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THE HADWIGER THEOREM ON CONVEX FUNCTIONS, IV:

THE KLAIN APPROACH

ANDREA COLESANTI, MONIKA LUDWIG, AND FABIAN MUSSNIG

ABSTRACT. New proofs of the Hadwiger theorem for smooth and for continuous valuations on convex

functions are obtained, and the Klain–Schneider theorem on convex functions is established. In addition,

an extension theorem for valuations defined on functions with lower dimensional domains is proved, and

its connection to the Abel transform is explained.

2000 AMS subject classification: 52B45 (26B25, 49Q20, 52A41, 52A39)

1. INTRODUCTION AND STATEMENT OF RESULTS

On a space X of (extended) real-valued functions, a functional Z: X → R is called a valuation if

Z(u) + Z(v) = Z(u ∨ v) + Z(u ∧ v)

for every u, v ∈ X such that also their pointwise maximum u ∨ v and their pointwise minimum u ∧ v

belong to X . This recently introduced notion extends the classical notion of valuation on the space of

convex bodies (that is, non-empty, compact, convex sets) in R
n. On convex bodies, the paradigmatic

result on valuations is the celebrated Hadwiger theorem [19], which provides a complete classification

of continuous, translation and rotation invariant valuations on convex bodies and a characterization of

the classical intrinsic volumes. Hadwiger’s theorem leads to effortless proofs in integral geometry and

geometric probability (see [19] and [22]). It is the first culmination of the program initiated by Blaschke

to classify valuations invariant under various transformation groups and the starting point of geometric

valuation theory (see [37, Chapter 6] and see [1, 2, 5–7, 18, 20, 26–28, 31] for some recent results). The

first classification results of valuations on classical function spaces were obtained for Lp and Sobolev

spaces and on continuous and Lipschitz functions (see [16, 17, 29, 30, 40, 41]).

For valuations on convex functions, the first classification results [9, 10, 32, 33] and the first structural

results [4, 11, 24, 25] were recently obtained. In [14], the authors established the following Hadwiger

theorem for convex functions. Let

Convsc(R
n) :=

{

u : Rn → (−∞,+∞] : u 6≡ +∞, lim
|x|→+∞

u(x)

|x| = +∞, u is l.s.c. and convex
}

denote the space of proper, super-coercive, lower semicontinuous, convex functions on R
n, where | · | is

the Euclidean norm. It is equipped with the topology induced by epi-convergence (see Section 2.3 for

the definition). A functional Z: Convsc(R
n) → R is epi-translation invariant if Z(u ◦ τ−1 + α) = Z(u)

for every u ∈ Convsc(R
n), translation τ on R

n and α ∈ R. It is rotation invariant if Z(u ◦ ϑ−1) = Z(u)
for every u ∈ Convsc(R

n) and ϑ ∈ SO(n). Let n ≥ 2.

Theorem 1.1 ( [14]). A functional Z: Convsc(R
n) → R is a continuous, epi-translation and rotation

invariant valuation if and only if there exist functions ζ0 ∈ Dn
0 , . . . , ζn ∈ Dn

n such that

Z(u) =
n

∑

j=0

Vn
j,ζj

(u)

for every u ∈ Convsc(R
n).

1
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Here, the spaces Dn
j are defined for 0 ≤ j ≤ n− 1 as

Dn
j :=

{

ζ ∈ Cb((0,∞)) : lim
s→0+

sn−jζ(s) = 0, lim
s→0+

∫ ∞

s

tn−j−1ζ(t) dt exists and is finite
}

,

where Cb((0,∞)) is the set of continuous functions with bounded support on (0,∞). In addition, let

ζ ∈ Dn
n if ζ ∈ Cb((0,∞)) and lims→0+ ζ(s) exists and is finite. In this case, we set ζ(0) := lims→0+ ζ(s)

and consider ζ also as an element of Cc([0,∞)), the set of continuous functions with compact support on

[0,∞). For 0 ≤ j ≤ n and ζ ∈ Dn
j , the functionals Vn

j,ζ : Conv(Rn) → R were introduced in [14], where

it was proved that there exists a unique continuous extension to Convsc(R
n) of the functional defined by

(1.1) u 7→
∫

Rn

ζ(|∇u(x)|)
[

D2u(x)
]

n−j
dx

on Convsc(R
n) ∩ C2

+(R
n). Here, C2

+(R
n) is the class of twice continuously differentiable functions u

with positive definite Hessian D2u and
[

D2u]k is the kth elementary symmetric function of the eigen-

values of D2u for 1 ≤ k ≤ n, while [D2u]0 :≡ 1. This extension is called the jth functional intrinsic

volume Vn
j,ζ with density ζ . Explicit representations for functional intrinsic volumes were obtained

in [15] using functional Cauchy–Kubota formulas (see Theorem 5.3 below) and in [13] using a new

family of mixed Monge–Ampère measures. Note that Vn
0,ζ(u) is a constant for ζ ∈ Dn

0 , independent

of u ∈ Convsc(R
n). As in the classical Hadwiger theorem, a complete classification of continuous,

epi-translation and rotation invariant valuations is obtained and thereby a characterization of functional

intrinsic volumes.

The main aim of this paper is to give a new proof of Theorem 1.1. The proof in [14] followed

the basic outline of Hadwiger’s original proof. Klain [21] found a different approach to the classical

Hadwiger theorem, which we try to adapt to the functional case. A critical element of Klain’s proof

is his so-called volume theorem, which was extended by Schneider [36] to a complete classification of

simple, continuous and translation invariant valuations on convex bodies, where a valuation is simple if

it vanishes on lower dimensional sets. We establish the following new functional version of the Klain–

Schneider theorem.

Theorem 1.2. A functional Z: Convsc(R
n) → R is a simple, continuous, epi-translation invariant

valuation if and only if there exists a function ζ ∈ Cc(R
n) such that

Z(u) =

∫

domu

ζ(∇u(x)) dx

for every u ∈ Convsc(R
n).

Here a valuation on Convsc(R
n) is called simple if it vanishes on functions with lower dimensional

domains and the domain of u ∈ Convsc(R
n) is defined as dom u := {x ∈ R

n : u(x) < ∞}. The proof

of Theorem 1.2 is given in Section 3, where we also show that functional analogs of generalized zonoids

are dense in Convsc(R
n) (see Lemma 3.2 below).

The second critical element in Klain’s proof is an extension of valuations defined on lower dimensional

sets to valuations defined on general convex bodies. While such an extension is straightforward on

convex bodies, the dependence of functional intrinsic volumes on the classes Dn
j constitutes an obstacle

in the functional setting. In Section 4, we establish such an extension when we restrict to so-called

smooth valuations (see Section 4 for the definition) and thereby give a new proof of a result recently

established by Knoerr [23], who transferred Alesker’s notion of smooth valuation from convex bodies to

convex functions. A version of Knoerr’s result is stated next.
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Theorem 1.3 ([23]). A functional Z: Convsc(R
n) → R is a smooth, epi-translation and rotation invari-

ant valuation if and only if there exist functions ϕ0, . . . , ϕn ∈ C∞
c ([0,∞)) such that

Z(u) =
n

∑

j=0

∫

Rn

ϕj(|y|2) dΨn
j (u, y)

for every u ∈ Convsc(R
n). Moreover,

(1.2) Z(u) =

n
∑

j=0

∫

Rn

ϕj(|∇u(x)|2)
[

D2u(x)
]

n−j
dx

for every u ∈ Convsc(R
n) ∩ C2

+(R
n).

Here, Ψn
j (u, ·) are Hessian measures associated to u (see Section 2.5 for the definition). It follows from

the continuity of all functionals combined with (1.1) and (1.2) that the valuation Z in Theorem 1.3 can

be written as

Z =

n
∑

j=0

Vn
j,ζj

where ζj ∈ C∞
c ([0,∞)) is given by ζj(t):=ϕj(t

2) for t ≥ 0 and 0 ≤ j ≤ n. We remark that Theorem 1.3

can be obtained as a consequence of Theorem 1.1. However, neither Knoerr’s proof nor our new proof

of his result use Theorem 1.1.

In Section 5, we give a new proof of Theorem 1.1 that makes use of Theorem 1.3. In fact, we prove an

integral-geometric version of the Hadwiger theorem on convex functions, which was established by the

authors in [15] (see Theorem 5.4 below) and which was shown there to be equivalent to Theorem 1.1.

Functional Cauchy–Kubota formulas, which were established in [15] (see Theorem 5.3 below), are the

essential tool in this new approach and in our new proof of the Hadwiger theorem on convex functions.

In Section 6, we discuss valuations on functions with lower dimensional domains. In particular, we

address the question when a functional defined on functions with lower dimensional domains can be

extended to general convex functions and the connection of this question to the Abel transform. We

also explain why Klain’s proof of Hadwiger’s theorem cannot be transferred immediately to general

continuous valuations in the functional case.

2. PRELIMINARIES

We work in n-dimensional Euclidean space R
n, with n ≥ 1, endowed with the Euclidean norm | · |

and the usual scalar product 〈·, ·〉. We also use coordinates, x = (x1, . . . , xn), for x ∈ R
n and write

e1, . . . , en for the vectors of the standard orthonormal basis. For k ≤ n, we often identify R
k with

{x ∈ R
n : xk+1 = · · · = xn = 0}. Let Bn := {x ∈ R

n : |x| ≤ 1} be the Euclidean unit ball and S
n−1 the

unit sphere in R
n. Write κj for the j-dimensional volume of Bj and set κ0 := 1.

