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A B S T R A C T   

The Langelier-Ludwig square diagram is a commonly used diagnostic tool in groundwater chemistry. Suitable 
groupings of cations and anions are selected and plotted as percentages of milliequivalents with the sums of the 
selected cations and anions plotted on the y- and x-axes, respectively. It displays relative ratios rather than 
absolute concentration whereby each axis ranges from 0 to 50 meq%. However, the sample space in which data 
are represented in a Langelier-Ludwig square diagram is indeed given by the simplex. Incorrect conclusions may 
be drawn when the compositional nature of compositional data is not taken into account, i.e., a change in one 
value in one component changes all other values due to due to the constant sum constraint of the measured 
chemical elements. Correlations are thus influenced by the presence of negative bias in the covariance structure 
and linear or nonlinear patterns on the square diagram can be misinterpreted. A new version of the Langelier- 
Ludwig square diagram based on a well-chosen coordinate representation of cations and anions is proposed. 
The advantage of the revised diagram is that all the information is contained in the log-ratios describing the 
intricate relationship between chemical species in aqueous solutions. It is shown that the geochemical inter
pretation of this new diagram – based on the relative dominance of major ions and distance from the (robust) 
barycenter of the data – provides a better and unbiased understanding of water-environment interactions. To 
further aid interpretation, (robust) tolerance ellipses show the correlation structure in the new version of the 
Langelier-Ludwig square diagram, and clustering algorithms can be applied to divide the data into groups be
forehand. A bunch of different plotting options and interactive representations complete the implementation in 
free open-source software. It is recommended to replace the classic Langelier-Ludwig diagram with the new 
version.   

1. Introduction 

The chemical composition of water is a multi-component system, and 
several graphical-numerical methods have been proposed in the litera
ture to describe this complexity. Most proposals have attempted to relate 
the chemical concentration of major ions to weathering and dissolution 
processes, and to the minerals from which the ions are derived in a 
particular lithologic context. Chemical reactions controlled by thermo
dynamic equilibria affect natural waters (acid-base equilibrium, 
complexation, solubility, oxidation, etc.) and determine the distribution 
of ionic species. This is done by taking into account their properties, 
which are well described by the position in the periodic table and the 
value of the ionic potential (Railsback, 2003). Typically, different dia
grams are used to distinguish groups of similar data to reconstruct the 

presence of geochemical facies and potential mixing pathways and allow 
their subsequent spatial representation. In this framework, the chemis
try of the world's surface water, expressed as a function of rainfall and 
seawater chemistry, rock weathering, and evaporation, was represented 
by Gibbs (1970) using a binary diagram comprising TDS (Total Dis
solved Solids, in mg/L) and the ratios Na+/(Na+ + Ca2+) or Cl− /(Cl− +

HCO3
− ). The Stiff diagram (Stiff, 1970) instead shows the concentrations 

(in milliequivalents) of the major ions (both cations and anions) as a 
polygonal shape describing the relative abundance of the various species 
with respect to the total. A similar representation can also be achieved 
by the double bar graphs proposed by Collins (1923), where the bars 
with respect to the horizontal zero line represent the proportional 
abundance of compounds (anions and cations separately) in equivalents 
per liter for different types of water. Finally, the Piper diagram (Piper, 
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1944) consists of two trilinear diagrams in the lower section repre
senting the relative concentrations of cations and anions, and a 
diamond-shaped diagram in the middle combining the cation and anion 
proportions. Various proposals and variants of the Piper diagram were 
described by Durov (1948). Recently, it has been modified to represent 
large volumes of hydrochemical analyses (Merino et al., 1944) and a 
revision in light of the compositional data analysis approach (Aitchison, 
1982) has been proposed by Shelton et al. (2018). A new type of major 
ion plot based on conversion of data to ilr coordinates was also adopted 
by Engle and Rowan (2014), which replicates the type of information 
contained in Durov diagrams. 

The idea of interpreting the water analysis on the basis of the main 
components in a simple graphical representation goes back to Hill 
(1940) and Langelier and Ludwig (1942). The last authors proposed the 
well-known “square” diagram. According to Langelier and Ludwig 
(1942), the main chemical constituents of water can be divided into four 
groups, each of which has chemically similar properties: c1, consisting of 
the alkali cations sodium and potassium, c2, consisting of the hardness 
cations calcium and magnesium, a1, consisting of the strongly acidic 
anions nitrate, chloride, and sulfate, and a2, consisting of the weakly 
acidic anions carbonate and bicarbonate. The electrical neutrality of salt 
solutions requires that c1 + c2 = a1 + a2, giving the square diagram the 
special properties of a non-Euclidean space. Implications of interpreting 
the Langelier-Ludwig diagram in the light of the Compositional Data 
Theory were also revealed by Buccianti and Magli (2011) by comparing 
confidence regions inside the constrained space with real ones. The 
greatest differences between metrics occur when approaching the limit 
of the simplex, where sample attribution to different quadrants could be 
misplaced, thereby affecting the geochemical interpretation (Buccianti 
and Magli, 2011). These problems demonstrate the need for revised 
versions of the LL (Langelier-Ludwig) diagram that take into account the 
proper sample space while still allowing an easy geochemical interpre
tation of the results. Despite this, very little research effort has been 
conducted in this regard for the LL diagram, while new versions were 
proposed for the Piper and Durov diagrams (Shelton et al., 2018; Engle 
and Rowan, 2014). 

In this paper, the LL diagram is considered in two different ways: 1) 
as a 50 closed simplex in which it is mandatory to follow the rules of 
compositional data analysis to identify natural groups, anomalous data, 
and robust confidence ellipses in it; and 2) as a corresponding compo
sitional version of the binary diagram with axes represented by iso
metric log-ratio coordinates, mapping a real space in which the 
identification of linear or nonlinear patterns or mixture paths follows the 
Euclidean geometry. The application examples concern the geochem
istry of groundwaters collected in different areas of central Italy. To 
perform both analyses, the new methods of this work were implemented 
in the free and open source R software environment (R Development 
Core Team, 2022), specifically in the robCompositions package 
(Templ et al., 2011). 

