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Numerical fluid dynamics for FRG flow equations:
Zero-dimensional QFTs as numerical test cases.
I. The O(N) model
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The functional renormalization group (FRG) approach is a powerful tool for studies of a large
variety of systems, ranging from statistical physics over the theory of the strong interaction to
gravity. The practical application of this approach relies on the derivation of so-called flow equations,
which describe the change of the quantum effective action under the variation of a coarse-graining
parameter. In the present work, we discuss in detail a novel approach to solve such flow equations.
This approach relies on the fact that RG equations can be rewritten such that they exhibit similarities
with the conservation laws of fluid dynamics. This observation can be exploited in different ways.
First of all, we show that this allows to employ powerful numerical techniques developed in the
context of fluid dynamics to solve RG equations. In particular, it allows to reliably treat the
emergence of non-analytic behavior in the RG flow of the effective action as it is expected to occur
in studies of, e.g., spontaneous symmetry breaking. Second, the analogy between RG equations and
fluid dynamics offers the opportunity to gain novel insights into RG flows and their interpretation
in general, including the irreversibility of RG flows. We work out this connection in practice by
applying it to zero-dimensional quantum-field theoretical models. The generalization to higher-
dimensional models is also discussed. Our findings are expected to help improving future FRG
studies of quantum field theories in higher dimensions both on a qualitative and quantitative level.

Keywords: Functional Renormalization Group, conservation laws, numerical fluid dynamics, O(N) model,
zero-dimensional QFT
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I. INTRODUCTION

In statistical mechanics and quantum field theory
(QFT) the central objective is to compute the expec-
tation values of physical observables from a partition of

probabilities among the various microscopic states of a
given model or theory. On a technical level, the calcula-
tion of expectation values oftentimes corresponds to the
evaluation of nested sums (for discrete systems) or com-
plicated high-dimensional integrals (for continuous sys-
tems) in the framework of partition functions or func-
tional integrals. In most cases such computations can-
not be done analytically. Various methods were de-
veloped to overcome this difficulty. Focusing on high-
energy physics, stochastic methods have been developed
to study Quantum Chromodynamics from first principles
(see Refs. [1-4] for reviews), but also systematic approxi-
mation schemes such as (chiral) perturbation theory (see
Refs. [5, 6] for reviews) or the large-N expansion [7-9]
have been employed, where (at least) parts of the cal-
culations can still be performed analytically. Within the
last decades non-perturbative holographic and functional
methods, such as the AdS/CFT correspondence [10, 11],
Dyson-Schwinger equations (see Ref. [12] for a review),
and the (Functional) Renormalization Group ((F)RG)
(see Ref. [13] for a recent review) have significantly gained
importance and nowadays provide a viable complement
to Monte-Carlo simulations and semi-analytic methods.
However, despite great success within various areas of
physics, holographic and functional methods are some-
times still criticized for the lack of providing reliable sys-
tematic and numerical error estimates. In this work, we
will provide important steps to amend this shortcoming
for the FRG approach.

Although the mathematical formulation of the FRG
approach is in principle exact, a first source of system-
atic errors is introduced by the fact that one has to make
certain approximations (truncations) in order to actu-
ally perform calculations. However, since the method is
non-perturbative, the identification of, e.g., a small ex-
pansion parameter is challenging, if at all possible. A lot
of work has already been invested into this question, e.g.,
approximation errors can be evaluated by comparing dif-
ferent truncation schemes and truncation orders against
each other [14-16]. Furthermore, the comparison with
other non-perturbative methods [17], effective field theo-
ries [14, 18-21], or with Monte-Carlo studies [22-25] can
provide estimates on the reliability of the results.

A second source of systematic errors arises from the
way the RG flow equations are solved in practice. In re-
cent work by two of us and collaborators [26, 27], it was
pointed out that the possible appearance of non-analytic
behavior in field space as well as the influence of the
boundary conditions require great care in the numerical
solution of RG flow equations. In particular, it was shown
that these equations can be cast into a conservative form,
such that analogies to fluid-dynamical flow equations be-
come manifest and allow to access to the highly devel-
oped toolbox of numerical fluid dynamics, e.g., in the
case of Refs. [26, 27] including the discontinuous Galerkin
method. In consequence, this suggests that a systematic
analysis of the quality of the different numerical meth-
ods to solve RG flow equations as well as an analysis



of the structure of the RG flow equations themselves is
in order. The question of numerical errors in FRG cal-
culations was systematically addressed in Ref. [26] by a
comparison of numerical results with analytically known
solutions for the O(N) model in the large-N limit [28—
30]. Furthermore, phenomena like shock waves in the
derivative of the effective potential along the field space
direction during the RG flow, which are directly related
to phase transitions [26, 27, 31, 32], were resolved and
interpreted in a fluid-dynamical framework.

The goal of the present work is threefold. On the
one hand, we will continue to elaborate on the analogies
between RG flow equations and (numeric) fluid dynam-
ics, including precision and stability tests for numerical
schemes. On the other hand, we will contribute to the
ongoing discussion on truncation schemes of the FRG
framework. In addition, this article is supposed to pro-
vide a low-level introduction to the FRG method within
the fluid-dynamic mindset also for non-experts and (un-
der)graduate students.

In order to provide reliable estimates of the preci-
sion of numerical methods and the quality of truncation
schemes, the standard approach is to compare numerical
results and/or results from truncations against analyti-
cally known results. However, analytically known results
for non-trivial QFT's or statistical mechanics are scarce.
Fortunately, there is a class of non-trivial QFTs, where
either analytic results are known or numerical results
can be easily obtained with arbitrary precision: zero-
dimensional QFTs. In this work, we choose the zero-
dimensional O(N) model as a testing ground to system-
atically analyze the precision of the numerical methods
which are used to solve the RG flow equations. Further-
more, we will use zero-dimensional QFT to demonstrate
the similarities between RG flow equations and conserva-
tion laws from fluid dynamics (which also generalize to an
arbitrary number of space-time dimensions and different
field content). We will elucidate the different roles played
by advective and diffusive contributions in the RG flow
equations as partial differential equations (PDEs). Fur-
thermore, we start a discussion of the relation between
the RG time, entropy production in the RG flow, the
dissipative character of the FRG equation, and the ir-
reversibility of RG transformations during the RG flow.
This discussion is deepened in part IT and III of this series
of publications [31, 33].

In order to numerically solve the RG flow equations,
in this work we apply the Kurganov-Tadmor scheme, a
finite-volume method which is well-established in numer-
ical fluid dynamics. We test the accuracy of the FRG
results against direct evaluations of expectation values
from the partition function, which can be calculated to
in principle arbitrary precision in zero space-time dimen-
sions. We note that the RG flow equations arising in
the FRG framework for certain zero-dimensional mod-
els, and in particular the O(N) model, are exact PDEs.
Therefore, they do not involve any systematic error of
the first kind mentioned above, namely truncation er-

rors. Possible errors are therefore solely of the second
kind, introduced by the numerical scheme used to solve
the flow equations.

As a next step, we will analyze the FRG Taylor
expansion as a truncation to the FRG approach and
contrast our findings with the general properties of the
FRG equation as a non-linear PDE in zero space-time
dimensions. In a follow-up publication, we will also
introduce more elaborate zero-dimensional models
including Grassmann numbers (mimicking fermionic
degrees of freedom in d = 0) [34]. In this context, we
will apply the methods developed in the present work
to investigate several truncation schemes by comparing
against exact results for a constructed fermion-boson-
model. Generalizing our findings from zero dimensions
to higher-dimensional QFTs is not necessarily trivial.
Nevertheless, we will comment on this issue at various
places throughout this work. We thus hope that this
paper will contribute to ongoing debates on subtleties
of the RG flow equations. Furthermore, we hope to
establish reliable minimal requirements for numerical
methods to solve RG flow equations, which can be used
as benchmark tests for future numerical toolboxes.

The length of this paper is explained by the fact that
we have tried to make the presentation self-contained as
much as possible. This should enable the reader not fa-
miliar with the FRG approach to understand all argu-
ments and intermediate steps without resorting to the
literature. The more experienced reader can certainly
skip or skim over some parts, as indicated below.

The remainder of this paper is organized as follows.
In Sec. IT we give an introduction to the FRG approach
for zero-dimensional QFTs. In Sec. III we focus on the
zero-dimensional O(N) model and its respective RG flow
equation. Readers familiar with the FRG approach and
the O(N) model can omit these two sections. The rela-
tionship between RG flow equations and fluid dynamics is
discussed in Sec. IV. Readers familiar with fluid dynamics
may be interested in the analogy between the FRG and
fluid dynamics discussed in Sub.Sec. IV A, but can skip
over the remainder of this section that focuses on details
of the numeric implementation. Section V presents our
numerical results. Readers familiar with both the FRG
approach and fluid dynamics should focus on this section
and the Sub.Sec. IV A. We conclude this work with a dis-
cussion and an outlook for future studies in Sec. VI. In
the Appendices, we list useful formulas for the calcula-
tion of numerical derivatives and present a discussion of
the absence of spontaneous symmetry breaking in zero
space-time dimensions.



II. THE FUNCTIONAL RENORMALIZATION
GROUP - AN INTRODUCTION IN ZERO
DIMENSIONS

This section provides an introduction to the Func-
tional Renormalization Group and a detailed derivation
of the FRG equation [35-37] for a zero-dimensional
QFT. Our discussion is geared towards non-experts.
Readers who are familiar with the FRG method might
still find this discussion instructive, because we will
introduce the FRG without any direct reference to
regularization and renormalization, only based on
properties of (functional) integrals. This sheds light on
the details and structure of the flow equations and the
technical subtleties in their solution. In addition we use
this introduction to establish some notation and special
features of zero-dimensional field theory.

As already mentioned in the introduction, the efficient
and sufficiently precise calculation of correlation func-
tions is key to understanding the properties of a particu-
lar model or theory. Usually this is done by introducing
a partition function or functional integral that provides a
probability distribution for the microstates of the model
and serves as a generating functional for the m-point-
correlation functions [38-41]. The partition function is
based on an energy function that can be a discrete or
continuous Hamilton function or an action, which deter-
mines the microscopic properties of the model. Another
way of calculating the n-point correlation functions is to
calculate the effective infrared action of the model, for
example via the FRG equation. Both methods are dis-
cussed in this section.

A. The partition function in zero dimensions

Consider a zero-dimensional QFT with a single real
bosonic scalar field or degree of freedom ¢. While all def-
initions generalize to arbitrary QFTs in zero or higher di-
mensions and arbitrary space-time backgrounds, in zero
dimensions the field ¢ does not depend on the space-
time position. The same applies to derivatives of the
field or space-time integrals, which simply do not exist.
This implies that the action S[¢] of the model is identi-
cal to the Lagrangian L[¢]. The action, the Lagrangian,
and also the Hamiltonian H[¢] are simply functions of ¢
instead of functionals'. Furthermore, because of the ab-
sence of a space-time derivative and thus of kinetic terms,
S[¢] = L[gp] = H[p] = U(¢), where U(¢) is the poten-
tial. Therefore, the only requirement for these functions
is that they must be bounded from below, in order to

1 Nevertheless, we will stick to the notation of functionals using
square brackets, in order to facilitate the generalization to a
nonzero number of space-time dimensions, as long as we do not
focus on particular zero-dimensional examples.

exclude “negative-energy states”? and to obtain positive
normalizable probability distributions. Apart from this
requirement, for the moment we do not demand any ad-
ditional properties, like symmetries (e.g., Zo, ¢ — —¢)
or analyticity.

If we choose a specific model with action S[¢] all ex-
pectation values of arbitrary functions f(¢) that do not
grow exponentially in ¢ are defined and can be calculated
via the following expression

d e—Sle]
(f(9)) = f_foooi{qse Sl (1)

where e~Sl9] provides the partition of probabilities
among the microstates. Note that due to the zero-
dimensional nature all expectation values for such a
model reduce to proper one-dimensional integrals over
¢. Such integrals can be computed to extremely high
precision using standard techniques of numerical integra-
tion [42, 43]. It is worth emphasizing that the current
discussion holds also for non-analytic S[¢] and/or f(¢).
Some specific choices of S[¢] and f(¢) even allow for an
analytic evaluation of Eq. (1), see, e.g., Ref. [44]. The
possibility to compute expectation values to high preci-
sion makes zero-dimensional field theory of great interest
as a testing ground for approximations and/or numerical
methods.

Some explicit examples of zero-dimensional field the-
ories used as a testing ground for methods in statistical
mechanics and QFT can be found in Refs. [44-66]. In
Ref. [55], for example, the asymptotic convergence and
the vanishing convergence radius of perturbation the-
ory of ¢*-theory is discussed. Approximation schemes
such as the large-IN, the FRG vertex expansion, or the
FRG Taylor expansion were analyzed in Ref. [44]. Zero-
dimensional field theory was also used to study density-
functional theory [56, 57, 59] and applied to fermionic
fields [54]. Recently, it was used to study and visualize
2PT effective actions [60] — also in the FRG framework
[61, 63, 64].

Usually the calculation of expectation values is facili-
tated by a suitably defined generating functional

=N [ apesiere, ©)

from which one can derive all correlation functions by
taking the corresponding number of derivatives with re-
spect to the external source J,

f() Z[J]
Z[J]

9

(f(9)) = 3)

J=0

2 We put “negative-energy states” in quotation marks, because
all quantities in zero-dimensional field theory are dimensionless,
hence bare numbers without physical dimensions. For conve-
nience, we will still use the well-established notions from higher-
dimensional QFT in our discussion.



One should note that if f(¢) is non-analytic, then Eq. (3)
is to be understood symbolically. Otherwise, it is de-
fined through a Taylor series in %. Irrespective of that,
Egs. (1) and (2) are always well defined and Eq. (2) can
be always calculated for arbitrary J. One can even show
in zero dimensions that Z[J] € C°, hence, Z[J] is a
smooth function, see Ref. [52] and App. B. We shall come
back to this crucial point later on in our discussion of the
Coleman-Mermin-Wagner-Hohenberg theorem [67-69].

The normalization A/ is not an observable quantity.
For our purposes, it is convenient to choose

o0
Z0] =1, <+ N'= / dpe=Sl . (4)
— 00

As already mentioned above, calculating expectation
values in a zero-dimensional QFT via Eq. (1) is (numer-
ically) rather straightforward. In contrast, for higher-
dimensional models or theories with non-trivial field-
content etc. calculating functional integrals similar to
Eq. (1) with sufficient precision is usually extremely chal-
lenging or might even be impossible with limited compu-
tational resources. Therefore, alternative methods or ap-
proximation schemes apart from “direct numerical inte-
gration”, like in lattice simulations, are of great interest.
One of these alternatives, which is at the heart of this
work, is the FRG.

In the following, we will therefore focus on the FRG
as a specific method for calculating n-point correlation
functions in QFT and statistical mechanics. In contrast
to the usual motivation of the FRG, arising in the dis-
cussion of renormalization and the integration of momen-
tum shells from ultraviolet to infrared energy scales, we
will take a different path to arrive at the FRG equation,
which does not require any knowledge of renormalization.
To this end, we will follow and extend the discussion in
Refs. [44, 51-54] and discuss its technical properties as
an alternative way of solving the integrals in Eqs. (1) and

(2).

B. Solving integrals with flow equations

The starting point is the observation that there is one
well-known non-trivial class of actions S[¢] for which the
calculation of integrals like Eq. (1) is straightforward,
even in higher dimensions and even for more complicated
field content. These actions are QFTs for “(massive)
free particles” and correspond to Gaussian-type integrals.
In the present case the Gaussian-type action takes the
following simple form,

Slo] = = 2. (5)

where m is called a “mass” for convenience, although it
is actually a dimensionless quantity in zero space-time
dimensions.

For non-trivial actions S[¢], Eq. (1) can still be ap-
proximated by a Gaussian integral, as long as S[¢] con-
tains a mass term (5) with a coefficient m? that is much

larger than all other scales contained in S[¢]. If this is
the case, the Gaussian part of the integrand e~5[¢! com-
pletely dominates the integrals in Egs. (1) and (2). The
reason is that the mass term ~ ¢? is dominant for small
and moderate ¢, and most of the area under the curve
e~S1%! lies in the region of small ¢, similar to a pure Gaus-
sian integral. For very large values of ¢ other terms in
the action S[¢] may become more important. Neverthe-
less, if m? is large enough, the corresponding area under
the curve eS¢ is completely negligible in regions where
¢ is large, because S[¢] is bounded from below such that
e=Sl9] tends to zero exponentially fast for ¢ — oco. In
summary, the Gaussian part with the huge mass term
dominates the integral and even non-trivial S[¢] can be
approximated by Gaussian integrals.

This observation generalizes to higher dimensions and
arbitrary field content, but is more apparent in a zero-
dimensional field theory with one degree of freedom. This
is illustrated in Figs. 1 and 2, which are discussed in the
following subsubsection.

1. The scale-dependent partition function

Based on the above observation, let us now introduce
the following quantity:

ZJ =N /Oo dpo-SI-AS61+T 6 -

which is called the scale-dependent generating functional
or scale-dependent partition function. It differs from the
usual partition function (2) only by a scale-dependent
mass term

ASi[g] = (1) 6. ™)

We directly adopt the common notation from the FRG
community and call r(t) the regulator (shape) function,
which depends on the RG scale (“time”) t € [0, 00), see,
e.g., Refs. [70, 71]. We will discuss this interpretation of
r(t) and ¢ in Sub.Sec. IID. For now, we only demand that
the function r(¢) has such properties that Z;[J] interpo-
lates between an almost Gaussian-type partition func-
tion® with extremely massive free fields at ¢t = 0 and the
actual partition function Z[J] that we are interested in
at t — oo. In order to achieve this behavior, r(¢) has to
have the following properties:

1. In the limit of ¢ — 0, r(t) (S[¢]) should behave
like a mass (term), similar to what we discussed at
the beginning of this section, and be much larger
than all other scales in S[¢]. Oftentimes in the
literature r(t) is set to infinity at ¢ = 0. We will
see, cf. Sub.Sec. II C, that this is not suitable.

3 This is also why the UV fixed point of RG flows is denoted as
the trivial or Gaussian fixed point.



2. For t — oo, 7(t) is supposed to vanish, such that
lim;_, o Z¢[J] = Z[J]. The same applies to expec-
tation values calculated from Z;[J], which become
expectation values of Z[J]. For practical calcula-
tions it is sufficient to assume that, for ¢ — oo, r(t)
becomes much smaller than all scales in S[¢], be-
cause then the contribution AS.[¢] to the whole
integrand e~ S[1-AS:14] s negligible and the in-
tegrand is almost identical to e=SI?l. The value
lim; oo 7(t) = rmr 2 0 is usually referred to as

~

(numerical) infrared (IR) cutoff.

3. The interpretation of r(t) (S[¢]) as a mass (term)
is guaranteed by further demanding monotonicity,
Or(t) <0 Vi. We will provide additional argu-
ments for monotonicity in Sub.Sub.Sec. I1B 2.

4. In order to be able to smoothly deform the inte-
gral in Eq. (2) and for the following derivation of
evolution equations, we further require r(t) € C*.

Apart from these four properties there are no further
requirements on r(¢) in zero dimensions.*A specific choice
which is used in large parts of our work is the so-called
exponential regulator (shape) function

r(t)=Ae™ ", (8)

with an ultraviolet (UV) cutoff A, which must be chosen
much larger than all scales in S[¢].

In order to get a better intuition of the effect of r(t)
on the integral (6), in Fig. 1 we show the integrand at
J = 0, e SI=259] and the respective exponent for
different values of ¢ for the analytic action

S(¢)=—36"+ 56" 9)

and in Fig. 2 the same quantities for the non-analytic
action

—¢?,
S(9) =1 -(3),

= (¢t —91) if 2<]g|.

if ¢l <2,

if §<lol<2, (10)

The figures show how the integrands are deformed from
Gaussian-shaped integrands to the integrands e~S[l,
One observes that, as long as r(t) is much larger than all
other parameters in S[¢], the Gaussian-like mass term
dominates, while for increasing ¢ the regulator r(t) be-
comes negligible. The most interesting part, where the
integrands change their shapes significantly, is where ()
is of the same order as the scales in S(¢).

4 For the subtleties associated with the choice of regulators in
higher-dimensional theories, we refer the interested reader to
Refs. [70-75]. Note that for higher-dimensional field theories
the fourth requirement turns into AS;[¢] € C1.

FIG. 1. The integrand (upper panel) and exponent (lower
panel) from Eq. (6) (at J = 0) as a function of the field
variable ¢ for various RG times ¢t = 0,1,2,...,15 and for the
action (9). We choose the exponential regulator (8) with UV
cutoff A = 103, which is notably larger than the absolute
value of the mass term and the quartic coupling. The IR
cutoff scale rir was chosen at ¢ = 15, which corresponds to
rir ~ 3.06 - 10™%. This value is significantly smaller than all
scales in S[¢)].

2. A flow equation for the scale-dependent partition
function

The change of the integrals with ¢ between the two
limiting cases at ¢ = 0 and ¢t — oo is called RG flow.
If this RG flow is known, we can obtain the function
Z(J) =limy_ 0o Z¢[J] = Z[J] right from the Gaussian-
like partition function Z;—¢[J] without the need to calcu-
late the ¢-integral in the partition function (2) directly.
For zero dimensions this does not seem to be an advan-
tage, because the integrals in field space are (at least
numerically) simple to compute. For higher dimensions,
however, circumventing the challenging functional inte-
gration is a tremendous benefit.

The RG flow of Z;[J] is characterized by taking the
derivative with respect to the RG time ¢,

atZt[J} = (11)



FIG. 2. The same as in Fig. 1, but for the action (10).

=~ [30r(t)] N/oo A ¢2 e~ SHI-ASE+T 6 _

52 Z4[J]
0Jé6J

= - [ o)

=~ [30r(®)] 22,17,

which is a PDE for a function Z(¢,J) in the (¢, J)-plane,
QZ(,J)=—[30r(t)] 0FZ(t, J). (12)

With slight modifications, this also applies to higher-
dimensional QFTs. Solving this equation with appropri-
ate initial and boundary conditions results in a function
Z(J) from which one can calculate expectation values by
taking ordinary (numerical) derivatives with respect to J
at J =0, cf. Eq. (3).

The structure of this equation is that of a linear one-
dimensional diffusion equation (heat equation) [54, 74,
76, 77], where t corresponds to the temporal direction,
while J corresponds to the spatial direction. The term
— 3 Oyr(t) corresponds to a time-dependent (positive defi-

nite) diffusion coefficient®. This also motivates the name
RG “time” for the parameter t. We will come back to
the concept of RG “time” in the true sense of the word
and the diffusive, irreversible character of RG flows in
Sub.Sec. IV A.

In zero dimensions, the Eq. (12) is a PDE in two vari-
ables. For the remainder of this subsection we will dis-
cuss properties and practical issues considering this exact
PDE. We will neither discuss any kind of expansions in J
nor its application in higher dimensions. However, some
of the issues and questions raised in the following are also
relevant for higher-dimensional theories.

Finding the correct initial and boundary conditions for
numerical solutions of Eq. (12) as an exact PDE is chal-
lenging. By construction Z;—[J] approaches a Gaussian
integral,

Zt:O[J] = (13)

Y /OO dpetr@ 6416 ,~S(@) _
oo
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with ¢ = \/7(0) ¢ and independent of the explicit shape
of S[¢]. Considering different actions S[¢] with cou-
plings of the same order of magnitude we can choose
the same regulator with an r(0) larger than all internal
scales involved in the different actions. The initial con-
dition Z(0, J) is then independent of the explicit action
under consideration.

According to the integral formulation (6), Z(¢,J)
changes for different actions when ¢t > 0. In the dif-
ferential formulation of the Eq. (12) those changes are
generated by the diffusion term on the right-hand side.
However, we argued that it is permissible to use identical
initial conditions Z(0,J) for different actions involving
similar scales (as long as these are much smaller than
r(0)). This then results in an identical diffusion on the
right-hand side of Eq. (12) when the latter is computed
by means of a second derivative of Z(0,J). If one uses
identical large-J boundary conditions for the solution of
the PDE (12) for different actions, this would imply that,
despite different S[¢], the RG time evolution leads to
identical Z(J) for t — oo, which in general cannot be
correct.

5 Note that in zero dimensions one can get rid of d¢r(t) by an
appropriate reparametrization of the time coordinate ¢, which
nevertheless keeps the structure of the equation unchanged. In
higher dimensions this elimination of r(¢) is in general not possi-
ble. The positivity of the diffusion coefficient is directly related
to the stability of solutions of the heat equation [78, 79] and posi-
tivity — here guaranteed by the regulator properties — is necessary
for a stable solution [74, 75].



In order to resolve this problem, particular action-
dependent spatial boundary conditions seem to be nec-
essary for a direct numerical solution starting at ¢ = 0
with a Gaussian for Z(0,J). It is not obvious how to
derive or formulate such boundary conditions from the
asymptotics of Eq. (12) alone. In light of this, a numer-
ical solution of Eq. (12) in the (¢,J) plane by means of
a spatial discretization in J direction and an integration
in ¢ direction appears to be conceptually questionable.

However, this invalidates by no means the flow
equation for Z(t,J) in general. Augmenting it (at ¢ = 0)
with information from the integral formulation (6) or,
equivalently, other additional information, could enable
practical computations using the PDE (12). But it is at
this point (at least to us) not obvious how one would
implement a numerical solution strategy for the PDE
(12) avoiding integrals of the action.

There is another well-known drawback in using the
partition function Z[J] for calculating n-point correla-
tion functions (or expectation values) (¢™). The latter
are rather inefficient in storing information, because
they contain redundant information in the form of
disconnected and reducible terms, see Refs. [38-40, 80]
or the mathematical theory of moment- and cumulant-
generating functionals in statistics for details [81]. This
is further discussed in Sub.Sec. IIE. However, the
redundant information in (¢™) is not necessarily a strong
argument against the use of the flow equation (12) in
practical computations, since the irreducible informa-
tion can be extracted from the correlation functions (¢™).

In order to resolve both the problem of initial and
boundary conditions for Z(¢,.J) as well as the issue of
redundant information in {¢™), we now consider two dif-
ferent generating functionals, which are better suited for
practical calculations of n-point correlation functions or
expectation values, respectively. To this end, we employ
the Schwinger functional,

WIJ] = Z[J], wIo] =0, (14)

and its Legendre transform, the effective action,

T[] = sgp {Jo-WJ}. (15)

Here, “sup” denotes the supremum with respect to the
source J. The Schwinger functional generates all con-
nected m-point correlation functions while the effective
action generates all one-particle irreducible (1PI) n-
point vertex (correlation) functions, see Sub.Sec. ITE or
Refs. [38-40, 80] for details.

In general W/[J] is convex with a positive definite Hes-
sian W(}z}) [], which implies convexity for I'[¢], since the
Legendre transform of a convex function is convex by def-
inition, see e.g., Refs. [82, 83] for details. In the present
case the convexity of W[J] = W(J) becomes apparent
considering its second derivative,

W) = (¢%)5 = (0)s(d)s = (& — (#)5)*)s, (16)

which, as the expectation value of a positive quantity,
is always positive.® In zero dimensions, also smooth-
ness, Z[J] € C*°, directly translates to W[J] € C* and
I'[p] € C*°, because all derivatives W[J]| and I'[¢] can
be entirely expressed in terms of derivatives of Z[.J], see
Sub.Sec. ITE. We will need both properties several times
during our discussion, see also the discussion in App. B.

Having these definitions at hand, we shall start the
next section by defining scale-dependent generating func-
tionals W;[J] and T'[p]. From these, we will also de-
rive and discuss two flow equations which are similar to
Eq. (11). The final result of the next subsection is the
FRG equation (known as Wetterich equation), which is
the exact analogue to Eq. (11) on the level of T't[¢]. It
provides the opportunity to circumvent the direct calcu-
lation of integrals of type (1).

C. The Functional Renormalization Group
equation

In this subsection we derive and discuss the Functional
Renormalization Group (FRG) equation [35-37] (also
known as Exact Renormalization Group equation) for our
zero-dimensional toy-model QFT. All formulas presented
in this section can be generalized to higher dimensions
and arbitrary field content, see e.g., Refs. [73, 84-88].

1. The scale-dependent Schwinger functional

We begin the derivation by introducing the scale-
dependent Schwinger functional starting from defini-
tion (6),

WiJ] = In Z,[J]. (17)

It follows from our previous discussion that for ¢ — oo
the Schwinger functional (14) is recovered,

Jim W) = W], (18)

while W;—¢[J] is given by the logarithm of Eq. (13).
The insertion of the regulator (7) into Z;[J] does not
spoil the convexity and smoothness (in zero dimensions)
of the Schwinger functional: W;[J] and Z,;[J] are convex
and smooth for all ¢.
Completely analogous to Eq. (11) one can derive a
PDE for W,[J] = W(t,J) in the (¢, J) plane,

= — [3ar(®)] (Bwit, ) + [w(e, 7))

6 Note that also Z[J] is convex, which can be seen by investigating
its second derivative.



which describes the flow of W(t, J) from t = 0tot — oo”.

We could now repeat the discussion about the issues
of initial and boundary conditions for the solution of
this PDE. However, the problems are almost identical
to those of Eq. (12), because on the level of the PDE,
we only substituted the function Z(t, J) by W(t, J) via
the logarithm, which does not change the structure of
the problem fundamentally. Formulating appropriate
initial and boundary conditions in the spatial J direction
therefore remains as complicated as before. Note that
the PDE (19) became more complicated when compared
to Eq. (12) due to the non-linear term on the right-hand
side. In summary, the scale-dependent Schwinger
functional is, from a practical point of view, as badly
suited as Z(t,J) to perform the (numeric) calculation of
the functional integral via a flow equation starting from
a Gaussian-type integral.

In the following we will focus on the scale-dependent
effective (average) action and its respective flow equation,
which does not suffer from the issues of particular initial
and boundary conditions. As an added benefit, the effec-
tive action is also the most efficient functional in terms
of storing information of a theory at hand. Formulating
proper initial and boundary conditions for the flow equa-
tions for Z(t,J) and W(t,J) and if possible implement-
ing adequate numerical schemes in the context of zero-
dimensional field theories would certainly be interesting
from an academic point of view. Translating the initial
and boundary conditions for the scale-dependent effec-
tive (average) action to Z(t,J) and W(t, J) could be a
possible and potentially feasible strategy. A comparison
of the flows of Z(¢t, J), W(t, J), and T'(¢, ¢), both concep-
tually and for explicitly specified actions, is a worthwhile
subject of future work.

