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The addition theorem for locally monotileable monoid actions

Dikran Dikranjan, Antongiulio Fornasiero, Anna Giordano Bruno, Flavio Salizzoni

Abstract

We prove an instance of the so-called Addition Theorem for the algebraic entropy of actions of cancellative right
amenable monoids S on discrete abelian groups A by endomorphisms, under the hypothesis that S is locally monotileable
(that is, S admits a right Felner sequence (Fy)nen such that F, is a monotile of F,11 for every n € N). We study in
details the class of locally monotileable groups, also in relation with already existing notions of monotileability for groups,
introduced by Weiss [46] and developed further by other authors recently.

2010 Mathematics Subject Classification: Primary 20K30, 20M20; Secondary 37A35, 37B40, 43A07.
Keywords: algebraic entropy, amenable semigroup, amenable monoid, group endomorphism, semigroup action, monotileable, congru-
ent monotileable; locally monotileable.
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1 Introduction

After a very brief and schematic introduction by Adler, Konheim and McAndrew [1], the algebraic entropy for endomor-
phisms of abelian groups was gradually developed by Weiss [47] and Peters [37, 38]. The interest in this direction increased
after [I7], where a rather complete description in the case of torsion abelian groups was obtained. The algebraic entropy
defined by Peters [37] for automorphisms of arbitrary abelian groups was suitably extended to arbitrary endomorphisms of
abelian groups in [16] (see also [12]); this entropy is denoted by hqaig in the sequel. On the other hand, appropriate versions
of the algebraic entropy for module endomorphisms were introduced by Salce and Zanardo [40] and studied further by
Salce, Vdmos and Virili [39], also in connection with length functions in the sense of Northcott and Reufel. Recently, Virili
[44] extended this algebraic entropy to amenable group actions on modules and found applications to the Stable Finiteness
Conjecture and the Zero Divisors Conjecture, originally stated by Kaplansky. These ideas were pushed further by Li and
Liang [31].

Let S be a cancellative right amenable semigroup, A an abelian group, and S A A a left action by endomorphisms.
In [I0], inspired by the recent results and definitions of Ceccherini-Silbertstein, Coornaert and Krieger [5], the algebraic
entropy haig was extended to such actions a as follows. For a non-empty subset X of A and for every F' € Pysin(5), let

Tr(a, X) =) a(s)(X)

seF



be the a-trajectory of X with respect to F. The algebraic entropy of a with respect to X € Pyrin(A) is

1 é(TFi (a7X))
Hapg(a, X) = lzl(gl T,
where (F})icr is a right Fglner net of S. The limit defining Hai4(a, X) exists and does not depend on the choice of the
right Fglner net (F;);er in view of [5, Theorem 1.1]. The algebraic entropy of o is

hatg(a) = sup{Haig(a, X): X € Prin(A)}.

This definition of algebraic entropy coincides with that for single endomorphisms (mentioned above) when those are
considered as left N-actions. Moreover, for amenable group actions on discrete abelian groups it coincides with the algebraic
entropy defined in [45] on locally compact abelian groups.

A fundamental property of hqig, established in [I6] (and in [I7] for torsion abelian groups), is the so-called Addition
Theorem (or Yuzvinski’s addition formula):

Theorem 1.1 (Addition Theorem). Let A be an abelian group, ¢ : A — A an endomorphism and B a ¢-invariant subgroup
of G. Then haig(¢) = haig(¢ [B) + haig(¢), where ¢ : A/B — A/B is the endomorphism induced by ¢.

This result was generalized to locally finite groups that are either quasihamiltonian or FC-groups in [27], while a
counterexample to the Addition Theorem in the non-abelian case was given in [25].

Moreover, an Addition Theorem was provided in [39] [40] for the algebraic entropy of module endomorphisms under
suitable conditions. This was extended in [41] to a more general setting, and to amenable groups actions in [44].

In [I0] we proved an Addition Theorem for actions of cancellative right amenable monoids S on torsion abelian groups
A. Here we prove it for all abelian groups A under the hypotheses that S is also countable and locally monotileable in the
sense of Definition [5G

Theorem 1.2 (Addition Theorem). Let S A Abea left action of a locally monotileable cancellative right amenable
monoid S on an abelian group A. Let B be an a-invariant subgroup of A, and denote by ca,p and ap the induced actions
of S on A/B and on B, respectively. Then

halg(a) = halg(aA/B) + halg(aB)-

Since N is locally monotileable, as a corollary of Theorem We find the Addition Theorem from [I6]. While the proof
in [I6] was quite long and heavily used the structure of the abelian group A, the proof in the present paper is much shorter
and makes no recourse to the structure of A.

The problem on whether the hypothesis “locally monotileable” can be relaxed in the Addition Theorem remains open.

In Section [2] we prove Theorem [[:2] and give its consequence for the topological entropy. In particular, in §2.4] we
offer a background on the topological entropy of (semi)group actions and its connection to the algebraic one by means of
Pontryagin duality.

In Section [3| we study the class of countable locally monotileable groups.

Definition 1.3. For subsets T,V of a semigroup S, we say that T is a monotile of V if there exists a subset C of S such
that {¢T": ¢ € C} is a partition of V.

The notion of monotile was defined in [46], in the case when V' = G, in connection to the e-quasi tilings from [35]. The
interest in monotiles (of G) stems from the celebrated Rokhlin Lemma:

Fact 1.4 (Rokhlin Lemma). Let T: X — X be an invertible measure-preserving transformation on a probability space
(X,X,u). We assume T is (measurably) aperiodic, that is, the set of periodic points for T has zero measure. Then for
every integer n € Ny and for every € > 0, there exists a measurable set E such that the sets E, TE, ..., T" 'E are
pairwise disjoint and such that W(EUTEU---UT" 'E) > 1 —¢.

An extension of Rokhlin Lemma for Z%-actions was proved in [6] and in [28]. A further extension of this result for
amenable group actions was announced in [35] and then proved in [36]. More precisely, if a countable amenable group G
acts freely on a Lebesgue measure space (X, i), we say that Rokhlin Lemma holds for a finite subset F' of G if for every
€ > 0 there is a subset B of X such that the sets in {fB: f € I'} are pairwise disjoint and (¢ fB) > 1 —e. Rokhlin
Lemma holds for F if and only if F' is a monotile of G (see [36]).

For our purpose concerning the Addition Theorem, we need the following special right Fglner sequences.

Definition 1.5. Let S be a monoid. A sequence (Fp)nen in Pyrin(S) is locally monotileable if Fy = {1} and F, is a
monotile of F, 11 for every n € N.
A countable right amenable monoid is locally monotileable if it admits a locally monotileable right Fglner sequence.

Consider a locally monotileable sequence (Fy)nen of S. By definition for every n € N4 there is a finite subset K, of
F,, such that F,, = leeKn kF,—1 (in particular, F,, = K, F,_1). Let Ko = {1}. Since Fy = {1}, we have that K; = F}
and so by induction we conclude that, for every n € N,

F,=K,...KiKp.

The sequence (Kp)nen is the tiling sequence associated to the locally monotileable sequence (Fy)nen.
Definition is inspired by a notion due to Weiss, that he introduced for groups in [46]:



Definition 1.6. Let S be a monoid. A countable cancellative right amenable monoid S is monotileable amenable (briefly,
MTA) if there exists a right Fglner sequence (Fy)nen of S such that F, is a monotile of S for every n € N.

The following special case of monotileability was introduced in [4, Definition 4] in the case of groups, we now give it
using our terminology.

Definition 1.7. Let S be a monoid. A sequence (Fy,)nen in Pyin(S) is congruent if it is locally monotileable and it admits
a tiling sequence (K, )nen with 1 € K, for every n € N. Moreover, (Fy,)nen is ezhaustive if UneN F,=2S5.

A countable right amenable monoid S is congruent monotileable if it admits an exhaustive congruent right Fglner
sequence.

Note that, if S is a cancellative monoid and (F},)nen is a locally monotileable sequence of S with associated tiling
sequence (Kp)nen and 1 € K, for every n € N, then (F,)nen is increasing, that is, F,, C F,41 for every n € N, and
moreover K, C F,4+1 for every n € N. Example shows that the converse is not true in general.

For a right Fglner sequence (F)nen of a monoid S, the following (non-)implications hold.

Ex Ex
exhaustive congruent =——=> congruent =—=> locally monotileable

ﬂ 4//@7

consisting of monotiles

Since an exhaustive congruent sequence of a monoid S consists necessarily of monotiles of S (see Lemma 7 a
countable congruent monotileable monoid is MTA. In particular, the condition of monotileability in [4, Definition 4] is
redundant.

For countable right amenable monoids, one has the following implications among the notions of monotileability intro-
duced and recalled above. A counterexample witnessing that locally monotileable does not imply MTA (and so neither
congruent monotileble) is given in Example

congruent monotileable

(3.12]

locally monotileable Exm MTA

\/

amenable

Restricting to the case of groups, first note that for groups the notions of local monotileability and congruent monotileabil-
ity are equivalent (see Proposition .

Moreover, recall that Weiss [46] proved that every countable residually finite amenable group is MTA and that every
countable solvable group is MTA. The latter result was extended by Ebli [22], showing that every countable elementary
amenable group is MTA. So, the next related question is very natural.

Question 1.8. Is every MTA group necessarily elementary amenable?
The following very general question by Weiss is open.
Question 1.9 (See [46]). Is every countable amenable group necessarily MTA ¢

In this sense Downarowicz, Huczek and Zhang [21] proved that every countable amenable group is finitileable. This
term was coined later by Danilenko [9], who gave also a shorter dynamical proof of the same result, as well as a version of
Rokhlin Lemma for finitileable groups.

Inspired by the notion from [9} 2], Cecchi and Cortez [4] introduced the notion recalled above of congruent monotileable
group. Cortez and Petite proved in [7] that residually finite amenable groups are congruent monotileable. Using this result,
Cecchi and Cortez showed that every countable virtually nilpotent group is congruent monotileable (see [4, Theorem 1]).
The following questions from [4], connected to the general Question are open.

Question 1.10 (See [4]). (a) Is every countable amenable group necessarily congruent monotileable?
(b) In particular, is every countable MTA group necessarily congruent monotileable?
In [46], also the following notion was introduced in the case of groups.

Definition 1.11. A semigroup G is monotileable (briefly, MT) if every finite subset of S is contained in a finite monotile
of S.

While every MTA group is necessarily MT and amenable (see Proposition [3.15]), the validity of the converse implication
is not known, and the following question by Weiss is open.

Question 1.12 (See [46]). If a countable group G is MT and amenable, is G necessarily MTA ?

We are not aware if a negative answer of the counterpart of Question for cancellative monoids is available.

In order to study the class 9 of locally monotileable groups, we consider the following general problem concerning the
stability of 9t under extension.



Problem 1.13. Consider three countable groups G, H and K, such that0 — H 5 G = K — 0 is a short ezact sequence
of groups.
(a) If H and K are locally monotileable, is then G locally monotileable as well?
(b) What about splitting extensions G = H x K ?
Moreover, we introduce the following notion of monotileability stronger than local monotileability.

