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Isogeometric analysis is a powerful paradigm which exploits the high smoothness of

splines for the numerical solution of high order partial differential equations. However,
the tensor-product structure of standard multivariate B-spline models is not well suited

for the representation of complex geometries, and to maintain high continuity on general
domains special constructions on multi-patch geometries must be used. In this paper
we focus on adaptive isogeometric methods with hierarchical splines, and extend the

construction of C1 isogeometric spline spaces on multi-patch planar domains to the
hierarchical setting. We replace the hypothesis of local linear independence for the basis

of each level by a weaker assumption, which still ensures the linear independence of

hierarchical splines. We also develop a refinement algorithm that guarantees that the
assumption is fulfilled by C1 splines on certain suitably graded hierarchical multi-patch
mesh configurations, and prove that it has linear complexity. The performance of the

adaptive method is tested by solving the Poisson and the biharmonic problems.
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1. Introduction

Isogeometric Analysis (IgA) is a numerical method for the solution of partial dif-

ferential equations (PDEs), introduced with the idea of bridging the gap between

computer aided design and finite element analysis. The fundamental idea is the

use of (rational) spline functions both for the representation of the geometry and

for the discretization of the PDEs, allowing a simpler interaction between them.

It was very soon realized that one of the main advantages of IgA is the high con-

tinuity of splines, which is particularly useful in the solution of high order PDEs

such as the stream formulation of linear elasticity,3 the Kirchhoff-Love shell46 or the

Cahn-Hilliard phase field model,30 because they allow a straightforward discretiza-

tion of their direct formulations, that require the basis functions to be C1, or more

precisely, H2-conforming.

The high continuity of the basis functions is trivially obtained in a single-patch

representation of the domain, but the design of complex geometry models requires

the use of a globally unstructured representation as the one given by multi-patch

domains. While C0 continuity across patches is relatively easy to obtain, as long

as the meshes are conforming on the interfaces, the construction of isogeometric

C1 spline functions on complex multi-patch domains is more challenging, and has

been extensively studied in recent years. The existing methods can be classified into

two groups depending on whether the C1 continuity of the spline spaces is exact

or just approximate. In case of approximately C1 multi-patch spline spaces, pos-

sible examples are methods which enforce the C1-smoothness across the interfaces

weakly, e.g. by adding penalty terms to the weak form of the PDE as in Refs. 2

and 32 or by means of Lagrange multipliers as in Refs. 2 and 5, and methods which

approximate the C1 continuity directly on the basis functions as in Refs. 53, 56, 63

and 64. In case of exactly C1 multi-patch spline spaces, the methods can be distin-

guished depending on the employed parameterization of the multi-patch domain.

Examples are the use of multi-patch parameterizations which are C1 everywhere

and therefore possessing singularities at extraordinary vertices such as in Refs. 51

and 57 or in subdivision based techniques as Refs. 49, 52 and 65, non-singular

multi-patch geometries which are C1 everywhere except in the neighborhood of ex-

traordinary vertices where a G1-cap is used as Refs. 43, 44, 45 and 50 as well as

non-singular multi-patch parameterizations which are in general just G1 at all in-

terfaces (or in case of planar domains even just C0). In the latter case, examples are

approaches based on arbitrary topology meshes with specific piecewise polynomial

patches as Refs. 8, 9 and 48, methods employing generic spline patches as Refs.20

and 21 or techniques using analysis-suitable (AS) G1 multi-patch parameterizations

as Ref. 22. For more exhaustive explanations about the construction of globally C1

spline spaces we refer to the two recent surveys in Refs. 35 and 39.
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In this paper we will consider planar analysis-suitable (AS) G1 multi-patch

parameterizations, which contain the subset of (mapped) piecewise bilinear

domains6,36,41 as special case. Their use, however, is not particularly restrictive

because generic planar multi-patch parameterizations can be usually reparameter-

ized to be AS G1, see Ref. 38. The importance of analysis-suitable G1 geometries

is that they allow the construction of C1 multi-patch spline spaces with optimal

polynomial reproduction properties, and therefore isogeometric methods based on

those spaces have optimal convergence, as numerically shown in Refs. 39 and 40.

In particular, our focus will be on the addition of local refinement capabilities to

the C1 spline space from Ref. 40, since (1) it has an explicitly given local basis, (2)

its dimension is independent of the parameterizations of the single patches, and (3)

the number of basis functions associated to each extraordinary vertex is equal to

six independently of the vertex valence.

The main advantage of adaptive isogeometric methods is that they provide the

possibility to locally refine the approximation space of the considered PDE, which

allows in general to attain the same accuracy as global refinement with an impor-

tant reduction in the degrees of freedom and the computational effort. Among all

the possible spline spaces with local refinement capabilities, here we focus on (trun-

cated) hierarchical splines,28,27 because their multilevel structure simplifies their use

with respect to other spline spaces, see Chapter 4 of Ref. 15 for a discussion on the

use of adaptive spline spaces in isogeometric analysis. The theoretical background

of adaptive methods with hierarchical B-splines in IgA was investigated in Refs. 16,

17 and 25, where the optimal convergence rates for second order elliptic PDEs was

proved. The potential benefits of adaptivity with hierarchical splines for the solu-

tion of fourth order PDEs were studied to simulate brittle fracture in Refs. 34 and

33, for Kirchhoff plates and Kirchhoff-Love shells in Refs. 1 and 23, and for the

simulation of tumor growth in Ref. 47, always restricted to the case of single-patch

domains.

The use of C1 multi-patch spaces with local refinement was initiated with works

on T-splines, as in Refs. 54 and 62 and references therein, and subdivision surfaces

in Ref. 61, but the approximation properties of the spaces were not optimal around

extraordinary points. In the last years, the construction of C1 splines with a T-spline

refinement based on degenerate patches (also called D-patches), see Refs. 19 and

57, improved the accuracy around extraordinary vertices with respect to previous

works. Recently, the concept of D-patches was used in Ref. 60 to generate C1 hier-

archical splines, although the properties required for the hierarchical construction

were only studied numerically. The construction based on the C1 space of Ref. 40

was extended to hierarchical splines in Ref. 11 for two-patch geometries, that is, in

the absence of extraordinary points.

In this work we generalize the construction of C1 hierarchical splines from the

two-patch to the multi-patch setting. Since the presence of extraordinary points

removes the local linear independence property, usually considered so far for the
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construction of hierarchical spline spaces, our first contribution is the identification

of a weaker assumption for linear independence, which only assumes linear inde-

pendence of the functions of each level when restricted to the active region of the

same level. We prove that this relaxed assumption implies linear independence of

the (truncated) hierarchical basis. Second, we present the characterization of the

C1 space on one level, as well as a counterexample of the local linear independence

of its basis and key results about local linear independence of certain basis sub-

sets. Third, relying on these properties we construct the new hierarchical C1 spline

space, with an explicit expression of the refinement mask necessary to apply trun-

cation. We show that under a simple condition on the hierarchical mesh near the

extraordinary point the assumption of linear independence on active regions is sat-

isfied, and we develop a simple refinement algorithm to ensure that this condition

is always satisfied. In practice, whenever an element adjacent to an extraordinary

vertex is marked for refinement, other elements of the same patch (at most four)

must be also marked. Fourth, we combine the new algorithm with admissible re-

finement algorithms from Refs. 14 and 16 to limit the interaction between functions

of different levels, and prove its linear complexity with an estimate depending on

the vertex valences, but not on the parameterizations. Finally, we combine our re-

finement algorithm with an a priori error estimator for adaptive refinement, and

we show numerical evidence for the optimal convergence properties of the proposed

adaptive scheme for different model problems.

The remainder of the paper is organized as follows. Section 2 presents the ab-

stract framework for the definition of (truncated) hierarchical splines. In Section 3

we introduce all the necessary material regarding analysis-suitable G1 multi-patch

parameterizations and the considered C1 spline space, with additional information

detailed in Appendix A. Section 4 investigates the properties of the one level C1

multi-patch space, while Section 5 introduces the construction of the C1 hierar-

chical spline space. We further present in this section a refinement algorithm that

ensures the property of linear independence and admissibility, and show the lin-

ear complexity of the algorithm. In Section 6, we demonstrate the potential of our

novel adaptive method for applications in IgA by solving the Poisson and the bi-

harmonic problems over different AS-G1 multi-patch geometries, and we give some

conclusions in Section 7.

2. Hierarchical splines: a relaxed condition for linear independence

This section introduces an abstract framework for the construction of a hierarchical

spline basis, which relaxes the assumption of local linear independence for the under-

lying sequence of spline bases, as originally considered in Ref. 29 and also assumed

in the construction of C1 hierarchical functions on two-patch geometries.11
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2.1. Hierarchical splines

We start with some general notation related to (local) linear independence. Let

Ω ⊂ Rn be a bounded domain, and let Ψ be a set of functions in Ω. We say that Ψ

is linearly independent in Ω̃ ⊆ Ω if the set of functions

Ψ|Ω̃ := {β|Ω̃ : β ∈ Ψ, β|Ω̃ ̸= 0}

is linearly independent. We further say that Ψ is locally linearly independent if Ψ|Ω̃
is linearly independent for any Ω̃ ⊆ Ω.

To define hierarchical splines, let U0 ⊂ U1 ⊂ . . . ⊂ UN−1 be a sequence of nested

multivariate spline spaces defined on the closed and bounded domain D ⊂ Rd and

let Ω0 ⊇ Ω1 ⊇ . . . ⊇ ΩN−1 be a sequence of closed nested domains with Ω0 ⊆ D.

We assume that any space Uℓ, for ℓ = 0, . . . , N − 1, is spanned by the basis Ψℓ. We

then define the spanning set of hierarchical splines H as follows:

H :=
{
ψ ∈ Ψℓ : supp0ψ ⊆ Ωℓ ∧ supp0ψ ̸⊆ Ωℓ+1, ℓ = 0, . . . , N − 1

}
, (2.1)

where supp0 ψ := suppψ ∩ Ω0.

To be of practical use in local refinement, the support of the basis functions in

Ψℓ should be local, in the sense that increasing the level reduces the size of the

support. Moreover, to guarantee that the set H is a basis, Ref. 29 required that

the basis functions in Ψℓ are locally linearly independent. In our framework, this

is replaced by the following less restrictive condition of linear independence on the

active region of level ℓ:

(P) for each level ℓ, the set Ψℓ|Ωℓ\Ωℓ+1 is linearly independent.

Obviously, local linear independence implies (P), while the opposite is not true. The

linear independence of the functions in H is proved in the following theorem.

Theorem 2.1. Assuming that property (P) holds for the basis Ψℓ, for ℓ =

0, . . . , N − 1, the set of hierarchical splines H is linearly independent.

Proof. To prove linear independence we have to prove that in the following sum∑
ψ∈H

cψψ =

N−1∑
ℓ=0

∑
ψ∈Ψℓ∩H

cψψ = 0

all the coefficients are zero. In virtue of the definition of the hierarchical spline set

(2.1), the functions of Ψ0∩H are the only nonzero functions in the expression above

acting on Ω0 \ Ω1. Property (P) guarantees that they are linearly independent in

that region, and consequently the corresponding coefficients cψ must be zero for

any ψ ∈ Ψ0 ∩H.

For any level ℓ = 1, . . . , N − 1 the same argument is exploited recursively: ex-

cluding the functions already considered in the sums of previous levels, the functions

in Ψℓ ∩H are the only nonzero functions which act on Ωℓ \ Ωℓ+1, and by property

(P) the coefficient cψ associated to any ψ ∈ Ψℓ ∩H must be zero.
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Remark 2.1. The proof of Theorem 2.1 is essentially the same as the one originally

presented in Ref. 59, the only difference is that we assume linear independence on

the active regions Ωℓ \ Ωℓ+1, while in that work the property was obtained as

a consequence of local linear independence. In practice, the lack of local linear

independence imposes constraints on how the subdomains Ωℓ can be chosen, as we

will see in Section 5 for hierarchical C1 splines on multi-patch domains.

2.2. Truncated hierarchical splines

Replacing the property of local linear independence with property (P) still allows us

to define the truncated hierarchical basis, as originally introduced for hierarchical

B-splines in Ref. 28 and later analyzed in a more general setting in Ref. 29. In fact,

in view of the nested nature of the sequence of spline spaces (Uℓ)ℓ=0,...,N−1, we

can exploit a two-scale relation between bases of consecutive hierarchical levels to

express any spline s in the spline space of level ℓ (spanΨℓ) as a linear combination

of basis functions in Ψℓ+1, and to define the truncation of s at level ℓ+ 1 as

truncℓ+1(s) :=
∑

ψ∈Ψℓ+1, supp0 ψ ̸⊆Ωℓ+1

cℓ+1
ψ (s)ψ, with s =

∑
ψ∈Ψℓ+1

cℓ+1
ψ (s)ψ.

