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THE HADWIGER THEOREM ON CONVEX FUNCTIONS, IV:
THE KLAIN APPROACH

ANDREA COLESANTI, MONIKA LUDWIG, AND FABIAN MUSSNIG

ABSTRACT. New proofs of the Hadwiger theorem for smooth and for continuous valuations on convex
functions are obtained, and the Klain—Schneider theorem on convex functions is established. In addition,
an extension theorem for valuations defined on functions with lower dimensional domains is proved, and
its connection to the Abel transform is explained.

2000 AMS subject classification: 52B45 (26B25, 49Q20, 52A41, 52A39)

1. INTRODUCTION AND STATEMENT OF RESULTS

On a space X of (extended) real-valued functions, a functional Z: X — R is called a valuation if
Z(u) + Z(v) = Z(uV v) + Z(u A v)

for every u,v € X such that also their pointwise maximum « V v and their pointwise minimum u A v
belong to X. This recently introduced notion extends the classical notion of valuation on the space of
convex bodies (that is, non-empty, compact, convex sets) in R”. On convex bodies, the paradigmatic
result on valuations is the celebrated Hadwiger theorem [[19]], which provides a complete classification
of continuous, translation and rotation invariant valuations on convex bodies and a characterization of
the classical intrinsic volumes. Hadwiger’s theorem leads to effortless proofs in integral geometry and
geometric probability (see [19] and [22]]). It is the first culmination of the program initiated by Blaschke
to classify valuations invariant under various transformation groups and the starting point of geometric
valuation theory (see [37, Chapter 6] and see [1,12,5-7),118,20,26-28.131] for some recent results). The
first classification results of valuations on classical function spaces were obtained for L, and Sobolev
spaces and on continuous and Lipschitz functions (see [16,117,29,130,40.,41]).

For valuations on convex functions, the first classification results [9,/10,32,33]] and the first structural
results [4,[11,24,125] were recently obtained. In [14], the authors established the following Hadwiger
theorem for convex functions. Let

Convy (R™) := {u: R" — (—o00,400]: u # +oo,‘ ‘hrﬁ_l % = +o0,uis l.s.c. and convex}
T|—+00
denote the space of proper, super-coercive, lower semicontinuous, convex functions on R”, where | - | is
the Euclidean norm. It is equipped with the topology induced by epi-convergence (see Section for
the definition). A functional Z: Convy.(R™) — R is epi-translation invariant if Z(u o 77! + ) = Z(u)
for every u € Convg.(R"), translation 7 on R"” and o € R. It is rotation invariant if Z(u o 9™') = Z(u)
for every u € Convg.(R") and ¥ € SO(n). Letn > 2.

Theorem 1.1 ([14]). A functional Z: Convs.(R") — R is a continuous, epi-translation and rotation

invariant valuation if and only if there exist functions (o € Dy, ..., ¢, € D) such that
n
Z(u) = > Vi, ()
j=0

for every u € Convg (R™).
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Here, the spaces D7 are defined for 0 < j <n — 1 as

D} = {( € Cy((0,00)): lim s"77¢(s) =0, lim t"~I71¢(t) dt exists and is ﬁnite},
s—0F s—=01 [
where C;,((0,00)) is the set of continuous functions with bounded support on (0, c0). In addition, let
¢ e Dy if ¢ € Cyp((0,00)) and lim,_,o+ ((s) exists and is finite. In this case, we set (0) :=lim;_,o+ ((s)
and consider ¢ also as an element of C..(]0, 00)), the set of continuous functions with compact support on
[0,00). For0 < j <mand( € D?, the functionals V' .: Conv(R") — R were introduced in [14], where
it was proved that there exists a unique continuous extension to Conv.(R") of the functional defined by

(1.1) u : ((|Vu(x)|)[D2u(x)]n_y dz

on Convg.(R") N C2%(R™). Here, C2(R") is the class of twice continuously differentiable functions u
with positive definite Hessian D*u and [D2u] % 1s the kth elementary symmetric function of the eigen-
values of D?u for 1 < k < n, while [D?u]o := 1. This extension is called the jth functional intrinsic
volume V7 . with density ¢. Explicit representations for functional intrinsic volumes were obtained
in [15] using functional Cauchy—Kubota formulas (see Theorem [5.3] below) and in [13] using a new
family of mixed Monge—Ampere measures. Note that Vij .(u) is a constant for ¢ € Dy, independent
of u € Convg.(R™). As in the classical Hadwiger theorem, a complete classification of continuous,
epi-translation and rotation invariant valuations is obtained and thereby a characterization of functional
intrinsic volumes.

The main aim of this paper is to give a new proof of Theorem The proof in [14] followed
the basic outline of Hadwiger’s original proof. Klain [21]] found a different approach to the classical
Hadwiger theorem, which we try to adapt to the functional case. A critical element of Klain’s proof
is his so-called volume theorem, which was extended by Schneider [36]] to a complete classification of
simple, continuous and translation invariant valuations on convex bodies, where a valuation is simple if
it vanishes on lower dimensional sets. We establish the following new functional version of the Klain—
Schneider theorem.

Theorem 1.2. A functional 7Z: Convy.(R") — R is a simple, continuous, epi-translation invariant
valuation if and only if there exists a function ¢ € C.(R") such that

Z(u) = /d ((Vu(z))dx
for every u € Convg(R™).

Here a valuation on Convg.(R™) is called simple if it vanishes on functions with lower dimensional
domains and the domain of u € Conv.(R") is defined as dom u := {x € R": u(x) < oo}. The proof
of Theorem[1.2]is given in Section[3, where we also show that functional analogs of generalized zonoids
are dense in Conv.(R") (see Lemma 3.2l below).

The second critical element in Klain’s proof is an extension of valuations defined on lower dimensional
sets to valuations defined on general convex bodies. While such an extension is straightforward on
convex bodies, the dependence of functional intrinsic volumes on the classes D’ constitutes an obstacle
in the functional setting. In Section 4, we establish such an extension when we restrict to so-called
smooth valuations (see Section @ for the definition) and thereby give a new proof of a result recently
established by Knoerr [23]], who transferred Alesker’s notion of smooth valuation from convex bodies to
convex functions. A version of Knoerr’s result is stated next.
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Theorem 1.3 ([23]]). A functional Z: Convs.(R") — R is a smooth, epi-translation and rotation invari-
ant valuation if and only if there exist functions py, . . ., @, € C>([0,00)) such that

2w =Y [ o))

for every u € Convy.(R™). Moreover,

n

(12) 20 =Y [ ei(Vu@P) [Dulz)], ds

7=0
for every u € Convg(R™) N C%(R™).

Here, W% (u, -) are Hessian measures associated to u (see Section 2.5/ for the definition). It follows from
the continuity of all functionals combined with (I.I)) and (I.2) that the valuation Z in Theorem can

be written as
n
o n
Z= Z Vj7Cj
=0

where (; € C2°([0, 00)) is given by (;(t):=;(t?) fort > 0and 0 < j < n. We remark that Theorem[T.3]
can be obtained as a consequence of Theorem [[.1l However, neither Knoerr’s proof nor our new proof
of his result use Theorem [L.1l

In Section[3] we give a new proof of Theorem [I.1lthat makes use of Theorem[I.3] In fact, we prove an
integral-geometric version of the Hadwiger theorem on convex functions, which was established by the
authors in [15] (see Theorem below) and which was shown there to be equivalent to Theorem
Functional Cauchy—Kubota formulas, which were established in [15] (see Theorem [5.3] below), are the
essential tool in this new approach and in our new proof of the Hadwiger theorem on convex functions.

In Section [6] we discuss valuations on functions with lower dimensional domains. In particular, we
address the question when a functional defined on functions with lower dimensional domains can be
extended to general convex functions and the connection of this question to the Abel transform. We
also explain why Klain’s proof of Hadwiger’s theorem cannot be transferred immediately to general
continuous valuations in the functional case.