Definition 1.14. Let G be a group, (Fn)nen a sequence of P (G) and id € X C Aut(G). We say that (Fp)nen is
a X-monotileable sequence if for all n € N and ¢ € X, we have that ¢(F,) is a monotile of F,,41. We say that G is
X-monotileable if there exists a X-monotileable right Fglner sequence (F,)nen of G.

When X = {id, ¢, ™'}, we simply write 1-monotileable.

One of our main results is the following partial answer to Problem [[.13]

Theorem 1.15 (Extension Theorem). Consider three countable groups G, K and H. Suppose that
0-HS5GS5K—0

s a short ezact sequence. If K is locally monotileable and H is Inn(G)-monotileable, then G is locally monotileable.

Using this result, we prove one of the main achievements of this paper, that is, Theorem [1.16| Recall that a group
G is hypercentral if its upper central series terminates at the whole group, that is, there exists an ordinal « such that
Z«(G) = Gj the length of G as an hypercentral group is the minimum such «.

Theorem 1.16. Every countable virtually hypercentral group of length < w? is locally monotileable (i.e., congruent
monotileable).

Clearly every nilpotent group is hypercentral. So, as an immediate corollary of Theorem [[.I6] we obtain the above
mentioned result from [4], that every countable virtually nilpotent group is congruent monotileable.

Since all countable solvable groups are known to be MTA, and in view of Theorem |[1.16] it is natural to ask the following.
Question 1.17. Are all countable solvable groups locally monotileable? What about polycyclic groups?

A positive answer to Problem would also be a positive answer to Question[[.I7] In this context, the next theorem
provides an example of a locally monotileable solvable (actually, metabelian) group that is neither virtually nilpotent nor
residually finite.

Theorem 1.18. For every automorphism ¢ of Q, the group Q and Q x4 Z are locally monotileable.

The following diagram represents all known (non-)implications among the above mentioned properties for countable
groups, and the related open questions.

N

virtually nilpotent

//m

virtually hypercentral

solvable and congr. monot. TR/ of longth < w?
TG
/—m\
7
solvable — ~LO > congr. monotileable PF:nglocally monotileable é res. finite amenable
PP N
QES_ -~ |
- o8 1as)
ol 22 6) / . :
elem. amenable MTA / residually finite
N
\
| Q12 (6]
_ — — T Qrd /
amenable <= MT and amenable MT
<:i::::::::ZL::::::::j;;;%
[ 21] /

finitileable
The following open questions, related to Problem and Question [1.17] are motivated by Theorem [1.18
Question 1.19. (a) Is the group Q" x4 Z locally monotileable for every automorphism ¢ of Q™2
(b) More generally, is the group H X4 Z locally monotileable for an abelian group H and ¢ € Aut(H)?



(¢) If H is a locally monotileable group and K is a finitely generated locally monotileable subgroup of Aut(H), is the
group H x K locally monotileable?

Call a group G hereditarily locally monotileable (briefly, h-locally monotileable) if every countable subgroup of G is
locally monotileable. It can be easily deduced from Theorem that every virtually nilpotent group, as well as every
locally nilpotent group, is h-locally monotileable.

Problem 1.20. Find examples of finitely generated amenable groups that are not locally monotileable, or at least h-locally
monotileable.

In we provide further examples, showing an example of a locally monotileable group that is neither virtually
solvable nor locally finite, nor residually solvable, and of a locally monotileable group G that is virtually hypercentral, yet
neither virtually nilpotent nor residually finite.

We show that 9 is stable under some countable direct limits, in particular, under countable direct sums (so, under
finite direct products as well). So, we conclude with the following open question about basic stability properties of 9.

Question 1.21. Is M stable under taking subgroups or quotients?
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Notation and terminology

For a set X, we let £(X) = log|X]|, using the convention that £(X) = oo if the set X is infinite. Moreover, we denote by
P(X) the family of all subsets of X and by Pyin(X) its subfamily consisting of all non-empty finite subsets of X. For an
abelian group A, let P, (A) be the family of all finite subsets of A containing 0.

In case S is a monoid with neutral element 1, a left semigroup action S A X is a left monoid action of S on X if
a(l)(z) = = for all x € X, ie., a(l) is the identity map idx. If S is a group, then this condition implies that a(s) is a
bijection for every s € S. Unless otherwise stated, all the actions of monoids considered in this paper are monoid actions.

We recall that a right Folner net of a semigroup S is a net (Fi)icr in Pyrin(S) such that lim;er |Fis \ Fi|/|Fi| = 0 for
every s € S. By [33] Corollary 4.3], a semigroup S is right amenable if and only if S admits a right Fglner net. In case S
is commutative we omit the adjective “right”.

2 Addition Theorem

2.1 Properties of the trajectories

Lemma 2.1. Let S be a semigroup, A an abelian group, and S A A a left action. If F,F' € Prin(S) are disjoint and
X € Pin(A), then Trup (a, X) = Tr(e, X) + Tpr (o, X).

Note that the inclusion Trr (o, X) C Tr(a, Tr (a, X)) in the next lemma holds in general.

Lemma 2.2. Let S be a right amenable monoid, A an abelian group, S ~ A a left action. If F, F' € Prin(S) contain 1,
Xe P?in(A) and the sets {fF': f € F} are pairwise disjoint, then Trp/ (o, X) = Tp(a, Tr: (o, X)).

Proof. By Lemma[2.I] we have that

Trp(a, X) =T, (0, X) = Y Tppr(a, X) = > a(f)(Te(a, X)) = Tr(, Ter (o, X)), O
feEF feF

Lemma 2.3. Let S be a right amenable semigroup, A an abelian group, S AAda left action, F € Prin(S) and X,Y €
Plin(A). Then Tr(a, X +Y) =Tr(a,X) + Tr(a,Y).

Proof. By definition

Tr(a, X +Y) =) a(s)(X +Y) =D (a(s)(X) +a(s)(Y)) =

=Y a(s)(X)+ > a(s)(Y) =Tr(e, X) + Tr(a,Y). O
seF seS

The proof of the next lemma is straightforward.

Lemma 2.4. Let S be a right amenable semigroup, A an abelian group, S A A a left action, and B an a-invariant subgroup
of A with m: A — A/B the canonical projection. If X € P};,,(A), F € Prin(S), then Tr(oa,p, 7(X)) = 7(Tr (o, X)).



2.2 The function ((—, —)
Let A be an abelian group. For X, Y € P(A) let

n—1
w(X,Y) = min {n € N:dap =0,a1,...,an—1 € A, X C U(ai—l—Y)} (2.1)
i=0

and {(X,Y) = logu(X,Y). If X and Y are subgroups of A, then u(X,Y) = u(X +Y,Y) = [X +Y: Y]; in particular, if
Y < X, then pu(X,Y) = [X:Y].

Obviously, the family
P={a+Y,a1+Y,...,an-1+Y}
appearing in is pairwise disjoint when (C'— C)N (Y —Y) = {0}, where C = {ao,a1,...,an—1}. We say that 2 is a
strongly pairwise disjoint, if the “fattened” family
PV ={ar+Y -Y,a1+Y -Y,...,an1+Y - Y}
is still pairwise disjoint, or equivalently, when (C —C)N(Y =Y +Y —Y) = {0}.
In the following lemma we collect other useful properties of the function £(—, —).
Lemma 2.5. Let A an abelian group and X,Y,Z, X' Y’ € P?in(A). Then:
(a) U(X,Y) >0, £(X,X)=0 and {(X) = £(X,{0});
(b) the function (X,Y) is increasing in X and decreasing in Y;
(c) L(X,)Y) <UX)<UX,Y)+LY);
(d) (X + XY +Y') <X, Y)+ 06X ,Y");
(e) U(X,Y) <UX,Z)+4(Z,Y);
(f) if o : A — A is an endomorphism, then £(p(X),p(Y)) < 4(X,Y);
(9) ifao =0,a1,...,an—1 € A are such that X C J!" ) (ai +Y), the family Y = {ao+Y,a1+Y,...,an—1+Y} is strongly
pasrwise disjoint and X meets a; +Y for every i € {0,1,...,n}, then u(X,Y) =n.

Proof. @, (]ED and (c) are clear.
(d) Follows from the fact that if ag = 0,a1,...,an—1 € A and aj = 0,4a1,...,ap,_; € A are such that

X C(ao+Y)U...U(an-1+Y)and X' C (ag +Y')U...U(ap_1 +Y),
then
X+X'Clao+Y+Y)U...U(ano1 +Y +Y)U(ap+Y +YVU... U (a1 + Y +Y7).
@ Similarly, if ap = 0,a1,...,an-1 € A and by = 0,b1,...,bm—1 € A are such that

XC(aw+2)U...U(an-1+Z)and Z C (bg+Y)U...U(bp—1+Y),

then
X C U (ai +b; +Y).
i€{0,...,n—1},5€{0,...,m—1}

() Let a0 = 0,a1,...,an—1 € A such that X C (a0 +Y)U (a1 +Y)U...U(an—1 +Y). Then

o(X) Co((a+Y)U(ar +Y)U...U(an-1 +Y))
= (¢lao) + @(Y)) U (¢(a1) + (V) U... U(p(an-1) + ¢(Y)).

Obviously, u(X,Y) < n. Assume that m := pu(X,Y) < n. Then there exist bp = 0,b1,...,bn_1 € A such that
m—1
xcJw+v). (2.2)
j=0

For every i € {0,1,...n— 1} there exists z; € X N(a; +Y), by hypothesis. From and our assumption, m < n implies
that there exist 0 < ¢ < j < n and k € {1,...,m} such that z;,z; € by + Y. Hence, z; —z; € Y — Y. Since moreover
T, —x; €a;—a; +Y =Y, it follows that a; —a; €Y =Y +Y =Y. For C = {ao,a1,...,an—1}, our hypothesis on ) gives
ai—a; € C-C)NY —-Y+Y —-Y) = {0}, and so a; — a; = 0, a contradiction. O

Proposition 2.6. Let A be an abelian group, B a subgroup of A and w : A — A/B the canonical projection. If X €
PPin(A), then:

(a) there exists Y € P, (B) such that £(m(X)) = (X, B) = {(X,Y);

(b) forY € P, (B) we have that £(X +Y) > {(m(X)) + £(Y).



Proof. (a) The equality
((r(X)) = U(X, B) (2.3)
is obvious.
Let Y = (X — X)N B € P}, (B) and let Z = {a1,...,an—1} C X \ B be such that 7(X) C n(Z) U {0} and
(Z — Z)N B = {0}, in other words Z U {0} is a set of representatives of w(X). Then

1Z U {0} = |m(ZU{0})] = [=(X)].
In particular, putting ap = 0, one obtains
XC(a+Y)U(a1+Y)U...U(an-1+Y). (2.4)

In fact, assume that z € X. If x € B, sox € X N B C Y. Otherwise, if x ¢ B, there exists i € {1,...,n — 1} such that
x € a; + B; since z —a; € (X — X)N B =Y, one concludes that z € a; + Y.
On the other hand, by the choice of Z, the family {a; +Y: i € {0,...,n — 1}} appearing in (2.4) is strongly pairwise
disjoint. Indeed, Y — Y +Y —Y C B, as Y C B. Therefore,
Z-Z2)NnY-Y+Y-Y)C(Z-Z)nB={0}.
By Lemma [2.5{[g]), this shows also that u(X,Y) = n = n(X). Therefore, {(7(X)) = £(X,Y).
(b) Let Z € PY;,(A) such that Z C X, n(Z) = 7(X) and (Z — Z) N B = {0}; then |Z| = |n(Z)| = |n(X)|. The
bijectivity of the map Z xY — Z+Y, (z,y) — z + y entails
|Z+Y|=|Z]|Y]|. (2.5)
The inclusion Z+Y C X +Y and (2.5)) yield the required inequality
UX+Y)2UZ+Y)=0Z)+LY) =L(m(X)) +L(Y). O

Lemma 2.7. Let S be a right amenable semigroup, A an abelian group, S ~ A a left action. If F € Prin(S) and
X,Y € PV, (A), then ((Tr(a, X), Tr(a, Y)) < |[FI(X,Y).

