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VARIATIONAL FORMULAS FOR CURVES OF FIXED DEGREE

GIOVANNA CITTI, GIANMARCO GIOVANNARDI, AND MANUEL RITORE

ABSTRACT. We consider a length functional for C! curves of fixed degree in
graded manifolds equipped with a Riemannian metric. The first variation of
this length functional can be computed only if the curve can be deformed in
a suitable sense, and this condition is expressed via a differential equation
along the curve. In the classical differential geometry setting, the analogous
condition was considered by Bryant and Hsu in [7, 21], who proved that it is
equivalent to the surjectivity of a holonomy map. The purpose of this paper is
to extend this deformation theory to curves of fixed degree providing several
examples and applications. In particular, we give a useful sufficient condition
to guarantee the possibility of deforming a curve.
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1. INTRODUCTION

We consider in this work equiregular graded manifolds (N, H?, ..., H?), where
H!' Cc H? C --- C H® = TN is a flag of sub-bundles of the tangent bundle satisfying
[H?,H7) € H*I, 4,5 > 1. This flag allows to define the degree of a tangent vector.

Examples of graded manifolds are Carnot manifolds (N,H), where H is a con-
stant rank distribution satisfying Hérmander’s rank condition: in this case H!
coincides with H and for every i, H® is obtained from # via i commutations.
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Another example are Hérmander structures of type II introduced by Rothschild
and Stein [36]. These structures are naturally associated to a heat subelliptic
equation: H' is a purely spatial Hormander distribution, 9; € H? and all the
elements of the flag of higher degree are obtained via commutation. In this case it
is clear that regularity properties of the solution depend not only on integral curves
of vector fields of degree one, but also on integral curves of the vector field 0, of
degree 2. Finally we can consider regular submanifolds N of a sub-Riemannian
manifold M. In [17, page 151] Gromov points out that, while the distance of a sub-
Riemannian manifold M can be expressed in term of integral curves of vector fields
of degree 1 by Chow’s Theorem, the same thing is no more true for a submanifold
N immersed in M, with the induced distance. Only if the new distribution HNT N
verifies a Hormander type condition on NV, there exists a horizontal path tangent to
N connecting any two points in N. This condition for the distribution HNT'N is not
verified even in simple cases. Nevertheless the submanifold IV inherits a filtration
of its tangent bundle TN by means of the flag of sub-bundles in the ambient space
N induced by the distribution H. Therefore N endowed with this induced flag
is a graded manifold and the induced anisotropic distance on the submanifold N
can be defined as in Definition 1.1 in the paper by Nagel, Stein and Wainger [32].
As Gromov suggests in [17, page 152], studying integral curves of vector fields of
degree greater than one is a crucial tool in understanding the induced distance on
the submanifold N, when the distribution H N T'N does not verify a Hérmander
type condition.

In sub-Riemannian geometry, the existence of minimizing curves for the length
functional that are not solutions of the geodesic equation was discovered by Mont-
gomery in [27, 28]. These curves are known as abnormal extremals. The problem
of their regularity has been widely considered in the literature, see for instance
[29, 2, 1, 24, 22, 31, 3, 34]. The usual approach to face this problem is by means
of the study of the endpoint map. However, in this paper we follow an alternative
approach based on the Griffiths formalism as suggested by Bryant and Hsu [7, 21].

In this paper we consider a general graded manifold N, we call degree of a
Cl curve v : I — N as the maximum of the pointwise degree of +'(t) at every
t € 1. For these curves we will introduce the notion of length as follows. If we
set a Riemannian metric ¢ = (-,-) on N we get, for any p € N, an orthogonal
decomposition T, N = ICé &...® K, and, for any r > 0, the Riemannian metric g,
making the subspaces IC; orthogonal and such that

1
ki = 19

g’l‘ cioe

These metrics allow to define the length Ly of a curve v of degree d in N by

La(y) = lim 2@ L(,g,),
0
where L(7, g,) is the Riemannian length of v with respect to the metric g,.. We
are interested in computing the Euler-Lagrange equations for the length functional
L4(vy). However, we only consider admissible variations: the ones that preserve
the degree of the initial curve . Then it turns out that the associated variational
vector field V(t) = ara;s(t) |s:0 to an admissible variation has to verify the first order
condition (3.3) along 7. We say that a vector field along ~ is admissible when it
verifies the system of ODEs (3.3). In [21, Theorem 3] Hsu pointed out that under
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a regularity condition on ~ each admissible vector field along ~ is integrable by an
admissible variation.

Roughly speaking a curve -~y is regular if it admits enough compactly supported
variations preserving its degree. Indeed, to integrate the vector field V' (¢) we follow
the exponential map generating the non-admissible compactly supported variation
[s(t) = exp, ) (sV(¢)) of the initial curve . Let supp(V) C [a,b]. By the Implicit
Function Theorem there exists a vector field Y (s,t) along 7 vanishing at a such
that the perturbations T's(t) = exp ) (sV (1) + Y (s,1)) of I' are curves of the same

degree of v for each s small enough. In general I fixes the endpoint at y(a) but
moves the endpoint at y(b). Finally the regularity condition on v allows us to
produce the admissible variation that fixes the endpoint v(b) and integrate V.

This concept of regularity deals with the controllability (see [6, Chapter 13]) of
the system of ODEs (3.3). Indeed after splitting the admissible vector V along 7 in
its horizontal V;, = Zle ¢:X; and vertical V,, = Z;l: w41 fiX; part the admissibility
system of ODEs (3.3) is equivalent to

(1.1) F'(t)+ B(t)F(t) + A(t)G(t) =0,

where A(t), B(t) are defined in (4.3) and (X;) is a global orthonormal adapted basis
along . We control this linear system with initial condition F(a) = 0 on a compact
interval [a,b] C I when for each value yo € R"~* there exists a control horizontal
vector field G(t) € C5~'((a,b),RF) such that F(t) solves (1.1) and F(b) = yo. In
other words if the holonomy map

HY 1y ((a, b)) = Vs, HY(G) == F(b)

is surjective the system (1.1) is controllable. Therefore a curve v is said to be
regular restricted to [a,b] when the holonomy map is surjective. It turns out that
there exists a regular matrix D(t) along « solving the differential equation D’ = DB
such that the image of the holonomy map is given by

Hg%G):-Jxm—{/bD@puwG@mt

In Corollary 5 in [21] (Proposition 5.6) Hsu proved that the regularity condition on
7 is equivalent to maximal rank condition on the matrix A(t) = D(t)A(t) along ~.
Furthermore all singular curves are characterized by the existence of a non-vanishing
row vector A(t) along ~ solving

{A’(t) = A(t)B(t)

(1.2) A(H)A(t) = 0.

Moreover, we check that the surjectivity of the holonomy map is independent of
the choice of Riemannian metric ¢ = (-,-) on the tangent bundle TN, thus the
regularity of a curve « is an invariant of the graded structure (N, H?!,..., H?).

On the other hand the minimizing paths for the length functional Ly of fixed
degree clearly strongly depend on the Riemannian metric g. Regarding only regular
curves of fixed degree we deduce the Euler-Lagrange equation for the critical points
of Ly in Theroem 7.2. However there are singular curves that are not solution of
the geodesic equation but they are minima for Ly. When this singular horizontal
curves are minima of the sub-Riemannian length L, they are known as abnormal
extremals.
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The paper is organized as follows. In Section 2 we shortly recall the definitions
of graded manifolds and Carnot manifolds, the degree of an immersed curve and
the length functional L, for curves of degree less than or equal to d. In Section 3
we deal with admissible variations for curves of degree d and we deduce the system
of ODEs for admissible vector fields. In Section 4 the invariances of this system are
studied. Section 5 is completely devoted to description of the holonomy map and
characterization of regular and singular curves. Here explicit examples of singular
curves of degree greater that one are showed. In Section 6 we give in Definition 6.1 a
weaker pointwise sufficient condition to ensure the regularity of a curve of degree d.
This condition does not require solving a differential equation but still ensures the
regularity of the curve, see Theorem 6.4. This condition can be easily generalized to
submanifolds of given degree, providing a condition for the regularity of submani-
folds in a Carnot manifold [13]. Section 7 is dedicated to the first variation formula
for the length functional Ly. Some applications to the computation of geodesics
in graded manifolds are provided. Finally, in Appendix A we provide a different
proof of Theorem 3 in [21] using the Implicit Function Theorem in Banach spaces
and in Appendix B we extend the holonomy map to curves with square integrable
derivatives. We include these sections for reader’s convenience.

2. PRELIMINARIES

Let N be an n-dimensional smooth manifold. Given two smooth vector fields
X,Y on N, their commutator or Lie bracket is defined by [X,Y]:= XY —-Y X. An
increasing filtration (H');en of the tangent bundle T'N is a flag of sub-bundles

(2.1) H'cH*C---CcH' C---CTN,
such that
() Uil = TN
(ii) [H,HI) CH™TI, fori,j > 1,
where [H', H’] := span{[X,Y] : X € H',Y € H’}. Moreover, we say that an
increasing filtration is locally finite when

(iii) for each p € N there exists an integer s = s(p), the step at p, satisfying
H, =T,N. Then we have the following flag of subspaces

(2.2) H, CH,C - CHy=T,N.

A graded manifold (N,(H")) is a smooth manifold N endowed with a locally
finite increasing filtration, namely a flag of sub-bundles (2.1) satisfying (i),(ii) and
(iii). For the sake of brevity a locally finite increasing filtration will be simply called
a filtration. Setting n;(p) := dim H,, the integer list (n1(p),- -+, ns(p)) is called the
growth vector of the filtration (2.1) at p. When the growth vector is constant in a
neighborhood of a point p € N we say that p is a regular point for the filtration.
We say that a filtration (H?) on a manifold N is equiregular if the growth vector is
constant in N. From now on we suppose that N is an equiregular graded manifold.

Given a vector v in T, N we say that the degree of v is equal to £ if v € 'H,f; and
vé Hfg—l. In this case we write deg(v) = £. The degree of a vector field is defined
pointwise and can take different values at different points.

Let (N, (HY,...,H*)) be an equiregular graded manifold. Take p € N and
consider an open neighborhood U of p where a local frame { X7, --- , X,,, } generating
H! is defined. Clearly the degree of Xj, for j =1,...,n1, is equal to one since the
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vector fields X1,. .., X, belong to H!. Moreover the vector fields X, ..., X, also
lie in H2. Setting ng := 0, we add some vector fields X,,, 11, -+, Xpn, € H2\ H!
so that (X1)p,...,(Xn,)p generate H%. Reducing U if necessary we have that
Xi,...,X,, generate H2 in U. Iterating this procedure we obtain a basis of TM
in a neighborhood of p

(2.3) (X1, Xy Xt ooy Xas o3 X t1s e s X)),

such that the vector fields X, ,+1,..., Xy, have degree equal to i. The basis
obtained in (2.3) is called an adapted basis to the filtration (H1,... H?®).

2.1. Degree of a curve. Let I be a non-trivial interval, and v : I — N a curve
of class C' immersed in an equiregular graded manifold (N, H!,...,H?®). Then,
following [23, 25], we define the degree of v at a point ¢ € T by

deg, (t) := deg(y'(t)).
The degree deg(v) of a curve v is the positive integer

deg(y) := max deg, ().

