TT]|Z>,

z ogea,3
: 1 OB 1 ; au”
orb/SOC ___ v I o -0 l o ai
g, = —z = -1 i’ |z |a”)—% +c.c.|,
@ﬂg Py <sz>g§( S ) o
auge Oé ’Y 1 . Ot
g Y= Z Z F[ékl(rA'rK)_T:rIi”V>Pyy 5
Z j% K
o’ ay o 1 ”
- 23 Z i | ;gA(rA)T_J[ékl(rA r}() - T:T;l(] |37,
UG(X lU K

a—p3 o

0 oU’
pso/soc _ _ g i 1) 12 e’ W 4.
! 2S.) Z oML " 2AS) Z( P T ’

with the spatial part of the SOC operator being for convenience defined as
2 = Zg Al
A

P is the spin density matrix, given in terms of orbital coefficients by

Jw

Pr\/fﬂ Pd z :Ca Cn* - § :Cﬁcdk . z : (_1)17(,() § :OU.CU.*.
Jw ;n/ yu% pi v Wi vi Wi vi

b oea,3 i
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The perturbed spin density matrices in Eqgs. (85) and (87) are defined with respect to
the orbital Zeeman and the PSO part of the Hamiltonian, respectively. Note that we
assume the use of a standard (field-independent) AO basis set. In this case, the g tensor
depends on the chosen gauge origin. For a single local paramagnetic center, it has been
demonstrated that choosing a gauge origin close to the paramagnetic center usually
yields good results.’” The gauge-origin dependence can be removed by employing gauge-
including AOs (GIAOs).” * However, this makes the theory significantly more
complicated at not much added conceptual insight. For simplicity, we therefore employ
field-independent basis sets with the center of electronic charge as the gauge origin in
our calculations. The assumption of a field-independent basis set is made throughout the

derivations in this section.

The first-order perturbed orbital coefficients QU / Op can be obtained by solving the
coupled-perturbed self-consistent field (CP-SCF) equations, which for purely imaginary

7745) read

perturbations (using the “magnetic Hessian

. 0Ur ouy C(on)”
(€ —€) o +CHF§ 3;[(6”3 14707) = (a’b” | i757)] = —(a ‘[874] 147),  (90)
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where ¢ is the amount of HF exchange. Note that the perturbed orbital coefficients
are linear in the perturbation operator, such that one can consider different additive
contributions to the perturbation operator separately. Here and in the following, we use

the notation

(gIh)fog4drl : (91)

|I‘1—I‘2

()
|

for Coulomb repulsion integrals. For pure functionals (¢, = 0), the magnetic Hessian is

HF

diagonal® and the CP-SCF equations are completely decoupled. This means that one

can directly write down the solutions to Eq. (90),

s | Oh o
R O
oU’ o
@ = — . (92)
o e —¢€’

For the present discussion, the relevant perturbation operators in Egs. (90) and (92) are

©Oh /OB =1 /2 and (Oh /OM:)" =o’ll /1),

The field-free Kohn-Sham (or Fock) operator h"*”, which in the chosen one-electron

AO basis has the orbitals | p’) and orbital energies e; as eigenfunctions and eigenvalues,

is given by"
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3 2 Z
piSe _ % _EA:_A + 35, _CHFZKZ,G + e 0 (93)

Ty Aelas} P

The terms are (from left to right) the kinetic energy, the external (nuclear) potential,
the Coulomb operators, the exchange operators, and the exchange—correlation potential.
For pure functionals, ¢, =0, while for HF, ¢ . =0 and ¢, =1. For hybrid DFT
functionals, both ¢, and c_, are non-zero. The only operators in Eq. (93) that are non-
local (i.e., that can contribute to the commutator with a local operator) are the kinetic
energy and the exchange operators. This means that for arbitrary local operators f, i.e.,
operators that multiply a wavefunction with the function f(r), one has in analogy to

Eq. (35)
B 4 e YK Sl = 2 (0 VF + VS -p). (94)

Therefore, in the long-distance limit, one can write the perturbation operator relevant

for the HFC tensor as

le: 3Rk:Rm _ R26 lm
9 2 m -r7. KS,o k
a é ~ o Z R ) %+Z[h +CHFZ:KJ"’f @), (95)
m J
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which is analogous to Eq. (48). The commutator term in Eq. (95) can be dealt with in a

similar way as in Eq. (81) for exact states.

