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An Efficient Algorithm for Assessing the Number of st-Paths in Large Graphs
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Abstract

Counting the number of subgraphs, or patterns, of a cer-
tain kind is at the heart of data mining, and st-paths are
one of the most basic graph patterns to express connectiv-
ity. The problem of counting the number of st-paths in a
graph, both directed and undirected, has been studied since
the 70s, and is one of the original #P-complete problems in-
troduced by Valiant [25]. However, counting can be a heavy
task and known algorithms already struggle on graphs with
hundreds of nodes. For this reason we propose a novel ap-
proach: we assess whether the number of st-paths of an undi-
rected graph is at least a given number z. Instead of finding
paths one-by-one (i.e., listing), our algorithm is based on de-
composing and collapsing computational tasks arranged in a
tree-like structure to enhance the effectiveness of each step
in growing the number of paths found. Extensive experimen-
tal results on real-world datasets show the algorithm scaling
to graphs with millions of nodes and edges, with z in the
trillions. Its performance is orders of magnitude better than
state-of-the-art listing algorithms adapted to this task.

1 Introduction

Mining paths in graphs is at the heart of network anal-
ysis when dealing with connectivity in road networks,
communication networks, metabolic networks, protein-
to-protein interactions, and social networks, to name a
few. Here, one of the computationally intensive tasks is
the extraction of suitable paths in the given graph.

In this scenario, an estimation of the number of
paths from a source node s and a target node ¢ in a
connected graph G = (V, E), also known as st-paths,
is one of the driving guidelines for making further deci-
sions in the mining task. (We consider each st-path not
traversing any node twice.) The problem of counting the
number of st-paths in a graph has been studied since the
70s, and is one of the original #P-complete problems in-
troduced by Valiant [25]. Consequently, counting can be
a heavy task and known algorithms already struggle on
graphs with hundreds of nodes.

For this reason we consider a novel viewpoint on
this counting problem in G: We are given two nodes
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s,t € V, and an integer parameter z > 0. We want to
assess whether the number of st-paths of GG is at least z,
spending polynomial in the size of G (i.e. [V]| + |E|)
and in z (which can be larger than the size of G).
Assessment on graphs was first considered in [7], with
the core advantage that assessment can establish a user-
defined lower bound z on the number of solutions, for
any given z > 0, which is not necessarily guaranteed by
approximation algorithms.

In this paper we propose an assessment algorithm
PATHASSESS for st-paths that, instead of finding paths
one-by-one (i.e., listing), decomposes and collapses the
counting tasks arranged in a tree-like structure to
enhance the effectiveness of each step in growing the
number of paths found.

Algorithm PATHASSESS provides the same worst-
case performance as listing algorithms, i.e., it assesses if
the number of st-paths of a connected graph G = (V, F)
is at least z in O(|E| z) time and O(|E||V|) space. The
interesting fact, as we shall see, is that the computa-
tional difficulty of counting does not prevent PATHAS-
SESS to perform much better in practice. Extensive ex-
perimental results on real-world datasets show PATHAS-
SESS scaling to graphs with millions of nodes and edges,
with z in the trillions. Its performance is orders of mag-
nitude better than state-of-the-art listing algorithms
adapted to this task: the latter ones take over 30 min-
utes to assess a billion paths in our real-world datasets;
in contrast, PATHASSESS takes just tens of seconds to
asses trillions of paths, three order of magnitudes more
and in much less time, on the same datasets.

1.1 State of the art The problem of listing paths
goes back to the 70s, with seminal papers by Read
and Tarjan [2I] and Johnson [I5]. Variations of the
problems have been considered with experiments [4]
n, M0, 27], and output-sensitive cost in undirected
graphs [3]. Among the variations, listing chordless paths
has been investigated in [9, 24], bounded length paths
in [I7, 19, 20} 22], & disjoint st-paths in [I2], and paths
in temporal graphs in [I6].

The problem of counting paths is #P-complete [25].
Formulas for counting open and closed paths using
algebraic formulas have been described in [2], but their
evaluation does not guarantee O(|E|z) time as we
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do. An estimation based on a Monte Carlo stochastic
process has been given in [23], but no FPRAS (i.e.
efficient approximation algorithm) can exist for st-
paths unless NP = RP [26]. Counting algorithms
can use fast matrix multiplication [II] but the cost
of matrix multiplication for large graphs make their
running time prohibitive. For planar graphs, upper
bounds and asymptotics on the number of paths have
been investigated in [8], but many real-world networks
are not planar.