2.1. Convex Bodies. A basic reference on convex bodies is the book by Schneider [37]. Let Kn denote

the set of convex bodies in R
n. For K ∈ Kn, its support function hK : Rn → R is defined as

hK(y) := maxx∈K〈x, y〉.

It is a one-homogeneous and convex function that determines K. The topology on Kn is induced by the

Hausdorff distance which is defined for K,L ∈ Kn as maxy∈Sn−1 |hK(y)− hL(y)|.
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2.2. Valuations on Convex Bodies. We use [37, Chapter 6] as a general reference. The following

result is the Klain–Schneider theorem, which provides a complete classification of simple, continuous

and translation invariant valuations.

Theorem 2.1 (Klain [21], Schneider [36]). A functional Z: Kn → R is a simple, continuous, translation

invariant valuation if and only if there exist γ ∈ R and an odd continuous function σ : Sn−1 → R such

that

Z(K) = γ Vn(K) +

∫

Sn−1

σ(y) dSn−1(K, y)

for every K ∈ Kn.

Here, Sj(K, ·) is the jth area measure of K ∈ Kn (see [37, Section 2.5] for the definition).

In the proof of the functional version of the Klain–Schneider theorem (Theorem 1.2), we use the

following weaker version of the above result.

Theorem 2.2 (Klain [21]). If Z: Kn → R is a simple, continuous, translation invariant valuation, then

there exists γ ∈ R such that

Z(K) = γ Vn(K)

for every K ∈ Kn that is origin-symmetric.

Here, a convex body K ∈ Kn is called origin-symmetric if K = −K and −K := {−x : x ∈ K} is the

reflection of K at the origin.

Let Val(Rn) denote the space of continuous, translation invariant valuations on Kn. With the norm

‖Z ‖ := sup{|Z(K)| : K ∈ Kn, K ⊆ Bn},
the space Val(Rn) is a Banach space. A natural representation of GL(n) on Val(Rn) is defined by

ϑ 7→ Z ◦ϑ−1.

A valuation Z ∈ Val(Rn) is smooth if the mapping ϑ 7→ Z ◦ϑ−1 from GL(n) into the Banach space

Val(Rn) is infinitely differentiable. The subspace Valsm(Rn) of smooth valuations is dense in Val(Rn).
Note that for a linear subspace E of Rn, the restriction of a smooth valuation Z: Kn → R to convex

bodies in E is again smooth.

Alesker [3] showed that valuations from Valsm(Rn) are those which can be represented as integrals of

smooth differential forms on the so-called normal cycle. Combined with a result by Zähle [43] on the

representation of generalized curvature measures by differential forms, we obtain the following state-

ment: For ξ ∈ C(Sn−1) and 1 ≤ j ≤ n− 1, the valuation Z: Kn → R, defined by

(2.1) Z(K) :=

∫

Sn−1

ξ(y) dSj(K, y),

is smooth if and only if ξ ∈ C∞(Sn−1). Here, we also used that if the integral in (2.1) vanishes for a

given ξ ∈ C(Sn−1) for all K ∈ Kn, then ξ is linear (and hence smooth) by [42, Theorem 3.5].

2.3. Convex Functions. We collect some basic results and properties of convex functions. For standard

references on this subject, we refer to the books by Rockafellar [34] and Rockafellar & Wets [35].

Let Conv(Rn) be the set of proper, lower semicontinuous, convex functions u : Rn → (−∞,∞].
Every function u ∈ Conv(Rn) is uniquely determined by its epi-graph

epi u := {(x, t) ∈ R
n × R : u(x) ≤ t}

which is a closed, convex subset of Rn+1. For t ∈ R, we write

{u ≤ t} := {x ∈ R
n : u(x) ≤ t}

for its sublevel sets, which are closed, convex subsets of Rn, as u is lower semicontinuous.
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The standard topology on Conv(Rn) and its subsets is induced by epi-convergence. A sequence of

functions uk ∈ Conv(Rn) is epi-convergent to u ∈ Conv(Rn) if for every x ∈ R
n:

(i) u(x) ≤ lim infk→∞ uk(xk) for every sequence xk ∈ R
n that converges to x;

(ii) u(x) = limk→∞ uk(xk) for at least one sequence xk ∈ R
n that converges to x.

Note that the limit of an epi-convergent sequence of extended real-valued functions on R
n is always

lower semicontinuous.

Let Conv(Rn;R) denote the set of finite-valued convex functions in Conv(Rn). A sequence of func-

tions vk ∈ Conv(Rn;R) is epi-convergent to v ∈ Conv(Rn;R) if and only if vk converges pointwise to

v, which by convexity is equivalent to uniform convergence on compact sets.

For u ∈ Conv(Rn), we denote by u∗ ∈ Conv(Rn) its Legendre–Fenchel transform or convex conju-

gate, which is defined by

u∗(y) := supx∈Rn

(

〈x, y〉 − u(x)
)

for y ∈ R
n. Since u is lower semicontinuous, u∗∗ = u. Moreover, u ∈ Convsc(R

n) if and only if

u∗ ∈ Conv(Rn;R) and u ∈ Convsc(R
n) ∩ C2

+(R
n) if and only if u∗ ∈ Convsc(R

n) ∩ C2
+(R

n). In

addition, a sequence of functions uk ∈ Conv(Rn) is epi-convergent to u ∈ Conv(Rn) if and only if u∗
k is

epi-convergent to u∗.

Let G(n, k) be the Grassmannian of k-dimensional subspaces in R
n, where 0 ≤ k ≤ n. For a

subspace E ∈ G(n, k), let Convsc(E) denote the set of functions u : E → (−∞,∞] that are proper,

lower semicontinuous, super-coercive, and convex. We identify Convsc(E) with the space

{u ∈ Convsc(R
n) : dom u ⊆ E},

which gives a continuous embedding of Convsc(E) into Convsc(R
n). For E ∈ G(n, k) and a function

u ∈ Convsc(R
n), we define the projection function projE u : E → (−∞,∞] by

projE u(xE) := minz∈E⊥ u(xE + z)

where xE ∈ E and E⊥ is the orthogonal complement of E. Since minz∈E⊥ u(xE + z) ≤ t if and only if

there exists z ∈ E⊥ such that u(xE + z) ≤ t, we have

(2.2) {projE u ≤ t} = projE{u ≤ t}
for every t ∈ R, where projE on the right side of (2.2) denotes the usual orthogonal projection of sets

onto E. In addition, epi(projE u) = projE×R
(epi u). In particular, it is clear that projE u ∈ Convsc(E).

If u ∈ Convsc(E) is differentiable, then ∇E u denotes the gradient of u taken with respect to the ambient

space E.

For u ∈ Conv(Rn), the subdifferential of u at x ∈ R
n is defined by

∂u(x) := {y ∈ R
n : u(z) ≥ u(x) + 〈y, z − x〉 for z ∈ R

n}.
If u is differentiable at x, then ∂u(x) = {∇u(x)}. Note that a convex function is differentiable almost

everywhere on the interior of its domain. For x, y ∈ R
n, we have y ∈ ∂u(x) if and only if x ∈ ∂u∗(y).

Lemma 2.3 ([15], Lemma 3.1). Let E ⊆ R
n be a linear subspace and u ∈ Convsc(R

n). If xE , yE ∈ E

are such that yE ∈ ∂ projE u(xE), then for every x ∈ R
n such that projE u(xE) = u(x) we also have

yE ∈ ∂u(x). In particular, such x ∈ R
n exist and projE x = xE .

For two functions u1, u2 ∈ Convsc(R
n) we denote by u1 � u2 ∈ Convsc(R

n) their epi-sum or infimal

convolution which is defined as

(u1 � u2)(x) := infx1+x2=x u1(x1) + u2(x2)

for x ∈ R
n. Note that

epi(u1 � u2) = epi u1 + epi u2,
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where Minkowski addition of subsets in R
n+1 is used on the right side. We define epi-multiplication by

λ > 0 on Convsc(R
n) in the following way. For u ∈ Convsc(R

n) and x ∈ R
n, set

λ u(x) := λ u
(x

λ

)

.

This corresponds to rescaling the epi-graph of u by the factor λ, that is, epi(λ u) = λ epi u.

2.4. The Abel Transform. For ζ ∈ Cb((0,∞)), the Abel transform of ζ is defined as

A ζ(t) :=

∫ ∞

−∞

ζ(
√
s2 + t2) ds

for t ∈ (0,∞). Using the substitution
√
s2 + t2 = t cosh(r), we may rewrite this as

(2.3) A ζ(t) = 2

∫ ∞

0

ζ(
√
s2 + t2) ds = 2t

∫ ∞

0

ζ(t cosh(r)) cosh(r) dr.

For k ≥ 1 and ζ ∈ Cb((0,∞)), let Ak ζ := (A◦ · · · ◦ A)ζ where A is applied k times. Consequently,

(2.4) Ak ζ(t) =

∫

Rk

ζ(
√

|x|2 + t2) dx

for every t > 0. The following property is well-known.

Lemma 2.4. For ζ ∈ Cb((0,∞)), we have

(2.5) A2 ζ(t) = 2π

∫ ∞

t

ζ(s)s ds

for every t > 0, and, in particular, A2 ζ ∈ C1
b ((0,∞)).