From Eq. (92) one immediately sees that, for pure functionals, such a commutator term

gives a contribution to the perturbed orbital coefficients of the form

UL (@ LR A1)
on e —¢’

a 3

= —i{a” [ [|17). (96)

We will now show that the same expression also holds for HF and hybrid functionals.
One can write a one-electron matrix element of the commutator with an exchange

operator as
(@ [[K, f117) =@ | 57a”) = (@ " | 7°7°)- (97)
Assuming that it is possible to write

Fliy= an¢><19” 157, (98)

(for which completeness of the one-particle basis is a sufficient but not necessary

condition) it follows that
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2’ [ A1) =D 0" | 157M(@3" [4°p%) = (ap” |475°)
SIS ) — @b |85, (59)

b7

In the second step, the p° were restricted to virtual orbitals since there is an exact
cancellation of terms for occupied orbitals. A matrix element of the commutator with

the Kohn—Sham operator is given by

(a” [ (R, f]

i) = (€ —)a" | F]7) (100)

Combining Egs. (99) and (100) gives

(€7 —e)(=ila” | £ 1)+ ce > (=" [ £ 57 D@5 [i07) = (a"b” | i757)]
s o (101)
= —{a” | {{B"S +cHFZ;Kj”,f] i),

J

Comparing this with the CP-CSF equations, Eq. (90), shows that the contribution of a

commutator term k"> + CHFZK]'”’ f] to the perturbation operator (Oh /Ou)” leads

J

to a contribution to the 1% order orbital coefficients of the form

ouU’
“@o— —i(a” | f]17), (102)
op
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which is the same result we also obtained for pure functionals (Eq. (96)). If Eq. (98) is
fulfilled, the corresponding contribution to the contraction of the perturbed orbital

coefficients with the SOC operator can be written as

T

. Lou’ ) " v .
Z(z 12" |a )a—:+c.c.<——zz<z |2 [a”Ya" | £ >+C.C.:—z<z

a’i’ a’i’ i

iz, f]]4%). (103)

In this step, Eq. (98) is necessary not only in the presence of HF exchange but also for
pure functionals. In our specific case, with the local operator being defined through the
function f(r) defined in Eq. (33), the commutator term in Eq. (95) leads to a

contribution

o —ila” | f]4%). (104)

Combining Egs. (95), (104), and (103) leads to

ouU’ 3R'R™ — R* ouU’
Z(z’” | 2! |a”)—2 +c.c.%a22 hm Z(z” |2 |a”)—2% 4 c.c.
. 8Mf( " R’ o oOB™ (105)

AL ENIES!

Inserting this into Eq. (87) gives
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iz, ']

2 k pm
pso/soc ., X7 3R'R _§5 lgomrsoc _ —1)% i Y (106
il 2R3 — [ R2 km P'ml 2<SZ> (76(2; ( ) ZZ < > ( )

In comparison, inserting Eq. (55) into Eq. (86) for the gauge contribution to the A

tensor at the DFT and HF level gives

. A’y 3R'R" v s )
R — 8 e > (=) (@ il M), (107
l 2R3 — [ R2 km PPml 2()9)2( ) Z< ‘ [ f ]| > ( )

z 7

Adding Egs. (106) and (107) leads again to a cancellation of the unphysical terms. This
shows that Eq. (69) is also fulfilled at the level of DFT and HF, but only if the
condition Eq. (98) is fulfilled. This condition will in general not be true for commonly

used finite basis sets.

To summarize our findings, the derivation of the physically correct long-distance
behavior of the A tensor at the level of UKS or UHF requires the validity of Eq. (98).
For pure functionals, where Eq. (96) is always true, this condition enters only once in
the derivation (for Eq. (103)). In contrast, the presence of HF exchange also requires the
condition in the derivation of Eq. (102). Therefore, one could expect that problems

associated with the incompleteness of the one-electron basis will be more pronounced in
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the presence of HF exchange. In order to test this hypothesis, we present results for a
bare proton at different distances from a COT radical at the UHF level. The
computational details were chosen identical to the ones in our previous paper’ except
that we used extremescf convergence and lowered the CP-SCF convergence threshold to
10 in ORCA.”® ® The results are shown in Figure 3, where we plot the “relative

difference” between the exact and approximate A"/SC 4 Az

B || APSO/SOC +Agauge _A(gorb/SOC +ggallge) ||

ASOC+gaug0 ( 108)
rel || APSO/SOC + Agaugc ||
Here, ||-|| is the Frobenius norm and A(g) denotes the long-distance functional

relationship between the A tensor and the g tensor given by Eq. (69). One can observe

that the basis set convergence is not slower than for the pure BP86 functional that we

used in our previous study.’ Actually, the results of both methods are extremely

similar. This demonstrates that, other than expected, the additional approximation that

is present when using HF exchange together with incomplete basis sets apparently does

not lead to an additional deviation from the correct behavior. In both cases (BP86* and

UHF), one can observe only for the largest decontracted cc-pV6Z basis set the
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physically expected behavior that the error associated with the PDA tends toward zero
for sufficiently large distances. We note that the slower basis set convergence at larger
distances might be related to the fact that the commutator terms (which must cancel in
order for the PDA to hold) scale as R™> and therefore increase in importance relative to
the “physical” contributions. Therefore, the cancellation must be more accurate at
larger distances in order to obtain the same accuracy for the total A tensor, explaining

the heavier basis set demands.