As far as we now, there is no literature on the
assessment of st-paths. Color coding [I] can be adapted
for approximated counting of paths with a fixed length
k [6], but does not seem suitable for paths of unbounded
length, or for assessing. Instead, listing algorithms
are suitable, when adapted, to solve our assessment
problem, stopping to output when z solutions are found.
Some care is required in this case. For instance, the
ZDD framework has been successfully used to develop
listing algorithms for st paths [14] [18], but it requires
first to build the entire data structure before counting:
the experiments in [27] only manage graphs of small size,
with hundreds of nodes. For our experimental study on
large graphs, we consider two listing algorithms, which
we adapted for assessing: Johnson’s algorithm [I5], as
it is the fastest in practice [4, [II], and Birmelé et al.’s
algorithm [3], as it is the fastest in theory.

2 Preliminaries

Given two nodes s,t € V, an st-path has nodes s and
t as its two endpoints. The set of all st-paths of G
is denoted by P; ;(G), where P, ,(G) only contains the
trivial path from ¢ to itself. We say that graph G is
connected if for every pair of nodes u,v € V there is
a uv-path. Graph G is biconnected if the removal of
any node yields a connected graph. A node u such that
G\ is not connected is called an articulation point. The
biconnected components (BCCs) of G are the inclusion-
maximal biconnected subgraphs of G. A BCC is called
non-trivial if it is made up of at least three nodes. We
recall that the BCCs of a connected graph form a tree.

DEFINITION 2.1. Let G be a connected graph, and con-
sider the following graph: add a vertex for each BCC of
G, and a vertex for each articulation point of G. Then,
add an edge between an articulation point a and a BCC
B if and only if a € B. The resulting graph Bg is a
tree, called the block-cut tree, or BC-tree, of G.

The vertices of the BC-tree that correspond to
BCCs are called graph-vertices, while the ones that cor-
respond to articulation points are called node-vertices.
By construction, the tree alternates levels of node-
vertices to levels of graph-vertices. We observe that,

given any two nodes z,y of G, there is a unique cor-
responding shortest path in the BC-tree, which we call
the bead string from x to y, and we denote with B, .
If the path is trivial, then = and y belong to the same
BCC. Otherwise, the two endpoints of B, , are distinct
BCCs: one of them contains x, and the other y.

In the following, we characterize how st-paths be-
have with respect to the BCCs of G. Consider the
bead string B,; in the BC-tree of G: its extremities
Bs, B; (possibly equal) must contain s and ¢, respec-
tively. Keeping this notation in mind, we can restate
the following result by Birmelé et al.:

LEMMA 2.1. (LEMMA 3.2 FROM [3]|) All the st-paths
in Psi(G) are contained in the subgraph of G corre-
sponding to Bs:. Moreover, all the articulation points
in Bs+ are traversed by each of these paths.

When looking for st-paths, we are only concerned
with the BCCs along the bead string Bs: from B,
to B; in the BC-tree, and the paths inside each of
these components can be combined independently. We
immediately have the following result.

COROLLARY 2.1. Let Bs;; = BsagBia1Bs - BragB:
be the path in Bg between B, and By, where ag, ..., a are
node-vertices, and Bi, ..., Bx are graph-vertices. Then:

(2.1)

k
,Ps,t(G) = Ps,a0 (Bs) X (H Pa;_1,a; (Bz)> X Pay,t(Bt).
i=1

3 An Algorithm for Deciding st-paths

3.1 Main idea Assume that we are given a lower
bounding structural function L, ;(-) that, given as input
any biconnected graph and two of its nodes s, ¢, outputs
a lower bound on its number of st-paths. Then, we
can apply this function individually to each BCC in
formula , and take the product of the resulting
values, which we denote with [bP, as it gives a lower
bound on the number of st-paths. If [bP > 2z, we
are done. If not so, we need to expand , where
N(s) ={u eV | (s,u) € E} is the set of neighbors of
node s, and the union is disjoint:

(3.2) Pei(@) = |J s Pus(G\s).

u€EN(s)

Specifically, we apply formula restricted to
just Bg in : trying to get a better lower bound,
we remove s from B, and we compute the BC-tree of
B;\{s}. This latter tree replaces the graph-vertex B, in
the original BC-tree. Because of , the total number
of st-paths is equal to the sum of the numbers of wut-
paths, taken over u € Ng,(s), defined as N(u) NV (Bj).
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Given u € Np,(s), we compute its number of ut-
paths in G. We can obtain B, in the resulting BC-
tree for the whole G. We apply the lower bounding
function L(-) to the BCCs of B,:, and take their
product according to . Summing these products
over all u € Ng,(s), according to , we can update
[bP by replacing the lower bound for B, ; with this sum
of lower bounds for B, ¢, taken over v € Np,(s).