Proof. Using (2.4) and polar coordinates, we obtain

A2 ζ(t) =

∫

R2

ζ(
√

|x|2 + t2) dx = 2π

∫ ∞

0

ζ(
√
r2 + t2) r dr

for every t ∈ (0,∞), which combined with the substitution s =
√
r2 + t2 gives (2.5). It is now easy to

see that A2 ζ has continuous derivative and bounded support. �

For ζ ∈ C1
b ((0,∞)), the inverse Abel transform is given by

A−1ζ(s) = −1

π

∫ ∞

s

ζ ′(t)√
t2 − s2

dt

for s ∈ (0,∞). Using the substitution t = s cosh(r), this can be written as

A−1ζ(s) = −1

π

∫ ∞

0

ζ ′(s cosh(r)) dr.

Note that if ζ ∈ C∞
c ([0,∞)), then also A−1ζ ∈ C∞

c ([0,∞)).
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2.5. Hessian Measures. We recall the definition of two families of measures used in our results. They

are both marginals of more general Hessian measures, see [8, 12]. We remark that one of these families

of Hessian measures was introduced by Trudinger and Wang [38, 39].

For u ∈ Convsc(R
n) ∩ C2

+(R
n) and 0 ≤ j ≤ n, there exists a non-negative Borel measure Ψn

j (u, ·)
such that

(2.6)

∫

Rn

β(y) dΨn
j (u, y) =

∫

Rn

β(∇u(x))
[

D2u(x)
]

n−j
dx

for every Borel function β : Rn → [0,∞). The Hessian measures Ψn
j (u, ·), as functions of u, are

continuous (with respect to the topology induced by weak convergence of measures) and continuously

extend to Convsc(R
n). That is, if a sequence uk in Convsc(R

n) epi-converges to u ∈ Convsc(R
n), then

lim
k→+∞

∫

Rn

β(y) dΨn
j (uk, y) =

∫

Rn

β(y) dΨn
j (u, y)

for every β ∈ Cc(R
n). Since Convsc(R

n)∩C2
+(R

n) is dense in Convsc(R
n), it follows that (2.6) uniquely

determines the measure Ψn
j (u, ·). For the special case j = n, we have

(2.7)

∫

Rn

β(y) dΨn
n(u, y) =

∫

domu

β(∇u(x)) dx

for every u ∈ Convsc(R
n) and β ∈ Cc(R

n). Note that for 0 ≤ j ≤ n the map u 7→ Ψn
j (u, ·) is a valuation

on Convsc(R
n), which is continuous, epi-translation invariant and rotation covariant. Here, we say that

Ψn
j is rotation covariant if Ψn

j (u ◦ ϑ−1, B) = Ψn
j (u, ϑ

−1B) for every u ∈ Convsc(R
n), every ϑ ∈ SO(n)

and every Borel set B ⊂ R
n. So, in particular, we easily obtain the following results, where we use (2.7)

in the first lemma.

Lemma 2.5 ([12]). For ζ ∈ Cc(R
n), the functional Z: Convsc(R

n) → R, defined by

Z(u) =

∫

domu

ζ(∇u(x)) dx,

is a continuous, epi-translation invariant valuation.

Lemma 2.6 ([11], Theorem 1.2). For ζ ∈ Cc([0,∞)), the functional Z: Convsc(R
n) → R, defined by

Z(u) =

∫

Rn

ζ(|y|) dΨn
j (u, y),

is a continuous, epi-translation and rotation invariant valuation for every 0 ≤ j ≤ n.

For v ∈ Conv(Rn;R) ∩ C2
+(R

n) and 0 ≤ j ≤ n, let Φn
j (v, ·) be the non-negative Borel measure that

has the property that

(2.8)

∫

Rn

β(x) dΦn
j (v, x) =

∫

Rn

β(x)
[

D2v(x)
]

j
dx

for every Borel function β : Rn → [0,∞). By continuity the measure Φn
j (v, ·) extends to v ∈ Conv(Rn;R).

As a consequence of [12, Theorem 8.2], we have

(2.9) Ψn
j (u, ·) = Φn

j (u
∗, ·)

for every u ∈ Convsc(R
n) and 0 ≤ j ≤ n. The measure Φn

n(v, ·) is the Monge–Ampère measure of v.
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For orthogonal and complementary subspaces E and F of Rn and x ∈ R
n, we write x = (xE , xF )

with xE ∈ E and xF ∈ F . Let Conv(E;R) := {vE : E → R : vE is convex} and define Conv(F ;R)
accordingly. For vE ∈ Conv(E;R) and vF ∈ Conv(F ;R), we define vE + vF ∈ Conv(Rn;R) as

(vE + vF )(x) := vE(xE) + vF (xF )

for every x = (xE , xF ) ∈ R
n.

Lemma 2.7 ([14], Lemma 4.8). Let E and F be orthogonal and complementary subspaces of Rn such

that dimE = k with 1 ≤ k < n. If vE ∈ Conv(E;R) and vF ∈ Conv(F ;R), then

Φn
l (vE + vF , B) =

k∧l
∑

i=0∨(k+l−n)

Φk
i (vE , B ∩ E) Φn−k

l−i (vF , B ∩ F )

for every 0 ≤ l ≤ n and every Borel set B ⊆ R
n.

The next result follows from [4, Lemma 2.4]. See also (4.10) and (4.11) in [14].

Lemma 2.8. Let x̄1, . . . , x̄n ∈ R\{0} and set x̄ := (x̄1, . . . , x̄n). For v̄ ∈ Conv(Rn;R), defined as

v̄(x1, . . . , xn) :=
1

2

n
∑

i=1

|xi − x̄i|

for (x1, . . . , xn) ∈ R
n, we have Φn

n(v̄, ·) = δx̄, where δx̄ denotes the Dirac point measure concentrated

at x̄.

We require the following result on Hessian measures of functions with lower dimensional domains.

Lemma 2.9. Let 1 ≤ k < n. If u ∈ Convsc(R
n) is such that dom u ⊆ E for some affine subspace

E ⊂ R
n with dimE = k, then

(2.10)

∫

Rn

ζ(|y|2) dΨn
j (u, y) =

∫

E

∫

E⊥

ζ(|yE|2 + |yE⊥|2) dyE⊥ dΨk
j (u|E, yE)

for every 1 ≤ j ≤ k and ζ ∈ Cc([0,∞)).

Proof. By the epi-translation invariance and rotation covariance of Ψn
j , we may assume without loss of

generality that dom u ⊂ R
k. By (2.9), we have
∫

Rn

ζ(|y|2) dΨn
j (u, y) =

∫

Rn

ζ(|x|2) dΦn
j (v, x),

where v = u∗ is in Conv(Rn;R). Since domu ⊆ R
k, it follows that v(x1, . . . , xn) = w(x1, . . . , xk) with

w ∈ Conv(Rk;R) and therefore

dΦn
j (v, (x1, . . . , xn)) = dΦk

j (w, (x1, . . . , xk)) dxk+1 · · · dxn.

Thus, it follows from (2.9) that
∫

Rn

ζ(|y|2) dΨn
j (u, y) =

∫

Rk

∫

Rn−k

ζ(|xE|2+|z|2) dz dΦk
j (w, xE) =

∫

Rk

∫

Rn−k

ζ(|yE|2+|z|2) dz dΨk
j (u|Rk , yE)

where we used that w∗ = u|Rk , when taking the Legendre transform on R
k. �
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We remark that if we use (2.10) with ζ(t2) = ξ(t) for ξ ∈ Cc([0,∞)) and t ≥ 0, then by (2.4)

(2.11)

∫

Rn

ξ(|y|) dΨn
j (u, y) =

∫

E

An−k ξ(|yE|) dΨk
j (u|E, yE)

for every u ∈ Convsc(R
n) and 1 ≤ j ≤ k < n such that dom u ⊆ E for some affine subspace E ⊂ R

n

with dimE = k.

2.6. Valuations on Convsc(R
n). We say that a valuation Z: Convsc(R

n) → R is epi-homogeneous of

degree j if Z(λ u) = λj Z(u) for every λ > 0 and u ∈ Convsc(R
n). We recall the homogeneous

decomposition theorem on the space Convsc(R
n).

Theorem 2.10 ([11], Theorem 1). If Z: Convsc(R
n) → R is a continuous and epi-translation invariant

valuation, then there are continuous, epi-translation invariant valuations Zj : Convsc(R
n) → R for

j = 0, . . . , n that are epi-homogeneous of degree j such that Z = Z0+ · · ·+ Zn.

We say that a functional Z: Convsc(R
n) → R is epi-additive if

Z(u1 � u2) = Z(u1) + Z(u2)

for every u1, u2 ∈ Convsc(R
n). The following result is a consequence of Theorem 2.10.

Corollary 2.11 ( [11], Corollary 22). If Z: Convsc(R
n) → R is a continuous, epi-translation invariant

valuation that is epi-homogeneous of degree 1, then Z is epi-additive.

We require the following classification results for valuations which are epi-homogeneous of degree 0
and n.

Theorem 2.12 ( [11], Theorem 25). A functional Z: Convsc(R
n) → R is a continuous, epi-translation

invariant valuation that is epi-homogeneous of degree 0 if and only if Z is constant.