2. The scale-dependent effective action

We now define the scale-dependent effective action
T'[¢] via the Legendre transform of Eq. (17) with respect
to the sources J at a RG timescale t,

Ti[e]

Sl}p{JCP*Wt[J]} = (20)

Ji(p) o = Wil Je ()], (21)

7 In terms of its structure Eq. (19) is also known as the Polchinski
equation in the context of the RG for higher-dimensional QFTs.
However, in the original work [89] an effective action L(A,¢)
takes the role of W and it is formulated in terms of the fields
¢ instead of the sources J. For relations between the original
Polchinski equation and the flow equations studied in this work
and selected applications of the Polchinski equation, see, e.g.,
Refs. [90-93].

where we introduced the source J;(¢) which realizes the
supremumn.

Note that, analogous to Z;[J] and W,[J], the convex-
ity and smoothness (in zero dimensions) of I';[p] is not
spoiled by the ¢t dependence, because the properties of
the Legendre transformation still ensure both.

To obtain an explicit relation for the scale-dependent
source J¢(p), which realizes the supremum in Eq. (20),
we consider the functional derivative of Eq. (20) at the
supremum to find the important relation

SWi[J]
oJ

=¥, (22)
J=Ji(¢)

WOl (e)] =

which will be used frequently in the following. Taking
the functional derivative of Eq. (21) with respect to ¢
and using Eq. (22) we ultimately find

NP = Ji(p), (23)

which is referred to as quantum equation of motion. Due
to the strict convexity of I't[p] the function J¢(¢) is bijec-
tive and as such can be inverted, which can be achieved
by considering Eq. (22) at fixed value J for J;:

O ERLLS (2)

where ¢;(J) is the so-called scale-dependent classical
field (sometimes also referred to as scale-dependent mean
field).

The subtle relations between, and scale dependences
of, v (J) and J¢(p) are rarely discussed in literature and
usually suppressed in the notation. The relation between
p¢ and J; will be of particular importance in the dis-
cussion of n-point correlation functions in Sub.Sec. ITE.
The scale dependence of ¢.(J) from Eq. (24) is not re-
lated to a rescaling (RG transformation) using, e.g., a
wave-function renormalization for ¢.

Before we derive the FRG equation, which is the flow
equation for T';[¢] and a PDE for the function I'(¢, ¢) in
the (t,¢) plane, we check whether we will run into the
same issues (related to initial and boundary conditions)
as before. Hence, first of all, we must derive the initial
condition for the PDE for I'(¢, ¢). To this end, we study
the limit ¢ — 0 of T'¢[p]. We use the definitions (6), (17),
(20), and (21) to obtain

e*Ft[W] —e sup ; {J o—W:[J]} _ (25)

— el Z:[Je (@)= Je(p) p —

:N/oo do o—S[O1-AS[¢]+:(¢) (9—¢)



We now shift the integration variable® ¢ — ¢’ = ¢ — .
Using Eq. (7), we find
e Tl +ASe] — (26)

—N/ A eSO/ +eI-ASIF=r(t) ¢’ 4T [0] ¢

In the next step, we introduce the scale-dependent effec-
tive average action,

Lilp] = Tefep] —

which also tends to the effective action I'[p] for t — oo,
because the second term vanishes in this limit, c¢f. Eq. (8).

At any finite value of ¢ (including t = 0), T';[p] dif-
fers from T'[p] and is no longer guaranteed to be con-
vex, which can be seen directly from the second term in
Eq. (27). Convexity is only recovered for ¢ — co. How-
ever, the second term in Eq. (27) does not violate the
smoothness of T't[¢] in zero dimensions for all ¢, because
ASi[p] = Si(p) € C* in .

We express Eq. (26) in terms of the scale-dependent
effective average action (27) and, for the sake of conve-
nience, revert the notation ¢’ — ¢,

o Telel — A / T dge-Slotel-asldTldle (o8

ASile], (27)

In the next step one formally introduces the normaliza-
tion of a Gaussian integral with mass r(t) and takes the
logarithm, which results in

Lifo] = (29)

_1n/ dé T(t —S[¢+w]—%r(t)¢2+f§?;[¢]¢_

—1In {N T(t

We are now ready to study the limit ¢ — 0, which corre-
sponds to the initial condition for a possible flow equation
for T'y[¢] or [¢[p], respectively. Focusing on the ¢ inte-
gral in the first term on the right-hand side of Eq. (29),
we employ the fact that the regulator terms act like a
Gaussian representation of the Dirac delta distribution,

lim /28 =370 ~ 6(g) (30)

t—0 2m

as long as r(t) is much larger than all scales in S[¢].
Thus, denoting

o(t) =~ [N /25 ], (31)

8 It is the same shift that is used in the background field formalism
[94, 95], where the full fluctuating quantum field ¢ is split into a
background field configuration ¢ and additional fluctuations ¢’
about the background field. This is why ¢ is called the classical
or mean field.
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we find ast — 0

MQ%—m/ d 6(¢) e ST 4 ¢(4) =

— 00

=Slpl+e(t),  (t—=00) (32)

This means that the initial condition for a flow of [';[¢] is
given by the classical action S evaluated for the classical
field ¢ and some additional ¢ dependent, but ¢ indepen-
dent term ¢(t). This choice for an initial condition of a
PDE for T[] has subtle consequences:

Although ¢(t) does not depend on ¢, it is large, c(t) ~
2Inr(t). Consequently, as far as the initial condition
for the PDE for T[] or T[] is concerned, it seems as
if we run into the same problem as before: The initial
condition is dominated by the artificial mass of the reg-
ulator r(t), independent of the specific action S[¢], and
differences in the specific choice for S[¢] enter the initial
condition only as small deviations from the large term
¢(t). Furthermore, ¢(t) contains the normalization con-
stant N, which was fixed according to Eq. (4).

However, precisely because ¢(t) appears like the nor-
malization N, it should be irrelevant for all physical ob-
servables. Indeed this is the case, because all ¢ indepen-
dent terms in T'y[p] do not enter the n-point correlation
functions, since the latter are calculated as derivatives
of T[] with respect to ¢ at ¢ — oo, see Sub.Sec. ITE.
This implies that an additive, ¢ independent term in the
three effective actions I'[¢], T't[¢], and T[] is irrelevant
and only relative differences in the effective actions are
observable. Therefore, we can simply omit ¢(t) and take
as initial condition for the PDE for [';[¢] the value S[¢],
which perfectly incorporates the difference between dif-
ferent models with distinct actions S[¢].

One problem in disregarding c(¢) remains: one has to
ensure that a PDE for T';[p] must not contain any terms
without field derivatives of T'[p]. Otherwise c(t) would
influence the flow in a time-dependent manner. Fortu-
nately, this does not happen, as we will see later, and the
FRG equation (37) does not contain terms without field
derivatives of T't[p] on the right-hand side.

This, however, brings up another question: After
Eq. (27) we argued that [';[¢] does not need to be convex,
but must still be smooth for all t. Let us for example con-
sider the non-analytic action (10) as an initial condition,
Ti—ole] = S[¢]. This action does not cause any prob-
lems for the convexity and the smoothness of Z;[J] and
W,[J] at arbitrary ¢, see for example App. B and Fig. 36.
The non-convexity of S[] is also not a problem for I';[¢],
which does not necessarily need to be convex at finite .
Nevertheless, the smoothness of T;[] is violated by this
choice of S[y] at t = 0. This issue originates from relation
(30), which is exactly fulfilled only in the limit A — oo
for the UV cutoff. This, however, leads to a trivial theory
of infinitely massive partlcles at t =0, ¢f. Eq. (6). If one
chooses a reasonably large but finite A and does not use
Eq. (30), one would ensure that T';[p] is also smooth at



t = 0. However, then the initial condition is not exactly
S[¢], but rather an extremely complicated expression. In
consequence, if we use the approximation (30) even for
finite A, one has to pay the price of introducing errors
into the initial condition as well as violating the smooth-
ness of 4[] at t = 0. In return one has a well-defined
initial condition S[p] for the PDE for T';[¢]. However, if
A is chosen to be much larger than all scales in S[¢], the
errors from the initial condition are minor and expected
to be of magnitude

error A~ largest scale in & , (33)

A

We will come back to this issue in Sec. V in the context
of RG consistency [96-100].

Additionally, we will find that also the smoothness of
['¢[¢] is recovered automatically for all £ > 0 by the struc-
ture of the PDE for [';[¢], because it always contains dif-
fusive contributions which immediately smear out kinks
in the initial condition right in the first time step. We will
also come back to this issue later on, after we have de-
rived the FRG equation (37) and discussed its diffusive,
irreversible character.

3. The Exact Renormalization Group equation

In analogy to the previous flow equations, the FRG
equation, which is the flow equation for T';[¢], is obtained
by taking the derivative of I';[¢] with respect to t and us-
ing the definitions (20) and (27) to express the derivative
of T¢[p] by the scale-dependent Schwinger functional,

OiLe[p] =0 (Telp] — ASie]) = (34)
=0 (Ji(0) ¢ = Wildi(p)] — AS[¢]) =
=[0e1i (@)l = Wi Je(9)] —

— [0R (N W I = [3ar®)] ¢ =

= — OWi[Ji(@)] — [3 Oir(t)] ©*,

where we used the chainrule and Eq. (22).

We now use the flow equation for the Schwinger func-
tional (19) to substitute the first term on the right-hand
side. Again employing the identity (22), the last term in
the last line of Eq. (34) cancels with the non-linear term
in Eq. (19), such that

. T4] = [4 0 ()] W, 1)) (35)

It remains to replace the second derivative of the
scale-dependent Schwinger functional by a correspond-
ing derivative of T';[p]. This is done via the identity

_0ly) de e

1
Sp  0di(p)

W) (@), (36)
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which follows from Egs. (22) and (23). Plugging this into
Eq. (35) and using Eq. (27) with Eq. (7) we obtain the
FRG equation, Fxact Renormalization Group equation or
Wetterich equation [35-37]

Alile] = [3 0 (®)] [[2olel +r(0] 7, (37)
which is a flow equation — a PDE — for the scale-
dependent effective average action I'(¢,¢) in the (¢,¢)
plane,

1
— 5 (9t7“(t)
OL(t, ) = =i » (38)
Q%F(t, ) +7(t)
with the initial condition I'(t = 0,¢) = S[p]. Some re-
marks are in order:

1. In contrast to the PDEs for Z(¢,J) and W(t, J)
the FRG equation can be initialized with a suitable
initial condition at ¢ = 0 that produces distinct
flows for different actions S[¢], as was discussed in
the previous subsubsection.

2. The spatial boundary conditions, i.e., for ¢ — oo
are provided by the asymptotics of the FRG equa-
tion (38) itself and by the requirement that S[¢]
must be bounded from below: The action S[p] of
an (interacting) field theory must at least grow like
¢? for large |¢| and the dominant contribution for
large || must be even in ¢. For actions S[y] that
grow asymptotically faster than (? the denomina-
tor on the right-hand side of the PDE (38) already
diverges at t =~ 0, such that

lim 0;['(t,¢) ~0. (39)
lo]—00

It follows that for |p| — oo the function T'(t,)
does not change at all, but keeps its initial value
S[p]. These are perfectly valid boundary conditions
for a PDE. The scenario for initial conditions with

lim S[p] ~ ¢? is more delicate. We will return
lp|—o00

to this issue and a detailed discussion of boundary
conditions, when we discuss the numerical imple-
mentation and solution of Eq. (38) in Sub.Sec. IVD
in the context of numerical fluid dynamics.

3. The structure of the PDE (38) is again a diffusion
equation. In contrast to the PDEs (12) and (19)
it is non-linear in the second-order spatial deriva-
tives of T'(¢, ¢) that appear in the denominator. By
applying the same formalism to models with dif-
ferent field content, the FRG equation can also ac-
quire convective/advective terms and source terms.
We will thus find that the FRG equation shares
many properties with other notable advection-
diffusion equations, e.g., the Navier-Stokes equa-
tion [101]. This is discussed in Sec. IV, where our
numerical approach to the FRG equation is pre-
sented in more detail. However, it should be al-
ready mentioned at this point that analyzing and



solving non-linear advection-diffusion-source/sink
equations like Eq. (38) is a state-of-the-art prob-
lem in numerical mathematics. Thus, some care is
required in the search for well-established numeri-
cal solution schemes for PDEs of this type.

4. In zero dimensions, similar to the flow equations
for Z(t, J) and W(t, J), one can reparameterize the
flow time ¢ in terms of r in Eq. (38) and get rid of
the prefactor 9;r(t). Additionally, one could elimi-
nate r(t) in the denominator in Eq. (38) by shifting
L(t,¢) = L(r, ) — 3 r ¢* and switching from ¢ to r
as flow parameter, which corresponds to the zero-
dimensional analogue of the rescaled “dimension-
less” flow equation in fixed-point form, but is not
suited for the practical calculations in this work.

This reparameterization effectively corresponds to
different choices of regulator (shape) functions in
zero dimensions. However, for higher-dimensional
problems, different choices of regulators do not
need to be related to each other via simple
reparametrization of the RG time. In any case,
the effective dynamics in the PDE during the RG
flow strongly depends on the parametrization of the
RG scale as well as the explicit choice of regulator,
which has two direct consequences: First, although
the dynamics and ¢ evolution of observables (the
n-point correlation functions) during the RG flow
might be highly interesting and must also be stud-
ied to ensure that the UV and IR cutoff scales are
chosen appropriately, one must clearly state that
only the IR value of I'[¢] is mathematically and
physically meaningful and suitable for extracting
information on the n-point correlation functions.
This is demonstrated and discussed again in the
context of numerical precision tests of the O(N)
model in Sec. V. Second, from a numerical point
of view, some parametrizations or choices of regu-
lators might be more challenging for the numerical
integrators than others and must be adopted to the
specific problems at hand. On the level of the PDE
this corresponds to the time-dependent strength of
the diffusion, see below.

5. Unrelated to the present discussion, a formulation
of the FRG equation using mean fields carrying an
explicit scale dependence (in higher dimensions of-
ten related to a running wave-function renormaliza-
tion) is also possible with a careful consideration
and distinction between total and partial deriva-
tives with respect to ¢t. Generalizations including
composite mean fields are also possible, see, e.g.,
Ref. [73].

Using a zero-dimensional field theory with one degree of
freedom, we have therefore demonstrated that it is pos-
sible to transform the problem of solving functional inte-
grals like Egs. (1) and (2) for a model with action S[¢]
into solving the PDE (38) in ¢ and ¢ with initial condition
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S[¢]. The FRG equation thus directly implements the
idea of transforming Gaussian-type functional integrals
into arbitrary functional integrals, but on the level of the
effective action I'[p] rather than the partition function
Z[J]. Both formulations of the problem of calculating n-
point correlation functions — the functional-integral for-
mulation and the FRG formulation — are mathematically
equivalent. This, however, is, as we have seen, a highly
non-trivial statement and demands numerical precision
tests, which are part of this work.

In Ref. [73] it is shown that the FRG framework can be
generalized to models or theories with arbitrary field con-
tent in arbitrary dimensions and space-time background
(even a formulation for space-time itself, i.e., quantum
gravity is possible [85, 86], see Ref. [13] for a recent re-
view).

Before we introduce the zero-dimensional O(/N) model
and explain the relation of the FRG to fluid dynam-
ics, followed by our main discussion of zero-dimensional
QFTs as a testing ground for numerical methods and
truncation schemes, we discuss two further issues. The
first contextualizes our previous discussion with an in-
terpretation of the FRG from the RG perspective (also
for higher-dimensional field theories). Furthermore, it
briefly discusses the generalization of the FRG equa-
tion to different field content. This can also be found
in Refs. [13, 73, 74, 87, 88, 102-104]. The second is-
sue discusses the relation between the n-point correlation
functions of the different generating functionals Z)[J],
W [J], and T')[¢]. This is needed for a comparison of
the exact results from the partition function Z[J] with
our results from the FRG based on I'[¢]. Readers familiar
with these issues may skip the following two sections.

D. Contextualization with FRG in
higher-dimensional space-time

The structure of the FRG equation (38) is already very
general and extends with only minor modifications to
arbitrary fields and dimensions. Derivations can be found
in, e.g., Refs. [73, 88, 102]. The FRG equation reads

oT(@) = STr| (3 ouke) (NP0 + R) '] (40)

The supertrace in Eq. (40) entails sums over internal in-
dices and different fields and integrals over momenta, tak-
ing minus signs for fermionic fields properly into account.
The fundamental difference between ERG Eq. (40) and
its counterpart in zero dimensions (37), is that the ERG
equation in d > 0 is a functional differential equation
for the classical fields ®. It does not naturally present
as a PDE which necessitates truncations in practical
computation to project the ERG equation onto a finite
set of coupled ODEs and/or PDEs. The regulator R;
for computations in d > 0 is no longer a simple scalar
function but an operator with a particular, non-trivial
structure in position/momentum space. While differ-



ent regulator choices are still possible in higher dimen-
sions, corresponding RG flows are no-longer related by
simple rescaling and a suitable regulator choice for the
problem at hand becomes particularity important when
considering explicit truncated FRG flow equations see,
e.g., Refs. [70, 71]. More details can be found in, e.g.,
Refs. [13, 73, 74, 87, 88, 102—105]. The equation is based
upon momentum locality, i.e., the integrand of the mo-
mentum integral on the right-hand side is peaked around
the RG scale k =~ ¢ (for conventional regulators), see,
e.g., Fig. 1 in Ref. [102] or Fig. 3.1 of Ref. [106], where ¢
is the loop momentum and

t=—In(%). (41)

The FRG equation can be interpreted as a direct imple-
mentation of Wilson’s approach to the RG [107-109].

In general, the space-time dimensionality has to be
taken into account when considering the convergence
properties of different expansion schemes. For example,
the vertex expansion is believed to work very well for
QCD in d = 4 dimensions (see, e.g., Ref. [110] for a re-
cent overview), however, as we will discuss below, the
convergence of the expansion is in general not guaran-
teed. The vertex expansion is an expansion in terms of
moments of the quantum effective action, explained in
detail in Sub.Sub.Sec. III C 2. Here, the moments are the
irreducible parts of scattering kernels.

The convergence of this expansion is given by two main
ingredients,

1. phase-space suppression,
2. finite couplings.

The first point means that higher-order vertices, which
originate from quantum effects and are typically not
present in the classical action, come with increasing sup-
pression factors, e.g., due to the angular integrations.
The second point simply relates to the fact that all cou-
plings have to stay finite. Otherwise the argument re-
lated to phase-space suppression simply does not work.
There are several scenarios where this can be the case.
The main one being the presence of resonances, where
couplings can be divergent. Also large densities might
circumvent the effect of phase-space suppression, but are
not our main concern in this work. The last, and for this
work most important effect, is that of the dimension.

In particular, for zero-dimensional space-time the an-
gular integrations are not present, and hence the en-
tire argument of phase-space suppression does not work.
Zero-dimensional QFT is ultra-local — defined only in a
single point — and thus extremely coupled in field space.
This, of course, has to be kept in mind when considering
convergence properties of vertex expansions.

Still, also a parallel work in 1+ 1 spacetime dimensions
by some of us and collaborators [32] generically supports
these statements and the increasing importance of local
interactions in low spacetime dimensions.
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E. n-point correlation functions

In this section we discuss the scale-dependent cor-
relation functions, which can be extracted from the
(scale-)dependent generating functionals Z), W, and
;). We restrict the discussion to a zero-dimensional
quantum theory with a single real scalar. The concepts
and expressions can be generalized to theories including
arbitrary fields and generalize to higher dimensions. For
a broader discussion in the context of QTFs we refer the
interested reader to the textbooks [38-40, 94, 111]. For
a comprehensive discussion of correlation functions and
their relations in the FRG see, e.g., Refs. [83, 103].

Correlation functions can be extracted by taking suc-
cessive functional derivatives of the generating func-
tional, cf. Eq. (1):

2" 1]

<¢n>t,J = Zt[J]

(42)

(The non-observable normalization, which we fixed by
means of Eq. (4) cancels.)
According to Eq. (24), the one-point correlation func-
tion
1
Z)1)

O = Z 15 = Wil (43)

equals the scale-dependent classical field ¢ (J).
The two-point correlation function

z2) 1T
@=L =W s 02,

is of particular interest in QFT since it is related to the
transition amplitude between two states. In d > 0 such
an amplitude between ¢(x1) and ¢(z2) encodes the par-
ticle motion between the space-time points x; and xs.
(¢®)t,7 includes the disconnected’ contribution (¢)7 ;.
This information is already stored in the 1-point corre-
lation function. Higher-order n-point correlation func-
tions include disconnected parts consisting of products
of lower m-point functions with m < n [81]. The discon-
nected contributions correspond to scattering processes
where only a subset of the fields interact with each other
and are as such irrelevant for observables. Loosely speak-
ing, Z;[J] contains redundant information in the form of
these disconnected diagrams.

The Schwinger functional W;[J] does not contain this
redundant information. Functional derivatives of W;[J]

9 “Connected” and “disconnected” in this context refers to the
connectivity of the Feynman-diagram representation of the cor-
relation functions. In a connected Feynman diagram all external
lines are connected in the diagram through at least one internal
line.



generate connected n-point functions:

(@"), =W ). (45)

The first two connected n-point functions are
(©)5.5 = (@)es = W], (46)

(@5, = (@0 — (@2, =W @)

Higher-order n-point functions are interpreted as inter-
action vertices. For example, the connected three-point
correlation function is given by

(@) =(0")es —3(6M) s (D)es +2(0)i, . (48)

The Schwinger functional, as the generating functional of
connected correlation functions, still contains redundant
information since connected correlation functions can be
decomposed into 1PI'0 vertex functions. 1PI vertex func-
tions encode all information about a QFT.

The effective action T'¢[p] is the generating functional
of 1PI vertex functions [38-40, 80, 94, 111-113]. We now
introduce a central object in functional approaches to
QFT: the full scale-dependent propagator

2 2 -1

Gioled =Wl = (T led) ", (49)
where the last equality follows from Eq. (36). Recalling

Egs. (23) and (24) we then obtain
o _Op 6 (2) 0 J
—_ = — = Ji] — = G{?[p] —, (50
5J, 5J, 6(,0,5 t,JtJt[ t] 580t t [Sot] 54)0157 ( )
Here we dropped the explicit ¢ (J) dependence of the
source realizing the supremum J; (the scale-dependent
mean field ¢;) for readability only and will do so for
the remainder of this section. Equation (50) is basi-
cally a chain rule, which allows to convert functional J;
derivatives into ¢; derivatives. The correlation function
(@™)¢.5, for n > 1 can be rewritten by successively pulling

out functional .J; derivatives,

Zt(rfi)~~~7 [J¢] 5 Zt(n]_l)J A
<¢n>t,~]t:#: — 4 Lt
Z4[ 4] 0Jy EARA

(ﬁ((;;Jr%))%, (51)

where the ¢; terms account for the derivatives of the nor-
malization 1/2Z;[J¢]. Using the chain rule (50) in Eq. (51)
we arrive at

(60 = < [T (cried =+ w)) o (52)

i=1

10 One-particle irreducible (1PI) in this context refers to Feynman
diagrams, which cannot be split into two disconnected diagrams
by cutting a single internal line.
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which expresses the correlation function (¢™); s, com-
pletely in terms of ¢;, G{?[¢:], and 1PI vertices for
n > 3. The higher (n > 3) 1PI vertices I'\"), __ [¢/]
emerge in Eq. (52) from the functional derivatives of the

propagator. Taking the ¢; derivative of Eq. (36) (for
© =, J = Ji), we derive
) 1) 2 —1
55, G0 lod =5 - (T30, [01) (53)

= — G[od T ol G2 L]

where we have used Eq. (49) and where

0 ()

n+1
57% [RZIRET [pt] = F( )

t, ot PPt [th] . (54)

From the definition (45) and Eq. (50) it is even simpler
to derive

()¢ 5, = (H (62710 52)) o (55)

=1

which establishes a decomposition of connected correla-
tion functions in terms of ¢, Gf?[p], and 1PI vertices
for n > 3. Equation (55) is simpler than Eq. (52) because
disconnected contributions arising from the term ~ ¢, in
the parenthesis in Eq. (52) are absent.

In terms of T'y[p;] the first three (connected) correla-
tion functions are given by

(M) es, = (8150, = 01 (56)
(6%)5 5, =GP%lin], (57)
()10, =GEPlod + & (58)
(650, = — (GPled) T8 o], (59)

3
(00 = = (GP2led])° TS oo lpd + (60)
+ 3G pi)r + 93 .

We will need these relations among the different n-point
correlation functions to compare our numerical results
from solving the RG flow equation with fluid-dynamical
methods to the direct computation of the correlation
functions from the partition function Z[J].

III. THE O(N) MODEL IN ZERO DIMENSIONS
AND ITS TREATMENT WITHIN THE FRG

Zero-dimensional O(N) models are predominantly
studied for pedagogical and conceptual purposes [44—
56, 58, 60, 62-64]. In Ref. [44] the model was used to



compare the quality of perturbation theory, the large-N
expansion, and the FRG vertex/Taylor expansion with
the exact result. The primary focus of the present work
is to push this analysis even further and to study the lim-
its of untruncated RG flow equations as well as the FRG
Taylor expansion.

O(N) models in higher dimensions play an important
role in understanding spin systems, like the Ising model
[104, 114, 115], and magnetization phenomena. Fur-
thermore, they are often used as toy models and are
of utmost importance for understanding the Anderson-
Brout-Englert-Guralnik-Hagen-Higgs-Kibble mechanism
and the formation of a chiral condensate in strong-
interaction matter. In the context of numerical methods
for the FRG, two of us used the O(N) model in d = 3
to study numerical solutions of RG flow equations in the
large-N limit [26].

This section is structured as follows: In Sub.Sec. 11T A
we introduce the O(N) model on the level of the
classical action and the functional integral. We fur-
ther comment on the calculation of expectation values
and 1PI vertex functions from the functional integral,
which are our observables of interest. Thereafter, in
Sub.Sec. I1I B, we comment on symmetry restoration dur-
ing the RG flow, for scenarios in which the classical ac-
tion S[@] = U(tuv, @) possesses a non-trivial minimum.
In Sub.Sec. II1 C, we introduce the exact FRG formula-
tion of the model, which includes the derivation of the
RG flow equation as an exact PDE and generalization of
Eq. (38). We close this section by deriving the FRG Tay-
lor expansion for the O(N) model, which is a commonly
used expansion scheme in FRG studies.

A. The zero-dimensional O(N) model

Consider a zero-dimensional theory of N bosonic
scalars ¢, which transform according to

Qba — ¢; - Oab ¢b7 (61)

where O € O(N) and a,b € {1, ..., N}. In vector nota-
tion, this reads

¢ ¢ =06, (62)

—

where ¢ = (¢1, d2, ..., dn). If the action S[¢p] of the
model possesses an O(N) symmetry, it can contain all

J

(0idj) =+ 0ij (@2),
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possible terms that are functions of the O(N) invariant

P=1bata =302 (63)

This implies that the most general action obeying this
symmetry is given by

—

S[¢1=U@)=Ulp), (64)

where U(p) is the effective potential, in analogy to
models from higher-dimensional space-times. This
effective potential might for example include a bosonic
“mass term” m2p as well as other interaction terms
containing arbitrary powers of p. Although one may
now be tempted to assume that the effective potential
U(p) must be a power series or an analytic function
of p, as long as it fulfills all symmetries it can be any
continuous function of p which is bounded from below,
¢f. the discussion in Sec. II for the special case of the
O(1) model.

In the remainder of this section we will summarize
relevant relations for the O(N) model. For a more
detailed discussion, we refer the interested reader to
Ref. [44] and references therein.

All generating functionals of the theory retain the
O(N) symmetry of the action, which makes them func-
tionals of the invariants 1 J?2 for Z and W and ¢ = 152
for I'. This entails that all n-point correlation functions
for odd n vanish by symmetry and all n-point correlation
functions of a given order of even n are proportional to

each other, e.g., for the four-point function we find
(G i b; 5) = 5 (i Di bi bi) (65)

for i # j and 4,5 € {1,..., N} (no summation over re-
peated indices implied here). For the proof, use that
%Z(%Jv) = J Z’(% jQ) and set the source J = 0 at
the end of the calculation. Using the O(N) symmetry on
the right-hand side of

(Biy -+ bi,) = (66)
_ L TN UG
s | o0 E,

one can relate correlation functions of even order 2n to
the expectation value ((¢2)"). For the two-, four-, and
six-point functions, which are studied in this work, we
find

(67)
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(¢i dj Ok 1) = NNTD (85 Ok + Gik 5 + 0 01.) (622, (68)
1 o
(9 bj Dk D1 b D) = NN +2)(N +4) (6:7 Okt O + all permutations) ((¢2)*). (69)

Connected correlation functions and 1PI vertex functions are related to correlation functions as outlined in
Sub.Sec. ITE. Using the fact that, for odd n, all n-point correlation functions and all n-point 1PI vertex func-
tions vanish by symmetry, the following relations hold for the two-, four-, and six-point functions (no summation over

repeated indices):

(s 00)° = (¢ 03) = (T2,

) (70)

(Bi b i i) = (i i G i) — B (s i) = —(0ihi) TS, v s (71)
(i bi Di Di Di D) = (i Di Di Di i i) — 15 (i b &5 b5) (di di) + 30 (s b;)° = (72)

— (01 ) T o ionon T 10(0: 0i) ™" ({3 b bi 0:)°)° .