2. Materials and methods 

2.1. Geochemical data set 

The Tuscany region in central Italy is bordered to the north and south 
by the orogenic belt of the Northern Apennines, formed by the pressure 
phase from the Cretaceous to the Miocene associated with the collision 
of the European and African plates. An early compressional phase led to 
the overthrust of the Tuscan units and the Ligurian units on the 
Umbrian-Marchean units (Oligocene-Miocene) and to the uplift of the 
Apennine chain (Miocene-Pliocene/Pleistocene). Subsequently, an 
extensional phase (upper Miocene to upper Pleistocene) overlaid the 
thrust structures and resulted in several NW-SE-oriented graben systems 
that were filled by Neogene sediments (Lavecchia, 1990). The crustal 
thinning and the high geothermal gradient associated with this exten
sional phase led to the emplacement of intrusive bodies and volcanic 

edifices. Consequently, hydrothermal activity and various geothermal 
fields developed in Tuscany (e.g., Larderello and Mt. Amiata) with 
several thermal springs and CO3

2− -rich gas vents discharging in cen
tral–southern Tuscany (Minissale, 2004). As a result of this tectonic 
evolution, the hydrogeological setting of the region is primarily char
acterized by i) an impermeable cover of marls and clays with some 
permeable layers allowing a limited flow of water, ii) a carbo
nate–evaporitic complex that contains the exploited geothermal reser
voirs, and iii) a crystalline rock complex with a lower permeability 
(Fig. 1). The most typical lithologies are represented by Paleozoic 
metamorphic rocks (e.g., phyllitic to quartzitic and micaschist rocks), 
Mesozoic (Triassic evaporitic anyhydrites) and Cenozoic carbonate and 
evaporitic formations, which are overlaid by flysch series, and cross-cut 
or covered by Neogene to Quaternary granite intrusions and volcanic 
conduits, respectively. 

Two different databases were considered for the analysis. The first 
one refers to the main different lithological and environmental condi
tions covering most of the region (blue dots), while the second relates to 
a small area around the city of Arezzo (purple dots; Fig. 1). It is expected 
that the first database is more heterogeneous compared to the second, 
which allows searching for natural groups through cluster analysis. The 
geochemical analysis of the waters from Tuscany region was investi
gated in Nisi et al. (2016a) with the aim to find a baseline from a 
compositional point of view. The database, which covers most of the 
regional area, contains the chemical composition of 2033 samples for 
which pH values, electrical conductivity (EC), and coordinates are 
known in addition to the concentration in meq/L of Ca2+, Mg2+, Na+, 
K+, HCO3

− , Cl− , SO4
2− . Hydrochemical facies are mainly (about 70%) 

dominated by Ca-HCO3 with Total Dissolved Solids (TDS) varying from 
29 to 9400 mg/L (median: 667 mg/L). The same scheme is proposed for 
the more spatially limited Arezzo database, which contains the chem
istry of about 367 samples. No values below the detection limit or zero 
values are reported in either data set. In case of their presence, it is 
advisable to refer to Martin-Fernandez et al. (2015), Templ et al. (2016) 
and Chen et al. (2018) to approach the problem from the compositional 
perspective. 

2.2. The classic Langelier-Ludwig diagram 

The sample space of the data represented in a LL diagram is a simplex 
closed to 50 and constructed from the major constituents of natural 
waters such as Na+, K+, Ca2+, Mg2+, HCO3

− , CO3
2− , Cl− , SO4

2− . Sometimes 
nitrate NO3

− may also be included, while HCO3
− and CO3

2− together are 
considered the alkalinity of the water, i.e., the measure of the ability of 
the water body to neutralize acids and bases (buffering capacity) and 
thus maintain a fairly stable pH. The coordinates of sample points in the 
diagram are calculated by default construction on a forced ion balance 
basis (Langelier and Ludwig, 1942). Accordingly, the parameters to 
obtain the square are given by the standard equations R1 (Eq. (1)), which 
represents the relationships between cations and R2 (Eq. (2)) between 
anions: 

R1(Na+ +K+) =
(Na+ + K+)

Na+ + K+ + Ca2+ + Mg2+ × 50, (1)  

R2
(
HCO−

3 +CO2−
3

)
=

(
HCO−

3 + CO2−
3

)

HCO−
3 + CO2−

3 + Cl− + SO2−
4

× 50. (2) 

Consequently: 

R3
(
Ca2+ +Mg2+) = 50 − (Na+ +K+), (3)  

R4
(
Cl− + SO2−

4

)
= 50 −

(
HCO−

3 +CO2−
3

)
. (4) 

The classical diagram is constructed considering the horizontal axis 
R2 (or R4) and the vertical axis R1 (or R3) as shown in Fig. 2. Some 
geochemical interpretations can also be made here, depending on where 
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the cases fall in the different parts of the plane (e.g. Minissale et al., 
2000). 

2.3. Coordinate representation of compositions for the new diagram 

Compositional data describe the (say D) parts of a whole and are 
usually represented as vectors of proportions, percentages, 

Fig. 1. Schematic map of the main hydrogeological complexes in the Tuscany region and location of groundwater samples. The layer of hydrological complexes was 
derived from ISPRA Ambiente (2017). 
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concentrations, or frequencies. In the case of groundwater chemical 
composition, a composition represents the magnitude of chemical ele
ments in mg/L of a groundwater sample. Not all values of a part are 
possible, i.e. not every value is possible to ensure that the sum from the 
equation below holds. For example, the higher Ca-HCO3, the lower the 
contributions of the other parts. Therefore, it is easy to see that a 
negative bias (Pawlowsky-Glahn et al., 2007; Filzmoser and Hron, 
2008a; Templ and Templ, 2020) is introduced in the correlation be
tween parts, which one can show that it leads to unreliable and biased 
results when analyzing data with non-compositional methods (Templ 
and Templ, 2021). More precisely, a D-part simplex is defined as (see 
Filzmoser et al., 2018): 

SD =

{

x = (x1,…, xD)
T
, xi > 0,

∑D

i=1
xi = κ

}

(5)  

with n compositional vectors xi = (xi1,…,xiD)T in SD, i = 1, …, n. 
It is easy to see that the simplex SD(SD ∕∈ ℝD) is characterized by its 

own geometry, the Aitchison geometry. Note that each composition 
vector x can be rescaled by a constant c and then the compositions x and 
x = cx are compositionally equivalent. It can be shown that the exact 
value of κ does not matter in modern analysis of compositional data, and 
it can also be different for each composition (Filzmoser et al., 2018). 