We define the singular set of v by v9 = v(Ip) where
(2.4) Iy = {t € I :deg,(t) < deg(y)}

Proposition 2.1. Let v : I — N be a C' immersed curve in a graded manifold
(N, (HY)). Lettg € I. Assume that y(to) is a regular point of the filtration. Then
we have

1itlgit£1f deg, (t) > deg, (to)-
Proof. As pg = vy(to) € N is regular, there exists a local adapted basis (X1,...,X,,)
in an open neighborhood U of py. We express the continuous tangent vector 4" in
U as

(2.5) MOEDY Z haj (8)(X5) @)

i=1j=n;—1+1

with respect to an adapted basis (X1, -, X,,), where h;; are continuous functions
on I. Suppose that the degree deg(y'(to)) is equal to d € N. Then, there exists
an integer k € {ng—1+1,--- ,nq} such that hqx(to) # 0 and h;;(to) = 0 for all
i=d+1,---,sand j = n;—1 + 1,--- ,n;. By continuity, there exists an open
neighborhood I' C T of ¢y such that hg(t) # 0 for each t in I’. Therefore for each
t in I’ the degree of v/(¢) is greater than or equal to the degree of v/(¢o),

deg(y/(t)) = deg(v'(to)) = d.

Taking limits we get
liggglf deg, (t) > deg, (to). O

Corollary 2.2. Let v : I — N be a C* immersed curve in an equiregular graded
manifold (N, H',...,H?). Then

1. deg, is a lower semicontinuous function on I.
2. The singular set Iy defined in (2.11) is closed in I.
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Proof. The first assertion follows from Proposition 2.1 since every point in an
equiregular graded manifold is regular. To prove 2, we take £ € I ~\ Iy. By 1,
there exists a open neighborhood I’ of ¢ in I such that each point ¢ in I’ has degree
deg, (t) equal to deg(). Therefore we have I” C I \ Iy and hence I \ Iy is an open
set. ]

2.2. Carnot manifolds. Let N be an n-dimensional smooth manifold. An [-
dimensional distribution H on N assigns smoothly to every p € N an [-dimensional
vector subspace H, of T, N. We say that a distribution # complies Hormander’s
condition if any local frame {X7,..., X;} spanning H satisfies

dim(£(X1,...,X1))(p) =n, forallpe N,

where £(X7,...,X;) is the linear span of the vector fields Xi,...,X; and their
commutators of any order.

A Carnot manifold (N, H) is a smooth manifold N endowed with an {-dimensional
distribution H satisfying Hormander’s condition. We refer to H as the horizontal
distribution. We say that a vector field on N is horizontal if it is tangent to the
horizontal distribution at every point. A C' path is horizontal if the tangent vector
is everywhere tangent to the horizontal distribution. A sub-Riemannian manifold
(N, H,h) is a Carnot manifold (N, H) endowed with a positive-definite inner prod-
uct h on H. Such an inner product can always be extended to a Riemannian
metric on N. Alternatively, any Riemannian metric on N restricted to H provides
a structure of sub-Riemannian manifold. Chow’s Theorem assures that in a Carnot
manifold (N, ) the set of points that can be connected to a given point p € N by
a horizontal path is the connected component of N containing p, see [29]. Given a
Carnot manifold (N, H), we have a flag of subbundles

(2.6) H =HCH*C---CH' C---CTN,
defined by
HA =H 4+ [HH], i1,
where
[H,H] :=span{[X,Y]: X € H,Y € H'}.

The smallest integer s satisfying H, =T, N is called the step of the distribution H
at the point p. Therefore, we have

(2.7) H, CH, C - CHy=T,N.

The integer list (n1(p),--- ,ns(p)) is called the growth vector of H at p. When the
growth vector is constant in a neighborhood of a point p € N we say that p is a
reqular point for the distribution. We say that a distribution 4 on a manifold NV
is equiregular if the growth vector is constant in N. This flag of sub-bundles (2.6)
associated to a Carnot manifold (N, H) gives rise to the graded structure (N, (H?)).
Clearly an equiregular Carnot manifold (N, H) of step s is a equiregular graded
manifold (N, H*, ..., H?).

Given a connected sub-Riemannian manifold (N, H, k), and a C* horizontal path
v : [a,b] = N, we define the length of v by

b
(2.8) L(y) = / VEG®,A(0) dt.
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By means of the equality
(2.9) de(p,q) := inf{L(7) : v is a C* horizontal path joining p,q € N},

this length defines a distance function (see [8, § 2.1.1,§ 2.1.2]) usually called the
Carnot-Carathéodory distance, or CC-distance for short. See [29, Chapter 1.4] for
further details.

2.3. Submanifolds immersed in Carnot manifolds. Let N be a submanifold
immersed in an equiregular Carnot manifold (M, H) of step s. The intersection
subspace 7:[p = H, NT,N at each point p € N generates a distribution #H on
N. Since a priori the distribution H does not satisfy Hormander’s condition, the
structure (N, 7:[) is not a Carnot manifold. Nevertheless, setting Hi:= TNNHE, the
submanifold N inherits a locally finite increasing filtration H! c ... ¢ H* = TN,
that at each point in N is given by

/1 /2 YER
(2.10) H,CH,C- CH,=T,N,

where 7 = T,NNHJ and 7i;(p) = dim(#). Evidently, (i) defined at the beginning
of Section 2 is satisfied. On the other hand, if X € #? and Y € H’, we can extend
both vector fields in a neighborhood of M so that the extensions X1, Y7 lie in H*
and H7, respectively. Then [X,Y] is a tangent vector to N that coincides on M
with [X1,Y1] € Ht9. Hence [X,Y] € H**7. This implies condition (i) defined at
the beginning of Section 2. In [17, 0.6.B] Gromov defines the degree at p by

degn(p) = Y i(fi;(p) — 71 (p)),
j=1

setting 79 = 0. The degree deg(N) of the submanifold N is given by
deg(N) := d .
eg(N) := maxdegy (p)
We define the characteristic set of a submanifold N by
(2.11) No = {p € N :degy(p) < deg(N)}.

In [13] we proved the set N \ Ny is open and the growth vector (721,...,7) is con-

stant on connected components of N\ N , then we obtain that (N~ No, H!, ..., H?)
is a equiregular graded manifold.

2.4. Length of a generic curve. In this section we shall consider an equiregular
graded manifold (N, H*, ..., H*) endowed with a Riemannian metric g. We recall
the following construction from [17, 1.4.D]: given p € N, we recursively define the
subspaces ), := My, Kitt == (Hi)F NHiHE, for 1 < i < (s —1). Here L means
perpendicular with respect to the Riemannian metric g. Therefore we have the
decomposition of T}, N into orthogonal subspaces

(2.12) T,N =K, oK. & oK.
Given r > 0, a unique Riemannian metric g, is defined under the conditions: (i)
the subspaces K; are orthogonal, and (ii)

1

(213) gric; = ’f'i_lg

Ki 1=1,...,s.
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It is well-known that when (N, H) is a Carnot manifold the Riemannian distances
of (N, g,) uniformly converge to the Carnot-Carathéodory distance of (N, H,h),
where h := g3 (see [17, p. 144]).

Working on a neighborhood U of p we construct an orthonormal adapted basis
(X1,...,Xp) for the Riemannian metric g by choosing orthonormal bases in the
orthogonal subspaces K¢, 1 < i < s. Let v : I — N be an immersed curve in an
equiregular graded manifold (N, H!,..., H*) equipped with the Riemannian metric
g. By the length formula we get

(2.14) LWJ@H—LW%MJL

where J C I is a bounded measurable set on I and L(v, J, gr) is the length of v(.J)
with respect to the Riemannian metric g,. If we set d = deg(~y) then we have

V() =D hiE)(X)0)

where hj(t) = (y'(t), (X;)y@)), setting g(-,-) = (-,-). Then it follows

<.
=

Y ()lg, = | > r~@eeXD=Dh,(t)2.
j=1

By Lebesgue’s dominated convergence theorem we obtain

1
i (30D _
(2.15) lim (N L(v, J, gr)) =

Definition 2.3. If v : I — N is an immersed curve of degree d in a graded manifold
(N,H) endowed with a Riemannian metric g, the length L, of degree d is defined
by

. Ly
La(y.7) = lim (r2“"VL(3, J.g,))
for any bounded measurable set J C I.

Equation (2.15) provides the integral formula Ly(y, J) = [, 6a(t)dt, where

Ng

(2.16) %w=( 3 W@&Wwfy'

j=ng-1+1

Remark 2.4. Clearly if deg(y) = 1 and (N,H) is a Carnot manifold, the sub-
Riemannian metric is given by h = g|y then the length functional L, coincides
with the length L defined in (2.8).

3. ADMISSIBLE VARIATIONS FOR THE LENGTH FUNCTIONAL

Since the degree is defined by an open condition, the degree can not decrease
along a variation I'(¢, s) of v(t) in a tubular neighborhood of a curve. If it increases
strictly, the length functional Ly, where d is the degree of the original curve, takes
infinite values and we cannot compute the first variation of the functional.

Let us consider a curve v : I — N into an equiregular graded manifold endowed
with a Riemannian metric g = (-, -). In this setting we have the following definition
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Definition 3.1. A smooth map I : I x (—¢,¢) — N is said to be an admissible
variation of v if I's : I — N, defined by T's(t) := T'(¢, s), satisfies the following
properties
(1) FO =7
(ii) T's(I) is an curve of the same degree as «y for small enough s,
(i) T's(t) = ~(t) for t outside a given compact subset of I for all s € (—¢,¢).

Definition 3.2. Given an admissible variation I', the associated variational vector
field is defined by

or
(3.1) V() := s (t,0).

The vector field V' is compactly supported in I. We shall denote by Xo(I, N)
the set of smooth vector fields along . Hence V' € X¢(I, N) if and only if V is a
smooth map V : I — T'N such that V() € T, )N for all t € I, and is equal to 0
outside a compact subset of I.

Let us see now that the variational vector field V' associated to an admissible
variation T' satisfies a differential equation of first order. Let (X1, ---,X,) be
an adapted frame in a neighbourhood U of «(t) for some t € I. We denote by
d = deg(~y) the degree of v. As T';(I) is a curve of the same degree as v(I) for small
s, there follows

(3.2 (T () =0,

for all r = ng + 1,...,n. Taking derivative with respect to s in equality (3.2) and
evaluating at s = 0 we obtain the condition

(Vo) V(t), (Xe)ywy) + (' (1), Vv Xe) =0

for all ? =ng+1,...,n. In the above formula, (-, ) indicates the scalar product in
N. The symbol V denotes, in the left summand, the covariant derivative of vectors
in X(I, N) induced by ¢ and, in the right summand, the Levi-Civita connection
associated to g . Thus, if a variation preserves the degree then the associated
variational vector field satisfies the above condition and we are led to the following
definition.

Definition 3.3. Given an curve v: I — N, a vector field V' € Xo(I, N) along 7 is
said to be admissible if it satisfies the system of first order PDEs

(3.3) (Vo V() (Xr)yw)) + ('), Vv Xr) =0
where r = ng +1,...,n and t € I. We denote by A, (I, N) the set of admissible

vector fields.

Thus we are led naturally to a problem of integrability: given a vector field V'
along 7 such that the first order condition (3.3) holds, we wish to find an admissible
variation whose associated variational vector field is V.