Proof. By definition, Lemma [2.5{|d]) and Lemma [2.5(f]), we have that

UTr(, X), Tr(a,Y)) = £ <Z a(s)(X), Y a(S)(Y)> <

seF sEF

< S las)(X),a(s)(¥V) < ST UX,Y) = [FIUX,Y). O

sEF seF

2.3 Proof of the Addition Theorem

We recall the following basic property of the algebraic entropy that is used in the sequel without referring to it each time.

Lemma 2.8 (See [I0]). Let S be a cancellative right amenable semigroup, A an abelian group, and S A A a left action.
If XY € Ppin(A) and X CY, then Hag(a, X) < Haug(a,Y). Consequently, if F C Prin(A) is cofinal with respect to C,
then hqig(a) = sup{Haug(a, X) : X € F}.

By the above lemma, it is clear that
halg(a) = Sup{Halg(a»X): X € P;‘)zn(A)}

The following is the key point for the proof of the Addition Theorem.

Proposition 2.9. Let S be a countable locally monotileable cancellative right amenable monoid, and let (Fp)nen be a

locally monotileable right Folner sequence of S. Let A be an abelian group and S A A a left action. Let X,Y € P?in(A).
Then the following functions are decreasing:

UTF, (o, X)) and N5 n s U(Tr, (0, X),TF, (a,Y))

Non—
| Fnl | £

Proof. The first assertion follows from the second one by taking Y = {0}. To prove the second assertion let n € N. Then

there exists K = K,11 such that F,y1 = | ], sFn; in particular, |Fy 41| = | K| |F,|. Then by Lernrna

TF

n+1(o¢,X) =Tkr, (o, X) =Tk (o, Tr, (o, X)).

The same holds for Y. Therefore, by Lemma [2.7]

UTr, (0, X),Tr,,, (,Y)) = (T (e, TF, (o, X)), T (o, TF,, (o, Y))) < |K|L(TF, (o, X), TF, (o, Y)),

nt1
and so
UTr, (2, X),TF, (o, Y)) < |K| (Tr, (o, X), Tr, (o, Y)) _ {(Tr, (0, X), Tr, (o, Y))
[Pt - | K] [P | Pl ’
this proves the second assertion. O



We are now in position to prove the Addition Theorem.

Proof of Theorem [I.2l We have to prove that if S be a countable cancellative right amenable monoid with a locally
monotileable right Fglner sequence (Fy)nen, A is an abelian group, S A A a left action, and B is an a-invariant subgroup
of A, then hazg(a) = hazg(ozA/B) + halg(aB).
First we prove the inequality

haig(@) = hatg(@aB) + haig(aB). (2.6)
Let m : A — A/B be the canonical projection, X € P}, (A) and Y € P}, (B). Pick Z € P},,(A), as in the proof of
Proposition b), i.e., with m(Z) = 7n(X) and (Z — Z) N B = {0}, so that |Z| = |7(Z))| = |n(X)|. For every n € N, by
Lemma Proposition b) and Lemma [2.4] one has the inequalities

UTr, (a, Z+Y)) (Tr,(a, Z2) + Tr, (a,Y)) >

=/
2 U(n(Tr, (o, 2))) + Tk, (a,Y)) = U(TF, (a/,7(2))) + L(TF, (o, Y)).
Since w(X) = w(Z), after division by |F,| and letting n — oo one obtains the inequalities

haig(a) > Harg(o, Z+Y) > Halg(aA/BaW(X)) + Harg(ap,Y).

So, taking the supremum on the right-hand side of the latter inequality over all X € P}]m(A) and Y € P?M(B), gives the
inequality in (2.6).

It remains to prove the inequality
halg(a) S halg(aA/B) + halg(aB)~ (27)

Fix e > 0 and X € P};,(A). By Lemma there exists M € N such that, for every n > M,

UTF, (aa/p,m(X)))
[P

SHalg(aA/BﬂT(X))qL{-ZShalg(OéA/B)+€. (28)

By Proposition a), there exists Y € P, (B) such that {(m(Tr,, (o, X)) = £(Tr,, (e, X),Y). Hence, we can write
UTry (0, X),Y) =L(Try, (aa/p, 7(X)), in view of Lemma So, Lemma and the inclusion Y C Tr,, (o, Y) allow
us to conclude that

Ty (a, X), U(Try (,Y))) S UTry (0, X),Y) = €Ty, (O‘A/Bv m(X)).

Combining this inequality with (2.8]) and Lemma we obtain

0T, (o, X),(TF, (0, Y)))
|l

< Halg(aA/B»Tr(X)) +e< halg(aA/B) +e (29)

for all n > M. In view of Lemma |2.9| again, there exists M™* > M such that, for every n > M™,
UTp, (o, Y))

A < Haug(a,Y) + e < hag(as) +e. (2.10)
By Lemma
¢ UTr, (0, X)) _ U(Try. (@, X))
= = < .
Hag(o, X) 71121{! ol < Far- | , (2.11)
and by Lemma [2.5)(c]),
E(TFM* (O" X)) < é(TFM* (Ot, X)7 TFM* (av Y)) + K(TFM* (av Y)) (2'12)

Therefore, by [211), 12), [9) and (10),

UTry,. (a, X)) UTry. (a0, X), Try (,Y))  £(Try. (,Y))

Haug(a, X) <
oo X) < | Fa ] | Far | | Fazs |

<< < haig(aa;g) + haig(ap) + 2.

Since € was chosen arbitrarily, this proves (2.7). O

2.4 Application to the topological entropy via the Bridge Theorem

We recall that, inspired by the work of Kolmogorov and Sinai in ergodic theory, Adler, Konheim and McAndrew [1] intro-
duced the topological entropy for continuous selfmaps of compact topological spaces, while a different notion of topological
entropy for uniformly continuous selfmaps of metric spaces was given by Bowen [3] and Dinaburg [19] independently. In
the realm of topological groups, Yuzvinski [48] proved the so-called Addition Theorem (usually called Yuzvinski’s addi-
tion formula) for the topological entropy of continuous endomorphisms of compact metrizable groups, that was recently
extended to all compact groups in [1§].

Lind, Schmidt and Ward [32] generalized for Z%-actions on compact metrizable groups both the definition of topological
entropy by Bowen, as well as that by Adler, Konheim and McAndrew, showing that they coincide. They proved the
Addition Theorem for Z%-actions on compact metrizable groups. Moreover, Ollagnier [34] defined the topological entropy
for amenable group actions on compact spaces using open covers as in [1]. Recently, Li [30] established the Addition
Theorem for actions of countable amenable groups G on compact metrizable groups K; see also Chapter 13 in the recent
monograph of Kerr and Li [29]. Even if a proof seems to be not available in the literature, this result can be apparently
extended to the general case, that is, without the assumption on G to be countable and on K to be metrizable.



Recently, Ceccherini-Silberstein, Coornaert and Krieger [5] extended Ornstein-Weiss Lemma from [36] to cancellative
amenable semigroups, and this allowed them to define the topological entropy for amenable semigroup actions on compact
spaces as follows. Let C be a compact topological space, let S be a cancellative right amenable semigroup, and consider a

right action C' A S by continuous selfmaps. Let U = {U;}jes and V = {Vi }rex be two open covers of C. One says that
V refines U, denoted by U <V, if for every k € K there exists j € J such that Vi, C U;. Moreover, let

Uuvy ={U;NV: (j,k) € J x K}.

Let also N(U) = min{n € N4 : U admits a subcover of size n}.
For a continuous selfmap f : C — C and an open cover U of C, let f~1(U) = {f ' (U;)},es, and for F € Pyin(S), let

Uy r = \/ ()~ U).

seF
The topological entropy of v with respect to U is given by the limit

log N(U%Fi)

Htop(%u) :lilenll |Fz‘ )

where (F;)icr is a right Fglner net of S; this limit exists and does not depend on the choice of (F;);er by [B, Theorem 1.1].
The topological entropy of =y is
hiop(y) = sup{Htop(v,U): U open cover of C'}.

Weiss [47] and Peters [37] discovered a remarkable connection, usually named Bridge Theorem, between the topological
entropy and the algebraic entropy, which was proved in general in [14]. More precisely, the topological entropy of a
continuous endomorphism ¢ of a compact abelian group K coincides with the algebraic entropy of its dual endomorphism
¢ of the Pontryagin dual K of K , which is a discrete abelian group. This connection was extended to totally disconnected
locally compact abelian groups in [15].

The Bridge Theorem from [37] was recently extended by Kerr and Li [29] to actions of countable amenable groups on
compact metrizable abelian groups. Then Virili [45] proved it for actions of amenable groups on locally compact abelian
groups. Moreover, the one from [I5] was extended in [24] to semigroup actions on totally disconnected locally compact
abelian groups. In [I0], generalizing the main result of [47], we proved a Bridge Theorem for left actions of cancellative left
amenable monoids on totally disconnected compact abelian groups (their Pontryagin dual groups are precisely the torsion
abelian groups).

To state those results in details, for a locally compact abelian group A, denote by A its Pontryagin dual. For a
continuous homomorphism ¢ : A — B, where B is another locally compact abelian group, let ¢ : B — A be the dual of ¢,
defined by ¢(x) = x o ¢ for every x € B.

Moreover, let S be a cancellative right amenable semigroup, K a compact abelian group and C A Sbea right action
by continuous endomorphisms. Then v induces the left action S A K by endomorphisms (called the dual action of v),
defined by -

F(s) =~(s) : K — K for every s € S.

Analogously, let S be a cancellative right amenable semigroup, A an abelian group, and S A A a left action by

endomorphisms. Then « induces the right action AAS , defined by
a(s) = oz/(\s) :A— A, forevery s € S.

Note that by Potryagin duality § = and a=a up to conjugation (due to canonical isomorphisms).
The following theorem combines the Bridge Theorems from [11] and [45].

Theorem 2.10. Let S be a cancellative right amenable semigroup, A an abelian group and S A A a left action. Then
haig(@) = hiop(@) in the following two cases:

(a) A is torsion;
(b) S is a group.

Since the Pontryagin dual of a compact abelian group K is torsion precisely when K is totally disconnected, we
immediately obtain the following counterpart of the above theorem.

Corollary 2.11. Let S be a cancellative right amenable semigroup, K a compact abelian group and K ASa right action.
Then hiop(y) = haig(y) in the following two cases:

(a) K 1is totally disconnected;
(b) S is a group.
From Corollary and Theorem we obtain the following Addition Theorem for the topological entropy.