Awareness of the problems associated with the (classical, non- 
compositional) statistical analysis of compositional data goes back to 
Pearson (1897), who was concerned with spurious correlations, and 
Chayes (1960), who discovered the basic constraints affecting the 
variance-covariance structure of a compositional data matrix. Aitchison 
(1982) recognized that compositions provide information about 

relative, not absolute, values of parts or components. The consequence is 
that any statement about a composition can be stated in terms of ratios 
of components (Aitchison, 1986). 

Log-ratios are more manageable in mathematical calculations and 
provide a one-to-one mapping to a real space. Various log-ratios trans
formations have been proposed in the literature. Around 2000, the 
realization of the algebraic-geometric structure of the sample space of 
compositions (Billheimer et al., 2001; Pawlowsky-Glahn and Egozcue, 
2001) led to the staying-in-the-simplex approach based on the principle 
of working in coordinates (Mateu-Figueras et al., 2011). Following this 
tendency, compositions are represented by orthonormal coordinates 
living in a real Euclidean space corresponding to the simplex sample 
space of compositions. 

There are several ways to define orthonormal bases in the simplex. 
Our approach uses a sequential binary partition (SBP) of a compositional 
vector (Egozcue and Pawlowsky-Glahn, 2005). The motive is that such 
bases can easily lead to interpretive terms for grouped parts of the 
composition. The Cartesian coordinates of a composition in such a basis 
are called balances, while the composition vectors that make up the 
balance are named elements of the basis. An SBP is a hierarchy of the 
parts of a composition. In the first order of the hierarchy, all parts are 
divided into two groups. In the following steps, each group is again 
divided into two groups. The process continues until all groups have a 
single part. For the kth order partition, it is possible to define the balance 
between the two subgroups formed at that level: if i1, i2, …, ir are the r 
parts of the first subgroup (coded by +1) and j1, j2, …js the s parts of the 
second (coded by − 1), the balance is defined as the normalized log-ratio 
of the geometric mean of each group of parts: 

Fig. 2. Classical Langelier-Ludwig diagram with indications for some geological interpretations. The blue dot represents a typical seawater composition. (For 
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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zr =

̅̅̅̅̅̅̅̅̅̅
rs

r + s

√

ln
(xi1, xi2…xir)

1/r

(
xj1, xj2…xjs

)1/s = ln
(xi1, xi2…xir)

a+
(
xj1, xj2…xjs

)a− , (6)  

where 

a+ = +
1
r

̅̅̅̅̅̅̅̅̅̅
rs

r + s

√

, a− = −
1
s

̅̅̅̅̅̅̅̅̅̅
rs

r + s

√

. (7) 

The term a+ refers to parts in the numerator, a- to parts in the de
nominator, and the values of r and s correspond to the k-th order 
partition. It is important to note that in an SBP process, the change of 
sign codes from + to − and vice versa in each step of the partition causes 
only the change of sign of the associated balance and that the order in 
which the balances are arranged is arbitrary. If all selected variables are 
measured, the sign matrix given in Table 1a can be used to encode the 
sequential binary partition to obtain the orthonormal coordinates of the 
LL diagram. In case CO3

2− is not available in the dataset, as in this case 
study, the SPB encoding reported in Table 1b should be considered 
instead. 

The possibility to work in the real space using the coordinate rep
resentation from Eq. (6) facilitates the identification of groups in the 
data and their modeling and, consequently, the application of inferential 
methods. The b5 and b2 balances of the Table 1b were used to visualize 
the corresponding real space of the simplex. More precisely, expressing 
X, a compositional data matrix with n observations and D compositional 
parts, in coordinates by applying Eq. (6) using b5 and b2 yields the n × 2 
matrix Z with observations z1, …, zn. 

2.4. Further enhancements 

2.4.1. Robust tolerance ellipses 
The proposed new visualization is first improved by computing and 

visualizing the robust confidence ellipse around the barycenter for one 
or more data sets distinguished by an available criterion (geography, 
lithology, etc., or after grouping with a clustering algorithm). Standard 
multivariate procedures assume that the majority of Z observations are 
generated by a multivariate normal distribution with mean vector μ and 
covariance matrix Σ. For a location estimator t and a covariance esti
mator C, the squared Mahalanobis distances between the observations 
expressed in coordinates and the respective location estimator t, 

MD(zi)
2
= (zi − t)

′

C− 1(zi − t), for i = 1,…, n, (8)  

approximately follow a χ2 distribution with D − 1 degrees of freedom, 
χD− 1

2 (Filzmoser et al., 2018). Ellipses expressing the covariance of a data 
set, Z, consisting of the points with constant Mahalanobis distances, i.e. 
constant multivariate distance to the location estimate t. Note that 
certain quantile of this distribution, like the 0.975-th quantile, χD− 1; 

0.975
2, can be used as a cut-off value to identify multivariate outliers as 

observations (Filzmoser and Hron, 2008b). 
The classical arithmetic mean (vector) and the (Pearson) sample 

covariance matrix are unsuitable as estimators of t and C in Eq. (8) in the 
presence of outliers, since they are then themselves spoiled by the out
liers. Thus, t and C should be robust estimators, like the MCD estimators 
tMCD and CMCD or the MM-estimator tMM and CMM (Maronna et al., 
2006). The MCD is an iterative algorithm to find those k out of n ob
servations with the smallest determinant of the covariance matrix; k is 
typically set to 0.5 ⋅ n (50 % of the data can then be outliers), but can be 
increased up to n. In the latter most extreme (non-robust) case, the 
estimator equals the Pearson covariance estimate. While the MCD esti
mator assigns 0/1 weights to observations, the MM estimator assigns 
continuous weights to observations. The lower the weight, the more 
likely an observation is considered an outlier. The MM-estimator is the 
most efficient robust estimator and also allows up to 50 % outliers. 
Further details on the MM-estimator can be found in Maronna et al. 
(2006). 

The calculations were performed in the corresponding coordinate 
representation obtained by applying the isometric log-ratio trans
formation (Eq. (6) and Table 1a) to the main chemical components of 
water. They can then be transformed back to the simplex. The subse
quent step was to plot the results of a cluster analysis in a squared dia
gram when the data are not grouped according to certain criteria. For 
each group, the robust 95% confidence ellipse around the barycenter 
was also reported. 