The truncated hierarchical splines are then given by

T :=
{
Truncℓ+1(ψ) : ψ ∈ Ψℓ ∩H, ℓ = 0, . . . , N − 1

}
, (2.2)

where

Truncℓ+1(ψ) := truncN−1
(
. . .
(
truncℓ+1 (ψ)

)
. . .
)

(2.3)

defines the successive truncation of the function ψ of level ℓ, for ℓ = 0, . . . , N−2, and

TruncN (ψ) = ψ for any ψ ∈ ΨN−1. Any hierarchical basis function ψ ∈ H generates

a truncated spline τ ∈ T according to (2.3) and it is called the parent function of

the child function τ , and (as in the setting of Ref. 29) for the two functions it holds

that τ|Ωℓ\Ωℓ+1 = ψ|Ωℓ\Ωℓ+1 , that is used in the proof of the following theorem.

Theorem 2.2. Assuming that property (P) holds for the basis Ψℓ, for ℓ =

0, . . . , N − 1, the set of truncated hierarchical splines T is linearly independent.

Proof. Since a truncated function of level ℓ coincides with its parent function in

Ωℓ \Ωℓ+1, the proof is completely analogous to the one of Proposition 9 in Ref. 29,

simply replacing the use of local linear independence by property (P) as it was done

in the proof of Theorem 2.1.

In addition to the linear independence of the hierarchical splines H and the

truncated hierarchical splines T , the following properties also hold as in the C1

construction for two-patch domains, see Proposition 1 in Ref. 11, or as in the ab-

stract setting of Proposition 9 in Ref. 29 for the truncated basis, see those references
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for details. First, the intermediate spline spaces obtained when considering the con-

struction (2.1) up to intermediate levels, are nested. Second, given a hierarchy of

subdomains defined at each level as an enlargement of (Ωℓ)ℓ=0,...,N−1, the original

hierarchical spline space is a subspace of the hierarchical spline space defined over

the considered enlarged subdomains. And third, the hierarchical spline space gen-

erated by the truncated basis in (2.2) coincides with the span of the hierarchical

basis introduced in (2.1).

In our abstract framework, we have removed the non-negativity and partition

of unity properties from Ref. 29, because the C1 basis functions that we will use

in the following do not satisfy them. However, if the two properties are satisfied by

the basis functions of each level, they also hold for the truncated basis.

3. C1 splines on the planar multi-patch setting

In this section we describe the geometric configuration and the C1 spline spaces for

one single level, following the notation in Refs. 11, 40 and 39 with small changes.

We start with a description of the geometry, and then we introduce the C1 spline

space.

3.1. The geometric planar multi-patch setting

Let us consider an open domain Ω ⊂ R2, which is built up of quadrilateral

patches Ω(i), i ∈ IΩ, with Ω(i) ∩ Ω(j) = ∅ for i ̸= j, inner edges Σ(i), i ∈ I◦
Σ,

and inner vertices x(i), i ∈ I◦
χ, and whose boundary Γ = ∂Ω is the union of bound-

ary edges Σ(i), i ∈ IΓ
Σ, and boundary vertices x(i), i ∈ IΓ

χ , i.e.

Ω =

( ⋃
i∈IΩ

Ω(i)

)
∪

( ⋃
i∈I◦

Σ

Σ(i)

)
∪

( ⋃
i∈I◦

χ

x(i)

)
, Γ =

( ⋃
i∈IΓ

Σ

Σ(i)

)
∪

( ⋃
i∈IΓ

χ

x(i)

)
.

We assume that no hanging nodes exist, and denote by IΣ and Iχ the unions of

indices for inner and boundary edges and vertices, respectively, that is, IΣ = I◦
Σ∪IΓ

Σ

and Iχ = I◦
χ ∪ IΓ

χ . Note that the patches Ω(i) are assumed to be open, while the

subdomains Ωℓ for the hierarchical construction were assumed to be closed. This

choice is made to be consistent with the usual assumptions made in the literature

for the definition of C1 splines and of hierarchical splines, respectively.

3.1.1. Univariate spaces and basis functions

Let Srp be the univariate spline space of degree p ≥ 3 and regularity 1 ≤ r ≤ p− 2

in [0, 1] with respect to the uniform open knot vector

Ξrp = ( 0, . . . , 0︸ ︷︷ ︸
(p+1)−times

, 1
k+1 . . . ,

1
k+1︸ ︷︷ ︸

(p−r)−times

, 2
k+1 , . . . ,

2
k+1︸ ︷︷ ︸

(p−r)−times

, . . . , k
k+1 , . . . ,

k
k+1︸ ︷︷ ︸

(p−r)−times

, 1, . . . , 1︸ ︷︷ ︸
(p+1)−times

),

with k ∈ N0 and k ≥ max(0, 5−p
p−r−1 ), and let Nr

j,p, j ∈ {0, . . . , n − 1} with n =

p+ 1+ k(p− r), be the associated B-splines. We will also need the subspaces Sr+1
p
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and Srp−1 defined from the same internal breakpoints j
k+1 , j = 0, 1, . . . , k, and

will use for their B-splines the analogous notation Nr+1
j,p , j ∈ {0, . . . , n0 − 1}, and

Nr
j,p−1, j ∈ {0, . . . , n1 − 1}, respectively, where n0 = p + 1 + k(p − r − 1) and

n1 = p+ k(p− r − 1).

Moreover, we will use the modified basis functions Mr
j,p, for j = 0, 1, Mr+1

j,p , for

j = 0, 1, 2, and Mr
j,p−1, for j = 0, 1, which fulfill

∂iξM
r
j,p(0) = δij , ∂iξM

r
j,p−1(0) = δij , for i, j = 0, 1,

∂iξM
r+1
j,p (0) = δij , for i, j = 0, 1, 2,

where δij is the Kronecker delta, see Appendix A.1 for their definitions.

3.1.2. Parameterizations in standard configuration

Each quadrilateral patch Ω(i), i ∈ IΩ, is given as the open image of a bijective and

regular geometry mapping

F(i) : [0, 1]2 → Ω(i),

with F(i) ∈ (Srp ⊗ Srp)2. The resulting multi-patch parameterization (also called

multi-patch geometry) of Ω, which consists of the single spline parameteriza-

tions F(i), i ∈ IΩ, will be denoted by F.

Considering a particular edge Σ(i), i ∈ IΣ, or vertex x(i), i ∈ Iχ, we will as-

sume throughout the paper that the geometry mappings F(im) of the corresponding

patches Ω(im) in the vicinity of the edge or vertex are given in standard form (see

Refs. 40 and 39). In case of an edge Σ(i), i ∈ IΣ, we distinguish between an inner

and a boundary edge. For any inner edge Σ(i), i ∈ I◦
Σ, we assume that the two

patches Ω(i0) and Ω(i1), i0, i1 ∈ IΩ, with Σ(i) ⊂ Ω(i0) ∪ Ω(i1), are parameterized in

such a way that

F(i0)(0, ξ) = F(i1)(ξ, 0), ξ ∈ (0, 1),

see Fig. 1 (left). Similarly, for any boundary edge Σ(i), i ∈ IΓ
Σ, the geometry map-

ping F(i0) of the associated patch Ω(i0), i0 ∈ IΩ, with Σ(i) ⊂ Ω(i0), fulfills

Σ(i) = F(i0)(0, (0, 1)),

see Fig. 1 (right).

In case of a vertex x(i), i ∈ Iχ, we distinguish between an inner and a boundary

vertex. For any inner vertex x(i), i ∈ I◦
χ, with patch valence νi ≥ 3, we respectively

denote the patches and edges around the vertex x(i) in counterclockwise order by

Ω(im) and Σ(im), for m = 0, . . . , νi − 1, see Fig. 2 (left). Moreover, we assume that

the geometry mappings F(im), m = 0, . . . , νi − 1, are parameterized in such a way

that

x(i) = F(im)(0, 0) for m = 0, . . . , νi − 1,

and

Σ(im+1) = F(im)(0, (0, 1)) = F(im+1)((0, 1), 0) for m = 0, . . . , νi − 1,
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Ω(i1) Ω(i0)
Σ(i)

ξ2

ξ1
ξ1

ξ2

Ω(i0)
Σ(i)

ξ1

ξ2

Fig. 1. Representation in standard form with respect to an edge Σ(i), i ∈ IΣ. Left: Two neighboring

patches Ω(i0) and Ω(i1) with common inner edge Σ(i), i ∈ I◦
Σ. Right: The patch Ω(i0) with

boundary edge Σ(i), i ∈ IΓ
Σ.

where the index m is considered to be modulo νi. Similarly, for any boundary

vertex x(i), i ∈ IΓ
χ , with patch valence νi ≥ 1, the patches and edges around the

vertex x(i) are labeled in counterclockwise order by Ω(im), for m = 0, . . . , νi−1, and

Σ(im), for m = 0, . . . , νi, see Fig. 2 (right). Further, the geometry mappings F(im),

m = 0, . . . , νi − 1, are parameterized in such a way that

x(i) = F(im)(0, 0) for m = 0, . . . , νi − 1,

the inner edges Σ(im+1) are given as

Σ(im+1) = F(im)(0, (0, 1)) = F(im+1)((0, 1), 0) for m = 1, . . . , νi − 1,

while the boundary edges Σ(i0) and Σ(iνi ) are

Σ(i0) = F(i0)((0, 1), 0) and Σ(iνi ) = F(iνi−1)(0, (0, 1)).

Remark 3.1. Obviously, the standard configuration cannot be attained around

every vertex without changing the parameterizations. In fact, for each vertex x(i),

i ∈ Iχ, with patch valence νi one would have to define a suitable parameteriza-

tion G
(i,m)
χ of Ω(im), for m = 0, . . . , νi − 1, to recover the standard configuration.

These parameterizations are obtained from F(im) by possibly reversing each one of

the parametric directions, and swapping them, which gives a total of eight possible

combinations (four if the Jacobian is assumed to be positive). Similar parameter-

izations G
(i,0)
Σ and G

(i,1)
Σ would be also needed for the standard configuration on

each edge. We have preferred to keep F(im) to alleviate notation.

3.1.3. Analysis-suitable G1 parameterizations and gluing data

From now on we restrict ourselves to a particular class of multi-patch geometries F,

called analysis-suitable G1 multi-patch parameterizations, which possess for each
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Ω(i0)

Ω(i1)

Ω(iνi−1)

. . .

. . .

x(i)

Σ(i0)

Σ(i1)

Σ(iνi−1)

ξ2 ξ1

ξ2

ξ1

ξ2
ξ1

Ω(i0)

Ω(i1)

Ω(iνi−1)

. . .

x(i)

Σ(i0)

Σ(i1)

Σ(iνi )

ξ2 ξ1

ξ2

ξ1

ξ2

ξ1

Fig. 2. Representation in standard form with respect to a vertex x(i), i ∈ Iχ. Left: Edges Σ(i0),

. . ., Σ(iνi−1) and patches Ω(i0), . . ., Ω(iνi−1) around a common inner vertex x(i), i ∈ I◦
χ. Right:

Edges Σ(i0), . . ., Σ(iνi ) and patches Ω(i0), . . ., Ω(iνi−1) around a common boundary vertex x(i),

i ∈ IΓ
χ .

inner edge Σ(i), i ∈ I◦
Σ, linear functions α(i,0), α(i,1), β(i,0) and β(i,1), with α(i,0)

and α(i,1) relatively prime, such that for all ξ ∈ [0, 1]

α(i,0)(ξ)α(i,1)(ξ) > 0

and

α(i,0)(ξ)∂2F
(i1)(ξ, 0) + α(i,1)(ξ)∂1F

(i0)(0, ξ) + β(i)(ξ)∂2F
(i0)(0, ξ) = 0,

with

β(i)(ξ) = α(i,0)(ξ)β(i,1)(ξ) + α(i,1)(ξ)β(i,0)(ξ), (3.1)

see Refs. 22 and 40. This class of parameterizations is exactly the one which al-

lows the design of C1 isogeometric spaces with optimal polynomial reproduction

properties.22,38 Details for the computation of the gluing data are given in Ap-

pendix A.2. We note that, for each boundary edge Σ(i), i ∈ IΓ
Σ, we can simply

assign trivial functions α(i,0) ≡ 1 and β(i,0) ≡ 0.

Examples of analysis-suitable G1 multi-patch geometries are e.g. piecewise bilin-

ear parameterizations,22,36,42 but there exist different methods to generate from a

given, possibly non-analysis-suitable G1 multi-patch geometry, an analysis-suitable

G1 parameterization, see Refs. 38 and 39.