Corollary 2.12. Let S be a locally monotileable cancellative right amenable monoid, K a compact abelian group and

KASa right action. Let H be a y-invariant closed subgroup of K, and denote by vk, u and yu the induced actions of
S on K/H and on H, respectively. If either S is a group or K is totally disconnected, then

htop(7) = htop ('VK/H) + hiop(VE).



Proof. Let A= IA(, a =7 and let B be the annihilator of H in A. By Corollary and Theorem |1.2] we have
hiop(7) = hatg (@) = haig(aB) + haig(aasB). (2.13)

By Pontryagin duality B =2 I?/?J and A/B = H , and moreover these natural isomorphisms witness that ap is conjugated
to 'y/K/\H and as,p is conjugated to Yg. The algebraic entropy is invariant under conjugation (see [II]), so, by applying
also Corollary [2.11} we get haig(aB) = hiop(vx/m) and haig(aa;g) = hiop(ya). We conclude by applying the last two
equalities in O

Remark 2.13. (a) Our notion of local monotileability is inspired by that of monotileability from [46]. In both cases these
are “left” conditions. Indeed, one could define that, for subsets T,V of a semigroup S, T is a right monotile of V if there
exists a subset C' of S such that {T'c: ¢ € C'} is a partition of V.

Then, in a monoid S; a sequence (Fp)nen in Prin(S) is right locally monotileable if Fy = {1} and F, is a right monotile
of F,41 for every n € N. So, a left amenable monoid is right locally monotileable if it admits a right locally monotileable
left Fglner sequence.

(b) Assume that one would like to consider the topological entropy of left actions of cancellative left amenable semigroups
on compact spaces as in [5], or the algebraic entropy of right actions of cancellative left amenable semigroups on abelian
groups. Then one should consider left amenable semigroups that are right locally monotileable, to obtain the counterparts
of the above results.

3 Locally monotileable monoids

3.1 Starting examples
We propose some basic examples.

Example 3.1. Every finite monoid S is congruent monotileable, and so locally monotileable. This is witnessed by the
sequence (Fp)neny with Fy = {1} and F,, = S for all n € N, which is obviously a congruent and exhaustive right Fglner
sequence of S.

Remark 3.2. Let (F,)nen be a locally monotileable sequence of a cancellative monoid M and consider a tiling sequence
(Kn)nen associated to (Fn)nen. Then it is easy to prove by induction that |F,.| = []}_, |K;| for every n € N and that
|Kn ... K| =TI, | Ki| for all positive integers | < n.

A strictly increasing sequence of natural numbers (an)nen is an a-sequence if ap = 1 and an | ant1 for every n € N.
It follows from Remark that if (F,.)nen is locally monotileable sequence of a monoid S, the sequence (|Fy|)nen is an
a-sequence.

Example 3.3. (a) The monoid (N, +) is congruent monotileable (so locally monotileable) and MT. Indeed, consider an
a-sequence (an)nen (for example the sequence (n!)) and define F;, = [0,a, — 1] for every n € N. Then each finite
subset of N is contained in some F,, and the sequence (Fy)nen is a congruent and exhaustive Fglner sequence of N
consisting of monotiles.

(b) Clearly, by (a) the sequence ([0, n! —1])nen is a congruent and exhaustive Fglner sequence of N, while ([0, n! —1])nen

is a congruent Fglner sequence of Z that is not exhaustive.

(¢) The sequence ([0,n])nen is a Felner sequence of N that is not locally monotileable, while [0, n] is a monotile of N for
every n € N.

(d) On the other hand, consider the sequence (F,)nen, where Fy = {0} and F,, = {0}U[2,3(2" "' = 1)Ju{3(2" "' +1)} for
every n € Ny. For every n € N4, we have Frp1 = F,, U3(2" ' —1) 4+ 34 F,,). Then (F)nen is a locally monotileable
Fglner sequence of N but F,, is not a monotile of N for every n € N.

The following example shows a locally monotileable Fglner sequence (Fy,)nen of Z such that, for every tiling sequence
(Kn)nen associated to (Fn)nen, 0 ¢ K, for every n > 2; so (Fn)nen cannot be congruent, even if Z is congruent
monotileable. Note that in this case F;, C F,+1 for every n € N.

Example 3.4. In Z let Fy = {0} and, for every n € Ny, let F, = [-2"7' 4+ 1,2"7!]. Then, K1 = F; = {0,1}, but for
every n € N with n > 2, K,, = {—2""2,2"72}. In particular, 0 ¢ K,, for every n > 2.

We end this section showing that all countable locally finite groups are locally monotileable.
Proposition 3.5. If G is a countable locally finite group, then G is congruent monotileable, and so locally monotileable.
Proof. The group G is countable so we enumerate its elements as G = {gn: n € N} with go = 1. For every n € N, let

F, ={g1,.-.,9n). Since G is locally finite, all subgroups F,, are finite. Clearly, F,, C F,,11 for every n € N.
Fix gn € G. If n > 7, then g € F, and so F,gn = Fy, hence |Fngn \ Fn|/|Fn| = 0. Therefore,

fim Fngn\Fnl g Frikgn \ Faie| _

0. 3.1
n—o0 |Fn| k— o0 |Fﬁ+k| ( )

The left cosets of F), in Fj,41 are disjoint left translates of F;, and they cover F,11. By this and by (3.1) we conclude that
(Fn)nen is a congruent (hence, locally monotileable) exhaustive right Fglner sequence of G. O
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3.2 Basic properties
Here we start with the following property of Fglner sequences with respect to translates of finite sets. It applies in both
Proposition and Proposition [3.15

Lemma 3.6. Let S be a cancellative monoid and let (Fy)nen be a right Folner sequence of S. If X € Pyin(S), then there
ezists n € N such that, for every n > n, F, contains a left translate of X.

Proof. Let X € Pyin(S). Since (F)nen is a right Felner sequence of S,
=0. (3.2)

We assume by contradiction that there is an increasing sequence of natural numbers (kn)nen such that, for all n € N, each
F},, contains no left translates of X. Fix a n € N. Then, for all f € F}, , the set fX \ F}, is non-empty. Therefore, we
can define a map ¢, : Fy,, = X, [ — én(f) with fén(f) € fX \ Fk, . By the pigeonhole principle there exists z € X such
that |¢,, " ()| > |Fk,|/|X|. Clearly, if fi and f2 are two distinct elements of ¢, (x), then fiz # foa. This implies that

| F, |

Fo, X\ Fr, | > |on ' (z)] > S
1B X\ P, | 2 [62 @) 2 535

Dividing both sides by |Fk,, |, we obtain |Fk, X \ F, |/|Fk, > 1/|X]|. Since this holds for all n € N,

i 1 Een X\ Pl | > L
n—oo  |Fp,| | X

that is in contradiction with (3.2]). O

We proceed with the following observation on monotiles.
Remark 3.7. Let G be a monoid and let T be a monotile of G.
(a) If G is a group, then gT is still a monotile of G for all g € G.

(b) Item (a) may fail in case G is not a group. For example, if G = N, then a monotile T of G necessarily contains 0, so
g + T is not a monotile of G if g # 0.

We omit the easy proof of the next two lemmas (the first one can be used for a proof of the second one, as well as
further on).

Lemma 3.8. Let G be a group. Consider X CY C Z subsets of G. If there exist U and V' such that Y =| ], ., uX and
Z =],ey vY, then Z = |,cy, ey vuX = ,cptX, where T =VU.

This lemma simply asserts that if X is a monotile of Y and Y is a monotile of Z then X is a monotile of Z.

Lemma 3.9. Let M be a cancellative monoid and (Fn)nen a locally monotileable sequence of M. Then every subsequence
(Fk,, )nen 1s still a locally monotileable sequence of M.

Next we see that the class of locally monotileable cancellative monoids if stable under taking countable direct sums.

Proposition 3.10. Let (Gi)ien, be a family of countable locally monotileable cancellative monoids, then G = @i€N+ G

is locally monotileable.

Proof. Since G; is locally monotileable for all ¢ € N4, we can fix a locally monotileable right Fglner sequence (F; »)nen of
G;. We define a new sequence by letting, for every n € N, F\, = @;_, Fin ® D5, {1}

First we prove that (Fn)nen is a right Fglner sequence of G. Fix € > 0 and h = (hn)nen € @, oy Gn, and let
k = max{n € N: h,, # 1} € N. For every i € {1,...,k} there exists m; € N such that for all n > m;,

|Fsnhi \ Finl €
B e 3.3
Fin <z (3.3)
If n >k, then F,h = @) Finhi ® ®i2n+1{1}‘ Moreover, since
Fah\Fo € | (Finhi\Fn)® @ Finh; | © @ {1},
i=1 j=1,ji i>nt1
and since |F; nh; \ Fin| = 0 for every k < i < n, we obtain that
n n k n
[Fnh \ Ful <D 1Fimhi \ Finl [ [Fimhsl | =D ([ 1Fnhi\ Fonl [ [Finhsl | - (3.4)
i=1 J=1.g#i i=1 J=1,5%i
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By (3.3) and (3.4), observing that |Fj,h;| = |Fj | for every 7 € Ny (as the monoid G; is cancellative) and that |F,| =
[T, |Fin]| for every n € N, we conclude that for every n > m := max{m;: 1 <1 < k},

k n
|[Fub\ Fa| _ izt (|F,~,nhi \Finl[Tj=1 2 \Fj,nhj|)

|Fn‘ - Hzlzl ‘Fl,n -
k n
_ St (B \ il Ty 1Frnl) $ )\ Funl _,
a i1 | Finl B | Finl

Then, when € — 0, we have lim, o |Frh \ Fy|/|Fn| = 0, and hence, (Fy,)nen is a right Fglner sequence of G.
By hypothesis (F;n)nen is locally monotileable for every ¢ € N4. Then, for all n € N and ¢ € N there exists a finite
set Gin C G; such that F;, = I—lgjeéi . (giFi,n—1). Define G, = {9 =(gi)ien € G: g € Ginifi <n, gs =1if i > n}.

Then én is finite and F,, = | | (gFn—1). Therefore, (Fy)nen is a locally monotileable right Fglner sequence of G. [

gEén
By Proposition [3.10} Example [3.1] and Example [3.3] we have the following consequence.
Corollary 3.11. 9 is stable under countable direct sums. In particular, M contains all finitely generated abelian groups.

The first assertion of this corollary can be obtained also as a consequence of a more general result proved below (see

Theorem 4.16)).

3.3 Relations among notions of monotileability

We start this part verifying that an exhaustive congruent sequence of a monoid S consists necessarily of monotiles of S.

Lemma 3.12. If S is a cancellative monoid and (Fp)nen an ezhaustive congruent sequence of S, then each Fy is a
monotile of S. In particular, every countable congruent monotileable monoid is MTA.