2. PRELIMINARIES

We work in n-dimensional Euclidean space R”, with n > 1, endowed with the Euclidean norm | - |
and the usual scalar product (-, -). We also use coordinates, z = (x1,...,%,), for x € R™ and write
ey, ..., e, for the vectors of the standard orthonormal basis. For £ < n, we often identify R* with
{r eR": x4y =---=uz, =0}. Let B":={z € R": |z| < 1} be the Euclidean unit ball and S"~' the
unit sphere in R™. Write «; for the j-dimensional volume of B’ and set rq := 1.

2.1. Convex Bodies. A basic reference on convex bodies is the book by Schneider [37]]. Let K™ denote
the set of convex bodies in R". For K € K", its support function hi : R™ — R is defined as

hi(y) = maxeex (2, ).

It is a one-homogeneous and convex function that determines /. The topology on K" is induced by the
Hausdorff distance which is defined for K, L € K™ as maxyesn-1 |hi (y) — hi(y)|.
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2.2. Valuations on Convex Bodies. We use [37, Chapter 6] as a general reference. The following
result is the Klain—Schneider theorem, which provides a complete classification of simple, continuous
and translation invariant valuations.

Theorem 2.1 (Klain [21], Schneider [36]). A functional Z.: K™ — R is a simple, continuous, translation
invariant valuation if and only if there exist v € R and an odd continuous function o: S*' — R such
that
2K) =y VlE) + [ o(0)dS,a(K.)
Snfl

for every K € K.
Here, S;(K, -) is the jth area measure of K € K™ (see [37, Section 2.5] for the definition).

In the proof of the functional version of the Klain—Schneider theorem (Theorem , we use the
following weaker version of the above result.

Theorem 2.2 (Klain [21]). If Z: K" — R is a simple, continuous, translation invariant valuation, then
there exists v € R such that

Z(K) =7 Vu(K)
for every K € K" that is origin-symmetric.

Here, a convex body K € K" is called origin-symmetric if K = —K and —K := {—z: x € K} is the
reflection of K at the origin.
Let Val(R™) denote the space of continuous, translation invariant valuations on K. With the norm

|2 = sup{| Z(K)|: K € K", K C B},
the space Val(R™) is a Banach space. A natural representation of GL(n) on Val(R") is defined by
9 Zo !,

A valuation Z € Val(R") is smooth if the mapping ¥ — ZoU¥~! from GL(n) into the Banach space
Val(R") is infinitely differentiable. The subspace Val*™(R™) of smooth valuations is dense in Val(R").
Note that for a linear subspace E of R”, the restriction of a smooth valuation Z: K" — R to convex
bodies in £ is again smooth.

Alesker [3] showed that valuations from Val®™(R™) are those which can be represented as integrals of
smooth differential forms on the so-called normal cycle. Combined with a result by Zihle [43] on the

representation of generalized curvature measures by differential forms, we obtain the following state-
ment: For § € C(S"1)and 1 < j < n — 1, the valuation Z: K" — R, defined by

e 2K) = [ el)asi(i,y)
Sn—

is smooth if and only if £ € C°>°(S"~!). Here, we also used that if the integral in vanishes for a

given £ € C(S"7 1) for all K € K™, then £ is linear (and hence smooth) by [42, Theorem 3.5].

2.3. Convex Functions. We collect some basic results and properties of convex functions. For standard
references on this subject, we refer to the books by Rockafellar [34] and Rockafellar & Wets [35]].

Let Conv(R™) be the set of proper, lower semicontinuous, convex functions u: R" — (—o00,o0].
Every function u € Conv(R™) is uniquely determined by its epi-graph

epiu = {(z,t) € R" x R: u(z) <t}
which is a closed, convex subset of R"t!. For t € R, we write
{u <t} ={reR": ux) <t}

for its sublevel sets, which are closed, convex subsets of R", as u is lower semicontinuous.
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The standard topology on Conv(R™) and its subsets is induced by epi-convergence. A sequence of

functions u;, € Conv(R™) is epi-convergent to u € Conv(R") if for every x € R™:

(i) u(x) <liminfy_,. ug(zy) for every sequence z; € R™ that converges to z;

(i1) u(x) = limy_, o ug(xy) for at least one sequence x;, € R™ that converges to .
Note that the limit of an epi-convergent sequence of extended real-valued functions on R" is always
lower semicontinuous.

Let Conv(R"; R) denote the set of finite-valued convex functions in Conv(R™). A sequence of func-
tions v, € Conv(R";R) is epi-convergent to v € Conv(R™;R) if and only if v;, converges pointwise to
v, which by convexity is equivalent to uniform convergence on compact sets.

For v € Conv(R"), we denote by u* € Conv(R") its Legendre—Fenchel transform or convex conju-
gate, which is defined by

u*(y) = supyern ({2,y) — u(z))
for y € R"™. Since u is lower semicontinuous, ©** = u. Moreover, u € Conv.(R") if and only if
u* € Conv(R™;R) and u € Convy.(R™) N CE(R") if and only if u* € Convy(R™) N CE(R"). In
addition, a sequence of functions u;, € Conv(R") is epi-convergent to u € Conv(R") if and only if ] is
epi-convergent to u*.

Let G(n, k) be the Grassmannian of k-dimensional subspaces in R"”, where 0 < k& < n. For a
subspace £ € G(n, k), let Convy.(E) denote the set of functions u: E — (—o0o, o] that are proper,
lower semicontinuous, super-coercive, and convex. We identify Conv.(F) with the space

{u € Convg.(R"): domu C E},
which gives a continuous embedding of Conv.(F) into Convy.(R™). For £ € G(n, k) and a function
u € Convg.(R™), we define the projection function projyu: E — (—00, 0] by
projp u(rp) = min.ep: u(rp + 2)

where 7, € E and E* is the orthogonal complement of E. Since min, .. u(rg + 2) < t if and only if
there exists z € £~ such that u(xp + z) < t, we have

(2.2) {projpu <t} = projy{u <t}

for every t € R, where projj on the right side of denotes the usual orthogonal projection of sets
onto F. In addition, epi(proj, u) = projg.g(epiu). In particular, it is clear that proj, u € Convy.(FE).
If u € Conv.(E) is differentiable, then V i u denotes the gradient of u taken with respect to the ambient

space F.
For u € Conv(RR"), the subdifferential of u at x € R™ is defined by

ou(z) :={y e R": u(z) > u(x) + (y,z — x) for = € R"}.

If u is differentiable at x, then Ju(z) = {Vu(x)}. Note that a convex function is differentiable almost
everywhere on the interior of its domain. For x,y € R™, we have y € Ju(x) if and only if z € du*(y).

Lemma 2.3 ([15], Lemma 3.1). Let E C R" be a linear subspace and u € Convg.(R"). If xp,yp € E
are such that yg € 0projpu(zg), then for every x € R™ such that projyu(zg) = u(z) we also have
yg € Ou(x). In particular, such x € R" exist and projp v = .

For two functions u;, us € Convg.(R™) we denote by u; [ uy € Convg.(R") their epi-sum or infimal
convolution which is defined as
(u1 Oug)(x) :=inf, 4 po—p ur (1) + uz(x2)
for x € R"™. Note that
epi(uy dug) = epiug + epiug,



6 ANDREA COLESANTI, MONIKA LUDWIG, AND FABIAN MUSSNIG

where Minkowski addition of subsets in R"*! is used on the right side. We define epi-multiplication by
A > 0 on Convy.(R™) in the following way. For u € Convg.(R") and = € R", set

Au(x) == Au (;)

This corresponds to rescaling the epi-graph of u by the factor A, that is, epi(A-u) = A epiwu.