Theorem 2.13 ( [11], Theorem 2). A functional Z: Convsc(R
n) → R is a continuous, epi-translation

invariant valuation that is epi-homogeneous of degree n if and only if there exists ζ ∈ Cc(R
n) such that

Z(u) =

∫

domu

ζ(∇u(x)) dx

for every u ∈ Convsc(R
n).

As a simple consequence, we obtain the following result (c.f. [14, Corollary 2.5]).

Corollary 2.14. For n ≥ 2, a functional Z: Convsc(R
n) → R is a continuous, epi-translation and

rotation invariant valuation that is epi-homogeneous of degree n if and only if there exists ζ ∈ Cc([0,∞))
such that

Z(u) =

∫

domu

ζ(|∇u(x)|) dx

for every u ∈ Convsc(R
n). For n = 1, the same representation holds if we replace rotation invariance

by reflection invariance.

Here, we say that Z is reflection invariant if Z(u) = Z(u−), where u−(x) := u(−x) for x ∈ R.
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By Theorem 2.10, Theorem 2.12 and Corollary 2.14 as well as the definition of the measures Ψn
j , we

have the following characterization result for the 1-dimensional case. See also [11, Corollary 3].

Proposition 2.15. A functional Z : Convsc(R) → R is a continuous, epi-translation and reflection

invariant valuation if and only if there exist ζ0 ∈ D1
0 and ζ1 ∈ D1

1 such that

Z(u) =

∫

R

ζ0(|y|) dΨ1
0(u, y) +

∫

R

ζ1(|y|) dΨ1
1(u, y)

for every u ∈ Convsc(R).

An important property of continuous, epi-translation invariant valuations on convex functions is that

they are determined by their values on small sets of functions (cf. [10, 30]). We require the following

version of this property that easily follows from [32, Lemma 5.1]. For a convex body K ∈ Kn, we

denote by IK ∈ Convsc(R
n) its (convex) indicator function, which is defined by

IK(x) :=

{

0 for x ∈ K,

+∞ for x 6∈ K.

We denote by Pn
(0) the set of polytopes in R

n that contain the origin in their interiors. Here, a polytope is

the convex hull of finitely many points in R
n.

Lemma 2.16. Let Z1,Z2 : Convsc(R
n) → R be continuous, epi-translation invariant valuations. If

Z1(hP + IQ) = Z2(hP + IQ) for every P,Q ∈ Pn
(0), then Z1 ≡ Z2 on Convsc(R

n).

2.7. Valuations on Conv(Rn;R). For X ⊆ Conv(Rn), we associate with a valuation Z: X → R its

dual valuation Z∗ defined on X∗ := {u∗ : u ∈ X} by

Z∗(u) := Z(u∗).

It was shown in [12] that Z: X → R is a continuous valuation if and only if Z∗ : X∗ → R is a continuous

valuation. Since u ∈ Convsc(R
n) if and only if u∗ ∈ Conv(Rn;R), this allows us to transfer results

between Convsc(R
n) and Conv(Rn;R). We call a valuation Z: Conv(Rn;R) → R dually epi-translation

invariant if Z∗ is epi-translation invariant or equivalently

Z(v + ℓ+ α) = Z(v)

for every v ∈ Conv(Rn;R), linear functional ℓ : Rn → R and α ∈ R. We say that Z is homogeneous of

degree j if Z∗ is epi-homogeneous of degree j or equivalently

Z(λ v) = λj Z(v)

for every λ > 0 and v ∈ Conv(Rn;R).
The authors [14] established the Hadwiger theorem also for valuations on Conv(Rn;R) by using

duality with valuations on Convsc(R
n). For 0 ≤ j ≤ n and ζ ∈ Dn

j , define Vn,∗
j,ζ as the valuation dual to

Vn
j,ζ , that is, Vn,∗

j,ζ (v) := Vn
j,ζ(v

∗) for v ∈ Conv(Rn;R).

Theorem 2.17 ( [14], Theorem 1.5). A functional Z: Conv(Rn;R) → R is a continuous, dually epi-

translation and rotation invariant valuation if and only if there exist functions ζ0 ∈ Dn
0 , . . . , ζn ∈ Dn

n

such that

Z(v) =
n

∑

j=0

Vn,∗
j,ζj

(v)

for every v ∈ Conv(Rn;R).
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3. SIMPLE AND DUALLY SIMPLE VALUATIONS

We define analogs of zonoids and generalized zonoids for convex functions and show that generalized

functional zonoids are dense in Convsc(R
n). This result is used to classify simple, continuous, and

epi-additive functionals, and this classification result is used in the proof of Theorem 1.2.

A convex body C ∈ Kn+1 is called centrally symmetric if some translate of C is origin-symmetric.

Note that centrally symmetric convex bodies with support function of class C∞ are dense in the set of

all centrally symmetric convex bodies (see [37, Theorem 3.4.1]). A zonotope is the Minkowski sum of

finitely many line segments, and a convex body is a zonoid if it is the limit of a sequence of zonotopes.

A convex body C is a generalized zonoid if there exist zonoids W,Z ∈ Kn such that

C +W = Z.

We require the following result (see, for example, [22, Proposition 8.1.2]).

Lemma 3.1. If C ∈ Kn+1 is centrally symmetric with support function hC ∈ C∞(Sn), then C is a

generalized zonoid.

We introduce functional analogs of zonoids and generalized zonoids as follows. Let Convz(R
n) be the

class of functions u ∈ Convsc(R
n) that are the limit of a sequence uk where each uk ∈ Convsc(R

n) is

the epi-sum of finitely many functions in Convsc(R
n) with one-dimensional domains. Let Convgz(R

n)
be the class of functions u ∈ Convsc(R

n) such that there exist w, z ∈ Convz(R
n) with

u� w = z.

We prove that Convgz(R
n) is dense in Convsc(R

n).

Lemma 3.2. Let n ≥ 2. For u ∈ Convsc(R
n), there exists a sequence uk ∈ Convgz(R

n) such that uk

epi-converges to u as k → ∞.

Proof. Note that functions u with dom u = R
n are dense in Convsc(R

n). So, fix u ∈ Convsc(R
n) with

domu = R
n and consider

u+ IkBn

for k ≥ 1. Observe that this sequence is epi-convergent to u as k → ∞. Choose γk > 0 so large that

u ≤ γk on kBn and set

Kk := epi(u+ IkBn) ∩ {x ∈ R
n+1 : xn+1 ≤ γk}.

Define

Ck := Kk ∪ (−Kk + 2γken+1).

and note that Ck ∈ Kn+1 is centrally symmetric. Let Ckl ∈ Kn+1 be a sequence of centrally symmetric

convex bodies with hCkl
∈ C∞(Sn) converging to Ck as l → ∞. By Lemma 3.1, for k, l ≥ 1, there are

zonoids Wkl, Zkl ∈ Kn+1 such that

(3.1) Ckl +Wkl = Zkl.

Let ukl ∈ Convsc(R
n) be the lower envelope of Ckl, that is,

ukl(x) := sup{t ∈ R : (x, s) 6∈ Ckl for s ≤ t}
for x ∈ R

n. Note that ukl epi-converges to u + IkBn as l → ∞. Let wkl, zkl ∈ Convsc(R
n) be the lower

envelopes of Wkl and Zkl, respectively. It follows from (3.1) and the definition of epi-sum that

(3.2) ukl � wkl = zkl.

If Z ∈ Kn+1 is a zonotope, then the lower envelope of Z is the epi-sum of finitely many convex functions

with one-dimensional domains. Since Wkl and Zkl are zonoids (and hence limits of zonotopes), we obtain
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that the functions wkl, zkl ∈ Convz(R
n). It now follows from (3.2) that ukl ∈ Convgz(R

n). Hence there

is a subsequence l(k) such that uk := uk,l(k) is a sequence in Convgz(R
n) that epi-converges to u. �

We are now in the position to prove the following result.

Proposition 3.3. Let Z: Convsc(R
n) → R be continuous and epi-additive. If Z is simple and n ≥ 2,

then Z vanishes identically.

Proof. If w ∈ Convsc(R
n) is the epi-sum of finitely many functions in Convsc(R

n) with lower dimen-

sional domain, then the simplicity of Z implies that

Z(w) = 0.

Since Z is continuous, this implies that Z vanishes on Convz(R
n).

Let u ∈ Convsc(R
n). By Lemma 3.2, we can approximate u by a sequence uk ∈ Convgz(R

n), that is,

there are sequences of convex functions wk, zk ∈ Convz(R
n) such that

(3.3) uk � wk = zk

and such that uk epi-converges to u. Since Z vanishes on Convz(R
n), we obtain from (3.3) and the

epi-additivity of Z that

Z(uk � wk) = Z(uk) = 0

for k ≥ 1. Using that Z is continuous on Convsc(R
n) and that uk ∈ Convsc(R

n), we conclude that Z
vanishes identically. �

For n ≥ 2, a function u ∈ Convsc(R
n) is called an orthogonal cylinder function if it can be written as

u = uE � uF where uE, uF ∈ Convsc(R
n) are such that dom uE ⊆ E and domuF ⊆ F , where E and F

are orthogonal and complementary subspaces with dimE, dimF ≥ 1.

Proposition 3.4 ( [14], Proposition 4.6). Let Z : Convsc(R
n) → R be a continuous and epi-translation

invariant valuation. If Z vanishes on all orthogonal cylinder functions and n ≥ 2, then Z is epi-

homogeneous of degree 1.

