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BOUNDEDNESS OF SOLUTIONS TO DIRICHLET, NEUMANN AND ROBIN
PROBLEMS FOR ELLIPTIC EQUATIONS IN ORLICZ SPACES

GIUSEPPINA BARLETTA, ANDREA CIANCHI, AND GRETA MARINO

ABSTRACT. Boundary value problems for second-order elliptic equations in divergence form, whose nonlinear-
ity is governed by a convex function of non-necessarily power type, are considered. The global boundedness of
their solutions is established under boundary conditions of Dirichlet, or Neumann, or Robin type. A decisive
role in the results is played by optimal forms of Orlicz-Sobolev embeddings and boundary trace embeddings,
which allow for critical growths of the coefficients.

1. INTRODUCTION

We are concerned with the global boundedness of weak solutions to boundary value problems for second-
order nonlinear elliptic equations of the form

(1.1) —div (A(z,u, Vu)) = B(z,u, Vu) in €,

where (2 is an open set in R™, n > 2, with finite Lebesgue measure |].

This primary question in the regularity theory was extensively analyzed as early as in the classical mono-
graph | ], where the boundedness of solutions to elliptic equations was also shown to be crucial for enjoying
finer regularity properties. Specifically, in [ , Theorem 7.1, Chapter 4, and Theorem 3.1, Chapter 5] this
problem for equations as in (1.1) is discussed in the standard case when Dirichlet boundary conditions are
imposed and the nonlinearities of the functions A and B in u and Vu are of polynomial type. This amounts
to saying that the functions A and B are subject to growth conditions depending on powers of u and |Vul.
Over the years, the results of | ] have been sharpened, and extended to different boundary conditions in
several contributions, such as | , , , , , , , Wil.

In the present paper, the restriction on power type growths is removed, and the boundedness of solutions
to boundary value problems for equations of type (1.1) driven by more general nonlinearities is established.
A distinctive trait of our analysis is that the ellipticity condition on the principal part is dictated by a general
nonnegative convex function vanishing at 0 — a Young function — of the modulus of the gradient. This calls
for replacing customary Sobolev spaces with Orlicz-Sobolev spaces as a functional framework for solutions.

More specifically, we assume that A: @ xRxR™ — R™ and B: 2 xR xR"™ — R are Carathéodory functions
obeying:

(1.2) Az, t,€) - & = A([¢]) — B(]t])

and

(1.3) sgn(t)B(z,t,§) < f(z) + C(|t]) + D(|t]) E(|¢])

for a.e. x € , for every t € R and every £ € R". Here, the dot “-” stands for the scalar product in

R™ A :[0,00) — [0,00) is a Young function, B,C,D,E : [0,00) — [0,00) are increasing functions, and
f: 2 — [0,00) is a measurable function whose integrability degree is prescribed by the membership in a
weak Orlicz space defined by a Young function M.
Dirichlet, Neumann and Robin boundary value problems are included in our discussion. The datum wg in
the Dirichlet boundary condition
u=ug on I
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2 G.BARLETTA, A. CIANCHI, AND G. MARINO

is naturally assumed to be bounded. The weak formulation of the corresponding problem allows for arbitrary
domains  such that |Q] < oco.

The Neumann condition to be imposed amounts to the vanishing of the co-normal derivative associated
with the principal part of equation (1.1); namely:

A(z,u,Vu) -v =0 on 99,

where v denotes the normal unit vector on 9€2. The notion of weak solution to the corresponding Neumann
problem avoids any a priori regularity assumption on Q. However, its degree of (ir)regularity enters the
assumptions required on the functions appearing on the right-hand sides of inequalities (1.2) and (1.3). The
regularity of 2 will be prescribed in terms of its membership in Maz’ya type classes of bounded domains,
defined via relative isoperimetric inequalities.

When a Robin condition

(1.4) A(z,u,Vu) -v=C(z,u) on 99

is assigned, boundary traces of solutions are as well involved in the definition of weak solution to the problem.
The existence of traces is only guaranteed provided that € is regular enough. Minimal assumptions on €2
will be imposed in this connection. The function C: 9Q x R — R in equation (1.4) is Carathéodory and is
assumed to fulfill the bound

(1.5) sgn(t)C(z,t) < g(z) + F(|¢])

for H"1- a.e. z € 90 and for every t € R. Here, H"~! denotes the (n — 1)-dimensional measure, F' :
[0,00) — [0,00) is an increasing function, and the function g : 92 — R belongs to some weak Orlicz space,
with respect to the measure H" !, built upon a Young function N.

Our result on Dirichlet problems amounts to balance conditions among the growths of functions A,B,C,D,FE,
M for their solutions to be bounded. An analogous result holds for Neumann problems, save that the con-
ditions also depend on an additional parameter, which appears as an exponent in the relative isoperimetric
inequality supported by the domain €. A conjugate of the function A from an optimal Orlicz-Sobolev in-
equality comes into the picture of these conditions. In fact, growth conditions in u which are critical in
connection with the Sobolev conjugate of A are permitted. As for Robin problems, the same assumptions as
in the case of Dirichlet problems are required, plus additional balances between the functions A and F', and
between the functions A and N. In this connection, a conjugate of A from a sharp Orlicz-Sobolev boundary
trace inequality emerges as well. A critical growth in v according to the Sobolev trace conjugate of A is also
entitled.

In the situation when the functions A, B,C, D, E, F appearing in inequalities (1.2), (1.3) and (1.5) are
mere powers, the theorems to be presented recover several instances of those appearing in the contributions
cited above, and also generalize them to the case of Neumann problems in possibly irregular domains.

The analysis of the global boundedness of solutions to elliptic problems under Orlicz type growth and
Dirichlet boundary conditions traces back to [Tal] in the case when B = C = D = E =0, and to [Ta2] in
a complementary setting when f = 0 and D = E = 0. The results of the latter paper were augmented in
[Ci2], where a sharp growth condition on the functions B and C was exhibited for solutions to the Dirichlet
problems to be bounded. An extension to anisotropic equations is the subject of [Al].

These are the contributions, dealing with elliptic equations ruled by Orlicz type nonlinearities, which are
most closely related to the topic of our paper. On the other hand, the study of diverse regularity properties
of solutions to elliptic equations and systems with Orlicz growth has seen an increasing interest in the
last decades. They are nowadays the subject of a vast literature, a nonexaustive sample of which includes

[ ) ) ) ) ) ) ) ) ) 7 ) 7 )

, , Go, , Ko, Li, , , Wo]. The monograph | ] is an up-to-date source of results
and references in this area.

As far as proofs of our results are concerned, we point out that standard methods, such as Moser type
iteration techniques, do not seem to yield optimal conclusions. This is related to the fact that, unlike the case
when power type bounds in (1.2)—(1.5) are imposed, iterating optimal inequalities in the Orlicz framework
need not produce an inequality which is again optimal. This drawback is also visible, for instance, in the
iteration of Orlicz-Sobolev embeddings — see e.g. | ] for a discussion on this point.
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Our approach makes use of identities and inequalities involving integrals over the level sets of the solutions.
Starting with the work of De Giorgi, this is of course nowadays also customary in the regularity theory of
PDEs. However, we have to depart from usual discretization techniques applied to the levels of integration,
which apparently do not properly fit general growth conditions. As a replacement, we derive a differential
inequality involving the distribution function of the solution, which can be regarded as a continuous version
of these discretization techniques, and is reminiscent of arguments from [(i2, , ]

More specifically, we start with bounds for integrals involving Vu by integrals involving u over level sets
of the latter. These bounds are, in a sense, global Caccioppoli type inequalities, and are deduced from
assumptions (1.2)—(1.5) by testing the weak formulation of the problems under consideration by truncations
of the solutions themselves. The resultant inequalities are coupled with inequalities in the opposite direction
for integrals of u in terms of integrals of Vu.

The main novelties are to be found in this key step, which strongly depends on the use of various sharp
embeddings and respective inequalities in Orlicz-Sobolev spaces. Not only inequalities with an optimal Orlicz
target space, but also improvements with a target of Orlicz-Lorentz type, which is in fact optimal among
all rearrangement-invariant spaces, come into play. In dealing with Robin problems, Orlicz-Sobolev trace
inequalities have equally a pivotal role. In addition, a new Sobolev trace inequality in the so called Lorentz
A-spaces, depending on the Young function NNV, is needed.

The combination of these upper and lower bounds for energy integrals of the solutions provides us with
an inequality which, via the coarea formula and isoperimetric inequalities applied to the level sets of the
solutions, yields a differential inequality involving their distribution function. The regularity of the domain
Q required for Neumann and Robin problems enters the game at this stage. An analysis of the solutions to
the relevant differential inequality finally dictates the conditions to be imposed on the functions appearing
in assumptions (1.2)—(1.3), and, in the case of Robin problems, also in (1.5).

2. ORLICZ-SOBOLEV SPACES

The function space background underlying the proofs of our main results is recalled in this section. Addi-
tional material is presented in Section 5, where an optimal trace inequality in Lorentz A-spaces, tailored for
our applications to Robin problems, is established.

2.1. Young functions. A function A: [0,00) — [0, 0] is said to be a Young function if it is convex, left-
continuous, vanishes at 0, and is neither identically equal to zero, nor to infinity. Any Young function A
takes the form

t
At) = / a(t)dr fort >0,
0

where the function a : [0,00) — [0, 0] is non-decreasing and left-continuous. If A is a Young function, then
the function

(2.1) @ is non-decreasing in (0, c0).
Moreover,
(2.2) A(kt) > kA(t) for k>1andt>0.

The Young conjugate of A is denoted by A, and is defined as

A(s) = sup{st — A(t): t >0} for s> 0.
One has that j = A. By the very definition of Z,
(2.3) ts < A(t) + A(s) for s,t > 0.
Moreover, one has that

(2.4) t< ATV (H)ATN(t) <2t fort >0,
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where the superscript “—1” stands for the (generalized) right-continuous inverse. In particular, inequality
(2.4) yields
Alt ~ At
A < B aw) <24
The function A is said to satisfy the As-condition near infinity (briefly, A € As near infinity) if A is finite-
valued and there exist constants ¢ > 2 and ¢ty > 0 such that
(2.6) A(2t) < cA(t) for t > tq.

The function A is said to satisfy the Va-condition near infinity (briefly, A € V4 near infinity) if there exist
constants ¢ > 2 and £y > 0 such that
(2.7) A(2t) > cA(t) for t > to.

If inequality (2.6), or (2.7), holds with o = 0, then A is said to satisfy the As-condition globally, or the
V2-condition globally, respectively.
One has that

(2.5) for ¢ > 0.