L1
—— copVLE
—— co-pWillL
4] - == co-pVhs
) == deocontracted co-pihs
==
.. il 7
27 a0
<]
0 -
U T T T T T T

7] Ln ] 20l 25 an an 1 1a

Figure 3: Relative difference between the exact sum of PSO/SOC and gauge contributions to the A tensor and a long-

distance approzimation using the sum of orbital and gauge contributions to the g tensor.
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4  Generalization to other Hamiltonians

4.1 The Dirac Hamiltonian

In this section, we will generalize the results obtained with the approximate effective

nuclear charge Hamiltonian (chapter 2) to the fully relativistic Dirac Hamiltonian. We

will restrict the discussion to the one-electron Dirac Hamiltonian. The generalization to

many electrons (Dirac-Coulomb Hamiltonian) is straightforward. The one-electron

Dirac Hamiltonian in the presence of magnetic fields has the form

o V co-(p+A) (100)
Clee-(p+A) V=22 |

Note that the speed of light occurring in this equation is equal to the inverse fine-

structure constant in the atomic units used throughout this work, ¢ =1/« . However,

we will explicitly leave it in the expressions as is common in the literature. Also note

that in this section o denotes the vector of Pauli matrices, and not the chemical

shielding tensor.

In zero field, the Dirac Hamiltonian takes the form
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D0 vV co-p

. 110
co-p V-2 (110)

The derivatives of the Dirac Hamiltonian, using the vector potential of Eq. (13), are

given by

D\ 0 ——(oxr,)
8hk _ 2 o , (111)
0B ~Lloxr) 0
1
s © 0 —caQT—S(erK)k
= K . (112)
oM"* ) 1 k
K —ca” — (o xT1,) 0
/rK

All 2" derivatives vanish, i.e., the 2*' term of the Van den Heuvel-Soncini equation (Eq.
(25)) is zero in contrast to the nonrelativistic and effective nuclear charge Hamiltonians.
We will now investigate whether the long-distance limit of Eq. (112) fulfills the same
equation as the corresponding derivative of the effective nuclear charge Hamiltonian,

Eq. (31). Inserting Eq. (29) into the off-diagonal term of Eq. (112), one obtains

—ca’ —(oxr, ) ~—ca’ (o xx,) + (o xR) (x, R)(o < R) :

113
T R’ R’ R (113)
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In the following, we will make use of the expression for the commutator of the field-free

Dirac Hamiltonian with a local operator,

O ] = 0 co - Vf(r) (114)
’ co - Vf(r) 0
Using this equation, we obtain
o 1o 1
300 (R xr, )] = ca? BT e 22| (115)
]% ]% 12x2 2x2

3ca’

2R’

3ia’

2R’

[hD"(O),(R'ro)(RX 1-0)1] = _— [(R-a-)(erO)l +[R-r)(Rx a')l][(ll2X2 ;QXQ]. (116)

2x2 2x2

Egs. (115) and (116) are the two contributions to the commutator between h™ and

the local operator f' defined in Eq. (33). Furthermore,

0
1

Y sR R — R%S

OnP .
}%5

oB™

e 3R'[(ox1,)-R] N ca’ (oxr,)

2 R’ 2 R’

o)

m

1
2%2 2x2 . 117
. ] (117)

2x2 2x2

Adding these three contributions (Egs. (115), (116), and (117)) and noting that
—[(exr,)) - RR+ (o xr,)R* —(0-R)(Rxr,)+ (R -r,)(Rx0)=0 (118)