Definition 3.4. We say that an admissible vector field V' € X (I, N) is integrable
if there exists an admissible variation such that the associated variational vector
field is V.
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4. THE STRUCTURE OF THE ADMISSIBILITY SYSTEM OF ODES

Let (N, (H%)) be an equiregular graded manifold endowed with a Riemannian
metric g = (-,-). We set H := H?, where 1 < d < s. For sake of simplicity the
distribution H will be called horizontal as well as a curve of degree d and we set
k :=mng. Let v: I — N be a horizontal curve defined in an open interval I C R.
Take a < b so that [a,b] C I.

Given an open set U where an orthonormal adapted basis (X;) is defined, the
admissibility condition (3.3) for a vector field V' is

(4.1) (Vo V, X))+ (Y, Vv X,) =0, r=k+1,...,n.

Expressing V in terms of (X;)

k n
V:ZgiXi+ Z ijj,
=1

j=k+1

we get that (6.1) is equivalent to the system of (n—k) first order ordinary differential
equations

n k
(42) f;—f— Z brjfj—i—Zarigi:O, r=k+1,...,n,
Jj=k+1 =1

where
(43) Ap; = <V’Y’Xi’ XT> + <VXiXT,’7/>, brj = <VV'XJ" XT> + <vXjXr7'7/>-

Remark 4.1. Assume that we can extend the tangent vector along ~y

k
v(t) = Z he(t)(Xe)y (1)

=1
to a vector field on a tabular neighborhood of =y, then we have
Ary = <V'V/Xi7Xr> + <VX1'XT7F)/>
= ([, Xil, Xo) + (Vx.?', Xo) +(Vx. X0, 7))
= <[’7/7 Xi]u Xr> + Xi<’7/7 Xr>

k k k
= ([heXe, Xi], X)) =Y he([Xe, Xi, Xo) = > e,
and
k
brj =Y hec;
=1
where ¢j; and ¢j; for i, =1,... , k and j,r = k+1,..., n are the structure functions,

see for instance [29].
In the special case when # is a distribution of a Carnot manifold (N, ) the ma-

trix A(t) = (a;) represents the ., -curvature and B(t) = (b;,) the H'-curvature
restricted to 4’ in the first term with respect to metric g, where H® = Hi(t)/nyztl)

fori=2,...,s, see for instance [29, 18, 26].
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The system (4.2) can be written in matrix form as
(4.4) F' = —BF — AG,

where B(t) is a square matrix of order (n—k) and A(t) is a matrix of order (n—k) x k,
and

Jr1 g1
(4.5) F = : , G=1":
[ 9k

The system (4.4) makes sense for any adapted orthonormal basis (Y;) defined on

the curve 7, locally extended in a tubular neighborhood of the curve. Indeed, if
(X;) and (Y;) are two of such adapted bases, we may write

n
Y, = g mi; X,
i=1

for some square matrix M = (m;;) of order n. Since (X;) and (Y;) are adapted
basis, M is a block diagonal matrix

My, O
= (0 )
where M}, and M, are square matrices of orders k and (n — k), respectively. Let us
express V as a linear combination of Y;

k n
V=2 aYi+ > Y
i=1 j=k+1

and let A, B the associated matrices

~ r=k+1,..., n
A= (<V7’}/17}/T>+ <VY1'}/’I“5’Y/>)Z':1)W)]€ )
~ r=k+1,..., n
B = (V4 Y5, Yo) + (VYo r ) 2y
Letting
Jr1 g
F — s é = . ,
f~n gk
it is immediate to obtain the following equalities
F = M,F,
G = MG,
(4.6) - .
A = MUAMh,
B = M,(M!)t + M,BM.

Remark 4.2. We observe that the equations in (4.6) imply that F'+BF+AG = 0.
To prove this formula it is necessary to take into account that Mj and M, are
orthogonal matrices. We also observe that the ranks of A(t) and A(t) coincide for
any t € I.
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Remark 4.3. Given a smooth vector field X and a horizontal vector field Y on IV,
we define a covariant derivative on the bundle of horizontal vector fields by

VhY = (VxY),

where (-);, denotes the orthogonal projection over the horizontal distribution. This
covariant derivative defines a parallel transport on any curve in N that preserves the
Riemannian product of horizontal vector fields. Then we can extend any horizontal
orthonormal basis at a given point of y(I) to a horizontal orthonormal basis in v(I).
A similar connection can be defined on the vertical bundle using the projection
over the vertical bundle that allows us to build an orthonormal basis on v(I) of the
vertical bundle. Hence we are able to produce an adapted global basis on y(I) (see
for instance [38, 10]).

5. THE HOLONOMY MAP

In this section we first recall Hsu’s construction of the holonomy map [21]. Let
(N, (H")) be an equiregular graded manifold endowed with a Riemannian metric
g={,-). Weset H :=H%, where 1 < d < s. For sake of simplicity the distribution
‘H will be called horizontal as well as a curve of degree d and we set k := ng. Given
a horizontal curve v : I — N, with a € I, we consider the following spaces

1. XI(a), 7 > 0, is the set of C" vector fields along ~ that vanish at a.
2. H(a), 7 > 0, is the set of horizontal C" vector fields along + vanishing at a.
3. Vi(a), 7 > 0, is the set of vertical vector fields of class C" along y vanishing

at a. By a vertical vector we mean a vector in H* and we set V, = (H,)*.

We fix an adapted orthonormal basis (X;) along v extended in a neighborhood
of 7. The admissibility condition (6.1) can be expressed globally on ~ using these
global vector fields. We define the admissibility operator Am : X, — V, by
(5.1) Am(Y) = Y (V¥ Xi) + (7, Vy X3)) X,

i=k+1
Observe that Am(Y') = 0 implies that Y is an admissible vector field on +.
The following result is essential for the construction

Lemma 5.1. Let v : I — N be a horizontal curve in a graded manifold (N, H)
endowed with a Riemannian metric. Given Z € %Qfl(a), there exist a unique
vertical vector field Y, € V7 (a) such that Am(Zy, +Yy,) = Z,.

Proof. We choose a global orthonormal adapted basis (X;) on v and write

k n
Z=Y gXi+ Y =X,
=1

r=k+1
The vertical vector field Y, would be determined by their coordinates (f,) in the
vertical basis (X,.), where r =k +1,...,n.
Condition Am(Z,+Y,) = Z, is then equivalent to the system of (n— k) ordinary
differential equations

k n
(5.2) f;-i-zam'gri— Z brifi=2, r=k+1,...,n,
i=1 j=k+1
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where
Ary = <V'V/Xi7Xr> + <VX1'XT7F)/>7 brj = <v’y’Xj7Xr> + <VX]'X7";7/>'

Given (g;), the system (5.2) admits a unique solution defined in the whole interval
I with prescribed initial conditions f.(a) =0, for r =k + 1,...,n. This concludes
the proof. O

Given a horizontal curve vy : I — N and [a,b] C I, Lemma 5.1 allows us to define
a holonomy type map

nyl’b : Hgil((a, b)) — V’Y(b)

like in Hsu’s paper [21]. Here H{,~*((a, b)) is the space of horizontal vector fields of
class (r — 1) with compact support in (a,b). In order to define H2” we consider a
horizontal vector V;, € ’H,S*l(a, b) with compact support in (a,b) and we take the
only vector field V,, € VI (a) such that Am(V}, + V) = 0 provided by Lemma 5.1.
Then we define

HEb(V2) = Vi (b).

Definition 5.2 ([21]). In the above conditions, we say that v restricted to [a, ] is
reqular if the holonomy map H,‘;*b is surjective.

Given a horizontal curve v : I — N, we choose an orthonormal adapted basis
(X;) along . A horizontal vector field V}, can be expressed in terms of this basis
as Vj, = Zle 9:X;. The unique vertical vector field V,, such that Am(V, +V,) =0
can be expressed as V,, = .1, f;X;. Defining F" and G as in (4.5), condition
Am(V}, 4+ V,) = 0 is equivalent to F/ = —BF — AG, where A, B are the matrices
defined in (4.3). In these conditions, the coordinates of H;‘*b(Vh) = V,(b) in the
basis (X;) are given by F(b).

The following result allows the integration of the differential equation (4.4) to
explicitly compute the holonomy map.

Proposition 5.3. In the above conditions, there exists a square invertible matriz
D(t) of order (n — k) such that

(5.3) F(b)=-D®)! / b(DA)(t)G(t) dt.

Proof. Lemma 5.4 below allows us to find a invertible matrix D(¢) such that D' =
DB. Then equation F/ = —BF — AG is equivalent to (DF)’ = —DAG. Integrating
between a and b, taking into account that F(a) = 0, and multiplying by D(b)~!,
we obtain (5.3). O

Lemma 5.4. Let B(t) be a continuous family of square matrices on the interval
[a,b]. Let D(t) be the solution of the Cauchy problem

D'(t) = D(t)B(t) on [a,b], D(a)= I,.
Then det D(t) # 0 for each t € [a,b].

Proof. By the Jacobi formula we have

d(det D(t)) . dD(t)
— = Tr <adJ D(t) 7) ,
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where adjD is the classical adjoint (the transpose of the cofactor matrix) of D and
Tr is the trace operator. Therefore

ddet(D(t))
dt
Since det D(a) = 1, the solution for (B.5) is given by
det D(t) = efa BT 5
for all ¢ € [a, b]. Thus, the matrix D(t) is invertible for each ¢ € [a, b]. O

(5.4) = Tr ((adj D(t)) D(t)B(¢)) = det D(t) Tr(B(t)).

Definition 5.5. We say that the matrix A(t) := (DA)(t) on ~y defined in Proposi-
tion 5.3 is linearly full in R™~* if and only if

dim (span {Al(t), AR VEea, b]}) —n—k

where A for i = 1,...,k are the columns of A(t).

Proposition 5.6. The horizontal curve v restricted to [a,b] is reqular if and only
if A(t) is linearly full in R"™F.

Proof. Assume that the holonomy map is not surjective. Then the image of H;l’b
is contained in a hyperplane of V, ) expressed in the coordinates associated to the
basis ((X;)y(s))i=k+1,...,n as a row vector A # 0 with (n — k) coordinates. With the
notation of Proposition 5.3 we have

0=AF(b)=—-AD()* /b/i(t)G(t)dt = - /b TA(t)G(t)dt,

where T' = AD(b)~! # 0. As this formula holds for any G(t), we have TA(t) = 0
for all ¢ € [a,b]. Hence A is not linearly full as their columns are contained in the
hyperplane of R"~* determined by T.

Conversely, assume that A is not linearly full. Then there exists a row vector
with (n — k) coordinates I" # 0 such that TA(t) = 0 for all ¢ € [a,b]. Then

b
(TD(b))F(b) = I‘/ At)G(t)dt = 0.

Hence the image of the holonomy map is contained in a hyperplane if V. ;) and ~
is not regular. (I

The following result provides a useful criterion of non-regularity

Theorem 5.7. The horizontal curve v is non-regular restricted to [a,b] if and only
if there exists a row vector field A(t) # 0 for all t € [a,b] that solves the following
system

(55) {A’(t) = A()B(t)

A(t)A(t) = 0.
Proof. Assume that + is nonregular in [a, b], then by Proposition 5.6 there exists a
row vector I' # 0 such that
I'D(t)A(t) =0
for all ¢ € [a, b], where D(t) solves

{D(t)’ = D(t)B(t)

(5.6) D) =11
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Since I' is a constant vector and D(t) is a regular matrix by Lemma 5.4 , A(t) :=
I'D(t) solves the system (5.5) and A(t) # 0 for all ¢ € [a, b].
Conversely, any solution of the system (5.5) is given by
A(t) =TD(2),
where I' = A(0) # 0 and D(¢) solves the equation (5.6). Indeed, let us consider a
general solution A(t) of (5.5). If we set
®(t) = A(t) = TD(t),
where I' = A(0) # 0 and D(t) solves the equation (5.6), then we deduce

B(t) = B(t)B(t)
o(0) = 0.