In addition we define, for each inner edge Σ(i) with i ∈ I◦
Σ, the vectors

t(i)(ξ) = ∂2F
(i0)(0, ξ) = ∂1F

(i1)(ξ, 0),
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and

d(i)(ξ) = 1
α(i,0)(ξ)

(
∂1F

(i0)(0, ξ) + β(i,0)(ξ) ∂2F
(i0)(0, ξ)

)
= − 1

α(i,1)(ξ)

(
∂2F

(i1)(ξ, 0) + β(i,1)(ξ) ∂1F
(i1)(ξ, 0)

)
.

In case of a boundary edge Σ(i), i ∈ IΓ
Σ, with Σ(i) = F(i0)(0, (0, 1)), we use the

same definitions based only on the parameterization F(i0), noting that α(i,0) ≡ 1

and β(i,0) ≡ 0.

3.2. The C1 multi-patch isogeometric spline space

We now define the C1 spline space on one level, and a particular subspace which

maintains the same numerical approximation properties.

3.2.1. Construction of a particular C1 isogeometric subspace

The C1 isogeometric space V with respect to the multi-patch geometry F is given

by

V = {ϕ ∈ C1(Ω) : ϕ ◦ F(i) ∈ Srp ⊗ Srp, i ∈ IΩ}. (3.2)

The space is associated to a mesh, a partition of the domain determined by the

knot vectors of the univariate spaces Srp and the parameterization F, and which is

given by

G =
{
F(i)(Q̂) : i ∈ IΩ, Q̂ =

(
j1
k+1 ,

j1+1
k+1

)
×
(

j2
k+1 ,

j2+1
k+1

)
, for j1, j2 = 0, . . . , k

}
.

(3.3)

Since the space V has already for the case of two patches a complex structure

and its dimension depends on the geometry,37 we consider instead the simpler sub-

space A firstly introduced in Ref. 40, which maintains the numerical approximation

properties of V and whose dimension is independent of the geometry. The space A
is defined as

A = spanΦ, with

Φ = ΦΩ ∪ ΦΣ ∪ Φχ, and ΦΩ =
⋃
i∈IΩ

ΦΩ(i) , ΦΣ =
⋃
i∈IΣ

ΦΣ(i) , Φχ =
⋃
i∈Iχ

Φx(i) , (3.4)

where the three sets of basis functions are respectively called patch interior, edge and

vertex basis functions, and are defined in detail below. All functions are generated in

such a way that they are C1-smooth on Ω and for the case of vertex functions even

C2-smooth at the corresponding vertex x(i). To ensure the design of the space A, a
minimal number k of different inner knots is needed, given by k ≥ max(0, 5−p

p−r−1 ),

as already requested in the definition of the spline space Srp in Section 3. Below, we

summarize the construction of the single functions and refer to Refs. 40 and 39 for

more details.
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(a) Patch interior function. (b) Edge function. (c) Vertex function.

Fig. 3. Example of maximal support of a patch interior basis function (left), an edge basis function

(center) and a vertex basis function (right) for degree p = 3 and regularity r = 1.

3.2.2. Patch interior basis functions

The patch interior basis functions are “standard” isogeometric functions whose

value and first derivatives are zero on every edge and vertex. We start defining the

univariate index set I = {2, . . . , n− 3}, and the multivariate index sets

JΩ = I × I, with JΩ ⊂ J̃Ω = {j = (j1, j2) : j1, j2 = 0, . . . , n− 1}.

Then, for each patch Ω(i), i ∈ IΩ, we define the set of patch interior basis functions

as

ΦΩ(i) =
{
ϕΩ

(i)

j : j ∈ JΩ

}
,

where, defining Nr
j,p(ξ1, ξ2) = Nr

j1,p
(ξ1)N

r
j2,p

(ξ2), the functions ϕΩ
(i)

j are given by

ϕΩ
(i)

j (x) =


(
Nr

j,p ◦
(
F(i)

)−1
)
(x) if x ∈ Ω(i),

0 otherwise.

Therefore, the functions in ΦΩ(i) trivially have support contained in Ω(i), and their

value and their gradient vanish on the boundary of Ω(i). Moreover, their maximal

support is attained for regularity r = p − 2, and consists of ⌈p+1
2 ⌉2 elements, see

Fig. 3(a).

Note that a function ϕΩ
(i)

j can be also defined for any index j of the extended

index set J̃Ω, and for later use we also define the sets

Φ̃Ω =
⋃
i∈IΩ

Φ̃Ω(i) , with Φ̃Ω(i) =
{
ϕΩ

(i)

j : j ∈ J̃Ω

}
.

However, the functions in Φ̃Ω \ΦΩ do not belong to the space A, and for this reason

we call them “extended” patch interior functions.
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3.2.3. Edge basis functions

Edge basis functions have support in the two patches adjacent to the edge, or one

patch for boundary edges. We start defining the index sets

J̃Σ = {j = (j1, j2) : j1 = 0, . . . , nj2 − 1; j2 = 0, 1},

JΣ = {j = (j1, j2) : j1 = 3− j2, . . . , nj2 − 4 + j2; j2 = 0, 1} ⊂ J̃Σ,

where nj2 will take values n0 or n1, as defined in Section 3.1.1. Then, for each

edge Σ(i), i ∈ IΣ, and assuming the same orientation described in Section 3, we

define the set of edge basis functions associated to the edge Σ(i) as

ΦΣ(i) =
{
ϕΣ

(i)

j : j ∈ JΣ

}
,

where each basis function ϕΣ
(i)

j , is defined as

ϕΣ
(i)

j (x) =


(
f
(i,m)
j ◦

(
F(im)

)−1
)
(x) if x ∈ Ω(im), m = 0, 1,

0 otherwise,

where the functions f
(i,m)
j = f

(i,m)
(j1,j2)

have been introduced in Ref. 40. For complete-

ness, we also give them in Appendix A.3.

It is easy to verify that the functions in ΦΣ(i) are supported in Ω(i0) and Ω(i1)

(or Ω(i0) for boundary edges), and that their value, and first and second derivatives

vanish on ∂Σ(i). Moreover, the maximal support of an edge function consists of

2(p+ 1) elements, with p+ 1 elements on each patch, see Fig. 3(b).

Analogously to the patch interior functions, we can also define the edge func-

tion ϕΣ
(i)

j for each index j ∈ J̃Σ, giving the sets of functions

Φ̃Σ =
⋃
i∈IΣ

Φ̃Σ(i) , with Φ̃Σ(i) =
{
ϕΣ

(i)

j : j ∈ J̃Σ

}
.

However, the functions in Φ̃Σ \ ΦΣ do not belong to the space A, so we call them

“extended” edge functions.

Remark 3.2. In the definition of f
(i,m)
(j1,j2)

, the subindex j2 refers to the type of edge

basis functions: the values 0 and 1 respectively refer to trace and derivative edge

functions. These were denoted by ΦΓ0 and ΦΓ1 in Ref. 11. We have preferred to

follow the indexing in Refs. 40 and 39, to reduce the number of symbols.

3.2.4. Vertex basis functions

Vertex basis functions have support in all the patches adjacent to the vertex, and

there are always six vertex functions associated to each vertex, independently of its

valence. These properties of the vertex functions are due to the C2 interpolation

condition (3.7) below. For each vertex x(i), i ∈ Iχ we define the set of vertex basis

functions as

Φx(i) =
{
ϕx

(i)

j : j ∈ Jχ

}
, with Jχ = {j = (j1, j2) : j1, j2 = 0, 1, 2; j1 + j2 ≤ 2}.
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To define the vertex basis functions ϕx
(i)

j , and recalling that the patch valence is

denoted by νi, we first define the factor

σi =

(
1

p(k + 1)νi

νi−1∑
m=0

∥∇F(im)(0, 0)∥∞

)−1

, (3.5)

which will be used to uniformly scale the vertex functions with respect to the infinity

norm. Then, for each index j = (j1, j2) ∈ Jχ, the corresponding vertex function is

defined as

ϕx
(i)

j (x) =


σj1+j2i

((
g
(i,m,prec)
j + g

(i,m,next)
j − h

(i,m)
j

)
◦
(
F(im)

)−1
)
(x)

if x ∈ Ω(im), m = 0, . . . , νi − 1,

0 otherwise,

(3.6)

where the functions g
(i,m,prec)
j and g

(i,m,next)
j respectively involve the edge preceding

and following the patch Ω(im), in counterclockwise direction, while the function

h
(i,m)
j uses information from both edges. These functions were defined in Ref. 40,

and for convenience we show their expressions in Appendix A.3.

The construction of the vertex functions ϕx
(i)

j , for j ∈ Jχ, ensures that their

support is contained in the patches around the vertex x(i), and

∂z11 ∂
z2
2

(
ϕx

(i)

j

)
(x(i)) = σj1+j2i δj1z1δj2z2 , 0 ≤ z1, z2 ≤ 2, z1 + z2 ≤ 2, (3.7)

see Ref. 40. Moreover, the support of a vertex basis function consists at most of five

elements per patch, for a total of 5νi elements, see Fig. 3(c).

3.3. Representation of the basis in terms of standard B-splines

In the proofs of linear independence in Section 4.3, and also for an efficient im-

plementation of the C1 space, we will make use of the representation of the C1

basis functions of the previous section in terms of the standard B-spline basis. For

this purpose, we will introduce below several column vectors of functions, both for

standard B-splines and for the C1 basis functions, and with some abuse of notation

we will define the vectors using a double index, with the meaning that the entries

on each vector are ordered moving first on the first index, and then on the second,

as it is usually done for the implementation.58

For indices i ∈ IΩ, j ∈ IΣ and k ∈ Iχ, let us use the notation

ϕΩ(i) = [ϕΩ
(i)

j ]j∈JΩ
, ϕΣ(j) = [ϕΣ

(j)

j ]j∈JΣ
, ϕx(k) = [ϕx

(k)

j ]j∈Jχ
, (3.8)

to respectively indicate the column vectors of patch interior basis functions, of edge

basis functions and of vertex basis functions. As we want to write them in terms of

standard B-splines, we also introduce the column vector of B-splines basis functions

of the space Srp ⊗ Srp mapped into Ω(i), given by

N(i) = [Nr
j,p ◦ (F(i))−1]T

j∈J̃Ω
.
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Fig. 4. Ordering of the basis functions N
(i)
0 (blue circles), N

(i)
1 (red squares), N

(i)
2 (green triangles)

and N
(i)
3 (magenta diamonds) for a patch with 7× 7 basis functions. The basis functions in N(i)

not contained in any of those vectors are visualized as small gray dots.

Recalling the set of indices I from Section 3.2.2, we also define the subvectors

N
(i)
0 = [Nr

j,p ◦ (F(i))−1]j∈{0,1}×{0,1}, N
(i)
1 = [Nr

j,p ◦ (F(i))−1]j∈I×{0,1},

N
(i)
2 = [Nr

j,p ◦ (F(i))−1]j∈{0,1}×I , N
(i)
3 = [Nj,p ◦ (F(i))−1]j∈I×I ,

(3.9)

respectively corresponding to the basis functions with nonzero value or nonzero

first derivatives on the bottom left vertex, on the bottom edge (but zero on every

vertex), on the left edge (but zero on every vertex), and internal functions with

zero value and derivative on every edge, see Fig. 4. With some abuse of notation,

we denote in the same way the vectors of B-splines extended by zero outside Ω(i).

We first note that the patch interior basis functions in the vector ϕΩ(i) have their

support contained in the patch Ω(i), where they coincide with standard B-splines,

so their representation in terms of B-splines is trivially given by ϕΩ(i) = N
(i)
3 .

The edge basis functions associated with an edge Σ(i) in the multi-patch case

are a subset of the edge functions for the two patch case. Recalling the notation for

“extended” edge functions in the previous section, and introducing the correspond-

ing vector of functions ϕ̃Σ(i) := [ϕΣ
(i)

j ]j∈J̃Σ
, we know from the two-patch case37,11

that edge functions can be written as standard B-splines in the form

ϕ̃Σ(i) = Ẽi,0N
(i0) + Ẽi,1N

(i1), (3.10)

where the only B-splines that play a role are the ones with non-vanishing value or

derivative on the edge. Therefore the relation for the multi-patch case is immediately

given by

ϕΣ(i) = Ei,0N
(i0)
2 + Ei,1N

(i1)
1 , (3.11)

where Ei,k is the submatrix of Ẽi,k containing only the rows corresponding to the

edge functions in ΦΣ(i) , i.e., to the indices JΣ, and the columns of B-splines with

nonzero coefficients.
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For the vertex basis functions associated with the vertex x(i), from their defini-

tion (3.6) and equations (A.3)-(A.5) follows the relation

ϕx(i) =

νi−1∑
m=0

(
Ki,mÊim,1

[
N

(im)
0

N
(im)
1

]
+Ki,m+1Êim+1,0

[
N

(im)
0

N
(im)
2

]
− Vi,mN

(im)
0

)
,

(3.12)

where Σ(im) and Σ(im+1) are the two edges of the patch Ω(im) containing the vertex

x(i), Êim,1 and Êim+1,0 are the submatrices of Ẽim,1 and Ẽim+1,0 containing only

the rows corresponding to the five “extended” edge functions in Φ̃Σ(im) \ ΦΣ(im)

and Φ̃
Σ(im+1) \ Φ

Σ(im+1) close to the vertex, respectively, and the columns with

nonzero coefficients. The detailed computations which lead to the matrices Ki,m,

Ki,m+1 and Vi,m, based on using the expression of the modified basis functions

from Appendix A.1, are given in Appendix A.4 for general regularity r ≤ p− 2. For

convenience we give their expressions here for the case r = p− 2.