3.1. Proof of Theorem 1.2. First, note that by Lemma 2.5, the functional Z: Convsc(R
n) → R, given

by

Z(u) :=

∫

domu

ζ(∇u(x)) dx

with ζ ∈ Cc(R
n), is a continuous, epi-translation invariant valuation, and that it is easy to see that Z is

simple.

We prove the converse statement by induction on the dimension n. For n = 1, the statement follows

from Theorem 2.10, Theorem 2.12, and Theorem 2.13. Let n ≥ 2 and assume that the statement is true

on Convsc(R
k) for 1 ≤ k ≤ n− 1.

For y ∈ R
n, set ℓy(x) := 〈x, y〉 for x ∈ R

n. By the properties of Z, it is easy to see that the map

K 7→ Z(ℓy + IK) is a simple, continuous, translation invariant valuation on Kn for every y ∈ R
n. Hence,

by Theorem 2.2, there exists ζ(y) ∈ R such that

(3.4) Z(ℓy + IK) = ζ(y) Vn(K)

for every origin-symmetric K ∈ Kn. Note that since Z is continuous, ζ depends continuously on y.
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For 1 ≤ k ≤ n − 1, let E and F be orthogonal subspaces of Rn such that Rn = E × F where

dimE = k and dimF = n − k. For x ∈ R
n, we write x = (xE , xF ) with xE ∈ E and xF ∈ F . For

uF ∈ Convsc(F ), the functional uE 7→ Z(uE � uF ) is a simple, continuous, epi-translation invariant

valuation on Convsc(E). Hence, by the induction hypothesis, there exists a function ζuF
∈ Cc(E),

depending on uF ∈ Convsc(F ), such that

(3.5) Z(uE � uF ) =

∫

domuE

ζuF
(∇E uE(xE)) dxE

for every uE ∈ Convsc(E). Setting ūE := ℓyE + IKE
with yE ∈ E and KE ⊂ E an origin-symmetric

convex body with positive k-dimensional volume, we obtain from (3.5) that

Z(ūE � uF ) = Vk(KE) ζuF
(yE).

Since uF 7→ Z(ūE � uF ) is a simple, continuous, epi-translation valuation on Convsc(F ), it follows that

also uF 7→ ζuF
(yE) for yE ∈ E has these properties. From the induction hypothesis combined with

(3.5), we therefore obtain that there exists ζE,F ∈ Cc(E × F ), depending on E and F , such that

(3.6) Z(uE � uF ) =

∫

domuE

∫

domuF

ζE,F (∇E uE(xE),∇F uF (xF )) dxF dxE

for every uE ∈ Convsc(E) and uF ∈ Convsc(F ).
Setting uE := ūE and uF := ℓyF + IKF

with yF ∈ F and KF ⊂ F an origin-symmetric convex body

with positive (n− k)-dimensional volume, we obtain from (3.6) that

Z(ℓyE+yF + IKE×KF
) = Z((ℓyE + IKE

)� (ℓyF + IKF
)) = ζE,F (yE, yF ) Vn(KE ×KF ).

On the other hand, by (3.4),

Z(ℓyE+yF + IKE×KF
) = ζ(yE + yF )Vn(KE ×KF )

and therefore

ζE,F (yE, yF ) = ζ(yE + yF )

for every yE ∈ E and yF ∈ F . It follows that ζ has compact support and that

Z(u) =

∫

domu

ζ(∇u) dx

for every u = uE � uF with uE ∈ Convsc(E) and uF ∈ Convsc(F ). Note that this representation does

not depend on the choice of k.

Define Y: Convsc(R
n) → R by

Y(u) := Z(u)−
∫

domu

ζ(∇u) dx

for u ∈ Convsc(R
n). It follows that Y is a simple, continuous, epi-translation invariant valuation that

vanishes on all orthogonal cylinder functions. Proposition 3.4 implies that Y is epi-homogeneous of

degree 1. Hence, using Corollary 2.11, we obtain that Y is epi-additive. The statement now follows from

Proposition 3.3.
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3.2. The Klain–Schneider Theorem on Conv(Rn;R). A functional Z: Conv(Rn;R) → R is dually

simple if the dual functional Z∗ : Convsc(R
n) → R is simple. Equivalently, Z is dually simple if Z(v) = 0

for every v ∈ Conv(Rn;R) such that v(xE , xE⊥) = w(xE) for some w ∈ Conv(E;R) where E ⊂ R
n

is a linear subspace with dimE < n and where we write x = (xE , xE⊥) for x ∈ R
n with xE ∈ E

and xE⊥ ∈ E⊥. This means that Z vanishes on functions v ∈ Conv(Rn;R) which depend, in a suitable

coordinate system, on less than n variables. We state the following dual version of Theorem 1.2, which

is equivalent to the primal version by (2.7) and (2.9).

Theorem 3.5. A functional Z: Conv(Rn;R) → R is a dually simple, continuous, dually epi-translation

invariant valuation if and only if there exists a function ζ ∈ Cc(R
n) such that

Z(v) =

∫

Rn

ζ(x) dΦn
n(v, x)

for every v ∈ Conv(Rn;R).

4. SMOOTH VALUATIONS

Let VConv(Rn;R) be the space of continuous and dually epi-translation invariant valuations on

Conv(Rn;R). Define T : VConv(Rn;R) → Val(Rn+1) by

(T ◦ Z)(K) := Z(hK(·,−1))

for Z ∈ VConv(Rn;R) and K ∈ Kn+1.

Note that it is easy to see that the set {hK(·,−1) : K ∈ Kn+1} is dense in Conv(Rn;R) (see [24,

Corollary 2.9] and [23, Corollary 4.3.6]). Also note that Z is homogeneous of degree j on Conv(Rn;R)
if and only if T ◦ Z is homogeneous of degree j on Kn+1, as

(T ◦ Z)(λK) = Z(hλK(·,−1)) = Z(λhK(·,−1)) = λj Z(hK(·,−1))

for λ ≥ 0 and K ∈ Kn+1.

Following [23, Proposition 7.3.4], we say that a continuous, dually epi-translation invariant valuation

Z: Conv(Rn;R) → R is smooth if

T ◦ Z ∈ Valsm(Rn+1).

Since we restrict our attention to continuous valuations, in the following all smooth valuations are as-

sumed to be also continuous. Note that for a linear subspace E, the restriction of a smooth valuation

Z: Conv(Rn;R) → R to Conv(E;R) is again smooth. A valuation Z: Convsc(R
n) → R is called smooth

if its dual valuation Z∗ : Conv(Rn;R) → R is smooth. As before, for a linear subspace E of Rn, the

restriction of a smooth valuation Z: Convsc(R
n) → R to Convsc(E) is again smooth.

We equip spaces of valuations with the topology of locally uniform convergence, which is equivalent

to the compact-open topology. For a more detailed discussion of this topology, we refer to [24, Section

6.1]. Note that for valuations Zm,Z: Convsc(R
n) → R, we have Zm → Z if and only if for the dual

valuations Z∗
m,Z

∗ : Conv(Rn;R) → R, we have Z∗
m → Z∗ (cf. [35, Corollary 11.37]).

Knoerr [23] established the following result for smooth valuations on Conv(Rn;R).

Theorem 4.1 ([23]). A functional Z: Conv(Rn;R) → R is a smooth, dually epi-translation and rotation

invariant valuation if and only if there exist functions ϕ0, . . . , ϕn ∈ C∞
c ([0,∞)) such that

Z(v) =
n

∑

j=0

∫

Rn

ϕj(|x|2) dΦn
j (v, x)

for every v ∈ Conv(Rn;R).

The version stated in the introduction, Theorem 1.3, follows by duality, (2.8), and (2.9).



THE HADWIGER THEOREM ON CONVEX FUNCTIONS, IV 15

It was shown in [25] that the set of smooth, dually epi-translation invariant valuations on Conv(Rn;R)
is dense in the set of continuous, dually epi-translation invariant valuations. We use the following dual

version of Theorem 1 and Proposition 6.6 from [25].

Lemma 4.2. If Z: Convsc(R
n) → R is a continuous, epi-translation invariant valuation that is epi-

homogeneous of degree j, then there exists a sequence of smooth, epi-translation invariant valuations

Zm : Convsc(R
n) → R, which are epi-homogeneous of degree j, that converges to Z. If Z is, in addition,

rotation invariant, then also the valuations Zm can be chosen to have this property.

We will also need the following result. Let ut(x) := t |x|+ IBn(x) for t ≥ 0 and x ∈ R
n.

Lemma 4.3. If a sequence of valuations on Convsc(R
n) converges to a valuation on Convsc(R

n), then

the sequence converges uniformly on {ut : t ∈ C} for every compact set C ⊆ [0,∞).

Proof. Since ut epi-converges to ut0 if and only if t → t0, it is easy to see that the compactness of

C implies that {ut : t ∈ C} is compact. The statement now follows since the space of valuations is

equipped with the topology of locally uniform convergence. �

Let Sn
−:= {(z′, zn+1) ∈ S

n : zn+1 < 0} be the negative half-sphere in R
n+1, where z′ := (z1, . . . , zn).