(2.8) A € V5 near infinity [globally] if and only if A € A, near infinity [globally].

A Young function A; is said to dominate another Young function As near infinity [globally] if there exist
constants ¢ > 0 and tg > 0 such that

As(t) < Ay(et) fort >ty [t >0].

If the functions A; and As dominate each other near infinity [globally], then they are said to be equivalent
near infinity [globally]. The relations of domination and of equivalence between the functions A; and As will
be denoted by As < Ay and Ay =~ Aj, respectively.

2.2. Orlicz and weak Orlicz spaces. Let (R, m) be a non-atomic, o-finite measure space, equipped with
a measure m. In our applications, R will be either a subset of R"™, endowed with the Lebesgue measure, or
a subset of 92, endowed with the Hausdorff measure H"~!. We denote by M(R) the space of real-valued
m-measurable functions on R.

Given a Young function A, the Orlicz class K“(R) is defined as

KA(R)z{ueM(R): /RA(|u|)dm<oo}.

The set K“4(R) is, in general, just a convex subset of M(R). On the other hand, the Orlicz space L*(R),
defined as
LAR) = {u€ M(R): u/X € K*(R) for some X € R},

is a Banach space, equipped with the norm

||U||LA(R>=inf{>\>0:/ (|,\|)d <1}
Q

As a consequence of inequality (2.3), one has that

(2.9) /|uv|dm</ A(lu)) dm+/ Ao)) d

for u € KA(R) and v € KA(R).
Assume that m(R) < co. Given two Young functions A; and As, one has that
LA (R) — L2 (R)

if and only if A; dominates A, near infinity. Here, and in what follows, the arrow “—” stands for continuous
embedding.
Given a function u € M(R), we denote by u* : [0,00) — [0, 00] its decreasing rearrangement, defined as

w*(s) =inf{t > 0:m({|u| >t}) <s} fors>0.
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The Hardy-Littlewood inequality tells us that

(2.10) / |luv|dm < / u*(s)v*(s)ds
R 0
for u,v € M(R).
The function u** : (0,00) — [0, 00] is defined as
1 S
u*(s) = 7/ u*(r) dr for s > 0.
s Jo
Both functions v* and u** are non-increasing, and
u*(s) <u™(s) for s >0.
The signed decreasing rearrangement u° : [0, 00) — [—00, 00| is given by
u®(s) =inf{t > 0: m({u > t}) <s} fors>0.
The functions u, v* and u° are equimeasurable.
When m(R) < oo, the increasing rearrangement u, : [0, m(R)] — [0, o0] is defined as
us(s) =u*(m(R) —s) for s € [0,m(R)].

A reverse Hardy-Littlewood inequality reads

m(R)
(2.11) / |uv| dm 2/ u*(s)vi(s)ds
R 0
for u,v € M(R).
Under the assumption that m(R) < oo, we also set

med(u) = u° (m(ZR) )

a median of u.
Given a Young function A, the weak Orlicz space L4>°(R) is defined as the set of functions u € M(R) for
which the norm

u 00 = su
oy = sp

is finite. The space L*4>°(R) is a Banach space endowed with this norm. Its name stems from the fact that
LA(R) — LA*°(R) for every Young function A, and

lull .00 (my < NullLacr)

for u € LA(R). Weak Orlicz spaces are a special instance of the Marcinkiewicz spaces, whose definition will
be recalled in Section 5.

A variant of inequality (2.9), of critical use in our proofs, tells us what follows. Let o > 1 and let A be a
Young function such that

(2.12) /O<Azt))alldt <o

and
(2.13) / LN
. A0 = o0.
Let ﬁa be the Young function defined by
t
(2.14) An(t) = / Gn(r)dr for t > 0,
0

and

(219) a(0) = (/:(S) </ot (a(lT)) MdT) B a(tc)lial ) h for s 20.
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Then there exists a constant k1 = k1 () such that

(2.16) / luv| dm < m/ A, (s_l/au*(s)) ds + Kl/ A <s_1/a' / v*(r) dr) ds
R 0 0 0

for every u,v € M(R), see [Ci4, eq. (4.46)]. Note that the convergence of the inner integral on the right-hand
side of equation (2.15) is equivalent to assumption (2.12).

2.3. Orlicz-Sobolev spaces. Let 2 be an open set in R™, and let A be a Young function. We define the
Orlicz-Sobolev class VI K4(Q) as

VIKA(Q) = {u € M(Q) : uis weakly differentiable in Q and |Vu| € K4(Q)}.
The subset of V!K4(Q) of those functions which vanish, in a suitable sense, on 99 can be defined as
VEKA(Q) = {u € M() : the continuation of u by 0 outside of 2
is weakly differentiable in R™ and belongs to V'K A(R”)}.

The Orlicz-Sobolev space W14 (£2), and its subspace W, (), are accordingly defined as

whA(Q) = {ue LAQ) :u/\ € VIKA(Q) for some \ € R},
and

Wi Q) = {ue LAQ) : u/x € V) K4(Q) for some A € R}.
The space WH4(Q), equipped with the norm
(2.17) [ullwra@) = llullLa@) + IVullpaq),

is a Banach space. Here [|[Vul|pa(q) stands for |[[Vul||a(q). The subspace Wol’A(Q) is closed in Wh4(Q)
with respect to this norm, and hence is also a Banach space. A Poincaré type inequality ensures that, if
|2 < oo, then the functional |[Vu| 74 defines a norm on W4(Q) equivalent to the norm (2.17).

2.4. Orlicz-Sobolev embeddings. Let € be an open set in R™ such that || < co. Given a Young function
A, let Hy: [0,00) — [0,00) be the function defined as

(2.18) Hy(t) = (/Ot <A(TT)>_ d7> v for ¢ > 0,

where n' = "= and A is modified, if necessary, near 0 in such a way that

(2.19) /0<A7ét)> dt < oo,

The Sobolev conjugate of A is the Young function 4, introduced in [Ci2], and given by

(2.20) A, (t) = A(H 1 (t)) fort > 0.

Here, H,;! denotes the (generalized) left-continuous inverse of H,,. One has that

(2.21) Wy A(Q) = L4 (Q),

and LA () is the optimal (i.e. smallest possible) Orlicz target space [(i2], see also [('i1] for an alternate

equivalent formulation. In particular, there exists a positive constant ko = k2(n) such that

. A, fizul >x A(|Vul|) dz
22 / ((fQAuw)dy)”” ’ é/ﬂ e

for every u € V3 K4(9Q).
Notice that, if A grows so fast near infinity that

(2.23) /OO (AEt)) e 50,
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then

(2.24) Wl Q) = L=(Q).

Actually, condition (2.23) implies that H, !(t) = oo for large t. Hence, A, (t) = oo as well, and L4 (Q) =
L (Q), up to equivalent norms.

On the other hand, the space I/VO1 ’A(Q) does contain unbounded functions in the opposite regime when

(2.25) /OO (AI(;)> = oo,

If assumption (2.25) is in force, embedding (2.21) can still be augmented, provided that the class of admissible
target spaces is enlarged as to include all rearrangement-invariant spaces. The optimal target for embeddings
of VVO1 ’A(Q) into spaces from this class is an Orlicz-Lorentz space, equipped with the norm given by

lullp .m0 = ||57%“*(3)HL%(0,\Q|)

for u € M(S2), where A, is the Young function defined as in (2.14)—(2.15), with a = n. Note that, as in the
case of definition (2.20) for the function 4, the function A is modified near zero, if necessary, in such a way
that assumption (2.19) is satisfied. Such an assumption is equivalent to requiring that the innermost integral
on the right-hand side of equation (2.15), with o = n, converges.

The relevant embedding reads

(2.26) Wi A(Q) = L(A,,n)(Q).
Moreover, a positive constant k3 = r3(2) exists such that
ler .
(2.27) Aq(rss™7u*(s))ds < [ A(|Vul)dz
0 Q

for every u € V3 K4(1).

The optimal Orlicz target space for embeddings of the Orlicz-Sobolev space W14(Q) is the same as in
(2.21), provided that € is sufficiently regular. Bounded Lipschitz domains, bounded domains satisfying the
cone property, bounded John domains, and (g,0)-domains are admissible, for instance. Any domain from
these classes supports a relative isoperimetric inequality of the form

(2.28) kaminf{|E|,|Q\ E|}> < H" Y (OMENQ)

with o = n, for some positive constant x4 > 0 and every measurable set £ C €. Here, 0™ stands for essential
boundary in the sense of geometric measure theory, and H" (0™ E N Q) is the perimeter of E, relative to
Q.

The name of inequality (2.28) stems from the fact that it is a version in an open set  of the classical
isoperimetric inequality in R™

(2.29) nwy min{|E|, [R"\ E[}7 < H" 1(OME)

for every measurable set E C R™, where w,, denotes the Lebesgue measure of the unit ball in R™.
The embedding
WhA(Q) = L (Q),

for bounded domains satisfying inequality (2.28) with o = n, is established in | , Theorem 6.12] and in
[Cil], with A, replaced with an equivalent Young function.
In the same papers, Sobolev embeddings for the space Wh4(Q) are also offered when Q is a bounded
open set fulfilling inequality (2.28) for some « > n. The use of relative isoperimetric inequalities in the
characterization of Sobolev embedding was discovered by V. Maz’ya more than sixty years ago | | (see
also | | for an expanded treatment of this topic). We shall denote by J;,,- the Maz’ya class of open sets
satisfying inequality (2.28).
The Orlicz target space in Orlicz-Sobolev embedding on these domains is defined in terms of the Young
function A, given by

An(t) = A(H;'(t)) fort >0,

[e3
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where H,, is defined in analogy to (2.18), with n replaced by «; namely

Ho(t) = (/Ot <A(TT)>QIIdT>;/ for ¢ > 0,

with a parallel convention on the modification of A near zero as in (2.18) in such a way that condition (2.12)
is fulfilled.
Indeed, if 2 € J; /o for some o > n, then

(2.30) WhA4(Q) - LA (Q).

Furthermore, there exists a positive constant k5 = k5(€2) such that

(2.31) / Aq ( Folu = med(“)l|/a> do < / A(|Vu|) da
e (Jo A(Vul) dy) Q

for every u € VIK4(Q). In particular,

(2.32) Wh4(Q) — L=(Q)

if

(2.33) /Oo (Al(tt)) - dt < 0.