Inserting Eqgs. (67) — (69) into Egs. (70) — (72) and solving for the 1PI vertex functions yields

r®=r@ =N < (512> : (73)
_ _ 1 N_ (2%
r=rly  =3N° e [1 TN (g (74)
©) _©)  _ L [, 9N (6% 3N? (6772 _ N? ((62)%)
Tt _F‘P6i~~~89i =60 N? $2>3 {1 4(N +2) ((/_;2>2 + 2(N +2)2 <q7)'2>4 4(N +2) (N +4) <q7)'2>3 - (1)

In summary, computing arbitrary correlation functions
(or 1PT vertex functions) of the zero-dimensional O (V)
model boils down to computing expectation values
(($2)™). The latter can be computed using Eq. (66).
Because of the O(NN) symmetry of the integrand, this is
most easily done in spherical coordinates. Performing
the integration over spherical coordinates, we have

/Zd¢1.../°;d¢le(7T§) /Ooodp(ZP)g,17 (76)

Then the expectation value is a simple one-dimensional
integral,

2" [XdppFlpre U

i dpp¥ T 00

(6™ (77)

For certain potentials U(p), the integral (77) can even
be computed symbolically in terms of known functions
[31, 44, 56], whereas for general U(p) a numerical eval-
uation to high precision is straightforward using stan-
dard methods [42, 43]. Thus, the zero-dimensional O(N)
model is an ideal testing ground for alternative methods
to calculate correlation functions, such as, e.g., the FRG.

B. Symmetry restoration during the RG flow

Besides being invariant under O(N) transformations

— —

the classical action (potential) S[¢] = U(¢) is also in-
variant under the discrete Zy transformation

ba = —Pa, (78)

which, as already mentioned above, implies that all n-
point functions with odd n vanish, e.g., the one-point
function ¢, = (¢q) = 0.

However, it is possible to consider actions (potentials)
S[p] = U(p) which possess non-trivial minima py # 0.
This means that the RG flow of I';[@] of such models is
initialized in a symmetry-broken regime in the UV, where
the O(N) symmetry is broken to its O(N — 1) subgroup.
(For the O(1) model, this reduces to a breaking of the
Zy symmetry.) Following the discussion in App. B, this
property of the classical action neither translates to the
full quantum effective action I'[¢] in the IR nor to the
n-point functions, due to a limiting case of the Coleman-
Mermin-Wagner-Hohenberg theorem [67-69]. The the-
orem states that there is no long-range order in d < 2
dimensions if the interactions between the constituents
are sufficiently short of range. Therefore, there is no
breaking of a (continuous) symmetry in such systems in



the IR, i.e., after integrating out all quantum fluctua-
tions, even when starting with a classical action in the
UV that has non-trivial minima. This is the equivalent
of the statement that ¢, = (¢q) = 0. The “Nambu-
Goldstone modes” [112, 116, 117]'!, which we will also
call pions'? 7 in the zero-dimensional O(N) model, and
the radial ¢ mode “vaporize” any condensate and smear
out all cusps in T';[#] during the RG flow. In the IR all
modes are then “massive” again.

There are two reasons, why this feature of symmetry
restoration on the level of I';[F] is desirable for our nu-
merical tests:

1. Symmetry breaking/restoration associated with
condensation/ “vaporization” is an essential prop-
erty of all kinds of QFTs [38-40] and we have
to show that it is correctly captured by our nu-
merical tools. This is especially important, be-
cause it was shown by two of us and collaborators
[26, 27] that non-analytic behavior in the effective
potential U(t, ), c¢f. Refs. [22, 118], which is di-
rectly associated with dynamical symmetry break-
ing/restoration, is realized as shock and rarefaction
waves in field space during the RG flow.

2. The possibility of dynamical symmetry restoration
on the level of I';[F] is also a desired feature in or-
der to demonstrate that it is of utmost importance
to choose the UV cutoff A and the IR cutoff rr as
well as initial and boundary conditions in numerical
FRG-flow calculations carefully. For our example it
is expected that if the IR cutoff time #1g is chosen
too small, such that the regulator r(¢) is still too
large, the system might still be in the symmetry-
broken phase (indicated by a non-trivial minimum).
This means that the scale-dependent effective av-
erage action Iy, [F] at this RG scale cannot be in-
terpreted as the full quantum effective action I'[F],
because the Coleman-Mermin-Wagner-Hohenberg
theorem is still violated. The same applies to a
problematic implementation boundary conditions,
especially at ¢ = 0, which can lead to a violation of
the Coleman-Mermin-Wagner-Hohenberg theorem,
such that the system is not in the restored phase in
the IR.

For a direct physical consequences of these sub-
tleties, we refer to the parallel works [31, 32] by
two of us and collaborators.

11 'We put the term “Nambu-Goldstone modes” in quotation marks,
because in zero dimensions the concept of “massless modes” can
only refer to the curvature masses in the corresponding bosonic
field direction, which are obtained from the effective potential
U(p). But the actual particle masses in a higher-dimensional
QFT are derived from the poles of the real-time propagators,
which simply do not exist in zero dimensions.

12 We adopt the high-energy terminology. Condensed-matter physi-
cists associate the pions with quasiparticles — the Anderson-
Bogoliubov modes.
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In a follow-up publication [34], we will generalize the
zero-dimensional O(N) model to a model involving
fermions (Grassmann numbers) and bosons. The more
complicated interactions may also allow for dynamical
symmetry breaking via attractive fermion interactions
during the RG flow. Of course, the system must return
to the restored phase in the limit ¢ — oc.

C. FRG formulation and flow equations

This subsection is dedicated to the FRG formulation
of the O(N) model of the previous Sub.Sec. IITA. To
this end, we demonstrate how to arrive at the exact
untruncated RG flow equation of the O(N) model.
Furthermore, we introduce a commonly used trunca-
tion scheme for RG flow equations — the FRG Taylor
expansion, see, e.g., Refs. [13, 44, 74, 87, 88, 102, 104].
We start our discussion with general remarks on the
derivation of RG flow equations and truncation schemes.

From Sec. IT and especially Sub.Secs. I1 C and IID we
have learned that the FRG equation (40) constitutes an
exact PDE for the RG time evolution of the full field-
dependent effective average action I';[®] with initial con-
dition T'y—¢[®] = S[®]. Here, ® stands for the field space
vector of all fields of the specific model under consid-
eration. However, if there is more than one field space
degree of freedom, the direct (numerical) solution of the
FRG equation (40) as a PDE is exceedingly difficult, be-
cause of the high dimensionality of the field space. In
higher space-time dimensions, space-time or momentum
dependences of the fields complicate this issue and pro-
mote Eq. (40) to a functional integro-partial-differential
equation with a functional S[®(z)] or S[®(p)] as initial
condition.

Instead of solving Eq. (40) directly (independent of the
dimensionality and the field content), one usually speci-
fies some ansatz function for the effective average action
[';[®], which involves only a finite number of ¢ depen-
dent couplings (vertices). The ansatz function for I';[®]
must respect all symmetries of the model and the func-
tional integral. Afterwards, one works out a projection
prescription, which extracts these couplings from T';[®].
Usually this is done by

1. Taking a suitable number of (functional) deriva-
tives in field (and/or momentum) space,

2. Evaluating the resulting expression on a specific
(usually constant) field configuration (and/or at
specific external momenta, energies etc.),

3. Applying contractions of open field space and
space-time indices with suitable tensors.

Thus, inserting the ansatz for I';[®] into the FRG equa-
tion (40) and applying these projection rules to both
sides of the equation yields a coupled set of PDEs and/or



ODE:s for the couplings. This system of differential equa-
tions must be initialized at t = 0 with the values of the
couplings taken from the specific choice of the classical
action S[®]. The system for the ¢ dependent couplings is
then evolved to t — oco. If needed, the values of the cou-
plings at t — co can afterwards be reinserted in [';[®] to
obtain the effective action I'[®] in the IR. We will present
this procedure explicitly for the zero-dimensional O(N)
model in the next paragraphs.

However, by considering an ansatz function for I';[®],
which consists of a finite number (of usually an infinite
set) of all the possible interaction terms that respect the
symmetries of the system, one effectively introduces an
approximation. In the context of the FRG this is called
a truncation. The concept of a truncation of the system
can directly be seen from Eq. (40): Taking an appro-
priate number of field space derivatives of this equation
to project on a specific coupling, the right-hand side of
this equation depends on higher-order interaction ver-
tices. These are up to two orders higher than the ones

on the left-hand side, because of f‘?) [®] already involves
two field space derivatives. The highest-order couplings
in the system of PDEs for the couplings are, however,
set to zero by definition via the ansatz for [';[®], because
only a finite number of couplings is evolved with t. As a
result Eq. (40), which originally corresponds to a coupled
system of infinitely many ODEs and PDEs for couplings
of all orders in field and momentum or position space, is
reduced to a finite set of PDEs for the couplings involved
in the ansatz for [';[®], see Refs. [13, 74, 87, 88, 102, 104]
for general discussions or, e.g., Refs. [14, 18, 119-121] for
specific applications. After all, the quality of the ansatz
completely determines the quality of the approximation
to the actual IR effective action I'[®] after the RG flow
of the truncated system is solved.

In general, finding reliable truncations for a given prob-
lem is a challenging problem. In particular, the identi-
fication of a small parameter to justify the truncations
is a difficult task. In fact, such a parameter may not
even exist. It may also turn out that a given truncation
yields reliable results for one observable but not for an-
other. The latter observation may even be considered
a feature as it allows to identify mechanisms underly-
ing specific phenomena. In any case, there are construc-
tion schemes for systematic ansétze for the effective ac-
tion. Commonly used truncation schemes are for exam-
ple the derivative expansion [87, 115, 122, 123], which
relies on the expansion of T';[®] in powers of derivatives
(momenta) but includes all orders of field-dependent ver-
tices at the same momentum order. Another expansion
scheme is the vertex expansion, which expands I';[®] in
terms of (momentum-dependent) n-point functions. Of-
tentimes different expansion schemes are combined, in
order to keep the system of PDEs tractable [14, 18-
20]. Moreover, truncations can always be benchmarked
against perturbative studies, see, e.g., Refs. [102, 124] for
instructive examples.

One measure for the quality of these expansion schemes
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is comparing terms of different order. It is expected and
can also be observed for certain systems and situations,
see e.g., Refs. [14-16, 125-128], that the expansions seem
to converge and deviations in the observables are decreas-
ing by increasing the expansion order. In the FRG com-
munity, this is often referred to as apparent convergence.
Another indication for the quality of the truncation is the
comparison of FRG results with results from other meth-
ods [17, 22, 23, 129-131], e.g., Monte-Carlo simulations,
or the comparison of critical exponents derived from the
FRG and other methods.

In this context, zero-dimensional QFTs play a very
special role: Due to the absence of space-time and mo-
mentum dependences of the fields, the effective average
action [';[®] = ['y(®) is merely a function (not a func-
tional) of the fields ® and of the ¢ dependent couplings
accompanying all possible terms which respect the sym-
metry of the model. This structure can, however, be sum-
marized in terms of effective ® and ¢ dependent terms.
It is therefore possible to express the effective average
action in terms of a finite amount of terms, which never-
theless incorporate all possible interactions to all orders
in the fields and do not even need to be analytic func-
tions of the fields. In consequence, truncating the sys-
tem is superfluous and the PDEs, which are derived via
projections from the FRG equation, constitute an exact
and complete system. Solving this system must therefore
lead to the exact effective action I'[®] in the IR and is
therefore completely equivalent to solving the functional
integral. In other words, calculating n-point correlation
functions via the (functional) integral or via the FRG
equation (if done properly) must yield identical results
without truncation errors.

This feature makes zero-dimensional QFT particularly
interesting for several reasons:

1. It can be used to test the quality of numerical
schemes which are used to solve the flow equations.

2. It can be used to estimate the errors resulting from
the choices of various parameters entering the RG
flow equations like UV and IR cutoff scales, etc..

3. It can be used to test commonly used truncation
schemes by artificially truncating the system to a
non-complete set of ordinary first-order differential
equations.

All these tests can be performed on a quantitative level,
by studying the relative errors of the FRG results for
n-point correlation functions compared to the exact re-
sults from the functional integral. We provide results for
various precision tests in Sec. V.

For the remainder of this section, we will proceed as fol-
lows: First, we will derive the untruncated exact RG flow
equation for the zero-dimensional O(N) model. After-
wards, we introduce a commonly used truncation scheme
— the FRG Taylor (vertex) expansion.



1. The exact RG flow equation of the zero-dimensional
O(N) model

For the special case of the zero-dimensional O(N)
model, the most general ansatz for the effective average
action is given by a scale-dependent effective potential

LAl =U(t,¢) =Ult,0).

This ansatz can describe arbitrary O(N) invariant ef-
fective actions and can include terms at all orders of
0= %95 2. However, it is in principle not restricted to
analytic (Taylor-expandable) functions. Truncations of
['¢[7] are not required.

In order to arrive at the exact flow equation for U (¢, @)
one has to perform the following steps:

(79)

1. Insert the function (79) into the FRG equation (40).

2. Invert the full field-dependent two-point function

(18] + Re),, - (80)

3. Take the trace in field space.

4. Remove the redundant N — 1 field space directions
in .

For the last step, the RG flow equation can be eval-
uated on a constant background field configuration'?
w1 = ... = pny-1 = 0 and oy = 0. Without loss of
generality, the ¢y direction was singled out as the direc-
tion of the radial ¢ mode and the constant background
field.

The inversion of the full field-dependent two-point
function (80) can be performed analytically [28, 103, 104,
132] by introducing the complete, orthogonal, and idem-
potent field space projection operators

Pii (@) =i — kel )

N 2]

= Ph@ =T 6
The projection operators are used to decompose the full
field-dependent two-point function (80) into components
perpendicular (L) and parallel (]|) to ¢, which can be
inverted separately. The regulator R; is matrix-valued
and diagonal in field space,

(R)ij = 65 7(t), (82)
where r(t) again is denoted as regulator shape function,
cf. Egs. (7) and (8). One finds that

= o -1
(C2, 18]+ R, = (83)

13 Here we adopt terminology from higher-dimensional FRG: The
word “constant” is therefore somewhat misleading in a QFT
which cannot vary in space-time, but it is used anyhow.
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which can be inserted directly into the FRG equation
(40).

After taking the field space trace and evaluating the
resulting equation on the constant background field con-
figuration, we arrive at the RG flow equation for the ef-
fective potential

N -1
r(t)+ L 0,U(t,0)

0U(t, o) = [L 0pr(t)] (89

1
Ol e

= :‘I ",' + .
~_ﬁ_:_ ~

This RG flow equation is an exact non-linear PDE for
the effective potential U(¢, o), which is of first order in
RG time t and of first and second order in the field space
direction o. It also includes an explicit o dependence. A
detailed analysis of the structure of this PDE, including
its relation to conservation equations and fluid dynamics
is provided in Sub.Sec. IV A.

For now, we conclude this section with a few comments
on the widely used diagrammatic notation of the PDE
and its relation to the RG flow equation (38) from Sec. II:
Similar to Feynman diagrams which are commonly used
in perturbation theory, the propagators'* are depicted as
lines; blue-jagged lines for the o propagator,

1

_ 85
r(t) + 02U (t, o)’ (8)
and red-dashed lines for the m propagators
1
(86)

r(t)+ 1 0,U(t,0)

The crossed circle (®) stands for the requlator insertion
1 0yr(t). (The factor  is often not included in the regu-
lator insertion, but written in front of the diagrams. See,
e.g., Refs. [16, 24, 44, 102, 104, 133, 134] for different
notations.) The factor N — 1 is the multiplicity of the
pion-loop contribution (indicated by the vector over the

14 The term “propagator” is of course misleading for a QFT in a
single point, where “propagation” in the true sense of the word
is not possible. Nevertheless, we again adopt the notation from
higher-dimensional QFT and statistical mechanics.



pion field in the diagram, ¢f. Eq. (84)) and corresponds
to the number of pions in the system.

For the special case N = 1, the O(N) model reduces to
the O(1) model. Such a theory of a single scalar field in
zero dimensions, was used in the introductory section II
on FRG. In this limit, the pion contributions to the flow
equation vanish. As already stated in Sec. II, we find
that for non-zero pion contributions (N > 1) the flow
equation for U(t, o) acquires a term that is of first order
in the spatial derivative, 9,U(t,0), which no longer has
diffusive character, but corresponds to advection in field
space. This is further discussed in Sec. IV.

2. FRG Taylor (vertex) expansion of the O(N) model

The FRG Taylor (vertex) expansion is based on the
assumption that the effective (average) action I';[7] can
be expanded in a series in field space with RG-time de-
pendent expansion coefficients [87]. In zero dimensions,
this effectively reduces to an expansion of the effective
potential U(t, 0), ¢f. Eq. (79). Consequently, it is also
equivalent to a Taylor expansion of the effective poten-
tial, which is well-known from higher-dimensional trunca-
tion schemes [14-16, 18-20, 87, 104, 122, 133, 135, 136].
Throughout this work, we will therefore use the term
“FRG Taylor expansion” to refer to this approach. The
RG-scale dependent expansion coefficients '™ (¢) cor-
respond directly to the scale-dependent vertex functions

fgiz)_“% of the QFT. For d > 0, these expansion co-
efficients are usually position or momentum dependent
whereas in d = 0 the coefficients depend only on the RG

time ¢.

The assumption of expandability and thus differentia-
bility significantly restricts the form of the effective ac-
tion Ty[@] = U(t, @), cf Refs. [130, 131]. In fact, it
neither allows for the formation of any non-analytic be-
havior throughout the RG flow nor for any non-analytic
initial conditions. However, non-analytic initial condi-
tions are not forbidden, as we will see in Sec. V. Further-
more, it is well known that non-analyticities can (and
in some models have to) form in the effective potential
during the RG flow [26, 27, 118, 137]. Considering these
caveats, an expansion in vertices of a given theory has
always to be considered with care. Still, this expansion
scheme is used in certain applications.

In our work, we restrict our analysis of the precision of
this truncation scheme to RG flows with rather specific
properties: We study initial conditions that are analytic.
Furthermore, we know, c¢f. App. B, that the IR effective
action is smooth for the special case of zero dimensions,
which is a necessary condition for the convergence of
a (Taylor) series. It should, however, be noted that
smoothness is only a necessary but not a sufficient
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condition for the convergence of a Taylor series'®. Only
analyticity would formally imply the convergence of a
Taylor series at all ¢. Additionally, we argue that for
sufficiently small N, the diffusive contributions to the
RG flow are important, which smear out any possible
cusps. In summary, we expect that for these extremely
special scenarios it is unlikely that non-analyticities
will form and disappear again during the RG flow.
Nevertheless, we do not know if a small finite number
of expansion coefficients is always enough to reach a
reliable approximation of I';[@] during the RG flow or
if it is always necessary to flow the effective potential
as a PDE without additional assumptions. This (rather
limited) applicability of the FRG Taylor expansion to
analytic initial conditions will be tested by calculating
the relative errors of 1PI m-point vertex functions in
the FRG Taylor expansion in comparison with the
exact results and the results from the flows of a full
field-dependent U (¢, o) in Sec. V.

The FRG Taylor expansion of the zero-dimensional
O(N) model is given by the following ansatz [44, 51, 52,
56,

L pemgy 1 /gy
Ft[‘p]zz_%(zng))nm(g) = (87)

B B ) T 1 /32 2
:F<0>(t)+r<2>(t)%+ ()<¢> +...,

3 2\ 2

where I'?™) (t) are t dependent expansion coefficients and

m is the truncation order. The factors of (2n—1)!! and n!

were introduced in order to have I'?") (tg) = Fgﬁ)@i in

the IR, where Fgﬁ)@i are the 1PI 2n-point vertex func-
tions in the IR, with all indices being identical (no sum-
mation over ¢ here), see also Egs. (73) — (75). In order to
arrive at the corresponding flow equations, we proceed in
a similar manner as before in Sub.Sub.Sec. I[IIC1: We
insert our ansatz (87) into the full field-dependent two-
point function (80) and use the field space projection
operators (81) to invert the latter. We obtain

(T2 18]+ Re),; = (88)
=P:(@)GF(F) + PL(B) GI (@),
where
m+1 5 - n—17"1
Grr(@) = |rt) + Z:l @n— 1)l (n—1)! (2) !

15 A textbook example for a smooth function which has a non-
converging Taylor series around =z = 0 is

Fz) = {el/z ifx >0,

0 else.
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are the field-dependent propagators of the pion and sigma
field in the Taylor expansion.

This result can be inserted into the FRG equation (40),
where the trace in field space is evaluated to

G7(P) = |r(t) +

O Ty[p] = (89)
=[50 (®)] [(N = 1)GT™(&) + G7°(F)] -

Finally, we insert the ansatz (87) for the effective average
action into the left-hand side of this equation and expand
the propagators G$° (&) up to order n = m in the expan-
sion coefficients I'®")(¢). This can also be achieved by
successively taking derivatives with respect to the fields
and setting ¢ = 0 afterwards. By comparing the ex-
pansion coefficients on the left- and right-hand sides of
the equation, one arrives at a coupled set of ordinary
differential equations for the T™ (t) with 0 < n < m.
The flow equation for T'>™)(#) contains T(*™+2)(¢) on the
right-hand side. We truncate the system by neglecting
the flow of T?™+2)(¢), taking 9, ?"+2)(¢) = 0.

For an automatization of the derivation of the flow
equations (the system of ODEs) via computer algebra
routines such as Mathematica [138], it is advisable to
formulate the FRG Taylor expansion in the invariant
0= %()527

_ m f(Zn) (t) ,Q”

Lifo] = . @Dl (90)

Equation (89) becomes
0 Tilo] = [ 0r(1)] [(N = 1) G (0) + GZ7(0)] » (91)

while

m+1 5(2n) n—1 -1
GI"(0) = r) + 3 oo oy | - O

m+l 5(2n) -1
6@ =0+ X g | o

The coupled set of ODEs for the expansion coefficients
T (t) is given by [44, 52]'°,

= N Or(t)
0 L =\
o, OISR (94)

6 [r(t)+1@)]°

O,T® =

16 We do not indicate ¢ dependences of the T'(2™)(t) for reasons of
readability.
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Recall that
T =0 (95)

for n > 2m 4+ 2 in this approximation.

IV. FRG FLOW EQUATIONS AND
(NUMERICAL) FLUID DYNAMICS

In this section, we discuss the formulation of the RG
flow equation as an advection-diffusion equation, as well
as its interpretation in the context of fluid dynamics,
including its numerical implementation.

The fluid-dynamical formulation of the exact RG flow
equation for the effective potential U(t, ¢) of models of
O(N) type (in the large-N limit [28]) is also presented
in a recent and a parallel publication by some of us and
collaborators [26, 27]. It was shown that the RG flow
equation can be recast in the form of a pure advection
equation (a hyperbolic conservation law) for the deriva-
tive of the effective potential u(t, o) = 9,U(t, 0), where
u(t, o) serves as the conserved quantity (the fluid), the
RG time t as a temporal coordinate and ¢ as a spatial
coordinate. In this section, we generalize this result and
discuss various consequences for the numerical implemen-
tation and interpretation of FRG flow equations.'”

A. Conservative form of FRG flow equations —
advection-diffusion equations

The formulation of FRG flow equations in terms of a
fluid-dynamical language has two major advantages:

1. It provides an intuitive explanation for all kinds of
phenomena observed in FRG flow equations, e.g.,

17 Generalizations of the fluid-dynamical picture of FRG flow equa-
tions from the large-N results of Ref. [26] to systems with finite
N as well as the inclusion of fermions were already presented
by us in various talks (see, e.g., Refs. [139, 140]) and discussed
in a master thesis [141] co-supervised by some of us, as well as
a PhD thesis by one of us [142], see also Ref. [27]. Further-
more, also in Ref. [118] a formulation of the flow equation as a
conservation law and a discussion of shock waves based on the
characteristics is presented, however, without really elaborating
on a fluid-dynamical interpretation and its consequences.



the flattening of the effective potential for small
o in the IR, which occurs in conjunction with
a non-differentiable point of the effective poten-
tial at the ground state. Such non-analytic be-
havior cannot be handled and systematically an-
alyzed by commonly used numerical schemes such
as the Taylor expansion or related discretization
schemes for the effective potential, since the latter
strongly rely on differentiability. However, these
phenomena have a direct impact on the physics,
for instance on the occurrence of phase transitions
[22, 26, 27, 83, 118, 130, 131, 143], and therefore
must be resolved and analyzed accurately also on
a numerical level.

2. The formulation of the FRG flow equations in terms
of fluid-dynamical concepts provides access to the
highly developed and extremely powerful toolbox of
numerical fluid dynamics, which finds applications
in a wide area of fields, ranging from the natural
sciences and engineering all the way to economics.
How to adopt these methods to flow equations aris-
ing in the FRG framework is discussed in detail in
Sub.Secs. IVB and 1V C.

Interestingly, the idea of interpreting RG flow equations
as “flow” equations in the true sense of the word is
not new and explains the term “RG flow equations”: A
discussion of analogies between “RG flow” and hydro-
dynamical flow can be found in widely used textbooks
[39, 144] and is discussed via the example of field-
independent coupling constants in the context of per-
turbative renormalization. Furthermore, the RG flow
was already associated with gradient flow and dissipative
processes in Refs. [74, 145-149], even though a stringent
fluid-dynamical interpretation and formulation was not
presented.

It is therefore also not accidental that the (F)RG com-
munity has chosen the term “RG time” for the logarithm
of the RG scale k over the UV cutoff A, £ = In (%) In
contrast, we find that t = — € [0, co) can be naturally
identified as a temporal coordinate in the fluid-dynamical
picture of (F)RG flow equations, see below.

It was also discussed, see, e.g., Refs. [54, 74, 76], that —
on the level of the scale-dependent generation functionals

J
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Z4[J) or Wy[J] — the corresponding PDEs can be consid-
ered as a (non-linear) functional diffusion equations for
the source fields J (c¢f. Egs. (11) and (19) for the re-
spective zero-dimensional versions). Sometimes Eq. (11)
is even explicitly denoted as a (non-linear) heat equa-
tion, which is also a specific fluid-dynamical problem [77—
79, 150].

Considering the obvious analogies between RG flow
equations arising in the FRG framework and fluid-
dynamical equations, it is remarkable that the FRG equa-
tion (40) was so far not more systematically investigated
and compared to equations well-known from fluid dy-
namics. For the related RG flow equations the situ-
ation is slightly different and the mathematical analy-
sis on the level of PDEs was more systematic, see, e.g.,
Refs. [74, 148, 149, 151, 152]. Furthermore, certain phe-
nomena well-known in fluid dynamics, such as disconti-
nuities (shock waves), rarefaction waves, or cusps, occur
in the solution of such PDEs. These require a careful nu-
merical treatment to resolve them, but their occurrence
was very often ignored by numerical approaches to solve
the FRG equations by erroneously assuming that the so-
lution U (¢, o) is continuous and differentiable. Still, there
are some publications which use numerical schemes to
systematically capture non-analytic behavior or discuss
the limitations of numerical methods in the presence of
these effects, see, e.g., Refs. [118, 137].

In order to make the fluid-dynamical analogy more
apparent, we present a formulation of the RG flow
equation (84) for the effective potential U(t, o) in terms
of a conservation law. Furthermore, we discuss its
fluid-dynamical interpretation on a qualitative level and
classify the various contributions to the PDE (the RG
flow) in the fluid-dynamical picture. This sets the stage
for an adequate qualitative interpretation of the RG flow
equation and possible numerical approaches, which are
presented in the next two Sub.Secs. IVB and IV C.

1. The conservative form

Starting from the RG flow equation (84) of the effective
potential U(¢,0), we have several options to recast the
flow equation in a conservative form, two of which are:

1. Following Refs. [26, 27, 118, 139, 141, 142], we can take an overall derivative of Eq. (84) with respect to the
O(N) invariant ¢ = %02 and express the resulting equation in terms of ¢ and u(t, 0) = 9,U (¢, 0),

ouutt,) = 5o (o) oo

) +u(t, 0)

+ [5 0ur(t)]

1
r(t) + u(t, o) + 20 d,ult, Q)) ' (96)

2. Another option is to formulate the problem on the level of the background field o itself [140] and by alternatively
defining u(t, o) = 0,U(t,0). Taking an overall derivative of Eq. (84) with respect to o yields,

Owu(t, o) = % ([é 8t7“(t)] )

N-1
r(t) + Lu(t, o)

+B0r0] g ) (o7

r(t) + Oyu(t, o)



In both cases one ends up with a one-dimensional con-
servation law, where u plays the role of the conserved
quantity (the fluid), ¢ can be identified with the time
variable and o or ¢ are identified as the spatial variable.

The conservative form of the RG flow equation (84)
for the effective potential U on the level of its deriva-
tive w is not restricted to zero space-time dimensions
or models with purely bosonic field content, see also
Refs. [26, 27, 118, 139-142]. As a matter of fact, this
formulation generalizes to arbitrary dimensions and also
to models which include fermionic degrees of freedom on
the level of the local potential approximation (LPA). In
particular, the flow equation for the effective potential for
models of strong-interaction matter, such as the quark-
meson, the Nambu-Jona-Lasinio, and the Gross-Neveu(-
Yukawa) model can be formulated in this fashion!®.

In this context, it is also worthwhile to note that
Eq. (97) can be derived not only by taking a derivative of
the FRG flow equation for the effective potential U(¢, o)
with respect to the background field o. It is also possible
to already start by directly deriving the flow equation for

u(t, o) via a projection on the one-point function fil) (o),

Ou(t,o) = (98)

= (21 [7)) =

p1=...=pNn-1=0,pNn=0

= (0pn O:T4[B])

‘\®‘"'
N -1
— — (Lot O [Lu(t,o)] —
(5o oo e [t )
[ 9rr(t)] ! B2ult, o) =

18 Meanwhile, we and our collaborators [27, 32, 141, 153] were also
working on the conservative formulation of (F)RG flow equations
in higher dimensions in more advanced truncations as well as
on conservative formulations of (F)RG flow equations for zero-
dimensional systems involving fermions (Grassmann numbers)
[34].
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This corresponds to an interchange in the order of oper-
ations (evaluating the FRG equation on the background
field configuration and taking derivatives with respect
to the background field versus taking functional deriva-
tives of the FRG equation and afterwards evaluating on
the background field) and it is non-trivial (especially for
flow equations for more complex models in higher dimen-
sions and with truncation beyond LPA) that the resulting
equations are identical.