2.4.2. Clustering 
The proposed new visualization is secondly improved by the possi

bility of finding groups of compositions with a clustering algorithm. The 
implementation includes two methods, k-means and model-based clus
tering. k-means clustering can be chosen because of its simplicity and 
fast computational speed. However, model-based clustering methods 
generally provide better clustering results (Templ et al., 2008). Model- 
based clustering is computationally more complex than other clus
tering algorithms such as k-means because the covariance of each cluster 
must also be estimated at each step of the iterative procedure. However, 
this is not a burden for typical groundwater chemistry data sets because 
these datasets tend to be small, i.e., do not consist of several thousand 
compositions. 

Model-based clustering uses a statistical model for the shape of the 
clusters. In the standard model, the distribution of a compositional 
cluster is assumed to have the density of a multivariate normal distri
bution on the simplex (Eq. (5)) with a given location and covariance. 
The procedure can be either applied on:  

a) the isometric coordinate representation of all input variables (Na+, 
K+, Ca2+, Mg2+, HCO3

− , CO3
2− , Cl− , SO4

2− ). Hereby, the clustering is 
applied on z1, …, z6 related to the balances b1 to b6.  

b) Z = {z5,z2}, see Eq. (6). Hereby, the clustering is applied on b5 and 
b2, thus aiming to mark clusters that are visually visible in the 
compositional LL-diagram. 

Both representations have their advantages. If the clusters visually 
visible in the compositional LL diagram are to be marked with an 
automatic procedure, the second approach is preferable. If the infor
mation of all log-ratios of the variables shall be included and the result of 
the clustering on these coordinate representations shall be displayed in 

Table 1 
Sign matrices used to encode a sequential binary partition and to form an 
orthonormal basis for the Langelier-Ludwig diagram. 
(a) All variables measured. 
(b) CO3

2− not available.  

(a) 

Ions b1 b2 b3 b4 b5 b6 b7 

Na+ +1 +1 +1 0 0 0 0 
K+ +1 +1 -1 0 0 0 0 
Ca2+ +1 -1 0 +1 0 0 0 
Mg2+ +1 -1 0 -1 0 0 0 
HCO3

− -1 0 0 0 +1 +1 0 
CO3

2− -1 0 0 0 +1 -1 0 
Cl− -1 0 0 0 -1 0 +1 
SO4

2− -1 0 0 0 -1 0 -1   

(b) 

Ions b1 b2 b3 b4 b5 b6 

Na+ +1 +1 +1 0 0 0 
K+ +1 +1 -1 0 0 0 
Ca2+ +1 -1 0 +1 0 0 
Mg2+ +1 -1 0 -1 0 0 
HCO3

− -1 0 0 0 +1 0 
Cl− -1 0 0 0 -1 +1 
SO4

2− -1 0 0 0 -1 -1  
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the LL diagram, the first approach is advantageous and aims at showing 
additional aspects that were not included in the LL diagram before. 

It is assumed that the data consists of k clusters, generated by 
multivariate normal densities with expectations μj and covariance 
matrices Σj, for j = 1, …, k. Especially, if D gets larger, many parameters 
need to be estimated from the available data, which can lead to insta
bility. For this reason, the covariance estimations can be simplified by 
imposing constraints on the covariance structures of the clusters, 
ranging from allowing only the same covariances of the same size and 
shape in each cluster to k clusters with different shapes, sizes, and ori
entations. The algorithm itself optimizes both together, the optimal set 
of constraints and the optimal number of clusters based on a Bayesian 
information criterion proposed by Fraley and Raftery (1998), but - if 
desired - both can be overwritten manually. For a detailed description of 
the algorithm for model-based clustering, we refer the reader to Fraley 
and Raftery (1998) and for its application to cluster analysis of 
compositional data to Templ et al. (2008). 

2.5. Plotting options 

The heart of this contribution is to propose new visualizations for a 
compositional LL diagram. The visualizations - implemented in rob
Compositions - allow for flexibility and one can choose between many 

options:  

• points-shapes / labels / points-shapes and labels / labels only if there 
is enough space, otherwise points-shapes  

• tolerance ellipses (no / based on classical estimates / based on robust 
estimates), and level (default equals 97.5 %)  

• pre-defined groups  
• clustering (yes with many options / no)  
• interactivity with mouse overlays supporting additional information 

and zooming (yes / no)  
• coloring (with many options):  

– according to defined variables in the data set  
– according to a clustering result  
– according to the outlyingness of an observation, i.e. its robust 

weights / robust Mahalanobis distances.  
– according to the position in the compositional LL diagram and 

closeness to the center. Here, the points are projected onto a 
bivariate gradient color space that results in different colors in four 
quadrants of the plot. A green color is assigned if the values for 
both isometric coordinates, z1 and z2, are small. The color fuchsia 
is assigned to points with both having large values. Orange is 
selected when the value of z1 is small and the value of z2 is large, 

Fig. 3. Classic and compositional Langelier-Ludwig diagrams for Arezzo groundwater.  
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and blue when the z1 is large and the z2 is small. Values closer to 
the extremes are saturated.  

• plot (classical / robust) center  
• transparency of points-shapes and labels 

3. Results 

3.1. Classic and compositional Langelier-Ludwig diagram with tolerance 
ellipses 

3.1.1. Arezzo groundwater 
Firstly, for the sake of comparison, the classic LL diagram for Arezzo 

groundwater data is shown in Fig. 3a. Data points are partially labeled to 
allow for better interpretation and the color of points is related to con
ductivity, which is representative of the total dissolved solids content in 
groundwater and is related to the redox potential. Groundwater samples 
are typically characterized by a Ca(Mg)-HCO3 hydrochemical facies 
followed by Na(K)-HCO3, Ca(Mg)-SO4 and Na(K)-Cl. In general, EC 
values tend to increase as one moves from the bottom-right corner of the 
plot, which represents a typical Ca(Mg)-HCO3 groundwater composi
tion, to the other quadrants. This is true except for two outliers located in 
the right lower part of the LL diagram with very high conductivity (up to 
3000 μS/cm). Accordingly, the increasing EC values seem to well predict 

the transition to the other geochemical facies (Fig. 3a), and especially to 
Ca(Mg)-SO4 and Na(K)-Cl. It is worth noting, that low EC values (i.e., 
<500 μS/cm) are extremely rare, while most of the samples have a 
median EC of 870 μS/cm. All of the presented plots have interactive 
mouse overlays that display information about each observation, but of 
course, this interactive feature cannot be displayed in a printed version 
of the plot. 