(a special case of the equation
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det(a,b,c)d = (axb)(c-d)+ (b xc)(a-d)+(cxa)(b-d), (119)

which is valid for arbitrary vectors a,b,c,d), we obtain after comparison with Eqs. (112)

and (113)

b \© 0 1
88]}\;1 = —ca’ ig(o- xr,) [12X2 OM] >

K ) o SR:;KR[ RQ(S 2x2 2x2 (120)
Y| e i,

which is identical to the equation one obtains in the case of the effective nuclear charge
approximation (Eq. (31)). Since the commutator of the derivative (Oh” / OB")” defined
in Eq. (111) with the local operator f' (occurring on the right side of Eq. (58)) is zero,
the commutator term in Eq. (120) does not contribute to the chemical shielding tensor.
This concludes the proof of the long-distance limit of the chemical shielding tensor using

the Dirac Hamiltonian, which again confirms the KM equation.
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4.2 Arbitrary Hamiltonians that respect gauge invariance

The fact that the same long-distance expression for the derivative of the Hamiltonian
with respect to the magnetic moment is obtained for both the effective nuclear charge
Hamiltonian (Eq. (31)) and the Dirac Hamiltonian (Eq. (120)) suggests that there must
be a general principle that is independent from the choice of a specific Hamiltonian. In
particular, the same function f'(r) is present in the commutators. Therefore, the
equation for this function (Eq. (33)), which is independent of the chosen Hamiltonian,
needs to be explained. The observed cancellation of commutator terms for the chemical
shielding tensor is reminiscent of the cancellation of terms when applying a gauge
transformation to a gauge-invariant property.* Therefore, in the following we will focus

on Hamiltonians that respect gauge invariance.

Under changes of the gauge of the vector potential, A(r) — A’(r) = A(r) + Vx(r), we

assume that the Hamiltonian will transform according to®

H' =e “He™, (121)
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where y is a local operator that multiplies the many-electron wavefunction with

Z x(r,). Eq. (121) is fulfilled for the nonrelativistic, effective nuclear charge, and Dirac

Hamiltonians considered in this article. If HU = EV, it follows that H'e "W = Ee "W,
i.e., eigenenergies stay unchanged while the eigenfunctions acquire a (position-
dependent) phase factor under the gauge transformation. We note that it is possible
that the Hamiltonian and wavefunction are transformed under the change of gauge via a
more complicated unitary transformation than that assumed in Eq. (121).” It should be
straightforward to extend the following argument to such cases as well. Using the

Baker—Campbell-Hausdorff (BCH) expansion, Eq. (121) can be written as

H' = ¢ “He" = H +iH,] - %[[H, o] + .. (122)

Alternatively, one can consider the Hamiltonian as a functional of the magnetic vector
potential A and write the gauge-transformed Hamiltonian as a Taylor series around the

reference vector potential (see Appendix 6.3),
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H' = HIA + V] = H[A]+ féH[A] | b 5 An R CUCRCITES

mn

(123)

Comparing Eqgs. (122) and (123) and equating terms that involve equal powers of the

gauge function y, we obtain

- Vx(r)dr, (124)

SN = 55 [ s O @ e, (125)

and similar for higher orders. Eq. (124) means that a contraction of 6H /SA(r) with
the gradient of some scalar field can be written in terms of a commutator with the
Hamiltonian. This is a quite remarkable result. When considering the reference point
A =0, it means that the form of (§H /§A(r))”, which describes how the terms of the
Hamiltonian linear in A look like, is constrained by the field-free Hamiltonian H'”. The
first functional derivative of the Hamiltonian appearing in Eq. (124) can be identified

with the particle number current density operator;” see also Appendix 6.4. As an
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illustration, the first and second functional derivatives of the Hamiltonians considered in

this work are presented in Table 2. It is illustrative to use the functional derivative from

Table 2 to show that Eq. (35) that we used earlier is a special case of Eq. (124).

Table 2: One-electron integrals over the first and second functional derivatives with respect to the vector potential for
the Hamiltonians considered in this work. For the nonrelativistic and effective nuclear charge Hamiltonian, the one-
electron functions are two-component spinors (spin orbitals), whereas for the Dirac Hamiltonian they are four-

(,‘()UI,])()TI,(}T),t 15’])7-71,()7'8.

Hamiltonian OH 8’H
<¢p|m|¢q> <¢p|m|¢q>

a %[(pd}p(r))wq (r) + ¢! (r) (P2, (r))] + 4! (r)A(r)) (r) Eon8" =, ()4, )

9.