Looking at the big picture, we begin with a source
s and a single path B; ; in the BC-tree of G, initializing
IbP as per eq. . Running the replacement steps
above, we get the general case of a BC-tree with several
leaves and multiple sources having the same destination
t (some sources possibly sharing the same graph-vertex).
At each step, we choose a source s’ and its leaf B
in the BC-tree (this s’ always exists), and replace By
with the BC-tree obtained by removing s’ from By. We
update the term associated with By ; in the formula for
the current lower bound [bP, replacing it with the sum
of the terms for B,/ ;, taken over ' € Np_,(s'). The
BC-tree naturally induces a lower bound formula whose
syntax follows closely the tree shape, and is made up by
nesting instances of and as mentioned above.

We stop when either the current lower bound b P is
at least z, or we have enumerated all the st-paths and
so we know their exact number (and compare it with
z). A crucial remark is in order. We need to maintain
BCCs, as connectivity from ¢ is not enough. Indeed, the
neighbors of s” in Ng(s') \ Np_, (s) lead to dead ends,
i.e. nodes that cannot reach ¢ in the current graph.

In what follows, we show how to make this scheme
work quickly on real-world graphs. First, in Section [3.2
we detail the multi-source paths tree data structure.
This data structure represents the current BC-tree, and
is central in our algorithm as it is used to retain all infor-
mation concerning BCCs in a compact way, enabling us
to guarantee correctness, and to also efficiently update
the lower bound. We present in Section [3.3]the complete
pseudocode for our algorithm for deciding the number of
st-paths of a connected graph G. Then, in Section [3.4]
we sketch the proof of the complexity. Finally, our ex-
perimental results are presented in Section [4

3.2 Multi-source tree data structure We intro-
duce a tree data structure, called Multi-Source Tree
Data Structure (MSTDS), that helps us keep track of
the nesting instances of formulas and (3.2)), as an-
ticipated in Section In the following, we denote by
N +(G) = |Ps.+(G)| the number of st-paths in G.

3.2.1 Exact number of paths We begin by show-
ing how to use the MSTDS and formulas (2.1)) and (3.2]),
to expand the formula for N ,(G) using the BCCs of G.

First, consider the BC-tree of G, where additional
node-vertices for s and t are added, creating an edge
from each of them to every BCC in which they appear.
Recall that the each node-to-root path in the BC-tree
alternates node-vertices (the articulation points in G,
along with s,t) to graph-vertices (the BCCs of G). So,
take the shortest path from node-vertex s to node-vertex
t in the BC-tree, observing that this path has the form
s,Bst,t = s,B1,a1,...,Br_1,ax-1, Bi,t (and noting
that, if s,t belong to the same BCC B, then this path
is simply s, B, t).

The initialization of the MSTDS 7T is a homologous
path, where s is the only leaf, ¢ is the root, and there is a
node for each a; and B; mentioned above, following the
same order. We associate Ng, , q,(B;) with the node
of T representing BCC B;, for 1 < i < k, where we
consider the source s to be ag and the destination ¢ to be
ay. By formula , we obtain the following identity:

k
(33) NS,t(G) = H Nai—lyai (Bl)
i=1

We now discuss the generic expansion step based
on formula . See Figure (1] for an example of the
expansion step. Recall that we may have more than
one source, and we maintain the invariant that there
is a one-to-one mapping between the sources and the
leaves of the MSTDS 7. In all that follows, for a vertex
x of T, let us denote with P(*) the (unique) node-to-
root path in the MSTDS from z to the root ¢.

Let S be the current set of sources, where S = {s}
initially. Given any source § € S, let its shortest path
to t be PG = §,B,a1,...,Bk,l,ak,l,Bk,t, where we
consider the source § to be ag, the destination ¢ to be
ay, and the first BCC B to be B;. In the following, we
identify the a;’s and the B;’s from the BC-tree with the
homologous nodes in 7.