2.4. The Abel Transform. For ¢ € Cy((0, 00)), the Abel transform of ( is defined as

/ ((Vs2+12)d

for t € (0, 00). Using the substitution v/s2 + t? = ¢ cosh(r), we may rewrite this as
(2.3) A((t) = 2/ C(Vs2+12)ds = 2t/ C(t cosh(r)) cosh(r) dr.
0 0
For k > 1and ¢ € Cy((0,00)), let A* ¢ := (Ao---0.A)¢ where A is applied k times. Consequently,

2.4) AF () = /R (VP ) da

for every t > 0. The following property is well-known.

Lemma 2.4. For ¢ € C,((0,00)), we have
(2.5) A%C(t) =27 /OO C(s)sds
¢

for every t > 0, and, in particular, A* ¢ € C}((0,00)).

Proof. Using (2.4) and polar coordinates, we obtain

A%((t) = /11@2 C(V]z]?+t?)de = 27T/OOOC(\/T2+t2)rd7’

for every ¢t € (0, 00), which combined with the substitution s = /2 4 2 gives (2.3). It is now easy to
see that .42  has continuous derivative and bounded support. 0

For ¢ € C}((0,00)), the inverse Abel transform is given by

A7C(s) = dt

;/g N

for s € (0, 00). Using the substitution t = s cosh(r), this can be written as

:——/ ¢'(s cosh(r

Note that if ¢ € C°([0, c0)), then also A~'¢ € C([0, 00)).
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2.5. Hessian Measures. We recall the definition of two families of measures used in our results. They
are both marginals of more general Hessian measures, see [[8,/12]. We remark that one of these families
of Hessian measures was introduced by Trudinger and Wang [38,139].

For u € Convy(R") N C(R") and 0 < j < n, there exists a non-negative Borel measure W/ (u, -)
such that

2.6) B(y) A (u,y) = [ B(Vu(w))[D*u(x)], da

R R” n

for every Borel function 3: R" — [0,00). The Hessian measures V7 (u,-), as functions of u, are
continuous (with respect to the topology induced by weak convergence of measures) and continuously
extend to Conv,.(R™). That is, if a sequence uy, in Conv,.(R™) epi-converges to u € Convg.(R™), then

lim By) AV (ug, y) = . Bly) AV} (u, y)

for every 5 € C.(R"). Since Convy.(R")NCZ2 (R™) is dense in Conv,.(R™), it follows that (2.6) uniquely
determines the measure W7 (u, ). For the special case j = n, we have

(2.7) . B(y) dVy(u,y) = B(Vu(z)) dx

domu

for every u € Convy.(R") and 3 € C.(R"). Note that for 0 < j < n the map u + V% (u, -) is a valuation
on Conv.(R™), which is continuous, epi-translation invariant and rotation covariant. Here, we say that
W’ is rotation covariant if W (uo 9™, B) = W7 (u, 9~ B) for every u € Convy(R"), every ¥ € SO(n)
and every Borel set B C R". So, in particular, we easily obtain the following results, where we use
in the first lemma.

Lemma 2.5 ([12]). For ¢ € C.(R"™), the functional Z.: Convy.(R") — R, defined by

2= [ (Vula))d,
domu
is a continuous, epi-translation invariant valuation.

Lemma 2.6 ([11], Theorem 1.2). For ¢ € C.([0,00)), the functional Z:: Convy.(R") — R, defined by

Z(u) = [ C(lyl) A5 (u, y),
RTL
is a continuous, epi-translation and rotation invariant valuation for every 0 < j < n.

For v € Conv(R™";R) N C%(R") and 0 < j < n, let ®7(v, -) be the non-negative Borel measure that
has the property that

(2.8) . B(x)dd}(v,r) = . B(x) [Dzv(x)}j dz

for every Borel function 3: R™ — [0, c0). By continuity the measure ® (v, -) extends to v € Conv(R"™; R).
As a consequence of [12, Theorem 8.2], we have

for every u € Convg.(R") and 0 < j < n. The measure (v, -) is the Monge—Ampere measure of v.
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For orthogonal and complementary subspaces F and F' of R" and x € R", we write * = (zp, xF)
with zp € F and zp € F. Let Conv(E;R) := {vg: E — R: vgis convex} and define Conv(F’; R)
accordingly. For vg € Conv(E;R) and vp € Conv(F';R), we define vg + vp € Conv(R";R) as

(ve +vr)(z) = ve(rp) +vr(ar)
for every x = (zp, xp) € R™.

Lemma 2.7 ([14], Lemma 4.8). Let E' and F' be orthogonal and complementary subspaces of R" such
that dim E = kwith 1 < k < n. Ifvg € Conv(E;R) and vp € Conv(F;R), then

kNl
O (vp+vp, B)= > OF(vp, BNE)®F(vp, BNF)
i=0V (k+1—n)

for every 0 <1 < n and every Borel set B C R".
The next result follows from [4, Lemma 2.4]. See also (4.10) and (4.11) in [14].
Lemma 2.8. Let 7y, ...,%, € R\{0} and set T := (1, ..., T,). For v € Conv(R™; R), defined as

_ 1 _
U('rh .- '7xn) = 5 Z |'r2 - xl|
i=1
for (xq,...,x,) € R", we have @7 (v, ) = 0z, where 5 denotes the Dirac point measure concentrated
at .
We require the following result on Hessian measures of functions with lower dimensional domains.

Lemma 2.9. Let 1 < k < n. If u € Convy(R") is such that domu C FE for some affine subspace
E C R" withdim E = k, then

@2.10) [y avs ) = [ [ clluel? + by P dyes 49l )

foreveryl < j < kand( € C.[0,00)).

Proof. By the epi-translation invariance and rotation covariance of W7, we may assume without loss of
generality that dom v C R¥. By (2.9), we have

Clyl*) A5 (u,y) = [ ((|2f*) dDF (v, ),
Rn Rn
where v = u* is in Conv(R"; R). Since dom u C RF, it follows that v(x1, ..., x,) = w(xy, ..., z}) with
w € Conv(R*; R) and therefore
dq)?('l}, (xla s 7xn)) = dq)f(w7 (xla s 7:1:/6)) dxk-‘rl e dxn

Thus, it follows from (2.9) that

C(yl*) AW} (u, y) = ((Jepl*+]2*) dz d®Y (w, xp) = |yl +12%) dz AW} (ulgr, yr)
/ /] /]

Rk Rn—k Rk Rn—Fk

where we used that w* = u|gx, when taking the Legendre transform on RF. 0
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We remark that if we use 2.10) with (%) = £(¢) for € € C.([0,00)) and ¢ > 0, then by

@.11) E(ly]) AT (u,y) = / A€ (yg]) AV (ul 2, )
Rn F

for every u € Convg.(R") and 1 < j < k < n such that dom u C F for some affine subspace £ C R
with dim F = k.

2.6. Valuations on Conv,.(R"). We say that a valuation Z: Convy.(R™) — R is epi-homogeneous of
degree j if Z(A-u) = N Z(u) for every A > 0 and u € Convy.(R"). We recall the homogeneous
decomposition theorem on the space Conv.(R").

Theorem 2.10 ([11], Theorem 1). If Z: Conv.(R") — R is a continuous and epi-translation invariant
valuation, then there are continuous, epi-translation invariant valuations Z;: Convg.(R") — R for
7 =20,...,n that are epi-homogeneous of degree j such that'Z, = 7o+ - - - + Zy,.

We say that a functional Z: Convy.(R™) — R is epi-additive if
Z(ul D UQ) = Z(Ul) —+ Z(Ug)
for every uy, us € Convg.(R™). The following result is a consequence of Theorem 2.10l

Corollary 2.11 ([11], Corollary 22). If Z: Convs.(R") — R is a continuous, epi-translation invariant
valuation that is epi-homogeneous of degree 1, then 7. is epi-additive.