Fig. 3b shows the compositional version of the LL diagram including 
a robust estimate of the covariance displayed by 97.5 % tolerance el
lipses. The vertical and horizontal thick gray lines mark the values of 
zero on both axes. If the log-ratios are zero, then the ratios HCO3

− /(Cl− ×

SO4
2− ) and Na+ × K+/(Ca2+ × Mg2+) must be equal to 1. Accordingly, 

values above zero on the x-axis indicate a dominance of HCO3
− , while 

values below zero on the y-axis indicate a dominance of Ca2+ × Mg2+. 
This situation characterizes all Arezzo groundwaters except for one 
sample (see label 1) in which Cl− × SO4

2− is predominant. Typically, 
samples with values of HCO3

− /(Cl− × SO4
2− ) below average have larger 

conductivity. However, two outlying observations having very high 
conductivity and HCO3

− /(Cl− × SO4
2− ) above average are detected (see 

label H6). These outliers are the same as those highlighted in the clas
sical LL diagram (Fig. 3a). To illustrate the difference between the 
classical and the implemented robust covariance estimation, the same 
diagram is represented in Fig. 3c with the classical 97.5 % tolerance 

Fig. 4. Classic and compositional Langelier-Ludwig diagrams for Tuscany groundwater.  
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ellipse. The robust confidence ellipse collapses diagonally showing a 
negative correlation between the considered log-ratios. Thus, higher Cl−

and SO4
2− concentrations are most likely associated with increased Na+

and K+. Differently, the classical confidence ellipse has a nearly circular 
appearance indicating that the two log-ratios are almost uncorrelated. 
Moreover, the plot shows that classical 97.5 % covariance estimation 
excludes a smaller number of observations, whereas the robust one 
identifies a greater amount of extreme values. 

3.1.2. Tuscany groundwater 
For comparison purposes, the classic LL diagram for the groundwater 

dataset of Tuscany is shown in Fig. 4a. EC gradient scale has been 
adjusted manually in order to be comparable with that of Fig. 3a. Most of 
the points are again in the lower right quadrant, indicating that 
groundwater samples are typically characterized by a Ca(Mg)-HCO3 
hydrochemical facies. Afterward, the most typical hydrofacies is Ca 
(Mg)-SO4 followed by Na(K)-HCO3 and Na(K)-Cl. Extremely high EC 
values (above 10,000 μS/cm) are mainly found for groundwater samples 
located in the upper left quadrant characterized by a composition near 
to that of marine waters (e.g., see labels 23, 24, 135) or close to that of 

geothermal brines (see labels 59, 35 and Gambassi). Several samples 
exceeding the 10,000 μS/cm are also found in the Ca(Mg)-SO4 quadrant, 
close to the area typical of acidic waters. In contrast, only occasional 
points (including 2, 144 and 145) with EC above 5000 μS/cm are located 
in the right quadrants. 

Fig. 4b shows the compositional version of the LL diagram with a 
robust estimate of the covariance indicated by 97.5 % tolerance ellipses. 
According to the plot, most waters are dominated by HCO3

− on the x-axis 
and Ca2+ and Mg2+ on the y-axis. However, several samples display 
relative enrichment in the other ions. Particularly, in the upper-left 
corner of the diagram, a trend towards an increasing dominance of 
(Cl− × SO4

2− ) and (Na+ × K+) is clearly visible. It is worth mentioning 
that, on the revised LL diagram, linear or nonlinear patterns or mixture 
paths can be interpreted using Euclidean geometry, whereas this is not 
the case for its classic version. In the same way as the Arezzo ground
waters, samples with values of HCO3

− /(Cl− × SO4
2− ) below average tend 

to have larger conductivities. Nevertheless, some outlying observations 
with very high conductivity and HCO3

− /(Cl− × SO4
2− ) above average are 

also detected (e.g. 4, 49 and 144). The robust 97.5 % confidence ellipse 
collapses diagonally in this case as well, demonstrating a negative 

Fig. 5. Compositional Langelier-Ludwig diagrams for with bivariate gradient color scale indicating the closeness to the robust center.  
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correlation between the considered log-ratios. Nevertheless, here the 
difference between the classical and robust 97.5 % confidence ellipses is 
less apparent compared to Fig. 4b-c, even though a greater number of 
extreme values is recognized by the robust confidence ellipse. An 
example of this is the group of blue samples (EC less than 1000 μS/cm) 
located near the upper-right corner of the plot that lies outside the 
robust confidence ellipse but within the classical one. 

3.2. Arezzo and Tuscany groundwater: distance from the robust 
compositional barycenter 

A further implementation regarding the plotting options is the pos
sibility to color points according to the position in the compositional LL 
diagram and closeness to the center. The difference of Fig. 5a to 3b is the 

color coding and shape of symbols. Points are projected to a bivariate 
gradient color space, thus obtaining different colors for the four quad
rants of the plot according to the values of the isometric coordinates, see 
Section 2.5. 

This is especially useful in combination with a map, not shown here, 
using the same colors of groundwater samples as those displayed in 
Fig. 5a. In the bivariate gradient color space, the values closer to the 
extremes are saturated compared with those nearer the barycenter. 

As for Arezzo ground waters, colors are mostly de-saturated, indi
cating an overall closeness to the barycenter. The few samples with 
saturated colors primarily tend towards shades of orange and fuchsia 
(dominance of (Na+ × K+) over (Ca2+ × Mg2+)), while shades of green 
and blue are less common (Fig. 5a). In a similar manner, Fig. 5b presents 
the same results as Fig. 4b but with points projected to a bivariate 

Fig. 6. Results of k-means and model-based clustering plotted on the LL diagram using robust tolerance ellipses.  
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gradient color scale. From the visual inspection of the LL diagram for 
Tuscany groundwater, it is apparent that colors are overall more satu
rated, suggesting that a greater number of samples are located further 
away from the barycenter. It is noteworthy that the interpretation de
pends on the barycenter of the considered data set. This means that the 
four quadrants obtained cannot be compared with those of the classical 
LL diagram, but their positions vary depending on the barycenter of the 
data. In order to better illustrate this point, the barycenter of Arezzo 
ground waters is reported as a circled + on the diagram of Tuscany 
ground waters and vice versa (Fig. 5a-b). From the diagrams, it can be 
seen that the centers of the two datasets are quite closer. However, with 
respect to Arezzo, the barycenter of Tuscany groundwater appears to be 
displaced more towards the upper-left side (see Fig. 5a). This indicates 
that Tuscany samples are, in general, slightly more enriched in (Cl− ×

SO4
2− ) and (Na+ × K+) than those from Arezzo. 