Let ug, ... uq be the neighbors of § in B; add them
to S, and remove § from S El Compute the BC-tree T
of B\ {5} and root it at a;. Let then uy, ..., uq belong
to nodes f1,...,¢4 of T, respectively (if u; belongs to
more than one node of T3, we consider the closest to
the root as él)ﬂ Add u; as a child of ¢; in T for each
j=1,...,d. We now have two possibilities: (1) If § was
the only child of B, we remove nodes § and B from 7.
(2) Otherwise, we cannot remove node B from T there
are still other sources using that BCC. We then simply
remove node § from 7. In the expansion step shown in
Figure [1} we are in case (1), and s and B get removed.

Finally, we attach tree T to node a1 of 7. Note that
the final leaves of T are exactly S\ SU{uy, ..., uq}, which

I1We observe that d > 2 when B is a non-trivial BCC
2We admit the possibility of ¢; = L; for i # j.
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Figure 1: One expansion step of the MSTDS. BCCs of the graph are circled in dashed blue; the MSTDS is shown
on the top right of the graph. Note that 13 = N, ;(G) =10 +2+1 =Y, s Ny +(P")), as per equation (3.4).

is the new set of sources. Going back to the figure, we
have a; = t, and tree T5; composed of By, By, B3. The
new sources become the neighbors {1,4,t} of s.

Let P; be the path from ¢; to a; in T, for each j =
1,...,d. By formula , we observe that Nj o, (B) =

E?Zl Nu, a, (P;), which can be plugged into (3.3):

LEMMA 3.1. The expansion steps in the multi-source
tree data structure T preserve the value of N, . (G),
where P s the leaf-to-root path in T from s to t:

(3.4) Not(G) =D Nuy(P)).

s'eS

The pseudocode for the expansion steps, called
ExXPLODE(), is shown in Algorithm It takes as
input a MSTDS T, a source in S (which is also a
leaf of 7), and it outputs the new tree resulting from
the removal of the given source. We assume to have
a function COMPUTEBCTREE that computes the BC-
tree of a given graph in linear time, using the classic
algorithm by Hopcroft and Tarjan [13].

At this point, we have to discuss two important
issues. In Section we show how to replace N (G)
with a lower bound for it. In Section [3.2.3] we show how
to implement 7 efficiently.

3.2.2 Bounding the number of paths Based on
the multi-source tree data structure 7, we bound the
number of st-paths using a structural lower bounding
function L, (G), with the following properties:

1. Given a biconnected graph G’ and two nodes s',t’ €
V(G'), we have 1 < Ly 1/(G') < Ny v (G’).

2. If G’ is trivial (size 2), then Ly ¢ (G') = 1.

The function L, ,(G) we adopt in our specific im-
plementation is described in Lemma [3:3] For a node-
to-root path P = xBja;...ap_1Byxt, let us denote
Loy = Hle Lq, ,.a;(Bi), where ap = z and a; =
t. Recall that we keep a running lower bound value
IbP, which at any given moment is given by [bP =
> oes Lst- We immediately have the following:

LEMMA 3.2. Consider the multi-source tree data struc-
ture T, where Ng, | 4,(B;) is replaced by L, | a,(B:),
for each path a;_1,B;,a; in T, and, consequently, the
expansion steps maintain a general formula [bP in place
of Ns1(G). Then, N, ((G) > IbP

3.2.3 Efficient implementation We represent the
multi-source tree data structure 7 by directly linking
the BCC nodes, omitting the node-vertices of the BC-
tree. We hold this information in a different way; each
BCC B is a structure containing the following data:

1. Its set of nodes and edges
2. A boolean expressing whether it is a leaf

3. Its unique target t g, which is its parent node-vertex
in the BC-tree (articulation point leading to t)

4. Tts sources: if the BCC is a leaf, these are the actual
nodes in S that it contains; otherwise, we consider
as sources its children node-vertices in the BC tree
(the articulation points leading to its children).

5. Its ancestor product A(B), consisting of the bound
Ly ¢ That is, we keep the product of the bounds of
all the ancestors of B. This is needed to efficiently
update the general bound [bP in O(1).
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Algorithm 1 (Expansion Step for the Multi-
Source Tree Data Structure (MSTDS))

1: A global lower bounding variable IbP is kept
2: procedure EXPLODE(T, § € S)
3: B < parent of leaf §in T

4 i+ parent of Bin T

5 Ts = CoMmPUTEBCTREE(B \ 3,1) > Rooted at ¢
6: for all u € Nj(8) do

7 B, + BCC of Ts containing u closest to t

8: Add w as a child leaf of By; add u to S.