We require the following classification results for valuations which are epi-homogeneous of degree 0
and n.

Theorem 2.12 ([11], Theorem 25). A functional Z: Convs.(R") — R is a continuous, epi-translation
invariant valuation that is epi-homogeneous of degree 0 if and only if Z is constant.

Theorem 2.13 ([L1]], Theorem 2). A functional Z: Convs.(R") — R is a continuous, epi-translation
invariant valuation that is epi-homogeneous of degree n if and only if there exists ( € C.(R™) such that

Z(u) = /d ¢(Vu(z))dx

for every u € Convg.(R™).
As a simple consequence, we obtain the following result (c.f. [14, Corollary 2.5]).

Corollary 2.14. For n > 2, a functional Z:: Conve.(R") — R is a continuous, epi-translation and
rotation invariant valuation that is epi-homogeneous of degree n if and only if there exists { € C.([0,0))
such that

Z(u) = / ((Vau(z)]) dz

for every u € Convy.(R"™). For n = 1, the same representation holds if we replace rotation invariance
by reflection invariance.

Here, we say that Z is reflection invariant if Z(u) = Z(u~), where u~ (x) := u(—z) for z € R.
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By Theorem 2.10} Theorem and Corollary as well as the definition of the measures W}, we
have the following characterization result for the 1-dimensional case. See also [11, Corollary 3].

Proposition 2.15. A functional 7 : Convg.(R) — R is a continuous, epi-translation and reflection
invariant valuation if and only if there exist (y € D}, and (; € D} such that

Z(u) = / Col[y]) dWE(u, ) + / Gully]) AW (u, )

for every u € Convg(R).

An important property of continuous, epi-translation invariant valuations on convex functions is that
they are determined by their values on small sets of functions (cf. [10,30]). We require the following
version of this property that easily follows from [32, Lemma 5.1]. For a convex body K € K", we
denote by Iy € Conv,.(R™) its (convex) indicator function, which is defined by

0 forx € K,
IK(ZIZ') = {

—+00 forx & K.

We denote by 77(’6) the set of polytopes in R" that contain the origin in their interiors. Here, a polytope is
the convex hull of finitely many points in R".

Lemma 2.16. Let Z1,7,: Convs.(R") — R be continuous, epi-translation invariant valuations. If
Zi(hp + 1) = Zo(hp + 1) for every P, Q) € Py, then Zy = Z3 on Conv.(R™).

2.7. Valuations on Conv(R";R). For X C Conv(R"), we associate with a valuation Z: X — R its
dual valuation 7" defined on X* := {u* : u € X} by

7" (u) == Z(u").

It was shown in [12] that Z: X — R is a continuous valuation if and only if Z*: X* — R is a continuous
valuation. Since u € Convy(R") if and only if u* € Conv(R";R), this allows us to transfer results
between Conv.(R") and Conv(R"™; R). We call a valuation Z: Conv(R";R) — R dually epi-translation
invariant if Z™ is epi-translation invariant or equivalently

Zv+ L+ a)=17Z(v)
for every v € Conv(R™; R), linear functional £: R™ — R and o € R. We say that Z is homogeneous of
degree j if Z* is epi-homogeneous of degree j or equivalently
Z(Av) = N Z(v)

for every A > 0 and v € Conv(R"; R).
The authors [[14] established the Hadwiger theorem also for valuations on Conv(R";R) by using
duality with valuations on Convy.(R"). For 0 < j < mnand { € D", define V;Lg as the valuation dual to

o, that s, V;‘g(v) = ?,C(U*> for v € Conv(R™; R).

Theorem 2.17 ([14], Theorem 1.5). A functional Z: Conv(R™;R) — R is a continuous, dually epi-
translation and rotation invariant valuation if and only if there exist functions (, € D, ..., ¢, € D}
such that

2(v) = 3" Vi )

for every v € Conv(R™; R).
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3. SIMPLE AND DUALLY SIMPLE VALUATIONS

We define analogs of zonoids and generalized zonoids for convex functions and show that generalized
functional zonoids are dense in Convg.(R™). This result is used to classify simple, continuous, and
epi-additive functionals, and this classification result is used in the proof of Theorem [I.2l

A convex body C' € K" is called centrally symmetric if some translate of C' is origin-symmetric.
Note that centrally symmetric convex bodies with support function of class C'*° are dense in the set of
all centrally symmetric convex bodies (see [37, Theorem 3.4.1]). A zonotope is the Minkowski sum of
finitely many line segments, and a convex body is a zonoid if it is the limit of a sequence of zonotopes.
A convex body C'is a generalized zonoid if there exist zonoids W, Z € K" such that

C+W=2
We require the following result (see, for example, [22, Proposition 8.1.2]).

Lemma 3.1. If C € K" is centrally symmetric with support function hc € C*(S"), then C'is a
generalized zonoid.

We introduce functional analogs of zonoids and generalized zonoids as follows. Let Conv,(R™) be the
class of functions u € Convy.(R™) that are the limit of a sequence wu; where each u; € Convy.(R") is
the epi-sum of finitely many functions in Convy.(R™) with one-dimensional domains. Let Conv,,(R")
be the class of functions u € Conv,.(R™) such that there exist w, z € Conv,(R") with

vw = z.
We prove that Conv,,(R") is dense in Conv,.(R").

Lemma 3.2. Let n > 2. For u € Convg(R"), there exists a sequence wj, € Convg,(R"™) such that uy,
epi-converges to u as k — oo.

Proof. Note that functions « with dom u = R™ are dense in Convg.(R"). So, fix u € Convg.(R™) with
domu = R" and consider

for £ > 1. Observe that this sequence is epi-convergent to u as k& — oo. Choose 7y, > 0 so large that
u < 7y on kB™ and set

Ky = epi(u+Iypn) N{z € R™: 2,40 < Vi }-
Define
Ck = Kk U (—Kk + 2’7k€n+1>-
and note that Cj, € K""! is centrally symmetric. Let Cj; € K" be a sequence of centrally symmetric

convex bodies with h¢,, € C*(S™) converging to Cy, as [ — oco. By Lemmal[3.1] for k,1 > 1, there are
zonoids Wy, Zi; € K"+ such that

(3.1 Crt + Wi = Zy.
Let uy; € Convg.(R™) be the lower envelope of Cy,, that is,
up(x) = sup{t € R: (z,s) & Cy; for s < t}

for x € R™. Note that uy; epi-converges to u + I;pn as | — 0o. Let wyy, 2, € Convg.(R™) be the lower
envelopes of Wy, and Zy,, respectively. It follows from and the definition of epi-sum that

(3.2) up Hwiy = 210

If Z € K™ is a zonotope, then the lower envelope of Z is the epi-sum of finitely many convex functions
with one-dimensional domains. Since W}, and Zj; are zonoids (and hence limits of zonotopes), we obtain
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that the functions wy,, zx; € Conv,(R™). It now follows from that uy;, € Convg,(R™). Hence there
is a subsequence (k) such that uy, := uy 1) is a sequence in Conv,, (R™) that epi-converges to . O

We are now in the position to prove the following result.

Proposition 3.3. Ler Z: Convy.(R™) — R be continuous and epi-additive. If 7 is simple and n > 2,
then Z vanishes identically.

Proof. If w € Convy.(R") is the epi-sum of finitely many functions in Convy.(R™) with lower dimen-
sional domain, then the simplicity of Z implies that

Z(w) = 0.