The matrices Ki,m, Ki,m+1 are of size 6 × 5 and each one of their rows, which

corresponds to a different value of j = (j1, j2), is of the form, for s = m,m+ 1,

σj1+j2i

[
c
(is)
j,0 , c

(is)
j,0 +

c
(is)
j,1

p(k+1) , c
(is)
j,0 +

3c
(is)
j,1

p(k+1) +
2c

(is)
j,2

p(p−1)(k+1)2 ,
d
(is)
j,0

p(k+1) ,
d
(is)
j,0

p(k+1) +
d
(is)
j,1

p(p−1)(k+1)2

]
,

with σi being the factor in (3.5), and the cj and dj coefficients defined in Ap-

pendix A.3.

The matrix Vi,m is of size 6× 4 and each one of their rows, corresponding to a

different value of j = (j1, j2), is then of the form

σj1+j2i

[
c
(im)
j,0 , c

(im)
j,0 +

c
(im)
j,1

p(k+1) , c
(im)
j,0 +

c
(im+1)

j,1

p(k+1) , c
(im)
j,0 +

(
c
(im)
j,1 +c

(im+1)

j,1 +
e
(im)
j,(1,1)

p(k+1)

)
p(k+1)

]
,

with the four columns corresponding to the four B-splines in N
(im)
0 , and we have

used the relationships between the ej and the cj coefficients in Appendix A.3.

These considerations allow us to write all the C1 basis functions restricted to

the patch Ω(k) as linear combinations of the (mapped) B-spline basis of Srp ⊗ Srp.
That is, there exists a matrix Ck such that ϕ|Ω(k) = CkN

(k), and using the notation

in (3.8) the vector ϕ|Ω(k) collects all the non-vanishing basis functions on Ω(k), i.e.,

the patch interior functions ϕΩ(k) , the edge functions ϕΣ(i) from the four edges on

the boundary of Ω(k), and the vertex functions ϕx(i) from the four vertices on the

boundary of Ω(k). It is then possible, using standard techniques, to pass from the

B-spline representation to the Bernstein polynomial representation, the so-called

Bézier extraction.

Finally, since there is a one-to-one correspondence between “extended” patch

interior functions and standard B-splines, and employing the latter representation,

for a function ϕ ∈ A we denote by K(ϕ) the set (i, j) ∈ IΩ × J̃Ω such that the

corresponding coefficient ẽ
(i)
j in the B-spline representation is nonzero, i.e.

K(ϕ) =
{
(i, j) ∈ IΩ × J̃Ω : ẽ

(i)
j ̸= 0

}
, with ϕ(x) =

∑
i∈IΩ

∑
j∈J̃Ω

ẽ
(i)
j ϕΩ

(i)

j (x).
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We use a similar notation for a set of functions Ψ ⊂ A, namely

K(Ψ) =
⋃
ψ∈Ψ

K(ψ), (3.13)

the interesting case being when Ψ ⊂ Φ is a subset of the basis.

4. Theoretical results for the C1 spline space on one level

In the following we analyze some properties of the subspace A that will be needed

to apply the construction of the hierarchical space.

4.1. Characterization of the space V and the subspace A

The characterization of the subspace A, that we will use to prove nestedness in the

hierarchical construction, was only given implicitly in previous works. We introduce

it here explicitly for the sake of clarity.

The space V in (3.2) can be characterized as follows (see Refs. 22, 40 and 39):

A function ϕ belongs to the space V if and only if for each patch Ω(i), i ∈ IΩ, the
functions ϕ ◦ F(i) satisfy that

ϕ ◦ F(i) ∈ Srp ⊗ Srp, (4.1)

and for each inner edge Σ(i), i ∈ I◦
Σ, with the two corresponding neighboring

patches F(i0) and F(i1) possessing the same orientation as described in Section 3,

the functions ϕ ◦ F(i0) and ϕ ◦ F(i1) fulfill(
ϕ ◦ F(i0)

)
(0, ξ) =

(
ϕ ◦ F(i1)

)
(ξ, 0), ξ ∈ [0, 1], (4.2)

and

α(i,0)(ξ)∂2
(
ϕ◦F(i1)

)
(ξ, 0)+α(i,1)(ξ)∂1

(
ϕ◦F(i0)

)
(0, ξ)+β(i)(ξ)∂2

(
ϕ◦F(i0)

)
(0, ξ) = 0

for ξ ∈ [0, 1]. Due to (3.1), the previous equation is further equivalent to

1
α(i,0)(ξ)

(
∂1
(
ϕ ◦ F(i0)

)
(0, ξ) + β(i,0)(ξ) ∂2

(
ϕ ◦ F(i0)

)
(0, ξ)

)
=

− 1
α(i,1)(ξ)

(
∂2
(
ϕ ◦ F(i1)

)
(ξ, 0) + β(i,1)(ξ) ∂1

(
ϕ ◦ F(i1)

)
(ξ, 0)

)
.

(4.3)

We denote for each inner edge Σ(i), i ∈ I◦
Σ, the equally valued terms (4.2) and (4.3)

by the functions f
(i)
0 : [0, 1] → R and f

(i)
1 : [0, 1] → R, respectively, which describe

the trace and a specific directional derivative of the function ϕ across the associated

interface Σ(i), see e.g. Refs. 11, 22 and 37 for more details. Analogously, we define

for each boundary edge Σ(i), i ∈ IΓ
Σ, with the associated patch F(i0) possessing

the same orientation as described in Section 3, the functions f
(i)
0 and f

(i)
1 as the

left-hand sides of (4.2) and (4.3), respectively, where f
(i)
1 can be simplified due to

the selection of α(i,0) ≡ 1 and β(i,0) ≡ 0 for boundary edges.

Equations (4.1)–(4.3) fully characterize the space V. Similarly, we can give a

characterization for the subspace A, that we state in the following proposition.
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Fig. 5. Left: A bilinearly parameterized three-patch domain Ω whose geometry mappings F(i),

i ∈ {0, 1, 2}, are given in standard configuration with respect to the inner vertex x(0). Right:
The associated set G of elements for k = 5 with a particular element Q ∈ G given by Q =

F(0)((0, 1
6
) × ( 1

6
, 1
3
)) and highlighted in dark gray. The light gray elements are the other ones

where the vertex basis functions for the inner vertex are locally linearly dependent.

The proof is a direct consequence of the construction of the basis functions, and is

omitted.

Proposition 4.1. A function ϕ belongs to A if and only if it satisfies the condi-

tions (4.1), (4.2) and (4.3), and moreover for each edge Σ(i), i ∈ IΣ, it holds that

f
(i)
0 ∈ Sr+1

p and f
(i)
1 ∈ Srp−1, respectively, and for each vertex x(i), i ∈ Iχ, we have

ϕ ∈ C2(x(i)).

4.2. Counterexample of local linear independence

We will briefly demonstrate on the basis of an example, that the C1 basis functions

Φ, and in particular the vertex basis functions, can be locally linearly dependent. We

consider the bilinearly parameterized three-patch domain Ω shown in Fig. 5 (left),

which is hence trivially AS-G1. The three patches are given in the standard form of

Section 3.1.2 with respect to the inner vertex x(0), and they are parameterized by

F(0)(ξ1, ξ2) = ξ1v
0+ξ2v

1, F(1)(ξ1, ξ2) = ξ1v
1+ξ2v

2, F(2)(ξ1, ξ2) = ξ1v
2+ξ2v

0,

with the three vectors vi, for i = 0, 1, 2, given by the expressions

v0 = (2
√
3 + 2,−2

√
3 + 2), v1 = (

√
3− 3, 3

√
3 + 1), v2 = (−3

√
3 + 1,−

√
3− 3).

We compute the basis functions of the C1 space for bicubic splines with k = 5,

and consider the element Q ∈ G given by Q = F(0)((0, 16 )× ( 16 ,
1
3 )) and highlighted

in Fig. 5 (right). Restricting the basis functions to Q, we can verify that 18 ba-

sis functions are non-vanishing on this element. This directly implies that the basis
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functions of the space A are locally linearly dependent, because the maximum num-

ber of linearly independent spline basis functions on one element is (p+ 1)2, which

means at most 16 functions for the bicubic case.

In fact, the local linear dependence on this element is caused by the vertex

basis functions. To study this in more detail, let us consider the set Φx(0) ={
ϕx

(0)

j : j ∈ Jχ

}
, and restrict the six vertex functions of this set to the element

Q. It is easy to verify that each of the six functions is non-vanishing on Q, and

simplifies there to ϕx
(0)

j = σj1+j20

(
g
(0,0,next)
j ◦

(
F(0)

)−1
)
. Since all the six functions

g
(0,0,next)
j , j ∈ Jχ, are just linear combinations of the five same functions, see (A.3),

the corresponding six functions ϕx
(0)

j are linearly dependent on Q. Thereby, it is

interesting to note that the six functions g
(0,0,next)
j can be even represented on Q

just as linear combinations of three common functions, namely of the edge functions

f
(i1,0)
(1,0) ◦

(
F(0)

)−1

, f
(i1,0)
(2,0) ◦

(
F(0)

)−1

and f
(i1,0)
(1,1) ◦

(
F(0)

)−1

.

Remark 4.1. It is possible to ensure local linear independence of the C1 spline

basis by assuming that the internal degree and regularity satisfy r < p − 3, see

Proposition 4.2 below. For instance, quintic functions with C1 regularity (p = 5,

r = 1) are locally linearly independent. However, the interesting case of the highest

allowed regularity, r = p− 2, is in general locally linearly dependent.

4.3. Local and quasi-local linear independence results

We will now study the (local) linear independence of particular subsets of the basis

(3.4) of the C1 isogeometric spline space A restricted to certain regions. Since the

basis functions are (mapped) piecewise polynomials on the mesh G defined in (3.3),

it is sufficient to prove the local linear independence relations below just for any

element Q ∈ G, instead of for any open domain Ω̃ ⊆ Ω.

We start with an auxiliary lemma based on the definition of the set in (3.13).

The proof is not shown, as it is an immediate consequence of the local linear inde-

pendence of B-splines.

Lemma 4.1. Let Φ, Φ̂ ⊆ Φ. If both Φ and Φ̂ are locally linearly independent, and

if we further have K(Φ) ∩K(Φ̂) = ∅, then the union of functions Φ ∪ Φ̂ is locally

linearly independent.

The following lemma generalizes a result for the two patch case from Ref. 11.

Lemma 4.2. The set of patch interior and edge basis functions ΦΩ ∪ΦΣ is locally

linearly independent.

Proof. The local linear independence of the set of patch interior basis functions

ΦΩ is trivial, as they correspond to standard B-splines. For the set of edge basis

functions ΦΣ, for each edge the set ΦΣ(i) , i ∈ IΣ, is locally linearly independent
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Fig. 6. Example of the set of elements Gx(i) , highlighted in gray, adjacent to a vertex.

due to Proposition 3 in Ref. 11, where the result was proved for the extended

set Φ̃Σ(i) . By construction of the edge basis functions, and in particular due to

(3.11), we have that K(ΦΣ(i1)) ∩ K(ΦΣ(i2)) = ∅ for any i1, i2 ∈ IΩ, with i1 ̸= i2,

which further implies together with Lemma 4.1 that the set of edge basis functions

ΦΣ =
⋃
i∈IΣ

ΦΣ(i) is locally linearly independent.

It remains to show that the union of patch interior and edge basis functions

ΦΩ ∪ ΦΣ is locally linearly independent. This is again a direct consequence of

Lemma 4.1 using on the one hand the fact that each of the two sets is locally

linearly independent, and on the other hand that, by construction of the individual

basis functions, the two sets satisfy the condition K (ΦΩ) ∩K (ΦΣ) = ∅, as can be

clearly seen again from (3.11).