Proof. Fix no € N. We prove that F,, is a monotile of S.
For every m > ng let Py, = Ky ... Ky, and K = J
equality

sng Fn- I order to prove our assertion it suffices to prove the

S=| | kFu,. (3.5)

keK
To check that the above union is pairwise disjoint pick k,k’ € K with k # k’; then there exists m > mo such that
k,k' € P, and so kFn, N k'FnU = (). To prove the equality in pick z € S. Since the sequence (Fy)nen is exhaustive
M = U,cn Fn, and so there exists k& € N such that x € Fy. If k < no, then & € Fp,, as (Fn)nen is a congruent (so
increasing) sequence, and we are done. If k > ng, then Fy, = PyF,, C KF,,. Hence, we have the required equality in

(3-5). O

Next we give an example of a commutative (so amenable) monoid that is locally monotileable but neither MTA nor
MT, and so not congruent monotileable by Lemma [3:12]

Example 3.13. Consider the submonoid S = (N x N) \ ({0} x Ny) of N x N.

(a) We prove here that if F' is a finite monotile of S and (u,v1), (u,v2) € F, then v; = va2. As F is a monotile of S, there
exists C' C S such that
S=|]e+F (3.6)
ceC
Since F' is finite there exists k € N4 such that (1,k 4+ v1), (1,k+v2) € S\ F. By , there exist s1,s2 € C' with
(I,k+v1) € s1+ Fand (1,k+v2) € sa+ F. As (1,k+v1),(1,k+v2) € S\ F, one has s1 # (0,0) # s2. Then
s1 = (1,k+wv1) and s2 = (1,k 4+ v2), as ({0} x N)N S = {(0,0)}. Then (1 + u,k+v1 +v2) € (s1 + F) N (s2 + F),
which implies that s; = s2. Therefore, v1 = vz, as required.
(b) The monoid S is not MTA. Suppose by contradiction that there exists a Fglner sequence (F)nen of S such that F,

is a monotile of S for every n € N. Since (Fn)nen is a Fglner sequence of S, without loss of generality we have, for
all sufficiently large n € N,

1

= =
2

-1 1 -1
|Fu+ (L,1) N Fo| > == |Fu| > Z|Fa| and |Fn+(1,0)an|>”T|Fn|> F.

This implies that |(F, + (1,1)) N (F, 4+ (1,0))| > 0 and so that there exists (u,v) € F,, such that also (u,v+1) € F,.
This contradicts (a), since F, is a monotile of S by assumption.

(¢) The monoid S is not MT. Indeed, according to item (a), the finite set {(0, 1), (0,1)} is not contained in any monotile
of S.

(d) The monoid S is locally monotileable. Let (Fy)nen be the sequence in Py (S) given by Fo = {(0,0)} and F,, =
[2771,27) x [2771 27) for all n € Ny. Tt is easy to see that (Fy,)nen is a locally monotileable Fglner sequence of S.

Next we see that for groups the new notion of local monotileability coincides with the existing one of congruent
monotileability.

Proposition 3.14. A countable amenable group G is locally monotileable if and only if G is congruent monotileable.
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Proof. By definition if G is congruent monotileable, then G is locally monotileable.

Assume that G is locally monotileable and let (F)nen be a locally monotileable right Fglner sequence of G. Since G
is countable, enumerate its elements as G = {gn: n € N} with go = 1. For every n € N, let G, = {go,...,gn}. We build
inductively a sequence (Hy)nen in Pyin(G) satisfying the following conditions:

(1) Ho = {1};

(2) forallm € N, g, € Hp;

(3) for all n € N, there exist g € G and m € N such that H, = gFm;

(4) for all n € N, there exists Kp41 with 1 € Kp41 and Hp41 = [_|k,€Kn+1 kH,,.
Then (2) and (3) ensure that (Hy,)nen is a right Fglner sequence of G, (2) that it is exhaustive, while (4) shows that
(Hyn)nen is congruent and implies that H, C H,+1 for all n € N.

Suppose that we already defined Ho, ..., H,. Then H, = tF,, for some t € G and m € N. There exists | € N such that

[ > m and
| F1

|Hanl
Note that there exists D € Pyin(G) such that F; = | |, dFy. Therefore, F; = | |, ¢ ps d'Hp, where D' = Dt~
We show that there exists d € D’ such that dH,gn+1 C F;. Otherwise, for every d’ € D’, there would exist a point

v € d' Hpgnt1 \ Fi; since the sets d' Hpgnt1, for d € D', are pairwise disjoint, and are contained in Fjgn+1, we would have
that

|[Fign+1 \ Fi| < (3.7)

|1

|Fign1 \ Fi| > |D'| = ,
|Hpl

contradicting 13.7]). ~ - ~
Clearly dHpgn+1 C Fi, in conjunction with 1 € H,, yields dgn4+1 € F;. Define H,41 = d~'F, and Kny1 = d'D’.

Then 1=d 'd e Kny1 and
Hypi=d 'F=d' || dH,= || kH,. O
d’eD’ kEK 41

The next result shows that for groups MTA implies MT.
Proposition 3.15. If a countable group G is MTA, then G is MT.

Proof. By hypothesis, there exists a right Fglner sequence (Fy,)ren of G such that F, is a monotile of G for every n € N.
Let K € Pfin(G). By Lemma there exist n € N and g € G such that gK C F,. This immediately implies that
K C gian. By Remark glen is a monotile of G and this concludes the proof. O

The implication in the above proposition cannot be inverted. Indeed, every residually finite group is MT, so free
non-abelian groups are MT but fail to be amenable.

4 Extension Theorem

4.1 CIF sequences

Let G be a countable amenable group and let (Gy)nen be an increasing exhaustive sequence in Py, (G). A right Fglner
sequence (Fy)nen of G is canonically indezed (briefly CIF sequence of G) with respect to G if for all n € Ny and for all
g € Gn,
[Fag\ Ful _
| P
Proposition 4.1. Let G be a countable amenable group and let (Gr)nen be an increasing exhaustive sequence in Prin(G).

For every right Folner sequence (Fp)nen of G there exists an increasing sequence of natural numbers (kn)nen (with ko = 0)
such that (Fy, )nen is a CIF sequence of G with respect to (Gp)nen.

1
-

Proof. By recursion we build a suitable sequence (kn)nen of natural numbers. Set kg = 0. Assume that n > 0 and
suppose that k,—1 is defined. Then there exists k, € N such that k, > k,—1 and, for all s > k, and for all g € G,,
|Fsg \ Fs|/|Fs| < 1/n. Clearly, (F, )nen is a CIF sequence with respect to (Gn)nen. O

Remark 4.2. Let G be a countable amenable group and let (Gy)nen be an increasing exhaustive sequence in Pyip (G).

(a) By definition, a CIF sequence (Fy)nen of G with respect to (Grn)nen is also a right Fglner sequence of G.

(b) Let G be a countable amenable group and (Gn)nen be an increasing exhaustive sequence in Py (G). Then any
subsequence of a CIF sequence with respect to (Gn)nen is still a CIF sequence with respect to (Gr)nen.

(¢) One can easily deduce from (a) and (b) that if (F,)nen is a CIF sequence of G with respect to (Gr)nen, then for every
increasing exhaustive sequence (Hp)nen of G, an appropriate subsequence (Fg,, Jnen of (F)nen is a CIF sequence of
G with respect to (Hn)nen, hence simultaneously a CIF sequence of G with respect to (Gn)nen as well. So, in this
sense, the notion of “CIF sequence with respect to (Gn)nen” essentially does not depend on (Gr)nen and one can
loosely speak of CIF sequence of G.

The next lemma is straightforward to prove.
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Lemma 4.3. Let G and K be countable amenable groups. Let m: G — K be a surjective homomorphism and H = ker 7.
Let 0: K — G a section for m with o(1x) = 1g. Consider a right Folner sequence (En)nen of H and a right Folner
sequence (Fn)nen of K with 1x € Fy, for allm € N. Then, for alln € N:

(a) HN(o(Fa)o(F)™h) ={1};
(b) foralli,j €N, Ejo(F:) = sy pyy Eilfs
(c) for alli,j €N, |E;o(Fi)| = |Ejl|o(Fi)l.

The next theorem is implicitly contained in [I0, Theorem 2.27], for the sake of completeness we provide a complete
and independent proof.

Theorem 4.4. Let G and K be countable amenable groups, m: G — K be a surjective homomorphism with H = ker
and o: K — G be a section for m with (1) = lg. If (En)nen is a right Folner sequence of H and (Fp)nen is a Tight
Folner sequence of K with 1x € Fy, for all n € N, then there exist two increasing sequences of natural numbers (Mmy)nen
and (kn)nen such that:

(1) the sequence given by ~
Fo = Em, 0(Fk,) for alln € N, (4.1)

is a right Folner sequence of G;
(2) for alln €N, |Fy| = |Em,||Fr,|;

(3) for every sequence (an)nen in N there exists a sequence (hn)nen in N such that, for alln € N, mp, ., > mn, + an
and the sequence given by
Fy = Ep, o(Fy,) for alln €N, (4.2)

is a right Fglner sequence of G.

Proof. The group G is countable so we enumerate its elements as G = {gn: n € N} with go = 1; let also G», = {go, ..., 9n}
for all n € N. By Proposition there exists an increasing sequence of natural numbers (k. )nen (with ko = 0) such that
(Fk,, )nen is a CIF sequence of K with respect to (7(Gn))nen-

For every n € N define

H,={h € H : ho(Fy,)No(Fr,)Gn # 0} = 0(Fx, )Gno(Fr,) ' N H.

Since o(F, ) and Gy, are finite, also o(F, )Grno(Fy,) " is finite. This means that also H, is finite.

Clearly, U, ey Hn € H. On the other hand, for every h € H, there is an nj, € N such that h € Gn,,. So h € Hy,, as
(1) = 1g and 1x € F,, for all n € N. Then H = {J,, . Hn and H, C Hypq1 for all n € N.

By Proposition there exists an increasing sequence of natural numbers (M, )nen (with mo = 0) such that (Em,, )nen
is a CIF sequence of H with respect to (Hn)nen. Let (Fn)neN be the sequence given by . Fix arbitrarily n € N.
Lemma c) implies that |Fy,| = |Em, ||o(Fk,)|- Since o is injective, we immediately obtain item (2).

The rest of the proof is dedicated to verify that (Fy)nen is a right Felner sequence. Fix n € N, pick an element g € G,
and let Cy, = Fpg \ Frn, Ay = 7 *(F}, ), so that

Cn=(Cpn\An)U(CrNA,).

Since we need to estimate |Cy|, it is enough to separately estimate the cardinalities |Cp \ An| and |Cr, N Ay .