3.3. Clustering analysis on Tuscany groundwater 

With the use of clustering algorithms, the proposed visualization of 
the LL diagram is further extended by allowing the detection of groups of 
compositions, as described in Section 2.4.2. The results of clustering Z 
are shown in Fig. 6a-b while those resulting from the clustering applied 
to all isometric log-ratio coordinates are illustrated in Fig. 6c-d. The 
shape of points corresponds to the cluster membership of a sample, the 
tolerance ellipses show the robust covariance in all four clusters and the 
color of points is related to the EC. The graphs at the top correspond 
directly to the visible information in the LL diagram, while the diagrams 
at the bottom incorporate all isometric log-ratio coordinates into the 
cluster analysis. This means that additional aspects describing the in
terlinks between the parts of the composition are taken into consider
ation. The k-means clustering (Fig. 6a-c) shows more clearly separated 
clusters, while the model-based clustering results (Fig. 6b-d) take into 
account the covariances of the individual clusters and can thus achieve 
more elliptical clusters. However, the results show that there is no clear 
clustering structure in the Tuscany groundwater data. In case a clear 
clustering structure exists, the resulting groups can also be mapped in 
order to visualize their geographic distribution and examine potential 
driving processes. 

4. Discussion 

4.1. What is the danger of interpreting the classic Langelier-Ludwig 
diagram? 

One of the main dangers of interpreting the classic LL diagram is that 
the increase of one element would automatically decrease the other el
ements. Since compositional data are proportions, a variation in one 
component changes the relative amount of every other and this is 
especially true if one element is dominant, as commonly happens for 
Ca2+ and HCO3

− in groundwaters. As a result, the classic LL diagram is 
influenced by variations in the values of these elements. There are many 
recent examples in literature in which the classic LL diagram is used for 
water classification purposes and attempts are made to identify end- 
members, linear or nonlinear patterns and correlations based on the 
diagram (e.g., Bhat et al., 2016; Cangemi et al., 2019; Safari et al., 2020). 
Nevertheless, in the light of our results, supported by the Theory of 
Compositional Data Analysis, this could lead to non-exhaustive in
terpretations or even misinterpretations due to the constant sum 
constraint. Similar problems are also documented for classical ternary or 
binary geochemical diagrams (e.g., Pawlowsky-Glahn et al., 2015; 
Buccianti, 2015). The new proposed version of the square diagram aims 
to solve these issues allowing to work on a real space. 

Note that the compositional LL diagram does not permit an absolute 
classification of waters in hydrochemical facies but instead displays 
relative variations in major ion content with respect to the barycenter of 
the log-ratios (red +). In fact, it is impossible to find a single point on the 

compositional diagram that corresponds to the center of the classic LL 
diagram. If we consider for example two theoretical compositions hav
ing both R1 = 25 (i.e. Na++K+ = Ca2++Mg2+) and R2 = 25 (i.e. HCO3

− =

Cl− +SO4
2− ) but different concentrations, we will find that both of them 

will be plotted exactly in the same position in the middle of the classic LL 
diagram. However, in the compositional version of the diagram, these 
two compositions will not be plotted at the same location but the co
ordinates b5 and b2 of the two samples will differ according to the 
relative behavior among the considered variables. In summary, if 
Na++K+=Ca2++Mg2+ then R1 will always be 25 due to the relative 
character of compositional data, differently for the same condition b2 
will have multiple values. The same applies for R2 and b5. The compo
nents of each subset are added together in the classic LL diagram, so that 
considering ions in pairs (e.g. Na++K+) implies that the information 
provided by the single components is lost. On the other hand, in the 
compositional version, the pairs of components are multiplied by one 
another, thus accounting for their proportional relations (Daunis-I- 
Estadella et al., 2006), better following the structure of the Law of Mass 
Action governing chemical reactions and weathering processes (Buc
cianti and Zuo, 2016). As a consequence, the point separating the 
different facies in the classical LL diagram can no longer be defined in 
the compositional diagram. Instead, new areas delineating the relative 
dominance of cations and anions could be delimited on the composi
tional diagram by determining whether the log-ratios are higher or 
lower than zero. It is worth noting that products and related geometric 
means can be highly affected by parts with small relative values, 
possibly causing misinterpretations (e.g. Rock, 1988; Gozzi and Buc
cianti, 2022). For example, imagine a composition with 4 parts with the 
values (0.001,2,5,7.5), then your geometric mean is 0.523. However, if 
you replace 0.001 with 0.00001, the geometric mean becomes 0.1654. 
This shows the sensitivity of the geometric mean regarding values on the 
border of the simplex, i.e. small contributions of a chemical element. 
However, this is rarely the case when working with the major compo
nents of natural waters. 

4.2. Benefits of the new compositional diagram 

The presented methods described in Section 2.4 are available 
through the function LLdiagram implemented in the R package rob
Compositions (Templ et al., 2011; Filzmoser et al., 2018) as of version 
2.3.3. The proposed new visualization of the LL diagram allows the 
computation of the robust confidence ellipse around the barycenter for 
one or more data sets and to distinguish cases according to a set of 
criteria (e.g., geography, lithology, or other environmental drivers). In 
most cases, when analyzing the water chemistry, the choice of the 
grouping criterion for the visualization is made a priori before the LL 
diagram is constructed. With the option of quickly changing the visu
alization based on a criterion, it will be easier to select the most suitable 
representation for the data. This improvement can facilitate a better 
understanding of water-environment interactions and the detection of 
triggering factors for water composition. Research advancements rely on 
this knowledge to develop water system resilience to anthropogenic and 
climate-related impacts (Gozzi et al., 2021). 

Rather than choosing an external parameter to display samples, the 
implementation allows you to define groups based on a clustering al
gorithm (k-means and model-based clustering) and plot the results on 
the LL diagram. Clustering methods can either be applied to b2 and b5 or 
to the isometric coordinate representation of all variables (b1 to b6). As a 
first option, we focus only on the visible information provided by the LL 
diagram. Differently, using the second option a more comprehensive 
picture is given incorporating the information of all log-ratio co
ordinates with additional benefits to the interpretation. Furthermore, 
the implementation allows interactive diagrams through the R package 
plotly (Sievert, 2020). The interactive version supports zooming and 
mouse overlays and allows to display additional information about ob
servations/points in the diagram. When hovering over a marker, one can 
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get a tooltip showing the needed information which could be very useful 
for a quick visual exploration of the data. 