Before we turn to the fluid-dynamical interpretation of
the conservation laws (96) and (97), we comment on the
question whether one of the two formulations (96) and
(97) is preferable or even others should be considered.
The answer to this question is not yet settled. From our
present understanding, a formulation of the conservation
equation in terms of o is preferable, for reasons of numer-
ical implementability. This is discussed at length in the
context of the PDE boundary conditions for the RG flow
equation in Sub.Sec. IV D and also in part III of this se-
ries of publications [31]. Therefore, our discussion in the
next sections is based on Eq. (97), and hence we identify
o with the spatial coordinate xz and u(t,o) = 9,U(¢,0)
as the conserved quantity.

2. Advection-diffusion equation, irreversibility of RG flows,
and entropy production

This section is dedicated to the fluid-dynamical inter-
pretation of the RG flow equation (97). To this end,
we split the flux (current) on the right-hand side of the
conservation law (97) and rewrite the whole equation in
terms of an advection-diffusion equation in one spatial
dimension z = ¢ and one temporal dimension ¢,

u(t,z) + L Flt,z,u(t,z)] = £ Qt, d,u(t,z)]. (99)
The pionic contributions to the RG flow,

N -1

itz u(t,2)] = = [3 00 0] S e

(100)

are identified with a non-linear, position-dependent ad-
vection flux, while the contribution of the radial ¢ mode,

Qlt,ult, )] = + [F0r(0)] —s (101)

() + Opu(t,x)’

corresponds to a non-linear diffusion flux. This decom-
position in F' and @ can be understood as follows:



a. Advection: If we ignore the contribution of the o
mode for a moment (which — after rescaling — corresponds
to the large-N limit of the O(N) model [26-28, 31]), we
can rewrite the left-hand side of Eq. (99) as follows,

Owu(t, ) + L Ft, z, u(t,z)] = (102)

=0wu(t,x) + O, F[t, z,u(t,x)] Ozu(t,x) +
+ 0, F[t,z,u(t,z)] =0.

This is a non-linear advection equation for w(t,z) in its
primitive form including an internal source term, where
OuF[t, x, u(t, x)] is identified with the velocity of the char-
acteristics (the local u-dependent flow velocity of the
quantity w) and 9, F'[t, z, u(t, z)] acts like an = and u de-
pendent internal source term. Hence F[t, x, u(t, )] is not
purely advective nevertheless we will continue to refer to
it as advection term.

The identification of Eq. (102) as an advection equa-
tion is easily understood by comparison with the one-
dimensional linear advection equation,

Opu(t, z) + v Ozu(t,x) =0. (103)
Here v corresponds to the a (constant) fluid velocity.
Another prominent example is the inviscid Bateman-
Burgers equation [78, 79, 150, 154-156], where the ve-
locity is itself proportional to u.

However, for our RG flow, the local flow velocity is
highly non-linear in ¢,  and w and explicitly reads

(N —1) 5 9,r(t)
T [T(t) + %u(t,x)]Z

O F[t, z,u(t,x)] = (104)

Considering for example the exponential regulator shape
function (8), one finds that the advection velocity
OuF[t, z,u(t,z)] is always negative (positive) for z > 0
(r < 0). In a fluid-dynamical picture, this means that
the conserved quantity u(¢, x) is always propagated from
larger values of |z| towards the point z = 0 by advec-
tion. Furthermore, the closer the fluid u(t,z) is to 2 = 0,
the faster the fluid moves, due to the factor % Since
u(t, x) is anti-symmetric in x [because of the O(N) sym-
metry of U(¢,Z)], this implies that “waves” of positive
and negative u(t,x) collide with huge velocity at © = 0
and annihilate. At large |z|, the fluid velocity tends to
Z€ero.

We also observe that the advection velocity (104) is
proportional to the number of pions, N —1. Hence, in the
large-NV limit the system is completely advection driven,
while for small N the diffusive contributions (101) gain in
importance. In the case N = 1, there is no advection at
all and the dynamics of the fluid u(¢, z) is purely diffusive.
Both limiting cases N =1 and N — oo are discussed at
length in the subsequent parts II and III in this series of
publications [31, 33] respectively.
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It is also well known [78, 79, 150, 156] that sys-
tems which involve non-linear advection tend to
exhibit non-analytical behavior in the form of shock
and rarefaction waves. We will return to this issue below.

b. Diffusion: Next, we turn to the contribution of
the radial ¢ mode to the RG flow. We find that t en-
ters the conservation law (99) as a non-linear diffusion
flux (101), because it is overall of second order in spatial
derivatives of u(t,z). The characteristic property of dif-
fusive processes is that they transport a quantity, in this
case u(t, z), from regions where its density or concentra-
tion is high to regions where it is low [78, 79, 150, 156].
Diffusive processes are therefore usually important in re-
gions of high gradients and smear out cusps, shocks etc.,
which might form via advection. Besides this, diffusive
processes are generically undirected, which is also the
case for (101) and therefore also propagate the quantity
u(t,x) in both directions, depending on the local gradi-
ents of u(t,x), which is especially relevant for models in
their symmetry-broken phase with rather weak advection
(small N). The effective transport velocities via diffusion
are usually much slower than those via advection, which
is, due to the non-linearity, not necessarily true for RG
flow equations. A famous example of a purely diffusive
process is heat transport via the heat equation [77-79].
The diffusion flux (99) can indeed be formulated as a non-
linear time-dependent realization of the heat equation.
By performing the spatial derivative in the advection-
diffusion equation (99) for the purely diffusive (N = 1)
case, one finds

Qult, ) = — oo i%ﬁg,x)}? d2u(t,x),  (105)
where
2Ol (106)

[r(t) + ou(t, z)]?

plays the role of a non-linear time dependent, strictly
positive diffusion coefficient. The positivity of the dif-
fusion coefficients ensures that wu(t,z) is only dispersed
and never accumulates locally, i.e., that u(¢,z) tends to
equilibrate towards a linear function in space. A positive
diffusion coefficient also ensures stability and uniqueness
of (numerical) weak solutions, see, e.g, [78, 79, 150, 157].

Directly comparing these findings with the linear
heat equation with constant diffusion coefficient, we
can already qualitatively predict the behavior of the
diffusion transport for the RG flow of u(t,x), as long as
N is small and the system is diffusion-dominated. At a
constant RG time ¢, we find that the diffusion coefficient
is much larger in regions where the gradient 0,u(t,x)
is negative with a large absolute value, compared to
regions where it is positive, because in the first case
the denominator of Eq. (106) is smaller than in the
second case. This plays a crucial role for systems that
involve symmetry breaking, where 0,u(t,z) is negative



for at least some small |z|, while asymptotically for
|z| — oo the sign of d,u(t,x) is always positive. Hence,
for diffusion-dominated problems in RG flow equations
(small number N of pions), the symmetry restoration is
driven by the negative gradients O,u(t,z) at small |z|.
Furthermore, we find that for ¢ — oo, the numerator of
the diffusion coefficient (106) tends to zero such that the
diffusion stops, the system equilibrates and the dynamics
freezes, even though there are still gradients in w(t,x).
This would not happen for the linear heat equation. The
same is true for ¢ = 0, where the diffusion coefficient is
suppressed by 1/A. However, the ¢ dependence of the
diffusion coefficient of O(1) models strongly depends
on the space-time dimension, which will be discussed
elsewhere.

c. Irreversibility and entropy production: In a fluid-
dynamical setting, it is very easy to understand the role
of the radial o mode: Due to its diffusive character, it is
directly responsible for the irreversibility of the RG flow
and RG transformations in general. Diffusion is a partic-
ular example of a dissipative process, which is irreversible
and increases the entropy of the system!?. The dissipa-
tive and irreversible character can be seen as a “thermo-
dynamic” version of the irreversible Kadanoff block-spin
transformations [104, 109, 158]. Hence, the dissipation
clearly singles out the RG time ¢ as a temporal direction,
because it introduces a “thermodynamic arrow of time”
and “thermodynamic time asymmetry” via entropy pro-
duction [159]. This also explains why

t=—In(k) (107)

(including the minus sign!) is a natural choice for
a temporal coordinate in higher dimensions, see also
Refs. [26, 148, 149, 152, 160).

Interestingly, the irreversibility and the dissipative
character of the system is lost if one does not include
the full field dependence of the effective potential in the
flow equation, but instead uses a truncated system like
the Taylor expansion (94). Then, the system of coupled
ODEs for the vertices can theoretically be integrated in
either direction in RG time, as long as it consists of a fi-

19 Tnterestingly, Ref. [147] comes to the same conclusion arguing in
reverse order: “Some of the information on the ultraviolet be-
havior of the field theory is lost under renormalization transfor-
mations with ¢ > 0, since in the field theory it is not legitimate to
examine correlations at scales smaller than the cutoff. We would
therefore expect that a motion of the space @ [a change of the
set of all couplings] under the influence of the renormalization
group would become an ‘irreversible’ process, similar to the time
evolution of dissipative systems.” We remark that also Ref. [148]
stated that a term of second order in field space derivatives in
related RG flow equations “[...] corresponds to a dissipation in
the flow and is responsible for the semi-group property of the
RG.
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nite number of couplings®’. The most extreme examples
are the RG flows of one single ¢ dependent coupling, e.g.,
the quartic coupling of ¢* theory or the QCD A function
[161-164], see also the textbooks [39, 40]. Here the inte-
gration to both higher and smaller RG scales is possible,
which is the well-known result for the universal one-loop
B function and is an artifact of the restriction (trunca-
tion) to a finite number of couplings [109]. However, this
reversibility of RG transformations is not possible for the
field-dependent effective potential, which is obvious from
the advection-diffusion equation (99), where entropy in-
creases and the information about the initial condition
in the UV cannot be recovered from the IR anymore.

This point of view was already shared, presented, and
discussed by K. G. Wilson: In Ref. [109] he pointed
out the differences between his “coarse-graining” ver-
sion of the (F)RG, which is also applicable in highly
non-perturbative regimes, and the RG flow equations
used by C. Callan, K. Symanzik, M. Gell-Mann, F. Low,
G. t'Hooft, S. Weinberg, H. Georgi, D. Politzer et al. to
calculate the running of a single (or small number of)
coupling constants, which solely describes a system cor-
rectly in a perturbative regime.

The irreversibility of the RG flow and entropy produc-
tion is also directly related to the presence of discontinu-
ities in the solution, which can arise from the advective
contributions to the flow. As shown in Refs. [26, 27, 31,
118] for the large-N limit, a shock wave arises when the
weak solution of the PDE is multi-valued. The correct
solution is usually constructed by means of the Rankine-
Hugoniot condition [78, 79, 150, 156, 165, 166]. This
would lead to ambiguities when one tries to invert the
flow (integrating backwards in time) in the presence of
a shock. Hence, shock formation is an irreversible pro-
cess and produces entropy. In summary, these are further
strong arguments why the assumption of expandability
of the effective average action in terms of vertices as well
as the truncation of the system should in general be con-
sidered with care.

Therefore, it would be extremely interesting to ex-
plicitly construct an entropy function for the flow equa-
tion, i.e., a quantity that is either non-decreasing or non-
increasing under the RG transformations during the RG
flow (depending on the sign convention), and that is a
functional of the quantity u(t,z). The entropy for the
flow equation will be a helpful instrument to design a sta-
ble numerical scheme for generic truncations [78, 79, 150]
and will also highlight general properties of the RG flow.
In this context we also have to mention the recent publi-
cation [93] by J. Cotler and S. Rezchikov who were able to
interpret the Polchinski equation as an “optimal trans-
port gradient flow of a field-theoretic relative entropy”

20 Tn momentum space this enables an integration to higher energy
scales, which corresponds to a reversion of the coarse-graining in
position space. More generally speaking, this implies that it is
possible to resolve the microphysics from the macrophysics. Both
is physically not possible and solely an artifact of the truncation.



thus establishing a firm and explicit connection between
an information-theoretic entropy and (F)RG flows.

Additionally, a numeric entropy (function) might pro-
vide a direct link to the C theorem (A theorem) [74, 147,
167-172], which states that in certain QFTs there ex-
ists some positive real function C({g;},t), which depends
on all coupling constants of the QF T and which is mono-
tonically increasing®! during RG flows (transformations),
while it stays constant at (critical) fixed points,

@ CHait,t) 2 0.

Here, {g;} denotes the set of all (possibly infinitely many)
dimensionless coupling constants. In contrast to previous
formulations [173-179], a non-local version, which is di-
rectly linked to the numerical entropy function (similar to
versions presented in Refs. [74, 148, 160] for related field-
dependent flow equations), would not rely on expand-
ability in the couplings or vertices and could naturally
display the dissipative character of RG transformations,
which was already described by Refs. [147, 148]. Fixed-
point solutions of the RG flow would directly correspond
to steady-state or thermal-equilibrium solutions [78] in
the fluid-dynamical picture®?. A caveat at this point is
that a C function is based on the rescaled dimension-
less RG flow equations. Hence, also a numerical entropy
should be formulated in this framework, if one seeks a
direct link to a C function. The dimensionless flow equa-
tions in the LPA can be recast in terms of conservation
laws, which might be a good starting point.

An explicit discussion of (numerical) entropy for the
zero-dimensional O(1) model as well as possible links to
C functions is discussed in great detail in part II of this
series of publications [33]. The situation for the O(N)
model in the limit N — oo is discussed in App. E of part
IIT in this series of publications [31]. The construction of
an explicit (numerical) entropy has proven to be elusive
in the case of finite N > 1 for the O(N) model [31, 33]
due to the explicit position dependences in Egs. (97) and
(96) and the related internal source terms, cf. Eq. (102).

(108)

d. Generalizations: Before we turn to the numeri-
cal implementation of the RG flow equation for u(t, o),
we briefly comment on the generalization of the fluid-
dynamical picture to RG flow equations in higher-
dimensional QFTs, systems with more (field-dependent)
couplings, and RG flow equations that involve fermions.

21 Tt can also be defined as a monotonically decreasing function.
This flip of sign corresponds to the difference of the mathemati-
cians’ and physicists’ definition of entropy. We chose to the
“thermodynamic convention” of increasing entropy for this and
subsequent publications.

This actually brings up the interesting question whether previ-
ous studies about global fixed-point solutions for field-dependent
flow equations, which seemed to deliver interesting results,
e.g., Refs. [91, 148, 180], should be reanalyzed from the fluid-
dynamical steady-flow perspective, especially regarding their in-
terpretation and the spatial discretization methods [78].
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In higher-dimensional QFTSs, the fluid-dynamical in-
terpretation of the RG flow of the effective potential sur-
vives, see for example Ref. [26, 27, 32, 140]. A differ-
ence is that in higher dimensions the RG time enters
as the negative logarithm of the ratio of the RG scale
k and the UV reference scale A, see Eq. (107), while
in zero dimensions ¢ just parametrizes some mass-like
scale r(t), see Eq. (8). Furthermore, the fluxes gain
further ¢t dependent prefactors via the momentum inte-
grals of the trace in the FRG equation. This leads to
a different time scaling but does not affect the overall
discussion. The inclusion of further field-independent
but scale-dependent couplings (such as a scale-dependent
Yukawa coupling) adds ODEs to the advection-diffusion
equation for the effective potential, which does not spoil
its conservative fluid-dynamical character. It is currently
investigated by us and collaborators [27, 141] whether
the inclusion as well as the conservative formulation of
further field-dependent couplings (such as a field- and
scale-dependent wave-function renormalization Z(t,3)
in higher-dimensional models) is possible. However, this
analysis is beyond the scope of the present work and
will be presented elsewhere. In any case, simply adding
fermions in the LPA does not destroy the fluid-dynamical
character of the RG flow equation at all: On the level of
the LPA for the RG flow equation of the effective po-
tential, the contributions from fermion loops can be in-
terpreted as a source/sink term, which only depends on
o, i.e., the spatial position x. For a detailed discussion
of such fermionic source/sink terms at zero and non-zero
temperature and especially quark chemical potential we
refer the interested reader to Ref. [32]. Another possible
generalization concerns models with more than one in-
variant of the underlying symmetry group of the model
and respective condensation directions in field space, see,
e.g., Refs. [181-186]. Here, the fluid-dynamical frame-
work should still be applicable. However, a suitable iden-
tification of a complete basis of field-space directions with
“spatial directions” of the fluid-dynamical problem and
a clear separation of the single contributions into advec-
tion, diffusion, and source terms might be challenging
and calls for future investigations — especially when it
comes to an actual numerical implementation. For first
attempts of generalizing our findings to a quark-meson-
diquark model, we refer to Ref. [187].

Summarizing we find that the fluid-dynamical inter-
pretation of flow equations has tremendous benefits,
because it allows for a rather intuitive understanding
of the dynamics of the system. Furthermore, it allows
for a novel, physically intuitive interpretation of the RG
flow and provides an understanding of its irreversibil-
ity. Finally, it opens up the opportunity to employ
extremely powerful numerical tools from computational
fluid dynamics, which are discussed in the next two
sections. Phenomena discussed within this section are
observed, quantified, and visualized in Sec. V, in recent
and parallel works [26, 27, 33], and in parallel and
upcoming publications [32, 34, 153].



B. Finite-volume method

In this section we discuss numerical solution schemes
for advection-diffusion equations?®® with source terms of

J

Owu(t,x) + L Flt,z, u(t,z)] = £ Q[t,z, ult,x), dyult,z)] + S[t, z, u(t, z)] .

Whether S acts as a source or sink in the dynamics of
u(t,z) depends on its explicit form. Nevertheless we will
refer to S as source term for convenience for the scope
of this paper. In the following, we occasionally suppress
the t and x dependences of u, F', @, and S for the sake of
simplicity. Equation (109) is a partial differential equa-
tion describing the evolution of the conserved quantity
u = u(t, z) in one spatial (z) direction and one temporal
(t) direction. Depending on the problem at hand these
two directions are not necessarily identical with physi-
cal spatial and temporal dimensions of reality, but for
the following discussion we denote them as such. The
function Flu] = F[t, z,u(t,x)] is a (non-linear) advection
flux, Qlu, 0yu] = Qt, x, u(t, x), Oyu(t, z)] is a (non-linear)
diffusion(dissipation) flux and Sfu] = S[t,z, u(t,x)] is
a source term. The concepts discussed in the follow-
ing apply directly to systems of M conserved quanti-
ties u — {u1,...,up} and can be generalized beyond
one spatial dimension to d + 1 dimensional space-time
(x,t) — (Z,t) = (x1,...,24,t). Equations or systems
similar or even identical to Eq. (109) are often referred
to as conservation laws and appear in many areas of the
natural sciences, engineering, and economics. They are
extensively studied in the field of computational fluid dy-
namics.

Consider the advection-diffusion equation (109) with
specified F', @, and S in a finite computational domain
Q =V x [tg,tn], where V C R! denotes the spatial vol-

J
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the generic type

(109)

(

ume, with an initial condition u(tg, =) and Dirichlet (Neu-
mann) boundary conditions specifying (9, )u(t, z)|zcov-
The question is how to evolve the initial condition in
time from ¢y to txy > top to acquire a solution u(ty,z)
respecting the specified boundary conditions. For most
problems of the type (109) an analytic solution is not
known or is even known to be nonexistent. Strategies for
finding numerical (weak) solutions are required. Numer-
ical schemes in the broad class of so-called finite-volume
(FV) methods are very popular for the numerical solu-
tion of PDEs describing the conservation or balance of
quantities. Alternative high-resolution shock-capturing
(HRSC) schemes in modern computational fluid dynam-
ics are among others finite-difference schemes including
flux limiters and numerical viscosity or finite-element
methods.

The concept that all numerical FV methods share is
a discretization of the computational domain into space-
time control volumes V; x [t", "], where the set of spa-
tial control volumes V; covers the spatial computational
domain V. Integrating Eq. (109) over such a control vol-
ume centered at x, using the divergence theorem (Gauss-
Ostrogradsky theorem) on the fluxes and introducing the
sliding cell average

DR B
o) = iy [ deuten, (110)

where V; = {{ : | — x| < Az /2} we arrive at an equiva-
lent integral form of Eq. (109),

(111)

23 Oftentimes, such equations are also referred to as “convection-
diffusion equations”. The semantically correct term is never-
theless “advection-diffusion equation” because “convection” in-
cludes also diffusive processes besides the transport by bulk mo-
tion (advection), see also Ref. [78].



Here, the ellipsis denotes the corresponding integrals
for the diffusion and the source term. The solution of
Eq. (111) presents the central challenge for an explicit
FV scheme.

A central aspect of each practical FV scheme is an
appropriate and informed choice of the space-time con-
trol volumes which, depending on the scheme and prob-
lem at hand, might change during the time evolution.
Given a set of control volumes and a corresponding
set of cell averages u(t",z;) = u} the time evolution
to t"T1 =™ + At requires the solution of the Riemann
problems [78, 79, 150, 157, 188] at each cell interface.
Part of these problems are the fluxes through the cell
boundaries. The computation of those fluxes requires a
reconstruction of the values of u on the cell interfaces lo-
cated at z; 1 which we denote as ugl L1 from the given
set of cell averages u}. This is usually done by means
of a polynomial approximation respecting the given cell
averages of the neighboring cells. The order of the chosen
approximation is one of the parameters contributing to
the overall spatial order (of the error) of the scheme at
hand.

Given the cell averages a7 and fluxes through the cell
interfaces at ¢ = t" it remains to solve the Riemann
problems at the cell interfaces. The solution of the Rie-
mann problem amounts to the exact evaluation of the
flux integrals on the right-hand side of Eq. (111). De-
pending on the complexity of the underlying conserva-
tion equation an exact solution of the Riemann problems
at the cell boundaries might be either impossible or un-
feasible. Most explicit F'V schemes, especially those for
general advection-diffusion equations, either use approx-
imate Riemann solvers (e.g., the Roe [189] or the HLLE
[190, 191] solver) or do not require Riemann solvers at
all (e.g., the KT [192] scheme). For a pedagogic intro-
duction into the broad field of FV methods and HRSC
schemes in general we refer the interested reader to
Refs. [78, 79, 150, 156, 157] and references therein.

In the following section we will introduce a particular
FV scheme, which we have chosen for the numerical so-
lution of the RG flow equations because of its flexibility,
efficiency, and relative simplicity.

C. Kurganov-Tadmor (KT) central scheme

In this section we will summarize the central scheme
presented in Ref. [192] by A. Kurganov and E. Tadmor,
which we will refer to in the following as KT scheme.
The KT scheme can be implemented and applied as a
black-box solver for systems of the type of Eq. (109).
Apart from the PDE with its initial and boundary con-
ditions the only additional information about the PDE
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required for its solution using the KT scheme is ’g—ﬂ or
the spectral radius of the Jacobian of F[u] when consid-
ering systems of conserved quantities, see Eq. (115) and
the related discussion. The scheme does not require a
Riemann solver of any kind and as such does not rely on
a characteristic decomposition of the advection flux.

The KT scheme provides a direct method for evaluat-
ing the flux integrals on the right-hand side of Eq. (111).
The main focus lies on the treatment and implementation
of the flux integrals for the advection flux F[u], which is
kind of a natural approach, because the advection flux
determines the characteristic velocities in an advection-
diffusion equation. The diffusion and source terms are
treated separately and will be discussed at the end of
this subsection.

The KT scheme admits a meaningful
tntl —¢m = At — 0 limit in the context of Eq. (111) and
is thus an improvement on it predecessor the Nessyahu-
Tadmor (NT) scheme [193] with which it shares its
piecewise-linear MUSCL (Monotonic Upstream-centered
Scheme for Conservation Laws) reconstruction [194]. We
will focus on the KT scheme in its so called semi-discrete
from — in the limit At — 0 — which involves only an
explicit spatial discretization. The KT scheme is for-
mally second-order accurate in the spatial direction and
as such an improved version of the first-order accurate
Lax-Friedrichs (LxF) scheme [195, 196]. A semi-discrete
form reduces the PDEs (109) or equivalently (111) to a
set of coupled ODEs, which can be solved by a large class
of general-purpose ODE solvers. This is especially useful
when working on stiff problems or PDE systems coupled
to additional ODEs. We will proceed with the intro-
duction of quantities involved in the semi-discrete form
(126) of the KT scheme. The following quantities are
especially relevant for the numerical advection flux (122).

Consider a set of volume averages uj at t" based on
an equidistant®® grid of volume cells V; = [:Ej_%,xj+%],
with Az =21 —x; 1.

2 2
The time evolution of the averages uj at t" to averages

at ﬂ?“ at t"*! on the same volume grid is a three-step
process:

1. The piecewise-linear MUSCL reconstruction is
computed from the cell averages:

a(t", x) = (112)

24 The generalization of the KT scheme to non-uniform grids is
on a conceptual level straightforward and especially useful for
higher-dimensional extensions and for adaptive or moving mesh
variants, see, e.g., Ref. [197]. Its implementation is of course
much more challenging and not needed in this work. However,
in the context of FRG flow equations this might be relevant for
models with multiple condensate directions, see, e.g., Refs. [181—
186].
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where the sum runs over all volume cells. The
reconstruction step is needed to gain access to
the function values @(t™,z). The reconstruction
uses approximations to the exact derivatives (0, u)}
by employing a scalar total variation-diminishing

(TVD) reconstruction [78, 79, 198],

ar o —a  /at — an
dpu)t = L L o L 1) 113
(Ozu)] e w (113)

with a TVD limiter ¢(r). An overview of TVD flux
limiters can be found, e.g., on the webpage [199],
in Refs. [78, 79], or in Sec. 9.3.1 of Ref. [150]. Here,
we follow Ref. [192] and use the so-called minmod
limiter [200]%°,

¢(r) = max[0, min(1,7)]. (114)

The limiter ¢ is used in Eq. (113) to limit the slopes
during the reconstruction process. This is crucial
to prevent spurious oscillations around discontinu-
ities, e.g., shocks, in high-resolution schemes like
the KT scheme. The KT scheme can also be used
with higher-order reconstruction schemes®® to in-
crease the spatial accuracy of the scheme, which is
not needed for this work.

When using a piecewise-constant or -linear recon-
struction the cell averages @!' coincide with the

midpoint values u7. While we employ a piecewise-

linear reconstruction, we still maintain the distinc-
tion between averages and midpoint values for the
sake of clarity.

2. The time step from t" to t"*! is performed by
computing the flux integrals on the right-hand side

We also implemented and tested other flux limiters in the con-
text of FRG flow equations, which however did not influence our
numerical results very much. An optimization of the choice of
flux limiters with regard to the overall runtime could be part of
future work.

Examples for such improvements are the use of the third-order
central weighted essentiallynon-oscillatory (C-WENO) recon-
struction [201, 202] outlined in Ref. [203], the fifth-order WENO
scheme (WENOS5) [204, 205] employed in Ref. [206], or the fifth-
order monotonicity-preserving (MP5) reconstruction [207] used
in Ref. [208]. WENO schemes were first introduced in Ref. [209]
and use polynomial reconstructions based on smoothness indi-
cators. In regions where the solution is estimated to be smooth
high-order polynomials are used, while in regions with large gra-
dients lower-order polynomials are employed in order to ensure
an essentially non-oscillatory [201] interpolation and a TVD re-
construction. The MP5 scheme was first introduced in Ref. [207]
and uses a limiting procedure together with a fourth-order poly-
nomial reconstruction. The MP5 reconstruction does not require
smoothness indicators and performs favorable when compared to
WENO in terms of speed and accuracy according to Ref. [210].
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of Eq. (111) using the reconstruction @(t", x) from
Eq. (112) and carefully chosen control volumes dis-
cussed below. In the limit t*T1 — t* = At — 0 only
the expressions for al, 1 u;!%, and u;lJ:% from
Egs. (115), (116), and (117) respectively are rel-
evant for the semi-discrete KT scheme. The other
quantities discussed for this second step of the KT
scheme are however necessary to understand the
underlying algorithm.

At each cell interface z; 41 the respective local
speed of propagation a? 1 is estimated using

a;+% _ (115)
= max{ % {U;L:%] 4 % {u;z:%} } ’

with the left and right intermediate values u}l T of
2

a(t", ) at the cell interface x,

1.
2

= A
u;:_% =u; + 5 (0u)} (116)
7+ = A
u?+% =g — 55 (0xu)]yq - (117)
For multi-valued conserved quantities w =

{u1,...,ups} the KT scheme of Ref. [192] is lim-
ited®” to hyperbolic advection fluxes signaled by a
non-degenerate eigenvalue spectrum Ay < ... < Aps
of the Jacobian ‘3—5 for all z, t, and w, since in this
case the local speed of propagation is computed
using the spectral radius p(M) = max; |\;(M)] in
Eq. (115).

Using the estimated local speed of prop-
agation, a  space-time control  volume
[x;ﬁr%’l,x;ﬁr%m] x [t", t™ + At] around each cell
interface x; 41 is chosen. The spatial extent corre-
sponds to the domain which is causally affected by
information propagating with the local velocities
away from the cell interface at x;, 1 The flux

27 The KT scheme of Ref. [192] can be improved using refined es-

timates for the local speed of propagation. In Ref. [211] the

KT scheme is refined by employing left- and right-sided local

speeds a;:’_ 1, which are extracted from the eigenvalue spectrum
2

of the Jacobian ?9—5 A further improvement in terms of estimates
of local speeds of propagation engineered for non-convex hyper-
bolic (systems of) conservation laws is presented in Ref. [206]
using further information about the eigensystem of the Jaco-
bian 2E. When an explicit evaluation of the Jacobian is impos-
sible or unfeasible numerical approximations can be employed
[192, 212, 213]. For the numerical applications in this paper, the
rather simple estimate of Eq. (115) has proven to be sufficient.
For specific computations in part III in this series of publications
[31] we additionally employed the improved scheme of Ref. [211].



integrals of Eq. (111) are performed on these
space-time control volumes separately using the
midpoint rule to approximate the flux integrals

and leading to averages @™ and (D;Tll based on

J 2
the new intermediate spatial grid spanned by the

points
Tirpa =Ty T GG At (118)
x?%m =T +a§‘+%At. (119)

the solutions un-
+1

In the regions [a:?_%m,x;‘_&_%’l]
derlying the computed averages G)}l are smooth
while the solutions underlying the computed av-

erages @:411 are non-smooth based on the regions
2

[ac;zr%’l,x;ﬁr%’r]. Details of this step can be found

in Ref. [192].