+5 VX[l s, o)

i S - A ) ) 52 Fenel

¥, | 6A(r) ) ZA:S e, X[wj’( v, )] W, | 6A (r)6A (r') i
HP ! (r)e (r) 0

We will now consider the derivatives of the Hamiltonian with respect to the external

magnetic field and the nuclear magnetic moment. Without specifying the Hamiltonian,

we cannot write down these derivatives explicitly. However, we do know the dependence
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of the vector potential on these parameters (Eq. (13)). Using the chain rule, one can

write

OH :f o0H .3A(r)dr

o8 J 5A(r) 0B

0H _f 6H  OA(r)
OM,, OA(r) oM,

(126)

(127)

Note that we consider the derivatives in Egs. (126) and (127) at finite field as opposed

to before. In order to obtain the long-distance limit, it is convenient to transform the

vector potential of the nuclear magnetic moment to the multipolar gauge.”” This gauge

expresses the magnetic vector potential in terms of the magnetic field. Expanding the

fields in Taylor series around the origin R, leads to the vector potential in the

multipolar gauge given by

A™ (£) = A" (x) + V(r),

where the gauge function is defined as™

anAnllC (r)
or...or"

=Ry
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More explicitly, the vector potential in the multipolar gauge is given by™

aanuc (r)

it (130)
or"...or"

nuc’ = TL+1 3 i by
A" (r) = _Zm Z To Ty Ty X

I‘ZO

i.e., it is defined in terms of the magnetic field and its spatial derivatives at the chosen
origin.
Eq. (128) can be inverted to obtain

A" (r) = A" (r) — V(r). (131)

If the series expansions in Eq. (129) and Eq. (130) are truncated, approximations to
A™(r) are obtained from Eq. (131) that are most accurate in the vicinity of the origin
R, and become increasingly worse with increasing distance from R . When doing this,
the gauge function should be truncated, for consistency, at an order that is higher by
one than that at which the vector potential in the multipolar gauge is truncated. This is

because the gradient operator in Eq. (131) reduces the order in r, by one.

The exact dipolar magnetic field created by the nucleus is given by™

61



AlP

Publiching

3M, -t )r, —M,r’  8r

B"“(r) = curl A™(r) = &’ + ?MKég(rK) . (132)

5
TK

The fields A™ and B™ as well as the gradient of A™ at the origin R, are given by

M, xR
A"™(R,) = a? ; —, (133)
8Anuc,j(r) a? ‘ . .
[T] = R5 ;EjkiMIk(Rz —3R (MK X R)j 5 (134)
=R, ’
Oéz 2
B™(R,) = E[3(MK ‘R)R — M, | (135)

Inserting these expressions into Eqgs. (129) and (130) and using Eq. (131), one obtains

for the vector potential up to order O(r,)

A" (r) ~ —%ro xB"(R,) + V(M, -£(r)) = Z%;@BHHW(RO) L VM, -£(r)), (136)

where f(r) is the same function we have already obtained earlier in a different way (Eq.
(33)). We now recognize that this function is a long-distance approximation to the

derivative of the gauge function that transforms between the Coulomb and multipolar

gauge (Eq. (129)),
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p) ~  OX(E)
fr) = o (137)

Of course, Eq. (136) could have been obtained also by a direct calculation of the long-
distance limit of the nuclear vector potential (using Eq. (29)), but the use of the

multipolar gauge (Eqgs. (129), (130), and (131)) is more straightforward.

From Eq. (136), one can calculate the derivative of the vector potential with respect to

the nuclear magnetic moment,

OA(r) 3R"R' —§ R’

5B = + Vfi(r). (138)

Z r) 0B™"(R,)

+V[(x)=a’)
8Ml m aB oM, m

Inserting this into Eq. (127) and using Eq. (126) gives

OH 5 OH 3R"R —§6 R f §H

- -V (r)dr. 139
oM. a Dy IS SA() f(r) (139)

Using Eq. (124), which is valid for Hamiltonians that respect gauge invariance, Eq.

(139) becomes

OH 3R"R' —§ R

OH 5 . !
—— +iH, f]. 140
3M;( zm: oB™ R 5] (140)
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Taking the derivative of this expression with respect to a component of the

homogeneous magnetic field gives

2 2 3R"R -6 R
0’H e’ O*H » +Z,[8H

g7 g 141
OB OM,, . 0B'oB" R oB" f (141)

Evaluation of Egs. (140) and (141) at zero field (B=0, M, = 0) immediately yields
Egs. (31) and (32). The remainder of the derivation of the long-distance limit of the
chemical shielding (cancellation of commutator terms etc.) proceeds exactly as before,
once again confirming the KM equation, Eq. (3). The preceding derivation demonstrates
that the long-distance KM equation is valid for arbitrary Hamiltonians that fulfill the

gauge invariance property of Eq. (121), which encompasses the cases of the effective

nuclear charge and Dirac Hamiltonians that we treated explicitly in earlier sections.