Recall that using the central projection from S
n
− to the tangent plane at −en+1, which we identify with

R
n, we have

(4.1)

∫

Rn

ξ(x) dx =

∫

Sn
−

ξ
( z′

|zn+1|
)

|zn+1|n+1 dHn(z)

for any continuous function ξ : Rn → R with compact support, where Hn denotes the n-dimensional

Hausdorff measure.

Lemma 4.4. Let ξ ∈ Cc(R
n) and 1 ≤ j ≤ n. If Z : Conv(Rn;R) → R is given by

Z(v) :=

∫

Rn

ξ(x) dΦn
j (v, x),

then

(4.2) (T ◦ Z)(K) =

∫

Sn
−

σ(z) dSj(K, z)

for every K ∈ Kn+1, where σ ∈ Cc(S
n
−) is given by

(4.3) σ(z) :=

(

n

j

)

ξ
( z′

|zn+1|
)

|zn+1|n−j+1

for z = (z′, zn+1) ∈ S
n
−.

Proof. It suffices to prove (4.2) for K ∈ Kn+1 with smooth support function. In this case, we have

(T ◦ Z)(K) = Z(hK(·,−1)) =

∫

Rn

ξ(x)
[

D2
RnhK(x,−1)

]

j
dx

where we write D2
Rn to stress that we take the Hessian of a function defined on R

n. As hK : Rn+1 → R is

homogeneous of degree 1, the (n+1)× (n+1) matrix D2hK is homogeneous of degree (−1) and D2hK

has at z ∈ R
n+1\{0} an eigenvalue 0 with corresponding eigenvector z. Let λk for k = 1, . . . , n be the

remaining eigenvalues of D2hK(z). If z = (x,−1), then the n × n matrix D2
RnhK(·,−1) has at x ∈ R

n

the eigenvalues (1 + |x|2)λk for k = 1, . . . , n. Indeed, let Q ⊂ R
n+2 be the osculating cylindrical para-

boloid of the graph of hK at (z, hK(z)), let E ⊂ R
n+2 be the hyperplane through (z, 0) that is orthogonal

to (z, 0) and F ⊂ R
n+2 the hyperplane through (z, 0) that is orthogonal to (en+1, 0). The intersection of
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Q with E is the graph of a quadratic form with eigenvalues λ1, . . . , λn and the intersection of Q with F

is the graph of a quadratic form given by D2
RnhK(x,−1). The result now follows by using the orthogonal

projection from F of E. For z = (x,−1), we now have
[

D2
RnhK(x,−1)

]

j
= |z|2j

[

D2hK(z)
]

j
.

Using the central projection and (4.1), the above equation and the homogeneity (of degree −1) of D2hK ,

we obtain

(T ◦ Z)(K) =

∫

Sn
−

ξ
( z′

|zn+1|
)[

D2
RnhK

( z′

|zn+1|
,−1

)]

j
|zn+1|n+1 dHn(z)

=

∫

Sn
−

ξ
( z′

|zn+1|
)(

1 +
|z′|2

|zn+1|2
)j [

D2hK

( z′

|zn+1|
,−1

)]

j
|zn+1|n+1 dHn(z)

=

∫

Sn
−

ξ
( z′

|zn+1|
)

[

D2hK(z)
]

j
|zn+1|n−j+1 dHn(z).

The statement now follows from the definition of the area measure Sj(K, ·) (see [37], Section 2.5). �

This result implies the following lemma.

Lemma 4.5. Let 1 ≤ j ≤ n and ξ ∈ Cc(R
n). The valuation Z: Conv(Rn;R) → R, defined by

Z(v) :=

∫

Rn

ξ(x) dΦn
j (v, x),

is smooth if and only if ξ ∈ C∞
c (Rn).

Proof. By definition, Z is smooth if and only if T ◦ Z : Kn+1 → R is smooth. By Lemma 4.4 and (2.1),

this is the case if and only if σ given in (4.3) is smooth, which is the case if and only if ξ is smooth. �

By duality, we obtain a version of the previous Lemma on Convsc(R
n).

Lemma 4.6. Let 1 ≤ j ≤ n and ξ ∈ Cc(R
n). The valuation Z: Convsc(R

n) → R, defined by

Z(u) :=

∫

Rn

ξ(x) dΨn
j (u, x),

is smooth if and only if ξ ∈ C∞
c (Rn).

The following result is a consequence of Proposition 2.15 and Lemma 4.6.

Proposition 4.7. A functional Z: Convsc(R) → R is a smooth, epi-translation and reflection invariant

valuation, if and only if there exist ϕ0, ϕ1 ∈ C∞
c ([0,∞)) such that

Z(u) =

∫

R

ϕ0(|y|2) dΨ1
0(u, y) +

∫

R

ϕ1(|y|2) dΨ1
1(u, y)

for every u ∈ Convsc(R).

The next statement follows from Theorem 1.2 and Lemma 4.6.

Proposition 4.8. A functional Z: Convsc(R
n) → R is a simple, smooth, epi-translation and rotation

invariant valuation if and only if there exists a function ϕ ∈ C∞
c ([0,∞)) such that

Z(u) =

∫

Rn

ϕ(|y|2) dΨn
n(u, y)

for every u ∈ Convsc(R
n).
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4.1. Proof of Theorem 1.3. First, note that for ϕ0, . . . , ϕn ∈ C∞
c ([0,∞)), Lemma 2.6 and Lemma 4.6

imply that the functional Z: Convsc(R
n) → R, defined by

Z(u) :=

n
∑

j=0

∫

Rn

ϕj(|y|2) dΨn
j (u, y),

is a smooth, epi-translation and rotation invariant valuation.

Conversely, let Z: Convsc(R
n) → R be a smooth, epi-translation and rotation invariant valuation. For

an (n− 1)-dimensional subspace E ⊂ R
n, the restriction of Z to Convsc(E) is a smooth, epi-translation

and rotation invariant valuation on Convsc(E). If dimE = 1, then this restriction is also reflection

invariant. By induction on the dimension, starting with Proposition 4.7, we obtain that for the restriction,

ZE , of Z to Convsc(E) and u ∈ Convsc(E),

ZE(u) =

n−1
∑

j=0

∫

E

ϕ̄j,E(|yE|2) dΨn−1
j (u, yE)

with suitable functions ϕ̄j,E ∈ C∞
c ([0,∞)). Since Z is rotation invariant, the functions ϕ̄j,E do not

depend on E. Thus there exist functions ϕ̄j ∈ C∞
c ([0,∞) such that

Z(u) =

n−1
∑

j=0

∫

E

ϕ̄j(|yE|2) dΨn−1
j (u, yE)

for every (n− 1)-dimensional subspace E ⊂ R
n and every u ∈ Convsc(E). By Lemma 2.9, (2.11) and

the properties of the inverse Abel transform, there are functions ϕj = A−1ϕ̄j ∈ C∞
c ([0,∞)) such that

(4.4) Z(u) =

n−1
∑

j=0

∫

Rn

ϕj(|y|2) dΨn
j (u, y)

for every u ∈ Convsc(R
n) such that dom u is contained in some (n − 1)-dimensional subspace of Rn.

The right side of (4.4) defines a smooth, epi-translation and rotation invariant valuation on Convsc(R
n).

Hence, the functional Zn : Convsc(R
n) → R, defined by

Zn(u) := Z(u)−
n−1
∑

j=0

∫

Rn

ϕj(|y|2) dΨn
j (u, y),

is a smooth, epi-translation and rotation invariant valuation which is moreover simple. By Proposi-

tion 4.8, there exists a function ϕn ∈ C∞
c ([0,∞)) such that

Zn(u) =

∫

Rn

ϕn(|y|2) dΨn
n(u, y)

for every u ∈ Convsc(R
n). This completes the proof of the theorem.

5. NEW PROOF OF THEOREM 1.1

We use the Cauchy–Kubota formulas for convex functions, which were recently established in [15],

to deduce the Hadwiger theorem for general valuations, Theorem 1.1, from the Hadwiger theorem for

smooth valuations, Theorem 1.3.
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Combining Lemma 3.4 from [15] and Corollary 2.14, we obtain the following result.

Lemma 5.1 ([15]). For 0 ≤ j ≤ n and α ∈ Cc([0,∞)), the functional

u 7→
∫

G(n,j)

∫

dom(projE u)

α(|∇E projE u(xE)|) dxE dE

is a continuous, epi-translation and rotation invariant valuation on Convsc(R
n).

Recall that for t ≥ 0 we define ut ∈ Convsc(R
n) as ut(x) := t|x|+ IBn(x) for x ∈ R

n.

Lemma 5.2. For α ∈ Cc([0,∞)) and 1 ≤ j ≤ n− 1,
∫

G(n,j)

∫

dom(projE ut)

α(|∇E projE ut(xE)|) dxE dE = κj α(t)

for every t ≥ 0.

Proof. By (2.2) it is easy to see that

projE ut(xE) = t|xE|+ IBj
E
(xE)

for every E ∈ G(n, j) and xE ∈ E, where B
j
E denotes the unit ball in the j-dimensional subspace E.

Thus,
∫

G(n,j)

∫

dom(projE ut)

α(|∇E projE ut(xE)|) dxE dE =

∫

G(n,j)

∫

Bj
E

α(t) dxE dE = κj α(t)

for every t ≥ 0. �

The authors established in [15] the following representation of functional intrinsic volumes.