By contrast, embedding (2.32) is not guaranteed in the opposite regime corresponding to condition (2.13).
If the latter condition is in force, the target space in embedding (2.30) admits an improvement in the
class of rearrangement-invariant spaces, which parallels (2.26). For an arbitrary domain Q € Jy/4/, the
optimal target for embeddings of W14(Q) into rearrangement-invariant spaces is the Orlicz-Lorentz space
L(A,, ) (Q), endowed with the norm defined as

||UHL(XQ,Q)(Q) = ||57é“*(5)||1:% (0,120

for u € M(2), where A, is the Young function defined as in (2.14)—(2.15). Analogously to the embeddings
presented above, the function A is suitably modified near zero, if necessary, for condition (2.12) to be fulfilled.
This ensures that the right-hand side of equation (2.15) is well defined.

The embedding in question takes the form

WhA(Q) = L(Aqg, a)(Q).

Moreover, a positive constant kg = kg(£2) exists such that

Q
(2.34) / Ay (Hgs_l/a(u —med(u))*(s)) ds < [ A(|Vul)dx
0 Q
for every u € VIKA(Q).

A linear trace operator can be defined on any Orlicz-Sobolev space W14 () under suitable regularity
assumptions on 2. Minimal conditions on a bounded open set €2, which allow for the definition of a trace
operator, are:

HHON) < 00, HTHON\OMQ) =0,
and
min{H" 1 (OME N Q) , H" 1 (9Q\ 0ME)} < ke H" HOMENQ)
for some positive constant k7 > 0 and every measurable set £ C ). An open set fulfilling these properties
will be called an admissible domain in what follows. In particular, any Lipschitz domain is an admissible
domain. In turn, any admissible domain belongs to the class J; /p/

The assumption that €2 be an admissible domain is necessary and sufficient for the existence of a linear trace
operator Tr : WH1(Q) — LY(99) — see [Zi, Section 5.10] or [\Ma2, Theorem 9.5.2].
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The Young function A7 defining the optimal Orlicz target space in Orlicz-Sobolev trace embeddings was
exhibited in [Ci5], and is given by

(2.35) Arp(t) = /0’5 w dr fort>0,

where H,, is as in (2.18) and, without loss of generality, the function A is assumed to fulfill condition (2.19).
From [Ci5, Theorem 3.1-(i)], we have that

(2.36) Tr: WHA(Q) — LAT(8Q),

the space LA7(9€2) being optimal in (2.36) among all Orlicz target spaces. Moreover, there exists a positive
constant kg = kg(£2) such that

kg| Tru — med(u)| el ul) dee 1
(2.37) /BQ Ar ((fﬂ A(|Vu|)dy)1/n> dH < (/Q A(|Vu|)d )

for every u € VIK4(Q).

In particular, under assumption (2.23), one has that LA7(9Q) = L>(952), up to equivalent norms.

Let us notice that although [Ci5, Theorem 3.1-(i)] is stated for Lipschitz domains €2, it continues to hold for
any admissible domain. Indeed, its proof makes use of an interpolation argument which relies upon endpoint
boundedness properties of the operator Tr, which are still enjoyed on any admissible domain.

3. MAIN RESULTS

Our results about Dirichlet, Neumann and Robin problems for equation (1.1) are presented in Subsections
3.1, 3.2 and 3.3, respectively. Each result is illustrated by an example involving equations whose principal
part has a power-times-logarithmic type growth.

3.1. Dirichlet problems. Let Q be an open set in R™, with |Q| < oo, and let up € VK4(Q). Consider the
Dirichlet problem

—div (A(z,u, Vu)) = B(z, u, Vu) in
(3.1)
U = Ug on 0,
under the growth conditions (1.2) and (1.3). A function v € VIK4(Q) is said to be a weak solution to
problem (3.1) if u — ug € V3 K4(Q) and
(3.2) / A(z,u,Vu) - V¢ dx = / B(z,u,Vu) ¢ dz
Q Q

for every ¢ € Vi K4(0).
Our assumptions ensuring the boundedness of any solution to problem (3.1) read as follows. The boundary
datum wug is required to fulfill the condition

(3.3) up € L2(Q).

As far as the functions B, C, D, E appearing in equations (1.2) and (1.3) are concerned, we assume that
(3.4) AoE™! s a Young function,

and there exist constants ¢ > 0, k > 1 and ¢y > 0 such that

(3.5) B(t) < A, (ot) fort > to,

(3.6) C(t) < @ for t > to,

(3.7) D(t) < % ((Ao E*l)N)‘1 o Ap(ot) fort > tg,
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where A, is the Sobolev conjugate of A defined by (2.20).
Finally, we require that

(3.8) feLM>=(Q)
for some Young function M growing so fast near infinity that

(3.9) /OA* (1 (/OSZ(Arl/ana/r))dr + /:O Z(Arl/n’le(l/s))dr> )Sffn < o0

S

for every A > 0.

Let us emphasize that conditions (3.5)—(3.9) depend only on the asymptotic behaviour of the functions
A,B,C,D,E, M and A, near infinity.

In view of the Sobolev embedding (2.24), it suffices to consider the case when the Young function A fulfills
condition (2.25), otherwise any weak solution to problem (3.1) is automatically bounded.

Theorem 3.1. Let Q be an open set in R™ with finite measure. Suppose that the Young function A satisfies
condition (2.25) and that assumptions (3.3)—(3.8) are in force. If u is a weak solution to the Dirichlet problem
(3.1), then, u € L*™(Q).

Remark 3.2. Under the additional assumption that A € V5 near infinity, inequality (3.9) holds for every
A > 0 if and only if it just holds for some A > 0. This is a consequence of property (2.8) and inequality (2.2).

Remark 3.3. A change of variables shows that

00 S%M_l(l/s) A
~ / / AN

(3.10) / A(/\rfn%stl(l/s))dr =n's" M~ (1/s)" / % dr for s > 0.

s 0 reTn

The function on the right-hand side of equation (3.10) is usually handier than the one on the left-hand side
in verifying condition (3.9).

Example 3.4. Assume that A is a Young function such that

(3.11) A(t) = tP(logt)’ near infinity,

where either p > 1 and § € R, or p=1and § > 0.
Assumption (2.25) amounts to requiring that

(3.12) either p<m,orp=nand § <n— 1.

One can verify that

t7% (logt)n s if 1<p<n

A, (t) = ot if p=n and d<n—-1 near infinity.

e if p=mn and éd=n—-1

Assume that the functions B and C, appearing in conditions (1.2) and (1.3), fulfill the inequalities

t%(logt)% it 1<p<n

n
tn—1-5

(3.13) B(ot)< (e ) if p=n and §<n—-1 near infinity,
eetn;1 if p=n and 6=n-1

and
t%%(logt)% if 1<p<mn

(3.14) C(ot) < T if p=n and d<n—1 near infinity,

e if p=n and d=n-1
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for some constant o > 0. Also, suppose, for simplicity, that D = E = 0.

Let f € LM:>°(Q), where M is a Young function such that

(3.15) M(t) =~ t%(logt)? near infinity,

and either ¢ > 1 and S € R, or ¢ =1 and g > 0.
By Theorem 3.1, any weak solution u to the Dirichlet problem (3.1) is bounded, provided that, in addition,
condition (3.9) is satisfied. Since

A(t) ~ t7 (log t)fp%l, AY(t) &~ tY/P(logt)~O/P, M~Y(t) ~ tY9(logt)™#/9 near infinity,
this condition corresponds to demanding that
either g > ﬁ,
or q= % >1 and Bp+néd >n(p—1),

1
or gq=—=1L,0<n—-landB+6>n——.
n

n
p

3.2. Neumann problems. Given a bounded open set €2 in R", consider the Neumann problem

{ div (A(z,u, Vu)) = B(z, u, Vu) in Q

3.16
(3.16) Az, u,Vu) -v=0 on 09,

under the growth conditions (1.2) and (1.3). A function u € VIK#(Q) is said to be a weak solution to
problem (3.16) if

(3.17) /QA(m,u, Vu) -V dx = /QB(azu, Vu) ¢ dz

for every ¢ € VIKA(Q).
The conditions to be imposed on the functions appearing on the right-hand sides of equations (1.2) and
(1.3) depend on the degree of regularity of the domain §2. The latter is assumed to satisfy

Q c \71/0/

for some exponent o > n. Here, J),,, denotes the Maz'ya class defined according to inequality (2.28).
Besides hypothesis (3.4), the functions B, C, D, E are requested to fulfill bounds parallel to (3.5)—(3.7), with
the function A, replaced by the Sobolev conjugate A, entering embedding (2.30). Namely:

(3.18) B(t) < A,(ot) for t > to,
(3.19) C(t) < A”iat) for t > to,
(3.20) D(t) < % (Ao E_l)w)_1 o Ay(ot) for t > to,

for some constants o > 0, k > 1 and ty > 0.
Similarly, condition (3.9) on the Young function M defining an admissible ambient weak Orlicz space L™>°(£2)
for f turns into

(3.21) /OA*1 (i (/OSZ(Arl/aMlu/r))dr + /:o K(Arl/a’leu/s))dr) )sfl/i < 00

for every A > 0.
Owing to embedding (2.32), which holds under assumption (2.33), in our result on Neumann problems it
suffices to focus on the case when the function A fulfills the complementary condition (2.13).
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Theorem 3.5. Let Q be an open bounded set in R™ from the class Ji /o, for some a > n. Let A be a Young
function satisfying condition (2.13). Suppose that assumptions (3.4) and (3.18)—(3.20) are in force, and that
condition (3.8) holds for some Young function M satisfying (3.21). If u is a weak solution to the Neumann
problem (3.16), then, u € L*>°(Q).

Remark 3.6. Observations parallel to Remarks 3.2 and 3.3 apply with regard to Theorem 3.5. In particular,
the identity

A(AT)

T1+a’

0o , , , sYoeM—1(1/s)
(3.22) / A(/\r_l/o‘ sM™(1/s))dr = o's* M1 (1/s)* / dr for s >0
s 0

can be of use in connection with condition (3.21).