3. A MUSCL-type piecewise-linear reconstruction
based on w;‘jj and (D;H_l is used to project these av-
2
erages back onto the original uniform grid spanned
by x;, 1 This results in a fully discrete second-
order central scheme, see Eq. (3.9) of Ref. [192],
which gives an algebraic expression for ﬁ? in
terms of the averages
{ﬁ;}72,ﬂ?71,ﬂ?,ﬂ?+1,u;}+2} (120)
and {a;.‘ 1} A pictographic representation of the
2
multi-step evolution procedure with the involved
quantities and grids can be found in Fig. 3.2 of
Ref. [192]. The numerical viscosity of this second-
order scheme is O(Ax?) and does not depend on
At, which is an improvement when compared to
the At dependent numerical viscosities O(Az?/At)
and O(Az?/At) of the LxF and NT schemes, re-
spectively [192].

The At independent numerical viscosity allows for a
controlled limit At — 0, resulting in a reduction to a
practical semi-discrete scheme in the conservative form
[192], which can be implemented straightforwardly:

H. 1+—H.
_ +5 -3
oy =——12 72
e Az +
where the ellipsis denotes the diffusion and source fluxes.
The numerical advection fluxes H, 1 are given by

(121)

B F|t, xj+%,u;r+%} + F[t,xj+%7u;+%]

- (122)

This semi-discrete scheme is second-order accurate
in Az and can be used in conjunction with vari-
ous ODE time-step algorithms (in this work, we use
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Mathematica’s NDSolve [138]). The KT scheme for
a position-independent advection flux is conservative,
meaning detailed balance at the cell interfaces is
maintained. It is also total variation diminishing/non-
increasing (TVD/TVNI) [78, 79, 198]?® when used with
appropriate flux limiters like the minmod limiter (114).

So far we only considered the advection term 0, F'[u] in
the discussion of the KT scheme. The explicit treatment
of source and diffusion fluxes in the semi-discrete KT
scheme is as follows:

1. If the source term is independent of u and of type
S(t,x) = Oys(t,x), it can be integrated directly
and contributes (sj+% — sj_%)/Ax with s;1 =
s(t,;, 1) to the right-hand side of Eq. (121). Oth-
erwise, if S[u] = S[t, z, u(t, z)] suitable approxima-
tions, like S[t,z;,4;(t)] may be used. For a de-
tailed discussion source/sink terms arising in the
FRG treatment of higher-dimensional QFTs we re-
fer the interested reader to Ref. [32] and especially
App. E of the aforementioned publication.

2. When considering a mnon-linear diffusion flux
Qlu, d,u] Eq. (109) is a potentially strongly degen-
erate parabolic equation (system) admitting poten-
tially non-smooth solutions. In the KT scheme the
hyperbolic and parabolic part of the PDE (109) are
treated simultaneously based on the strict splitting
between F and (). Kurganov and Tadmor [192] pre-
sented a discretization of the diffusion flux based on
a kind of central-difference approximation,

Piry =3 Q[t a5, R4 + (123)

Nl=

Ujt1—Uj

1 _
+ EQ[taxj-i-huj-'rl) Az ] .

An alternative second-order discretization like the
one put forward in App. B of Ref. [214] can also be
successfully employed: If the diffusion flux can be
written as

Q[t,x,u, axu] = @[t7x7u] ' Q[t7ﬂj, aﬁ?u} . (124)

28 This property is important for the resolution of shocks and
discontinuities. A TVD scheme does not produce spuri-
ous oscillations around discontinuities. For a TVD scheme
> !ﬂ?_tll— i?+l| <> |ﬁ;~1+1 - ﬂﬂ holds l?et\n{een all time
steps, which is why the more concise expression is total varia-
tion non-increasing, cf. Sec. 9.2.2 of Ref. [150]. The total vari-
ation TV[{z;}] =3, |ij41 — ;| is a discrete measure for the
arc-length of u(¢,z). In the subsequent parts II and III in this
series of publications [31, 33] we show that the TV can serve as a
(numerical) entropy for the zero-dimensional O(N) model with
N =1 and N — oo and might provide a link to the formulation
of the C function in truncated flow equations [147].



(125)

Qftayay. ],

which can be applied for the RG flow equa-
tion (97) under consideration with ¢[t,z,u] = 1
and Q[t, x, 0zu] = Q[t, Dyu], since @ has no explicit
position dependence when using the formulation in
o, ¢f. Eq. (101). Both approaches (using Eq. (123)
or (125) for the numerical diffusion flux P; 1) were
successfully employed in the context of this work
for the diffusion flux (101) without visible differ-
ences in quality. Still, all numerical results in Sec. V
are obtained using the formulation (123). For im-
proved KT-type schemes employing higher-order
reconstructions (like, e.g., C-WENO/WENO5 or
MP5) higher-order discretizations for the diffusion
flux are used like the fourth-order one put forward
in Egs. (4.9) and (4.10) of Ref. [203].

The full semi-discrete KT scheme including advection,
diffusion, and source flux is given by

Oyitj = (126)

itz i-3

-+ source.

Specific spatial boundary conditions (0, )u(t, z)|zcov
manifest themselves in the KT scheme in the choice
of volume averages for so-called ghost cells. For the
evaluation of the fluxes for the first two (4o and ;)
and last two (@,—2 and u,_1) cell averages ghost cells
outside the computational domain are required when
considering n volume cells, see, e.g., Refs. [78, 79] for a
detailed discussion. The ghost cells are u_o, u_1, Uy,
and u,41 centered at x_o, z_1, x,, and x,41, respec-
tively. Depending on the problem and computational
domain at hand a multitude of different boundary con-
ditions can be implemented by an appropriate choice or
reconstruction of these averages for the ghost cells. The
specific boundary conditions for the RG flow equations
in this work are discussed at length in Sub.Sec. IV D
below.

At this point we have to remark that the original KT
numerical scheme presented in Ref. [192] was constructed
for position- and time-independent advection and diffu-
sion fluxes. Since we employ the KT scheme in its semi-
discrete form a resolution of potentially highly compli-
cated and non-linear dynamics in t is possible and ul-
timately outsourced to the ODE solver. The spatial
discretization of the advection term (100) in the semi-
discrete KT scheme seems to be able to cope with the
explicit position dependence in F'[t, z, u] when evaluating
the numerical fluxes at the appropriate cell interfaces, cf.
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Eq. (122). In the scope of this paper we could not trace
any practical problems back to the explicit position- and
time-dependence of the advection and diffusion fluxes.
The comparisons in Sec. V between results obtained from
a direct computation of correlation functions using the
generating functional (77) and the results computed us-
ing RG flow equations via the KT scheme (with ¢ and =
dependent fluxes) can be seen as hard tests for both —
the FRG methodology as well as the (slightly modified)
KT scheme — depending on the respective perspective.
In total, the precision of our results for the non-trivial
test cases gives us some confidence that our approach is
generically justified and the KT scheme is suitable for
our purpose. As mentioned in the paragraph concern-
ing entropy and irreversibility of Sub.Sub.Sec. IV A 2 the
explicit position dependences in both RG flow Eqgs. (96)
and (97) prevents a direct usage of the total variation
TV as entropy functional for the zero-dimensional O(N)
model at finite N > 1. The internal source terms in
the primitive forms originating in the explicit position
dependences of F' and @ before performing the spatial
derivatives lead to an increase in arc length during RG
time evolution, rendering the TV useless as an entropy
functional. For more details see the subsequent parts II
and IIT in this series of publications [31, 33], especially
App. E of part III.

D. Boundary conditions and computational
domain in FRG flow equations

In the form of the conservation law (96) or (97), the
RG flow equation (84) is a non-linear PDE which has
contributions of parabolic (diffusion terms) as well as
hyperbolic type (advection terms). In this subsection,
we specify the boundary conditions for Eq. (96) or (97)
in field space (the effective spatial = direction).

The correct implementation of field space (spatial)
boundary conditions is very important for the correct
numerical solution of PDEs [78, 79]. For (non-linear)
PDEs of elliptic type, the problem of solving them is
also referred to as boundary-value problem. For (non-
linear) PDEs of hyperbolic and parabolic type, the spa-
tial boundary conditions are needed (in addition to the
initial condition) to make finding a (weak) solution a well-
defined problem. The latter case is also referred to as
Cauchy or initial-boundary-value problem. Thus, with-
out explicitly specifying the boundary conditions, e.g.,
of Neumann- or Dirichlet-type, as well as the initial con-
ditions, the problem of finding a unique (weak) solution
is actually ill-posed and therefore impossible to solve — a
well-known mathematical fact with particular and severe
implications in, e.g., classical electrodynamics [215], fluid
dynamics [216], soliton and instanton solutions of clas-
sical field equations [217, 218], general relativity [219-
221], and other fields of research. This also holds true
for the FRG. However, explicit boundary conditions and



especially their numerical implementation are rarely dis-
cussed the FRG literature, with ,e.g., Refs. [129-131, 176]
as notable exceptions.

For the derivative of the effective potential wu(t, o),
we find that the spatial boundary conditions must be
imposed at o = 400, because the field space domain
of u(t,o) is given by R. Thus, when considering the
flow equation on the non-compact domain (—oo,00) the
problem represents a pure initial-value/Cauchy problem
[78, 79, 156] and, given the asymptotics of the flow equa-
tion and the initial condition, explicit boundary condi-
tions at x — 400 are not required. However, spanning
a non-compact computational interval from —oo to 400
is practically impossible on a finite computational grid.
A possible solution is a compactification [137] of R to
the interval [—1,41], via a suitable mapping o — z(0)
usually supplemented with a mapping u — wv(u) ren-
dering v finite on [—1,+1]. Another popular solution
is a truncation of the computation interval at a large
value omax ~ Tmax With a suitable boundary condition
[129, 130, 137, 180]. We will return to this issue below.

In any case, one of the boundaries at spatial infinity
can already be replaced by a finite value by making use of
the O(N) symmetry of the potential U(t, Z) and the flow
equations, which implies a Zo antisymmetry of u(t,o) =
O,U(t,0),

Ut,o)=U(t,—0) <= u(t,o0)=—u(t,—0o). (127)
This reduces the spatial domain to the half-open inter-
val o € [0, +00), but now we need an additional artificial
boundary condition at o = 0, see, e.g., Ref. [130]. In pre-
vious studies, the use of the O(N) symmetry was usually
implemented right from the beginning by replacing the
variable @ by the O(N) invariant ¢ = § @2, whose do-
main is already by definition [0,00).?? In this case one
has to define

u(t, 0) = 0,U(t, p) = iagU(t,a) = %u(t,a), (128)
to obtain a flow equation for u(t, 0) in a manifestly con-
servative form, see Egs. (96) and (97).

29 In any case, independent of the implementation of the bound-
ary condition itself, one should make use of symmetries of the
flow equations in numerical implementations. First of all, this
leads to a reduction of the number of computational grid points
in spatial direction, while keeping the spatial resolution fixed,
which significantly speeds up the calculations (independently of
the specific numerical method for spatial discretization). An ad-
ditional consequence is the reduction of numerical errors: It is
highly unlikely that the numerical errors are symmetric in «, if
a symmetric interval around z = o = 0 is used. This might
lead to an artificial breaking of the Zs (anti-)symmetry by un-
balanced numerical errors. Although these errors might be tiny
and almost negligible they can be easily circumvented by ex-
ploiting the symmetries. Using the symmetries of a problem is
a standard procedure in practical computations and of particu-
lar importance in, e.g., numerical fluid dynamics and numerical
(general) relativity, see Refs. [222-225].
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Before returning to the remaining boundary condition
at +o0o, we first consider the newly introduced artificial
boundary condition at x = ¢ = 0 or, correspondingly, at
o=0.

1. Boundary condition at 0 =0

At first sight it might be appealing to formulate the
whole problem — the conservation equation and the
boundary condition at ¢ = 0 — in the variable p. How-
ever, we believe that a formulation in o is more suitable
and easier to implement in our numerical setup.’’ A key
feature of (non-linear) hyperbolic/parabolic conservation
equations is that their weak solutions may exhibit non-
analyticities in the form of shock and rarefaction waves
etc., which manifest themselves in the solution in cusps or
discontinuities in spatial direction during the time evolu-
tion. These effects can develop during the time evolution
even if the initial condition is smooth/analytic see, e.g.,
Refs. [78, 79, 137, 154, 155, 192, 226]. As demonstrated
in Refs. [26, 27, 32, 118, 139, 141, 142] this also holds
for FRG flow equations, where non-analyticities are in-
herent properties of the effective IR potential U(tr, o).
These statements are also true for the point ¢ = 0,
where U(t, o) and u(t, o) do not need to be analytic, see
Sub.Sec. VD. Hence, there might be a scenario where
the potential U(t, o), although it is symmetric in o, has
a cusp at 0 = 0, which would correspond to a jump in
a weak solution for u(t,0) = 0,U(t,0) at ¢ = 0. If
formulated in g, any scenario (analytic or non-analytic
at 0 = 0) merely corresponds to some arbitrary value
for u(t,0) = 9,U(t,0) at o = 0, which seems to be of
great advantage, because one does not have to deal with
possible discontinuities in the conserved quantity u. Fur-
thermore, the problematic factors of % in the pion prop-
agator and the advection flux (100), which are diverging
at 0 = 0, can be avoided when formulating the flow equa-
tions in p.

Nevertheless, a problem with the variable o becomes
apparent when turning to the discretized form of u within
the FV scheme presented in Sub.Secs. IV B and IV C: FV
methods (and also other discretization schemes) usually
require ghost cells at the boundaries of the computational
domain, since the in- and out-flows for the i'" cell are cal-
culated from the cell averages u of its neighboring cells,
cf. Eq. (120). However, initially these values are not spec-
ified for the cells at the boundaries of the computational
domain. Thus, artificial ghost cells must be introduced

30 We do not claim that it is impossible to formulate well-defined
discrete boundary conditions in ¢ at ¢ = 0, as can be seen for
example in Refs. [26, 27, 31] for the specific case of the large-N
limit of the O(N) model. However, we were not able to provide
a suitable discretization of the boundary condition at ¢ = 0 in
the implementation of the FV method for flow equations that
include diffusion via the radial o mode.



and the numerical values for @ in these ghost cells have to
be implemented by hand or reconstructed from the cells
within the computational domain in accordance with the
boundary conditions [78, 79]. In the second-order for-
mulation of the one-dimensional KT scheme one needs
two ghost cells at each of the two spatial boundaries, cf.
Eq. (120).

However, implementing ghost cells for u(t, 0) at o =0
is conceptually difficult, because these ghost cells must
be centered at negative values for g outside the computa-
tional domain [0, c0), which by definition do not exist due
to the positivity of o = % o2. A priori, it is therefore not
clear how numerical values @(¢, ;) should be assigned to
ghost cells at negative g;, because symmetry arguments
cannot be applied anymore.

Furthermore, it is also not a feasible option to move the
ghost cells to positive values of g;, such that the point
o = 0 is no longer part of the computational domain.
Namely, having ghost cells centered at small but positive
o; implies that one has to extrapolate the numerical val-
ues u(t, 0;) to these ghost cells and to the point o = 0
from the other ordinary cells of the computational do-
main. However, the functional behavior of u(¢, o) is un-
known for small ¢ and is actually exactly what we want
to calculate in the first place by solving the PDEs. Thus,
any extrapolation at small o can only be considered an
educated guess. It is especially dangerous, because the
physical point will be part of the extrapolated ghost cells
if it is located at ¢ = 0, which is the case for all models in
their symmetric phase [32], irrespective of the dimension-
ality of space-time. Consequently, extrapolation errors at
the physical point have the potential to spoil the numer-
ical values of all n-point correlation functions, which are
calculated at the physical point via derivatives of u and
contain the physics of the model. Even if the physical
point is at finite non-zero ¢ far away from the ghost cells
and the boundary at ¢ = 0, any kind of extrapolation at
small o leads to numerical errors, because the diffusive
contributions of the radial ¢ mode will propagate this in-
formation from smaller to larger ¢ and hence to the phys-
ical point. Similar problems in formulating appropriate
boundary conditions at ¢ = 0 also exist in other dis-
cretization schemes like finite-difference or finite-element
methods.

There is one exception to this conclusion: In the
large-N limit of the O(N) model the flow equation for
u reduces to a pure advection equation. Studying the
characteristic velocities, which are given by O0F/0u,
respectively, see Eq. (104), we find that these cannot
change their sign, and information (or the conserved
quantity u) is always propagated via advection in the
direction of smaller g or |o|. In this scenario, ghost cells
can be positioned at negative p; and the corresponding
cell averages u; in the ghost cells can take any numerical
value since information from the ghost cells is never
propagated back into the computational domain and
cannot cause any errors, cf. Ref. [26, 27, 31]. Shifting the
ghost cells into regions of positive g is still not suitable
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for the reasons already discussed above.

In order to avoid all these difficulties when formulating
the problem in the variable p, we suggest a formulation
in ¢ and an implementation of the boundary condition at
o = 0. The key argument for using o instead of ¢ is that
positioning ghost cells at negative ¢ poses no problem at
all, since negative o exist in the first place. Furthermore,
it is clear how the cell averages u(t, 0;) in the ghost cells
have to be chosen: Using the antisymmetry (127), one
merely has to mirror the last physical cells of the compu-
tational domain at ¢ = 0 to the ghost cells (including a
flip in sign). The only issue that requires careful consid-
eration is the choice of the position of the first physical
cell zg next to o = 0: The flux term of our PDE con-
tains factors % via the pion propagators, which diverge
if evaluated at o = 0. Therefore, we must avoid evalu-
ating the fluxes F[t,z,u(t,z)] at x = 0 = 0. However,
inspecting the KT scheme, we find that the fluxes as well
as the Jacobian ag—l[bu} must only be evaluated at the cell
boundaries z;. 1, cf. Eqs. (115) and (122). Consequently,
the natural choice for the position of the cell center xq of
the first physical cell in the computational domain is at
x = o = 0, such that the in- and out-fluxes of this cell are
evaluated at 1 which is not problematic. Incidentally,
this automatically cures the problem of the possibility of
non-analyticities in u(t,o) at o = 0: Even if u(t, o) is
discontinuous at ¢ = 0 we do not run into problems,
because all numerical calculations are performed on the
level of cell averages u(t,0;). The cell average of an an-
tisymmetric function in a cell that is centered at o = 0
must always vanish identically, independent of all other
properties of the function, see also Ref. [130, 131].

In summary, we switch from the open computational
interval (—oo, +00) to the half-open computational inter-
val [0, 4+00) by means of the Zy (anti-)symmetry using
U_o(t) = —uo(t), u—1(t) = —uy(t) for the cell averages
in the ghost cells left of zy = 0 and %o (t) = 0 for the cell
average in the cell at xg. This effectively corresponds
to reflective boundary conditions frequently imposed in
numerical fluid dynamics [78, 79], cf. Fig. 3.

2.  Boundary condition at o — o0

Now we return to the boundary condition at ¢ —
+00. Without loss of generality we discuss the interval
o € [0,4+00) since the situation in ¢ € (—o0,0] follows
from Zg antisymmetry of u(t, o).

We have already argued that there are no real bound-
ary conditions at spatial infinity on a non-compact do-
main. The behavior of u at 0 — oo is rather given by the
asymptotics of the FRG equation, which makes the PDE
an pure initial-value problem. The boundary condition
at spatial infinity is actually fixed implicitly: As long as
the initial potential U(¢t = 0,0) is bounded from below
and grows faster than o2 for ¢ — oo both pion and sigma
propagator tend to zero for sufficiently large o, such that
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FIG. 3. Second-order accurate FV implementation of the spa-
tial boundary condition for u(t,z) or u;(t), respectively, at
z = 0. We use the fact that u(¢,x) is an odd function in =
by positioning the first computational cell zo at x = 0, such
that the cell average is exactly zero, tip = 0, which is true
for u(t,x) which are analytic (blue-dashed) as well as non-
analytic (green-solid) at © = 0. The ghost-cell averages can
thus be fixed by setting —2 = —u2 and u_1 = —u;. Cor-
responding cell averages 4, are depicted as horizontal bars
(magenta-dashed and yellow-solid). This boundary condition
can be generalized to lower- and higher-order accurate FV
schemes as well as finite-difference or finite-element schemes.

the right-hand side of the PDE (98) vanishes during the
entire FRG flow. In the fluid-dynamical picture this cor-
responds to vanishing advection and diffusion fluxes (100)
and (101) at ¢ — oo, which is a zero-influx boundary con-
dition for u(t, o). The derivative of the effective potential
u(t, o) is therefore fixed to its initial value u(t = 0,0) at
o — OQ.
The limiting case, when the asymptotic behavior of the
initial UV potential is quadratic,
lim U(t =0,0) ~ 02,

T —> 00

lim u(t =0,0) ~0o, (129)

T —r 00
is more delicate. In this case, the advection and diffusion
fluxes (100) and (101) do not vanish for ¢ — oo for all RG
times. However, for small RG times ¢ =~ 0, the fluxes are
actually independent of o at large o due to the constant
asymptotic slope of the initial condition u(t = 0,0). This
in turn implies that the in- and out-flux for all volume
cells at large o only depend on t and must cancel exactly,
such that the net flux of these cells vanishes. Therefore,
also in this scenario u(t,o) is fixed to its initial condi-
tion at ¢ — oo not only for small ¢, but rather for all RG
times ¢. For late RG times ¢ — oo, the advection and dif-
fusion fluxes (100) and (101) vanish anyhow, due to the
derivatives of the regulator shape functions in the nu-
merators, i.e., 9;r(t) = —Ae~!. In the language of fluid
dynamics, initial conditions with quadratic asymptotics
can therefore be interpreted as boundary conditions with
time-dependent but spatially constant in-flux, cf. Exam-
ples 7 and 9 in Ref. [192].

However, both cases cannot be implemented directly
on a finite computational domain and we basically have
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two options:

1. We could try to map the interval [0, c0) to a com-
pact interval [0,1] via a suitable map o — z(0).
This also includes a suitable mapping of u — v(u)
to keep the values for the conserved quantity finite
on [0,1]. This option has the advantage that the
correct asymptotic behavior u(t,o) can be imple-
mented as boundary conditions for v(¢, z) at © = 1.
However, the same question then arises as before
in the discussion of an appropriate choice of ghost
cells for negative values of g: It is highly non-trivial
how the cell averages v; should be fixed for ghost
cells which no longer belong to the physical val-
ues of & within the interval [0, 1]. Additionally, the
two mappings would introduce at least two new nu-
merical functional-mapping parameters. A suitable
choice of these parameters is not obvious. Still,
these mappings would have to ensure dense grids
and high resolution around the physical point and
low resolution at large field values All this is ex-
tremely hard to achieve. Therefore, we propose and
favor another option.

2. The second option, which is our preferred choice,
is to split the physical domain [0, c0) into a com-
pact domain [0, 0ymax] and a non-compact domain
[Omax, 00). Here, omax should be chosen much
larger than the physical scales of the problem
and the position of the physical point, see, e.g.,
Refs. [26, 32, 129, 130, 141, 180]. We will provide
explicit tests for an appropriate choice of oy, later
on in Sec. V. For the compact domain [0, o pax], we
keep a direct identification of the field o and the
computational spatial variable x, thus x = o. For
higher-dimensional models this might be replaced
by a linear map of ¢ to a dimensionless spatial vari-
able x via appropriate rescaling with some charac-
teristic dimensionful quantity, e.g., the UV cutoff
A or a non-vanishing condensate. In any case, this
allows for a direct implementation of the boundary
condition at o = 0.

In the compact domain [0, omax]|, we have to en-
sure a high spatial resolution via a sufficiently large
number of cells, in order to capture all aspects of
the dynamics around the physical point. Explicit
tests to find an appropriate spatial resolution are
also presented in Sec. V.

For the non-compact domain [oyax, 00), instead of
using a discretization scheme like the F'V method,
we suggest an expansion or approximation of u(t, o)
via polynomials or complete sets of functions with
t dependent expansion coefficients, which account
for the asymptotic behavior of the initial condition
u(t = 0,0) for large o. As discussed before, it is ex-
pected that for large o the deviations of u(t, o) from
the initial condition u(t = 0, o) are small during the
FRG flow, such that a finite amount of expansion



coefficients should be satisfactory to capture this
minimal dynamics.

At the point opax, the ghost cells for the FV
method in [0, 0.y can therefore be fixed via the
values u(t, o) from the asymptotic expansion in the
non-compact interval [opax, 00).

Interestingly, our numerical tests showed that, as long as
Omax 18 chosen sufficiently large, the fluxes at opyax are
already negligibly small. As a consequence, the deviation
of u(t,o) from the initial condition in the non-compact
interval [omax, 00) is extremely small and can be ignored.
In this case, the computational boundary conditions for
the ghost cells at 0. can be fixed via an extrapolation
using the asymptotics of the initial condition. For ex-
tremely high spatial resolution, hence rather small Ax,
even a simple linear extrapolation might be sufficient.

On the other hand, choosing o,.x rather large while
keeping a high spatial resolution in the compact com-
putational domain [0, oyax] requires a large number of
cells. However, this slows down the computations dras-
tically. For problems where this issue becomes relevant,
we suggest to further divide the compact domain [0, 0 ax]
into several smaller subdomains. In each of these subdo-
mains one can implement the FV method with differ-
ent spatial resolution Az for each domain. This ensures
high resolution at small o next to the physical point and
also allows to truncate the spatial interval at large o pax,
while keeping a decent and manageable total number of
cells [26, 27]. An alternative approach would be switch-
ing from equally sized volume cells on a uniform grid
to a non-uniform (potentially even moving/time depen-
dent) grid, see, e.g., Ref. [197]. However, in the context
of FRG flow equations this might be relevant for models
with multiple condensate directions, see, e.g., Refs. [181—
184]. In our test cases for the zero-dimensional O(N)
model the subdivision of the compact interval [0, o ax]
or a formulation on non-uniform grids was, however, not
necessary.

We close the discussion of spatial boundary conditions
with some final remarks: We have discussed that the
correct implementation of spatial boundary conditions is
of utmost importance. Otherwise there is no guarantee
for the solution of a PDE and especially our FRG flow
equations to converge against the correct result. Ad-
ditionally, we remark that our specific choice and im-
plementation might not be the best option at hand for
arbitrary (higher-dimensional) models and arbitrary ini-
tial conditions within the FRG framework. In the cur-
rent context of the zero-dimensional O(N) model initial
conditions without a proper 1arge—|$ | asymptotics, e.g.,
[2 — sin($2)] $2 or even worse [2 — |sin(¢2)[] ¢2, and /or
periodic potentials could be a very interesting topics for
further research.
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FIG. 4. The plot shows the UV potential U (o) (red-dashed)
and its first derivative u(o) = 9-U(o) (blue, solid) of test
case Eq. (130) evaluated on the constant background field
configuration.

V. ZERO-DIMENSIONAL FIELD THEORY AS
TESTING GROUND FOR FRG

After our general discussion of the theoretical basis for
the solution of FRG flow equations, we shall discuss con-
crete applications in the following subsections. To this
end, we study the RG flow of various zero-dimensional
field theories which differ by distinct initial conditions.
Our choices for the initial conditions range from smooth
potentials to extreme choices featuring non-analyticities.
Note that such extreme choices are not only relevant
to demonstrate the numerical performance and stabil-
ity of our implementation but also for phenomenological
reasons. In fact, in higher dimensions we expect non-
analytic behavior to build up, e.g., in the IR limit, as
associated with spontaneous symmetry breaking and the
emergence of convexity of the effective action.

A. Test case I: Non-analytic initial condition

Consider the following initial UV potential,

_%527 if QOS27

U@) =< -2, if 2<p<3, (130

+1(@2-13), if 3<o,

where ¢ = |Z|, ¢f. Fig. 4. The test case is designed this
way for the following reasons:

1. All parameters of the potential U({g) are by default
dimensionless and chosen to be approximately of
order one, such that scales can easily be compared
with each other.



2. The UV potential U(o) has non-analytical points
at 0 = 2 and o = 3, which correspond to disconti-
nuities in its derivative u(c). In the fluid-dynamical
context such discontinuities present a Riemann
problem and result in rarefaction waves. In QFT
and thermodynamics such discontinuities can be as-
sociated with phase transitions, see App. B. The
non-analytical behavior of this potential makes
commonly used techniques like the FRG Taylor
expansion inapplicable. Furthermore, naive dis-
cretizations that rely on smoothness are doomed
to fail. One has to choose numerical schemes that
can handle this numerically challenging dynamics.

3. The potential is initialized in the symmetry-broken
phase, with infinitely many degenerate minima at
o € (2,3]. Furthermore, the UV potential is
neither convex nor smooth. However, in the IR
the O(N) symmetry has to be restored and there
must only be one minimum at ¢ = 0, due to
the Coleman-Mermin-Wagner-Hohenberg theorem.
Furthermore, for t — oo the potential has to be
convex and smooth, see App. B. This non-trivial
transition and complicated dynamics from the UV
to the IR is a numerically challenging test.

4. Furthermore, we choose a potential which is asymp-
totically quadratic in ¢. This is to ensure that
the large-o boundary condition for wu(t,o) is fully
under control and errors can be excluded, see
Sub.Sec. IV D. This allows for a high-precision anal-
ysis of all other sources of numerical errors.

The reference values for the exact IR 1PI vertex func-
tions I'®>™) of the O(N) model are calculated numerically
from the UV potential (130) via the integral (77) using
Egs. (73) —(75). They are listed in Table I for selected
N.

1. General discussion of the FRG flow -
advection and diffusion

We start our analysis with a general discussion of the
FRG flow with initial condition (130).

TABLE 1. The table lists the (up to numerical-integration
errors) exact results for the I®™ of the O(N) model with the
initial UV potential (130) for selected N. They are obtained
by a high-precision one-dimensional numerical integration of
the expectation values ((¢2)") using Mathematica’s numerical
integration routine NIntegrate [138] with a PrecisionGoal and
AccuracyGoal of 10. Here, we present the first ten digits only.