Another visualization tool (Fig. 5a) was presented in which points 
are colored using a bivariate gradient color space based on their position 
in the LL diagram and their proximity to the robust center of the data. 
This tool is especially useful for highly heterogeneous datasets and in 
combination with a map using the same color coding of the plot. How
ever, one should be aware that the barycenter of the data changes based 
on the dataset and accordingly the bivariate color scale. Comparisons 
among different LL diagrams may be possible by plotting the barycenters 
of the datasets in the same graph, as illustrated by the example of the 
Arezzo and Tuscany ground waters (Fig. 5a and b). The benefit of this 
visualization is that it combines the information contained in the LL 
diagram with a measure of distance from the barycenter. 

4.3. Geochemical interpretation based on the new diagram 

Considering the overall closeness to the barycenter (Fig. 5a) and the 
narrow variety of EC variations (Fig. 3), the results indicate that the 
composition of Arezzo ground waters is fairly homogeneous. The waters 
are mainly dominated by HCO3

− and Ca2+(Mg2+) as a result of water- 
rock interaction processes with calcium/magnesium carbonate. How
ever, values of b2 close to zero suggest the presence in some samples of 
higher relative contents of Na+(K+) with respect to the barycenter (see 
labels D7B, 62, 35a, etc). The origin of this relative increase could be 
related to the influence of CO2-rich waters that favor cation exchange 
processes with clay minerals contained in sedimentary formations, as 
reported by Vaselli et al. (2005); Vaselli (2011). The presence of a deep 
CO2-rich gas phase can be originated by thermo-metamorphic processes 
combined with mantle- and biogenic CO2 inputs (e.g., Vaselli et al., 

2005). The peculiar relative enrichment in HCO3
− detected for site H6, 

may indicate that these are mineral-thermal waters circulating in deep 
aquifers with significantly higher salinity due to advanced water-rock 
interaction with carbonatic lithotypes. It is important to note that this 
difference is not evident from the classical LL diagram. Furthermore, 
values of b5 close to zero suggest higher relative contents of Cl− (SO4

2− ) 
with respect to the average (see labels 1, H7A, D71). This could be 
related to possible anthropogenic contributions of Cl− and SO4

2− (e.g., 
agricultural fertilizers, animal waste, and municipal and industrial 
sewage) since the presence of natural sources (i.e., evaporitic minerals) 
has not been ascertained in the study area (Buccianti et al., 2014). 

Several environmental factors could explain the lack of clustering 
with defined boundaries in the data, including the geological hetero
geneity of the Tuscany area, the nature of the hydrological complex that 
hosted the studied groundwaters (Fig. 1) and the occurrence of mixing 
processes. However, even if the groups are not clearly distinct from one 
another, applying k-means clustering (with k = 6) on Z seems to provide 
interesting results. In fact, the obtained clusters, illustrated in Fig. 7a, 
marked five water groups having different deviations from the bary
center, here approximated by the central cluster (n.1). Therefore, the 
external groups (i.e. 2–6) may identify waters characterized by different 
geochemical processes than those closer to the barycenter. 

In order to verify the presence of potential spatial patterns, the re
sults are represented in the map of Fig. 7b after filtering out samples 
belonging to cluster 1. Observing the map, samples belonging to cluster 
2 appear widespread over the Tuscany area with higher occurrences in 
the northern area of Grosseto and near the coast north of Piombino. The 
relative enrichment in Ca(Mg)-SO4 could derive from dissolution pro
cesses of either sulfate minerals in Triassic Formations or Miocene 
gypsum and/or anydrite layers (Cortecci et al., 2002) or, in rarer cases, 

Fig. 7. K-means clustering on Z and spatial distribution of the obtained clusters.  
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to mixing process of acid mine waters with alkaline waters (e.g. Colline 
Metallifere, Grosseto). The composition of cluster 3 tends towards the 
lower-left corner, showing a typical Ca(Mg)-HCO3 composition 
(Fig. 7a). Generally, these waters are pristine groundwaters indicative of 
the first stages of water-rock interaction. In fact, based on the map, the 
majority of them is located in upland vegetated areas. Nevertheless, 
there are some exceptions represented by the outliers identified in Fig. 4. 
These last may refer to Ca-HCO3 mineral-thermal waters circulating in 
deep aquifers with significantly higher salinity (up to 3000 μS/cm) than 
those flowing in shallow hydrological circuits (Minissale et al., 1997). 
Fig. 7b shows that samples of clusters 4 and 5, which tend to have a Na 
(K)-Cl dominance, are located mainly near the coast. This might indicate 
that they have been partially (n.4) or heavily (n.5) affected by seawater 
mixing, respectively. These results hereby confirm that several coastal 
aquifers in Tuscany are impacted by seawater intrusion (Nisi et al., 
2016b; Franceschini and Signorini, 2016; Grassi and Netti, 2000). Some 
of the most severely affected samples by seawater mixing (EC above 
10,000 μS/cm, see Fig. 4) are found along the Piombino and Orbetello 
headlands. Finally cluster 6 could indicate waters interacting with CO2- 
rich gas discharge, such as those found in the area of Mt. Amiata 
(Minissale, 2004; Frondini et al., 2012). Nevertheless, since clusters are 
not clearly distinct from one another the interpretation of sample 
membership required cautions, especially for points located close to the 
borders of cluster 1 and near adjacent clusters. 

A further geochemical improvement on the new LL diagram is 
related to the fact that its axes have a structure that remembers the Law 
of Mass Action and the proportionality that governs reactants (denom
inator) and products (numerator) in a chemical reaction: 

(C)c(D)d

(A)a(B)b = k (9)  

with A, B, C and D chemical species and k equilibrium constant. The law 
states that the rate of any chemical reaction is proportional to the 
product of the masses of the reacting substances, with each mass raised 
to a power equal to the coefficient that occurs in the chemical equation. 
This law was formulated over the period 1864–79 by the Norwegian 
scientists Cato M. Guldberg and Peter Waage. Thus LL axes can represent 
the non-linearity that characterizes the entangled relationships among 
chemical species when participating in different reactions during water/ 
rocks interaction processes. In this perspective, the inspection of the 
shape of the frequency distribution of the equations of the axes may be 
useful to understand if the relationships among the parts are homoge
neously concentrated around a barycenter and if there are multi- 
modalities, thus indicating the presence of more alternative stable 
states, presence of skewness, heavy tails and anomalous values. These 

features are very useful to understand how biogeochemical processes are 
working thus predicting their behavior in time and space as well as their 
resilience to change (Hirota et al., 2011; Scheffer et al., 2012, 2015). 