Pick an = € C,, then x = eo(f)g with f € Fy, and e € En,,,. If z € Cy \ An, then n(z) = fr(g) € Fr,7(9) \ Fr,-
Since (Fk,, )nen is a CIF sequence with respect to (7m(Gr))nen, we have |Fg, 7w(g) \ Fk,.| < |Fk,|/n, and so there are at most
|Fy,, |/n choices for f. Since e ranges in E,, arbitrarily, this leads to

En, || F,

n n

Now suppose that z € Ay, i.e., f':=7(z) = fr(g) € Fk,. As
m(o(f) = f' = fr(g) = n(a(f)g),

we get w(a(f)go(f)™) = 1. Therefore, hy := o(f)go(f')~" € H. Actually, hy € Hn, as g € Gy. From o(f)g = hyo(f')
we deduce that z = eo(f)g = ehso(f’). As z = (ehs)o(f') & Frn = Em, 0(Fy, ), while o(f') € o(Fy, ), we conclude that
ehy & En,. Hence, ehy € En, hf\ Em,,so x € (ehf)o(f') € (Em,hs\ Em,)o(f’). In view of f' = fr(g) this proves that

CaNAn C | Bty \ Em,)o(fr(9))-
feFy,

Since (Em,, )nen is a CIF sequence with respect to (Hy)nen and hy € H,,, we get |Em, hy \ Em, | < |Em,|/n. This gives

1C 1 An| < [EmallBlnl _ 1], (4.4)
n n

Combining (4.3) and (4.4) we obtain

|Cal = 1Cn N Ap| +|Cn \ An| <

2P|, 2P| _ 2AF|
n n n
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therefore _ _
Fug\Ful _ 2
| £ n
Since n was chosen arbitrarily and (4.5)) holds for all g € G,,, we have proved that (F,)nen is a right Fglner sequence of G.
By Proposition 4.1 for any sequence of natural numbers (a,)nen there is another sequence of natural numbers (hy )nen
such that such that (Ey, )nen is still a CIF sequence of H with respect to (Hn»)nen. Hence, (3) follows from (2). O

(4.5)

4.2 X-monotileable sequences

If G is a countable amenable group and (Fy)nen a right Fglner sequence of G invariant under conjugation by any element
g € G (ie., gF, = F,g for all n € N and g € G), then G is Inn(G)-monotileable.

Example 4.5. Here are two examples of countable amenable groups G having a right Fglner sequence (Fy,)nen that is
Aut(G)-monotileable.

(a) Take an infinite collection {Sp}nen of simple finite groups such that for n # m the only homomorphism S, — S,
is the trivial one and let H = @, S». By our choice of the family {Sy}nen one has Aut(H) =[],y Aut(Sn).
Consider the sequence (P, Si)nen; it is easy to see that it is an Aut(H )-monotileable right Fglner sequence of H.

(b) Consider the group K = @le Z(pi°), where p1,...,pr are pairwise distinct primes. Then for every n € N the
subgroup K[n] := {k € K : nk = 0} of K is finite and fully invariant. Therefore the sequence (K[n!])nen is
Aut(K)-monotileable.

The following lemma is the counterpart for X-monotileable groups of Lemma |3.9| and has a similar proof.

Lemma 4.6. Let G be a group and (Fp)nen an X-monotileable sequence with id € S. Then every subsequence (Fl,, )nen
is still an X -monotileable sequence.

The following technical result is used in the proof of Theorem

Lemma 4.7. Let H be a countable group and K a finitely generated group with a symmetric generating set X =
{fi,..., fm}. Consider a group homomorphism ¢: K — Aut(H) and let X = {id, ¢(f1),...,¢(fm)}. If (En)nen is
an X -monotileable sequence of H, then for all f € K the set ¢(f)(Ern) is a monotile of Enys, where s = £s(f).

Proof. Fix n € N. We proceed by induction on the length 5. Let f € K. If f has length 0 or 1 the statement follows
by hypothesis. Suppose we have already proved the thesis for all the elements of K of length s — 1 and let f such that
Lx(f) = s. This means that exist an index i € {1,...,m} and an element f such that f = f;f and £x(f) = s — 1. So
there exists a subset E of H such that

Buserr = || 86(F)(En). (4.6)
écE
By hypothesis, ¢(f;)(En+s—1) is a monotile of F, 5, therefore there exists a subset E’ of H such that
Enis = |_| e/¢(fi)(En+s—1)- (4-7)
e’eE’

Combining (4.6) and (4.7), we obtain

e’€E’ écE

L] ¢ | L] ¢(5)(@8(f:)(6(F)(En))

e’€E’ écE

L] ¢ Ll ¢(f)(@6(f)(En)

e'€EE’ S(f)(E)ES(f:)(B)

Let B = E'¢(f:)(E). By Lemma[3.8] Enis = cpn " d(f)(En). O

4.3 Proof of the Extension Theorem

Consider two countable groups G and K and a surjective homomorphism 7: G — K. Fix a section o: K — G for m, such
that o(1x) = 1a. Let (Fn)nen be a locally monotileable sequence of K and let (K, )nen be a tiling sequence associated
to (Fn)nen. We recall that any element f € F,, can be written in a unique way as f = []/_, k;, where k; € Kni1-; for
1 <j<n. For all n € N we define

n

on: Fn — G as a'n(f):HU(kj) Wheref:ﬁkj.

Jj=1 Jj=1

Since F,, C Fpn41 for all n € N, we obtain that opy1|F, = o, for all n € N. Then the map 7:
(f) = on(f) for n € N such that f € F,, is well defined.

nen Fn = G, given by
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It is straightforward to verify that 5(1x) = 0o(1x) = 0(1x) = 1g and that, for every f € J, ey Fn, m(3(f)) = f, that
is, Tog =idg [UnEN F,,; in particular & is injective. Hence, we can extend the map & to a section 6: K — G for 7 and we
call it the section associated to (Fn)nen and o. Clearly, this 6 need not be unique. In case & = o, we simply say that o is

associated to (Fy)nen-

Lemma 4.8. Let G and K be countable groups, m: G — K a surjective homomorphism and o: K — G a section for m
with o(1x) = 1. For a locally monotileable sequence (Fpn)nen of K with associated tiling sequence (Kn)nen consider also
the section & associated to (Fp)nen and o. Then (6(Fyn))nen is a locally monotileable sequence of G with associate tiling
sequence (o(Kp))nen.

Proof. To verify that (6(Fy,))nen is a locally monotileable sequence we have to prove that
o (K1) o (K1) NG (F)a(Fa) ™ = {1}, (4.8)

for every n € N. Fix n € Nand g € U(Kn+1)710'(Kn+1) N &(Fn)&(Fn)fl. So there are k1, k2 € Kny1 and fi1, fo € 6(Fr)
such that g = f1f;* and o (k1) fi = o(k2)fo. Thus, applying =,

kim(f1) = w(o(k1) f1) = (o (k) f2) = ka2 (f2).

Since (Fr)nen is a locally monotileable sequence of K, from k17(f1) = kem(f2) we conclude that k1 = k2 and 7(f1) = 7(f2).
This implies o(k1) = o(k2) and fi1 = fo. Therefore, g = 1 and then (4.8) holds. O

We are now in position to prove Theorem [[.I5] that is the Extension Theorem stated in the introduction. Actually,
here we prove the more technical claim below, from which the theorem follows immediately.

Claim 4.9. Suppose that 0 - H 5 G 5 K — 0 is a short exact sequence of countable groups, where K, H are locally
monotileable. Fix a section o: K — G for m such that 0(1x) = 1@, a locally monotileable Folner sequence (Fp)nen of K
and a locally monotileable Folner sequence (Eyn)nen of H. Let (Kn)nen be a tiling sequence associated to (Fp)nen and & a
section associated to (Fy)nen and o. For convenience, for every n € N, we set Fy, = 6(F,) and K,, = o(Ky). If one of
the following two conditions holds:

(a) (En)nen ts Inn(G)-monotileable,

(b) K, =0(K,) Ccg(H) for alln € N,
then there exist a locally monotileable sequence (Ff)neN of G and a strictly increasing sequence (mp)nen in N such that:

(1) (w(F#))nen is a locally monotileable right Folner sequence of K ;

(2) (F'n)neN = (Em, Ff)ngN is a locally monotileable right Folner sequence of G;

(3) forallneN, F, = Useps Emnf-

Proof. By Theorem applied to the section &, there exist two strictly increasing sequences of natural numbers (mn)nen
and (kn)nen such that the sequence (Fy)nen given by Fy, = Ep,, Fy. for all n € N is a right Fglner sequence of G. So, for
all n € Nlet Fj¥ = F . Moreover, Lemma (with j = m,, and i = n) gives F,, = uf#EF# E,., f* for all n € N, and so
also (3) holds. Since, for every n € N, 7(F¥) = n(F}, ) = 7(5(Fk,)) = Fk,, the condition in (1) is satisfied by Lemma

It remains to prove only that (F,)nen is locally monotileable, so that also (2) is satisfied. The sequence (F,)nen is
locally monotileable by Lemma and so also (F}, )nen is locally monotileable by Lemma that is, for every n € N
there exists a finite subset K, of G such that

Ff=F,=|] fr._,. (4.9)
fek,

If (a) holds, then (Em, )nen is Inn(G)-monotileable by Lemma and so, for every n € N and f € K,, the subset
fEm,,L,lf71 is a monotile of Ey,,. If (b) holds, we immediately conclude that K, C cc(H), and so, for every n € N and
f€Kn, Em, , = fEm, ,f " is a monotile of E,,,. Hence, in both cases, for every n € N there exists a finite subset
Ef ., of H such that

Ep, = || e Bm, 7" (4.10)

eeE‘fm

For every n € N let G, = Ufex, Efnf. Fixed n € N4, ([£.9) and Lemma b) yield

Fo=En,Fi, = En, || fF, = || BEn.fF, (4.11)
fEK fEKR

and by (4.10)), (4.11) and Lemma b), we have

Foe U Batrie = U (U e ) o

fERL fEK, e€Ef p
=S |_| |_| e]“E,,L7L71F,;L_1 = |_| |_| efF,_1= |_| gF._1.
fEK, e€Ey, feKn ecEy , g€Gn
Then (Fn)neN is locally monotileable. O
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The following corollary about the stability of 9t under central extensions coincides with [4, Lemma 6].

Corollary 4.10. Consider two countable groups G and K. Let G be a central extension of K, and let H < Z(G) such that
0—H — G — K — 0 is a short exact sequence. If H and K are locally monotileable, then also G is locally monotileable.

Proof. Since H is abelian, every locally monotileable sequence of H is trivially Inn(G)-monotileable. Therefore Claim
applies. O

Example 4.11. The Heisenberg group Hs(Z) is the group of 3 x 3 upper unitriangular matrices in M3(Z). Since Hs(Z)
is a central extension of Z by Z?2, so H3(Z) is locally monotileable by Corollary m

If in Claim H is finite, we can consider the locally monotileable Fglner sequence (Ey)nen given by Ey = {1¢} and
E, = H for all n > 0. Since H = ker7, we have that H is normal in G. Therefore the sequence (Ey)nen is invariant
under conjugation by any element g € G and so it is Inn(G)-monotileable. Thus we can apply Claim and we obtain
the following result.

Corollary 4.12. Consider two countable groups G and K. Let m: G — K be a surjective homomorphism with ker 7 finite.
If K is locally monotileable then also G is locally monotileable.

4.4 Countable virtually nilpotent groups are locally monotileable

In this section we use the Extension Theorem (actually Claim to prove first that a countable group with a locally
monotileable normal subgroup of finite index is necessarily locally monotileable, and then that all countable abelian groups
are locally monotileable. These results together give that all countable virtually nilpotent groups are locally monotileable.
Note that the virtually nilpotent finitely generated groups are precisely those of polynomial growth by the celebrated
Gromov’s Theorem.

Proposition 4.13. If G is a countable group having a normal subgroup of finite index H which is locally monotileable,
then so is G.