N r® @ T®

1 0.1768130358 0.0520549107 0.0865733100
3 0.3973542395 0.1408641479 0.2249964322
10 0.8451440328 0.1519326337 —0.0691341063
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To this end, we fix O(N = 3) to include both diffusive
and advective contributions via the radial ¢ mode and
two pions. For N = 3 the number of pions is reasonably
small and the (diffusive) effects of the 0 mode remain vis-
ible. Furthermore, we choose [0, Zmax = 10] as the spatial
computational domain with 800 volume cells and use the
KT scheme from Sub.Sec. IV C for spatial discretization.
The initial cell averages u;(t = 0) are computed by exact
averaging®!

ui(t =0) = x5 [U(os41) = U(o;_1)], (131)
using the UV initial condition (130). We use linear ex-
trapolation as spatial boundary condition at zpax. The
UV cutoff is set to A = 10% at t = 0. The integration
is performed with Mathematica’s ODE solver NDSolve
[138] with a PrecisionGoal and AccuracyGoal of 10 and
stopped in the IR at 7(t;r = 60) ~ 10720 using the expo-
nential regulator shape function (8). We find that these
parameters suffice to produce decent results, as discussed
in the following subsubsections. There, we quantitatively
analyze sources and severity of possible errors.

We first provide qualitative results of our numerical
methods in Figs. 5, 6, and 7, where we show the FRG
flow of the effective potential U(¢,0) and its derivative
u(t,o) = 9,U(t,o) from the UV (blue) to the IR (red).

In the beginning, i.e., in the UV, the system is in the
broken phase. This changes only marginally until ¢t =~ 7,
which indicates that the UV cutoff is chosen sufficiently
large. When r(t) reaches the scales of the model at ¢ 2 11
most of the dynamics takes place (symmetry restoration)
and u(t, o) changes rapidly and drastically until it freezes
out in the IR. In the IR the system is in the restored
phase. After t ~ 26 the potential does not change any-
more, which indicates that one has reached a sufficiently
small IR scale to stop the integration. We render this
statement more precise in the following subsubsections.
Note that the evolution in t is logarithmic and corre-
sponds to a change in scale over 25 orders of magnitude.
At first glance this range sounds excessive, but its neces-
sity is explained in detail below.

During the FRG evolution one observes that diffu-
sive processes smear out the discontinuities at the non-
analytic points at ¢ = 2 and o = 3. We also find that
the diffusion acts in both directions — towards larger and
smaller values of o — as expected from our discussion in
Sub.Sec. IV A. Nevertheless, the diffusion effects do not
reach the computational boundary, which is outside the
plot range at opax = 10. This suggests that opmax = 10
is sufficiently large. Additionally, we observe a propaga-
tion of the conserved quantity u towards smaller values

31 Using the exact averages for %;(t = 0) has proven advanta-
geous in terms of achievable numerical precision in the IR com-
pared to taking the mid-point values of the exact derivative of
;(t = 0) = 05U (0)|o=0; when considering non-analytic initial
conditions like Egs. (130) or (141).
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FIG. 5. The FRG flow of the effective potential U(¢, o) (upper
panel) and its derivative u(t,0) = 9,U(¢,0) (lower panel)
for the zero-dimensional O(3) model with initial condition
Eq. (130) evaluated at t =0, 2, 4, ..., 60 (integer values for ¢
were chosen for convenience and readability). The blue curves
correspond to the UV and the red curves to the IR. We used
the exponential regulator Eq. (8) with UV cutoff A = 10°.
For the sake of readability, the plot does not show the region
xz =5 to = 10, because the tiny differences between u(t, o)
and u(0, o) are not visible in this region and vanish for large
T = o anyhow.

of o via advection. Close to the initial discontinuities
these advective processes can be interpreted as rarefac-
tion waves. In a more pictorial language, the advection
and diffusion “fill up the pit” in u(t,o) at small values
of ¢ by moving more and more of the quantity u from
larger values of o to smaller o (via advection and dif-
fusion) as well as from small negative o to small posi-
tive sigma (via diffusion). Eventually the symmetry is
restored and u(t, o) is smoothed towards the IR by dif-
fusion. Furthermore, the conserved quantity u does not
“pile up” at o = 0 after symmetry restoration, because at
negative o exactly the opposite dynamics happens, due
to the Zs antisymmetry of u(t, o), which is encoded in
the boundary condition at ¢ = 0, see Sub.Sec. IV D. The
differences between advective and diffusive contributions
become apparent when comparing the same system for
different NV, see below.
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FIG. 6. The RG flow of the derivative of the effective potential
u(t,0) = 0,U(t, o) for the zero-dimensional O(3) model with
initial condition Eq. (130). This is a 3-dimensional rendering
of the flow displayed Fig. 5 (lower panel).

From a numerical perspective, the KT scheme is able
to handle the highly non-linear dynamics, including the
non-analyticities in u(¢, o), without any spurious oscil-
latory behavior (under-/over-shooting) and allows for a
stable t integration to extremely small IR scales.

For the sake of completeness and illustrative purposes,
we also provide the RG flow of the integral of u(t,o), i.e.,
the effective potential U (¢, o), in Figs and 7. Here, the
integration constant was set to zero® and the integration
was performed via Riemann summation®? of the discrete
cell averages,

U(t, ;) (132)

a(t x]
A”’Z 1+ 530 o)

Figure 7 perfectly illustrates the restoration of the O(3)
symmetry of the potential U(t,o) during the FRG flow
via “vaporization” of the infinitely many minima. Nev-
ertheless, we find that it is hardly possible to intuitively
understand the contributions of the radial ¢ mode and
the pions to the FRG flow on the level of U(t, o) only.
This complements the discussion in Sub.Sec. IV A and
lends support to our claim that the fluid-dynamical in-
terpretation of the FRG flow in terms of u(t,0) is su-
perior to the canonical formulation in terms of U(t, o)
commonly used in the FRG literature.

32 U(t,0) = 0 is dictated by our choice of normalization for the
zero-point function(s), see Eq. (4).

33 At this point we should mention that numerical results for U (t, o)
via Riemann summation should be treated with great caution:
Numerical errors in the cell averages @(t, ;) which arise from
the numerical FRG flow can accumulate during integration (here
summation) along ¢ = x. More precise quadrature methods
should be used if precise, quantitative values for U(t,o) are
needed. This will be discussed elsewhere [153].



FIG. 7. The RG flow of the effective potential U(t, o) for the
zero-dimensional O(3) model with initial condition Eq. (130).
This is a 3-dimensional rendering of the flow displayed Fig. 5
(upper panel).

Before discussing quantitative results and sources of
(numerical) errors in RG flows, we briefly return to the
interpretation of the radial o mode as diffusion and the
interpretation of the pions as advection in the FRG flow
along the field space direction. To this end, we discuss
FRG flows for the same initial UV potential (130) as be-
fore, but for different N. This corresponds to a different
number of pions in the flow and different advection ve-
locities (104). All other parameters remain unchanged.
In addition to the N = 3 case in Fig. 5, we provide the
RG flows of u(t,o) for N = 1,10, 100 in Fig. 8.

The figure again demonstrates on a qualitative level
that the sigma mode enters the FRG as diffusion, while
pions enter as advection: Increasing the number of pions
the problem becomes more advection-driven exhibiting
more pronounced waves and faster propagation. This
can be seen by comparing the plots at equal RG times.
For N = 1, the problem reduces to the pure diffusion
equation (38), where the dynamics is slowest and the dif-
fusion propagates the fluid from negative o to small posi-
tive o close to o = 0. Furthermore, one observes stronger
smearing of the discontinuities at ¢ = 2 and o = 3. The
N =100 case is extremely advection-dominated?*, simi-
lar to the situation in large-N limit of the O(N) model,
where the ¢ mode can be completely ignored. In the
fluid-dynamical language, this corresponds to a complete
suppression of diffusion, which is clearly observed from
the fast propagation of the rarefaction waves and almost
negligible smoothing of the discontinuities at ¢ = 2 and
o=3.

34 We will discuss the qualitative and quantitative differences be-
tween RG flows at large and infinite N in part III of this series
of publications [31].
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FIG. 8. The FRG flow of the derivative of the effective poten-
tial u(t,o) = 0,U(t,0) for the zero-dimensional O(N) model
for N = 1, 10, 100 with initial condition Eq. (130). All pa-
rameters are identical to those in Fig. 5.

2. Tests of the spatial resolution Ax

This subsubsection is dedicated to quantifying numer-
ical errors in the FRG flow arising from the finite spatial
resolution Az of the cells in the KT scheme. Any spa-
tial discretization comes with a discretization error. The
KT scheme, which is used throughout this paper, is of
second-order accuracy Ax. Therefore, the numerical er-
rors arising from the spatial discretization should scale
with Az? when Az is decreased.

As test values (observables) we use the modulus of the



relative errors of the 1PI n-point vertex functions I'(2")
forn=1,2,3,

(133)

2n
ey
T(2n) ’

where I‘gffl) is calculated from the FRG (via the KT
scheme) and T'®™ from the (functional) integral, see Ta-
ble I. In order to determine how much of the relative
numerical error (133) is directly related to the spatial
discretization, we have to optimize all other parameters
of the computation in order to reduce other sources of
errors. We basically choose the same parameter set and
UV initial condition (130) which was also used for the
qualitative analysis in the previous subsection and only
vary the number of cells n to change the resolution Ax.
We keep A = 10%, 210 = 10 and tg = 60, which turn
out to be decent choices as will become clear in the fol-
lowing. Without loss of generality we keep N = 3.

Before we embark on our discussion, we remark that
the spatial-discretization error enters the relative er-
rors (133) in a twofold way:

1. There is the discretization error which comes from
the KT scheme during the FRG time integra-
tion. This error shows up directly in the IR values
u(tr, z;) and should scale according to Ax? for the
chosen second-order KT scheme.

2. There is a discretization error which is related to
the extraction of the 1PI n-point vertex functions
from the discrete @(tig,x;). They have to be cal-
culated at the physical point (the minimum at
x = o = 0) via numerical differentiation, which
also comes with a discretization error. The latter
is also related to the spatial resolution Az. In gen-
eral (especially in higher-dimensional models) it is
not clear whether these numerical derivatives at the
physical point are always well-defined. We argued
before that u(¢, o) might exhibit non-analytical be-
havior also at the physical point in the IR, cf.
Refs. [26, 27, 32, 137], such that a naive numeri-
cal differentiation is not allowed in general. This
will be discussed and analyzed in detail elsewhere
[153]. In the special case of zero-dimensional QFTs,
we prove in App. B that the IR effective action and
the IR potential U(t — oo, @) are smooth, which
also translates to u(t — o0, o), such that numeri-
cal differentiation (e.g., via finite-difference approx-
imations) is well-defined.

However, even though finite-difference formulas are re-
liable approximations for derivatives of a smooth function
and have a well-defined truncation-error scaling in pow-
ers of Az, there remains a well-known subtlety: While
decreasing the resolution Az, one eventually will reach
a point where the error starts increasing again contrary
to the formal truncation-error scaling. This is related
to the ill-conditioned nature of finite-difference formulas
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and to explicit rounding errors in floating-point arith-
metic, which increase the error of the numerical deriva-
tive below a certain Az, see, e.g., Chap. 5.7 of Ref. [43].
Related spurious cancellations occur if the discrete data
of a smooth function include some sort of noise. In
our case this “noise” is directly related to the spatial-
discretization errors from the KT scheme and the errors
from RG time integration using numerical ODE solvers.
These errors might be tiny, but can easily inflate the
errors of the numerical derivatives, especially for higher-
order derivatives.

In conclusion, while decreasing Ax we expect that long
before the relative errors from the KT scheme start in-
creasing again (because the KT scheme begins operating
close to machine precision or because the error of the
time stepping becomes relevant) the relative errors (133)
start increasing due to the numerical differentiation of
slightly “noisy data”. This phenomenon is expected to
set in at larger Ax for approximations for higher-order
derivatives and long before the formal error scaling of the
KT scheme is no longer valid.

Our explicit results for the scaling of the relative errors
with decreasing spatial resolution are presented in Fig. 9,
where we show the relative errors (133) for the two-,
four-, and six-point functions in a double-logarithmic plot
over Az. For T'® and I'® we find that the correspond-
ing relative errors scale with Ax? (or even slightly better)
as expected from the error scaling of the KT scheme as
well as the error scaling of the finite-difference stencils
(A1) and (A4). We observe two groups of points for I'(?)
(upper panel of Fig. 9), which are related to discretiza-
tion errors of the discontinuous initial condition (130) at
=2 and z = 3. The error scaling of 0.02 Az? for I'?
is a conservative estimate for the observed errors, which
are actually lower for Az > 0.005. For Az < 0.005 we
observe deviations from the conservative estimate for the
error scaling of I'® related to other error sources. In
the middle panel of Fig. 9, we clearly see that there is
an optimal minimal Az = 0.02 where the correct formal
scaling of the numerical derivative breaks down and the
relative error of ') increases again for smaller Az. We
can be sure that this breakdown of the error scaling is
related to the numerical differentiation and not the KT
scheme because we observe scaling with at least Az? for
I'®) in the upper panel of Fig. 9 well below Az ~ 0.02.
This is expected for lower-order numerical derivatives.
Furthermore, we find that for T'®) (lower panel of Fig. 9)
the order of the numerical derivative is already too large,
such that the theoretical error scaling of the KT scheme
cannot be seen at all and is completely obscured by the
errors from the numerical differentiation of a(tig, ;).

We conclude that the KT scheme is perfectly suited
for the spatial discretization of the RG flow equation for
u(t, o) and shows correct scaling with decreasing spatial
resolution Az. This is also confirmed by tests with dif-
ferent initial conditions, see below.

In addition, we actually found that a more severe prob-
lem is the correct extraction of physical observables from
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FIG. 9. The relative error of the numerical results (blue dots)
from the KT scheme for the 1PI n-point vertex functions rém
for n = 1,2, 3 as a function of Az with initial potential (130).
The numerical derivatives at ¢ = 0 of u(tir = 60,0) were
calculated via the second-order accurate central schemes (A1),
(A4), and (AT). The plot was produced with Zmax = 10, but
could have been calculated for any sufficiently large Tmax. We
used the exponential regulator (8) with UV cutoff A = 10°.
The yellow straight lines are for optical guidance.

the IR values u(tir,x;), which are usually related to
derivatives of u(tig,c). We further conclude that this
problem is expected to be worse in higher dimensions,
were the IR potential is no longer guaranteed to be
smooth. We therefore suggest to search for better ways
of calculating those derivatives as well as for careful anal-
ysis tools for numerically calculated 1PI n-point vertex
functions in the vicinity of non-analyticities in general.
However, this is beyond the scope of the present work.
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We remark that our numerical findings indicate that
— independent of the specific numerical discretization
scheme — the number of grid points or expansion coef-
ficients etc. might have been chosen too small in previ-
ous studies to obtain a decent resolution. However, other
works, cf. Refs. [129-131, 137, 180, 227], which also dis-
cuss the limitations of their numerical schemes in detail,
have used a rather large number of discretization points
— in some cases to compensate the demand for continuity
of the specific scheme.

In the next subsections we will mostly use a spatial
resolution of

Az = T3 0025

S (134)

where we can trust the results for the two- and four-point
functions. The relative errors for the six-point function
will only be plotted for the sake of completeness, but can-
not be included in any reasonable quantitative analysis of
other sources of (numerical) errors in RG flow equations
although they are still at an acceptably small level.

8. Tests of the size of the computational domain

In this subsection, we discuss the influence of the
size of the computational domain [0, oyax] on the rela-
tive errors of the IR observables (133). As discussed in
Sub.Sec. IV D, we expect that, if the spatial boundary
conditions are not implemented with great caution and
the computational domain is too small, one cannot trust
the results from the numerical integration of the RG flow.
If the computational domain is too small, we expect large
errors, because the boundary conditions at oya.x are no
longer valid due to wrong extrapolation to the ghost cells
and consequently wrongly estimated in-flux.

In the case with UV initial condition (130), the bound-
ary condition at o,y is implemented as a linear extrap-
olation of u(t, o) to the two ghost cells of the KT scheme
to mimic the asymptotic behavior of u(t,o). As long as
Omax 18 sufficiently large, we expect only tiny deviations
of u(t,o) from its initial UV value u(tyyv = 0, o) next to
Omax.- However, if opax is too small and approaches to
the model scales, we expect the diffusion effects to reach
the boundary of the computational domain, such that a
linear extrapolation is no longer a good approximation
in order to determine the spatial boundary condition.

To this end, we test the scaling of the relative errors
(133) with decreasing computational domain size Zpayx =
Omax for N = 1 (purely diffusive) and N = 3. The results
and (numerical) parameters are shown in Figs. 10 and
11.  In both cases we find that the relative errors are
independent of o,y for sufficiently large op,.x. However,
if the spatial cutoff o,.x i approaching the model scales
(here the discontinuity in u(tyy = 0,0) at 0 = 3, see
Fig. 4) the relative errors for I'® and I'® start rising
exponentially.

Contrary to our expectations, the results for N = 1
and N = 3 are very similar and the exponential rise of the
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UV potential (130) of the O(1) model as a function of Zmax,
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finite-difference stencils (A1), (A4), and (A7) at 0 = 0. We
use the exponential regulator (8) with UV cutoff A = 10°.
The yellow straight line is for optical guidance.
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FIG. 11. The relative error for I'®™ for m = 1,2, 3 for the
UV potential (130) of the O(3) model as a function of Zmax-.
All parameters are identical to Fig. 10.

relative errors sets in at a similar o,,x. We expected that
for the purely diffusive scenario with N = 1, the diffusion
effects arising from the large gradients at ¢ = 3 might
have more time to reach and influence the shape of u(t, o)
at larger values of o, which does not seem to be the case.
Our employed monitors for numerical errors — the 1PI n-
point vertex functions in the IR computed at ¢ = 0 and
t = 0 — are rather intensive to such changes. A possible
explanation is the fact that errors from the boundary at
Omax Propagate into the computational domain at a finite
speed, which is rather low in the purely diffusive case and
in general small at large o, and thus do not influence the
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physical point at t =0 and o = 0.

Nevertheless, we conclude from Figs. 10 and 11 that it
is extremely important to use sufficiently large compu-
tational domains to minimize numerical errors in field-
dependent FRG flows. This implies that o, should be
chosen much larger than all relevant scales of the model.

From our findings, it is therefore expected that choos-
ing a large op.x might even gain in importance in higher-
dimensional models, where the physical point may be lo-
cated at a non-trivial minimum in the IR (e.g., the quark-
meson model in its broken phase [141]): The 1PI n-point
vertex functions are calculated at this physical point. If
the physical point is closer to the boundary of the compu-
tational domain the relative errors for observables might
even be larger than for our zero-dimensional model where
the physical point moves towards ¢ = 0 during the FRG
flow. In terms of errors originating from the boundary at
Omax, the physical point at ¢ = 0 is ideal since it has the
largest spatial and — in a sense causal, due to the finite
speed of propagation — distance to o ax.

Lastly, we have to warn that there is no panacea for the
construction of a sufficiently large computational domain
and the choice of oy,ax has to be adjusted to the specific
model and specific initial condition under consideration.
For some problems even more involved approaches (like
using several computational grids of different resolution
Az) might be needed or are at least highly advantageous
[26, 27]. In any case one has to check that the IR results
do not depend on the size of the computational domain
(even if exact reference values for observables are un-
known), c¢f. Refs. [32, 129, 130]. This can be done by
fixing appropriate values for the spatial resolution Az
as well as for all other (numerical) parameters and suc-
cessively increasing onmax until the IR observables do not
change anymore.

4. Tests of the UV and IR scales

We now turn to a long-standing discussion in the FRG
community, namely the question: How do we have to
choose the initial UV and numerical IR cutoff scale for
the calculation of the RG flow for a specific model?

A common argument is based on the energy scales of
a given model. The UV initial condition is fixed at UV
cutoffs A that are close to the largest energy scale of
the model. Higher A are excluded by arguing that at
higher energy scales other physical degrees of freedom
(e.g., other interaction channels or new particles) are rel-
evant and the model at hand is only valid within a certain
energy regime. On the other hand, the IR cutoff kg scale
is oftentimes fixed by arguing that if it decreases below
the lowest energy scale of the model, the FRG flow is ef-
fectively “frozen in” and the effective potential no longer
changes anyway. A relatively low UV initial scale and
a high IR cutoff lead to rather short flow times of only
thftIR%374.

Another approach, which is sometimes employed in



conjunction with the first strategy, is guided by the prin-
ciple of “numerical stability” of the RG flow, where cut-
offs are chosen in a certain way to “improve performance
and stability” during the numerical RG time integration.
In turn, in Refs. [129-131, 137, 227] relatively small IR
cutoff scales are reached due to the use of numerical
stable schemes or the control of stability. Careful ex-
trapolations into the deep IR like the ones discussed in,
e.g., Refs. [26, 27, 227] are another possibility to achieve
low IR cutoffs. Note that, for theories in d > 0 di-
mensions, numerical integration into the (deep) IR be-
comes very demanding due to multiple reasons, see also
Refs. [26, 27, 32, 227]. This is probably the main reason
why often too large numerical IR cutoffs are used.

In general, however, there is a well-defined strategy for
the choice of the UV cutoff scale, which is known as RG
consistency. It states that the full effective action I'[®] in
the IR must be independent of the UV initial scale [96],

dT'[®]

dA
In this framework, one should consider effective models as
“stand-alone theories”, which have their own functional
integral and their own well-defined expectation values.
This framework is consistent with our introduction to
zero-dimensional QFTs and FRG in Sec. II and implies
that the UV cutoff scale A has to be much larger than
all scales in the model. (In higher-dimensional QFTs the
“scales of the model” are defined via couplings of dimen-
sion energy as well as external parameters like tempera-
ture or chemical potential.) In this sense, a high initial
UV scale is necessary to include all fluctuations. It was
already demonstrated in Ref. [96] that if the initial UV
scale A is chosen too small and too close to the model
scales or external scales, physical results are spoiled dras-
tically by slightly varying A and Eq. (135) is not fulfilled
anymore, cf. Refs. [97-100] for related discussions in the
context of low-energy effective theories of QCD.

A lower limit for A arises from the fact that for a given
initial condition U(t = 0,0) and at all &

A =0. (135)

A+10,U(t=0,0)>0, (136)

A+ 02U(t=0,0) >0, (137)

must hold to have a non-singular flow equation (97). This
is discussed, e.g., in Refs. [227, 228] and represents a min-
imal requirement for A when considering a given initial
condition U(t = 0,0). However, guaranteeing the in-
equalities (136) and (137) does by itself not guarantee
RG consistency in the sense of Eq. (135).

For higher-dimensional QFTs it is actually compli-
cated to quantify the relative error of observables from
violations of Eq. (135), because “exact” reference values,
e.g., by numerical calculation of expectation values from
the functional integral, are rarely known, especially for
low-energy effective models. In higher dimensions one
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FIG. 12. The RG flow of the minimum omin(¢) (blue) of

the effective potential U(¢,0) as well as the FRG flow of the
curvature mass m2(t) of the ¢ mode (red-dashed) evaluated
on the equations of motion (23) (at the flowing minimum)
during the RG flow. The blue curve sets in after a unique
minimum at +omin(¢) has formed. As UV initial condition we
use Eq. (130). We used the exponential regulator (8) with UV
cutoff A = 10°. The curvature mass m2(t) was extracted from
u(t,o) via Eq. (A3) at the moving omin(t). The horizontal
(yellow) line denotes the exact IR result for I'? at o =0,
which must agree with m2 in the IR, where oumin(t) = 0.

can only quantify the changes of observables while vary-
ing A and search for a sufficiently large A, where Eq. (135)
holds. In zero-dimensional QFT this is different, because
we can directly calculate the relative errors for observ-
ables like 1PI n-point vertex functions, ¢f. Eq. (133), for
different values of A.

Similar arguments apply to the IR cutoff, where the
numerical integration of the RG flow is stopped. Here,
one must clearly state that the full effective average ac-
tion I'[®] in the IR is unambiguously defined via the limit
t — 00 <= 71(t) — 0 of T4[®], ¢f. Eq. (27). In practice,
a direct integration to ¢ — oo is numerically impossible,
which implies that one has at least to make sure that the
numerical RG time integration is stopped no earlier than
when all observables of interest do not change anymore,
or one has to systematically extrapolate to t — oo, see,
e.g., Refs. [26, 27]. It is worth mentioning that, depend-
ing on the specific observable, these “freeze-out scales”
can be extremely different, see Fig. 12.

In the following, we will therefore explicitly explore the
influence of UV and IR cutoff scales on the relative errors
(133) for the T'®*® . We start our discussion by providing
results for the relative errors (133) depending on the RG
time ¢ for different N of O(N) and UV initial condition
(130). In Figs. 13, 14, and 15 we plot the relative errors
of T®" for n = 1,2,3 for N = 1,3,10, which are all
extracted via various finite-difference stencils from (¢, o)
at the physical point ¢ = 0 and different ¢ during the
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FIG. 13. The relative error for T®™ for m = 1,2,3, cal-
culated with the KT scheme as a function of the RG time
t for the O(1) model. The initial UV potential is given by
Eq. (130). We use the exponential regulator (8) with UV
cutoff A = 10°. The computational grid has 400 cells and
Omax = Tmax = 10. T?™ are extracted from u(tir = 60,0)
via the finite-difference stencils (A1) — (A8).

FRG flow. All (numerical) parameters are mentioned in
the figures or the respective captions.

For all three figures (i.e., for N = 1,3,10) and inde-
pendent of the choice of discretization of the numerical
derivatives, we observe plateaus for the relative errors
for T'(®™) at the beginning and the end of the FRG time
evolution. The plateau at small ¢ corresponds to the
UV regime and indicates that the UV cutoff is chosen
sufficiently large because no fluctuations are present at
the IR physical point until r(t) reaches the scales of the
model. RG consistency (135), hence UV-cutoff indepen-
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FIG. 14. The relative error for T®™ for m = 1,2, 3, calcu-
lated with the KT scheme as a function of the RG time ¢ for
the O(3) model. The initial condition and all other parame-
ters are identical to those of Fig. 13.

dence should therefore be fulfilled, as long as we initialize
our RG flow at some RG scale which is at the far left of
this plateau. Such a plateau at small ¢ is a sufficient
condition for RG consistency but not a necessary one,
because quantum fluctuations could already work at po-
sitions in field space away from the IR physical point and
only influence higher-order correlation functions. We will
quantify this within the next paragraphs. In the plots
various finite-difference stencils with distinct error scal-
ing in Ax are used to demonstrate that the plateaus are
independent of other sources of errors, like spatial dis-
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FIG. 15. The relative error for T®™ for m = 1,2,3, cal-
culated with the KT scheme as a function of the RG time
t for the O(10) model. The initial condition and all other
parameters are identical to those of Fig. 13.

cretization errorss®.

For intermediate ¢, we observe strong dynamics and
fast changes in the relative errors for the I'®™). The
actual values of the relative errors for intermediate ¢ is
irrelevant for the current discussion on UV and IR scales.

The plateau at late RG times ¢ corresponds to the IR

scale of the theory and indicates that the physical ob-

35 Incidentally, Figs. 13, 14, and 15 also underline our statement
that the spatial discretization errors deriving from the numeri-
cal differentiation of u(¢,0) are much more severe than the dis-
cretization errors of the KT scheme. Otherwise, the curves for
the various finite-difference stencils would coincide in the IR.
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servables are frozen and do not change anymore, such
that the numerical time integration can be stopped. As
expected, we find that the explicit IR scale strongly de-
pends on the choice of N, thus the number of pions and
the amount of advection. The smaller N and the more
diffusive the system, the longer it takes to reach the IR?¢:
For N = 10 the freeze-out already sets in at ¢ ~ 26, while
for N = 1 one has to wait until ¢ ~ 30 to find that the
dynamics ends. This is a difference of two orders of mag-
nitude in the RG scale. In general, our toy-model tests
indicate that rather small IR scales are needed to actu-
ally reach the regime where the observables are frozen.
Still, for N = 10, 7(t ~ 26) ~ 5-1075, i.e., the IR regime
begins six orders of magnitude below the model scales.

This observation might also partially translate to
higher-dimensional models, meaning that commonly used
IR cutoffs might be systematically chosen too large, such
that predictive power is lost. Nevertheless, we expect this
problem to be the less severe the higher the space-time
dimensionality of a model under consideration, because
of the larger phase-space (momentum suppression)®’.

Furthermore, we observe from Fig. 12 as well as Figs.
13, 14, and 15 that the freeze-out scale is slightly different
for different observables, because higher 1PI n-point ver-
tex functions seem to be more sensitive to tiny changes
in u(t,o). In particular, we observe from Fig. 12 that
the minimum o, is already frozen at t ~ 14, while the
curvature mass m?2 still changes drastically after ¢t ~ 14
over several orders of magnitude in RG scale. This is
especially interesting for higher-dimensional models: Of-
tentimes the freeze-out of the minimum is considered a
suitable IR scale to stop the FRG flow, which is defi-
nitely not justified, since the derivatives of the potential
at the physical point are usually still changing. Using the
changing rates of the curvature mass instead of the posi-
tion of the minimum as a monitor for the dynamic range
— viable numerical IR cutoffs — has proven crucial in the
FRG study [32] of the Gross-Neveu(-Yukawa) model by
several authors and their collaborators.

Next, we explicitly quantify the relative errors of I'
which derive from too small UV cutoffs A and the vio-
lation of RG consistency (135). To this end, we plot
the relative errors (133) as a function of the UV cutoff
A, while keeping the IR cutoff scale fixed at extremely
small ’I’(tIR) =10"20,

In Fig. 16 we observe that the IR observables become
independent of A at rather large A ~ 10°. This is several
orders of magnitude above the model scales, contrary to

(2n)

36 This is a well-known observation from all kinds of fluid-dynamical
systems. It takes much longer to reach a (thermal) equilibrium
state via diffusion only than by including advective processes.

37 The smaller the space-time dimension of a model, the more im-
portant are long-range interactions — quantum fluctuations at
small RG scales k — for the macroscopic observables, which is of
course most extreme for d = 0. Furthermore, field space inter-
actions tend to become more important for a small number of
space-time dimensions.
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FIG. 16. The relative error for I'®™ for m = 1,2,3 from
the KT scheme as a function of the UV cutoff scale A for the
initial potential (130). We use the exponential regulator (8)
and keep the TR cutoff scale constant at r(tr) = 1072 for
all runs. Furthermore, for all data points the computational
grid size is fixed at Omax = Tmax = 10 and the number of
volume cells is set to n = 400. I'®™ are calculated from
u(tir = 60,0) via the approximations (A1), (A4), and (A7)
for the numerical derivative. The yellow straight line is for
optical guidance.

what is often used in FRG studies in higher dimensions.
If the UV cutoff is chosen too small, we find that the
relative errors of I'®") grow proportional to %, as esti-
mated in Eq. (33). Surprisingly, it turns out that the RG-
consistency condition (135) is already violated at rather
large UV cutoff scales A ~ 10° and is only fulfilled for
A > 10°. We conclude that it requires great care when
specifying the UV scale in a FRG calculation.