Since Z is continuous, this implies that Z vanishes on Conv,(R").
Let u € Convs(R™). By Lemma[3.2] we can approximate u by a sequence u;, € Conv,,(R"), that is,
there are sequences of convex functions wy, z;, € Conv,(R™) such that

(3.3) up Jwy, = 2z

and such that uy epi-converges to u. Since Z vanishes on Conv,(R"), we obtain from (3.3)) and the
epi-additivity of Z that

for £ > 1. Using that Z is continuous on Conv.(R") and that u; € Convg.(R"), we conclude that Z
vanishes identically. 0

For n > 2, a function u € Convg.(R") is called an orthogonal cylinder function if it can be written as
u = ug Jup where ug, up € Convg.(R") are such that domup C E and domur C F, where E and F’
are orthogonal and complementary subspaces with dim £, dim F' > 1.

Proposition 3.4 ([14], Proposition 4.6). Let Z : Conv,.(R™) — R be a continuous and epi-translation
invariant valuation. If 7 vanishes on all orthogonal cylinder functions and n > 2, then 7 is epi-
homogeneous of degree 1.

3.1. Proof of Theorem [I.2l First, note that by Lemma[2.5] the functional Z: Conv,.(R™) — R, given
by

Z(u) = /d ((Vu(z))dx

with ¢ € C.(R™), is a continuous, epi-translation invariant valuation, and that it is easy to see that Z is
simple.

We prove the converse statement by induction on the dimension n. For n = 1, the statement follows
from Theorem Theorem and Theorem Let n > 2 and assume that the statement is true
on Convy.(RF) for 1 <k <n—1.

For y € R”, set {,(z) := (z,y) for z € R™. By the properties of Z, it is easy to see that the map
K — Z(ﬁy + 1) is a simple, continuous, translation invariant valuation on " for every y € R". Hence,
by Theorem 2.2} there exists ((y) € R such that

(3.4) Z(gy +1x) = ((y) Va(K)

for every origin-symmetric X € K". Note that since Z is continuous, ( depends continuously on y.
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For 1 < k < n — 1, let F and F be orthogonal subspaces of R" such that R* = F x F' where
dim F = k and dim F' = n — k. For z € R", we write x = (xp,xp) with zp € E and zr € F. For
up € Convg.(F), the functional ugp — Z(ug O up) is a simple, continuous, epi-translation invariant
valuation on Convg.(E). Hence, by the induction hypothesis, there exists a function (,, € C.(E),
depending on up € Conv.(F), such that

domug

for every up € Convy(E). Setting tp := {,, + Ik, with yp € E and K C E an origin-symmetric
convex body with positive k-dimensional volume, we obtain from (3.3)) that

Since up +— Z(up Oup) is a simple, continuous, epi-translation valuation on Conv,.(F), it follows that
also up +— (. (yg) for yg € E has these properties. From the induction hypothesis combined with
(3.5, we therefore obtain that there exists (g r € C.(E X F'), depending on E and F', such that

domug Jdomupg

for every up € Convy.(FE) and up € Convy.(F').
Setting up 1= up and up := €y, + I, with yp € ' and K C F an origin-symmetric convex body
with positive (n — k)-dimensional volume, we obtain from (3.6) that

Z<£yE+yF + IKEXKF) = Z((gyE + IKE) U (£yF + IKF)) = CE,F(:UE, yF) Vn<KE X KF)
On the other hand, by (3.4),

Z(gyE'f‘yF + IKEXKF) = C(yE + yF)VN(KE X KF)
and therefore

Ce,r(YEs yr) = C(ye + yr)
for every yp € E and yp € F'. It follows that ( has compact support and that

Z(u) = /domu ¢(Vu)dx

for every u = up O upr with up € Convy.(F) and up € Convy.(F'). Note that this representation does
not depend on the choice of k.
Define Y : Convy.(R") — R by

Y (u) :=Z(u) — /d ¢((Vu)de

for u € Convg.(R™). It follows that Y is a simple, continuous, epi-translation invariant valuation that
vanishes on all orthogonal cylinder functions. Proposition [3.4] implies that Y is epi-homogeneous of

degree 1. Hence, using Corollary 2.1 we obtain that Y is epi-additive. The statement now follows from
Proposition
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3.2. The Klain—Schneider Theorem on Conv(R";R). A functional Z: Conv(R™;R) — R is dually
simple if the dual functional Z* : Conv,.(R™) — R is simple. Equivalently, Z is dually simple if Z(v) = 0
for every v € Conv(R"™; R) such that v(zp, xp1) = w(zg) for some w € Conv(FE;R) where £ C R”
is a linear subspace with dim £ < n and where we write © = (vp,2p:) forx € R" with zp € E
and xp1 € E*. This means that Z vanishes on functions v € Conv(R™; R) which depend, in a suitable

coordinate system, on less than n variables. We state the following dual version of Theorem [I.2] which
is equivalent to the primal version by and (2.9).

Theorem 3.5. A functional Z: Conv(R™;R) — R is a dually simple, continuous, dually epi-translation
invariant valuation if and only if there exists a function ( € C.(R") such that

2() = [ C(x)a@v,2)
R”
for every v € Conv(R™; R).

4. SMOOTH VALUATIONS

Let VConv(R"™;R) be the space of continuous and dually epi-translation invariant valuations on
Conv(R™; R). Define 7: VConv(R";R) — Val(R"!) by
(T oZ)(K) :=Z(hk(-,—1))
for Z € VConv(R";R) and K € K"
Note that it is easy to see that the set {hx(-,—1): K € K"} is dense in Conv(R"™;R) (see [24,

Corollary 2.9] and [23], Corollary 4.3.6]). Also note that Z is homogeneous of degree j on Conv(R"; R)
if and only if 7 o Z is homogeneous of degree j on K" *!, as

(T o Z)(AK) = Z(hak (-, =1)) = Z(Ahk (-, =1)) = N Z(hk (-, 1))
for A > 0and K € K"

Following [23, Proposition 7.3.4], we say that a continuous, dually epi-translation invariant valuation

Z: Conv(R";R) — R is smooth if

T oZ € Val’™(R").
Since we restrict our attention to continuous valuations, in the following all smooth valuations are as-
sumed to be also continuous. Note that for a linear subspace £/, the restriction of a smooth valuation
Z: Conv(R";R) — Rto Conv(F;R) is again smooth. A valuation Z: Conv,.(R") — R is called smooth
if its dual valuation Z*: Conv(R™;R) — R is smooth. As before, for a linear subspace £ of R", the
restriction of a smooth valuation Z: Convy.(R™) — R to Convy.(F) is again smooth.

We equip spaces of valuations with the topology of locally uniform convergence, which is equivalent
to the compact-open topology. For a more detailed discussion of this topology, we refer to [24, Section
6.1]. Note that for valuations Z,,, Z: Convy.(R") — R, we have Z,, — Z if and only if for the dual
valuations Z> . Z*: Conv(R";R) — R, we have Z — Z* (cf. [35] Corollary 11.37]).

Knoerr [23] established the following result for smooth valuations on Conv(R"; R).

Theorem 4.1 ([23]). A functional Z: Conv(R™;R) — R is a smooth, dually epi-translation and rotation
invariant valuation if and only if there exist functions py, . . ., @, € C°([0,00)) such that

20) =" [ oyllaf) a0 (v.2)

for every v € Conv(R"™; R).
The version stated in the introduction, Theorem [I.3] follows by duality, (2.8)), and (2.9).
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It was shown in [25] that the set of smooth, dually epi-translation invariant valuations on Conv(R"™; R)
is dense in the set of continuous, dually epi-translation invariant valuations. We use the following dual
version of Theorem 1 and Proposition 6.6 from [235]].

Lemma 4.2. If 7Z: Convs.(R") — R is a continuous, epi-translation invariant valuation that is epi-
homogeneous of degree j, then there exists a sequence of smooth, epi-translation invariant valuations
Zm : Convg.(R™) — R, which are epi-homogeneous of degree j, that converges to Z. If 7 is, in addition,
rotation invariant, then also the valuations Z,, can be chosen to have this property.

We will also need the following result. Let u,(x) :=t |z| + Ign(z) for t > 0 and z € R™.