5 Discussion and Conclusions

In the present work, we discussed in detail the rigorous quantum-mechanical proofs of

the KM equation, Eq. (3), and the (in the SH approximation) equivalent long-distance
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expression for the A tensor, Eq. (7). We also extended the proof of Eq. (7) to the case

of the approximate DFT and HF methods, which showed that the equation is only valid

in a sufficiently complete basis. This explains the computational results that we

reported previously, where extremely large Gaussian basis sets were needed for the

complete cancellation of the unphysical terms that scale like R with the distance

between the magnetic nucleus and the paramagnetic center.”!

The major drawback of our previous QC proof of the KM equation was the reliance on

an approximate effective nuclear charge SOC Hamiltonian.” However, we have shown

here that a proof for the fully relativistic Dirac Hamiltonian is possible along very

similar lines. This led to the question whether it is possible to derive the KM equation

without reference to any specific Hamiltonian. This is indeed the case, and we were able

to show that it can be derived solely based on the assumption of gauge invariance. This

is the most generally valid proof of the expression that exists to date. Our new

derivation also provides an interpretation of the function f(r) that arose naturally in

the derivation for the effective nuclear charge Hamiltonian: it defines the gauge

transformation of the vector potential of the nuclear magnetic moment from the
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Coulomb to the multipolar gauge. The latter is parametrized by the magnetic field and

its derivatives at a chosen expansion point. This leads to the following alternative

viewpoint of our results: if the Hamiltonian transforms properly under gauge

transformations, it does not matter which gauge is chosen. Therefore, one could use the

multipolar gauge from the very beginning instead of Eq. (13) to define the Hamiltonian.

Then the unphysical R terms would never arise and no cancellation between

commutator terms would be necessary. Therefore, the KM equation arises very

naturally from the use of the multipolar gauge. This choice of gauge also has the

advantage that the long-distance expansion is already “built in” in the form of the series

expansion Eq. (130). The PDA can simply be derived by truncating this series

expansion after the first term.

Our general derivation based on gauge invariance also sheds new light on the DFT and

HF results. The commutator terms arise because of a gauge transformation from the

multipolar to the Coulomb gauge. The fact that these terms do not exactly cancel is

then a simple consequence of the fact that approximate methods using finite basis sets

are not gauge invariant. For other magnetic properties, like magnetizabilities and
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chemical shieldings of closed-shell molecules, this problem has been effectively solved by

introducing GIAOs as basis functions.” * However, in the way GIAOs are commonly

implemented, they can alleviate the gauge problem only for changes in the gauge origin

for a homogeneous magnetic field. In our case, the problems arise because of more

general gauge transformations in a non-homogeneous magnetic field due to the magnetic

nucleus. Therefore, GIAOs will not be able solve the slow basis set convergence observed

in section 3.2 and our previous work.”'

The developed theoretical framework based on the multipolar gauge also seems

promising for extending the KM theory beyond the PDA. The physical picture behind

Eq. (3) is that the external magnetic field induces currents in the paramagnetic center

that create a pure dipole field, which is then probed by the nuclei in the molecule. By

truncating the expression for the vector potential in the multipolar gauge at higher

order, one could include the effect of the induced quadrupole moment and even higher

magnetic moments. This would lead to a more accurate description of the induced

magnetic field, and therefore to more accurate chemical shifts. We assume that the

inclusion of higher induced magnetic multipole moments could be especially beneficial
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for systems where the paramagnetic center cannot easily be associated with a single

atom, e.g. in oligonuclear metal complexes. In such molecules, there is no “natural”

location in space for the induced dipole moment. But even in mononuclear metal

complexes, contributions beyond the PDA can become significant, in particular for

nuclei close to the metal center. In contrast to the direct computational evaluation of

Eq. (25),” a formulation in terms of induced magnetic multipole moments could yield

accurate results while retaining the philosophy of the KM equation, meaning that the

chemical shieldings of different nuclei are not independent, but are probes for the same

quantity: the magnetic field due to currents induced in the paramagnetic center. Such

an approach also has the advantage that quantities like the susceptibility can be

calculated using truncated molecular models that possibly do not even include the nuclei

for which the PCSs are required.” This could make it possible to target systems like

proteins that would otherwise be intractable. Furthermore, the direct evaluation of Eq.

(25) with the nuclear vector potential in the usual gauge (Eq. (13)) has potentially the

same demanding basis set requirements for large distances as we observed for the A
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tensor. In contrast, the susceptibility tensor usually converges quickly when increasing

the basis set size.