Cl§arly the unique solution of this system is ®(¢) = 0. Hence we conclude that
T'A(t) = 0. Thus A(t) is not fully linear and by Proposition 5.6 we are done. [

Remark 5.8. Notice that if we write A(t) = (Ak41(t),..., An(t)) by Remark 4.1
the equation (5.5) is equivalent to

X 4
(5.7) X)) = 31 Aibir = 2o 1 2 At
: n n
Zj:kJrl Ajajn = Zj:kJrl AjCip i

When (N, H) is a Carnot manifold where H is a distribution of rank [, then we have
that k =1 and (5.7) is equivalent to the characteristic system in [29, Lemma 5.2.3]
where the first equations u; = 0 for j =1+ 1,...,n are taken for granted since in
Theorem 5.7 we assume ~ horizontal. In the characteristic system of [29, Lemma
5.2.3] we assume 7 absolutely continuous curves with square integrable derivative
while in our construction v is at least C!, so that the coefficients of A and B are
at least continuous.

5.1. Independence on the metric. Let g and g be two Riemannian metrices on
N and (X;) be orthonormal adapted basis with respect to g and (Y;) with respect
to g. Clearly we have

n
Y, = E m;i X,
i=1

i=1,...,

for some square invertible matrix M = (my;)i—,""", of order n. Since (X;) and (Y;)

are adapted basis, M is a block matrix

(M My,
w= (M ).

where M), and M, are square matrices of orders k and (n — k), respectively, and
My, is a k x (n — k) matrix.

Remark 5.9. One can easily check that the inverse of M is given by the block
matrix ) ) )
1 (M, =M, My, M
M= < 0 Mt '
Setting G= (9(Xi, X5))i,j=1,...n We have

~ éh éhv _ —1\t —
G= ((éhv)t év) - (M 1) (M 1)-
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Thus it follows
Gy = (M) Mg+ (M) My, (M) My My, M
Gho = — (MY M My, MY,
Gn = (M, )" M,

Let A be the associated matrix
A= (G0 YiD)
Then a straightforward computation implies
A =(Mp,)! (éh Ch, My, + Gy A My, + Gy, M;/I)
+ (Mv)t ((G}w)t Cy, My, + év A M, + (éhv)tM{)) ,
and, by Remark 5.9, we obtain
A= (Myo)" (M, 1) M (C My + Myy) = (M, 1) M, My Myt A My,)
— (M}, (M, 1) M, (CR My, + M)
+ (Mg 4 My, (M) My My, M) A My,
=M, AM,.

(5.8)

Now let B be the associated matrix
B= (Q(YT, [”Y/vY']))i;kJrl ..... n
Then it is immediate to obtain the following equality
B =M}, (éhCthv + GroAMpy + GhCroM,
+ G BM, + Ga M, + Gy M)
+ M} ((éhv)tOthv + G AMyy 4 (Ghy)tCho M,
+ GuBM, + (Gh) My, + Gu M),
By Remark 5.9 we obtain
(5.9) B=M;'AM,+ M;'BM,+ M;' M.

Proposition 5.10. Let v : I — N be a curve immersed in a graded manifold
(N,HY, ..., H®). Let g and § be two Riemannian metrics on TN. Then v is reqular
in [a,b] with respect to g if and only if v is regular in [a,b] with respect to §.

Proof. Let (Y;) be an orthonormal adapted basis along v with respect to g. Without
loss of generality we assume that the system (4.4) with respect to metric g is given
by

F'(t) = —A(t)G(t)
and B = 0. This is not restrictive since starting by a generic metric §o, by Propo-
sition 5.3, there exists a matrix D(t) that transforms the metric go in the metric g.
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Let (X;) be an orthonormal adapted basis along v with respect to g. Then there
exists an invertible block matrix

(M My,
=0 )

such that N
Yvi = Z mjin.
j=1

Then, by Theorem 5.7 a curve 7 is non-regular with respect to g if and only if
A(t) = A # 0 is a constant row vector such that AA(t) = 0 for each t € [a,b]. By
equation (5.8) we obtain

0=AA(t) = AM;1(t) A(t) My(t).

Since M), is invertible, setting A(t) := AM,1(t) # 0 we deduce A(t)A(t) = 0.
Moreover by (5.9) we have
0=B=M,"AMy,+ M, BM,+ MM,
Multiplying both sides we deduce
(5.10) 0=AM,*BM, +AM M.
Differentiating the identity M, !M, it follows
M My = —(M; )M,

Putting this identity in (5.10) we have

AM; Y BM, = A(M; Y M,.

Since A is constant and M, is invertible we conclude A’(t) = A(t)B(t). By Theo-
rem 5.7, this means that ~ is non-regular with respect to g. (]

Proposition 5.10 shows that the definition of regularity for a curve ~ is indepen-
dent of the choice of Riemannian metric g = (-,-) on the tangent bundle T'N.

5.2. Some low-dimensional examples.

Remark 5.11. Let A be the matrix defined in (4.3) with respect to an adapted
basis (X;) along 7. Notice that if there exists a point ¢ € (a,b) such that

(5.11) rank A() = n — k,

for some adapted basis (X;), then the curve v is regular in [a,b]. In particular, if
we assume that (5.11) holds for some ¢ € (a, b), then the curve v is regular in [a, b].
Notice that this condition implies n — k < k, that is % < k.

Example 5.12. Any horizontal curve v : I — M?2"*1 in a contact sub-Riemannian
manifold (M?"*1,H = ker(w)), is regular. Let T be the Reeb vector field. We
extend the vector field 4" along 7 to a vector field on M. Given a contact manifold
M, one can assure the existence of a Riemannian metric g = (-,-) and an (1,1)-
tensor field J so that

(5.12) (T, X)=w(X), 2(X,J(Y))=dw(X,Y), J*X)=-X+wX)T.

The structure given by (M,w, g, J) is called a contact Riemannian manifold, see
[5] and [14]. In particular the structure (M,H,g) is a Carnot manifold. Then,
we fix an orthonormal adapted basis (Xi,..., X2,,T) along v, where X; € H for
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t=1,...,2n. Then the admissibility equation for V = Ef:l fiXi+ foan+1T is given
by
fi(t)
fonia1(t) = =b fania(t) — A : ;
fan(t)
where b = ([, T],T) and A = (aq,...,as,) with
a; = (Vo Xi, T) +(Vx,T,')
= (", X, T) = w(ly', Xi])
= —dw(v', X;) = =2(¢, J(X3)) = 2(J (7). Xi).

Since J(¥'(t)) € Hy) and J(7/(t)) # 0 for all t € I we have rank A(t) = 1 for all
t € I. Hence 7 is regular in every subinterval of I.

Here we show a well-known example of horizontal singular curve, discovered by
Sussmann in [37].

Example 5.13. An Engel structure (E, H) is 4-dimensional Carnot manifold where
‘H is a two dimensional distribution of step 3. A representation of the Engel group
E, which is the tangent cone to each Engel structure, is given by R* endowed with
the distribution H generated by

il

X, = 8m1 and X5 = (912 + 1'1(913 + 5

Oz, -
The second layer is generated by
X3 = [X1, Xo] = Opy + 210,

and the third layer by X4 = [X1, X3] = 0,,. Let v : R — R* be the horizontal curve
parametrized by v(t) = (0,¢,0,0) whose tangent vector +/(t) is given by 05,. We
consider the Riemannian metric g = (-, -) that makes (X1, ..., X4) an orthonormal
basis. By Remark 4.1 we have b,; = ¢3; = 0 for r,j = 3,4 and a,; = ¢3; = 0 for
r=3,4,i=1,2and (r,i) # (3,1). Since 3, = ([Xa, X1], X3) we have az; = —1.
Let [a,b] C R, a < b. Then, by Proposition 5.3 the holonomy map is given by

b
wvirn o ([l gn(®t
H34(G) = F(o) = (e ().

for all g1, g2 € C§°([a,b]). Therefore we deduce the holonomy map is not surjective,
thus + is non-regular restricted at each interval [a,b]. Clearly we observe that the

constant matrix
( t) -1 0
0 O

is not linearly full since it generates a one dimensional subspace of R2.

Slightly changing the distribution of Example 5.13 we show an example singular
curve of degree 2.

Example 5.14. Let us consider R® endowed with the distribution H generated by

3
X1 = 811 and X2 = 8965 + X (812 + %813 + %81-4> .
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The second layer is generated by
2
x
X3 = [leXQ] = 8x2 + xlaz;; + 718147

the third layer by X4 = [X1, X3] = Ouy + 210,, and the fourth layer by X5 =
[X1,X4] = 0.,. Now the curve v : R — R® parametrized by v(t) = (0,t,0,0,0)
is a curve of degree 2, its tangent vector v'(t) is given by 0,,. Therefore we have
ny = 3. We consider the Riemannian metric g = (-, -) that makes (X1,...,X5) an
orthonormal basis. Due to the computation provided in Example 5.13 we deduce

that
-1 0 0 0 0
A_< 0 0 0) B_<O O)'
Since A is not linearly full we conclude that « is a non-regular curve of degree 2.

Example 5.15. Let H be 3-dimensional distribution on R® generated by

2
T
X1 :811, X2:8x2+$18x3+71814 and X3:85.

The second layer is generated by X, = [X7, X3] and the third layer by X5 =
[X1, X4]. Let v : R — RS be the horizontal curve parametrized by v(¢) = (0,0,0,0,t)
whose tangent vector v/(t) is given by X3 = 9,,. We consider the Riemannian met-
ric g = (-, -) that makes (X1, ..., X5) an orthonormal basis. Since X3 does not com-
mute with any vector fields of the basis we deduce that A = 0 and B = 0. Then
the admissibility equation (4.4) is given F’ = 0 with initial condition F(a) = 0.
Clearly the holonomy map is not surjective since F(b) = 0. Therefore the curve 7
is non-regular on each subinterval [a,b] C R.

Example 5.16 (Kolmogorov). Let us consider in R* the Kolmogorov operator

xrx)

ZL’2
L:6t+x8y+78z—82

where (z,y, z,t) is a point in R*. Notice that L is homogenous of degree two under
the dilation 0x((z,y,2,t)) = (Az, A3y, \*2,A\?t). Therefore the graded structure
adapted to L is given by R* endowed with the filtration

H' = span{X; = 0,}

H? = span{ X1, Xo =0y +x 0y + é 0.}

H? = span{ X1, X2, X3 = [X1, Xo] = 0, + 20, }
H* = span{ X1, X5, X3, X4 = [X1, X3] = 8.}

Setting H := H?, we allow only curve of degree less than or equal to two. Due to
the computations developed in Example 5.13, we obtain that v(s) = (0,0,0,s) is
singular of degree two.