Example 3.7. Assume that A is a Young function as in (3.11). In view of condition (2.33), assumptions
(3.12) have to be replaced by

eitherp=1land § >0,orl<p<ao,orp=aand j <o —1.
Moreover,
t%(logt)% if 1<p<a
An(t) = e =i if p=a and d<a—-1 near infinity.
e if p=a and d=a—1
Assume that the functions B and C in conditions (1.2) and (1.3) satisfy the inequalities
tar(logt)ar  if 1<p<a

B(ot) < {et® ' if p=a and § <a—1 near infinity,
aeT
e if p=a and d=a—1
and
ap _q _ad .
te—r " (logt)a-» if 1<p<a
Clot) < et™ " if p=a and § <a—1 near infinity,

if p=a and d=a—-1

for some constant ¢ > 0. Moreover, let D = E = 0.
Let f € LM:>°(Q), where M is a function obeying (3.15).
By Theorem 3.5, in view of condition (3.21) any weak solution u to problem (3.16) is bounded provided that

eitherq>ga
a p
Orq:—>1and,6’p+045>04(p_1)a

1
org=—=10<a—-land 4+ >a— —.
o

T

3.3. Robin problems. Assume now that 2 is an admissible domain in R", as defined in Section 2. Here
we focus on the Robin problem
{ div (A(z,u, Vu)) = B(z, u, Vu) in Q

3.23
(3.23) Az, u,Vu) - v =C(x,u) on 09,

under the growth conditions (1.2), (1.3) and (1.5). A function u € V1K4(Q) is said to be a weak solution to
problem (3.23) if

(3.24) /QA(x, u, Vu) - Vo dx = /Q B(x,u,Vu) ¢ dx + . C(x,u) ¢ dH" "
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for every ¢ € VIK4(Q). For simplicity of notation, here, and in what follows, we just write v instead of Tru
in integrals over 0f).

Our boundedness criterion for solutions to problem (3.23) requires the same assumptions on the functions
B,C,D, E, M as those for the Dirichlet problem (3.1) and, of course, also entails bounds in a similar vein for
the functions F' and g involved in condition (1.5). The maximal admissible growth of the function F' depends
on the Sobolev trace conjugate Ar of A, defined by (2.35), and reads

< AT(CTt)

(3.25) F(t) < ; for t > o,
for some constants o > 0 and tg > 0. The integrability condition on the function g takes the form
(3.26) g € LN>=(09),

for some Young function IV such that

(3.27) /Al( 1,/ Z(l/ N=(1/p) dp)rnll dr> 95 < oo,
0 sn 0 ™ Jo gn—1

Finally, unlike the results for Dirichlet and Neumann problems presented above, the function A is required
to additionally satisfy the Va-condition near infinity, which, loosely speaking, prevents A from having an
almost linear growth. This is due to the fact that the trace conjugate Ar of A boils down to A itself when
the latter grows linearly. Indeed, classically Ar = A if A(t) =¢ for t > 0.

Theorem 3.8. Let Q be an admissible domain in R™. Assume that A € Vs near infinity and satisfies
condition (2.25). Suppose that assumptions (3.3)—(3.8) and (3.25)—(3.26) are in force. If u is a weak solution
to the Robin problem (3.23), then, u € L>(2).

Example 3.9. Let 2 be an admissible domain. Hence, 2 € [J;/,,,. Assume that A is as in Example 3.4,
save that, in view of the requirement that A € V5, near infinity, now only the alternative p > 1 and § € R
is admissible. By embedding (2.32), with & = n, we may limit ourselves to considering exponents p and ¢
fulfilling condition (3.12).
One can show that

p(n—1) §(n—1)

t v (logt) »=» if 1<p<n

Ar(t) = et"j*s if p=mn and d<n-1 near infinity.
e if p=n and 6=n-1
Therefore, assumption (3.25) reads
tpgrfpl)*l(log t) S=x if 1<p<n
(3.28) F(ot) < et%; if p=n and §<n-—1 near infinity,
eetni1 if p=n and d=n-1

for some constant ¢ > 0.
Suppose that f € LM>°(Q), where M is as in Example 3.4. Also, assume that g € L>°(92), where N is a
Young function such that
N(t) = t"(logt)” near infinity,
where either » > 1 and v € R, or r = 1 and v > 0. Condition (3.27) reduces to requiring that
-1
either r > L,
;zi— 1
orr = Ll >1,and y(p—1)+d(n—1)> (n—1)(p — 1),
1
orr=1,p=n,6<n—1,,andy+d>n+1——.
n
Under these assumptions on f and g, if D = F = 0 and inequalities (3.13), (3.14), (3.28) are satisfied, then
Theorem 3.8 ensures that any weak solution u to the Robin problem (3.23) is bounded.
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4. PROOFS OF THEOREMS 3.1 AND 3.5

A detailed proof will be provided for Theorem 3.5, dealing with Neumann problems. The argument
supporting Theorem 3.1, which concerns Dirichlet problems, is analogous, and even simpler. We thus limit
ourselves to sketching it, and to highlighting the necessary modifications.

We begin with a technical lemma, dealing with the integrand appearing in condition (3.21). In preparation
for its statement and proof, a couple of auxiliary functions are introduced.

Let A and M be Young functions fulfilling condition (3.21). Define, for A > 0, the function ¥y : (0,00) —
[0, 0] as

A1) Wa(s) = 1</OSZ(M”"M‘1(1/r)) dr+/

s s

oo

A ()\r_l/a/sM_l(l/s)> dr) for s > 0.

Hence, condition (3.21) takes the form

(4.2) /3_1/0‘,14_1 (Ta(s))ds < oo

0
for every A > 0. Next, let ®y: [0,00) — [0, 0] be the function defined by
(4.3) Py (s) = sAT1 (Uy(s)) for s> 0.

Lemma 4.1. Let A and M be Young functions fulfilling condition (3.21) for some o > n. Assume that M
1s differentiable and
M(t)\’

(4.4) (#) >0 fort>0.
Let A > 0 and let ®y be the function given by (4.3). Then,

(i) im0+ @A (s) = 0;

(ii) Fither there exists 3 > 0 such that ®) vanishes in s € (0,3), or there exists 3 > 0 such that ®y is

strictly increasing in (0,35);
(i) Condition (4.2) is equivalent to

1
0 &3 ()

Proof. Property (i) is a consequence of (i) and of condition (4.2). As for property (ii), let us define the
function T : (0,00) — [0, 00] as

s , , sYoeM—1(1/s) A
(4.5) Tx(s) = / A ()\rl/“M_l(l/r)) dr+a's* M~1(1/s)* / Ql(i\f’) do for s > 0.
0 0

By equations (4.1) and (3.22),
1
(4.6) Uy(s) = ;T)\(s) for s > 0.

Thanks to assumption (4.2), there exists so > 0 such that Ty (s) < oo for s € (0, so).
We claim that either Th(s) > 0, or Tx(s) = 0 for every s € (0,s1), for some s1 € (0, sp). Indeed, the first
alternative trivially holds if A(t) > 0 for every ¢ > 0. Assume now that there exists to > 0 such that A(t) =0

for t € [0,t0] and A(t) > 0 for t > t;. We may clearly assume that sy > to. If there exists s; € (0, %) such
that
MM /r) < to  for r € (0,51),

then, since the function sM ~1(1/s) is non-decreasing, we also have that
Ar—Ve s MY (1)s) <ty for s € (0,s1) and r € (sq,00).

Hence, owing to equation (3.22), Th(s) = 0 for s € (0,s1). On the other hand, if for every s € (0,to) there
exists r € (0, s) such that

MY EMTY(1/r) > to,
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then, by the continuity of the function \r'/®M ~1(1/r), the first integral on the right-hand side of equation
(4.5) is positive, whence Th(s) > 0 for s € (0,%p). Inasmuch as ®, vanishes if and only if T vanishes, and
®, = oo if and only if T\ = oo, we have shown that either there exists 3 > 0 such that ®,(s) = 0 for
s € (0,3), or there exists § > 0 such that 0 < ®,(s) < oo for s € (0,3).

In order to show that, in the latter case, @) is strictly increasing, it suffices to show that

(4.7) P\ (s) >0 forse(0,3).
To this purpose, observe that

(4.8) T3(s)
= A(AsoMT(1/s)) + a’Msll/g/s)Z (rstenr=1(1/s)) (és—l/a’M—l(l/s) s (M (1))
+a (s“’M1(1/s)a')'/051/aM_ Y mdg

s(M~1(1/s))’

=d'A ()\sl/aM_l(l/s)) +a A ()\sl/“M_l(l/s))

M=1(1/s)
, N SOMTNAs) F oy
—I—a’(sa M—l(l/s)a ) /0 Ql(JrS,)dg for s € (0,3).

On the other hand,

s(M~1(1/s))’ _ —1/s(M~1)(1/s)
M-1(1/s) M-1(1/s)

>—1 fors>0,

where the inequality holds since M1 : [0, 00) — [0, 00) is a concave function. Moreover, thanks to assumption
(4.4),

(4.9) (sa/Mfl(l/s)o‘jl >0 forse(0,3).
Combining inequalities (4.8)—(4.9) tells us that

(4.10) Ty(s) >0  for s € (0,3).
Next, set

£=1{s€(0,5): ¥(s) =0}

The set € is closed, inasmuch as the function ¥y is continuously differentiable. Hence, the set (0,3) \ £ is
open and therefore there exists a set K C N such that

(ng) \5 = U (a’ia bl)a
€K
and K = I U J, where the sets I and J are such that ¥\ > 0 in (a;,b;) for i € I, and ¥ < 0 in (a;,b;) for
1€ J.
If s € (a4, b;) with ¢ € I, then inequality (4.7) is a straightforward consequence of definition (4.3).
If s € (a;,b;) with ¢ € J, then coupling (4.3) with (4.6) tells us that
AN (WA(9))
Wa(s)

whence inequality (4.7) follows, thanks to equation (4.10) and property (2.1).
Suppose now that s € £. Differentiating the right-hand side of equation (4.3) yields

@)\(s) = A7H(TA(s)),

(I))\(S) = T)\(S),
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thus establishing inequality (4.7) also in this case.
Finally, assertion (iii) is a consequence of the following chain, which relies upon Fubini’s theorem and a
change of variables:

dT o° 1 1 (I))‘(S)
(4.11) /ﬁ :/ 0// s7a 1 ds dT:/s*T*1 / dr | ds
o (@31 (r))1/e 0 o7 (r) 0 0

:/sfﬁ’l@A(s)dS:/s’ﬁAfl(\Il,\(s)) ds.

0 0

We are now in a position to prove Theorem 3.5.

Proof of Theorem 3.5. Let us preliminarily observe that, since assumptions (3.18)—(3.20) are only required
for large values of ¢, and assumption (3.21) also only depends on the functions A and M for large values
of their argument, we may assume, without loss of generality, that condition (2.12) is in force. Also, on
replacing M, if necessary, by an equivalent Young function, we may assume that the function M fulfills the
hypotheses of Lemma 4.1.