9: end for
10: Remove § from S and from 7T
11: IbP =1bP — L5,
12: if B has no more children then
13: Remove B from T

14: end if

15: Add T as a subtree of T rooted in ¢
16: for all u € N5(5) do IbP =1bP + L+
17: end for

18: return T

19: end procedure

In our implementation, sources are represented as
an array of pairs. In fact, it might happen that the
same node s; becomes a source multiple times. Thus,
each source is represented as a pair (s;,m;), where
the number m; is the multiplicity of source s;, defined
as follows. If z is an articulation point and = ¢ S,
then its multiplicity is -1. The starting source s has
multiplicity 1. Every time a source s; with multiplicity
m,; is removed, three things may happen:

o If x € N(s;) was already a source with multiplicity
myg > 0, then its multiplicity becomes m, + m;.

o If x € N(s;) was already a source with multiplicity
m, = —1 (l.e. it was an articulation point), then
its multiplicity becomes m;.

o If z € N(s;) was not a source, then it becomes one
with multiplicity m;.

To efficiently update the bound, we can then com-
bine the ancestor product with the information about
a source’s multiplicity. More formally, if component B
contains a source (s’,m'), its contribution to the general
bound can be written as

Let=m' Ly ,(B)- A(B).

Let O(f(B)) be the time required to compute Ly ;, (B)
for the BCC B; then the value L, ; is also computable
in O(f(B)) time, independently of the tree size.
Overall, the running lower bound 0P changes twice
during the EXPLODE() procedure. First, at line|l1} the
contribution L3, of the chosen source 5 is removed.

With our implementation, this can be performed in
O(f(B)), as stated above. Then, at line IbP is
increased by adding the contribution £,, ; to it, for each

neighbor u € N(3). This requires O(f(B) |Nz(3)|) =
O(f(B)|V]) time. In this way, the bound is correctly
updated, as per equation (3.4]).

Algorithm 2 (Algorithm for Assessing the Num-
ber of st-Paths)

1: procedure PATHASSESS(G = (V, E), s, t, z)
2: S = {s}

3: Te = ComPUTEBCTREE(G, t)

4: Initialize 7 as the bead string B, in Tg
5: Add t as the root of T, s as only leaf

6: if T is trivial then IbP «+ 1

7 else bP + L

8: end if

9: while [bP < z do

10: if 7T is trivial then Output NO

11: end if

12: Choose a source § € §

13: T = ExprLODE(T, §) > Also updates S, [bP

14: end while
15: Output YES
16: end procedure

3.3 Putting everything together We summarize
what we have discussed so far in the final procedure
PATHASSESS, whose pseudocode is given in Algorithm 2]
The latter takes as input any connected graph G, two
nodes s, t, and a integer parameter z > 0.

First of all, we use the following refinement of the
Cyclomatic Lemma from [3] as function L (G):

LEMMA 3.3. (REFINEMENT OF LEMMA 4.1 FROM [3])
Given a biconnected graph G = (V,E), consider the
Junction C(G) := |E| = |V|+2. Then, for any choice of
s,t € V we have 1 < C(G) < N, (Q).

With the data structures described in Section [3.2.3]
function L, ;(G) = C(G) can be computed in O(1) time.

Secondly, we store the sources S in a last-in-first-
out data structure; this allows us to choose the next
source to expand (line in constant time. This
specific choice is crucial to obtain the promised space
complexity; furthermore, as we will show in section [4]
it allows for faster computation in practice.

In the initialization, we compute the BC-tree
T of G, and we build T wusing the only path
agBia1Bs - - - Bray, from ag = s to ap, = t in Tg. We
set S = {s}, and we initialize the running lower bound
aslbP ==L, = Hle Lo, a:(B;), analogously to what
shown in formula .
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Figure 2: Variant comparison of running time (left) and space (right) for PATHASSESS on citation and road
datasets (the lower the better), with z = 1 billion, and a timeout of 10 minutes.