Example 5.17. The 3-dimensional Heisenberg group H' is a Lie group defined by a
Lie algebra h generated {X,Y, T}, where the only non-trivial relation is T = [X, Y.
Setting H = span{X,Y}, (H! H) is the simplest example of Carnot group, that
clearly is a Carnot manifold. A possible presentation of the Heisenberg group is
provided by R? where the vector field {X,Y, T} are given by

0 yo g z0 0

or 20, T Oy 20, o



20 G. CITTI, G. GIOVANNARDI, AND M. RITORE

As we point out in Section 2.3 each C! surface ¥ immersed in the H' inherits
a structure of graded manifold (2,7:[1,7:[2), where H! = HNTE and H2 = T.
Moreover X \ Yy, where ¥ denotes the characteristic set, is an equiregular graded
manifold. The foliation properties by horizontal integral curves of H! have been
deeply studied by [33, 15, 12]. We notice that each integral curve v : I — % of H!
is singular restricted to each [a,b] C I. Since the dim(#') = 1 the one dimensional
matrix A(t) = 0 and the admissibility system (4.4) is given by

F' = BF.

Fixing the initial condition F'(a) = 0 the unique solution of the homogeneous system
is F'(t) = 0, thus the holonomy map is not surjective.

Remark 5.18. Let 0, ..., 0y, be the Euclidean basisin R”, n > 2. Let 1 < k < n.
Assume that we set H' = span{d,,,...,0,,} and H> = TR". Let v : R — R"™ be
a curve in H! such that 7/(t) = Zif:l he Oz,. Let (-, ) be the standard Euclidian
metric in R”. Setting H = H' we obtain that matrices defined in (4.3) is given by

k

Arq = Zh€<[amgaami]7amT> =0
(=1

and

k
brj = Zhl<[azeaazj]vaxr> =0,
=1
foralli=1,...,kand r,j = k+1,...,n. Since A =0 and B = 0 we deduce
that F'(¢t) = 0 and F(a) = 0. Therefore F(b) = 0 and the holonomy map is not
surjective. Hence in this setting each horizontal curve is singular

6. A NEW INTEGRABILITY CRITERION FOR ADMISSIBLE VECTOR FIELDS

In this subsection we give a sufficient condition for a horizontal curve v: I — N
to be regular in [a,b] C I. The condition is that the matrix A(¢) associated to the
admissibility system of differential equations (4.4), defined in (4.3), has rank (n—k)
for any ¢t € I. By Proposition 5.6, this condition implies that the curve - is regular
in [a, b]. The aim of this section is to give a direct proof of this fact, that generalizes
to higher dimensions.

We consider the following spaces:

1. X"(I,N), r = 0: the set of C" vector fields along ~.
2. H"(I,N), r > 0: the set of C" horizontal vector fields along .
3. VI(I,N):={Y €e X"(I,N): (Y, X)=0VX € H" (I, N)} = H"(I,N)*.
We shall denote by II, the orthogonal projection over the vertical subspace.
As in the previous subsections we consider an orthonormal adapted basis (X;)

along v and the associated admissibility system in matrix form F’ = BF + AG,
where the matrices A, B, F and G are defined in (4.3) and (4.5).

Definition 6.1. We say that a horizontal curve v : I — N is strongly regular at
t € I if rank A(t) = n— k. We say that v is strongly reqular in J C I if it is strongly
regular at every t € J.

Remark 6.2.
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1. Given ty € I such that ~ is strongly regular at tp, there exists a small
neighborhood J of ¢y in I where the rank of A(t) is given by a fixed subset
of columns of A(t) for all ¢ € J. This neighborhood J can be extended to a
maximal one where this property holds.

2. Notice that a curve v can be strongly regular at ¢ € I only when k > 3.

The third equation in (4.6) implies that this definition is independent of the
chosen adapted orthonormal basis along ~. With this definition, we are able to
prove

Lemma 6.3. Let k > 2. Let A(t) be the C™ (n — k) X k matriz defined in (4.3)

2
with respect to (Xi,...,Xn). Assume that rank A(t) = n —k for t € [a,b]. Then
there exists a horizontal orthonormal global basis X1, ..., Xy on [a,b] such that the

matrix fl(t) with respect to the orthonormal global basis (X'l, cen Xk, X1y, Xn)
s given by
At) = (Ai(t) 0),

where Ay (t) is an invertible square (n — k) matriz.

Proof. The proof is by induction on the dimension of the kernel of A that is equal
to 2k — n.

When dim(ker A(¢)) = 1 locally there exist two unitary vector fields X (¢) and
—X (t) in the kernel of A(t). We define a global vector field X (t) locally choosing
one of the two unit vectors X (¢) or —X (¢) in the kernel and adjusting them in the
overlapping intervals. Then we extend the unitary vector field X}, to an orthonormal
horizontal basis (X1, ..., Xj). Therefore with respect to (X1, ..., X, Xpt1,- .., Xn)
the last column of the matrix A is equal to zero.

If dim(ker A(t)) > 1, fix ¢ €]a,b], then by a continuation argument for the
determinant there exists an open neighborhood Uy =]t — 4, t+4[ and a non vanishing
C" vector field V' (t) on U such that A(t)V'(t) = 0. Then {U;}¢[q,p) is an open cover
of the compact set [a,b] then there exists a finite sub-cover Uy, ...,Uqg such that
UaNUg # 0 for a, € {1,...,Q}, a < Bif and only if 3 =a + 1. Let {¢y : a €
{1,...,Q}} be a partition of unity subordinate to the cover {U, : a« € {1,...,Q}}
for further details see [39, Definition 1.8]. For each « there exists a non vanishing
C" vector fields V*(t) on U, in ker A(t). When U, NUg # 0 we consider V*(t) on
Us and VA(t) on Ug in ker A(t) such that they are linear independent on U, N Ug,
since the dim(ker A(t)) > 1. Then, we set

Q
X(t) =Y va(t)V().
a=1

Therefore X (t) is a global non vanishing vector field that belongs to ker(A(t)) for
all ¢ € [a,b]. Thus we can extend the global unitary vector

: X(#)

X0 = T
to an orthonormal basis of the horizontal distribution. The matrix associated to
this basis has a vanishing last column. We remove this column and start again until
we have dimension 1. Hence in this new global horizontal basis (Xi,..., X)) the

last 2k — n columns of the matrix A(t) vanish and the rank is concentrated in the
square matrix A (t) given by the first n — k columns. O
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Theorem 6.4. Let v : I — N be a horizontal curve in a Carnot manifold (N, H)
endowed with a Riemannian metric. Assume that «y is strongly reqular in [a,b] C I.
Then every admissible vector field with compact support in (a,b) is integrable.
Proof. Let J = [a,b]. The admissibility system is given by

(6.1) F'(t)+ B(t)F(t) + A)G(t) =0,

with respect to (X;). By hypothesis, the rank of A(t) € C" is maximal for all ¢ € J.

By Lemma 6.3 there exists a global basis (X;) such that
A(t) = (Ai(1) 0),

where A;(t) is an invertible square (n — k) matrix. Then setting F,G the new
coordinates with respect to (X;) and B as in (4.6), by Remark 4.2 we have

(6.2) F'+BF + AG =0
Calling
g1 In—k+1
Gy = : , Go= : ;
Gn—k Gk

the admissibility system (6.2) can be written as
F'+ BF + AG, =0,
and so
(6.3) Gy =-A7'(F' + BF).
Now let H7(J) be the set of horizontal vector fields of class C” in J that are

linear combination of the first (n — k) vectors X1, ..., X, _x, and H5(J) the set of
horizontal vector fields of class C" in J that are linear combination of the vector
fields Xy — g1y -5 Xg.

We consider the map
(6.4) G:V'(J)x HyHT) = V() x V()
defined by

G(Y1,Y2) = (Y1, F(Y1 + Y2)).

We recall that, given a vector field Y along a portion of -y, we define the curve
L(Y)(t) by exp. (Y (t)) and we define F(Y') as the vertical projection of the tan-
gent vector I'(Y)’. We consider on each of the spaces appearing in (A.1) the cor-
responding || - || or || - ||r—1 norm, and in the product one of the classical product

norms.

Then
DG(0,0)(¥i,Y2) = (Y2, DF(0)(Yi + Ya)),
where DF(0)Y is given by

n

n—k n
DFO)Y = > (i) + D ani®at)+ > b f; (1) | X,
=1

r=Fk+1 j=k+1

Observe that DF(0)Y = 0 if and only if Y is an admissible vector field, namely YV
solves (6.1).
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Our objective now is to prove that the map DG(0, 0) is an isomorphism of Banach
spaces. Indeed suppose that DG(0,0)(Y1,Y2) = (0,0). This implies that Y is
equal to zero. In the coordinates previously described, Y; to F, and > to G.
By the admissibility equation (6.3) we have that also Ys is equal to zero. This
proves that DG(0,0) is injective. Let us prove now that DG(0,0) is surjective.
Take (Z1,7Z3), where Z; € V"(J), and Zy € V"~}(J) we seek Yi,Ys such that
DG(0,0)(Y1,Y2) = (Z1,Z2). Then Y7 = Z; and Y, is obtained by solving the
system

Gi=-A'(F'+BF +Z),
since Y7 and Z; = Y
surjective.

Keeping the above notation for Y;, Z;, ¢« = 1,2, we notice that DG(0,0) is a
continuous map since the identity map is continuous and there exists a constant K

such that
1Zall, -1 < (H— 1)
r—1

K(Yallr + 1Y2]lr-1)-

Moreover, DG(0,0) is an open map since we have

1Yl < (H— (2)
r—1

K| Z1]lr + | Z2lr-1)-

This concludes the proof that DG(0,0) is an isomorphism of Banach spaces.

k1 %,X, is already given. This proves that DG(0,0) is

+Yillr1 + |Y2||r1>

+ 1 Zullr 1 + |22||r1>

Let us finally consider an admissible vector field V' compactly supported on (a, b).
We consider the map

G:(—e,e) x V'(J) x Hi7HJ) = V'(J) x V'~L(J),
defined by
G(s,Y1,Ys) = (Y1, F(sV + Y1 + Ya)).

The map G is continuous with respect to the product norms (on each factor we put
the natural norm, the Euclidean one on the intervals and || - ||, and || - ||,—1 in the
spaces of vectors along ). Moreover

g~(07 0, O) = (0, 0)7
since +y is horizontal. Now we have that
D5G(0,0,0)(Y1,Y2) = DG(0,0)(Y1, Ya)

is a linear isomorphism. We can apply the Implicit Function Theorem to obtain
€ > 0 and unique maps

Yi:(—g,6) = V'(J), Ya:(—e,e) = H ()

such that G(s, Yi(s), Ya(s)) = (0,0,0). This implies that ¥;(s) = 0, Y2(0) = 0 and
that
F(sV + Ya(s)) = 0.
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Hence the curve T's : J — N defined by T's(t) = exp. ;) (sV(t) + Ya(s)(t)) is hori-
zontal for s € (—¢,¢). Differentiating the above formula at s = 0 we obtain

b0 (v + 220 <o

As V is admissible we deduce that

DF(0) (%(0)) =0.

Since
n—k
M NN EX. Foe !
85 (0)_};le17 flEC (J)7

we get from by equation (6.3) that fi =0 for each h = 1,...,n — k. Therefore it
follows that %(O) = 0. This way we obtain that the variational vector field of the
variation I'y is

ar' 9Ys
=V+ 0)="V.
0s |, ds 25 (0=
The uniqueness property of the Implicit Function Theorem provides Y;(s) = 0 for
s € (—¢,e) when V =0. O

7. THE FIRST VARIATION FORMULA

Let v : I — N be a curve of degree d in a Carnot manifold endowed with a
Riemannian metric. We fix an orthonormal adapted basis (X1,...,X,) along the
curve. Recall that the length of degree d was computed in (2.15) as Lq(v,J) =
f] 04(t)dt, where the length density 64 of degree d is given by

0utt) = 3 (0. (X)00)?)