Let u be a weak solution to problem (3.16) and assume, by contradiction, that ess sup |u| = co. Let ¢y be
the constant appearing in conditions (3.18)—(3.20). Fix any ¢ > max{to, med(|u|)} and consider the function

(4.12) ¢ = sgn(u)(|u| —t)+,

b2

where the subscript “+ 7 stands for positive part. Standard results on truncations of weakly differentiable
functions and our assumption that u € VIKA(Q) ensure that ¢ € VIK4(Q) as well. Moreover, V¢ =
X{lu|>¢} Vu a.e. in Q. The use of this test function (4.12) in the weak formulation (3.17) of the Neumann
problem (3.16) yields

(4.13) Az, u,Vu) - Vu dx = B(z,u, Vu) sgn(u)(|u| —t) dz,
Q4 Q

where we have set

(4.14) Qe ={z e Q:|u(z)| >t} fort>0.
Let us also define the distribution function p : [0,00) — [0, 00) of u as
(4.15) wu(t) =1 fort>0.

From inequalities (1.2) and (3.18) one can deduce that

(4.16) Az, u, V) - Vudz > / A(Vu)) — B(ju)) dz > / A(Vul) da —/ Ay (o]ul) dz.
Q Q Q Q

On the other hand, owing to inequality (1.3) we have that

(4.17) B(z,u, Vu) sgn(u)(Ju| —t) de < / f@)(ul=t)de+ | C(lu])(Ju] —t) dz
Qt Qt Qt

+ / D(u) E(Vaul)(u] — ) d.

We now estimate the integrals on the right-hand side of (4.17).
Let € € (0,1) to be chosen later, and let kg be the constant appearing in inequality (2.34). An application of
the Hardy-Littlewood inequality (2.10) and of inequality (2.16) yields

w(t)
(4.18) f(@)(lul —1) dwé/ ) (lul =) (r) dr
Q 0

w(t) L o _
< me/ Aq (m6r‘3(|u| - t)i(r)) dr + HlE/ A
0

0

(R
(r‘a' / F*(P)x10,u(1 (P) dﬂ) dr,
0

KReE
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where k1 denotes the constant from inequality (2.16). Owing to inequality (2.34) applied to the function
(Ju| — t)+ we have that

w(t)
(4.19) / Aq (lﬁg?"_l/a(|u| dr / A(|Vul) d
0 (o

Notice that here we have made use of the fact that med((|Ju| —t);+) = 0, since we are assuming that ¢ >
med(|u|). On the other hand,

(4.20) / Z( ‘”a/ F(P)X10,u(t) ()dp> dr
0 K€
n(t) _ o (1 ,re
:/ A( pl/e / 1 dp) dr+/ A —r*l/a/ *(p)dp | dr.
0 KeE u(t) Ke€ 0

By the definition of the weak Orlicz norm,

(4.21) /O() (W 1/’ / £ d,;) :/#(t)‘Z(W Ve pes )) dr

K(®) Hf”L () /o
/o (HGE rt/ap— (1/7‘)>dr

IN

and

© (1 , e
(4.22) / Al —r Ve / (p
(t) kee 0

o0

A (oo o7 o) ) ar

i (f”LM‘x’(Q) e ) M! (1/u(t))> dr.

®)

)
P

IN

(t)
Combining inequalities (4.18)—(4.22) yields

HO (| fll paree o) ey j—1
(4.23) f(@)(Ju] —t) de < ery A(|Vu|) dz + k1 A Y 7 M~ (1/r))dr
Qt t 0 6
+ m/ A (WHLWr_l/a/u(t)M_l (1/u(t))> dr.
(o) KoE
Next, assumption (3.19) implies that
Ao
(4.24) Cllul)(ul —t) do < / Aol oy gy < / A (olul) dz
Q Q |ul Q

The last integral on the right-hand side of (4.17) can be estimated as follows:
(4.25) /Q D(ul) E(IVul|)(ju| =) dz
_ ~y —1
S/Q (|Vu|)k| | (Ao E™Y)7) " o Au(olul)(Ju| —t) dz

</ BUVUD (40 B-1Y) " (Au(o]ul)) da
S/Q (Ao E7Y) (E(|Zu|) + (Ao E~H™ ((AOE_l)Ny1 o Ay (o|ul) dx

1

= o,
where the first inequality holds by assumption (3.20), the third one by Young’s inequality, and the last one
by inequality (2.2) applied with A replaced by the Young function A o E~1.
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Equations (4.17) and (4.23)—(4.25) imply that

(4.26) A B(z,u, Vu) sgn(u)(|u| —t) do

< (s

+ 1 /:o A (”f”LM'm(mr_l/o‘/u(t)M_l (1/u(t))> dr + 2/Qt Aq(olul) da.

®) KRe€
From equations (4.13), (4.16) and (4.26) we deduce that

(4.27) (1 — ek — %) /Q,, A(|Vul) dz

p(t) _ Moo
< /@1/ A (Hf'L @) 1/ap-1 (l/r)) dr
0

KRg€&

p(t) _ Moo
A(|Val) dx—i—m/ A(Hf”’; —
6

0 Y (1/7«)) dr

Q

+ Ky /Oo A (”f””“”@rl/a’ﬂ(t)Ml (1/u(t))> dr+3/ Aq(olu]) dz.
12 Q

(t) KReE

Set k = #ﬂ—l’ and choose € so small that k — kex; — 1 > 0, whence k> 1. Inequality (4.27) entails that

uit) .
(4.28) A(|Vu|) do < c/ A (”f”L“’)rl/aMl (l/r)) dr
Q 0 Ke&
+ c/ A (”f”LNm(mr_l/a/u(t)M_l (1/u(t))> dr—i—/ Ao (3kolul) d
I3 Qs

(t) RgE

for some constant ¢. Our next task is to estimate the last integral on the right-hand side of (4.28). Inequality
(2.31), applied to the function (|u| —t)4, yields

ks (lul — 1)
(4.29) /Q A, ((fg,,A(IVu)dy)l/“> da:g/ﬂt A(Vul) da.

Here, we have again made use of the fact that med((Ju| —t);) = 0. Since lim;_, th A(|Vul|) dy = 0, there
exists t; > max{to, med(u)} such that

. -1/
6ko < /<;5( A(|Vul|) dy) for ¢t > t;.
Q
Hence, owing to inequality (4.29),
- 1 - 1 -
(4.30) / A (3Folul) dz < f/ Ao (6Fo(Ju] — 1)) de + 7/ A, (6Fot) da
Q0 2 Jo, 2 Jo,
1 1 ~
< 5/ A(|Vu|) dz + §Aa(6kzat),u(t) for t > ;.
Q4

Coupling inequality (4.28) with (4.30) results in

t) _ M, 00
(4.31) /Q A(|Vu]) do < C{Mt)Aa(Ct) +/Ou A (”f”iab»s(m

+ /00 A (”f”LMm(Q)r_l/o‘//dt(t)M_1 (1/u(t))> dr} for t > tq,
m

®) KReE

for some constant c¢. By Jensen’s inequality, the coarea formula, and the relative isoperimetric inequality
(2.28)

rr/ept (1/7«)) dr

(4.32) ﬁ /Q A(Vul) dz > A (ljt) /Q IVl dm) —A (Ltg@ /too H UM {[u] > 7} N Q) dT>
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KR4 & 1/a
> A —/ uT/“dT) for t > t;.
(H(t) t 7) !

Therefore, on defining the function ¥ : [0,00) — [0, 00) as the function ¥y given by (4.1), with

KReE
and exploiting inequality (4.32), we deduce from (4.31) that
oo , t
(4.34) / w(r)Ve dr < &Afl(c (Aa(ct) + ¥(u(t))) fort>t.
t K4

Now set

We claim that
(4.35) |U| < 0.

To verify this claim, let us define the function 7 : (0,00) — [0, 00) as

(4.36) n(t) = / w(r)Y dr for t > 0.
t

This function is locally absolutely continuous in (0,00). Moreover, limy_o 7(t) = 0 and 7/(t) = —pu(t)*/*

for a.e. t > 0. Thereby, equation (4.34) implies that

(4.37) n(t) < @) 4o (C(Aa(ct) (=1 (1) ))) for a.e. ¢ > 0.
K4

By inequalities (4.37) and (2.2), there exists a constant ¢ such that

(4.38) n(t) < o=/ ()™ A7 (W(—n' (1)) fort € U.

Observe that, by choosing A as in (4.33) in the definition of the function ®, in (4.3) and setting, for simplicity,
® = @), inequality (4.38) reads

(4.39) n(t) < e®((—' (1)) forteU.

By Lemma 4.1, ® is either identically equal to 0, or strictly increasing in some interval of the form (0, ),
with § > 0. In the former case, our assumption that ess sup |u| = co immediately leads to a contradiction,
inasmuch as the right-hand side of inequality (4.39) vanishes if ¢ is sufficiently large, whereas its left-hand
side is strictly positive for every ¢ > 0.

We may thus focus on the case when @ is strictly increasing in (0,0). From inequality (4.39) one infers that
there exists to > ¢ such that

/
/a
p-1 (ﬂ)
C
Thereby,
A0
(4.40) U| < (ta —t1) + dt < (to—t) + | ——— g7 dt
UN(ta,00) ta -1 (n(t))

< (t t dr
<(mhlbe | geap <

where the last inequality holds thanks to Lemma 4.1. Hence, claim (4.35) follows.
Next, set W = [t1,00) \ U. Thanks to property (4.35), we have that |W| = co. Inequalities (4.34) and (2.2)
ensure that

(4.41) /OO ()Y dr < eu(t) A" (Aq(ct))  for t € W,
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for some constant ¢, whence

I N C70)
AT (A () 7 (12 )1/ dr)
An integration of this inequality over the set W yields

(4.42) fort € W.

dt t))/e o S\
w A7 H(Aq(ct) M w (ffoo p(T)1/e" dr) a \Jy,
where the last inequality holds by (4.32).
Define the function L : [t1,00) — [0,00) as
1
L(t) = for t > t;.