While [bP is smaller than z , we choose a source
S, and call function EXPLODE(T,5). This updates
the MSTDS, the sources’ set, and the bound I[bP
accordingly (see Algorithm. If now [bP > z, then we
are done, stop and answer YES; otherwise, we repeat the
expansion step. If at a certain point of the computation
all BCCs of T become trivial, we stop anyway and say
NO: indeed, we enumerated all the st-paths in G and,
for this reason, IbP = N, (G) is the exact number of
these paths, which we know is less than z.

3.4 Complexity

THEOREM 3.1. Algorithm PATHASSESS can decide if
the number of st-paths of a connected graph G = (V, E)
is at least z in O(|E| z) time and O(|E||V]) space.

We give a sketch of the proof. We start by analysing
the time complexity of the EXPLODE() procedure (Al-
gorithm . Since our lower bounding function is com-
putable in O(1) time, then any call to EXPLODE() re-
quires O(|E|) time in the worst case. In fact, updating
bound [bP requires O(|V]) time, as discussed in sec-
tion [3:2.3] and every other operation except for the BC-
tree computation is constant-time. Thus, the most ex-
pensive operation is the computation of the BC-tree of
B (line |5), which is still O(|E|) time.

We now prove the O(|F|z) time complexity for
PATHASSESS. Without loss of generality, we can skip
trivial BCCs (i.e. composed of two nodes) in linear
time: if source § chosen at line belongs to a trivial
BCC {3,x}, we consider x as source instead. This can
happen for up to |V/| times in a row. It suffices to study
the complexity of PATHASSESS when the lower bounding
function is constantly one: L,.(-) = 1. In fact, the
steps performed by the algorithm are independent of

the function choice; thus choosing a bigger function may
only speed up the termination. Since EXPLODE() is
only called on non-trivial BCCs, the source always has
at least two neighbors, and thus bound [bP increases by
at least 1 with every such call. Because of this, the while
loop at line [Jiterates for at most z times, each iteration
costing the trivial BCC traversal, plus the complexity
of EXPLODE(): O(|V| + |E|) = O(|E|). The total time
cost of PATHASSESS is O(|E| z), for any choice of L +(-).

On the other hand, the space bound given in
Theorem depends on the leaf choice strategy at
line whenever we call the EXPLODE procedure, we
might create a copy of the current BCC. By adopting the
LIFO strategy, we minimize such memory duplication,
and achieve O(|E||V|) overall space. Intuitively, when
we explode a source 5 € B and duplicate B (adding
O(|E]) space), the newly inserted sources are still nodes
that belonged to B. These sources will be the first to
be exploded next. Proceeding in this way, the whole of
B will be consumed before duplication occurs for any
ancestor or sibling of B; since the paths have length
O(|V']), this adds up to O(|E||V|) space.

4 Experimental Results

This section is devoted to show our experimental results,
evaluating the behaviour of our algorithm PATHASSESS.
As mentioned in Section [I.I] there are no assessment
algorithms for st-paths yet, and we single out the listing
algorithms in [I5] B] as competitors of PATHASSESS.
One competitor is JOHNSON, which is the algorithm
of [15], adapted for assessment as follows: each time a
new path is found, a counter is incremented by one;
if the counter eventually reaches z, the output is YES,
otherwise is NO. The other competitor is CLASSICBCC,
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Figure 3: Running times in seconds (the lower the
better) of all algorithms with unbounded z. For each
graph G = (V, E), we indicate N = |V| and M = |E]|.

which is conceptually equivalent to the one in [3] but
employs simpler data structures to maintain the bead
string. This slightly worsens the theoretical complexity,
but the recursion tree remains the same. Specifically,
CLASSICBCC performs assessment by exploiting equa-
tion and checking if the path counter is at least z.
At every step, the main function takes as input a node u,
which is a current source u. The function computes the
bead string B, :, and it marks as sources all neighbors
v € N, ,(u) of u inside the bead string. Then, it recurs
over each such v. The base case occurs when u = ¢: in
this situation, the path counter is incremented.

Dataset. We tested the algorithms over several
datasets from six main categories: citation networks,
collaboration networks, language graphs, p2p networks,
road networks, and web graphs (see the leftmost
columus of Table [1] for the details of these graphs). For
each graph, we choose a random pair of nodes s,t, and
launch the algorithms with the bead string B, ; as the
input graph.

Computing Platform. Our experiments were
carried on a dual-processor Intel Xeon Gold 5318Y Ice-
lake machine @2.10GHz, with 48 physical cores each
and 1TB of shared RAM, running Ubuntu Server 22.04
LTS. The C++ code is available at https://github.
com/giuliapunzi/stPaths_assessment, and compiled
with version 11.2.0 of the g++ compiler.