Before we close this discussion, we provide a natural
measure to estimate the correct UV and IR scales of a
model or theory, even if there are no exact reference val-
ues for observables that can be used for comparison with
the FRG results. To this end, we plot in Fig. 17 the
shifted logarithm of the changing rates of the T'*™)(¢) at
the IR minimum o = 0 over RG time ¢. These quantities
have to vanish in the UV and the IR, when the relative
errors (133) are not changing.

A similar investigation can be done for any other model
or theory and can be used as an indication to ensure suffi-
ciently large UV and sufficiently small IR cutoffs: A first
estimate may be obtained by choosing A and ¢ in a way
that the plateaus (or scaling regimes) in figures similar
to Fig. 17 are of approximately equal RG time duration
than the time interval in which the actual dynamics takes
place. In the absence of an explicit and accessible error
estimate rates of change are a cheap and simple tool to
study the UV and IR limits of RG time evolution, cf.
Ref. [32].
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FIG. 17. The rate of change in ¢ of T'®*™(t) at the
IR minimum o = 0 for n = 1,2,3 during the RG
flow. This rate of change is defined as the numer-

ical RG time derivative 8;T'*™(t) over the RG time.
9:T®™)(¢) are calculated via a finite-difference approxima-
tion [[®™)(t) — T®™) (¢t — At)]/At, where At = 0.2. TZ™ (1)
are obtained via numerical derivatives (A1), (A4), and (A7)
of u(t,o) at © = o = 0. For convenience, we added 1 and
took the logarithm to pronounce the regions of high changing
rates of the observables I'®™ (¢) and to identify the freeze-out
plateau, where they have to vanish. We used the exponential
regulator (8) with UV cutoff A = 10°.

B. Test case II: ¢* theory

The second test case is a zero-dimensional version of ¢*
theory with a “Mexican hat”-type potential well-known
from standard textbook discussions of spontaneous sym-
metry breaking [112, 117]. The initial UV potential reads

U(@) =3¢+ 3 (¢*)°.

The corresponding initial condition for the FRG flow is
illustrated in Fig. 18. The reference values for the exact
IR 1PI vertex functions T'®™) of the O(N) model (73)
— (75) are calculated numerically from the UV potential
(138) and are listed for selected values of N in Table II,
which also includes reference values at N = 4 for the
analogous potential with positive mass term +%<,5 2,

In the following subsubsections, we discuss results ob-
tained with the KT scheme and numerical results com-
puted using the Taylor (vertex) expansion outlined in
Sub.Sub.Sec. ITIIC 2.

(138)

1.  Results obtained using the KT scheme

In this subsubsection we will discuss selected numeri-
cal results of the application of the KT scheme for the
analytic initial condition (138). We have performed the
full set of numerical tests discussed in Sub.Sec. V A for
this initial condition and found results supporting the
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FIG. 18. The UV potential U(c) (red-dashed) and its first
derivative u(o) = 9-U (o) (blue-solid) of our test case (138)
evaluated on the constant background field configuration.

general statements made there. For the sake of brevity,
we will therefore not repeat the complete discussion of
that section.

UV and IR scales: In Fig. 19 we present the RG flow
of the derivative of the effective potential u(¢, o) from the
UV (blue) to the IR (red). For the smooth initial condi-
tion — in the absence of large gradients — the highly non-
linear advection and diffusion contribute almost an equal
amount to the dynamics. Between ¢ ~ 25 and ¢ ~ 30
we observe significant changes in the shape of the poten-
tial: the non-trivial minimum moves towards ¢ = 0 and
vanishes at ¢ ~ 28 resulting in a convex potential with
a trivial minimum at ¢ = 0 as expected and required.
At small and large t outside the apparent dynamic range
between ¢ ~ 25 and ¢ ~ 30 we observe only very marginal
changes in Fig. 19.

A close inspection of the relative errors for the first
three non-vanishing n-point vertex functions in Fig. 20

TABLE II. The exact results for T*™) for the O(N) model
with the initial UV potential (138) for N =1 and N =4 as
well as N = 4 with a positive mass term. The results are
obtained by a high-precision one-dimensional numerical inte-
gration of the expectation values {(¢2)") using Mathematica’s
numerical integration routine Nintegrate [138] with a Preci-
stonGoal and AccuracyGoal of 10. Here, we present the first
ten digits only.

N T2 @ r®

1 0.1995098930 0.0622583604 0.1077442107
4 0.5064440744 0.1824153741 0.2802880035
4* 1.5809246562 0.6118483669 0.5686310448

2 Using U(@) = +1 g2 + 4 (¢2)?, thus Eq. (138) with a positive
mass term.

n=2800 Zmax =10 A =10"2

u(ty0) — TV (o)

O(N = 4)

Tmax = 10 A =102 rp 1071

0 1 2 3 4 )

FIG. 19. The FRG flow of the effective potential U(t, o) (up-
per panel) and its derivative u(t, o) = 0,U (¢, 0) (lower panel)
for the zero-dimensional O(4) model with initial condition
Eq. (138), evaluated at ¢ =0, 2, 4, ..., 60 (integer values for
t were chosen for convenience and readability). The (overlap-
ping) blue and violet curves correspond to the UV and the red
curves to the IR. We used the exponential regulator (8) with
UV cutoff A = 10'2. The plot does not show the region = = 5
to = 10, because the tiny differences between u(t,o) and
u(tuv,o) are not visible in this region and vanish for large
x = o anyhow.

reveals that actually the relevant dynamics sets in much
earlier at ¢t = 10 and the values for the n-point vertex
functions freeze out at late times around t =~ 40, which
is due to the diffusion close to ¢ = 0. On the level of
u(t,o) these subtle changes in the n-point vertex func-
tions cannot be observed by a simple visual inspection of
Fig. 19.

The plateaus in the UV (at small ¢) and the IR (at
large t) support the choice of A = 10'2 and tgr = 60 to
be valid initial UV and IR cutoff scales in terms of RG
consistency. The present initial UV scale is larger when
compared to A = 105 used for most computations in-
volving the non-analytic potential considered in the pre-
vious section. (A = 10° corresponds to ¢t ~ 14 in the
present case, which is already in the dynamic region in
Fig. 20.) Hence, the inclusion of a quartic interaction
term in Eq. (138) seems to require higher initial UV scales



1000 - O(N =4)

10| ’

0.100

0.001

T(2m)

1077 Fn =400 Zmax =10 A =102 prp ~ 1071 4

0 10 20 30 40 50 60
t

FIG. 20. The relative error for I'®™ | for m = 1,2,3, cal-
culated with the KT scheme as a function of the RG time
t for the O(4) model. The initial UV potential is given by
Eq. (138). We use the exponential regulator (8) with UV
cutoff A = 10'2. The computational grid has 400 cells and
Omax = Tmax = 10. T®™ are extracted from u(tir = 60, 0)
via the finite-difference stencils (A1), (A4), and (A7).

to ensure RG consistency. This supports the statements
made in Sub.Sub.Sec. VA4: RG consistency and UV
and IR scales have to be re-evaluated when changing the
initial condition in the UV or the model under considera-
tion, since characteristic internal scales then also change.

Computational grid and domain size: We conclude
this subsubsection with a brief discussion regarding the
computational grid and domain size. The relative error
for the first three non-vanishing n-point vertex functions
is shown as a function of the cell size Ax in Fig. 21. For
the two-point function we recover a perfect error scaling
with Az? down to extremely small Az. The last data
point in Fig. 21 is at Az =~ 3.3-1072 corresponding to
n = 3000 cells. For the two-point function the rounding
errors of the employed finite-difference extraction (A1)
for T® and the finite precision of the ODE integrator
(NDSolve from Mathematica [138] with a PrecisionGoal
and AccuracyGoal of 10) seem to be small for all depicted
Az in this scenario. A comparison with the present per-
fect error scaling for I'® supports the comments made
about discretization errors for the discontinuous initial
condition (130) in Fig. 9. For the higher-order n-point
vertex functions I'® and T'®), however, we find that
rounding errors related to the finite-difference extractions
(A4) and (A7) limit the achievable precision. Again, we
identify Az ~ 0.025 as an optimal cell size for the extrac-
tion of I'® and T'®) but note that typical relative errors
for T©) are rather high at ~ 4% around Az ~ 0.025. In
Fig. 22, we study the effect of the size of the computa-
tional domain z,.x on the achievable relative errors for
I'® 7™ and I'® at a constant Az = 0.025. One major
difference between the ¢* potential (138) studied in this
section and the non-analytic potential (130) of the pre-
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FIG. 21. The relative error as a function of the cell size Az
for the numerical results (blue dots) from the KT scheme
for the coefficients T'®™ for n = 1, 2,3 with initial potential
(138). The numerical derivatives at o = 0 of u(tir = 60,0)
were calculated via the second-order accurate central schemes
(A1), (A4), and (A7). Here, Zmax = 10, but we could have
used any sufficiently large xmax. We used the exponential
regulator (8) with UV cutoff A = 10'2. The yellow straight
lines are for optical guidance.

vious subsection is their asymptotic behavior for large o.
For large o the leading-order term of the ¢* potential is
— as the name suggests — quartic while the non-analytic
potential of the previous section grows only ~ ¢2. In
terms of the conserved quantity u = 0,U one might ex-
pect problems when using a linear extrapolation for the
ghost cells at large o as discussed in Sub.Sub.Sec. IV D 2
with a potential where u grows ~ o3 for large o. For the

non-analytic initial condition (138) we avoided this possi-
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FIG. 22. The relative error for I®™ for m = 1,2,3 for the
UV potential (138) of the O(4) model as a function of Zmax,
keeping the cell size Az = 0.025 constant. '™ are com-
puted from the discrete values of the derivative of the IR
potential u(tir = 60, o) via the second-order accurate central
finite-difference stencils (A1), (A4), and (A7) at o = 0. We
used the exponential regulator (8) with UV cutoff A = 10'2.
The yellow straight line is for optical guidance.

ble source of error by construction. However, considering
the results plotted in Fig. 22 together with the perfect er-
ror scaling displayed in the previous Fig. 21, we conclude
that a linear extrapolation is not problematic even in the
case of cubic asymptotics for w. This might be again
in part related to the large spatial distance between the
physical minimum in the IR and the upper boundary of
the grid. For zmax 2 5 we find a complete insensitivity
of the relative errors on the interval size.

2. Results obtained using the FRG Taylor (vertex)
expansion

In this subsubsection we confront the theoretical
results and concerns stated in Sub.Sub.Sec. IIIC2
with respect to the Taylor expansion around the fixed
expansion point ¢ = 0 with the exact results for the
zero-dimensional O(N) model. The ¢* potential of
Eq. (138) is the, in terms of initial conditions, simplest
UV potential with a non-trivial minimum. At the end
of this subsection we will briefly discuss the vertex
expansion for the ¢* potential with positive mass term
and therefore a scenario without a non-trivial minimum,
which has to be considered the simplest non-trivial UV
initial condition in the context of the vertex expansion
for the zero-dimensional O(N) model.

RG flow of the n-point vertex functions: In the fol-
lowing we integrate the ODE system (94) truncated at
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FIG. 23. The relative errors for I'®™ as a function of the
RG time ¢ for n € {1,...,6} for the O(4) model. I'®™) were
calculated via the FRG flow of the FRG Taylor (vertex) ex-
pansion with truncation order m = 2n¢runc = 20 using the
exponential regulator (8). As initial condition we use the UV
potential (138).

m = 2Ntrune With the initial condition

) =-1, ) = +1, (139)

o) =0, Vvn>2,
corresponding to the potential (138) numerically up to
tir = 60 employing the exponential regulator (8) with
A = 10'2 and using the same ODE solver NDSolve
from Mathematica [138] with a PrecisionGoal and Ac-
curacyGoal of 10 as before. Using the n-point vertex
functions at the physical minimum as the flow variables
makes an additional extraction procedure (like finite dif-
ferences) obviously obsolete. The n-point correlation
functions in the IR can be directly obtained from the
values T (t1r) = ™),

In Fig. 23 we show the flow of the relative deviations
for the first six non-vanishing n-point vertex functions
towards the IR using m = 2n¢une = 20 vertices in the
expansion for the O(4) model. We can identify a dynamic
range between ¢t ~ 24 and ¢ ~ 38 in which the vertices
vary significantly and change their signs before they reach
their respective IR values. This range is substantially
smaller than the dynamic range observed when solving
the full PDE (97) using the KT scheme, see Fig. 20. In
the IR, the errors range from 2.3 - 1073 for I'® to 1.1 -
10* for T2, However, the strict hierarchy observed in
Fig. 23 for n = 1,...,6 is not a general feature of the
vertex expansion for this model. Using different n¢unc
or including higher-order vertices changes this hierarchy.

Truncation error: The truncation error for the O(4)
model is discussed at hand of Fig. 24, where we show
the relative error for '@, T'™® and I'® for the vertex
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FIG. 24. The relative errors for I'®® in the IR for n =
1,2, 3 for the O(4) model, calculated via the FRG flow of the
FRG Taylor (vertex) expansion to order m = 2ntrunc wWith
Ngrune € {3,...,14} using the exponential regulator (8). As
initial condition we use the UV potential (138). The discrete
results for integer n¢runc are connected by straight lines to
improve readability and for a better trend analysis.

expansion using different truncation orders m = 2ntunc
between nirune = 3 and Ngrune = 14. Beyond ngpune = 10
the relative error for the n-point vertex function no longer
decreases and we observe in general rather strong oscil-
lations using different ngyne. The errors for the two and
four-point function are with 2.3-1073 and 9.8-10~3 larger
than the errors (4.2-107° and 1.8-10~* respectively) ob-
tained in the KT scheme, see, e.g., Fig. 22. The relative
error for the six-point function is with 4.7 - 10~2 compa-
rable to the 3.7 - 1072 error obtained in the KT scheme.
While the extraction of higher-order n-point functions
beyond n = 6 is in general possible in the vertex ex-
pansion, their relative errors grow overall rapidly with
increasing n.

For the initial condition (138) we do not observe any
meaningful error scaling in orders of ngrunc. Further-
more a numerical solution at and beyond n¢yne = 15 has
proven impossible with the current set-up. At n¢pune = 15
an ODE integration to the IR at r(t;g = 60) ~ 10714 is
impossible due to an instability of the ODE system oc-
curring at t ~ 30 where all coefficients I'®™) (t) with n > 1
start diverging. This divergence seems to be driven by
I'G9(t). The ODE system is in general poorly condi-
tioned since I'")(t) for different n vary vastly over multi-
ple orders of magnitude. The instability at ¢ ~ 30 cannot
be overcome by increasing the numerical precision of the
employed ODE integrator (NDSolve from Mathematica
[138]) and seems to be an inherent problem of the ODE
systems with ngpyne > 15.

The vertex expansion for T'®™)(¢), with a fixed ex-
pansion point at ¢ = 0, for the zero-dimensional O(4)
model and the simple initial condition (138) with its non-
trivial global minimum in the UV is severely limited in
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FIG. 25. The relative errors for I'®® in the IR for n =

1,2, 3 for the O(1) model, calculated via the FRG flow of the
FRG Taylor (vertex) expansion to order m = 2ntrunc with
Ngrune € {3,...,15} using the exponential regulator (8). As
initial condition we use the UV potential (138). The discrete
results for integer n¢runc are connected by straight lines to
improve readability and for a better trend analysis.

its performance. The absence of a proper error scaling
in orders of nyune and the instability of the ODE system
beyond ntrune = 14 support the conceptual reservations
presented in Sub.Sub.Sec. IIIC 2. It seems that the ex-
pansion around ¢ = 0 is either incapable of capturing
the dynamics driven by the non-trivial minima located
at |@| = v/6 in the UV or the desired solution might be
non-analytic in ¢ = 0. The situation does not improve
when considering the same initial condition in the purely
diffusive O(1) model. In Fig. 25 we display relative er-
rors for the first three non-vanishing I'®™ as a function
of Nrunc for the initial condition (138) in the O(1) model.
The overall errors are even worse when compared to the
O(4) results discussed previously. The ODE integration
becomes impossible at ni.une = 16 where we encounter
an instability at ¢ ~ 31.

o* potential with positive mass term: We continue our
discussion of the FRG Taylor (vertex) expansion by con-
sidering the modified initial condition +3 g2 + 4 (¢2)?
with a positive mass term and therefore without a non-
trivial minimum. In the context of zero-dimensional
O(N) models this initial condition is in the family of
UV potentials discussed qualitatively at length and to
some extent even quantitatively in Refs. [44, 52, 58]. In
Fig. 26 we show relative errors for the first three non-
vanishing ['(27) as a function of nyyne for this initial con-
dition for the O(4) model. These results where obtained
using Mathematica’s NDSolve [138] with an increased
PrecisionGoal and AccuracyGoal of 12, which became
necessary for a proper truncation-error scaling beyond
Ngrune = 15 for the two-point function. In Fig. 26 we
observe a truncation-error scaling following power laws
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for the two-point, four-point, and six-point function, re-
spectively. For this initial condition the expansion point
@ = 0 is located at the global minimum of the potential
and the potential is also convex for all . The dynamics of
the FRG flow is rather unspectacular for this potential,
see Fig. 13 of Ref. [44] or Fig. 4 of Ref. [33] for a visualiza-
tion. For the two- and four-point functions, the numerical
results at Nerune = 3 (& m = 6) have already acceptable
relative errors of ~ 2.2-1072 and ~ 2.8-10~2, respectively,
which was observed and discussed in Ref. [44], where re-
sults for the vertex expansions were presented only up to
Ngrunc = 3

The vertex expansion outperforms the KT scheme in
this setting in terms of relative errors. The performance
and practical applicability of the vertex expansion
seem to depend strongly on the initial condition under
consideration. We will discuss another analytic initial
condition for the vertex expansion briefly in the next
Sub.Sec. V C.

Numerical irreversibility: Before we conclude this
subsubsection we will briefly comment on the irreversibil-
ity of RG flows when employing the FRG Taylor (vertex)
expansion. We discussed in subsection IV A 2 that the
projection onto a finite set of couplings underlying the
FRG Taylor (vertex) expansion theoretically allows for
an unphysical reversibility of the RG flow. The ODE sys-
tems for the running couplings of the FRG Taylor (ver-
tex) expansion in principle allow for an integration both
in positive and negative RG time direction. Thus an un-
physical resolution of micro physics from macro physics
— an inversion of the underlying RG transformations con-
necting them — is possible when considering a finite set
of couplings {T?™)(t)}.

We performed practical test with the ¢* theory dis-
cussed in this subsubsection. For the ¢? theory with
positive mass term discussed in the previous paragraph
a complete inversion of the RG flow (from ¢ = 60 back
to t = 0 using A = 10'2) is numerically possible for sys-
tems with ngune < 7 for N = 1. For larger systems
the strong oscillations of the higher-order couplings pre-
vent a numerical integration back to the UV. The ODE
system becomes numerically unstable when approaching
t =~ 24 from above. The recovery of the exact UV initial
condition is very good for small ng.,. but deteriorates
when approaching n¢une = 7. For the ¢* theory with
positive mass term this situations remains qualitatively
unchanged for higher N > 1.

For the ¢* theory with negative mass term an inver-
sion of the RG flow from the IR to the UV is numerically
impossible. We were not able to find a n¢une and N in
heuristic tests which allowed for a numerical inversion of
the RG flow from ¢ = 60 back to t = 0 using A = 102
The dynamics related to the vaporization of the non-
trivial minimum seems to prevent a numerical inversion.
In our heuristic tests it has proven impossible to form
back the non-trivial minimum when approaching the

a0

UV from the IR. This is a rather interesting observation
which might warrant a detailed investigation of the ODE
systems involved in the FRG Taylor (vertex) expansion.
Further investigations in higher-dimensional models
might be interesting.

Concluding remarks: In this subsubsection we have
discussed numerical results for the vertex expansion in
@7 (t) around @ = 0 with the quartic potential (138)
with positive and negative mass terms :I:% @2. The nu-
merical performance in terms of achievable relative errors
for the n-point vertex functions in the IR is rather poor
for the potential with the negative mass term and very
good for the potential with the positive mass term. In
both situations the initial conditions are analytic but for
a negative mass term the corresponding non-trivial mini-
mum has significant implications on the dynamics of the
FRG flow. The vertex expansion with a fixed expansion
point at ¢ = 0 is not able to capture the relevant dy-
namics. The zero-dimensional O(N) model has proven
very challenging for the vertex expansion. It should be
noted that in this paper we discussed the simplest possi-
ble vertex-expansion scheme. Other versions of the FRG
Taylor (vertex) expansion including a moving expansion
point or a rescaling of the expansion coefficients might
improve the performance of the expansion scheme in cer-
tain cases, cf. Refs. [106, 228, 229]. Implementing and
testing different approaches to the vertex expansion for
zero-dimensional O(N) models would certainly be an in-
teresting topic for further studies.

The conceptual reservations about the application of
a Taylor (vertex) expansion to the advection-diffusion
equations considered in this work still stand. In scenarios
with RG flows driven by an interplay of advection and
diffusion around non-trivial minima and/or large gradi-
ents of the conserved quantity u the vertex expansion is
inevitably doomed to fail. It is not possible to capture
the dynamics of such equations reliably with the simple
vertex expansion discussed here. A numerical inversion
of the RG flow is also impossible in those scenarios.

It should also be noted that the absence of momenta
and therefore phase-space suppression in zero dimensions
leads to a strong coupling in field space for the potential.
This might be a possible explanation for our observations
ind = 0. For “real” QFTs in d > 0 dimensions the vertex
expansion is and was applied very successfully in various
contexts, see, e.g., Refs. [230, 231] for scalar field theories
and Refs. [24, 232, 233] for gauge theories. In d > 0, there
is indeed a significant difference between an expansion in
vertices carrying and capturing the non-trivial momen-
tum dependences and Taylor expansions of interaction
potentials. Capturing and tracking the momentum de-
pendence with a suitable ansatz is very important in the
study of FRG flows in d > 0 and in certain models a
proper resolution of the dynamics in momentum space
may be even more important than a full-fledged treat-
ment in field space.
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FIG. 26. The relative errors for '®™) in the IR for n = 1,2,3
and for the O(4) model, calculated via the FRG flow of the
FRG Taylor (vertex) expansion to order m = 2n¢runc with
Ngrune € {3,...,20} using the exponential regulator (8). As
initial condition we use the UV potential (138) with positive
instead of negative mass term. The discrete results for integer
Nerunc are connected by straight lines to improve readability
and for a better trend analysis.

C. Test case III: ¢° potential

For the third test case we consider the potential
U@)=358"— @)+ 5 (@)°.

This potential includes terms up to (¢2)% and has two
local minima and one local maximum and is therefore not
convex. The global minimum is located at ¢ = 0 and the
potential and its derivative (evaluated on the constant
field configuration o) are depicted in Fig. 27. For the sake
of completeness we included reference values for the first
three non-vanishing n-point vertex functions in Table ITI
for the O(4) model.

We have again performed the full set of numerical tests
of Sub.Sec. VA and found results supporting the gen-
eral statements made in that subsection. For the sake
of brevity we will not repeat the complete discussion of
Sub.Sec. V A but instead focus again on selected results.

(140)

Figure 28 shows the RG flow with the initial condi-
tion (140) for the O(4) model computed with the KT

TABLE III. The exact results for T®®) for the O(4) model
with the initial UV potential (140), obtained by a high-
precision one-dimensional numerical integration of the expec-
tation values ((¢2)") using Mathematica’s numerical integra-
tion routine NIntegrate [138] with a PrecisionGoal and Accu-
racyGoal of 10. Here, we present the first ten digits only.

N T 7@ 7
4 0.2503331837 0.0481313248 0.0432822719
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FIG. 27. The UV potential U(c) (red-dashed) and its

first derivative u(o) = 9,U (o) (blue-solid) of our test case
Eq. (140) evaluated on the constant background field config-
uration.

scheme again using Mathematica’s NDSolve [138] with
PrecisionGoal and AccuracyGoal of 10 for the RG time
evolution. Both non-trivial local extrema fade away dur-
ing RG time evolution towards the IR. At ¢ ~ 28 the
potential U(t, o) becomes convex as u(t, o) turns strictly
positive for ¢ > 0. We again observe that the linear
extrapolation used at the right boundary zpa.x of the
computational domain seems surprisingly efficient even
for an initial condition with quintic asymptotics. Study-
ing Fig. 29 we observe that the relative errors in the IR
become independent of the size of the computational do-
main for Tmax 2 6.

We were not able to evolve the ODE system of the ver-
tex expansion with the current initial condition to the IR
for any setup at all®®. Independent of n¢une and ODE in-
tegrator (Mathematica’s NDSolve [138]) settings we en-
counter a numerical instability of the ODE systems at
around t ~ 28 preventing a complete integration to the
IR. The expansion coefficients T(*™ (t) simply diverge at
t ~ 28. From Fig. 28 we deduce that this is approxi-
mately the RG-time point at which the non-trivial ex-
trema vanish and the potential turns convex. The pre-
cise underlying dynamics generated by the full PDE and
resolved by the KT scheme cannot be captured by the
vertex expansion (at least not in our set-up). However,
also switching to a set-up with a ¢t dependent expansion
point will not cure this problem, because the expansion
point (the global minimum) does not move for this ini-
tial potential. This again supports the claims made in
Sub.Sub.Sec. VB2 about the very limited practical ap-

38 We thank J. Eser for discussions on this issue and a cross check
using his FRG Taylor expansion code [14, 18-20], which repro-
duced our findings.
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FIG. 28. The FRG flow of the effective potential U(t, o) (up-
per panel) and its derivative u(t,0) = 0,U (¢, 0) (lower panel)
for the zero-dimensional O(4) model with initial condition
(140), evaluated at t = 0, 2,4, ..., 60 (integer values of ¢
were chosen for convenience and readability). The (overlap-
ping) blue and violet curves correspond to the UV and the
red curves to the IR. We used the exponential regulator (8)
with UV cutoff A = 10'2. For the sake of readability, the
plot does not show the region x = 5 to x = 10, because the
tiny differences between u(t, o) and u(tuv, o) are not visible
in this region and vanish for large x = o anyhow.

plicability of the vertex expansion to the O(N) model in
zero dimensions.

The instability of the solution of the coupled system of
ODEs can be understood a posteriori considering that at
that time the potential may generate a non-analyticity.
Inevitably, due to the non-analyticity of the potential,
Wilbraham-Gibbs oscillations [234-236] arise in the Tay-
lor expansion, making the expansion scheme unstable
[237]%9. The appearance of a non-analytic behavior is
also understood via a rise of entropy [31, 33].

However, a vertex expansion for a convex sextic po-
tential including only positive coefficients in the UV is

39 This phenomenon is also observed and discussed in detail in the
context of Fourier expansions of periodic potentials in the FRG
in Sec. 2.2.2 of Ref. [131].
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FIG. 29. The relative error for '™ for m = 1,2, 3, for the
O(4) model using the UV potential (140), as a function of
the size of the computational interval xmax. The cell size is
Az = 0.025. T'®™ are computed from the discrete values
of the derivative of the IR potential u(tirr = 60,0) via the
second-order accurate central finite-difference stencils (A1),
(A4), and (A7) at o0 = 0. We used the exponential regulator
(8) with UV cutoff A = 10*2.

possible, similar to ¢* theory with a positive mass term
discussed at the end of the previous Sub.Sub.Sec. VB 2.
A numerical inversion of the RG flow is again possible
for systems with a small number of couplings. It seems
that only convex, analytic UV initial conditions and the
resulting rather simple FRG flows can be treated with a
vertex expansion in T®™)(¢) around @ = 0 in the zero-
dimensional O(N) model.

D. Test case IV: the 0 = 0 boundary

The last test case is again a non-analytic and discon-
tinuous potential,

if ©<VB,
if > V8,

1
_(552)5 )

%@2_67

U(g) = (141)

where ¢ = |F]|. The numerically challenging features are
the cusp at ¢ = 0 as well as a non-trivial minimum at the
kink at ¢ = v/8. As displayed in Fig. 30 (evaluated on
the constant field configuration), the cusp at 0 =0 in U
translates to a pole in u = 9,U. This scenario was engi-
neered as an extreme test case for the boundary condition
at 0 = 0 discussed at length in Sub.Sub.Sec. IV D 1.

We have again performed the full set of numerical tests
of Sub.Sec. VA and found results supporting the gen-
eral statements made in Sub.Sec. V A. For the sake of
brevity we will not repeat the complete discussion of
Sub.Sec. V A but instead focus again on selected results.
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FIG. 30. The UV potential U(c) (red-dashed) and its first
derivative u(c) = 9,U(c) (blue-solid) of the test case (141)
evaluated on the constant background field configuration.

Figure 31 depicts the RG flow for the O(3) model com-
puted with the KT scheme for the UV initial condition
(141). Figure 32 displays the flow of the first three non-
vanishing n-point vertex functions. With our implemen-
tation of the KT scheme using Mathematica’s NDSolve
[138] with a PrecisionGoal and AccuracyGoal of 10 we are
able to compute precise solutions, where the achievable
precision for I'® and I'®) is, as discussed in the pre-
vious sections, limited by the finite-difference rounding
errors. The discretization-error scaling shows the same
peculiarities as the case of Sub.Sec. V A due to the dis-
continuities in the initial conditions. The corresponding
reference values for the O(3) model are listed in Table IV.
The dynamics during the FRG flow is dominated by the
pole at ¢ = 0 and the discontinuity at o = /8 in u.
The diffusion smears out the discontinuity and advection
transports it towards o = 0 “filling up the well” at o = 0.
Considering the corresponding values for u for o < 0 us-
ing the anti-symmetry of u the boundary at ¢ = 0 can
be seen as a point where waves of opposite amplitude
annihilate.