Lemma 4.3. If a sequence of valuations on Convg.(R™) converges to a valuation on Convg.(R"), then
the sequence converges uniformly on {u,: t € C'} for every compact set C' C [0, 00).

Proof. Since u, epi-converges to uy, if and only if ¢ — {;, it is easy to see that the compactness of
C' implies that {u;: t € C} is compact. The statement now follows since the space of valuations is
equipped with the topology of locally uniform convergence. U

Let S":= {(2, 2p41) € S™: 2,41 < 0} be the negative half-sphere in R, where 2’ := (21, ..., 2,).
Recall that using the central projection from S” to the tangent plane at —e,, 1, which we identify with

R™, we have
/

@ [ emar= [ () el

‘Zn+1|

for any continuous function ¢: R” — R with compact support, where H" denotes the n-dimensional
Hausdorff measure.

Lemma4.4. Let £ € C.(R")and 1 < j < n. If Z: Conv(R";R) — R is given by

Z(v) = Rng(x) d®% (v, x),
then
@2 (ToB)(K) = | ol2)d5,(K.2

for every K € K™Y, where o € C,(S") is given by

(4.3) a(z) = <n> g(z—/) |Zn+1|n—j+1

J |Zn+1|

forz = (7, z,11) € S™.

Proof. 1t suffices to prove (£.2) for K € K"*! with smooth support function. In this case, we have
(T o Z)(K) = Z(hg (-, —1)) = | &(x)[Dinhi(z, —1)] dz
RTL

where we write D3, to stress that we take the Hessian of a function defined on R". As hg : R*™' — Riis
homogeneous of degree 1, the (n+ 1) x (n+ 1) matrix D?h is homogeneous of degree (—1) and D*h
has at z € R"™\ {0} an eigenvalue 0 with corresponding eigenvector z. Let \; for k = 1,...,n be the
remaining eigenvalues of D?h(z). If z = (x, —1), then the n x n matrix D3, hx (-, —1) has at z € R"
the eigenvalues (1 + |z|*)\; for k = 1,...,n. Indeed, let Q C R™"2 be the osculating cylindrical para-
boloid of the graph of hx at (z, hg(z)), let E C R™*2 be the hyperplane through (z, 0) that is orthogonal
to (z,0) and F' C R™"? the hyperplane through (z,0) that is orthogonal to (e,1,0). The intersection of
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@ with F is the graph of a quadratic form with eigenvalues Ay, ..., A\, and the intersection of () with F'
is the graph of a quadratic form given by D3, hx (x, —1). The result now follows by using the orthogonal
projection from F of E. For z = (x, —1), we now have
2 . 1127 2
[D2nh(z, 1)}j = [z[’[D hK(z)]j.
Using the central projection and (., the above equation and the homogeneity (of degree —1) of D?A,

we obtain
! !

Ton)w) = [ () Prue ()] il )

‘Zn+1‘ ‘Zn+1‘7_ J
/|2 /

- L) 0 ) ()] s

_ /S§< ? )[D2hK(z)L_|zn+1|"_j+1d”H"(z).

|Zn+l|

The statement now follows from the definition of the area measure S;(X, -) (see [37], Section 2.5). [
This result implies the following lemma.

Lemma 4.5. Let 1 < j < nand& € C.(R™). The valuation Z: Conv(R™; R) — R, defined by

Z(v) = §(r) dPY (v, ),

R
is smooth if and only if £ € C°(R™).

Proof. By definition, Z is smooth if and only if 7 o Z : K"*! — R is smooth. By Lemma 4.4 and @2.1)),
this is the case if and only if o given in (4.3)) is smooth, which is the case if and only if £ is smooth. [

By duality, we obtain a version of the previous Lemma on Conv,.(R™).

Lemma 4.6. Let 1 < j <nand§ € C.(R"). The valuation Z.: Convs.(R") — R, defined by
2u) = [ &) AW (u, )
RTL
is smooth if and only if £ € C°(R™).
The following result is a consequence of Proposition and Lemmal4.6]

Proposition 4.7. A functional 7: Convy.(R) — R is a smooth, epi-translation and reflection invariant
valuation, if and only if there exist g, p1 € C2°([0,00)) such that

20) = [ enllyf) W) + [ enllyP) vl y)
R R
for every u € Convg(R).

The next statement follows from Theorem and Lemma

Proposition 4.8. A functional 7:: Convg.(R™) — R is a simple, smooth, epi-translation and rotation
invariant valuation if and only if there exists a function ¢ € C°([0, 00)) such that

20 = [ elluP)dviuy)

for every u € Convg.(R™).
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4.1. Proof of Theorem First, note that for ¢y, ..., ¢, € C(]0,00)), Lemma[2.6land Lemma 4.6
imply that the functional Z: Conv,.(R") — R, defined by

20)i= 3" [ i) A u.g),

is a smooth, epi-translation and rotation invariant valuation.

Conversely, let Z: Convy.(R") — R be a smooth, epi-translation and rotation invariant valuation. For
an (n — 1)-dimensional subspace £/ C R", the restriction of Z to Conv.(F) is a smooth, epi-translation
and rotation invariant valuation on Convg.(F). If dim £ = 1, then this restriction is also reflection
invariant. By induction on the dimension, starting with Proposition4.7, we obtain that for the restriction,
Zg, of Z to Convy.(E) and u € Convy.(F),

[y

n—

260) = 3, [ illuel?) A5 (. )

<
Il
]

with suitable functions ¢; 5 € C°([0,00)). Since Z is rotation invariant, the functions ¢, 5z do not
depend on E. Thus there exist functions ¢; € C'2°([0, co) such that

[y

n—

20) =3 [ o(lusl®) 4% )

<
Il
[en]

for every (n — 1)-dimensional subspace £ C R™ and every u € Convg.(F). By Lemma[2.9] 2.11) and
the properties of the inverse Abel transform, there are functions ; = A™'@; € C°([0, 00)) such that

@) 200 = [ elluf) avye.y)

for every u € Conv,.(R") such that dom v is contained in some (n — 1)-dimensional subspace of R”.
The right side of (4.4) defines a smooth, epi-translation and rotation invariant valuation on Convg.(R").
Hence, the functional Z,, : Conv,.(R") — R, defined by

0 =70 = 3 [0 ¥ (),

is a smooth, epi-translation and rotation invariant valuation which is moreover simple. By Proposi-
tion 48] there exists a function ¢,, € C'°(]0, 00)) such that

2,0) = | eullyl) ¥ v)

for every u € Convy.(R™). This completes the proof of the theorem.

5. NEW PROOF OF THEOREM [L.1]

We use the Cauchy—Kubota formulas for convex functions, which were recently established in [13],
to deduce the Hadwiger theorem for general valuations, Theorem [I.1] from the Hadwiger theorem for
smooth valuations, Theorem
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Combining Lemma 3.4 from [15]] and Corollary we obtain the following result.
Lemma 5.1 ([15]]). For 0 < j < nand o € C.([0,00)), the functional

u / / a(|VE projpu(zg)|) deg dE
G(n,j) J/dom(projg u)

is a continuous, epi-translation and rotation invariant valuation on Convg.(R™).
Recall that for ¢ > 0 we define u; € Convg.(R"™) as uy(z) :=t|z| + Ign(x) for x € R™.
Lemma 5.2. Fora € C.([0,00))and1 < j <n —1,

/ / a(|Vg projpui(zg)|) deg dE = k; at)
G(n,j) /' dom(projg ut)
foreveryt > 0.
Proof. By ([2.2) it is easy to see that
projp u(rp) = tlrg| + IB{E(xE)

for every F € G(n,j) and x5 € E, where Bé denotes the unit ball in the j-dimensional subspace E.
Thus,

/ / a(|Vg projg ui(zg)|) deg dE = / / a(t)deg dE = k; a(t)
G(n,j) J/dom(projg ut) G(n,j) J B,

for every t > 0. O
The authors established in [[15] the following representation of functional intrinsic volumes.
Theorem 5.3 ([15], Theorem 1.6). Ler 0 < j < n. If ¢ € D7}, then

K
?g(u) = .

n .
() / / o(|V 5 projp u(zs)|) dzp dE
KjRn—j5 \J G(n,j) J dom(projp u)

for every u € Convg.(R"), where a € C,([0, 00)) is given by

a(s) = Kp_j(s"7¢(s) + (n— j) /OO I () de)

s

for s > 0.