A (Au(ct) Ve

The function L is decreasing, and hence bounded. Therefore, combining equations (4.35) and (4.43) tells us
that

/oo L(t) dt < oo.

ty

Define the set I, = [s,00) N U for s € [t1,00). Since L is decreasing,

[t <Ll

Is

On the other hand, owing to the reverse Hardy-Littlewood inequality (2.11), for every [ > s one has that

> l
/[s,oo)ﬁW L(t) at 2 l L(t)X[s,l)ﬁW (t) dt > l L(t) (X[s,l)ﬁW)*(t) dt

l I+|1s|=[s,)NU]|
_ / L(t)dt > / L(t) dt.
s+|[s,1)NU| s+|1s]

s+2| 1|
/ L(t)dt > / L{t)dt > L(s + 2|1|)|].
[s,00)NW s+|1s]

Hence, if | > 2|1,

Since limg, oo |Is| = 0, given k > 1, there exists s; > ¢ such that 2|1, < (k—1)s if s > s;. Therefore,
s+ 2|I,| < ks, whence L(s + 2|I|) > L(ks) if s > s1. It follows that

(4.44) / L(t)dt > L(ks)|LL| > / L(t)dt = / Lty dt for s> 5.
[s,00)NW [ks,00)NU It

Combining inequalities (4.42) and (4.44) yields

(4.45) /k T - /k Lt /{kwmw L(t) dt + /l RO

< / L(t)dt + / L(t)dt
[ks,00)NW [s,00)NW

1/a’
< 2/ L(t)dt < 2/ (cu(®)) —
[s,00)NW [8,00)NW (f:o u(r)l/a/dr)

A change of variables in the integral on the leftmost side of equation (4.45) enables one to deduce that

| o s L (/mm>vwd>”a for t > 8
- < —dr <c T T > sq,
¢ AT (Ag(er))Ve [£,00) W (ftoo M(r)l/a'dr)l/a t !

dt for s > s7.
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for some constant ¢, whence

> d’T « o0 ’
4.4 < Vel qr for t > s.
(14.46) (| i) sef woreir oz
If

/°° dr o
A=A (cr)) /e 77

then inequality (4.46) yields a contradiction. Conversely, suppose that

> dr
(4.47) / VRGN

Thanks to inequality (4.30), for every A > 0 the function wy : [0, 00) — [0, 00), given by

wi(t) = / Ao(Au|) dz for t > 0,
Q4

is actually finite-valued, and
(4.48) lim wy(t) = 0.

t—o00

Since wy(t) > Ay (At)u(t) for ¢ > 0, one has that

0 ) 1/a’
4.4 Ve gr < / " ot
(4.49) /t w(T) T < Y WISIG: T fort >0,

for every A\ > 0. Notice that, since the function A~! is concave and increasing, equations (4.47) and (4.48)
entail that the integral on the right-hand side of (4.49) converges. Equation (4.48) implies, via De L’Hopital’s
rule, that

oo a oo -1
. wx(T) / dr
4.50 1 ———d _— =0
50 i [ it (e
for every A > 0. Combining equations (4.46), (4.49) and (4.50) tells us that

i ([ i) ([ i) =

The fact that this limit holds, whatever the constant c is, for sufficiently large A depending on ¢, contradicts

the inequality
/ML<c’ /OO dr ’ fort >0
¢ Aa(AT)> T ¢ A7 (Ag(er)) e ’

which holds for every @ > 1 and X > 2, for a suitable constant ¢/ = ¢/(a, ), as shown in [Ci2, Lemma 2].
This contradiction ensures that u € L>°(Q). O

Proof of Theorem 3.1, sketched. By the reasons explained at the beginning of the proof of Theorem 3.5, we
may assume, without loss of generality, that the function A satisfies condition (2.12) with @ = n and that
the function M satisfies the hypotheses of Lemma 4.1, also with a = n.

Let u be a weak solution to the Dirichlet problem (3.1) and assume by contradiction that ess sup |u| = oo.
Let to > 0 be the constant appearing in equations (3.5)—(3.7). Fix t > max{to, ess sup |ug|}. The fact that,
in particular, ¢ > ess sup |ug| ensures that the function (4.12) belongs to Vj; K4(£2). It can therefore be used
as a test function in the weak formulation (3.2) of problem (3.1) to deduce that

(4.51) A(z,u,Vu) - Vu dx = B(z,u, Vu) sgn(u)(ju| —t) dz,
Qy Q

where the set €, is defined as in (4.14). Assumptions (1.2) and (3.5) imply that

(4.52) A(z,u,Vu) - Vu dx > A(|Vul) do — / Ay (o|ul) dz,
Q Q Q
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whereas assumption (1.3) entails that

(4.53) /Q B(x,u, Vu) sgn(u)(Ju] —t) de < /Q f@)(Ju| —t) de + ; C(lu])(|u| — t) dx

), D(lu) E(|Vul)(u| — ) dz.

The right-hand side of inequality (4.53) can be estimated along the same lines as the estimates established
for the right-hand side of inequality (4.17) in the proof of Theorem 3.5, save that Sobolev type inequalities
for functions vanishing on the boundary 0f) have to be exploited, instead of their counterparts for functions
with vanishing median. Specifically, from inequality (2.16) with o = n and inequality (2.27) we deduce that

nt) _ -
(4.54) F@)(Jul —t) de < m/ A(|Vu]) dz + ki / A ('fHLM’(%l/"M—l (1/r)> dr
Q, Qs 0 R3&
e [ A (P 0 )
w(t) K3€
Moreover, assumption (3.6) implies that
(4.55) / Cul)(ful — 1) dz < / An(olul) dz,
Q Q

and, by assumption (3.7), Young’s inequality and property (2.2),
1
(4.56) | DU E(Tu(ul 1) do < [ LA(Tul)+ An(olul)
Q¢ Q

Combining equations (4.51)—(4.56) and arguing as in the proof of inequality (4.28) enable one to infer that

w(t) _ Moo
(4.57) A(|Vul)dz < c/ A (”ﬂL(“)
R3&

/a1 (1/r)> dr
Q. 0

+c/oo A <”f|LM’°°<mr1/"’u(t)M1 (1/,u(t))) dr+/ A, (3kolu]) dz,
I Q

(t) KR3€&

for some constants ¢ > 0 and k > 1.
The last integral on the right-hand side of inequality (4.57) can be bounded as in (4.28)—(4.30), via inequality
(2.22) in the place of (2.31). Eventually, we obtain that

w(t) Moo
(4.58) A(|Vul) dz < c{,u(t)An(ct) +/0 A <WT1/”M1 (1/r)> dr

Q
= ||fHLM'°°(Q) —1/n’ 1
+ Al ———r M= (1/p(t)) ) drp  for t > ¢,
o

(t) R3&

for suitable constants ¢ > 0 and ¢; > max{to, ess sup |ug|}.
An analogous chain as in (4.32), with the relative isoperimetric inequality replaced by the isoperimetric
inequality (2.29) in R", yields

1 nw% > ,
4.59 — A(|Vu|)dz > A = / Y dr for t > t;.

One can now start from equations (4.58) and (4.59) instead of (4.31) and (4.32) and argue as in the proof of
Theorem 3.5 to produce a contradiction to the assumption that ess sup |u| = co. g
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5. A SOBOLEV TRACE INEQUALITY IN LORENTZ A-SPACES

This section is devoted to a Sobolev trace inequality in Lorentz A-spaces to be employed in the proof
of Theorem 3.8 on Robin problems. This is the content of Theorem 5.2. We begin with some preliminary
material on general rearrangement-invariant spaces and, more specifically, on Lorentz and Marcinkiewicz
spaces.

Let (R, m) be a non-atomic, sigma-finite measure space. A rearrangement-invariant space X (R) on R is
a Banach function space, in the sense of Luxemburg, such that

ullx =) = vl x(R)

whenever u,v € M(R) satisfy the equality u* = v*. We refer to the monograph | ] for a comprehensive
treatment of the theory of rearrangement-invariant spaces.

The associate space of X (R) is denoted by X’(R). The latter is a kind of measure theoretic dual of X(R),
and enters a Holder type inequality, since its norm is given by

uv dm
||u||X/(R) = Ssup 1‘727
vex(@) Ivllx@
In particular, (X')(R) = X(R).
The representation space X (R) of X(R) is a rearrangement-invariant space on the interval (0,m(R)), en-
dowed with the Lebesgue measure. It has the property that

||UHX(R) = HU*HY(o,m(R))

for every function u € X (R).

Lebesgue, Orlicz, Lorentz and Orlicz-Lorentz spaces are special instances of rearrangement-invariant
spaces. The Lorentz and the Marcinkiewicz rearrangement-invariant spaces are built upon a general quasicon-
cave function. In the present setting, a function ¢: [0,00) — [0, 00) is called quasiconcave if it is increasing,
vanishes only at 0, and the function els) g decreasing. Every quasiconcave function is equivalent, up to
multiplicative constants, to a concave function | , pg. 71]. Moreover,

(5.1) min{1,r}p(s) < p(rs) < max{1,r}p(s) for r,s > 0.

If ¢ is a quasiconcave function, then the function @, given by
s

(5.2) B(s) = { ¢(s)
0 if s=0,

ifs>0

is also quasiconcave.
The Lorentz space A, (R) associated with a quasiconcave function ¢ is the collection of all functions u € M(R)
making the norm

lulla vy = / u*(s) dp(s)

finite.
The Marcinkiewicz space M, (R) associated with ¢ is the collection of those functions u € M(R) such that
the norm

lullar,ry = sup  p(s)u™(s)
s€(0,m(R))
is finite. One has that [ , Chapter 5, Section 2]
(5.3) AL(R) = Mp(R) and M (R) = Az(R).

If Q is an open set in R™, we define the Sobolev type space built upon X () as
W'X(Q) = {u € X(Q) : uis weakly differentiable and |Vu| € X(Q)}.
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Lemma 5.1. Assume that Q is an open set in R™ such that Q € J1/o for some a > n. Let X(Q) be a
rearrangement-invariant space. Then, there exists a positive constant kg = kg(€) > 0 such that

(5.4) [u —med(u)| x@) < Kol Vulx(a)
for every function u € WX ().

Proof. Let u be as in the statement. Owing to | , Lemma 6.6], its signed decreasing rearrangement u° is

locally absolutely continuous in (0, |€2]). Moreover, u° (%) = med(u). Hence,

2]
2

u°(s) — med(u) = / —(u®)(r)ydr for s € (0,9]).
Let T be the linear operator defined as

12|

2 ’

Th(s) = / h(r)min{r, | — r} " dr for s € (0,]Q]),

for an integrable function A : (0, |Q2]) — R. One can verify that T is bounded from L*(0,|Q|) into L(0,]Q|)
and from L*°(0, |Q|) into L*>°(0, |2|), with norms depending only on || and on a. An interpolation theorem
by Calderén | , Chapter 3, Theorem 2.12] ensures that it is also bounded from X (0,|Q|) into X (0,|Q)),
with the same dependence of the norm. Thus, there exists a constant ¢ = ¢(|€2|, @) such that

(5:5) lu® — med(u) g,y < ell = (u°)'(r) min{r, [Qf =}/ |5, q-
On the other hand, since Q € J; /o, [ , Lemma 4.1-(ii)] ensures that
(5.6) I = () (r) min{r, |2 =} |0 < el Vullx@)

for some constant ¢ = ¢(Q). Inequality (5.4) follows from (5.5) and (5.6), owing to the fact that
[[u® —med(u)|| x () = [[u® —med(u)|xq,q)-
O
Assume that  is an admissible domain in R", according to the definition given in Section 2, and let X ()

be a rearrangement invariant space. Let Y (99Q) be the rearrangement-invariant space on 92 endowed with
the norm obeying

(5.7) lelly o) = luzzn-s (s )l 0,1

for a function u € M(99), where v = % Here, the notation w3}, , means that the rearrangement
of u is taken with respect to the measure H"~! on 9. Then | , eq. (1.8)] tells us that

(5.8) Tr: WX (Q) — Y(09),

and that Y (99) is optimal among all rearrangement-invariant target spaces in this embedding. Let us point
out that, although the results of | ] are stated for Lipschitz domains, they still hold in any admissible
domain €2, because the interpolation argument exploited in their proofs still applies.