Variants’ Comparison and Setup. Before pro-
ceeding, in the following we evaluate several possible set-
tings for PATHASSESS, establishing the setup for the re-
mainder of our experiments. In particular, there are sev-
eral possible strategies for choosing which source s’ € S
to expand at line[T2]of procedure PATHASSESs. We com-
pared five different strategies: (1) Random: pick s’ at
random; (2) Smallest: choose s’ belonging to the BCC

B’ of minimum size; (3) Biggest: choose s’ belonging
to the BCC B’ of maximum size; (4) Maximum ances-
tor bound: choose s’ belonging to the BCC B’ with
maximum A(B’) value; (5) LIFO: choose s in a last-in-
first-out fashion. Figure [2[ compares running time (left)
and space (right) for the variants over several datasets,
with z = 1 billion and a timeout of 30 minutes.

We observe how strategies smallest and LIFO al-
ways outperform all others both in terms of time and
space, in some cases (road networks) of at least one or-
der of magnitude. More specifically, the performance of
LIFO and smallest (both time and space) was one order
of magnitude better than all others on 6 of the 22 con-
sidered datasets (27%), while it was at least two times
better on 8 of the remaining ones (36%). Lastly, there
were 7 graphs where all variants performed equally, and
one last language-type graph (japaneseBook) where the
behaviour differed between time and space: LIFO and
smallest were one order of magnitude worse time-wise,
but one order of magnitude better space-wise. Overall,
we adopt the constant-time strategy LIFO as default in
the rest of the experiments.

Comparisons with z = co. We compare the run-
ning times of PATHASSESS, JOHNSON, and CLASSICBCC
with a virtual value z = oo to observe the behaviour
during all parts of the computation, essentially requir-
ing all the algorithms to find the number of all the paths.
To obtain sufficiently small graphs for this purpose, we
extracted a small subgraph (25-100 nodes) from each
category, and compared the running time of the algo-
rithms. The results are shown in Figure [3] where we
report the running times of the competitors for each of
the subgraphs considered. We observe that PATHASSESS
almost always outperforms cLASSICBCC of at least one
order of magnitude, and JOHNSON of 1.5 times. The
only exception seems again to be graph japaneseBook,
where the improvement with respect to cLASSICBCC
is less evident and JOHNSON is slightly faster (interest-
ingly, we later show how our algorithm still outperforms
JOHNSON on the whole graph for bounded z).

Comparisons with bounded z. In the following,
we report our results concerning true assessment on the
full datasets for various values of z. The results for
z = 1 billion are shown in Table [I| where we report
the number of nodes and edges for each graph, and the
running time, the space used, and the number of paths
found for each algorithm. OOT refers to the fact that
the algorithm reached the timeout, which is set to 30
minutes. In this case, in order to give an idea on how far
the algorithm is from terminating, we report the number
of paths assessed before the timeout. We omit the
results of cLASSICBCC, as it almost always went into
timeout finding at least one order of magnitude of paths
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z = 1 billion
GRAPHS
JOHNSON PATHA SSESS
NaME ‘ NobEs ‘ EDGES e Space PATHS ASSESSED e ‘ Space PATHS ASSESSED
‘ : () | (MB) i () | (MB) i
citeseer 141,090 422,122 ooT 388,550,223 5 1,125 1,001,953,579
cit-HepPh 32,997 419,304 358 [ 30 1,000,000,007 0.5 167 1,047,202,891
cit-HepTh 25,743 350,158 00T 138,362,303 0.8 256 1,004,529,657
cora 1,948 4,475 00T 356,479,058 0.08 18 1,023,538,676
advogato 4,064 41,593 ooT 69,613,257 0.7 157 1,012,895,841
ca-AstroPh 15,929 193,922 ooT 47,882,493 0.95 233 1,023,781,518
ca-CondMat 17,234 84,595 524 [ 11 1,000,000,003 0.24 70 1,905,902,831
ca-HepPh 9,026 114,047 816 | 7 1,000,000,030 0.2 79 1,044,835,780
ca-HepTh 5,903 20,990 00T 340,243,734 0.1 35 1,044,651,124
darwinBook 6,403 43,229 ooT 29,654,119 0.2 38 1,049,829,226
frenchBook 6,395 21,911 00T 8,359,789 0.5 97 1,002,665,823
japaneseBook 1,897 7,194 00T 76,966,934 204 21 1,000,000,052
spanishBook 8,286 39,774 ooT 3,450,391 0.07 24 1,098,621,100
[ p2p [ 4,705,666 [ 141,363,525 H 00T [ 121,010 H 13 [ 4,062 2,869,814,661 ]
[ p2p-Gnutella3l [ 33,813 | 119,127 ] 00T [ 34305802 [[ 6 [ 1,569 [ 1,000,175,372 |
roadNet-CA 1,563,364 2,357,971 00T 124,714 13 2,917 1,257,827,312
roadNet-PA 863,105 1,313,732 491 [ 346 1,000,000,000 30 6,619 1,060,099,149
roadNet-TX 1,050,435 1,572,563 ooT 843,495,171 33 7,032 1,039,417,627
cnr_ 2000 180,581 2,287,332 00T 88,894,150 0.1 92 514,859,833,713
enwiki-20071018 2,045,543 42,311,597 ooT 46,962 8 2,024 8,335,032,150
eu_ 2005 803,975 16,059,329 859 [ 1,557 1,000,000,049 2.5 987 1,418,742,364
GoogleNw 13,403 146,225 109 | 9 1,000,000,001 0.1 23 2,773,834,099