For the data previously analyzed, Arezzo and Tuscany groundwaters, 
the density distributions of b2 and b5 balances are reported in Fig. 8. In 
both cases, they are sufficiently symmetrical with a limited number of 
anomalous values. The presence of significant alternative stable states 
(e.g. bimodality) is not clearly identified. Only a small bimodality can be 
noticed in b2 for both datasets. This result is attributable to the dominant 
behavior of carbonates cycle (mainly negative values for b2 and positive 
values for b5) involving Ca2+, HCO3

− and, secondarily, Mg2+, which 
clearly marks the nature of the waters in the investigated lithological 
context, generating Ca2+-HCO3

− geochemical facies. In addition, the 
result indicates that the system has reached a stationary “sink” or 
attractor state from which it cannot escape without important driving 
processes. This occurs independently from the local (Arezzo ground
water) or regional (Tuscany groundwater) scale, since the curves are 
more or less overlapped. In this perspective, balances, taking into ac
count proportional (not-linear) relationships among variables, as occurs 
in water/rock interaction processes, could be able to detect important 
changes in groundwater geochemistry at different spatial and temporal 
scales. In 2019, the identification of tipping points in the water cycle has 
been listed as one of the top 23 Unsolved Problems in Hydrology (UPH) 
by the International Association of Hydrological Sciences (IAHS). A 
tipping point is the value of the critical threshold at which the future 
state of a system is altered by natural factors, e.g. climate change or 
anthropogenic pressure, thereby generating bi- or multi stability 
(Schellnhuber, 2009; Biggs et al., 2018). Hence, by using a simple dia
gram such as the LL revised from the compositional perspective, it is 
possible to obtain manageable indices to monitor the dynamic of 
groundwater exploring its stability/instability, fragmentation in groups, 
and presence of transient states as a first exploratory picture of a com
plex system. Furthermore, since the LL diagram is based on the inter
action between two balances, the shape of the bivariate distribution b2- 
b5 can also be analyzed in order to get a more comprehensive under
standing of the entangled relationships between chemical species in 
aqueous solutions. With this aim, the 2D kernel density estimation of the 
bivariate distributions for Arezzo and Tuscany groundwater are reported 
in Fig. 9. 

In both cases, the bivariate plots confirmed the presence of a sta
tionary attraction region. Only a small isolated fragment, separated from 
the main sink, is visible in Tuscany groundwater. This group represents 
the barycenter of cluster 6 which characterizes waters interacting with 
CO2. However, in the upper portion of the density estimation of Arezzo 
groundwater, a deformation of the contour lines is also apparent, simi
larly related to the influence of CO2-rich waters. In the event of 

Fig. 8. Comparison of the density distributions of b2 (left) and b5 (right) log-ratios (i.e. axes of the compositional Langerlier-Ludwing diagram) for Arezzo and 
Tuscany groundwaters (Gw.). 
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environmental modifications, this protrusion might turn into a 
completely separate state or could be adsorbed by the main sink. Based 
on the picture of the system provided by the analyzed data at the given 
time of monitoring, CO2-rich gas discharge is likely to be one of the 
major factors potentially contributing to the bi-stabilization of the sta
tionary behavior of Tuscany and Arezzo groundwaters. CO2-rich gas 
discharge, in turn, is mainly controlled by the structural and geological 
setting of the area (Section 2.1). Nevertheless, other environmental 
factors such as topography, meteorological, hydrogeological and cli
matic conditions could also condition its discharge rate (e.g., Minissale, 
2004). 

Nevertheless, by analyzing the system on a broader time scale, the 
effects of other potential perturbing agents may be detected such as 
those related to anthropogenic activities or climate change. The first 
ones tend to increase the water salinity through agricultural practices, 
industrial activities and municipal and industrial sewage (Nisi et al., 
2008). The second ones determine an accelerated hydrological cycle 
with more frequent floods and droughts (Gleick, 2010) and numerous 
other effects (e.g., increased evaporation, changes in precipitation in
tensity and duration and runoff magnitude and timing, variations in 
volume and distribution of groundwater recharge). These variations 
have strong consequences on the concentration of solutes, nutrients and 
pollutants in surface and ground waters (e.g. Rice and Bricker, 1995; 
Green et al., 2011), thereby affecting water quality and composition. 

5. Conclusions 

The Langelier-Ludwig diagram is one of the most commonly used 
diagrams in geochemistry to identify hydrogeochemical facies of water 
samples. Its interpretation, however, could be dangerous, since the in
crease of one element would automatically decrease the other, due to the 
“closed” proportionality of geochemical data. In this paper, a composi
tional version of this diagram is presented with axes defined by isometric 
coordinates. In this way, a real space is created where the identification 
of linear or nonlinear patterns follows the Euclidean geometry. The new 
diagram was further implemented with: i) the computation of robust 
tolerance ellipses, ii) clustering algorithms with the option to choose 
whether all input variables should be included in the calculation or only 
those of the Langelier-Ludwig diagram and iii) different plotting options 
for enhanced exploration and visualization of the results. The benefit of 
the revised diagram is that all information is contained in the log-ratios 
which describe the entangled relationship between the chemical species 
in aqueous solutions. Geochemical interpretation of the diagram is based 
on the principle of relative dominance of major ions and distance from 
robust data barycenter. This perspective enables to go beyond the 

concept of an absolute classification of water types towards a more 
efficient tool for monitoring the system stability and presence of tran
sient states. This improvement can facilitate a better understanding of 
water-environment interactions and the detection of potential tipping 
points in the water cycle. 

5.1. Software implementation 

The presented methods are implemented in the R package rob
Compositions (Templ et al., 2011; Filzmoser et al., 2018) as of version 
2.3.3, available through the function LLdiagram. It also allows inter
active diagrams through plotly supporting zooming and mouse 
overlays showing additional information about observations/points in 
the diagram. 
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