Jj=nd—1+1

In case 64(t) # 0 for any ¢ € I, we can reparameterize v so that the new length
density is identically 1.

Let I'(¢, s) be an admissible variation of v whose variational vector field is given
by V(t) = ‘g—g(t, 0). Calling 0 = 64, the derivative of the length functional Lgq is
given by

d d
— LyTs, 1) = —
dsls=0 al ) ds

_ t)7 I(t, s)

_J =ngq_ 1+1/ 9(t d s= 0< ot (X )F(ts)> dt

= Z / "Yl(etgl;)Xj V V( ) >+< (t)avv(t)X >)d
Jj=ng-1+1

Integrating by parts we obtain that

(' (1), X;) N ()X
/IW<VV/V(t),XJ>dt_/I <V(t),V7< 0 XJ>>dt.
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Since V.= Y"1 (V, X;) X, we get

<7/(t)7 VV)(j> = <‘/7 Z<FY/7 VXIXJ>XZ>7

=1

and so we can write

(7.1) T zae.n= [wma
s=0
where
a2 m= Y (-9 () 3 B0 v ).

j=na—1+1 =1

Expressing 7' = >, 2, (7, X¢) X, we can rewrite H as

N d (', X)) v NN~ OO XN 0. Xe) 5
(73) H=Y_ (—E(W>X]+ZZ 50 ‘ c;X)

Jj=ng—1+1 =1 4=1

where

’i =
With this preparation, we can compute the first variation formula for the length
L, of degree d for regular curves.

Remark 7.1. Let m be a positive integer. We remind that when z is a vector

field in R™ with coordinates x; for ¢« = 1,...,m, its transpose is the row vector
T _

= (z1,...,Zm).

Theorem 7.2. Let v : I — N be a curve of degree d = deg(~y) such that 64(t) =1
for each t € I\ Iy. Assume that the curve v is regular restricted to [a,b] C I \ Ip.
Then v is a critical point of the length of degree d for any admissible variation if
and only if there is a constant vector kT € R"~"4 such that vy satisfies along ~y the
following differential equation

I S EACE (] 6D (7) i) ) DA

where h; = (v, X;) fori=1,...,nq, A(t) defined in (4.3), D(t) solving (5.6) and
we set

0 B1
_ 0 (B _ ﬁ;zd

(76) a= hnd,l—i-l ’ ﬂ - <ﬁv> N Bnd+1 ’
i, B

with

Ng

Bi=>_ Y. hihd,

(=1 j=ng—1+1
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Proof. Fix an adapted basis (X;) along ~, and consider the admissible vector field

V= ZngjL Z fix

j=na+1
solving the admissibility equation (4.4). Then we have
(7.7) (DF) = —DAG.

Since «y is regular by hypothesis, Theorem A.4 implies that V' is integrable, and
so there exists an admissible variation I'(¢, s) such that V(t) = aF = (t,0). With the
notation introduced in (7.6) the first variational formula with respect to (X;) is
given by

d
(7.8) 75 oo

La(Ty, 1) = / —aT(OG(t) + BT (OG() + BT (O F () db.

Since (7.7) holds and F' is compactly supported in [a, b] we have

/ Bt F(t)dt = /1 BY)D™ (t)D(t)F(t)dt

— /1 < /a t BT (r)D~(r) d7'> (DF)(t)dt
_ /1 < / 87D () dT) D) AM)G() dt.

Therefore (7.8) is equivalent to

(7.9) /1 (—aT(t) + ( / t BY(r) D~ (r) dT> D(t)A(t) + BF (t)) G(t)dt,

for each G(t) that verifies

b
F(b) = —D(b)*l/ D(t)A(t)G(t)dt = 0.

Hence a critical point of the functional L4 is given by

/1 (—aT(t) + < / t B (T)D~ (1) d7'> D(t)A(t) + ﬁ,?(t)) G(t)dt =0,

for each G satisfying

HY (G /D t)dt = 0.

Since the holonomy map is surjective by the du Bois-Reymond Lemma [21, Lemma
C.1] there exists a constant vector k7 € R"~"¢ such that the Euler-Lagrange equa-
tion is given by

(7.10) —aT(t) + </ BT (r)D71(7) dT) D(t)A(t) + BF(t) = k D(b)"*D(t)A(t).

Since D(b)~! is a constant matrix we have that k = kD(b)~! is a constant row
vector. Hence +y satisfies equation (7.5).
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Conversely, assume that equation (7.5) holds so than also (7.17) holds. Putting
equation (7.17) into (7.9) we obtain

- Ld(FS,I):/IkD()A dt—k/D

Since (7.7) holds and F' is compactly supported in [a, b] we conclude

s=0

2| pamn =k 00F®)|_ =0

t=a
Hence we proved that ~ is a critical point of the length functional of degree d for
any admissible variation. ([l

Example 7.3 (The Heisenberg group H"). A well-known example of contact sub-
Riemannian manifold (see Example 5.12) is the Heisenberg group H", defined as
R2"+1 endowed with the contact form

wo = dt + Z(:cldyl — yldl'l)
i=1
Moreover H" is a Lie group (R%“ ) where the product is defined, for any pair
of points (2,t) = (21, ..., 2n,t), (2, ') = (2],...,2},t) in R¥"T! = (CQ"XR, by

TN

(z,t) % (¢, ) = (z +2t+t + Z Im(zizi’)> .

i=1
A basis of left invariant vector fields is given by {X1, -+, Xn, Y1, -+, Y,, T}, where

0 y 0 0 i 0 0
=dm 33 YTaptag iTheem Tog
The only non-trivial relation is [X;, Y;] = T'. Here the horizontal metric h is the one
that makes {X;,Y; : ¢ = 1,--- ,n} an orthonormal basis of H = ker(wp). On the
tangent bundle we consider the metric g = (-, -) so that (5.12) holds. Clearly, we
have (X;,T) = (Y;,T) =0forall i = 1,...,n. Let V be the Levi-Civita connection
associated to g. From Koszul formula and the Lie bracket relations we get

(7.11) Vx,X; =Vy.Y; =VoT =0, VxY;=—6,T, Vy.X;=0,T

For any vector field X on H" we have J(X) = VxT. Following the previous

notation we set X,4; := Y; for all ¢ = 1,...,n and Xg,41 := T, then the only
non-trivial structure constants are

(7.12) it = =t = (X0, Xignl, Xang1) = 1,

foralli=1,...,n

Let v : I — H™ be an horizontal curve parameterized by arc length, i.e. 6(¢) = 1.
By equation (7.11) and the linearity of V on the first term we have (v, V., X;) =0
thus it holds

aj = <VV'/7/7Xj> + <’7I7VV’Xj> = <V’Y 7 ) >
where « is defined in Theorem 7.2. Since <V'y YTy ==, J(Y )) =0, then Vv
is horizontal. By equation (7.12) we have ¢), = 0 for all j = 1,...,2n, thus we

deduce that
2n 2n

=3 (X)W, Xe) e, =0

(=1 j=1
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forallt=1,...,2n + 1. In this setting we have
B=(,T,T)=0, A= (a1,...,a2,),
where a; = 2(J(v"), X;). Since the solution of following Cauchy problem

D'(t) = D(t)B(t) =0
D(a) =1

is given by D(¢) = 1 for all t € [a, b], the right side term of (7.5) is given by 2k.J (/).
Then we conclude that -« is a critical point of the horizontal length functional for
any admissible variation if and only if there exists a constant k € R such that
(7.13) — V' =2kJ().
Explicit solutions to this geodesic equation can be find in [35, p. 10 ], [30, p. 160]
and in [4, p. 28].

Let now =y : I — H" be a curve such that deg(y) = 2. We parametrize the curve
v so that the length density 02(¢) = (v/,T) =1 for all ¢t € I \ Ij. Since deg(y) =2
is the maximal degree for a curve in Heisenberg the vertical set V. ) = {0} for all

t € I\ Iy. Then « is regular restricted to each interval [a,b] C I \ Iy. Therefore
we have that k =D = A =0 and

0
. 2n+1
= : — 2n+1
a=| |, Bi=>_ honyrhec ™
0 =1
1

Thus we have 8; = — (7, Y;) fori=1,...,n, 8; = (¢, X;) fori =n+1,...,2n and
Bant1 = 0. We deduce S = J(v'). Hence the geodesic equation (7.5) is given by
J(®') = 0, then v/ = T. We conclude that the geodesics of degree 2 are straight
lines in direction 9;.

7.1. Some properties of the length functional of degree two for surfaces
immersed in the Heisenberg group. Let X be a surface immersed in the Heisen-
berg group H!, where a basis of left-invariant vector fields is given by

X:aﬁgat, Y:Z)y—g(?t, T =0,

We consider the ambient metric g = (-,-) that makes (X,Y,T) an orthonormal
basis, see Example 5.17, and H = span{X,Y}. ¥ inherits the Riemannian metric g
induced by g. Hence (2, H', H?) is a graded manifold endowed with the Riemannian
metric g, where 7—2; = T,X N Hyp, 7:[?) = T,X if p belongs to ¥ \ ¥y and 7—2; =
7:[,% = H, = T,X for p € ¥y. Let N be a unit vector normal to ¥ w.r.t. g and
Nn = N — (N, T)T its orthogonal projection onto H. In the regular part X \ X,
the horizontal Gauss map v, and the characteristic vector field Z are defined by

[Na|’
where J(X) =Y, J(Y) = —X and J(T) = 0. Clearly Z is horizontal and orthogo-
nal to vy then it is tangent to X. If we define

(7.15) S = <N, T>I/h — |‘N}I|T7

then (Z,,S,) = (e1,e2) is an orthogonal basis of T, and it is adapted to the
filtration H}, N T, C H} N T, for each p in ¥ \ Xy.

(7.14) Vh Z = J(vp),
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In the regular part ¥ \ ¥y the length functional Lo is well-defined. Since all
variation I's are admissible and the first variation formula is given by

d
L b D) = [(V,H)dt,
Bo| b /1< )

where V is a vector field in T and H is given by equation (7.3). Then the Euler-
Lagrange equation for Lo is given by H = 0. Following equation (7.3), H = 0 is

equivalent to
o (e 1< L)

2
i=1 (
Then a straightforward computation shows that (7.17) is equwalent to

(V' (1),e1)c5y) ex + (V' (), ex)ets
This means that the geodesic equation for Lo is given by
(7.18) (1), 2){[S. 2], 5) = 0.

Whenever ([S, Z], S) # 0 the unique geodesic for Ly starting from p is the integral
curve of the vector field S passing through p, namely the unique solution of the

following Cauchy problem
{Vl(t) =5yt

7(0) = p.
The projection of the integral curve of S onto the xy-plane are called seed curves
in the literature, see for instance [9, page 159].

(7.16)

)
t

Mw

~
Il

€2 =

Example 7.4. A vertical plane P, in H' is given by
P,={(z,y,t) eH' : ax+by=c, a®>+b* =1, ceR}.