For vertex basis functions local linear independence is not true in general, as we

have seen in the counterexample of Section 4.2, but we can prove a partial result.

To do so, we define for a vertex x(i), i ∈ Iχ, the set of elements Q ∈ G adjacent to

the vertex x(i), see Fig. 6, and denote it by

Gx(i) := {Q ∈ G : x(i) ∈ ∂Q}.

The next two lemmas show the relations of the different basis functions in this set

of elements.

Lemma 4.3. For any i ∈ Iχ and for every element Q ∈ Gx(i) , the vertex functions

Φx(i) are linearly independent in Q.

Proof. Let x(i), i ∈ Iχ, be an arbitrary vertex, and let Q ∈ Gx(i) be an arbitrary

element adjacent to the vertex x(i). By definition, the six vertex basis functions ϕx
(i)

j ,

j ∈ Jχ, do not vanish on Q, and they satisfy the C2 interpolation condition (3.7)

at the vertex x(i), which yields their linear independence in Q.

Lemma 4.4. For any m ∈ Iχ, let us define

Ψx(m) = Φ \ Φx(m) = ΦΩ ∪ ΦΣ ∪ (Φχ \ Φx(m)) .
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Then, for the set of vertex functions Φx(m) and for every element Q ∈ Gx(m) , it

holds that span(Φx(m) |Q) ∩ span(Ψx(m) |Q) = 0.

Proof. Let the vertex x(m), m ∈ Iχ, and the element Q ∈ Gx(m) . Due to

Lemma 4.3, the six vertex basis functions in Φx(m) are linearly independent in Q,

which was a direct result of their C2 interpolation condition (3.7) at the vertex x(m).

Instead all other functions ϕ ∈ Ψx(m) satisfy by construction

∂z11 ∂
z2
2 ϕ(x

(m)) = 0, 0 ≤ z1, z2 ≤ 2, z1 + z2 ≤ 2,

which directly implies that the intersection of the spaces spanned by the two sets,

restricted to Q, only contains the zero function.

Finally, we present a result of local linear independence in case of low regularity.

Proposition 4.2. If the degree and regularity satisfy r < p−3, the basis Φ is locally

linearly independent.

Proof. It is sufficient to note that, for regularity r < p − 3, the vertex basis

functions are supported only on the elements adjacent to the vertex. The proof

then immediately follows from the previous three lemmas.

5. C1 multi-patch hierarchical spline space

We now introduce the construction of the hierarchical C1 spline space. We start

by introducing the C1 multi-patch spaces for each level, and then we analyze their

properties to apply the construction of Section 2. In particular, we have to check the

nestedness of the spaces, and that the assumptions of Theorem 2.1 are satisfied. As

we will see, this will impose some constraints to modify the refinement algorithm.

5.1. C1 multi-patch spaces on each level and hierarchical construction

Let us assume that we have a multi-patch domain Ω with an analysis-suitable G1 pa-

rameterization F as in Section 3.1, and the C1 space V0, with the corresponding sub-

space A0 as in Section 3.2. By successively applying dyadic refinement, we construct

a sequence of spaces Vℓ and their corresponding subspaces Aℓ, for ℓ = 0, . . . , N − 1.

The associated meshes are denoted by Gℓ. To apply the construction of hierarchical

splines from Section 2, the subspaces Aℓ and their bases Φℓ respectively play the

role of Uℓ and Ψℓ in the construction of that section. We further assume that each

subdomain Ωℓ is the union of elements of the mesh Gℓ−1. We will denote by Q the

hierarchical mesh, and by HA the set of hierarchical C1 splines, that we will prove

to be a basis.

Note that the parameterizations, the geometric entities and the gluing data in

Section 3.1 are independent of the level ℓ. Instead, the discrete spaces and their

corresponding bases and basis functions clearly depend on ℓ, and we will use the ℓ
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superindex to refer to them. For instance, the basis will be denoted by Φℓ, and the

univariate spline spaces will be denoted by Sr,ℓp . Moreover, the set of elements from

each level adjacent to a vertex will be denoted by Gℓ
x(i) .

In the following, we analyze the properties of the subspaces Aℓ to apply the

construction of the hierarchical space.

5.2. Nestedness and refinement mask

The first property we need to prove is the nestedness of the subspaces, that is, that

Aℓ ⊂ Aℓ+1 for ℓ = 0, . . . , N − 2. Nestedness is clear for the spaces Vℓ, while for the

subspaces Aℓ it relies on the characterization from Proposition 4.1.

Proposition 5.1. Let N ∈ N. The sequence of spaces Aℓ, ℓ = 0, 1, . . . , N − 1 is

nested, i.e., A0 ⊂ A1 ⊂ . . . ⊂ AN−1.

Proof. The result is an immediate consequence of Proposition 4.1 and the nest-

edness of the univariate spline spaces, Sr,ℓp−1 ⊂ Sr,ℓ+1
p−1 and Sr+1,ℓ

p ⊂ Sr+1,ℓ+1
p , for

ℓ = 0, . . . , N − 2.

Thanks to the nestedness of the subspaces Aℓ, we can define the set of truncated

hierarchical splines as described in Section 2, and we will denote it by TA. The
explicit definition of the functions in TA requires to use the coefficients of the two

level relations between the C1 basis functions of consecutive levels, also called the

refinement mask, that we describe in the following.

Let us denote with an upper index ℓ the vectors of standard isogeometric func-

tions (3.9) of level ℓ, recall also Fig. 4. Then, we have the relation between functions

of two consecutive levels
N

(k),ℓ
0

N
(k),ℓ
1

N
(k),ℓ
2

N
(k),ℓ
3

 =


Θℓ+1

00 Θℓ+1
01 Θℓ+1

02 Θℓ+1
03

0 Θℓ+1
11 0 Θℓ+1

13

0 0 Θℓ+1
22 Θℓ+1

23

0 0 0 Θℓ+1
33



N

(k),ℓ+1
0

N
(k),ℓ+1
1

N
(k),ℓ+1
2

N
(k),ℓ+1
3

 , for k ∈ IΩ. (5.1)

The refinement mask for the patch interior functions, which coincide with N
(k),ℓ
3 , is

simply a restriction of the relation (5.1) to their corresponding indices.

We recall that the edge functions, and “extended” edge functions, of level ℓ

associated with an edge Σ(i), for i ∈ IΣ, can be expressed in terms of standard

isogeometric functions through the matrix Ẽℓi,k, as given by (3.10). Let us introduce

the block diagonal matrix

Λ̃ℓ+1 =

[
Λ̃r+1,ℓ+1
p 0

0 1
2 Λ̃

r,ℓ+1
p−1

]
,

where Λ̃s,ℓ+1
q stands for the refinement matrix for univariate B-splines of level ℓ of

degree q and regularity s. By generalizing the results in Ref. 11 for the two-patch
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case, and noting that functions in the subvectors N3 correspond to patch interior

functions, we obtain the following refinement relation for the edge functions:

ϕℓΣ(i) = Λℓ+1ϕℓ+1
Σ(i) + Eℓi,0Θ

ℓ+1
23 N

(i0),ℓ+1
3 + Eℓi,1Θ

ℓ+1
13 N

(i1),ℓ+1
3

= Λℓ+1ϕℓ+1
Σ(i) + Eℓi,0Θ

ℓ+1
23 ϕℓ+1

Ω(i0) + Eℓi,1Θ
ℓ+1
13 ϕℓ+1

Ω(i1) ,

where Λℓ+1 is the restriction of Λ̃ℓ+1 to rows and columns corresponding to functions

away from the vertices, and the matrices Eℓi,0 and Eℓi,1 are the matrices in (3.11)

for basis functions of level ℓ.

For the vertex basis functions, and recalling that the indices j = (j1, j2) ∈ Jχ
are sorted moving first on the first index, as already explained in Section 3.3, let us

first introduce the diagonal matrix

Dℓ+1
x(i) = diag

1, σℓi
σℓ+1
i

,

(
σℓi
σℓ+1
i

)2

,
σℓi
σℓ+1
i

,

(
σℓi
σℓ+1
i

)2

,

(
σℓi
σℓ+1
i

)2
 .

Exploiting the expression for vertex functions in terms of standard isogeometric

functions (3.12) and the refinement mask for extended edge functions from Ref. 11

and for standard mapped B-splines in (5.1), we obtain that for each vertex function

of index j ∈ Jχ associated with the vertex x(i), i ∈ Iχ, we have

ϕℓx(i) = Dℓ+1
x(i)ϕ

ℓ+1
x(i) +

νi−1∑
m=0

Kℓ
i,mΛ̂ℓ+1ϕℓ+1

Σ(im) + δbK
ℓ
i,νi+1Λ̂

ℓ+1ϕℓ+1

Σ
(iνi+1)

+

νi−1∑
m=0

(
Kℓ
i,mÊ

ℓ
im,1

[
Θℓ+1

03

Θℓ+1
13

]
+Kℓ

i,m+1Ê
ℓ
im+1,0

[
Θℓ+1

03

Θℓ+1
23

]
− V ℓi,mΘℓ+1

03

)
ϕℓ+1

Ω(im) ,

where δb indicates whether x
(i) is an interior or a boundary vertex, i.e.,

δb =

{
0 if i ∈ I◦

χ,

1 if i ∈ IΓ
χ ,

Λ̂ℓ+1 is the restriction of Λ̃ℓ+1 to rows corresponding to the five “extended” edge

functions close to the vertex and to columns of active edge functions, while all

the other matrices have been introduced above. Note that the Θ matrices appear-

ing in the previous equation are very sparse, and in practice one can restrict the

computations to the few coefficients that are nonzero.

5.3. Condition for linear independence of hierarchical C1 splines

The second property we need to prove is (P), that guarantees linear independence

of the hierarchical splines, and therefore that they form a basis. The proof is based

on the linear independence results from Section 4.3.

Theorem 5.1. Let the spaces {Aℓ}N−1
ℓ=0 , with bases Φℓ, obtained by dyadic refine-

ment, the hierarchical mesh Q, and let the hierarchical C1 spline set HA be de-

fined as in (2.1), and TA be defined as in (2.2). If for every active vertex function
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ϕ ∈ Φℓ
x(i) ∩HA there exists an active element in Gℓ

x(i) ∩ Q, then both the functions

in HA and the truncated functions in TA are linearly independent.

Proof. We have to prove property (P), i.e., that for every level ℓ the functions

in Φℓ|Ωℓ\Ωℓ+1 are linearly independent. Let us denote Dℓ = Ωℓ \ Ωℓ+1, to alleviate

notation. Using the decomposition (3.4), this is equivalent to prove that∑
i∈IΩ

∑
ϕ∈Φℓ

Ω(i)
|
Dℓ

cϕϕ+
∑
i∈IΣ

∑
ϕ∈Φℓ

Σ(i)
|
Dℓ

cϕϕ+
∑
i∈Iχ

∑
ϕ∈Φℓ

x(i)
|
Dℓ

cϕϕ = 0

implies that all the coefficients cϕ are equal to zero.

By hypothesis, for any active vertex function ϕ ∈ Φℓ
x(i) |Dℓ , there exists an active

element Q ∈ Gℓ
x(i) ∩ Q and which is obviously contained in Dℓ. By taking the

restriction to Q, Lemmas 4.3 and 4.4 imply that the corresponding coefficient cϕ is

equal to zero. Since the argument is valid for any vertex, all the coefficients in the

third term of the sum must be zero. Finally, the coefficients for the first and second

term are zero by Lemma 4.2, and the result follows.

5.4. Refinement algorithm

Theorem 5.1 gives us the only requirement for the linear independence of the hi-

erarchical C1 spline functions: the support of an active vertex function of level ℓ

must contain an active element of the same level and adjacent to the vertex. We

now present a refinement algorithm that guarantees that this property is always

satisfied.

Let us first denote the set of elements in the hierarchical mesh adjacent to any

vertex as Gχ. Then, for each element adjacent to a vertex, Q ∈ Gχ ∩Gℓx(i) for some

i ∈ Iχ and ℓ ∈ {0, . . . , N − 1}, and such that Q ⊂ Ω(im) for some m = 0, . . . νi − 1,

we define the vertex-patch neighborhood

Nχ(Q) = {Q′ ∈ Gℓ ∩Q : Q′ ⊂ Ω(im) ∩ suppϕ, for ϕ ∈ Φℓx(i)} \Q, (5.2)

formed by the elements of level ℓ contained in the patch Ω(im) and in the support

of vertex functions of level ℓ associated to x(i). The marking algorithm proposed in

Algorithm 1 enforces that whenever an element adjacent to a vertex is marked for

refinement, the elements in its vertex-patch neighborhood are also marked, see also

Fig. 7.