Theorem 5.3 ([15], Theorem 1.6). Let 0 ≤ j < n. If ζ ∈ Dn
j , then

Vn
j,ζ(u) =

κn

κjκn−j

(

n

j

)
∫

G(n,j)

∫

dom(projE u)

α(|∇E projE u(xE)|) dxE dE

for every u ∈ Convsc(R
n), where α ∈ Cc([0,∞)) is given by

α(s) := κn−j

(

sn−jζ(s) + (n− j)

∫ ∞

s

tn−j−1ζ(t) dt
)

for s > 0.

Here, for j = 0, we set ∇E projE u(xE) := 0.

The following version of the Hadwiger theorem for convex functions was established in [15]. Using

Theorem 5.3 and properties of the integral transform which maps ζ to α, the authors showed in [15] that

it is equivalent to Theorem 1.1. Let n ≥ 2.

Theorem 5.4 ( [15], Theorem 1.7). A functional Z : Convsc(R
n) → R is a continuous, epi-translation

and rotation invariant valuation if and only if there exist functions α0, . . . , αn ∈ Cc([0,∞)) such that

(5.1) Z(u) =

n
∑

j=0

∫

G(n,j)

∫

dom(projE u)

αj(|∇E projE u(xE)|) dxE dE

for every u ∈ Convsc(R
n).
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5.1. New Proof of Theorem 5.4. For given α0, . . . , αn ∈ Cc([0,∞)), it follows from Lemma 5.1

that the right side of (5.1) defines a continuous, epi-translation and rotation invariant valuation on

Convsc(R
n).

Conversely, let a continuous, epi-translation and rotation invariant valuation Z: Convsc(R
n) → R be

given. By Theorem 2.10, Theorem 2.12 and Corollary 2.14, it is enough to consider the case that Z is

epi-homogeneous of degree j with 1 ≤ j ≤ n − 1. By Lemma 4.2, there exists a sequence of smooth,

epi-translation and rotation invariant valuations Zm : Convsc(R
n) → R, epi-homogeneous of degree j,

that converges to Z as m → ∞. By Theorem 1.3 and Theorem 5.3, there exists αm ∈ C∞
c ([0,∞)) such

that

Zm(u) =

∫

G(n,j)

∫

dom(projE u)

αm(|∇ projE u(xE)|) dxE dE

for every u ∈ Convsc(R
n). It follows from Lemma 5.2 that

(5.2) Zm(ut) = κj αm(t)

for every m ≥ 1 and t ≥ 0, where ut(x) = t|x|+ IBn(x) for x ∈ R
n. Define α : [0,∞) → R by

Z(ut) =: κjα(t)

for t ≥ 0. By Lemma 4.3, the sequence Zm converges uniformly to Z on {ut : t ∈ C} as m → ∞ for any

compact set C ⊂ [0,∞). Thus, also the sequence αm converges uniformly to α on any compact subset

of [0,∞), which implies that α ∈ C([0,∞)).
Next, we show that α has compact support. Assume on the contrary that there exists a sequence

tk ∈ [0,∞) such that tk → ∞ as k → ∞ and α(tk) 6= 0 for every k ≥ 1. Without loss of generality, we

may assume that α(tk) > 0 for every k ≥ 1. Define wk ∈ Convsc(R
n) as

wk(x) :=
( 1

α(tk)1/j
utk

)

(x)

for x ∈ R
n. By (5.2) and the epi-homogeneity of Zm,

Zm(wk) = κj
αm(tk)

α(tk)

for every k,m ≥ 1. Observe that

wk(x) = tk|x|+ I(1/α(tk))1/jBn(x)

for x ∈ R
n and thus wk epi-converges to I{0} as k → ∞. By the continuity of Zm, we obtain that

Zm(wk) → 0 as k → ∞ for every m ≥ 1 since Zm(I{0}) = 0. Hence,

0 = lim
m→∞

Zm(I{0}) = Z(I{0}) = lim
k→∞

Z(wk) = lim
k→∞

lim
m→∞

Zm(wk) = lim
k→∞

lim
m→∞

κj
αm(tk)

α(tk)
= κj ,

which is a contradiction. Thus, we conclude that α ∈ Cc([0,∞)).
Finally, we show that the valuation Z can be represented as in the statement of the theorem, that is,

(5.3) Z(u) =

∫

G(n,j)

∫

dom(projE u)

α(|∇E projE u(xE)|) dxE dE

for u ∈ Convsc(R
n). Lemma 5.1 implies that the right side of (5.3) defines a continuous, epi-translation

and rotation invariant valuation on Convsc(R
n). Hence, by Lemma 2.16 it suffices to show that Z and

the right side of (5.3) coincide on functions of the form hP + IQ with P,Q ∈ Pn
(0). To show this, fix

polytopes P,Q ∈ Pn
(0). Note that domprojE(hP + IQ) = projE Q for E ∈ G(n, j). Since support

functions are Lipschitz, there exists t0 ≥ 0 such that |y| ≤ t0 for every y ∈ ∂(hP + IQ)(x) for all
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x ∈ intQ, where int stands for interior. Lemma 2.3 implies that |yE| ≤ t0 for every E ∈ G(n, j) and

yE ∈ ∂ projE(hP + IQ)(xE) for all xE ∈ projE intQ. Hence

(5.4) |∇E projE(hP + IQ)(xE)| ≤ t0

for every E ∈ G(n, j) and a.e. xE ∈ projE Q. Since αm converges uniformly to α on [0, t0], it follows

from (5.4) that

lim
m→∞

∫

projE Q

αm(|∇E projE(hP + IQ)(xE)|) dxE =

∫

projE Q

α(|∇E projE(hP + IQ)(xE)|) dxE

for E ∈ G(n, j). Since αm is uniformly bounded on [0, t0], the space G(n, j) is compact and the function

E 7→ Vj(projE Q) is continuous, there is γ > 0 such that
∣

∣

∣

∫

projE Q

αm(|∇E projE(hP + IQ)(xE)|) dxE

∣

∣

∣
≤ γ max

E∈G(n,j)
Vj(projE Q)

for every E ∈ G(n, j). Hence, we may apply the dominated convergence theorem to obtain that

Z(hP + IQ) = lim
m→∞

Zm(hP + IQ)

= lim
m→∞

∫

G(n,j)

∫

projE Q

αm(|∇E projE(hP + IQ)(xE)|) dxE dE

=

∫

G(n,j)

∫

projE Q

α(|∇E projE(hP + IQ)(xE)|) dxE dE,

which concludes the proof.

6. FUNCTIONS WITH LOWER DIMENSIONAL DOMAIN AND KLAIN’S PROOF

We discuss the extension of valuations on functions with lower dimensional domain to valuations

on general functions. We show that the Abel transform plays a critical role and explain why Klain’s

approach [21] to Hadwiger’s theorem does not work in general in the functional setting.

6.1. Further Properties of the Abel Transform. The following lemma and Proposition 6.5 show that

the Abel transform, which was defined in Section 2.4, maps Dn
j to Dn−1

j .

Lemma 6.1. Let 0 ≤ j ≤ n− 2. If ζ ∈ Dn
j , then A ζ ∈ Dn−1

j .

Proof. It is easy to see that the condition ζ ∈ Cb((0,∞)) implies that also A ζ ∈ Cb((0,∞)). Since

ζ ∈ Dn
j , there exist β ≥ 0 such that

(6.1)

∣

∣

∣

∫ ∞

s

tn−j−1ζ(t) dt
∣

∣

∣
≤ β

for every s > 0 and γ := lims→0+
∫∞

s
tn−j−1ζ(t) dt exists and is finite. Using (2.3) and the substitution

z = t cosh(r), we obtain

lim
s→0+

∫ ∞

s

tn−j−2A ζ(t) dt = 2 lim
s→0+

∫ ∞

s

∫ ∞

0

tn−j−1ζ(t cosh(r)) cosh(r) dr dt

= 2 lim
s→0+

∫ ∞

0

1

coshn−j−1(r)

∫ ∞

s cosh(r)

zn−j−1ζ(z) dz dr

= 2

∫ ∞

0

γ

coshn−j−1(r)
dr
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where we have used (6.1) and the dominated convergence theorem in the last step. Using that

(6.2)

∫ ∞

0

1

coshn−j−1(r)
dr ≤

∫ ∞

0

1

cosh(r)
dr =

π

2
,

we obtain that lims→0+
∫∞

s
tn−j−2A ζ(t) dt exists and is finite. Note that for j = 0 we have thus shown

that A ζ ∈ Dn−1
0 .

Next, let 1 ≤ j ≤ n − 2 and ε > 0. Since ζ ∈ Dn
j , there exists δ > 0 such that |rn−jζ(r)| < ε for

every r ∈ (0, δ). Thus,

∣

∣

∣
sn−j

∫ acosh(δ/s)

0

cosh(r)ζ(s cosh(r)) dr
∣

∣

∣
≤

∫ acosh(δ/s)

0

∣

∣(s cosh(r))n−jζ(s cosh(r))
∣

∣

1

coshn−j−1(r)
dr

≤ ε

∫ ∞

0

1

coshn−j−1(r)
dr.

Therefore

∣

∣sn−j−1A ζ(s)
∣

∣ =
∣

∣

∣
2sn−j

∫ ∞

0

cosh(r)ζ(s cosh(r)) dr
∣

∣

∣

≤ 2ε

∫ ∞

0

1

coshn−j−1(r)
dr + 2sn−j

∫ ∞

acosh(δ/s)

cosh(r)|ζ(s cosh(r))| dr

= 2ε

∫ ∞

0

1

coshn−j−1(r)
dr + 2sn−j−1

∫ ∞

δ

∣

∣ζ(
√
s2 + t2)

∣

∣ dt.