It is easy to see that the Z = b X —aY and S = T'. Thus on a vertical plane we always
have ([T, Z], T) = 0, since the Lie algebra of the Heisenberg group is nilpotent. More
generally each surface obtained by the product of a planar curve in the zy-plane
with R in the ¢ direction (see [11, Example 3.4]) verifies ([S, Z], S) = 0. Therefore
all curves in P, satisfy the geodesic equation (7.18). Now for seek of simplicity in
the computation we consider the vertical plane {y = 0}. This is not restrictive since
a generic vertical plane P, can be obtained by a rotation and a left-translation of
{y = 0}. The length functional of degree 2 is given by

/ (9/(s). T) ds,

where v(s) = (x(s),t(s)) is a piecewise C! curve in P, = {y = 0}. Let p = (x0,%0)
and ¢ = (z1,t1) be two points in P,. We consider the piecewise curve a(s) : [0,2] —
P, defined by

a(s) = a1(s) = (xo,s t1 4+ (1 — 8)to) if se]0,1]
ap(s) = ((s — Dz1 + (2 — s)zo, t1) if s€]1,2].
We claim that «(t) is a minimizing curve for the length functional of degree 2, that

means La(a) < La(7y) for each curve 7 : [a,b] — P,, v(s) = (z(s),t(s)) such that
~v(a) = (zg, to) and y(b) = (x1,t1). Indeed, defining the following function

f : [&,b] — R, f(S) = <t($) —to,t1 — t0>,
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we have f(a) =0 and f(b) = |t1 — to|?>. Then, it holds
b
(719) £0)= 10 - f@) = [ F(s)ds.
By Cauchy-Schwarz inequality and (7.19) we obtain

/a " f(s)as

|ty — to]* =

b b
< [1reids < [ 1.0~ wlds

b
<l —tol [ (o)las.
a

Then, it follows

b b
(7.20) =t < [ 10@ds = [ VO TRds = Laty).

Since La(ag) = 0 we have La(a) = La(ag) = [t1 — to|. By equation (7.20) we
conclude La(a) < La(y). However Ly has several minimum among all curves that
fix that end-points p and ¢, because each curve of degree 2 that has increasing ¢
coordinate is a minimum for the for the length functional L. Indeed, when we
reach the horizontal leaf of coordinates ¢; we can connect each point on the leaf
leaving unchanged the value of L.

Example 7.5 (Characteristic plane). Let P, be the characteristic (or horizontal)
plane in H' defined by

P. = {(z,y,t) € H' : t=0}.

In cylindrical coordinate sx = pcos(d), y = psin(d) and ¢ = ¢, where p > 0 and
6 € [0, 27], we consider the orthonormal adapted basis (X', Y’,T) in H!, where

0
X' = cos(0)X +sin(0)Y = —,
dp
(7.21) 10 0o
A _ Y P Y
Y' = —sin(0) X + cos(8)Y 530 + 550"
Furthermore, since the tangent vector to P, are 8% and
0 p?
— =pY' - =T
o0 — " T2
we deduce
Z = g and S = L 0
dp

py/1+ 29
Since ([Z,5],S) = 8% ((1—|— é)’%) # 0 for all p > 0 the geodesics for Ly are

integral curves of S. Let v(¢) : [0,Z] — R?\ {0} be the integral closed curve of
S such that v(0) = (po,6o) and v(¢) = (po,00), po > 0, Oy € [0,27] and | - | the
Euclidean metric. When pg tends to 0 the circle described by ~ collapses to the
characteristic point 0 and we have

2
lim [ |¥/(t)|dt = lim L
po—0 I

—0 2
"7 poy /14 2
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Example 7.6 (Pansu’s spheres). In cylindrical coordinates the Pansu sphere S;
is the union of the graphs of the functions f and —f defined on the plane ¢ = 0,
where for 0 < p <1

1
= — 2 -1
f(p,9)—2(p 1 — p? + cos (p))-
Then, for 0 < p < 1 we have
2
OF .7 aa Yy

o -2 26

Therefore the unit normal N to the upper (lower) hemisphere, described by the
graph f (respectively —f ), is

2
Nt (re— 2 x/).
V1—p? 1—p?

Thus, we have v, = +X’, Z = +Y’, (N,T) = (1 — p?)~2 and
2

2
1
P X' and S=—__x'+-_"

= S T1-p

A straightforward computation shows that for 0 < p < 1 there holds

Ny ==+ T.

1
<[Z75]7S>:7<[Y/7X/]7S>
1—p2?
2
(7.22) - dyirx s £
1—p*'p 1—p?

=p*(1—p?) 72 #£0.
On the equator of Sy, parametrized by 8 — (1,6,0), we have ([Z, 5], S) = 0 since
T is tangent to S;. Fix a point py = (po, 00, +f(po,0)) € S1 with 0 < p < 1. By
(7.22) out of the equator ([Z, S], S) # 0, then the geodesic v(s) = (p(s),0(s), t(s) =
f(p(s),6(s))) at po for the Ly functional is the solution of the following Cauchy
problem

(7.23)

0
i(s) = F5o
’7(0) = (p07 907 :l:f(p()? 90))

Then we have 6(s) = 0y and p(s) verifies

(7.24) 1 yV/T=37 + sin_l(y)r(S) —s.

2 PO
Moreover, we notice that the sign of #(s) is opposite to the sign of f. This means
that the ¢ coordinate of a geodesic 7(s) decreases in the upper hemisphere and
increases in lower hemisphere until v reaches the equator. Then for each py > 0
and 6y € [0,27n] we consider 7, : [0,5] — S; the solution of (7.23) such that
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Y.(0) = (p,0, f(p)), 7u(5) = (1,60,0) and ¢ : [0,5] — S; the solution of (7.23)
such that v,(0) = (p, 0, —f(p)), 7(5) = (1,60,0). Letting I = [0, 23] we set

- {*yu(s) s €0, 3]

als v(25 —s) s € [s,28]

When pg tends to 0 the end-points of « go to the poles that are characteristic points
and we have
lim [ |o/(t)|dt = lim 25 = g

po—0 Jr po—0
since by (7.24) it follows
p(s)

1
s = lim lim — [y 1—y2+ sin_l(y)} =
po—0p—1 2 Po

e

APPENDIX A. INTEGRABILITY OF ADMISSIBLE VECTOR FIELDS ON A REGULAR
CURVE

In this Appendix, we provide an alternative proof of the fundamental Theorem 3
in Hsu’s paper [21], that implies that, when 7 is a regular curve in (a,b), then any
admissible vector field along v with compact support in (a,b) is integrable. We
need first some preliminary results.

We consider the following spaces

1. XI(a), r > 0, is the set of C" vector fields along + that vanish at a.
2. H’(a), 7 > 0, is the set of horizontal C" vector fields along v vanishing at a.
3. V;(a), r > 0, is the set of vertical vector fields of class C" along ~ vanishing
at a. By a vertical vector we mean a vector in H'.
We shall denote by II, the orthogonal projection over the vertical subspace.
For r > 1, we consider the map

(A1) g: ’H,;*l(a) x V(a) — 'H,ffl(a) X V;fl(a),
defined by
G(Y1,Y2) = (Y1, F(Y1 + Y2)),
where F(Y) = IL,(I'(Y)"), and I'(Y')(t) = exp,;)(Y'(t)). Observe that F(Y) =0 if
and only if the curve I'(Y") is horizontal.
We consider on each space the corresponding || - ||, or || - ||,—1 norm, and the
corresponding product norm (it does not matter whether it is Euclidean, the sup

or the 1 norm).
Then

DG(0,0)(Y1,Yz) = (Y1, DF(0)(Y1 + Y2)),
where DF(0)Y is given by
DF(0)Y = Z (V4 Y, X3) + (v, Vy Xi)) Xa.
i=k+1
Oberve that DF(0)Y = 0 if and only if Y is an admissible vector field.

Our objective now is to prove that the map DG(0, 0) is an isomorphism of Banach
spaces. To show this, we shall need the following result.

Proposition A.1. The differential DG(0,0) is an isomorphism of Banach spaces.
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Proof. We first observe that DG(0,0) is injective, since DG(0,0)(Y7,Y2) = (0,0)
implies that Y7 = 0 and that the vertical vector field Y5 satisfies the compatibility
equations with initial condition Ya(a) = 0. Hence Y5 = 0. The map DG(0,0) is
continuous. Indeed, if for instance we consider the 1-norm on the product space we
have

|DG(0,0) (Y1, Y2)|| = [[(Y1, DF(0)(Y1 + Ya2))||
< |Yillr—1 + [DF0) (Y1 + Y2))llr-1
< (X + [(aip =Yl + (1 + |G lr— D)1 Y2 -

To show that DG(0,0) is surjective, we take (Y1,Y2) in the image, and we find
a vector field Y along v such that Y(a) = 0, ¥}, = Y7 and DF(0)(Y) = Y2 by
Lemma 5.1. The map DG(0,0) is open because of the estimate (A.2) given in
Lemma A.2 below. O

Lemma A.2. In the above conditions, assume that DF(0)(Y) =Y and Yy = Y3
and Y(a) = 0. Then there exists a constant K such that

(A.2) 1Yollr < K(IY2llr—1 + [[Ya]lr-1)

Proof. Reasoning as in Lemma 5.1 we choose a global orthonormal adapted basis
(X;) on v and write

n

k n
Vi=) ¢Xi, Ya= Y zX, and Y,= Y fX,.
i=1

r=k+1 r=k+1
Then Y, is a solution of the ODE (5.2) given by
(A.3) F'=-B(t)F + Z(t) — A(t)G(t)
where B(t), A(t) are defined in (4.3), F, G are defined in (4.5) and we set
Zk+1
7 - .
Zn

Since Y, (a) = 0 an Y,, solves (A.3) in (a,b), by Lemma A.3 there exists a constant
K such that

|Z(t) — A(t) G)llcr—1(a,b))
(IY2ller-1((a,)) + Y2 llor=1((a,8)))-
where K" = K max{1,supy, 4 [[A(®#)[-—1}- O

1Yoller(ae) = 1Fler((a,b)

" < K|
(A.4) <K'

Lemma A.3. Letr > 1 be a natural number. Let u : [a,b] — RY be the solution of
the inhomogeneous problem

"= A(t t
(A5) {“ Ottt
u(a) = up
where A(t) is a d x d matriz in C™™1 and c(t) a C"™™1 vector field. Then, there

exists a constant K such that

(A.6) l[ullr < K([leflr—1 + |uol)-
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Proof. The proof is by induction. We start from the case r = 1. By [20, Lemma
4.1] it follows

t
u(t) < (|u0|—|—/ |C(S)|d3> ol J2 1A las,

where the norm of A is given by supy,_; |4 z|. Therefore we have

(A7) sup [u(t)] < Ci( sup |e(t)] + |uol),
t€la,b] t€la,b]

where we set
Ci = (b — a)e(b_“) SUP¢eq,b] ||A(t)|\_
Since u is a solution of (A.5) it follows

sup |u/(t)] < sup [A@)] sup [u(t)|+ sup [c(t)]
te(a,b] te(a,b] te(a,b] t€la,b]

A8
(4.8) < (C2+1) sup [e(t)].
t€la,b]

Hence by (A.7) and (A.8) we obtain

[[llx

Assume that (A.6) holds for 1 < k
u () =Y " AW (@) u R (8) 4 ().

k=0

K(|leflo + [uol)-
r, then by (A.5) we have

NN

By the inductive assumption we deduce

T

sup [TV ()] <Y sup [AP@)] sup [ul" P (@) + sup [ (1)
t€la,b]

(Ag) te(a,b] k0 tE€la,b] te(a,b]
< (Cy+1)( sup ()] + Juol)-
t€la,b]
Hence the inequality (A.6) for r + 1 simply follows by (A.9). O

Finally, we use the previous constructions to give a criterion for the integrability
of admissible vector fields along a horizontal curve.