Algorithm 1 MARK VERTEX-PATCH (Q,M)

Input: hierarchical mesh Q, marked elements M ⊆ Q
set V =

⋃
Q∈M∩Gχ

Nχ(Q) \M

set M = M∪V
Output: updated set of marked elements M
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(a) Mark element Q adjacent to a vertex. (b) Refine elements in Nχ(Q).

(c) Mark element Q not adjacent to any vertex. (d) Refine Q without additional refinement.

Fig. 7. When one element Q adjacent to a vertex is marked, highlighted in dark gray in (a), all
the elements in Nχ(Q) are also refined (b). If the marked element Q is not adjacent to any vertex

(c), no other elements need to be refined (d), even if Q belongs to the support of vertex basis

functions.

Remark 5.1. If the initial mesh is very coarse one should also check whether

marking the vertex-patch Nχ(Q) marks any element adjacent to another vertex.

This would force to mark also the vertex-patch neighborhood of that element, finally

propagating the marking to all the boundary elements of the patch. To avoid this

check, and to simplify the algorithm, we assume that the coarsest mesh is not

coarser than 4 × 4 elements per patch, that is k ≥ 3 inner knots, which prevents

this situation to happen.

The modification in the algorithm to mark the vertex-patch neighborhood can

be easily combined with admissible refinement as introduced in Ref. 16, allowing to

construct admissible hierarchical meshes such that the constraint on Theorem 5.1 is

also satisfied. We recall that a mesh is admissible of class µ > 1, if for any element

of the hierarchical mesh the non-vanishing functions belong to at most µ different

levels.16 We will use the terms H-admissibility and T -admissibility depending on

whether we look for admissibility with hierarchical splines or with truncated hierar-

chical splines, and we respectively define, for an element Q ∈ Q∩Gℓ of level ℓ ≥ 0,
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its H-neighborhood and T -neighborhood as

NH(Q,µ) = {Q′ ∈ Q ∩Gℓ−µ+1 : Q′ ∩ Sext(Q, ℓ− µ+ 1) ̸= ∅},
NT (Q,µ) = {Q′ ∈ Q ∩Gℓ−µ+1 : Q′ ∩ Sext(Q, ℓ− µ+ 2) ̸= ∅},

for ℓ− µ+1 > 0, and NH(Q,µ) = NT (Q,µ) = ∅ if ℓ− µ+1 < 0, see Section 4.1 in

Ref. 15. In the definition, the multi-level support extension Sext(Q, k) is defined as

the union of the supports of all basis functions of level k that do not vanish on Q,

namely

Sext(Q, k) =
⋃

{suppϕ : ϕ ∈ Φk ∧Q ∩ suppϕ ̸= ∅}.

Using a generic notation N (Q,µ) for both neighborhoods, and with the convention

that N (Q, 0) = ∅ for non-admissible meshes, the refinement algorithm in Algo-

rithm 2 guarantees both the linear independence of the C1 hierarchical splines and

the admissibility of the adaptive mesh.

Algorithm 2 REFINE(Q,M, µ), refine guaranteeing linear independence and ad-

missibility

Input: admissible hierarchical mesh Q, marked elements M ⊆ Q, admissible

class µ

repeat

set M = MARK VERTEX-PATCH (Q,M)

set U =
⋃
Q∈M

N (Q,µ) \M

set M = M∪U
until U = ∅
update Q by replacing the elements in M by their children

Output: refined admissible mesh Q

For any marked element the recursive refinement of its neighborhood guarantees

the admissibility of the refined mesh as in Ref. 16. If the marked element is adjacent

to a vertex the marking of any other element in its vertex-patch neighborhood

guarantees to satisfy the hypotheses of Theorem 5.1 and, consequently, the linear

independence of the (truncated) hierarchical functions.

Theorem 5.2. Assuming that we start from a coarse mesh G0 with at least 4 ×
4 elements per patch, and applying successive refinement with Algorithm 2, the

construction of hierarchical C1 splines gives a set HA or TA of linearly independent

functions. Moreover, if µ > 1 the mesh constructed in Algorithm 2 is admissible.

5.5. Linear complexity of the refinement algorithm

We now prove a complexity estimate for the refinement algorithm, in the spirit of

Refs. 7 and 55, extending the analysis presented in Ref. 18 for the single-patch case
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to the multi-patch case. The resulting complexity estimate depends on the valence

of the vertices, but not on the particular parameterization of the geometry.

We start defining a distance between elements of the mesh, and analyzing its

properties. To do so, for any element Q ∈ Gℓ we set Π0(Q) = Q, from which we

recursively define the regions of elements around Q in the mesh of level ℓ as

Πs+1(Q) =
⋃

{Q′ : Q′ ∈ Gℓ , Q′ ∩Πs(Q) ̸= ∅}, for s = 0, 1, . . .

We note that the number of elements of level ℓ contained in Πs(Q) is bounded, with

a bound that depends on s and on ν = maxi∈Iχ νi, the maximum valence of the

vertices of the geometry. The distance is first defined for two elements of the same

level, Q,Q′ ∈ Gℓ, as

dist(Q,Q′) = 2−ℓs, with s = min{r : Q′ ⊂ Πr(Q)},

and it is worth to note that this characterizes Πs(Q) as the region occupied by

elements Q′ ∈ Gℓ such that dist(Q,Q′) ≤ 2−ℓs. Then, for elements of different

levels Q ∈ Gℓ, Q′ ∈ Gℓ
′
, assuming without loss of generality that ℓ > ℓ′, we define

their distance as the maximum distance between Q and the descendants of Q′ of

level ℓ, namely

dist(Q,Q′) = max
Q′

d∈Gℓ,Q′
d⊂Q′

dist(Q,Q′
d).

It is then a simple exercise to prove that the distance satisfies a triangular inequality,

in the sense that for any levels ℓ, ℓ′ and ℓ′′, it holds thata

dist(Q,Q′) ≤ dist(Q,Q′′) + dist(Q′′, Q′), for any Q ∈ Gℓ, Q′ ∈ Gℓ
′
, Q′′ ∈ Gℓ

′′
.

Moreover, from these definitions and the fact that we refine dyadically, given two

elements Q,Q′ ∈ Gℓ at distance dist(Q,Q′) = s2−ℓ, for any two descendants

Qd, Q
′
d ∈ Gℓ+k, with Qd ⊂ Q, Q′

d ⊂ Q′ and k > 0, their distance is bounded

by

dist(Qd, Q
′
d) ≤ (2k(s+ 1)− 1)2−(ℓ+k) ≤ 2−ℓ(s+ 1). (5.3)

Finally, we also note that the distance of two elements Q,Q′ ∈ Gℓ contained in

the support of a basis function, Q,Q′ ⊂ suppϕ for ϕ ∈ Φℓ, satisfies

dist(Q,Q′) ≤ 2−ℓCsupp, (5.4)

where the constant Csupp depends on the degree p and the regularity r. It reaches its

maximum value in the case of maximum regularity r = p−2, from which we obtain

Csupp = max{p, 5}, coming from the support of edge and vertex basis functions as

depicted in Fig. 3.

aThe proof is based on the fact that, for any descendant of Q, there exists a descendant of Q′ such
that their distance is the same as the distance between Q and Q′, see the details in Ref. 12.
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Next, we bound the distance of an element to other elements on its neigh-

borhood. Given an element Q ∈ Gℓ adjacent to a vertex, and another element

Q′ ∈ Nχ(Q), see (5.2), using the support of vertex functions it holds that

dist(Q,Q′) ≤ 2−ℓCNχ
,

where CNχ
depends on the regularity r, the worst case being CNχ

= 2 for r = p−2.

Moreover, given an admissible hierarchical mesh Q, an element Q ∈ Q ∩ Gℓ and

Q′ ∈ NH(Q,µ) if Q is H-admissible, or Q′ ∈ NT (Q,µ) if Q is T -admissible, it

respectively holds that

dist(Q,Q′) ≤ 2−ℓCNH , with CNH = 2µ−1(Csupp + 1)− 1,

dist(Q,Q′) ≤ 2−ℓCNT , with CNT = 2µ−2(Csupp + 2)− 1,

where we have used the definitions of NH(Q,µ) and Sext(Q, ℓ−µ+1), respectively

NT (Q,µ) and Sext(Q, ℓ−µ+2), the bound (5.4) and the first bound in (5.3). Note

that it always holds that CNT < CNH .

The following lemma adapts the result of Lemma 12 in Ref. 18 to the hierarchical

multi-patch configuration here considered.

Lemma 5.1. Let Q be an admissible mesh of class µ ≥ 2 satisfying the assump-

tions on Theorem 5.1, Q′ ∈ Q, and Q∗ = REFINE(Q, {Q′}, µ) the mesh given by

Algorithm 2 when marking only Q′. Then, for any element Q ∈ Q∗ \Q it holds that

dist(Q,Q′) ≤ 2−ℓ(Q)+1Cdist, with Cdist =
CNχ

+ CN

1− 21−µ
,

where CN = CNT and CN = CNH for T - and H-admissible meshes, respectively.

Proof. Let us assume that Q and Q∗ are obtained by T -admissible refinement, the

case of H-admissible refinement is proved analogously. Since Q is activated from

applying Algorithm 2, there exists a sequence of elements Q′ = QJ , QJ−1, . . . , Q0,

such that Q is a child of Q0, and for each j = 1, . . . , J either

Qj−1 ∈ NT (Qj , µ) or Qj−1 ∈ Nχ(Qj),

and moreover two markings of the second type, i.e., due to the vertex-patch neigh-

borhood, do not appear consecutively. In the first case we have

dist(Qj , Qj−1) ≤ 2−ℓ(Qj)CNT and ℓ(Qj−1) = ℓ(Qj)− µ+ 1, (5.5)

while the second case gives

dist(Qj , Qj−1) ≤ 2−ℓ(Qj)CNχ
and ℓ(Qj−1) = ℓ(Qj).

From the triangular inequality for the distance, it holds that

dist(Q,Q′) ≤ dist(Q,Q0) + dist(Q0, Q
′) ≤ dist(Q,Q0) +

J∑
j=1

dist(Qj , Qj−1),
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and since Q is a child of Q0 obtained by dyadic refinement, from the definition of

the distance the first term satisfies dist(Q,Q0) = 2−ℓ(Q).

For the sum, we know that two markings from the vertex-patch neighborhood

do not appear consecutively, thus we can put ourselves in the worst case scenario,

where the two types of marking alternate at every step. For simplicity, we can

assume that J is even and, without loss of generality, that we mark the admissibility

neighborhood at odd steps, and the vertex-patch neighborhood at even steps. We

then have

ℓ(Qj) =

{
ℓ(Q0) + (µ− 1) (j + 1)/2 if j is odd,

ℓ(Q0) + (µ− 1) j/2 if j is even,

from what we obtain

J∑
j=1

dist(Qj , Qj−1) =

J/2∑
k=1

(dist(Q2k, Q2k−1) + dist(Q2k−1, Q2k−2))

≤
J/2∑
k=1

(
2−ℓ(Q2k)CNχ

+ 2−ℓ(Q2k−1)CNT

)
=

J/2∑
k=1

2−ℓ(Q0)−k(µ−1)(CNχ
+ CNT )

< 2−ℓ(Q0)(CNχ
+ CNT )

∞∑
k=0

2−k(µ−1) =
2−ℓ(Q)+1

1− 21−µ
(CNχ

+ CNT ),

where in the last step we have used that Q is a child of Q0, and the same arguments

as in Ref. 18. The proof for the H-admissible case is analogous, replacing the NT
neighborhood by the NH neighborhood, and the constant CNT by CNH in (5.5).

The following theorem states the linear complexity of the refinement algorithm,

and generalizes the single-patch complexity estimates from Theorem 13 in Ref. 18

to the multi-patch case, see also Theorem 2.4 in Ref. 7 and Theorem 3.2 in Ref. 55.

Theorem 5.3. Let Q0 = G0 and µ ≥ 2, and let Q0,Q1, . . . ,QJ the sequence of

admissible meshes generated from the call to Algorithm 2, namely

Qj = REFINE(Qj−1,Mj−1, µ), Mj−1 ⊆ Qj−1 for j ∈ {1, . . . , J}.

Then, there exists a positive constant Λ such that #QJ − #Q0 ≤ Λ
∑J−1
j=0 #Mj,

which depends on p, r, µ, the maximum valence ν and the admissibility type.

Proof. The proof is completely analogous to the one in Theorem 13 of Ref. 18,

using the new estimate introduced in Lemma 5.1 in place of Lemma 12 from Ref. 18.