Since any admissible domain belongs to the class J; /,,/, combining embedding (5.8) with Lemma 5.1 entails
that there exists a constant x1¢ such that

[Tru — med(u)|lyo0) < K10l Vul x )

for every u € WX (Q).

The general embedding (5.8) can be implemented in the special case when X is a Lorentz space of the
type introduced above. Given a non-increasing function ¢ : [0, 00) — [0, 00), we denote by ¥ : [0, 00) — [0, c0)
the function defined as

1/n’

(5.9) I(r) =rt/m /T C(p) dp forr >0,
0
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and by w : [0,00) — [0, 00) the function defined as

T
(5.10) w(r) = / C(p)dp forr>0.
0
The monotonicity of the function ( ensures that both these functions are quasiconcave.

Theorem 5.2. Assume that Q is an admissible domain in R™. Let ¢ : [0,00) — [0,00) be a non-increasing
function and let 9 and w be the functions associated with ¢ as in (5.9) and (5.10). Then,

(5.11) Tr: WHAH(Q) = Ag(09).
Moreover, there exists a constant k11 such that
(5.12) [ Tru —med(u)|[a_ a0) < K11l Vulla, @)
for every u € WlAy(Q).
The proof of Theorem 5.2 requires the following lemma.
Lemma 5.3. Let ¢ be any quasiconcave function. Assume that h € M(0,00) and let v,¢ > 0. Then
(5.13) sup 1t (s)ely ) < swp B [y < sy nt(s)el )
s€(0,7€1/7) s€(0,0) S Jo 5€(0,701/7")

Proof. After rescaling, we may assume that v = 1. Equation (5.13) will thus follow if we show that
’ 1 s ’ ’
(5.14) R (sY/7) < 7/ R (YY) dr < nh**(sY7) for s > 0,
S Jo

for every h € M(0,00).
The first inequality in (5.14) holds since the function h**(s'/™") is non-increasing.
The second inequality is a consequence of the following chain:

T_l/'n./ 1/n’

1/sh**( 1y g 1/3 ! / W (p) dp ) d ”/ -t /gh*<>d d
- r r=-[ —/—— r=— =
s Jo s Jo /™ \Jo prav s Jo * 0 prap ) o
n/ sl/n’ S1/n’ n Sl/n/
1 * n n— *
=—/ (/ S 1d<>h (p) de*/ (51/ -t ”)h (p) dp
S 0 p S 0
1/n' 1/n’

E/ sYR*(p) dp = nsl/”fl/ h*(p) dp = nh**(s"/™) for s > 0.
0 0

IN

s
U

Proof of Theorem 5.2. Let Y (02) be the optimal rearrangement-invariant target space in the trace embed-

ding (5.8) corresponding to the domain space X () = Ay(€2). Let 3 be the quasiconcave function associated
with ¢ as in (5.2). The following chain holds:

(5.15) || Trullyr ooy = [I(Trw)im— (s ™ )y, o) = I(Trw)im - (vas™ ), 0.0
I(s) ,

sup —/ (Tru)ﬁn,l(vgrn%)drz sup (Tru)fjn,l(s)g(’yé”/s")
seo,)Q) S Jo s€(0,H"~1(9Q))

~ sup — (Tru)zin-a(s)9(s™ ) = [Trullag, .0 00) = [Trullv_._o0)-
S€(0,H"~1(69)) s =t

Here, the first equality holds by equation (5.7), the second one by equation (5.3), the first equivalence by
Lemma 5.3, and the second equivalence by equation (5.1), where equivalence is understood up to multiplicative
constants independent of u. Equation (5.15) tells us that

Y'(09Q) = Mﬁ (09),
up to equivalent norms. Hence, thanks to property (5.3),
Y(0Q) = M. (09) = Ay (09),

S
EIO)
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up to equivalent norms. Embedding (5.11) is thus established.
Inequality (5.12) is a consequence of embedding (5.11) and of inequality (5.4). O

Theorem 5.2 has the following corollary.

Corollary 5.4. Under the same assumptions as in Theorem 5.2, there exists a constant k12 such that

T1/n,’

W (00) ] ,
(5.16) / (Tru —med(u))3m—1(r)¢(r) dr < /<;12/ |Vl () =1/ / C(p) dpdr
0 0 0
for every u € WAy(Q).
Corollary 5.4 is a straightforward consequence of inequality (5.12) and of the next lemma.

Lemma 5.5. Let ( : [0,00) — [0,00) be a non-increasing function, and let ¥ be the function associated with
¢ as in (5.9). Then,
1
(5.17) =9(r) <rd(r) <JI(r) forr>0.
n
Proof. Since

1 701/n’

(5.18) 9 (r) = Hr_l/"/ / C(p) dp + %C(rl/nl) for r > 0,
0

the first inequality in (5.17) holds since ¢ is nonnegative. The second inequality also follows from equation
(5.18), inasmuch as, thanks to the monotonicity of the function ¢,

1/n’ 1/n’ 1/n’
I Ty [T I
9 (r) < ~r 1/ / Cp) dp+ 7 1/ / C(p) dp = W/ C(p)dp forr>0.
0 0 r 0

6. PROOF OF THEOREM 3.8

The proof of Theorem 3.8 requires a few additional technical lemmas. Lemmas 6.1-6.3 concerns properties
of the Young function Ar appearing in the Orlicz-Sobolev trace embedding (2.36) and in inequality (2.37).

Lemma 6.1. Let A be a Young function fulfilling condition (2.19) and let Ar be the function defined by
equation (2.35). Then,

A(H—'(t))
1 Ap(t) < ——==t t .
(6.1) r(t) < 100 fort>0
Proof. Inequality (6.1) is a straightforward consequence of the monotonicity of the function A(HH—%;(E;))’ which

in turn follows from property (2.1).

Lemma 6.2. Let A be a Young function satisfying conditions (2.19) and (2.25). Let Ar be the function
defined by equation (2.35). If A € V4 globally, then Ar € V4 globally.

Proof. Since A € V5 globally, there exists € > 0 such that the function

Alt
(6.2) tl% is increasing,
see | , Theorem 3, Chapter 2]. In order to show that Ay € Vs globally it suffices to show that

LA (1)

(6:3) 12 Ar@p) ~
see | , Theorem 3, Chapter 2] again. One has that

A(H, 1 (#)) A(TVH

tA/ t tf (T) W(T)

(6.4) inf AT e W

>0 Ap(t) >0 [t A(Hz'(9) >0 [H(T) A(H;'(0)
r(®) 0 H,Y0) do 0 H,'(0) do
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A(m)H(7)

= inf n’ —T - ,
Oy ()T Haw) T d

v

where the last equality follows by a change of variable in the integral. Thanks to property (6.2) and to an
integration by parts, one obtains that

(65) /0 t (A(T)) = ) dr = /0 t ffjj & (Halr)™ ) 7 Halr) "7 dr

T

A(t) td / __1
< _ n pr— 1>
< e /O — (Ha(r)"") Ho(r)~ 75 727

A [*
= n/t1+s /0 °H] (1) dr

¢
= n’ﬁi) <Hn(t)t€ - 5/ H,(t)re1 dT) for t > 0.
0

We claim that, if ¢ < %, then

(6.6) the function H, (7)7°"! is decreasing.

Of course, it suffices to prove that the function (Hn(T)TE_l)n satisfies the same property, which follows from
the following chain:

i) = (i [ () )
| CONSTIN N

Tn’(l—a)-l—l
< 1-n'(1-¢)( 7
- n/(l-e)+1 A(T)

Observe that the last but one inequality holds thanks to property (2.1). Property (6.6) ensures that

=T
) 7<0 forT>0.

t
(6.7) / Hyo(r)r~Ydr > H(t)t* for t > 0.
0

Inequalities (6.5) and (6.7) imply that

/Ot (A(T)) " Ho(r) 7 dr < 0 AW (1 0 — el (1)) = n'@ﬂn(t)(l —&) fort>0,

T - tlte
whence
A(t)H n
n’ i () > for t > 0.
Jo (A=, (r)-wrdr T E

This in turn implies that

AG H(t 1

infn’ = -0 Zy= 7t
=" —¢
Jy (A2) ™ Ha(r) 7 dr

Owing to equation (6.4), inequality (6.3) hence follows. O

Lemma 6.3. Under the same assumption as in Lemma 0.2,

(6.8) lim (sup AT(Tt)) = 0.

T—=0t \ t>0 TAT(t)
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Proof. By Lemma 6.2 we have that Ap € V4 globally. Hence, there exists € > 0 such that the function éﬂ(?
is increasing. Therefore,
AT(Tt) AT(t> .
1)1+ < e ift>0and 7€ (0,1),
whence
AT (Tt)
su <7¢ forT€(0,1).
t>13 TAr(t) ~ ©.1)
Passing to the limit as 7 — 07 yields (6.8). O

The next lemma is concerned with properties of an equivalent form of the integrand in condition (3.27).
Specifically, let A and N be Young functions fulfilling (3.27). A change of variables in the integral appearing
in this condition shows that it is equivalent to

1/ -~ r dr ds
-1 1 —1 _ar |} _das_
(6.9) /()A (S [rl/n’ 4 (r 0 N dp) Tn/—H) st/ =00
Define the function O: [0, 00) — [0, 00) as

a1~ Ur dr
(6.10) O(s) = sA 1(3/ A<r ; N 1(1/p)dp> r”'“) for s > 0.

s—1/n’

Lemma 6.4. Let A be Young function such that A € Vo globally and let N be a Young function satisfying
condition (3.27). Let © be the function given by (6.10). Then,
(l) lims_>0+ @(S) = O,'
(ii) © is strictly increasing;
(#ii) Condition (3.27) is equivalent to

/L <
CRIGECE

Proof. Property (i) follows from property (ii) and assumption (3.27), in the equivalent form of (6.9).
In order to establish property (ii), we begin by showing that

o Z(r T N1 p) dp)

1
(6.11) the function f/ ; dr is decreasing.
S Jo—1/n/ rn/+1
Indeed,
~ 1
d |1 [> A(Tfor N‘l(l/p)dp) .
% ;/S—l/n’ T"/+1 "
g 1/7 nr—1 1/n’
111 fe° A(r o N (1/p)dp> 1~ s
=— |z dr — —A —1/"/ N~'(1/p)d
S [8 /S—l/n’ rn/+1 r o S o ( /p) P
1 /™ * a1 S/
<= |-4 —1/”’/ N=Y(1/p)d / - —A —1/"’/ N=Y(1/p)d
s [s (S o (1/p)dp g L § ; (1/p)dp
=0.