Here, for j = 0, we set Vg projp u(xg) := 0.
The following version of the Hadwiger theorem for convex functions was established in [15]. Using

Theorem[5.3]and properties of the integral transform which maps ( to «, the authors showed in [[13] that
it is equivalent to Theorem [1.1l Let n > 2.

Theorem 5.4 ([15], Theorem 1.7). A functional 7 : Convy.(R™) — R is a continuous, epi-translation

and rotation invariant valuation if and only if there exist functions «y, . . ., a,, € C.(]0, 00)) such that
(5.1) Z(u) = Z/ / a;(|Vg projg u(zp)|) dzg dE
j=0 ¢ G(n,j) / dom(projp u)

for every u € Convg.(R™).
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5.1. New Proof of Theorem 5.4 For given «,...,a, € C.([0,00)), it follows from Lemma
that the right side of (3.1) defines a continuous, epi-translation and rotation invariant valuation on
Convg.(R™).

Conversely, let a continuous, epi-translation and rotation invariant valuation Z: Convg.(R") — R be
given. By Theorem Theorem [2.12] and Corollary 2.14] it is enough to consider the case that Z is
epi-homogeneous of degree j with 1 < 7 < n — 1. By Lemmal4d.2] there exists a sequence of smooth,
epi-translation and rotation invariant valuations Z,,: Convs.(R") — R, epi-homogeneous of degree 7,
that converges to Z as m — oo. By Theorem [[.3land Theorem [5.3] there exists «,, € C°(]0, 00)) such
that

Zm(u):/ / an(|Vprojpu(zg)|)deg dE
G(n,j) J/dom(projg u)

for every u € Convy.(R"). It follows from Lemma[3.2] that
(5.2) Zin(ur) = 5 0o (1)
for every m > 1 and t > 0, where u;(x) = t|x| + Ipn(x) for z € R™. Define a: [0,00) — R by
Z(u) =: rja(t)

fort > 0. By Lemmald.3] the sequence Z,, converges uniformly to Z on {u;: t € C'} as m — oo for any
compact set C' C [0, 00). Thus, also the sequence «,, converges uniformly to oz on any compact subset
of [0, 00), which implies that « € C([0, 00)).

Next, we show that o has compact support. Assume on the contrary that there exists a sequence

ti € [0,00) such that t;, — oo as k — oo and «(t;) # 0 for every & > 1. Without loss of generality, we
may assume that «(t;) > 0 for every k > 1. Define wy, € Convy.(R") as

1
wy(x) = (W . utk) (z)
for x € R". By (5.2) and the epi-homogeneity of Z,,,

L (wy) = K;
for every k, m > 1. Observe that

wi(z) = tg|z] + I(l/a(tk))l/jB” (z)

for z € R™ and thus wy, epi-converges to Iy, as k — oco. By the continuity of Z,,, we obtain that
Zo (wy,) — 0 as k — oo for every m > 1 since Z,,(Ij0y) = 0. Hence,

m(t
0= lim Z,(Ij0y) = Z(Ijny) = lim Z(wy) = lim lim Z,,(w;) = lim lim /@L(k) = Kj,
m—00 k—00

k—o00 m—00 k—o00 m—00 a( k)

which is a contradiction. Thus, we conclude that o € C.(]0, 00)).
Finally, we show that the valuation Z can be represented as in the statement of the theorem, that is,

(5.3) Z(u) = / / a(|VE projpu(zg)|) deg dE
G(n,j) J/dom(projg u)

for u € Convy.(R"). Lemmal[5.1limplies that the right side of (5.3)) defines a continuous, epi-translation
and rotation invariant valuation on Conv,.(R"). Hence, by Lemma it suffices to show that Z and
the right side of (5.3 coincide on functions of the form hp + Iy with P,Q € 77(’6). To show this, fix

polytopes P, @ € P, . Note that dom projg(hp + Ig) = projz @ for E € G(n,j). Since support
functions are Lipschitz, there exists t, > 0 such that |y| < t, for every y € d(hp + Ip)(z) for all
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x € int ), where int stands for interior. Lemma [2.3] implies that |yg| < ¢, for every E € G(n,j) and
yg € 0projy(hp +1g)(zg) for all zg € projy int (). Hence

(5.4 Ve projg(hp +1g)(7E)| < to

for every £ € G(n,j) and a.e. xg € projg Q. Since «,, converges uniformly to « on [0, ¢o], it follows
from (3.4) that

lim (Vs projg(hp + o) (xp)]) des — / (V5 projg(hp + 1) (x5)]) dzs

— . .
mmree projg Q@ projg @

for E € G(n, j). Since a, is uniformly bounded on [0, ¢,], the space G(n, j) is compact and the function
E — V;(projy Q) is continuous, there is v > 0 such that

[ anlIVe prois(he + Lo)(ee)) dre| <9 max Vi(projs Q)
projp Q E€G(n,j)

for every £ € G(n, j). Hence, we may apply the dominated convergence theorem to obtain that
Z(hp +1g) = li_r}n Zpn(hp +1g)

~ lim / / (Vs projg(hp + 1) (x5)]) dew dE
G(n,j) Jprojg @Q

m—o0

:/ / a(|VE prOjE(hp+IQ)(SL’E)|)dSL‘EdE,
G(n,j) Jprojp @
which concludes the proof.

6. FUNCTIONS WITH LOWER DIMENSIONAL DOMAIN AND KLAIN’S PROOF

We discuss the extension of valuations on functions with lower dimensional domain to valuations
on general functions. We show that the Abel transform plays a critical role and explain why Klain’s
approach [21] to Hadwiger’s theorem does not work in general in the functional setting.

6.1. Further Properties of the Abel Transform. The following lemma and Proposition [6.3] show that
the Abel transform, which was defined in Section 2.4 maps D7 to D;‘_l.

Lemma 6.1. Ler 0 < j <n —2. If{ € DY, then AC € D},

Proof. Tt is easy to see that the condition ¢ € Cy((0,00)) implies that also A(¢ € C,((0,00)). Since
¢ € D7}, there exist 8 > 0 such that

6.1) | / e ar < 6

for every s > 0 and v := lim,_,+ f:o t"=I=1¢(t) dt exists and is finite. Using (2.3) and the substitution
z = tcosh(r), we obtain

lim "2 AC(t) dt = 2 lim / / t"~971¢ (¢ cosh(r)) cosh(r) dr dt

s—=0t Jg s—0t

=2 lim 2T (2) dzdr

n—j—1 /
s—0+ 0 COSh '] (r) scosh(r)

= g
=2 ———d
/0 cosh™ ™71 (r) g



THE HADWIGER THEOREM ON CONVEX FUNCTIONS, IV 21

where we have used (6.1) and the dominated convergence theorem in the last step. Using that

& 1 & 1 T
6.2 —_——dr < —dr = —,
(6.2) /0 cosh"7(r) r= /0 cosh(r) "7

we obtain that lim;_, o+ fsoo t"772 A ((t) dt exists and is finite. Note that for j = 0 we have thus shown
that A¢ € DJ~ .