Only the carefully engineered boundary condition at
o = 0 together with corresponding ghost cells allows
for practical computations with the present initial condi-
tion. The pole at ¢ = 0 presents no problem in practical
computations because the boundary condition at ¢ = 0
makes use of the anti-symmetry of u(t, o). The first cell
containing the pole is centered at 0 = 0 and due to the
anti-symmetry, the corresponding cell average g (t) van-
ishes by construction. Enforcing %(t) = 0 and for the
two ghost cells 4_o(t) = —ua(t) and a_1(t) = —a;(t) at
each time step allows for a stable and accurate RG time
evolution even for such extreme initial conditions like the
one of Eq. (141).

Treating this initial condition using a formulation in
the invariant o = %02 with some naive boundary con-
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FIG. 31. The FRG flow of the effective potential U (¢, o) (up-
per panel) and its derivative u(t, o) = ;U (¢, 0) (lower panel)
for the zero-dimensional O(3) model with initial condition
(141) evaluated at t = 0, 2, 4, ..., 60 (integer values for ¢
were chosen for convenience and readability). The blue curves
correspond to the UV and the red curves to the IR. We used
the exponential regulator (8) with UV cutoff A = 103. For the
sake of readability, the plot does not show the region z = 5
to = 10, because the tiny differences between u(t,o) and
u(tyuv, o) are not visible in this region and vanish for large
r = o anyhow.

ditions without strict mathematical justification is haz-
ardous, because u(t, o) = 9,U(t, 0) diverges as ¢~ 2/3 as
o0 — 0. As mentioned in Sub.Sub.Sec. IV D 1, it is unclear
to us how to deal with the ¢ = 0 boundary especially in

a case like the one discussed in this subsection.

We conclude this subsection with a short discussion of
RG consistency. The plateaus in Fig. 32 in the UV (at
small t) and the IR (at large t) are again a strong indi-
cation for appropriately chosen UV and IR scales. From
Fig. 33, showing the initial UV-scale dependence of T'(?),
'™, and T©®) one observes that, even in the presence
of the pole at ¢ = 0 in u(t = 0,0), an initial UV scale
of A = 108 is sufficient to realize RG consistency. Ar-
guably even A = 10° — the scale used in Sub.Sec. VA —
would suffice, suggesting that in the current case the scale
is primarily set by the discontinuity and linear asymp-
totics at and beyond o = /8, which both are also present



1010 : : : :
Fo====x 2m
- O(N =3) lF%T)(t) _ ’ — m=
r 1 F(Qm)
106 [ ———— ™. -
' A _———m=2
AN

n=400 Tiax =10 A=10% rp~1071% |
0 10 20 30 40 50 60
t

FIG. 32. The relative error for ™) for m = 1,2, calculated
with the KT scheme as a function of the RG time ¢ for the
O(3) model. The initial UV potential is given by Eq. (141).
We use the exponential regulator (8) with UV cutoff A = 10%.
The computational grid has 400 cells and omax = Tmax =
10. T®™) are extracted from u(tir = 60,0) via the finite-
difference stencils (A1), (A4), and (AT).

(with very similar values) in the initial condition (130)
of Sub.Sec. VA.

However, decreasing Ax would lead to larger numerical
gradients for the initial condition at ¢ = 0 due to the
discretization of the pole in u, which in turn implies that
A has to be simultaneously increased in order to keep the
propagators (100) and (101) dominated by A in the UV.

Also, if the cusp at ¢ = 0 in the initial UV potential
U(t = 0,0) in Fig. 30 pointed downwards and (0, x)
had negative gradients on both sides of the correspond-
ing pole, it would formally be extremely hard to guaran-
tee the inequalities (136) and (137) and to have a non-
singular flow equation in the UV, because the giant nega-
tive gradients would not be restricted to the cell at o = 0.
In a discretized version with non-zero Az a calculation
is still possible, as long as A is chosen extremely large,
much larger than the huge, but finite negative gradient

TABLE IV. The exact results for T*") for the O(3) model
with the initial UV potential (141), obtained by a high-
precision one-dimensional numerical integration of the expec-
tation values ((¢2)") using Mathematica’s numerical integra-
tion routine Nlntegrate [138] with a PrecisionGoal and Accu-
racyGoal of 10. Here, we present the first ten digits only.
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FIG. 33. The relative error for I'®™ for m = 1,2, 3 from the
KT scheme as a function of the UV cutoff scale A, calculated
for the initial potential (141). We use the exponential regula-
tor (8) and keep the TR cutoff scale constant at r(tr) = 1075
for all runs. Furthermore, for all data points the computa-
tional grid size iS Omax = Tmax = 10 and the number of cells
is n = 400. T®™ are calculated from u(tir = 60,0) via
the approximations (A1), (A4), and (A7) for the numerical
derivative. The straight yellow line is for optical guidance.

of u.*® Hence, RG consistency is not only a physical

requirement, but also sets strict limits on the choice of
numerical parameters, respectively.

VI. CONCLUSIONS AND OUTLOOK

In the present work we have discussed the connection
between (F)RG flow equations and conservation laws of
fluid dynamics and studied implications of this connec-
tion.

In Sec. IT we have provided an introduction to the FRG
in zero space-time dimensions. In this admittedly rather
academic limit QFTs are exactly solvable in terms of or-
dinary one-dimensional integrals. However, their treat-
ment in the framework of the FRG is not principally
different from that of their higher-dimensional counter-
parts, which allows to understand many features of this
approach in a simpler quantum field-theoretical setting,
as well as check its validity against exact results. In
particular, in d = 0 space-time dimensions the solution
of the FRG flow equation (Wetterich equation) (40) di-
rectly as a PDE requires no additional truncation, such
as the gradient or vertex expansion. In Sec. IIT we have
then discussed the application of the FRG method to the

40 Similar effects are expected in FRG flows of higher-dimensional
models with non-zero chemical potential at zero temperature.
The chemical potential enters field space as a shock wave in field
space with infinite negative slope in u at positive o. This will be
discussed elsewhere [32, 153].



zero-dimensional O(N) model. The corresponding RG
flow equation (84) is a highly non-linear PDE and thus
provides an interesting and challenging application for
algorithms that solve such equations. We are currently
working on an extension of the O(N) model including
fermions (Grassmann numbers) as well as related trun-
cation strategies in the context of local approximations
[34].

In Sec. IV we have discussed the formulation of par-
ticular RG flow equations — among them the flow equa-
tion (97) of the O(NN) model — in terms of conservation
laws well-known in the context of fluid dynamics. This
allows to employ existing, highly developed techniques
to solve these kind of PDEs. The flow equations in con-
servative form discussed in this paper have the form of
non-linear advection-diffusion equations. The identifica-
tion of advective and diffusive contributions, related to
the contributions from the pions and the radial ¢ mode,
respectively, allows for a simple, appealing, and physi-
cally intuitive understanding of RG flows, i.e., the RG
time evolution from the UV to the IR, in terms of clas-
sical, time-honored fluid-dynamical concepts. Using the
conservative formulation, it is possible to make a con-
nection between FRG solutions in the IR to steady-state
and/or thermal-equilibrium solutions. In this context,
the diffusive character as well as the possibility of shock
and rarefaction wave formation and interaction during
the RG time evolution are direct manifestations of the ir-
reversibility of RG flows and the corresponding RG trans-
formations, which can be quantified using the concept of
numerical entropy. We have also briefly discussed pos-
sible connections between irreversibility, numerical en-
tropy, and the so-called C theorem. A more detailed
analysis of this aspect will be presented in part II of this
series of publications [33].

We have discussed proper boundary conditions for the
RG flow equation of the O(N) model on compact inter-
vals. We have then used a finite-volume method, the
so-called Kurganov—Tadmor (KT) scheme, for the ex-
plicit numerical solution of RG flow equations in con-
servative form. A formulation in terms of the constant
background field o instead of the corresponding O(N)
invariant o = %02 has proven advantageous with respect
to implementing the boundary conditions for the flow
equation of the O(N) model in conservative form when
considering a compact computational domain.

In Sec. V we have studied a set of test cases realiz-
ing various UV initial conditions for the zero-dimensional
O(N) model. We have demonstrated the applicability
of the KT scheme for RG flow equations by comparing
the results against exact solutions for the m-point ver-
tex functions of the O(N) model as obtained from a di-
rect integration of the partition function. We have per-
formed several precision tests by quantifying discretiza-
tion and boundary effects. We have also discussed the
advective and diffusive contributions to the RG flow on
a qualitative level by varying the number of scalars IV
in the O(N) model. For large N, the system becomes

%)

advection-dominated [26, 27, 31] since the pionic modes
dominate the flow equation, whereas for small N the dif-
fusive contribution of the radial ¢ mode becomes the
dominant (in the case N = 1 even the only) driving
force. The study of discontinuous initial conditions in
this context highlights the capability of the KT scheme
for the study of highly non-perturbative phenomena and
phase transitions in the FRG framework. In all test cases,
we do not observe a violation of the Coleman-Mermin-
Wagner-Hohenberg theorem, i.e., we find that there is no
spontaneous symmetry breaking in d = 0 in the IR limit.
In a parallel publication, we continue this discussion and
analyze systematic differences between the large-N and
infinite-V within the zero-dimensional O(N) model [31].

Discussing the FRG Taylor (vertex) expansion as a
possible truncation scheme for the Wetterich equation in
the context of zero-dimensional models, we have observed
that the absence of momentum suppression in d = 0 leads
to an extremely strong coupling in field space. In turn,
this greatly limits the applicability of the FRG Taylor
(vertex) expansion for the zero-dimensional models dis-
cussed in this paper. These findings are supported by
and directly related to our novel findings regarding the
irreversibility of the RG flow, if strictly analyzed as a
dissipative system. This partially generalizes to higher-
dimensional systems.

We have also performed quantitative studies of the de-
pendence on the value of the IR cutoff rig which has
to be chosen in explicit (numerical) solutions of the flow
equation. Moreover, we have discussed RG consistency,
which is related to the initial UV scale A for a given initial
action §. We find that computations in the FRG frame-
work require sufficiently low IR cutoffs and sufficiently
large initial UV scales in order to recover the exact n-
point vertex functions. As demonstrated by our results,
the explicit values for kg and A depend on the initial
action under consideration.

Apart from further studies [31, 33, 34] in d = 0 space-
time dimensions, it will be very interesting to see the
implications of our present work for studies of higher-
dimensional QFTs. In the context of FRG studies of
theories in d > 0 space-time dimensions, the current dis-
cussions and results for d = 0 are highly relevant and in
large parts directly applicable in the context of the LPA
of the Wetterich equation. Studies of the O(N) model
using a conservative formulation of the LPA flow equa-
tion in d = 3 have been performed in the large-IN limit
by two of us in Ref. [26]. In a recent publication [27]
(co-authored by two of us), the possibility of conserva-
tive formulations beyond the LPA truncation has been
discussed and further studies using this novel framework
for selected theories in d = 2 and d = 4 are in prepara-
tion [32, 153]. We strongly believe that leveraging the
vast existing knowledge for conservation laws in studies
using the FRG and its (truncated) flow equations is very
promising and the research in this direction should be
continued and extended.
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All numerical numerical results as well as all fig-
ures in this work were obtained and designed using
Mathematica [138] including the following Resource-
Function(s) from the Wolfram Function Repository:
PlotGrid [238], PolygonMarker [239], and MaTeXInstall
[240]. The “Feynman” diagrams in Egs. (84) and (98)
were generated via Axodraw Version 2 [241].

Appendix A: Numerical derivatives

In Sec. V we need to extract the 1PI vertex func-
tions T4/, at the physical point ¢ = 0 from the
IR results of the RG flows (or respectively the coeffi-
cients T(®®) which contain the same information). To
this end, we compute numerical derivatives of the dis-
crete values of the derivative of the effective potential
u(tir,0) = 0,U(tir,0), which were calculated via the
FV method. In this work, the following finite-difference

approximations [242, 243] are used,

Ficontsal = — g g+ O(Aa?), (A1)
I ) (A2)
Fifoward = -z R 32; —fia | O(Az?), (A3)
fi(,i)entral = ~fiz 2 fi;A;f Jir1 £ Jiro +O(Az?), (A4)
fi(,ilncral _fios = 8fiat 13 fing—xlg?) fun #8 i = s +0(Az?), (A5)
fi(,?;irward _ =5 fi+ 18 fig1 — 2242;32 +14 fiys — 3 fita +O(AT?), (AG)
fi(,Sczentral Sl LAY AR fg:;j fon Z A i ¥ Jiss + O(Az?), (A7)
fi(,i)entral _ Jia=9fi34+26fi2-29fi1+29fit1 —26fit2+9firs— fisa oY) (A8)

where f; = f(x;), f™ denotes the n'" derivative and
“central” and “forward” stand for central/forward sten-

6 Axb

(

cil approximations. The scaling order m of the er-
ror is indicated by O(Az™). In our numerical imple-



mentation, the central-scheme approximations are fur-
ther simplified by exploiting the anti-symmetry property
u(t,—o) = —u(t,o) of the derivative of the effective po-
tential. In consequence, the central stencils are effectively
forward stencils. Furthermore, at the same order of ac-
curacy, the “anti-symmetrized” central stencils need one
point less than the actual forward stencils of same error
order of accuracy. In Figs. 13, 14, and 15 we find that
this property singles out the central stencils as the most
favorable choice, because the accumulation of errors in
the derivative stencil, which originally derive from the
numerical solution of the flow equation, can be reduced
this way, by including as few points as possible in the
numerical derivative approximations.

We stress that the use of low-order finite-difference ap-
proximations to the derivative is only justified because
the effective IR potential U(tir, o) has to be smooth,
which is discussed at length in App. B. For higher-
dimensional models, the use of finite-difference approxi-
mations to extract information from the IR effective po-
tential U (tr, o) might not always be justified due to the
possibility of non-analyticities in the vicinity of the phys-
ical point, where the 1PI n-point vertex functions have
to be calculated. Further investigation is needed.

Appendix B: Coleman-Mermin-Wagner-Hohenberg
theorem in zero dimensions: Absence of spontaneous
symmetry breaking and of phase transitions

In this appendix we comment on spontaneous sym-
metry breaking, phase transitions, and the Coleman-
Mermin-Wagner-Hohenberg theorem for the special case
of zero space-time dimensions. The discussion follows
partially Refs. [52, 83] and is presented here for the sake
of completeness.

a. FEhrenfest classification of phase transitions

Although often designated as outdated, the Ehrenfest
classification of phase transitions [143] is an illustrative
start for our discussion. In thermodynamics, the Ehren-
fest classification of phase transitions is based on the
Helmholtz or Gibbs free energy, F' or G, which both are
thermodynamic potentials. All phase transitions are de-
fined as discontinuities in the derivatives of such ther-
modynamic potentials with respect to an intensive ther-
modynamic variable like the temperature [244]. A phase
transition of order n is a discontinuity in the n'* deriva-
tive, while all derivatives of lower order must stay contin-
uous. Meanwhile, in statistical mechanics the Helmholtz
free energy F' is given by (or proportional to) the loga-
rithm of the partition function or, if generalized to ther-
mal QFT, the logarithm of the functional integral. If we
apply this to the zero-dimensional QFT of the scalar field
from our introductory Sec. II, we find

F(J)=G(J) = Z(J) = W(J), (B1)
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J
FIG. 34. A hypothetical realization of a first-order

phase transition as a discontinuity in the first deriva-
tive of the thermodynamic potential W(J). The func-
tional form of W(J), which leads to a discontinu-
ity in the first derivative of 9;W(J), was chosen as

W) =VJ2+ 172, (B3)
which cannot correspond to a real scenario for zero-
dimensional models.

where we have used Egs. (2) and (14). Because quanti-
ties like temperature, pressure, etc. do not exist in zero
dimensions, the external source J is the only “thermo-
dynamical state variable” in the Helmholtz free energy
F(J), which is consequently also identical to the Gibbs
free energy G(J).*! According to Ehrenfest a phase tran-
sition of n*® order would therefore be associated with a
discontinuity in the n*® derivative of W(J) or equiva-
lently in the n' derivative of Z(.J) with respect to J € R.
In order to illustrate how phase transitions are realized in
Z(J) and W(J) while changing J, we construct two com-
pletely artificial examples for W(J), which correspond to

41 Although the notion of intensive and extensive quantities seems
to be pointless in zero dimensions, the external source field J can
be associated with the zero-dimensional analogue of an intensive
thermodynamic state variable, because it plays a similar role as
an external magnetic field in higher-dimensional O(N) models.
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FIG. 35. A hypothetical realization of a second-order

phase transition as a discontinuity in the second deriva-
tive of the thermodynamic potential W(J). The func-
tional form of W(J), which leads to cusps in the
first derivative of 9yW(J) and hence to discontinu-
ities in the second derivative 93W(J), was chosen as

37 +2J+1, if J< -1,
W(J) =1 1J7, if —1<J<+1, (B5)
3J2-2J+1, if +1<J,

which cannot correspond to a real scenario for zero-
dimensional models.

a first and second-order phase transition, see Figs. 34 and
35 respectively.

However, it can be shown (see below) that Z(J) €
C™ in zero dimensions, which also implies that the other
functions in Eq. (Bl) are infinitely often continuously
differentiable, thus smooth functions of J € R. This
holds as long as S(¢) is bounded from below and grows
faster than |¢| for |¢| — oo, which are the conditions
that were already discussed in Sec.Sub. IT A in order to
have well-defined expectation values (1). The proof is as
follows [52]:

The function Z(J), defined via Eq. (2), is called
smooth (or € C*) if for all n € N the left- and right-
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derivatives with respect to J coincide at any J € R,

"z (J)

lim
Tte dJn

e—0

J_j ~0. (B6)

Using Eq. (2) this can be checked explicitly

" 2())
J+e dJn

22

= lim /\// do o™ e~ S@)+J¢ (ee¢ - e76¢) _
e—0 PN

m [zeN/OO dggntte SO0 4 0(62)} =0.

li
e—0

Here we expanded the exponentials e*€? for small € and
used that the remaining ¢ integral is finite due to the
constraints for S(¢).

The assumption that S(¢) is bounded from below
and grows faster than |¢| for |¢| — oo implying well
defined and finite expectation values might in fact be
strong enough to guarantee not only Z(J) € C* but
also analyticity of Z(J). A formal proof of the latter
should be possible along the lines of the proof sketch
for smoothness (B7). Proving complex differentiability,
thus holomorphicity and thus ultimately analyticity of
Z(J) should be possible using the bounded/dominated
convergence theorem which formalizes the requirements
on S(¢) [245]. The analyticity of Z(J) has no direct
relevance (apart from the implication of Z(J) € C* of
course) for the discussion of phase transitions but it is rel-
evant for the FRG Taylor (vertex) expansion discussed in
Sub.Sub.Secs. [TTC2 and V B 2.

We have shown explicitly that Z(J) € C*°, which im-
plies that there cannot be any phase transition accord-
ing to the Ehrenfest classification in our zero-dimensional
one-boson system, and Figs. 34 and 35 cannot be realized
in actual zero-dimensional scenarios in the IR. This also
generalizes to zero-dimensional QFTs with more elab-
orate field content, but not to higher-dimensional sys-
tems. Of course, Z(J) € C'* holds for any choice of S[¢]
that fulfills the minimal requirements mentioned above,
which also includes non-analytic actions like Egs. (10),
(130), and (141). This seems at first sight surprising. Be-
cause we are working in zero dimensions, we can however
even visualize this counter-intuitive result of the proof
and simply plot Z(.J) and W(J) by numerical evaluation
of the ¢ integral for arbitrary J. This is done in Fig. 36,
which shows Z(J) and W(J) for the non-analytic action
(10).

However, the FRG formalism is based on the effective
action I'[p], which is defined via the Legendre transfor-
mation (15) of the Schwinger functional W(J). From a
thermodynamic point of view, this Legendre transforma-
tion corresponds to a change from one thermodynamic
potential to another one, by switching from one inten-
sive thermodynamic state variable to its corresponding
extensive counterpart or vice versa. The transformation
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FIG. 36. The functions Z(J) and W(J) for the non-analytic
action (10), obtained by numerical integration of Eq. (2). The
plot can be extended to arbitrary J, where Z(J) and W(J)
stay convex and differentiable. It can be seen by visual in-
spection that Z(J) does not contain any kinks or disconti-
nuities, which to some extent “visualizes” the proof (B7) for
non-analytic actions S[¢].

of W(J) to I'(y) is usually associated with the transfor-
mation from the free energy F' to the grand canonical
potential 2 in statistical mechanics and thermal QFT
[39], which is directly related to the pressure of the sys-
tem. Here, however, we are merely interested in how the
absence of phase transitions manifests itself in I'(¢) (and
['4(¢) during the FRG flow) after the Legendre transfor-
mation.

From thermodynamics and our discussion after
Eq. (16) we know that all functions in Eq. (B1) have to be
convex. Furthermore, we also discussed that the convex-
ity translates from W(J) to I'(¢) via the Legendre trans-
formation (15), or, on the level of the thermodynamic
potentials, from F' to 2, respectively. Consequently, a
first-order phase transition according to Ehrenfest, which
would correspond to a cusp in the functions (B1), would
translate to a plateau and non-analytic behavior in I'[¢],
see Fig. 37 and Refs. [82, 83]. A second-order phase tran-
sition translates to cusps in the first derivative of T'(y)
and discontinuities in its second derivative, see Fig. 38.

However, from our above discussion we know that
W(J) is smooth in zero dimensions and that this property
also translates to I'(¢) via the Legendre transformation
(15). Thus I'(p) must also be smooth and convex, which
again implies the absence of phase transitions according
to the Ehrenfest classification of phase transitions in zero
dimensions, but this time on the level of I'(p) in the IR.
Thus, the full quantum effective action I'(¢) in the IR
for real zero-dimensional systems cannot behave like the
functions in Figs. 37 and 38.

For the sake of completeness, in Fig. 39 we also provide
a plot of I'(¢p) for the action (10), which was obtained via
a Legendre transformation of W(J) from Fig. 36. Solving
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FIG. 37. The figure shows how a hypothetical first-order
phase transition is realized on the level of I'(p). The upper
panel shows the Legendre transform of W(J) from Fig. 34.
The lower panel illustrates the first derivative of I'(¢p).

the Wetterich equation (38) with initial condition (10)
yields the same result for I'(¢). For the effective average
action I';[¢], things are, however, more involved. We will
return to this issue at the end of this appendix.

b. Landau’s theory of phase transitions

Landau’s theory of phase transitions [246] is based on
the symmetries of a system.*? A Landau phase transition
is associated with the spontaneous breaking or restora-
tion of a symmetry. This is usually associated with the
(dis)appearance of an order parameter while an intensive
external thermodynamic state variable is changed.

In usual Landau theory in higher-dimensional systems,
the order parameter is a quantity which characterizes
the state of the system. A common example for an or-
der parameter is a condensate. Usually, a non-vanishing
condensate signals symmetry breaking, because it is as-
sociated with a non-trivial ground state (vacuum) of a

42 Additionally, Landau theory assumes expandability of the free
energy in field space.
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FIG. 38. The figure shoes how a hypothetical second-order
phase transition is realized on the level of I'(p). The upper
panel shows the Legendre transform of W(J) from Fig. 35.
The lower panel illustrates the first derivative of I'(¢p).
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FIG. 39. The full quantum effective action I'(¢) in the IR
corresponding to the ultraviolet classical action (10). The
plot was obtained via a numerical Legendre transformation
of W(J) from from Fig. 36.

60

thermodynamic potential, which, in turn, breaks the full
symmetry of the system.

Sometimes also the canonically conjugate extensive
thermodynamic state variable of an intensive external
thermodynamic state variable is used as an order pa-
rameter [244]. A typical example is the magnetization
of a ferro-magnet. Here, however, one would not vary
the magnetic field and look for spontaneous symmetry
breaking, because considering non-zero magnetic field al-
ready corresponds to an explicit breaking of the symme-
try. Taking a thermodynamic state variable as an order
parameter to study spontaneous symmetry breaking im-
plies that one should vary an unrelated intensive state
variable, e.g., the temperature.

Zero-dimensional systems are special, because the
usual thermodynamic state variables like temperature,
pressure, etc. do not exist. The only external “thermo-
dynamic state variable” is the source field J. Thus, in our
zero-dimensional toy model from Sec.Sub. IT A, the order
parameter can only be associated with the mean field
©(J), which is the canonically conjugate of the external
source J and is furthermore identical to the expectation
value (@) in the presence of the source,

o(J) =(p)s =0 W(J]). (B8)

This corresponds to the second scenario, where the order
parameter is a thermodynamic variable itself.

If we assume the classical action S[y] and the integral
measure of the partition function (2) to be symmetric
under Zo transformations ¢ — —¢, we clearly see that
the presence of a fixed non-zero source J # 0 breaks the
symmetry of the system and the mean field p(J) = (¢) s
will not vanish for finite J.

For J = 0, however, the expectation value p(J) = (¢) s
must vanish. This seems to signal a phase transition ac-
cording to the Landau theory of phase transitions, if ¢(J)
is considered to be the order parameter. On the other
hand, according to the Ehrenfest classification, there are
no phase transitions in zero dimensions, which sounds
like a contradiction. The solution is the following:

It is the precise definition of the order parameter and
the distinction between spontaneous and explicit symme-
try breaking in zero dimensions. Taking non-zero values
for the external source field J actually corresponds to ex-
plicit symmetry breaking and not spontaneous symmetry
breaking within the Landau classification.

On the other hand, we have just seen that Z(J) € C*
and W(J) € C*°, which implies that the transition from
w(J) =0 to ¢(J) # 0 by increasing J is smooth, which
corresponds to a “crossover transition” in the Ehrenfest
classification via explicit symmetry breaking.

However, the main issue is that we should rather con-
sider the condensate, which is defined as the minimum
of T'(¢), as the order parameter of Landau phase transi-
tions to really compare with the Ehrenfest classification.
In zero dimensions, due to the convexity and smooth-
ness of I'(p), this order parameter must always vanish,



because the minimum of the IR effective potential is al-
ways at ¢ = 0. In turn, the Ehrenfest and the Landau
classification of phase transitions coincide and both pre-
dict the absence of phase transitions and spontaneous
symmetry breaking in the zero-dimensional model under
consideration.

c. The Coleman-Mermin- Wagner-Hohenberg theorem

The above findings can also be interpreted as a spe-
cial case of the Coleman-Mermin-Wagner-Hohenberg the-
orem [67-69], which states that for systems of dimension
d < 2 and sufficiently short-range interactions there can-
not be spontaneous breaking of continuous symmetries at
non-vanishing temperature. Of course, zero-dimensional
models do not include temperature. Still, all interactions
are “short-range”, because the whole system is only de-
fined in a single point.

Furthermore, we can think of a zero-dimensional sys-
tem in terms of the high-temperature limit of a one-
dimensional system that only includes a compact tem-
perature direction and no spatial directions [52] — thus a
model on a circle with “circumference” g = 2% Sending
T — 00, the circle “shrinks to a point”, hence to zero di-
mensions. In discrete momentum space, only the bosonic
Matsubara zero modes survive [247]. All remaining quan-
tities can formally be rescaled with the inverse tempera-
ture 8 = 1/T and one ends up with a zero-dimensional
bosonic system, via this high-temperature dimensional
reduction. In this sense the Coleman-Mermin-Wagner-
Hohenberg theorem applies and is confirmed for the spe-
cial case of zero dimensions by our previous discussion,
see also the discussion in Ref. [248].

d. Phase transitions during the RG flow

In this work, we make use of the absence of sponta-
neous symmetry breaking in zero dimensions to test our
numerical methods. These methods have to deliver re-
sults which are in agreement with the discussion of this
appendix to be trustworthy.

Interestingly, also the scale-dependent generating func-
tionals Z(t, J), W(t, J), and I'(¢, ¢) are smooth functions
for any t: Introducing the artificial mass term 3 r(t) ¢?
in Eq. (6) does not violate any of the requirements of
the proof (B7) in this appendix. W;[J] is still simply
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defined via the logarithm of Z;[J], see Eq. (17), which
translates the proof from Z,[J] to W,[J]. Furthermore,
also the scale-dependent Legendre-transformation (20) is
well defined and the relations among the n-point corre-
lation functions in Sub.Sec. ITE hold for any ¢, such that
T';[¢] is smooth.

In actual FRG calculations, however, we are working
with the scale-dependent effective average action I'y[¢],
defined via Eq. (27). In general, this should not affect the
smoothness property, because ASt[y] is also C*° with re-
spect to . Still, a consequence is that I';[¢] does — in
contrast to T't[p] — not need to be convex for all ¢ and
only turns convex for t — oo, when I'[¢], ['y[¢], and T';[p]
coincide. This can easily be seen from Eq. (27), where
AS;[p] enters with a negative sign as a huge negative
mass term for small t. Hence, on the level of the effec-
tive average action T';[p], we can easily find Landau-type
phase transitions during the FRG flow, by initializing
['4[¢] with a classical action S[y] that includes a non-
trivial minimum. During the FRG flow, this condensate
must be vaporized by the bosonic fluctuations, such that
convexity is restored in the IR.

Additionally, we can initialize the FRG flow with non-
analytic classical actions S[p] in the UV due to Eq. (32).
This, however, might contradict previous statements and
violates the smoothness of T';[p] at t = 0. This subtle is-
sue is resolved as follows. It is the “approximate” sign
in Eq. (32) that tells us to initialize the FRG flow with
non-analytic initial conditions in the UV, if S[¢] is non-
analytic. Such discontinuities in the UV can be inter-
preted as Ehrenfest type phase transitions when varying
J. The initialization with a non-analytic initial condition
is valid as long as the UV cutoff A is chosen sufficiently
large such that the regulator insertion still approximates
a delta distribution in the UV. Nevertheless, it is still an
approximation that violates smoothness, but it is nec-
essary for practical calculations. Interestingly, the FRG
equation (38) seems to immediately cure this tiny “in-
consistency” at small ¢, due to its diffusive character
which smears out the non-analyticities (at least in zero-
dimensions). Anyhow, the FRG flow must drive T[] to
be smooth and convex in the IR in zero dimensions. The
in this context pathological infinite N limit is an excep-
tion [28-30], which we will discuss in detail in part IIT of
this series of publications [31].

All in all, this provides us with perfectly suited test
cases, where we can explicitly check this challenging dy-
namics (the restoration of symmetry and smoothness on
the level of T'y~¢[p]) during the FRG flow numerically.
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