The only difference is in the bound of the number of elements in the set

B(Q′, j) = {Q ∈ Gj : dist(Q,Q′) < 21−jCdist},

the set of elements of level 0 ≤ j ≤ ℓ(Q′) + 1 with distance to Q′ ∈ Q smaller than

21−jCdist. A bound independent on Q′ and j is easily proved by relating B(Q′, j)

to a region Πs(Q′), with s depending on Cdist, and from the boundedness of the

number of elements contained in Πs(Q′).
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6. Numerical tests

This section contains some numerical tests showing the application of the hierarchi-

cal C1 spaces to adaptive isogeometric methods. In the examples, we consider both

the Poisson problem and the biharmonic problem, where the adaptive refinement is

driven by an a posteriori error estimator. The implementation is done based on the

algorithms for hierarchical splines from Ref. 26, using the representation in terms

of B-splines in Section 3.3 and the refinement mask in Section 5.2 for the evaluation

and truncation of basis functions. For building the geometry parameterizations in

Examples 6.1 and 6.2 we follow the same approach as in Ref. 24, creating first an

analysis-suitable G1 geometry as a template, and then refitting it into a pullback

of A2.

Our code is written in Matlab and is an extension of the one for the two-

patch case from Ref. 11, to which we refer for the details. The most important

differences come from the need for local re-parameterizations, as already mentioned

in Remark 3.1. These can be easily computed by arranging the control points in a

two-dimensional array and applying simple changes in the directions of the arrayb,

and the same kind of arrangement should be applied to the indices of B-spline

functions when computing the coefficients in Sections 3.3 and 5.2. Moreover, since

every edge is attached to two vertices, the orientation of the edge in the vertex

configuration may differ with respect to the one used for the definition of edge

basis functions, in the sense that the relative position of two adjacent patches will

change. In this case it is necessary, first, to correctly identify the five “extended”

edge functions which are close to the vertex to compute the restricted matrices

Êim,1 and Êim+1,0 in Section 3.3, and second to take into account the sign change

in the gluing data and the vectors d(i)(ξ) and t(i)(ξ) defined in Section 3.1.3, which

also influences the sign of the last two columns of matrices Ki,m and Ki,m+1.

6.1. Poisson problem

In the first two examples we consider the Poisson problem{
−∆u = f in Ω,

u = g on ∂Ω,

which we solve by an adaptive isogeometric method, see, e.g., Ref. 10. More precisely,

we solve the problem in its variational formulation imposing the Dirichlet bound-

ary condition by Nitsche’s method. Imposing the boundary condition strongly is

cumbersome, but still possible, because the restriction of the C1 basis functions to

the boundary is linearly dependent. Let us denote Wh = span{HA}, we determine

bIn Matlab, one can use the commands fliplr, flipud and transpose, or just consecutive uses
of rot90 if the Jacobian is assumed to be positive.
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uh ∈ Wh such that for all vh ∈ Wh∫
Ω

∇uh · ∇vh −
∫
ΓD

∂uh
∂n

vh −
∫
ΓD

uh
∂vh
∂n

+

∫
ΓD

γ

hQ
uhvh

=

∫
Ω

fvh −
∫
ΓD

g
∂vh
∂n

+

∫
ΓD

γ

hQ
gvh,

where hQ is the local element size, and γ = 10(p + 1), with p being the degree, is

the penalization parameter. The error estimate is computed with the residual-based

estimator

ε2(uh) =
∑
Q∈Q

ε2Q(uh), with ε2Q(uh) = h2Q

∫
Q

|f +∆uh|2.

The marking of the elements at each iteration is done using Dörfler’s strategy. In

the refinement step we apply Algorithm 2, and therefore we refine dyadically the

marked elements, plus the ones necessary to guarantee linear independence and

admissibility.

For both examples we report the results for degrees p = 3, 4 and 5, with reg-

ularity r = p − 2 and C1 smoothness across the interfaces. We test the methods

obtained by employing both the non-truncated and the truncated basis, and the

refinement providing admissibility of class µ = 2, 3. The goal is to show that using

the C1 space basis does not spoil the properties of the local refinement, and in

particular the advantage over uniform refinement.

Example 6.1. For the first numerical example we consider the three-patch domain

shown in Fig. 8(a) which has been constructed in Ref. 40 and possesses an analysis-

suitable G1 multi-patch parameterization. We study the Poisson problem with exact

solution

u(x) = ∥x−P∥
4
3 ,

which is characterized by a singularity at the point P = (17/3, 2), coinciding with

the interior vertex of the geometry, see Fig. 8(b).

The starting coarse mesh has 4×4 elements on each patch, and we use Dörfler’s

parameter equal to 0.80 for marking the elements. We run the adaptive method

until the hierarchical space reaches twelve levels. The behavior of the error in H1

semi-norm with respect to the number of degrees of freedom (NDOF) is presented in

Fig. 9, where it is evident the advantage of using local refinement over the uniform

one, regardless of the chosen basis and of the admissibility class. For higher degrees,

the refinement for the truncated basis tends to give smaller errors, but in all cases

the optimal convergence rate is achieved.

In Fig. 10 we show the meshes obtained for degree p = 5 and admissibility class

µ = 2 after reaching six levels. As already observed in Ref. 10 for THB-splines,

the refinement based on the truncated basis is more local than the one for the

hierarchical basis. The figure also shows how marking elements adjacent to the
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(a) Domain of Example 6.1. (b) Exact solution of Example 6.1.

(c) Domain of Example 6.2. (d) Exact solution of Example 6.2.

Fig. 8. Domains and exact solutions of Example 6.1 (top) and Example 6.2 (bottom).

vertex extends the refinement to the elements in the vertex-patch neighborhood,

but this does not affect the convergence rates.

Example 6.2. In the second example, we consider the six-patch domain shown

in Fig. 8(c) with an analysis-suitable G1 multi-patch parameterization, which is a

refitting of the geometry from Example 2 in Ref. 38 into a pullback of A2, and the

data of the problem are chosen such that the exact solution is

u(x, y) = (y − x)
7
3 e−(y−x)2 .

This solution has a singularity along the straight line y = x crossing the whole do-

main: in the middle part it coincides with two interfaces, while at the two endpoints

it crosses two patches, see Fig. 8(d). Moreover, next to the singularity line there

are two other smooth but quite sharp ridges, which also require local refinement.

In this example the initial mesh has 6 × 6 elements on each patch, and we run

the adaptive method with Dörfler’s parameter equal to 0.80 until the dimension

of the hierarchical space exceeds 8 · 104. The example of the hierarchical mesh in
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(a) Degree 3. (b) Degree 4.

(c) Degree 5.

Fig. 9. Example 6.1 (Poisson problem on a three-patch domain): convergence plots for degrees 3,

4 and 5 with admissibility µ = 2, 3 in the refinement.

Fig. 11(a) indicates that the refinement is indeed localized around the singularity.

In Fig. 11(b) we compare the convergence results obtained for uniform refinement

and for the adaptive method with T -admissible meshes and µ = 3, which show

that adaptive refinement gives a clear advantage over uniform meshes. However,

the optimal convergence rate is not achieved, because the edge singularity would

require to refine in an anisotropic fashion. Since the solution belongs to H17/6−ϵ(Ω)

for any ϵ > 0, using the same heuristic arguments as in Section 6.1.6 of Ref. 15

(see also references therein), the expected convergence rate for isotropic meshes is

min{p/2, 11/6}, where 11/6 doubles the one obtained for uniform refinement.
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(a) Non-truncated, µ = 2, 3723 NDOF. (b) Truncated, µ = 2, 2049 NDOF.

Fig. 10. Example 6.1: six-level meshes obtained for degree 5.

(a) Mesh for p = 4, 80961 NDOF. (b) Convergence plots with degrees 3, 4 and 5.

Fig. 11. Example 6.2: a hierarchical mesh, and convergence for T -admissible meshes with µ = 3.

6.2. Biharmonic problem

For the final numerical test, we consider the biharmonic problem


∆2u = f in Ω,

u = g1 on ∂Ω,
∂u

∂n
= g2 on ∂Ω.
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In order to solve the direct formulation of this problem with a Galerkin method,

we need to use a discretization space of C1 functions, and therefore in this case the

C1 hierarchical basis is a natural choice to define an adaptive isogeometric method.

Let us denote Wh = span{HA} and W0,h = Wh ∩ H2
0 (Ω). The problem is to find

u0,h ∈ W0,h such that for all vh ∈ W0,h it holds that∫
Ω

∆u0,h∆vh =

∫
Ω

fvh −
∫
Ω

∆ub,h∆vh,

where ub,h ∈ Wh is a discrete function that satisfies the boundary conditions, and

we solve it with an adaptive isogeometric method. To avoid the computation of

third and fourth order derivatives that would appear when using Nitsche’s method,

the boundary conditions are imposed strongly through a projection into the space

generated by boundary functions. For the same reason, instead of the residual error

estimator we use the estimator presented in Ref. 1, which follows the original idea of

Ref. 4, by enriching the space with C1 bubble functions of degree p+1, and support

on one single element. In particular, if we define the space of bubble functions Bh,
and define our solution as uh = u0,h + ub,h, we compute an estimator of the error

as the unique function eh ∈ Bh such that for all bh ∈ Bh it holds∫
Ω

∆eh∆bh =

∫
Ω

fbh −
∫
Ω

∆uh∆bh,

and an estimate of the error on each element Q ∈ Q is given by computing the

energy norm ∥eh∥E(Q).

Example 6.3. For the last numerical test we solve the biharmonic problem in the

L-shaped domain composed of eight bilinearly parameterized patches as depicted

in Fig. 12(a), with exact solution, in polar coordinates (ρ, θ), given by

u(ρ, θ) = ρz+1(C1 F1(θ)− C2 F2(θ)),

where

C1 =
1

z − 1
sin

(
3(z − 1)π

2

)
− 1

z − 1
sin

(
3(z + 1)π

2

)
,

C2 = cos

(
3(z − 1)π

2

)
− cos

(
3(z + 1)π

2

)
,

F1(θ) = cos((z − 1)θ)− cos((z + 1)θ),

F2(θ) =
1

z − 1
sin((z − 1)θ)− 1

z + 1
sin((z + 1)θ).

and z = 0.544483736782464, that is, the smallest positive solution of

sin(zω) + z sin(ω) = 0,

with ω = 3π/2 for the L-shaped domain, see Section 3.4 in Ref. 31. It is well known

that this solution has a singularity at the re-entrant corner. We present the results

for degrees p = 3, 4, 5, with regularity r = p − 2, obtained by employing both the
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(a) Domain of Example 6.3 (b) Exact solution of Example 6.3

Fig. 12. Domain and exact solution of Example 6.3.

non-truncated and the truncated basis, with admissibility of class µ = 3, and Dörfler

parameter equal to 0.80.

In the test the initial mesh has 4 × 4 elements on each patch, and we run the

adaptive method until the hierarchical space reaches twelve levels. In Fig. 13, where

we plot the obtained errors in the H2 semi-norm, the advantage of using local

refinement over the uniform one becomes clear, regardless of the employed basis. In

the plot the convergence rate appears to be slightly better than the optimal one,

which indicates that the asymptotic regime has not yet been reached, except for

degree p = 3. In Fig. 13(a) we show the hierarchical mesh obtained when solving

the problem with the truncated basis for degree p = 4 and stopping the iterations

at six levels, and we see a similar behavior as for the other examples, with some

elements refined away from the singularity but without affecting the convergence of

the method.

7. Conclusions

We developed an adaptive isogeometric method for solving PDEs over planar

analysis-suitable G1 multi-patch geometries with C1 hierarchical splines. Since the

C1 spline spaces on one level lack local linear independence, as we demonstrated

on the basis of an example, we analyzed the hierarchical spline construction under

relaxed assumptions and proved that linear independence of the set of hierarchical

splines can still be obtained.

The design of the adaptive method involved the investigation of several proper-

ties of the C1 isogeometric spline space of each level, to guarantee that the relaxed

assumptions are satisfied. This comprises its detailed characterization, the local lin-

ear independence of particular subsets of basis functions, as well as the refinement

masks between two consecutive levels of refinement. In addition, we proved key

properties of the resulting C1 hierarchical spline space and its associated basis such
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(a) Mesh for p = 4, 1081 NDOF. (b) Error for degree 3.

(c) Error for degree 4. (d) Error for degree 5.

Fig. 13. Example 6.3: a T -admissible mesh with six levels, and convergence for degrees 3, 4 and 5.

as nestedness on refined meshes and, under a mild assumption on the mesh near

the vertices, linear independence of the set of hierarchical splines that form the ba-

sis. We presented a refinement algorithm with linear complexity, which guarantees

the construction of graded hierarchical meshes that fulfill the condition for linear

independence. Finally, the potential of the adaptive scheme was demonstrated by

solving the Poisson problem as well as the biharmonic problem over different pla-

nar analysis-suitable G1 multi-patch parameterizations, where the numerical results

indicated that the C1 basis with the presented refinement algorithm improve the

convergence with respect to uniform refinement.