Since ζ is continuous with bounded support and δ > 0, the last inequality implies that

lim sup
s→0+

|sn−j−1A ζ(s)| ≤ 2ε

∫ ∞

0

1

coshn−j−1(r)
dr.

Using (6.2) again, we obtain lims→0+ sn−j−1A ζ(s) = 0 and have shown that A ζ ∈ Dn−1
j . �

We will see in Proposition 6.5 that the statement from Lemma 6.1 is also true for j = n− 1.

6.2. Functions with Lower Dimensional Domains. Let Conv0(R
n;R) denote the set of functions in

Conv(Rn;R) that are of class C2 in a neighborhood of the origin. It is easy to see that Conv0(R
n;R) is

dense in Conv(Rn;R). We need the following three lemmas.

Lemma 6.2 ([14], Lemma 3.1). Let 1 ≤ j ≤ n and ζ ∈ Dn
j . If v ∈ Conv0(R

n;R), then

∫

Rn

∣

∣ζ(|x|)
∣

∣dΦn
j (v, x)

is well-defined and finite.

Lemma 6.3 ([14], Lemma 3.23). If 0 ≤ j ≤ n and ζ ∈ Dn
j , then

Vn,∗
j,ζ (v) =

∫

Rn

ζ(|x|) dΦn
j (v, x)

for every v ∈ Conv0(R
n;R).
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Lemma 6.4. Let 1 ≤ k < n and v ∈ Conv0(R
n;R). If there exists w ∈ Conv0(R

k;R) with

v(x1, . . . , xn) = w(x1, . . . , xk)

for every (x1, . . . , xn) ∈ R
n, then
∫

Rn

ζ(|x|) dΦn
j (v, x) =

∫

Rk

An−k ζ(|z|) dΦk
j (w, z)

for every 0 ≤ j ≤ k and ζ ∈ Dn
j .

Proof. By our assumptions on v and w, it follows from Lemma 2.7 that

dΦn
j (v, (x1, . . . , xn)) = dΦk

j (w, (x1, . . . , xk)) dxk+1 · · · dxn.

By Lemma 6.2 the function x 7→ ζ(|x|) is absolutely integrable with respect to dΦn
j (v, ·). Thus,

∫

Rn

ζ(|x|) dΦn
j (v, x) =

∫

Rk

∫

Rn−k

ζ(
√

|y|2 + |z|2) dz dΦk
j (w, z) =

∫

Rk

An−k ζ(|z|) dΦk
j (w, z)

by Fubini’s theorem. �

The following result describes the behavior of functional intrinsic volumes on functions with lower

dimensional domain. We require the following definition. For a given k-dimensional affine subspace

E ⊂ R
n there exist a translation τ on R

n and ϑ ∈ SO(n) such that {ϑ(τx) : x ∈ E} = R
k, where we

also consider Rk as a subspace of Rn. Note that τ and ϑ are not unique. Now for every u ∈ Convsc(R
n)

with dom u ⊆ E we have dom(u◦τ−1◦ϑ−1) ⊆ R
k. Hence, we may consider u◦τ−1◦ϑ−1 as an element

of Convsc(R
k). If Z: Convsc(R

k) → R is epi-translation and O(k) invariant, where O(k) denotes the

orthogonal group in R
k, we set

Z(u) := Z(u ◦ τ−1 ◦ ϑ−1)

for u ∈ Convsc(R
n) with domu ⊆ E. Since Z is epi-translation and O(k) invariant, this definition

does not depend on the particular choice of the translation τ and ϑ ∈ SO(n) and thus, Z is well defined

on {u ∈ Convsc(R
n) : dom u ⊆ E}. Note that it is easy to see that functional intrinsic volumes on

Convsc(R
k) are not only rotation invariant but even O(k) invariant.

Proposition 6.5. Let 1 ≤ k < n. If u ∈ Convsc(R
n) is such that dom u ⊆ E for some affine subspace

E ⊂ R
n with dimE = k, then

Vn
j,ζ(u) = Vk

j,An−k ζ
(u|E)

for every 0 ≤ j ≤ k and ζ ∈ Dn
j . In particular, An−k ζ ∈ Dk

j .

We deduce this proposition from its dual version, which is stated below, using the following facts and

definitions. If u ∈ Convsc(R
n) is such that dom u ⊆ R

k and v ∈ Conv(Rn;R) is its Legendre transform,

then there exists w ∈ Conv(Rk;R) such that v(x1, . . . , xn) = w(x1, . . . , xk) for (x1, . . . , xn) ∈ R
n.

Moreover, w∗ = u on R
k, when taking the Legendre transform on R

k. Similar as above, given an O(k)
invariant Z : Conv(Rk;R) → R and E ∈ G(n, k), we set

Z(v) := Z(v ◦ ϑ−1)

for v ∈ Conv(E;R) with a suitable ϑ ∈ SO(n).

Proposition 6.6. For 1 ≤ k < n, let E ∈ G(n, k) and write x = (xE , xE⊥) for x ∈ R
n with xE ∈ E

and xE⊥ ∈ E⊥. If v ∈ Conv(Rn;R) is such that v(xE , xE⊥) = w(xE) for some w ∈ Conv(E;R), then

Vn,∗
j,ζ (v) = Vk,∗

j,An−k ζ
(w)

for every 0 ≤ j ≤ k and ζ ∈ Dn
j . In particular, An−k ζ ∈ Dk

j .



THE HADWIGER THEOREM ON CONVEX FUNCTIONS, IV 23

Proof. Without loss of generality, we may assume that E = R
k. By Lemma 6.4 and Lemma 6.3,

we see that the statement holds if v ∈ Conv0(R
n;R) (and therefore w ∈ Conv0(R

k;R)). Since

Conv0(R
n;R) is dense in Conv(Rn;R) and Conv0(R

k;R) is dense in Conv(Rk;R) while Vn,∗
j,ζ is contin-

uous on Conv(Rn;R), it remains to show that Vk,∗

j,An−k ζ
is well-defined and continuous on Conv(Rk;R).

By Theorem 2.17, it suffices to show that An−k ζ ∈ Dk
j .

If j < k, then the statement follows from Lemma 6.1. In the remaining case j = k, we need

to show that An−k ζ ∈ Dk
k . Since ζ is continuous with bounded support, it is easy to see that also

An−k ζ is continuous with bounded support. It remains to show that lims→0+ An−k ζ(s) exists and is

finite. Let x̄1, . . . , x̄k ∈ R\{0} be such that |x̄E | = 1, where x̄E := (x̄1, . . . , x̄k). For t ≥ 0, define

wt ∈ Conv(Rk;R) as

wt(x1, . . . , xk) :=
1

2

k
∑

i=1

|xi − tx̄i|

for (x1, . . . , xk) ∈ R
k and let vt ∈ Conv(Rn;R) be such that vt(x1, . . . , xn) := wt(x1, . . . , xk) for

(x1, . . . , xn) ∈ R
n. Note that wt ∈ Conv0(R

k;R) and vt ∈ Conv0(R
n;R) if t > 0. By Lemma 6.3,

Lemma 6.4 and Lemma 2.8 we now have

Vn,∗
k,ζ(vt) =

∫

Rn

ζ(|x|) dΦn
k(vt, x) =

∫

Rk

An−k ζ(|xE|) dΦk
k(wt, xE) = An−k ζ(t)

for every t > 0. Since ζ ∈ Dn
k , the functional intrinsic volume Vn,∗

k,ζ is continuous on Conv(Rn;R), and

lim
t→0+

Vn,∗
k,ζ (vt) = Vn,∗

k,ζ (v0).

Thus, limt→0+ An−k ζ(t) exists and is finite, which completes our proof. �

6.3. On Klain’s Proof. In our proof of the Hadwiger theorem for smooth valuations, Theorem 1.3,

we adapted Klain’s approach [21] to the Hadwiger theorem. We used induction on the dimension and

extended valuations on functions with lower dimensional domains to valuations on functions with general

domains. This step required to invert the Abel transform, which is possible in the setting of smooth

valuations.

Let 1 ≤ j ≤ k and ζ ∈ Dk
j . If ζ 6∈ C1((0,∞)), then by Lemma 2.4 and Proposition 6.5 there does not

exist any ξ ∈ Dk+2
j such that

Vk+2
j,ξ (u) = Vk

j,ζ(u|Rk)

for every u ∈ Convsc(R
k+2) with dom u ⊆ R

k. More generally, if ζ ∈ Dk
j is not in the image of the Abel

transform (as map from Dk+1
j to Dk

j ), then Vk
j,ζ cannot be obtained by restricting any functional intrinsic

volume of the form Vk+l
j,ξ , with l > 0, to functions with k-dimensional domain. This also means that it is

not possible to extend Vk
j,ζ to functions defined on any higher-dimensional space.

In other words, the dimension of the ambient space matters, which is in contrast to classical intrinsic

volumes. This is also the reason why we used Klain’s approach only for smooth valuations.
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INSTITUT FÜR DISKRETE MATHEMATIK UND GEOMETRIE, TECHNISCHE UNIVERSITÄT WIEN, WIEDNER HAUPT-
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