Next, let 1 < j < n —2ande > 0. Since ¢ € D7, there exists § > 0 such that |7"=I¢(r)| < e for
every r € (0,0). Thus,

~ pacosh(d/s) acosh(d/s) ) 1
I / COsh(r)C(S Cosh(r)) dr’ < / ‘ (s cosh(r))n—ﬂg(s COSh(T’)) ‘ ——dr
0 0

cosh"7(r)
*° 1
< 5/ — - dr.
o cosh"™77(r)

Therefore

|s" T AL(s)| = ‘28"‘j /000 cosh(r)((s cosh(r)) dr)

<2 [ e [ o) fo(scosh(r)] dr
0 cosh"™ (7") acosh(d/s)

= 25/ e dr 4 25" / C(Vs2 + 12)] dt.
0 0

cosh" ™7 (r)

Since (¢ is continuous with bounded support and 6 > 0, the last inequality implies that

, o 1
limsup |s" 771 A((s)] < 25/ ———dr.
0

50t cosh" ™7 1(r)
Using (6.2) again, we obtain lim,_,q+ s"7~! A((s) = 0 and have shown that A( € D?_l. O

We will see in Proposition[6.3] that the statement from Lemmal6.1]is also true for j = n — 1.

6.2. Functions with Lower Dimensional Domains. Let Conv,(R™; R) denote the set of functions in
Conv(R™; R) that are of class C? in a neighborhood of the origin. It is easy to see that Convy(R™; R) is
dense in Conv(R"; R). We need the following three lemmas.

Lemma 6.2 ([14], Lemma 3.1). Let 1 < j < nand ( € D}. If v € Convo(R"; R), then

[ letiaD] a0,
R?’L

is well-defined and finite.

Lemma 6.3 ([14], Lemma 3.23). If 0 < j < nand( € D;»‘, then

Vi) = [ clel) d® (o,

for every v € Convy(R™; R).
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Lemma 6.4. Let 1 < k < n and v € Convy(R™; R). If there exists w € Convy(R; R) with
V(T .o, @) = w(Xy, ..., TE)

forevery (z1,...,x,) € R", then

[ el a@y(w.0) = [ A (el @l 2)
forevery 0 < j <kand( € D
Proof. By our assumptions on v and w, it follows from Lemma[2.7] that
do% (v, (71,...,7,)) = d@’?(w (x1,...,2k)) dTgsq - - - dx,.
By Lemmal6.2] the function = — ((|z[) is absolutely integrable with respect to d®7(v, -). Thus,

((|a]) 487 (v, 2) / / VI T 2P dz 4 (1, 2) = / AH ¢ (|2]) AP (w, 2)
Rn Rk JRn—Fk Rk
by Fubini’s theorem. O

The following result describes the behavior of functional intrinsic volumes on functions with lower
dimensional domain. We require the following definition. For a given k-dimensional affine subspace
E C R there exist a translation 7 on R" and ¥ € SO(n) such that {¢J(7x): + € E} = R¥, where we
also consider R* as a subspace of R". Note that 7 and ) are not unique. Now for every u € Conv,.(R")
with dom u C E we have dom(uo7 to~1) C R¥. Hence, we may consider o7 !09~! as an element
of Conv,.(R¥). If Z: Convs.(R¥) — R is epi-translation and O(k) invariant, where O(k) denotes the
orthogonal group in R, we set

Z(u) ;== Z(uor to™h)
for u € Convg(R"™) with domu C E. Since Z is epi-translation and O(k) invariant, this definition
does not depend on the particular choice of the translation 7 and ¥} € SO(n) and thus, Z is well defined
on {u € Convg(R"): domu C E}. Note that it is easy to see that functional intrinsic volumes on
Conv,.(IR¥) are not only rotation invariant but even O(k) invariant.

Proposition 6.5. Let 1 < k < n. If u € Convg.(R") is such that domu C E for some affine subspace
E C R" withdim E = k, then

;’C(u) = V;An—kc(u‘E)
forevery0 < j < kand( € D7. Inparticular, A"~ ¢ € D}.

We deduce this proposition from its dual version, which is stated below, using the following facts and
definitions. If u € Convg.(R") is such that dom u C R and v € Conv(R™; R) is its Legendre transform,
then there exists w € Conv(RF;R) such that v(z1,...,2,) = w(zy,...,2;) for (z1,...,2,) € R™
Moreover, w* = u on R*, when taking the Legendre transform on R”. Similar as above, given an O(k)
invariant Z : Conv(R*;R) — R and E € G(n, k), we set

Z(v) == Z(v o)
for v € Conv(E;R) with a suitable ¥ € SO(n).

Proposition 6.6. For 1 < k < n, let E € G(n, k) and write v = (xg,rp.) forz € R" withzp € E
and xp. € E+. If v € Conv(R™; R) is such that v(zp, v51) = w(xg) for some w € Conv(E;R), then

% k%
Vi) =V (w)
forevery 0 < j < kand( € D7. In particular, AR € DF.



THE HADWIGER THEOREM ON CONVEX FUNCTIONS, IV 23

Proof. Without loss of generality, we may assume that £ = RF. By Lemma and Lemma [6.3]
we see that the statement holds if v € Convy(R";R) (and therefore w € Convy(R*;R)). Since
Convy(R™; R) is dense in Conv(R"™; R) and Convo(]R’“; R) is dense in Conv(R*; R) while V7 is contin-
uous on Conv(RR"; R), it remains to show that v P

By Theorem 217 it suffices to show that A" " C e DF.

If 7 < k, then the statement follows from Lemma In the remaining case j = k, we need
to show that A" "¢ € D¥. Since ( is continuous with bounded support, it is easy to see that also
A"¥ ¢ is continuous with bounded support. It remains to show that lim,_,o+ A" " ((s) exists and is
finite. Let Zy,...,%; € R\{0} be such that |zg| = 1, where Zp := (Z1,...,%)). Fort > 0, define
w; € Conv(R¥; R) as

is well-defined and continuous on Conv(R*; R).

k
1 _
wt(xlv"'axk) :25 § |xl_txl|
=1

for (z1,...,7;) € R* and let v; € Conv(R™;R) be such that v;(zy,...,2,) = w(x,..., 1) for
(x1,...,7,) € R™ Note that w; € Convg(R*;R) and v; € Convy(R™;R) if ¢+ > 0. By Lemma[6.3]
Lemmal6.4l and Lemma[2.8 we now have

V(o) = . C(|z]) APy (vy, ) = /Rk A (lop]) dOf (wy, 2p) = A" FC(2)

for every t > 0. Since ¢ € Dy, the functional intrinsic volume V3" is continuous on Conv(R"; R), and

lim Vk < (Ut) VZ:Z( (Uo) .

t—0

Thus, lim,_,o+ A" ((t) exists and is finite, which completes our proof. O

6.3. On Klain’s Proof. In our proof of the Hadwiger theorem for smooth valuations, Theorem
we adapted Klain’s approach [21] to the Hadwiger theorem. We used induction on the dimension and
extended valuations on functions with lower dimensional domains to valuations on functions with general
domains. This step required to invert the Abel transform, which is possible in the setting of smooth
valuations.

Let1 <j <kand( e D}. If ( ¢ C'((0,00)), then by Lemma[2.4 and Proposition[6.3] there does not

existany ¢ € D' such that
Vi (u) = Vi (ulgs)

for every u € Convg.(R**2) with dom u C R¥. More generally, if ¢ € D;? is not in the image of the Abel

transform (as map from D"-erl to Df), then Vic cannot be obtained by restricting any functional intrinsic

volume of the form Vf'gl, with [ > 0, to functions with k-dimensional domain. This also means that it is

not possible to extend V’LC to functions defined on any higher-dimensional space.
In other words, the d1mens10n of the ambient space matters, which is in contrast to classical intrinsic
volumes. This is also the reason why we used Klain’s approach only for smooth valuations.
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