Theorem A.4. Let v : 1 — N be a horizontal curve in a Carnot manifold (N, H)
endowed with a Riemannian metric. Assume that v is regular in the interval [a,b] C
I. Then every admissible vector field with compact support in (a,b) is integrable.

Proof. Let us take V, V1, ... V"% yector fields along vy vanishing at a. We consider
the map

G: [(—5,5) X (—5,5)"_]“} X [ny_l(a) X V,:(a)} — ’H,Ty_l(a) X V,?_l(a),
given by
n—k

Gl(5, (50, Y2, Ya)) = (%3, FsV + 3 iV + Yi 4 Y3))

i=1
The map G is continuous with respect to the product norms (on each factor we put
the natural norm, the Euclidean one on the intervals and || - ||, and || - ||,—1 in the
spaces of vectors along ). Moreover

G(0,0,0,0) = (0,0),
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since the curve + is horizontal. Now we have that
DG(0,0,0,0)(Y1,Y2) = DG(0,0)(Y1, Y2)
is a linear isomorphism. We can apply the Implicit Function Theorem to obtain
maps
Yic: (—5,5)"_]”1 — H;_l(a), Y5 : (—5,5)"_]”1 — V;(a),
such that G(s, (s;), (Y1) (s, si), (Y2)(s,5:)) = (0,0). This implies that (Y1)(s, (s;)) =
0 and that
F(sV 4 siVi+Ya(s,si) = 0.

K2

Hence the curves
I(sV + Z sV + Ya(s, 8:))

are horizontal.
Now we assume that V' is an admissible vector field with V(a) = V(b) = 0, and

that V1,..., V" F are admissible vector fields vanishing at a. Then the vector field
oY1 oY1
—(0,0), =—(0,0
88 ( ) )’ asl ( ) )

along ~ are vertical and admissible. Since they vanish at a, they are identically 0.

If, in addition, V,}(b), ..., V.""%(b) generate the space HL(b). We consider the
map

II: (—,e)" 1 5 N
given by
(5,(5) = T(sV + ) sV + Ya(s, 5:)) (D).

For s, (s;) small, the image of this map is an (n — k)-dimensional submanifold S
of N with tangent space at v(b) given by ny‘(b) (as V(b) = 0 and V*(b) = V;(b)
generate ’H,fy‘(b)). Notice that

o11(0,0) it
e = Vi) = Vi),
which is invertible and
o11(0,0)
— 2 =V(b) =0.
P (0)

Hence we can apply the Implicit Function Theorem to conclude that there exists a
family of smooth functions s;(s) so that

L(sV + Z si(s)V' + Ya(s, si(s)))

are horizontal and take the value v(b) at b. Clearly, we have

I(s, (si(s))) = v(b).

Differentiating with respect to s at s = 0 we obtain

oI1(0,0) L o11(0,0) , 0) —

Os - 0s; 5i(0) =0.
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Therefore s;(0) = 0 for each s = 1,...,n — k. Thus, the variational vector field to
I'is
Y2

L(s) _V+Z (00) 0.0 =V. 0

0s

(A.10)

APPENDIX B. THE HOLONOMY MAP ON THE SPACE OF SQUARE INTEGRABLE
FUNCTIONS

In [29, Section 3.8] R. Montgomery stressed the fact the C! topology is not the
correct one for calculus of variations. Indeed, a rigid curve in the C! topology is
always a local minimum (see [37]) for each functional, in particular for the length
functional, since its minimality does not depend on the functional but only on its
domain. Therefore R. Montgomery suggested to consider the W2 topology for
curves instead of the C! topology, introducing the endpoint map described in [29,
Chapter 5]. Here we show how we can take into account this weakening of the
regularity for the holonomy map.

Let I C R be an open interval. Let v : I — N be an absolutely continuous curve
of degree d = deg(y) with square integrable derivative

Z we(t)(Xe)ry (1)

where u; € L} (I,R) for each ¢ = 1,...,k letting H := H, k = nqg, (X1)y@),

-5 (Xk)4(t)) is an horizontal frame along « for H and ((Xx+1)y(t), - - (Xn)y)) 18
a vertical frame for V = (H)* along v, both of them provided by Remark 4.3. Let
[a,b] C I. A square integrable vector field V € L?([a, b], TN) can be projected into
its horizontal part Vj, € L?([a,b],H) given by

Vi = Zgz i)y(ty where g; € L*([a, b))
and its vertical part V,, € L%([a,b],V) given by

Z fr(®)(Xp)ye) where f, € L?([a,b]).

r=k+1

Thus, the admissibility system (5.2) is now equivalent to

(B.1) f +Zamgz+ Z bfi=0, r=k+1,....n

Jj=k+1

where we consider distributional derivatives and the coefficients

k k
(B.2) ars =Y wi(t)ep(y), brj = D ue(t)ey; (7)
=1 =1

belong to L?([a,b]), since by assumption u, € L?([a,b]). Since any linear system
satisfies the Carathéodory hypothesis [19, eq. (5.2), Section 1.5] and the Lipschitz
condition in the spatial variable [19, eq. (5.3), Section I.5], we have that the system
(B.1) admits a unique absolutely continuous solution by [19, Theorem 5.3, Section
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1.5]. Hence this Carathéodory’s existence theorem allows us to define a holonomy
type map
H,‘Yl’b : L2([a, b, H) — V’y(b)

where V, ;) is the vector space of vertical vectors at the point y(b). In order to
define ﬁ,‘;*b we consider a horizontal vector Vj, € L?([a,b],H) and we take the only
vector field V,, € W'2([a,b],V) solution of (B.1) with initial condition V,(a) = 0,
thanks to [19, Theorem 5.3, Section 1.5]. By the Sobolev Embedding Theorem [16,
Corollary 7.11] the space W'2([a,b], V) is continuously embedded in CZ ([a,b], V).
Thus, we consider the %—H'dlder function, denoting it always as V,,, in the class of
functions of V,, € W12([a, b],V) so that we define

HY (Vi) = Vo (0).

Definition B.1. In the above conditions, we say that « restricted to [a, 8] is regular
if the holonomy map H,‘;’b is surjective.

Defining F' and G as in (4.5), the system (B.1) is equivalent to F/ = —BF — AG,
where A, B are the L? matrices defined in (B.2) and the time derivative shall
be understood in the distributional sense. In these conditions, the coordinates of
I},‘Y”b(Vh) = V,(b) in the basis (X;) are given by F(b).

The following result allows the integration of the differential equation (B.1) to
explicitly compute the holonomy map.

Proposition B.2. In the above conditions, there exists a square regular matric
D(t) of order (n — k) with coefficient in C% (|a,b]) such that

b
(B.3) F(b)=—-D(b)~* / (DA)(H)G(t) dt.

Proof. Lemma B.3 below allows us to find a regular matrix D(t) with coefficient in
Cz([a,b]) such that D’ = DB. Then equation F’ = —BF — AG is equivalent to
(DF) = —DAG. Since DF belongs to W12([a, b],V) and the fundamental theorem
of calculus still holds in W12 we have

DB)F(b) — D(a)F(a) = — / (DAY BC() di
Taking into account that F'(a) = 0, and multiplying by D(b)~!, we obtain (B.3). O
Lemma B.3. Let B(t) be a L? family of square matrices on the interval [a,b]. Let
D(t) be the Cz solution of the Cauchy problem
(B.4) D'(t) = D(t)B(t) on [a,b], D(a)= I,
Then det D(t) # 0 for each t € [a,b].

Proof. Thanks to [19, Theorem 5.3, Section 1.5] the Cauchy problem (B.4) has a
unique solution D € Wh2([a,b], M?¢*9), that belongs to C2([a,b], M%) by the
Sobolev Embedding Theorem. Since the determinant is a polynomial function,
therefore C'', we apply the chain rule in Sobolev spaces to gain the Jacobi formula

d(det D(t)) , dD(t)
— = Tr (adj D(t) T)
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in the distributional sense, where adjD is the classical adjoint (the transpose of the
cofactor matrix) of D and Tr is the trace operator. Therefore

ddet(D(t))
dt
Since det D(a) = 1, the solution for (B.5) is given by
det D(t) = eJa BT 5
for all ¢ € [a,b]. Thus, the matrix D(t) is invertible for each ¢ € [a, b]. O

(B.5) = Tr ((adj D(t)) D(t)B(t)) = det D(t) Tr(B(t)).

Theorem B.4. The absolutely continuous curve v of degree d = deg(y), with square
integrable derivative, is non-regular restricted to [a,b] if and only if there exists a
Cz row vector field A(t) # 0 for all t € [a,b] that solves the following system

N(t) = A)B(t
Bo) (1) = AWB()
AWA(t) =0,
for a.e. t € [a,b].
Proof. Assume that + is nonregular in [a, b], then the image of the holonomy map is

contained in a proper subspace of V, . Therefore there exists a row vector I' # 0
such that

(B.7) I'F(b) = — /b D) 'D()A)G(t) =0
for all G € L*([a,b],H), where D(t) solves

(B.8) {ggg: Di)é@)

In the previous computation we used the integral formula provided by Proposi-
tion B.2. Setting A(t) := I'D(b)~1D(t) by equation (B.7) we obtain A(t)A(t) = 0
for a.e. ¢t € [a,b]. Since T is a constant vector and D(t) is a regular C([a,b]) N
W12([a, b]) matrix by Lemma B.3, we obtain A’'(t) = A(t)B(t) a.e. in [a,b] and
A(t) #0 for all t € [a, b].
Conversely, any solution of the system (B.6) is given by
A(t) =TD(t),

where I' = A(0) # 0 and D(¢) solves the equation (B.8). Indeed, let us consider a
general solution A(t) of (B.6). If we set

O(t) = A(t) —T'D(¢),
where I' = A(0) # 0 and D(t) solves the equation (B.8), then we deduce
D(t) = @(t)B(t)
o(0) = 0.

Clearly the unique solution of this system is ®(¢) = 0. Hence we conclude that
I'D(t)A(t) = 0 for a.e. tin [a,b]. Furthermore by Proposition B.2 we have that the
image of the holonomy map is given by

b
F(b)=-D®)! / (DA)(t)G(t) dt
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for each G € L?([a,b],H). Setting I := T'D(b) we obtain

b
TF(b) = — / TD(t)A(t)G(t)dt = 0.

Therefore the image of the holonomy map is contained in a proper subspace of V.3,
thus the curve v is non-regular restricted to [a, b].

Remark B.5. We notice that

(1]

2]

[3]

[5]

[6]

(8]

e as we pointed out in Remark 5.8 when (N,H) is a Carnot manifold the
system (B.6) coincides with the characteristic system in [29, Lemma 5.2.3] ,
but now for absolutely continuous curves with square integrable derivatives
and not only for C* curves;

e we have the following inclusions for the holonomy map

H,’;’b : Lz([a,b],’H) — V’y(b)

U

H,l;”b : Co((a,b),H) — V’y(b)
U

H,’;’b : C&((a,b),H) — V’y(b)
U

H,‘;*b: Co((a,b),H) — Vi)
U

H,‘Yl’b: Cgo((a,b),’H) — V,Y(b),

where the suitable control space depends on the regularity (L2, C*, ..., C>)
of the immersed curve we consider. When the curve is W12 the control space
is L?([a, b], ) and when the curve is C" the control space for the holonomy
map is Cj ' ((a,b),H) for r > 1.
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