Table 1: Running time (seconds), space (MB), and paths

assessed by JOHNSON and PATHASSESS when performing

assessment with z = 1 billion over all datasets. OOT indicates that the algorithm reached the timeout of 30
minutes and, in this case, the number of paths assessed refers to the ones found within the 30 minutes.

less than JOHNSON. For both space and time, we report
in bold the best performance among the competitors
able to complete the task without running out of time.
Looking at Table it is clear how PATHASSESS
largely outperforms the others in terms of time, ter-
minating in a matter of seconds, or less, while JOHN-
SON often runs out of time (on 73% of the instances).
Furthermore, when JOHNSON did run out of time it of-
ten only found tens of millions of paths, one order of
magnitude less than the sought z. Interestingly, the
worst behaviour for PATHASSESS (hundreds of seconds,
instead of just a few) is on japaneseBook, the same
graph whose subgraph performed badly in the exhaus-
tive counting experiments; still, our algorithm correctly
assesses the existence of at least a billion paths, while
JOHNSON reaches the timeout having found just 77 mil-
lions of them. Concerning space consumption, PATHAS-
SESS typically uses considerably more space than JOHN-
SON, as it has to store the BC-tree; still, the space used
appears acceptable even for commodity hardware.
While for z equal to 1 billion JOHNSON ran very
often into timeout, the number z of paths to be assessed
can be pushed much further when using PATHASSESS.
Indeed, we also ran PATHASSESS with z = 1 trillion
over the same graphs, and the only one which caused a
timeout was japaneseBook; on almost all other datasets
the algorithm still terminated in a matter of tens of
seconds. It is worth remarking that, as the bottleneck

of our approach seems to be the space consumption (as
previously observed in Table 7 to assess for trillions of
paths, tens of gigabytes of memory are often required.

Number of paths assessed over time. We
performed experiments concerning the number of paths
assessed over time. Specifically, all the three competi-
tors while executing, they keep updating a lower bound
on the number of paths they were able to asses so far,
namely a running bound, terminating as soon as this be-
come bigger than z. In the left of Figure 4l we observe
how these running bounds grow during the execution of
the algorithm in the case of some subgraphs of RoadNet-
PA and citeseer when z = oo (also previously consid-
ered in Figure . Our running bound has the fastest
growth, while the one for cLASSICBCC unsurprisingly
grows the slowest.

Similarly, in the right of Figure [ we observe the
growth of these running bounds for z set to 1 trillion
for some road networks (left) and web graphs (right).
In this case, as JOHNSON and CLASSICBCC were not
able to perform this task running always out of time,
the results are shown only for PATHASSESS. It is
worth remarking that in most of the instances, our
running bounds have a more-than-linear growth, hence
explaining why PATHASSESS is so fast to assess z paths,
with z much bigger than N = |V|.
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Figure 4: Number of paths assessed over time. Left: trend for all algorithms when assessing with unbounded z
on two small graphs. Right: trend for PATHASSESS when assessing for z = 1 trillion, with timeout = 10 minutes.
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