Proof. Let (En)nen be a locally monotileable right Fglner sequence of H. Let K = G/H, let m : G — K be the canonical
projection and ¢ : H — G be the inclusion of H in G. Fix a section o: K — G for 7 such that o(1x) = 1@, and let
o(K) = R. Since K is finite, consider the locally monotileable Fglner sequence (Fp)nen given by Fo = {1k} and F,, = K
for all n € Ni. By Theorem there is an increasing sequence of natural numbers (mn)nen such that the sequence
(Fy)nen, given by Fy = {1} and F,, = Ey,,, R for all n € N4, is a right Fglner sequence of G (note that R is finite and so
also F, is finite for every n € N).

It remains to prove that (Fn)neN is locally monotileable. Clearly Fy is a monotile of F’l, so we can suppose n > 1. The
sequence (Ey, )nen is locally monotileable by hypothesis so by Lemma also (Em,, )nen is locally monotileable. Therefore
for every n > 1 there is a finite subset E, of H such that

Ep, = || €Bm,_,. (4.12)
ecEy,

For &1, € E, with & # &, we have &1E,,,_, N&&Enm,_, = 0. Therefore, since R is a set of right coset representatives
of H in G and E,,,, C H,
€é1Em, RNeéE,, ,R=0. (4.13)

By (#.12) and (#.13)) we conclude that, for all n € N, F,, = E,,, R = Ueces, €Em, R =lecs, efn_1. O
Example 4.14. Consider the group G = Z X Zg, where Z2 acts on Z as the automorphism ¢(z) = —z. The group G is

the semidirect product between Z and Zs therefore 0 — Z — G — Z2> — 0 is a short exact sequence. We know that Z and
Zo are both locally monotileable groups, so by Proposition we have that also G is locally monotileable.

We apply twice the following easy observation in the proof of Theorem [£:16]
Lemma 4.15. Let G be a group and A, B € Psin(G). If g € G, then

[(AgB)\ (AB)| < [(Ag)\ A[|B| and |(ABg)\ (AB)| <|(Bg)\ B||A].

Proof. Fix g € G and let a € A and b € B such that agb ¢ AB. This clearly implies that ag ¢ A. So, (AgB) \ (AB) C
(Ag\ A)B, and it is straightforward to deduce the first inequality. The second inequality can be proved analogously. [
Theorem 4.16. Assume that the group G is increasing union of its subgroups Go < G1 < G2 < ..., and that:

(1) every G, is locally monotileable,

(2) every quotient Gn41/Gyp is locally monotileable,

(3) every quotient Gni1/Grn admits a section on : Gny1/Gn — Gny1 such that 0,(1) = 1 and 0n(Gny1/Gn)
cGn+1(Gn)'

IN

Then G is locally monotileable.
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Proof. We build recursively a locally monotileable right Fglner sequence (Ey,;);jen of Gy, for every n € N. Let (Ey,;);en be
a locally monotileable right Fglner sequence of Go. Fix n € N and suppose we have already defined a locally monotileable
right Fglner sequence (Ey ;)jen of Gn. Consider the exact sequence

0— Gn = Gny1 = Gny1/Grn — 0. (4.14)

Since 07 (Gnt1/Gn) < cg,,y(Gr), by Claim H there exist a locally monotileable sequence (F:lﬁ_l,j)jel\] of Gny1 and
a strictly increasing sequence of natural numbers (mn+1,j)jen with mpy1,; > j for all 7 € N, such that the sequence
(En+1,5)jen, defined letting, for every j € N,

_ #
En+1,j - En,mn+1,j Fn+1,j7

; C U”(GnJrl/Gn) < CGny1 (Gn)v then

is a locally monotileable right Fglner sequence of G,+1. Since Fjild

En-‘rl,j = |_| fEn7m71+1,j' (4'15)

#
feFii,;

It remains to prove that the diagonal sequence (En n)nen is a locally monotileable right Fglner sequence of G.

Claim 4.17. (E, n)nen s a locally monotileable sequence of G.
For every n € N, (4.15) yields
En+1,n+1 = |_| fE"7m7L+1,n+1 . (416)

#
FEFT 1 nt1

Let (Kn,j)nen be a tiling sequence associated to (Ey,j)nen. Since for every n € N and j € N, we have my,41,; > j, the

product My ; = Kn,m,, 1, ; --- Kn,j+1 makes sense and

Enmpgr; = Mn,jEn ;. (4.17)

FixneNand j =n+1. Then My ny1 = Kn,mn+1,n+1 ... Kn ny2, and letting M = My, ny1Kn nt1,

En7mn+11n+1 - n,n+1Kn,n+1En,n - MEn,n - |_| mEn,n- (418)

meM

Combining (4.16)) and (4.18]), we get
En+1,n+1 = |_| f < |_| mEn,n> .

# meM
FEFT 1 nta

For Apt1 = F,ﬁrl,nHM, by Lemmawe obtain that Epi1,n4+1 = |—|aeAn+1 aFEy, n. This proves Claimm
Claim 4.18. (En n)nen is a Tight Folner sequence of G.
Take g € G. Since G = |J

#
anJrl,j

neN G, there exists t € N such that g € G¢. Pick n € N with n > t. Then g € G,, so
= f+1,jg for every j € N. Moreover, for every j € N,

|En+1,jg\E'n+17j| _ |En,mn+1,ij+1,jg\(Enyanrl,jF:iLl,jN _ |Enamn+1,ngf+1,j \ (En7m71+1,ij+1,j)| <

i # # =
|E"+173| |En,mn+1,j Fn+1,j| |En,mn+1,j Fn+1,j| (4 19)
“ .
< |En,mn+1,j9 \ E”amn+1,j HFn-',-l,jI _ ‘En,mn+1,]‘g \ Enymn+1,j|
B |En7mn+1,j||Ff+l7j| |Enﬁmn+1,j‘
where the inequality holds by Lemma By Remark and by (4.17) we obtain that
|E"L7mn+1,j| = |M"71'En,j = |K”amn+1,j "'Kn7j+1En,j| = |Kn:mn+1,j | ce |Kn,j+1HEn1j| = |Mn,j |En¢j|‘ (4~2O)
Now (4.20) and Lemma [4.15| give
|Enmui1 9\ Bnmngagl _ [MnjEnjg\ (MniBnj)| _ |Enjg\ Enjl|Mnl _ |Enjg\ En,l (4.21)
| Enmg ] | M, En T |En sl Mn ) | Enj
and so (4.19) and (4.21]) yield
|En+1,39\ En+14| _ [Enig\ En,
| Ent1,] T |Enl
Using this inequality for n = ¢, by induction we get that, for every n > t,
[Enig \ Bngl _ |Etig\ Begl (4.22)

[En, ] — Bl
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By the choice of the sequence (Ey ;) en,
lim Ps9\ Bral _ (4.23)

jmoo | Byl

By (4.22)) and (4.23) we conclude that

fim Ernd\Ennl _ o Beirig \ Bl oy 1B\ Bl oy B9 \ Bl _ g
I P j—ro0 |Etsi,t44] j—reo | Bt 4] jmoe | Bl
This proves Claim and so concludes the proof of the theorem. O

Now Corollary [3:11] can be obtained as a consequence of Theorem [£.16] Moreover, by Theorem [£.16] we have that
Q € M (for an alternative proof see Theorem [1.18) and the following more general results.

Corollary 4.19. If G is a countable abelian group, then G € .

Proof. By hypothesis G is increasing union of and increasing chain {G,: n € N} of finitely generated subgroups; moreover,
Gn+1/Gn is finitely generated for every n € N. By Corollary [3.11} for every n € N, G, and Gny1/Gr are locally
monotileable. Hence G is locally monotileable by Theorem [£.16] O

Corollary 4.20. If G is a countable hypercentral group of length < w?, then G € M.

Proof. By hypothesis G = Z,(G) for some countable ordinal o < w?. We prove by induction that Z.(G) is locally
monotileable for every ordinal x < w?. Indeed, Zo(G) = {1} is locally monotileable. Moreover, if x = 8 4 1 for some
ordinal S8, since Zg(@G) is locally monotileable by the inductive hypothesis and Z.(G)/Z3(G) is locally monotileable by
Corollary Zx(@) is locally monotileable by Corollary [£.10] If « is a limit ordinal, then x = mw for some m € Ny, and
so Z.(G) is increasing union of its subgroups {Z(m—1)w+n(G): n € N}. By the inductive hypothesis and by Corollary {4.19]
those subgroups satisfy the hypotheses of Theorem s0 Z.(Q) is locally monotileable. O

Corollary [£:20] and Proposition [£.13] give Theorem [T.16]

5 Applications of the Extension Theorem

5.1 Extensions of Q by Z

The following technical lemma is needed in the proof of Theorem [5.2]

Lemma 5.1. Let H, K be countable groups, ¢p: K — Aut(H) a group homomorphism and (Ey)nen a locally monotileable
sequence of H. Consider also a locally monotileable sequence (Fn)nen of K and let (Kn)nen be an associated tiling sequence.
Let (Frn)nen be the sequence in Prin(H X K) given by F, = En X Fn. If for alln € N and k € Knt1, ¢(k)(En) is a

monotile of Eny1, then (Fp)nen is a locally monotileable sequence of H x4 K.

Proof. Fix n € N. By hypothesis ¢(k)(E») is a monotile of E,11 for all k € K,11. Therefore for all k € Ky41, there is

Eny1, such that Eniq = | ép(k)(E,). Consider K11 = |_|k€Kn+1 Ernt1,6 X {k}. Then

5€En+1,k
Fopr=FEnt1 X Fapi= || Eopix(kFa)= || kE.xF)= || kF. O
k€K, 41

KERKp 1 FeRpin

Theorem 5.2. Let H be a countable group and K a locally monotileable finitely generated group with a symmetric gener-
ating set X = {f1,..., fm}. Consider a group homomorphism ¢: K — Aut(H) and let X = {id, o(f1),...,0(fm)}. If H
is X -monotileable then the group G = H g K is locally monotileable.
Proof. Let (En)nen be an X-monotileable right Fglner sequence of H and (Fp,)nen a locally monotileable right Fglner
sequence of K. By Theorem there exist two sequences (mp)nen and (kn)nen in N such that the sequence (F’n)neN,
given by F,, = E,,,, x F, for every n € N, is a right Fglner sequence of H x4 K.

Consider a tiling sequence (Kp,)nen associated to (Fk, )nen. For all n € N let a, = max{ls(k) : k € Kn+1}. By
Theorem there exists a strictly increasing sequence (hn)nen in N such that:

(1) mn,,, > mn, + an for every n € N;
(2) the sequence (F; )nen, given by Fy = En,, X F, for every n € N, is a right Fglner sequence of H x4 K.
By Lemma the subsequence (Emh”)ngN is still an X-monotileable sequence of H. By Lemma we know that
¢(k)(Em,,, ) is a monotile of E,,, ¢s(x) for all k € Kyi1. On the other hand, since mp,, +£s(k) < ma,, ,,, by Lemma
Em,,, +ts(k) is a monotile of Ey,, . Finally by Lemma we have that ¢(k)(Ewm, ) is a monotile of Em,, ., fora
ke Knii.
The sequences (Emhn Jnen, (Fk,, )nen and (Fy; )nen satisfy the hypothesis of Lemma so we apply it to conclude. [J
The following is an immediate consequence of Theorem (take X = {1,—1} as a finite generating set of Z).