We conclude with a final note on the topic of gauge invariance. Hamiltonians that are
not exactly gauge invariant are widespread. For example, the gauge-invariant expression
for the A tensor in the framework of the relativistic 2" order Douglas-Kroll-Hess theory
(DKH2) following from an fiFW transformation turns out to be divergent.” Therefore,
only the expression resulting from the so-called fpFW transformation can be practically
used. However, this expression is not gauge invariant. Also for the spin—orbit mean field
(SOMF) approximation to the SOC operator that is widely used in ORCA,” no gauge
correction has been developed to date. However, we expect that it should be possible to
formulate a gauge correction for the SOMF operator from the full Breit—Pauli
Hamiltonian. One can probably also expect approximate gauge invariance when
combining the SOMF operator with the effective nuclear charge gauge correction. The
derivations presented in this paper demonstrate that the use of expressions that are not
gauge invariant can in the worst case lead to completely unphysical results, in our case

the presence of terms that scale as R > with the distance between the magnetic nucleus
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and the paramagnetic center. Therefore, when a Hamiltonian is used that violates gauge

invariance, the results should be thoroughly checked.
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Supplementary Material

Raw data for all calculated contributions to the SH parameters (ZIP).
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6 Appendix

6.1 Derivation of the chemical shielding tensor

The basic assumption often used to arrive at practical equations for the chemical
shielding tensor is that transitions between electronic states are much faster than the
nuclear spin dynamics. Then the nuclei sense the average effect of the ensemble of
electronic states in thermodynamic equilibrium. The chemical shielding tensor o in the
weak-field approximation is defined via the following relation between the average
hyperfine magnetic field (i.e., the average field generated by the orbital and spin
magnetic moments of the electrons at the position of the nucleus) and the applied

magnetic field:

(B (R,)) = "B+ O(B?). (A1)

This can be rewritten as

oB" (42)

Ukl
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This equation was already used in the past as a starting point to calculate the chemical
shielding tensor.® The Boltzmann average of the magnetic hyperfine field can be written

as

(B (R,) =~

O ), (A3)
oM,

where we used the operator representing the hyperfine field given by —0H / 8M;(.

Using Wilcox’s equation for the derivative of an exponential operator,”

—0BH 3
82)\ = —f e —%I;\I e “dw, (A4)
0
one can write
L o |"
_ —(B—w)H® —wH®
55" = fo e [_(9Bk] e dw. (A5)

Furthermore, since the 0" order states are time-even and (0H /9B")” is time-odd,

(0)
(| [%] | Y = 0,” which leads to

oz
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Using the product rule to calculate the derivative and employing Eqgs. (A5) and (A6),

Eqgs. (A2) can be written as

B (0) ) (0) (0) _BH (0)
o = OZ r 8H 7‘3H(0) ]. t:[‘ 0 H eiﬂH(O) ]. tr 8H 86
v oBt oM. Z79 " ||oB*'oM. Z0 " \lomL | | oB*
1 O°H om "
_ tr 7/}H f R B—w)HO ewa“”
ZO loB*oM! 70 3M’ OB
K

(A7)

This equation is identical to Eq. (8) of Van den Heuvel and Soncini.” The remainder of

the derivation proceeds exactly as in their case. The traces in Eq. (A7) are evaluated in

the eigenbasis of H'” together with the insertion of a resolution of the identity in the

second term. This gives

2
ou=gm S0 S| 1P
61
(0) (0) O 7 ~(B-wEY -wE)
— Z(o) Z <‘Ilm,1 ‘ aMl | \Ilm/ ><\Ilm | [33 ] | \I]m/t>j; e e dw
nmyL K

The integral over w can now be evaluated as
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After swapping the summation indices in one of the terms, one immediately obtains the
final Eq. (25). The connection of our derivation to Van den Heuvel and Soncini’s
definition of the chemical shielding tensor as a 2™ derivative of the free energy becomes
clear by recognizing that the average hyperfine field as defined in Eq. (A3) can also be

written as

(B™(R,))=— (A10)

oM’

K

an equation that can be straightforwardly derived using Eq. (A4).

6.2 Derivation of Egs. (58) and (81)

While Egs. (58) and (81) look very similar at first sight, they differ in important details
which makes separate derivations necessary: in Eq. (58) there is an additional
summation over the degenerate manifold belonging to energy level n, which is not
present in Eq. (81). In the latter, the sum is only over those excited states having the

same spin as the ground state and only involves the principal component (M =S).
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Furthermore, the operator B 1is restricted to be a singlet operator, which is not

necessary for the derivation of Eq. (58).