In future work, we plan to extend our adaptive isogeometric spline method to

the case of analysis-suitable G1 multi-patch surfaces as well as to the application

of further fourth order PDEs such as the Kirchhoff-Love shell problem.46 From

a more theoretical perspective, we plan to analyze the convergence properties of

the adaptive method, for which it is first necessary to study the approximation
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properties of the (hierarchical) C1 spline spaces.

Appendix A. Definitions for the computation of C1 basis functions

For the sake of completeness, we present in this appendix further definitions that

are necessary to define and compute the basis functions of Section 3, and therefore

also for the hierarchical basis.

A.1. Modified univariate basis functions

The modified basis functions Mr
j,p, for j = 0, 1, Mr+1

j,p , for j = 0, 1, 2, and Mr
j,p−1,

for j = 0, 1, are given by

Mr
0,p(ξ) =

1∑
j=0

Nr
j,p(ξ), Mr

1,p(ξ) =
1

p(k + 1)
Nr

1,p(ξ),

Mr+1
0,p (ξ) =

2∑
j=0

Nr+1
j,p (ξ), Mr+1

1,p (ξ) =
1

p(k + 1)

2∑
j=1

A(j)Nr+1
j,p (ξ),

Mr+1
2,p (ξ) =

B

p(p− 1)(k + 1)2
Nr+1

2,p (ξ),

with A(j) = j and B = 1 for r < p− 2, and A(j) = 2j − 1 and B = 2 for r = p− 2,

and

Mr
0,p−1(ξ) =

1∑
j=0

Nr
j,p−1(ξ), Mr

1,p−1(ξ) =
1

(p− 1)(k + 1)
Nr

1,p−1(ξ).

A.2. Computation of gluing data

For analysis-suitable G1 multi-patch parameterizations, the linear functions α(i,0)

and α(i,1) and the quadratic function β(i) are uniquely determined up to a common

function γ(i) (with γ(i)(ξ) ̸= 0) via

α(i,0)(ξ) = γ(i)(ξ) det
[
∂1F

(i0)(0, ξ) ∂2F
(i0)(0, ξ)

]
,

α(i,1)(ξ) = γ(i)(ξ) det
[
∂1F

(i1)(ξ, 0) ∂2F
(i1)(ξ, 0)

]
,

β(i)(ξ) = γ(i)(ξ) det
[
∂2F

(i1)(ξ, 0) ∂1F
(i0)(0, ξ)

]
,

and there always exist (non-unique) linear functions β(i,0) and β(i,1) such that (3.1)

holds, see Ref. 22. To uniquely determine the linear functions α(i,0), α(i,1), β(i,0)

and β(i,1) for each inner edge Σ(i), we assume that they are selected by minimizing

the terms

||α(i,0) − 1||2L2([0,1])
+ ||α(i,1) − 1||2L2([0,1])

and

||β(i,0)||2L2([0,1])
+ ||β(i,1)||2L2([0,1])

,

see Ref. 40. For each boundary edge Σ(i), i ∈ IΓ
Σ, we can simply assign trivial

functions α(i,0) ≡ 1 and β(i,0) ≡ 0.
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A.3. Functions involved in the definition of edge and vertex basis

functions

The functions appearing in the definition of edge basis functions of Section 3.2.3

are given by

f
(i,0)
(j1,0)

(ξ1, ξ2) = Nr+1
j1,p

(ξ2)M
r
0,p(ξ1)− β(i,0)(ξ2)(N

r+1
j1,p

)′(ξ2)M
r
1,p(ξ1),

f
(i,1)
(j1,0)

(ξ1, ξ2) = Nr+1
j1,p

(ξ1)M
r
0,p(ξ2)− β(i,1)(ξ1)(N

r+1
j1,p

)′(ξ1)M
r
1,p(ξ2),

(A.1)

and

f
(i,0)
(j1,1)

(ξ1, ξ2) = α(i,0)(ξ2)N
r
j1,p−1(ξ2)N

r
1,p(ξ1),

f
(i,1)
(j1,1)

(ξ1, ξ2) = −α(i,1)(ξ1)N
r
j1,p−1(ξ1)N

r
1,p(ξ2).

(A.2)

Note that the expression is greatly simplified for boundary edges, first because

only the patch i0 must be considered, and second because one can use the values

α(i,0) ≡ 1 and β(i,0) ≡ 0.

The functions g
(i,m,prec)
j and g

(i,m,next)
j , appearing in the definition of vertex

basis functions of Section 3.2.4, are respectively given by

g
(i,m,next)
j (ξ1, ξ2) =

2∑
w=0

c
(im+1)
j,w

(
Mr+1
w,p (ξ2)M

r
0,p(ξ1)− β(im+1,0)(ξ2)(M

r+1
w,p )

′(ξ2)M
r
1,p(ξ1)

)
+

1∑
w=0

d
(im+1)
j,w α(im+1,0)(ξ2)M

r
w,p−1(ξ2)M

r
1,p(ξ1),

(A.3)

g
(i,m,prec)
j (ξ1, ξ2) =

2∑
w=0

c
(im)
j,w

(
Mr+1
w,p (ξ1)M

r
0,p(ξ2)− β(im,1)(ξ1)(M

r+1
w,p )

′(ξ1)M
r
1,p(ξ2)

)
−

1∑
w=0

d
(im)
j,w α(im,1)(ξ1)M

r
w,p−1(ξ1)M

r
1,p(ξ2),

(A.4)

with the coefficients c
(k)
j,w and d

(k)
j,w, for k = im, im+1, given by

c
(k)
j,0 = δ0j1δ0j2 , c

(k)
j,1 = bδj · t(k)(0), c

(k)
j,2 = (t(k)(0))T Aδj t(k)(0) + bδj · (t(k))′(0),

d
(k)
j,0 = bδj · d(k)(0), d

(k)
j,1 = (t(k)(0))T Aδj d(k)(0) + bδj · (d(k))′(0),

and for each j ∈ Jχ we use the auxiliary matrix and vector

Aδj =

(
δ2j1δ0j2 δ1j1δ1j2
δ1j1δ1j2 δ0j1δ2j2

)
and bδj = (δ1j1δ0j2 , δ0j1δ1j2).

Denoting w = (w1, w2), the remaining function h
(i,m)
j is given by

h
(i,m)
j (ξ1, ξ2) =

1∑
w1=0

1∑
w2=0

e
(im)
j,w Mr

w1,p(ξ1)M
r
w2,p(ξ2), (A.5)
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with the coefficients e
(im)
j,w defined as

e
(im)
j,(0,0) = δj10 δ

j2
0 , e

(im)
j,(1,0) = bδj · t(im)(0), e

(im)
j,(0,1) = bδj · t(im+1)(0),

e
(im)
j,(1,1) = (t(im)(0))T Aδj t(im+1)(0) + bδj · ∂1∂2F(im)(0, 0).

Note that e
(im)
j,(0,0) = c

(im)
j,0 = c

(im+1)
j,0 , and that e

(im)
j,(1,0) = c

(im)
j,1 and e

(im)
j,(0,1) = c

(im+1)
j,1 .

A.4. Computation of matrices for representation in terms of

B-splines

By replacing the modified basis functions with their definitions from Appendix A.1

in the expressions (A.3), and putting in evidence the expression of the edge functions

in (A.1) and (A.2), we obtain the explicit representation of g
(i,m,prec)
j in terms of

B-splines:

g
(i,m,prec)
j = c

(im)
j,0

2∑
j=0

f
(im,1)
(j,0) +

c
(im)
j,1

p(k + 1)

2∑
j=1

A(j)f
(im,1)
(j,0)

+
Bc

(im)
j,2

p(p− 1)(k + 1)2
f
(im,1)
(2,0) +

d
(im)
j,0

p(k + 1)

1∑
j=0

f
(im,1)
(j,1) +

d
(im)
j,1

p(p− 1)(k + 1)2
f
(im,1)
(1,1)

= c
(im)
j,0 f

(im,1)
(0,0) +

(
c
(im)
j,0 +

A(1)c
(im)
j,1

p(k + 1)

)
f
(im,1)
(1,0)

+

(
c
(im)
j,0 +

A(2)c
(im)
j,1

p(k + 1)
+

Bc
(im)
j,2

p(p− 1)(k + 1)2

)
f
(im,1)
(2,0) +

d
(im)
j,0

p(k + 1)
f
(im,1)
(0,1)

+

(
d
(im)
j,0

p(k + 1)
+

d
(im)
j,1

p(p− 1)(k + 1)2

)
f
(im,1)
(1,1) .

In a completely analogous fashion, starting from (A.4) we obtain that

g
(i,m,next)
j = c

(im+1)
j,0 f

(im+1,0)
(0,0) +

(
c
(im+1)
j,0 +

A(1)c
(im+1)
j,1

p(k + 1)

)
f
(im+1,0)
(1,0)

+

(
c
(im+1)
j,0 +

A(2)c
(im+1)
j,1

p(k + 1)
+

Bc
(im+1)
j,2

p(p− 1)(k + 1)2

)
f
(im+1,0)
(2,0) +

d
(im+1)
j,0

p(k + 1)
f
(im+1,0)
(0,1)

+

(
d
(im+1)
j,0

p(k + 1)
+

d
(im+1)
j,1

p(p− 1)(k + 1)2

)
f
(im+1,0)
(1,1) .

From these expressions we get the matrices Ki,m and Ki,m+1 of Section 3.3, that

we wrote there replacing A(j) and B with their particular values for r = p− 2.

Similarly, replacing the expression of the modified univariate basis functions in
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(A.5), we have

h
(i,m)
j = e

(im)
j,(0,0)N

r
(0,0),p +

e(im)
j,(0,0) +

e
(im)
j,(1,0)

p(k + 1)

Nr
(1,0),p +

e(im)
j,(0,0) +

e
(im)
j,(0,1)

p(k + 1)

Nr
(0,1),p

+

e(im)
j,(0,0) +

e
(im)
j,(0,1)

p(k + 1)
+

e
(im)
j,(1,0)

p(k + 1)
+

e
(im)
j,(1,1)

p2(k + 1)2

Nr
(1,1),p,

from which we get, using the relations between cj and ej in Appendix A.3, the

matrix Vi,m of Section 3.3.

Acknowledgment

The authors would like to thank the anonymous reviewers for their careful reading

and their valuable comments, that helped to improve the final version of the pa-

per. M. Kapl has been partially supported by the Austrian Science Fund (FWF)

through the project P 33023-N. R. Vázquez has been partially supported by the

Swiss National Science Foundation via the project n.200021 188589 and by the

ERC AdG project CHANGE n.694515. C. Bracco and C. Giannelli acknowledge the

contribution of the National Recovery and Resilience Plan, Mission 4 Component

2 - Investment 1.4 - CN 00000013 CENTRO NAZIONALE ”HPC, BIG DATA E

QUANTUM COMPUTING”, spoke 6. These supports are gratefully acknowledged.

C. Bracco, C. Giannelli and R. Vázquez are members of the INdAM research group

GNCS. The INdAM support through GNCS and the project SUNRISE is gratefully

acknowledged. This is the accepted manuscript of the published paper 13 (DOI:

10.1142/S0218202523500434), made available only to the institutional repository of

the University of Florence - Italy.

References

1. P. Antolin, A. Buffa and L. Coradello, A hierarchical approach to the a posteriori
error estimation of isogeometric Kirchhoff plates and Kirchhoff-Love shells, Comput.
Methods Appl. Mech. Engrg. 363 (2020) 112919.

2. A. Apostolatos, M. Breitenberger, R. Wüchner and K.-U. Bletzinger, Domain decom-
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44. K. Karčiauskas and J. Peters, Refinable G1 functions on G1 free-form surfaces, Com-
put. Aided Geom. Des. 54 (2017) 61–73.

45. K. Karčiauskas and J. Peters, Refinable bi-quartics for design and analysis, Comput.-



January 24, 2025 10:5 WSPC/INSTRUCTION FILE paper˙MultiPatch-
m3as

44 C. Bracco, C. Giannelli, M. Kapl, R. Vázquez

Aided Des. 102 (2018) 204–214.
46. J. Kiendl, K.-U. Bletzinger, J. Linhard and R. Wüchner, Isogeometric shell analysis
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49. T. Nguyen, K. Karčiauskas and J. Peters, A comparative study of several classical,
discrete differential and isogeometric methods for solving Poisson’s equation on the
disk, Axioms 3 (2014) 280–299.
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