Corollary 5.3. Let H be a countable locally monotileable group and ¢: H — H an automorphism. If H is ¢-monotileable,
then H x4 Z is locally monotileable.
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We prove now Theorem [[.1§ stating that for every automorphism ¢ of Q, the group Q X4 Z is locally monotileable.
First we need the following folklore lemma; recall that an a-sequence (an)nen is geometric if for every k € N there exists

Lemma 5.4. Let (an)nen be a geometric a-sequence.
(a) For every q € Q there is a minimum nq € N such that q € ().
ng

nq

(b) For q and ng as in item (a), there exist unique ki, ..., kn, € N and ko € Z such that ¢ =3 ;%) 2 ki and 0<ki<qg=
ai/ai—1 for alli € {1,...,ng}.

Proof. (a) Fix ¢ = 7 € Q, where (s,t) =1and 0 <t = plfl ...pEm . Since (an)nen is a geometric a-sequence, for every
i=1,2,...,m there exists a minimal n; € N such that p* | an,. Let n, = max{n; : 1 <i < m}, then q € (1/an,) and ng
is minimal with this property.

(b) We proceed by induction on ng. If ng = 0 then g € Z and the statement is known to be true. Fix n € N and suppose
that we already proved the statement for all the ¢ € Q such that ng < n. Fix ¢ = —— € ( 1+1> such that ng = n+1,

An+1 A

then there are unique 0 < kn+1 < gnt1 and s’ € Z such that s = kn11 + s'qne1 and so, by inductive hypothesis,

n+1

g= et 2 b Zal > .

An+1 an+1

In order to prove Theorem we start with the following fact.

Claim 5.5. Let (an)nen be a geometric a-sequence and (cn)nen an a-sequence, then the sequence (Fp)nen, with Fo = {0}
and F,, = <%> N[0, cn) for every n € Ny, is Folner sequence of Q.

a

Proof. Fix 0 < ¢ = § € Q. There exists n/ such that ¢ < ¢,» and by Lemma there is ng such that % € Fy,. Let
7 = max{ng,n’}, then q € F;. Note that Frj can be covered by cr1/cn disjoint sets of the form

FryrNllca, (14 1)cr) = < > N [len, T+ 1)en),

A7 +k

where | € {0, catr/cn — 1}. In each of these sets there are exactly |Fryk|cn/catr elements. If we translate Fryr by ca,
all these sets, except the last one, are shifted exactly in the next one. So,

1
(ca + Frtk) \ Frr = (< > N [(ck+n — ca, Ck+ﬁ)) + ¢,
An+k
and then .
n Cn
|(cn + Fatr) \ Fatr| = % (5.1)
Ca+k
Moreover ¢ < c¢p, S0 q € < ) for all k € N. Thus, (¢ + Fatr) U Frtr < (¢n + Frt+x) U Fatk, and this implies
(¢+ Fatr) \ Fatr C ca + Fatr \ Fate. (5.2)
By (5.1] . and (5.2) we obtain that
| Frtk|ca
(@ + Favi) \ Fatrl < [(cn + Fagr) \ Fagr| = B
and so
fim OEFNFn] ol Froe A Fael o e
n— 00 F | k— o0 |Fﬁ+k| k—00 Cp+tk

If we consider instead a negative g € Q, we can proceed in a similar way. We find n € N as before but using —¢ and then

we have
1
(Frsk —ca) \ Fatr = (< > N [Ovcﬁ)> — C.
An+k

As before we conclude that

Fﬁ Cqp,
0+ Fai)\ Fr] < [k = en) \ Fr] = 2108,
and then also in this case ” ”
lim g+ Fo) \ | < lim .
n—oo |Fn‘ k— o0 Cha+k
Therefore (Fp)nen is a Fglner sequence of Q. O

One can verify that the above Fglner sequence of Q is also locally monotileable (see [42]). This is written in details in
the next proof in a particular case (but in a more general setting), where one should take g = 1.
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Proof of Theorem [I.I8l Each automorphism ¢ of the group (Q, +) is of the form ¢4: x — gx for some ¢ € Q\ {0}. Fix
g=ua/be Q\ {0}, with (a,b) =1, a € Z\ {0} and b € N\ {0}. Let (Ey)nen with, for every n € N,

1
En={(—""YN[0,2"|a"0™).
= (e ) 0102
First (En)nen is a Fgolner sequence of Q, since (|a|™b™(n!))nen is a geometric a-sequence and (27 |a|"b™ ),en is an a-sequence,
and so Claim applies.

Now we verify that (Ey)nen is ¢q-monotileable, To this end, six n € N. If a = |a| > 0, then

1
brt|a|n=1(n!)

¢q(En) = qEn = < > N[0,2" |a" 6" 1).

We note that

2
Eni1 = 2|i| 2"al" " G + (Bns1 N [0,27a|" 10" ). (5.3)
j=0
Moreover,
- lal?(n+1)—1 i
Eni10[0,2%a" 0" ") = !:l) G T T + ¢y (En) (5.4)
Combining and , we obtain
2621 R lal?(n+1)—1 ;
Eni1 = JI:_(L <2 lal" ™0™ 5 + ( le(lj la|" 1671 (n + 1)! +¢q(En)>>- (5.5)

Define
7
la|? 167+ (n + 1)!

EIH = {2n‘a‘n+1bn_1j +

By Lemma and ,

:0<i<la*(n+1), 0§j<2b2}.

Enpi= || e+ ¢e(En), (5.6)
éEE:LrJrl

i.e., ¢q(Er) is a monotile of F,41. Exactly in the same way we obtain that qﬁ;l(En) is a monotile of Eyp41.
If a < 0, then

1
la|"=1bn+1(nl)

1

gy )

¢q(En) = qEn = < > N (=2"a|"o" 1, 0] and  ¢_o(En) = 2"|a" 0" " —

Since a < 0, clearly —g > 0, and so (5.6|) yields

— — n n n— 1
Eni1 = |_| e+ od_q(En) = |_| (e + 2" a|" et — FEErEaTe) + ¢>q(En)) . (5.7)
ecEl, eeEY
Define 1
E; o =2"a" " +Ef,.

 Ja[r 1ot (n)
By (5.7) we have Ent1 = | |,. 5~ €+¢q(En), and so ¢q(Er) is a monotile of £, 41. In the same way we find that b7 (En)
n+1

is a monotile of E,41. Hence, (En)nen is ¢g-monotileable.

To conclude, apply Corollary [5.3] O
Given a finitely generated subgroup K of Aut(Q), one can prove that Q x K is locally monotileable. Suppose that K
is generated by {%7 e ‘;—:} Consider the sequence (Ep)nen given by
B, = ! A10,(2%ax - . am|™ (b1 .. b))
"\ (a1 .. am|b1-..bm)"(n!) ’ Lo Sml AP B

Proceeding as in the proof of Theorem one could prove that (En)nen is K-monotileable and then apply Theorem

5.2 Examples of locally monotileable groups that are not virtually nilpotent
Here we show that the general Extension Theorem can be proved for extensions
0-HL5G S K—0 (5.8)

when H has a property a bit stronger than local finiteness.

Corollary 5.6. Suppose that in the short exact sequence (5.8|) the group H has the property that every finite subset of H
is contained in a finite characteristic subgroup of H. If K is locally monotileable, then G is locally monotileable as well.
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Proof. Clearly, H is locally finite, hence locally monotileable by Proposition [3.5] Moreover, there exists an exhausting
increasing sequence (En)nen of finite characteristic subgroups of H. In particular, E, is invariant under conjugations
in G. So (En)nen is an Aut(G)-monotileable right Fglner sequence of G. Therefore Claim gives that G is locally
monotileable. O

This corollary provides some new examples of locally monotileable groups.

Example 5.7. Take an infinite collection {5, : n € N} of simple finite groups such that for n # m the only homomorphism
Sn — Sp, is the trivial one and exp(Sy) is not bounded. Let H = @neN Sn be as in Example a). Then H satisfies the
hypotheses of Corollary In particular, H is locally finite, hence H is locally monotileable by Proposition

Let us see that for every residually finite countable abelian group K one can define an appropriate faithful action 6 of
K on H, such that H x¢ K is locally monotileable. Indeed, K can be identified with a subgroup of P = HmeN+ Z(m).
Since Aut(H) = [],cn Aut(Sn), each Aut(S,) contains a copy of Sy, hence the orders of these groups are not bounded.
Therefore, the product Aut(H) contains a subgroup isomorphic to P. In particular, P (hence, Aut(H) as well) contains an
isomorphic copy of the group K, which gives rise to a faithful action # of K on H. Since the group K is locally monotileable
by Corollary [£.19] we deduce that G = H xg K is locally monotileableby Corollary [5.6]

For example, we can just pick a non-torsion element ¢ € P and put K = (¢) = Z; then G = H x K € 9. Note that G
is neither locally finite, nor virtually solvable, nor residually solvable.

Example 5.8. We build here examples of locally monotileable amenable groups that are neither virtually nilpotent nor
residually finite.

(a) Suppose that in the short exact sequence the group H is abelian and satisfies the descending chain condition
on subgroups. If K is locally monotileable, then G is locally monotileable as well. Indeed, it is well known that the
hypothesis on H implies that H &= F @ @le Z(p5°), where p1,...,pr are not necessarily distinct primes (see [23)]).
Then for every n € N the subgroup H[n| = {h € H: nh = 0} is finite and fully invariant. Since every finite subset
of H is contained in some of the subgroups H[n|, the group H satisfies the hypotheses of Corollary Hence, G is
locally monotileable.

(b) Take as in Example b) H = @le Z(ps°), where pi,...,pr are distinct primes. Then K* = Aut(H)
Hle U(Jp,), where U(Jp,) is the group of units of the ring J,,, and in particular K* = Aut(H) is abelian. So
any countable subgroup K of K™ is locally monotileable. Now consider the semidirect product G = H x K, where
the action of K is that induced by the natural one of Aut(H) on H. By item (a) G is locally monotileable.

(c) Now take for simplicity £k = 1 and p = p1 > 2 in item (b), so H = Z(p*°) and K* = U(Jp). Since p > 2, we can
choose K Z 1+ pJ,, and so the natural action of K on H is fixed-point free. Therefore, G = H x K is center-free,
so G is locally monotileable and G is not nilpotent.

To see that G is not virtually nilpotent consider a finite index subgroup N of G contained in K; = (1 + p"J,) N K.
It is enough to show that NNV is not nilpotent. Since H is divisible, we deduce that H < N. Hence, N = H x (NN K)
and m = [K : (NN K)] < o0, so N C mK. In particular, if m = p'm,, with | € N and (ma,p) = 1, then there
exists € € N N (14 p'J,). This implies that Z(N) = Z;(N) = Z(p') x {1}. Arguing by induction one can see that
Zs(N) = Z1(N) = Z(p'*) x{1}. Hence, N # Z,(N) for every s € N. Thus N is not nilpotent. Since H = |J,_y Zs(N),
N is hypercentral. Therefore, G is virtually hypercentral, yet not virtually nilpotent.

Finally, it is easy to see that G is not residually finite, as H is a non-trivial divisible subgroup of G.
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