We start with the derivation of Eq. (58). We first let H'” in the numerator act on the
eigenfunctions and cancel the resulting energy differences with the denominator to

obtain

(WO LiH, B W) (@O | A WY) +c.c.

z :z : nw mp

(0) (0)
m=n v En _Em

m#n  j

(B1)

Using completeness of the set of eigenfunctions, one can write

Yo =1 w0 (e | (B2)

m=n i

After inserting this into Eq. (B1), it can be seen that one term in the first part of the

equation cancels another term in the complex conjugate, leading to Eq. (58).

Eq. (81) can be derived as follows: By acting with the 0" order Hamiltonian in the

commutator on the 0" order eigenfunctions, one obtains

7

=iy (T [BY S [ wONEY 4| 0) +c.c.
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<\I/SS | i[HnoanI’(O),B] | \IJSS><\IJSS | A | \IJSS> s o o o
- E(O),nonrel . Elv)(O),noanl : = _Z<\I’0 | B Z l\]:Jb ><\Ilb | A | \II() > (B3)

b,5,=5 b 0 b,5,=5

The sum over excited-state projectors can be written as

Z r\DbSS><lIIbSS |: Pss_ | ‘I’§S><‘I’gs |7 (B4)

b5, =S

where P, is the orthogonal projector on the subspace of states with total spin S and
magnetic sublevel M = S. Since B is a singlet operator by assumption, it does not

change the spin quantum numbers of the bra state on which it acts from the right, i.e.,
(U | BP,, = (U | B. (B5)
This means that

3 (P | a[H,, B]| 0" )(w” [A|¥7)
E(O),nonrcl . E((J()),nonrcl

b.5,=8 b

= —i(U° | BA| W) + (U5 | B[ WP (W% | A| W),

(B6)

Taking the complex conjugate of Eq. (B6) and adding both expressions leads again to a

cancellation of two terms and gives Eq. (81).
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6.3 Functional derivatives and Taylor series expansion of the Hamiltonian

One can write the Hamiltonian in terms of its matrix elements in a complete basis {| I)}

H=S)UH| ). (1)

The matrix elements are simple numbers, i.e. their functional dependence on the vector
potential can be written in terms of a usual (functional) Taylor expansion around some

reference potential,

(|H]T)

6A(r) (C2)

(I | H|J) . o, /
t5 Zm;ff(SAm 614” AA (I‘)AA (I‘ )dI'dI‘ +....

(I H|JYA+AA]=(I|H|.J) A]+f

This expansion allows us to define the functional derivatives of the Hamiltonian itself,

am = DI (©3

§*HIA S| H | J
—m =210 A EA ) AL gy (C4)
sAT AN ) S sA (o)A ()

etc., which leads to a Taylor series expansion for the Hamiltonian,
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HIA +AA) = HIAL+ [ 6H[A]AA i+ Z [ Mm‘s H;jn A" (0)AA" (Ve e’ +

(C5)

6.4 Identification of the functional derivative of the Hamiltonian with the
particle number current density operator

In the following, we generalize an argument given by Epstein for the nonrelativistic
Hamiltonian.”” We assume that the expectation value of a local operator f can be

expressed as an integral over the electron density,
(= (@)= [ px)f(r)dr. (D1)

For the Hamiltonians considered in this work (nonrelativistic, effective nuclear charge,

Dirac), this implies that the electron density for a single electron is given by
p(r) = ¢ (r)y(r).

If both the wavefunction and the operator are time-dependent, the time derivative of

the expectation value (f)(t) = (¥(¢) | f(¢) | ¥(¢)) is obtained from Eq. (D1) as
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d%z(t) = %fp(r, t)f(r,t)dr = f%f(r, t)dr +fp(r, t) %dr = f%f(r, t)dr +<%>

(D2)

One can also express the time derivative of the expectation value via the generalized

Ehrenfest theorem,

o _, or\ _ pfomia o\ fo. oA of
2o+ {(3F) = (5508 s+ (3) == () e+ (5,

(D3)

Here, we used Eq. (124), which is valid if the Hamiltonian respects gauge invariance,

and performed integration by parts. Comparison of Egs. (D2) and (D3) shows that

SH[A] [ Op(r,t) .
- [v.<6A(r)>] fr by = [ = e, (D4)

which is true for arbitrary functions f(r,t). This means that

Op(r,t) | o [OH[A]\ _
- +v< >_o, (D5)

which is simply the continuity equation if we identify
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. |SH[A]
J(r)—< 6A(r)> (D6)

as the particle number current density. Hence, we can identify the first functional
derivative of the Hamiltonian with respect to the magnetic vector potential with the

particle number current density operator.
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