In particular, the inequality in the chain above holds since, thanks to the monotonicity of the functions A
and N, the function

1
A <r/ N=Y1/p) dp) is non-decreasing.
0
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On the other hand, equation (6.10) can be rewritten as

o A(rfy/"NTT/p)d _
S e S )

A—l(
(6.12)  o(s) =
A(r [o/" N=1(1/p) dp /il
L, AR 00 )

The quotient on the right-hand side of equation (6.12) is non-decreasing, owing to properties (2.1) and (6.11).

dr for s > 0.

—1/n’

Moreover, the last integral in (6.12) is strictly increasing, inasmuch as, by property (2.8), A € Ay, and the
latter property implies that A(¢) > 0 for ¢ > 0.
Property (iii) can be verified through a chain analogous to (4.11). O

Proof of Theorem 3.8. Without loss of generality, the same properties of the functions A and M as in the
proof of Theorem 3.5, with e = n, can be assumed to hold. This is again possible since conditions (3.18)—
(3.20), (3.21), (3.25) and (3.27) depend on the values of the functions involved only for large values of their
argument. For the same reason, after a possible replacement by an equivalent Young function near zero, the
function A can be assumed to fulfill the V-condition globally, and not just near infinity.

We argue by contradiction, and suppose that u is a weak solution to problem (3.23) such that ess sup |u| = oo.
Fix any t > {to, med(|u|)}, where ¢y is the constant appearing in conditions (3.18)—(3.20) and (3.25). Choosing
the test function (4.12) in equation (3.24) results in

(6.13) A(z,u,Vu) - Vu dx = B(z,u, Vu) sgn(u)(ju| —t) do +/ C(z,u)sgn(u)(|u| —t) dH™ L.
Q, Q E;
Here, €); is the set defined as in (4.14), and
E;={x € 00: |u(x)| >t}.

The integrals over the set €, in equation (6.13) can be estimated as in the proof of Theorem 3.5. One has
just to set a = n, inasmuch as, being a bounded Lipschitz domain, the set 2 € J;,,/. So doing, inequalities
(4.16) and (4.26) turn into

(6.14) A(z,u,Vu) - Vu dz > A(|Vul|) dz — / A, (olul) dx
o Qs Qs
and
(6.15) B(z,u, Vu) sgn(u)(|u| —t) do
Q
1 w(t) _ 0o
< (5/4;1 + 7) / A(|Vul) dz + Iil/ A (”fLM(Q)rl/"M_1 (1/7")) dr
k Q4 0 ReE

+ Ky /Oo A (”fyvm(mrl/"/p(t)Ml (1/;;@))) dr + 2/ An(olul) da.
p Q

(t) Ke&
In order to estimate the last integral in equation (6.13), we make use of assumption (3.19) and obtain that
(6.16) C(x,u)sgn(u)(ju| —t)dH" ! < / g(@)(|u| —t)dH™ ! —|—/ F(lu))(Ju| —t) dH" .
By By joN

By the Hardy-Littlewood inequality (2.10), the assumption that g € L™>°(dQ), and the trace inequality
(5.16) applied with ¢(r) = N=1(1/r) to the function (|u| —t); one can deduce that

HL(60)
(6.17) /Eg(ﬂc)(lul—t)dqrt"‘1 S/O g (r)(Jul = ¢)%(r) dr

HH(99)
< Nl oo / N/ (ful — )7 () dr
1/n’

| o
< mllgllw»w(am/ (IVulxa,)*(r)r=/" / N~ (1/p) dpdr.
0 0
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Note that the application of inequality (5.16) is legitimate, since med((|u| — ¢);+) = 0, by the choice ¢t >
med(|ul).
Next, since the function (|Vu|xgq,)* vanishes in (u(t), |©2|), by inequality (2.9) we have that

o o
(6.18) / (IVulxa, ) (r) 1" / NY(1/p) dpdr

’
Tl/n

0| ,
= / (IVulxa,)" () X0,u0) (1) pot/n / N~Y1/p) dpdr
0 0

1/n’

2 o _ o1/
< 8/ A((|Vulxe,)") dr +€/ A (X[o,u(t)] (r) / N~ (1/p) dﬂ) dr
0 0 0

3

1/n'

M(t) - T‘—l/n/ T
=¢ A(|Vu|)d;v—|—5/ A / N=Y1/p) dp | dr
Qy 0 € 0

o) _ 1/g d
= [ AGVaydoen [ A << “1(1/p) dp> T

Q4 w(t)— 1/n’ € Jo

Coupling equation (6.17) with (6.18) yields

(6.19) /E o) (|u] — t) dH—!

/ A(|Vul) dz + '/oo il [ v a) &
u X n — -
Q, () =1/ c Jo p)ap rn/+1

The second integral on the right-hand side of inequality (6.16) can be bounded as follows. Thanks to
assumption (3.25),

(6.20) F(lul)(Ju] —t) dH" ' < /

Ey

< K12e||gll Ly (a0

Az (olul)
Cul

(Ju] = t)dH" !

t

<1 AT(2U(|u|—t))d’H"_1+l/ M(|u|—t)d’ﬂ"‘1
2 /g, 2 Jp, Ot

B 2 (o AV dr) "Gl -0 4 A nmt
2/&AT dH" "+ [Et(IUI—t)d’H :

(fQ (IVul) dax) Y 2 t

2
By Lemma 6.3, for every € > 0 there exists § > 0 such that Ap(67) < e@Ar(7) for every 7 > 0 and every
0 € (0,0). Let kg be the constant appearing in inequality (2.37). Let t; > to be so large that

9 1/n
2 </ A(|Vu|)dm> <4
ks \Ja,

Hence by inequality (2.37), if ¢ > ¢1, then

1/n
61 /AT 20 ( fo, A(IVul) do) 1(/|u|—t) e
Et (fQ (IVul) dx)

2 ) wa(lul 1)
<= (/QtA(V |)d) /EtAT (thA(|Vu|)da:>1/n e,

2e0 L/m ' 9eq
< — < A(|Vul) dx) </ A(|Vul) dm) =— [ A(|Vu|)dz.
Q k8 Ja,
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Next, by inequality (2.37) with A(¢) = ¢, which corresponds to a standard trace inequality for functions in
WH1(Q), there exists a constant ¢ such that

Ar(20t Ar(20t
(6.22) / #(M—t)d?—[”’lgc/ #\Vu\dx
E} Q

< C€</Qt Z(AT?”) dm/m A(Vu|)dx)

= cep(t)A <AT§“)) e | A(|Vul) de,

where the function 4 is defined as in (4.15). Since A € Vs, property (2.8) ensures that A € A,. Hence
~ (Ar(20t) ~ (20 A(H™1(201)) ~ (A(H™Y(20t))
6.23 Al —/—— | <A|—/————— ) <cA| ——~—
(6:23) ( et - e H~1(20t) = H-1(20t)
< cA(H (20t)) = cA,(20t) for t >0,
for some constant ¢, where the first inequality holds by equation (6.1), the second one by the As-property of

g, the third one by (2.5), and the equality by the very definition of the function A,.
Combining inequalities (6.20)—(6.23) yields

(6.24) F(lu])(Ju| — t)dH™ ' <ec [ A(|Vu|)dx + ecu(t)A,(at) for t > ti,
Ey Qy

for some constant c.
From equations (6.14)—(6.16), (6.19), and (6.24) we infer that, if € is chosen sufficiently small, then

(6.25) A(|Vu|) dz
Qy

< c{u(t)An(ct) + /Ou(t) A (7,1/an1 (1/r)) dr

+L:)Z(r1/n'u(t)M1 (1/ﬂ(t))) dr+L°° E<r Ol/er(l/p) dp) r:f:l}

(t)fl/n'

for ¢t > t1, for some constant c. Note that here we have again exploited the fact that Ae As.
Let ¥ be the function defined as in (4.1), with A =1, and let = : [0, 00) — [0, 00) be the function given by

_ R e A dr
:(S)s/sl/mA(E ; N=(1/p) dp>7ﬂn,_~_1 for s > 0.

Inequality (6.25) can be rewritten as
1

w(t) Jo,

Hence, via inequality (4.32) with a = n and property (2.2) one obtains that

A(|Vul)dz < c(Ap(ct) + O (u(t)) + E(u(t))) for t > t.

(6.26) /to" p(M" dr < rap(t) AT (Ap(et) + () +Eu(t) - for t >y,

for some constant c. If ) denotes the function defined as in (4.36), then equation (6.26) in turn reads

(6.27) n(t) < e (= ()" A" (An(et) + (=1 O)") + (= ()"™)) fort > ty.
Now set
U={t>t1: U(u)) > max{A,(ct),

V= {t >t S(u(t) > max{A,(et), U(u(t)}} -
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We claim that
(6.28) Ul <oo and |V|< oo.

One can show that |U| < oo via inequalities analogous to (4.38) and (4.40).
In order to prove that |V| < oo, from equation (6.27) and the definition of the set V' one deduces that

n(t) < ¢ (=) A7 (E((=n')™)) = eO((=n')™)) for t > 1,

where © denotes the function defined in (6.10). An argument analogous to the one which yields |U| < oo,
but relying upon Lemma 6.4 instead of Lemma 4.1, tells us that |V] < co. Claim (6.28) hence follows.

We have thereby shown that the set Z = [t1,00) \ (U UV) is such that |Z] = co. Since inequality (4.41)
continues to hold in the present framework, with o = n and the set W replaced by Z, the same argument as
in the proof of Theorem 3.5 leads to a contradiction. This completes the proof. O
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