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An optimal control problem for the Wigner
equation

Omar Morandi∗ Nella Rotundo† Alfio Borzì‡ Luigi Barletti§

October 27, 2023

Abstract

The Wigner quasi-density function allows a phase-space formulation of statistical
quantum mechanics that is of fundamental importance in theoretical investigation
and in applications. This work contributes to these tasks with the formulation and
analysis of an optimal control problem for the Wigner equation, which describes the
time evolution of the quasi-density function.

For this purpose, two possible control mechanisms are considered and, corre-
spondingly, a detailed analysis in weighted Sobolev spaces for the controlled nonho-
mogeneous Wigner equation is presented. Further theoretical results are reported
concerning existence of optimal controls and differentiability of the control-to-state
map and of the ensemble cost functional, which allows the derivation of the opti-
mality system that characterizes the optimal controls sought.

Keywords: Wigner equation, Schrödinger equation, Optimal control theory, Ensemble cost
functional, Control potentials.

MSC: 35Q93, 49J20, 81Q93

1 Introduction
The works by H. Weyl in [39] and E. Wigner in [40] in the thirties of last century mark
the beginning of a continued effort in the development of a statistical formulation of
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quantum mechanics that is of fundamental importance in the theoretical investigation
of quantum mechanical phenomena and related applications.

A distinctive feature of the Weyl-Wigner formulation is the ability to represent a
quantum state in phase space, thus allowing to draw a clear connection between quan-
tum and classical mechanics from a statistical perspective. In fact, similar to L.E.
Boltzmann’s and J.C. Maxwell’s statistical approach in classical mechanics, the state of
a quantum system is described by a distribution function in phase space that is named
Wigner function. However, the Wigner function can assume negative values and for this
reason is termed a quasi distribution [12]. On the other hand, we can use the Wigner
function in the Weyl-Wigner formulation in the same way of a classical distribution to
obtain a complete statistical description of the state of the system in phase space and,
in particular, compute expectation values of physical observables [4, 22, 37, 42, 28] .

We recall that in Boltzmann’s framework, a time-evolving distribution function pro-
vides a statistical description of an ensemble of trajectories. If these classical particles do
not interact, then the evolution of the distribution function is governed by the Liouville
equation. Specifically, in the case of particles of mass m subject to a potential U(x)
and with initial distribution ρ0(x,p), the statistical description of the ensemble of the
corresponding trajectories is given by the function ρ(x,p, t) that solves the following
Liouville problem

∂tρ+ p
m

· ∇xρ− ∇xU · ∇pρ = 0, ρ(x,p, 0) = ρ0(x,p). (1.1)

In quantum mechanics, because of the uncertainty principle, we cannot refer to a
phase space trajectory in a classical sense. Nevertheless, the term (quantum) trajectory
appears frequently in many different contexts [7, 27, 41] and it acquires its classical
meaning in the semiclassical limit. This density distribution is called the Wigner func-
tion f , and its evolution is governed by the following Wigner equation (also called the
quantum Liouville equation)

∂tf + p · ∇xf − ΘU [f ] = 0, (1.2)

where, for simplicity, we take the mass m = 1.
As in the Liouville problem, a unique f(x,p, t) is obtained by specifying an initial dis-

tribution f(x,p, 0) = f0(x,p). In (1.2), the term ΘU [f ] is a pseudodifferential operator
that is specified below (see Eq. (2.3)). However, for quadratic and linear potentials, the
Wigner equation reduces to the Liouville equation and, in general, in the semi-classical
limit the Liouville equation is recovered regardless of the potential profile.

The ability of the Weyl-Wigner framework to combine concepts that link quantum
and classical mechanics from a statistical perspective makes possible to model interaction
between quantum and classical systems [13, 43], which is essential in applications. In
particular, this framework can also be used to compute quantum corrections to classical
results [32, 40, 30, 25] and to investigate open quantum systems and semiconductors; see,
e.g., [11, 22, 44]. In applications, the Wigner equation appears in various fields including
optics [2, 24], signal processing and pattern recognition [18], quantum transport [21, 36],
quantum tunneling phenomena [3, 17, 34, 29, 31], and decoherence [14, 15, 16].
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However, while a lot of effort has been put in the analysis and simulation of the
Wigner model, much less is known on the formulation and validation of control strategies
of the Wigner function that are of fundamental importance in the design of experiments
and design of semiconductor devices. For this reason, we would like to contribute to this
field of research with the formulation and analysis of optimal control problems governed
by the Wigner equation.

In the formulation of control problems for quantum mechanical systems, a control
mechanism is implemented in the form of a potential representing, e.g., an electric-
magnetic field. A control potential aims at steering the state of a system to perform a
desired task. In particular, we can require to reach a given target state and/or optimize
the expected value of a given observable. Usually, this action results in a change of
energy that necessarily requires a time-dependent potential. Therefore a general setting
consists in a total potential U(x, t) = U0(x) + UC(x, t), where U0 represents the (e.g.,
confining) potential defining the uncontrolled system, and UC is the control potential.
In this framework, the widely considered dipole control mechanism is modelled by the
function ∇xUC(x, t) = u(t) x where u is a modulating control function; see, e.g., [8] and
references therein. Another representative setting is given by a quartic convex potential
U0 and a quadratic concave control potential UC(x, t), which allows to split the density
for channelling and interference experiments; see, e.g., [20].

In the Weyl-Wigner statistical framework, the purpose of any control mechanism
must be formulated in terms of minimizing (or maximazing) expected values of phys-
ical observables. In particular, we could require to maximize the expected value of a
hermitian operator in phase space A at final time t = T given by

Φ = −
∫
R2n

A(x,p) f(x,p, T ) dx dp (1.3)

(where, with a little abuse of notation, we identify the operator A with its Wigner-Weyl
phase-space symbol A(x,p)).

However, in a similar way we can wish to manipulate the distribution function in
order to improve the localization of the system at t = T in the neighbourhood of a given
point in the phase space denoted with (xT ,pT ). For this purpose, we could require to
minimize (1.3) with A replaced by V representing a ‘valley’, that is, a function that is
locally strictly convex at (xT ,pT ) and radially increasing from this point. In particular,
we can take

V (x,p, T ) = −C e−[(x−xT )2+(p−pT )2].
Notice that by defining the bottom of a valley in phase space and time as the trajectory
(xt,pt), t ≥ 0, we can also aim at steering the quantum system such that the distribution
function f(x,p, t) concentrates on this trajectory along the time evolution. Thus, we
would consider the minimisation of the following objective

Ψ =
∫ T

0

∫
R2n

V (x,p, t) f(x,p, t) dx dp dt .

This modelling strategy has been introduced only recently in [10], and further devel-
oped and analyzed in, e.g., [1, 5, 6, 35] for the optimal control of a Liouville equation,
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a linear Boltzmann equation, and a Fokker-Planck equation. As proposed in [10], op-
timal control problems governed by continuity equations and involving expected value
functionals are called ensemble optimal control problems.

We remark that, in addition to defining the purpose of the control, we need to
measure the cost of its action that should be kept as small as possible. For this purpose,
an appropriate norm of the control function UC is added to the functional above, thus
defining a cost functional to be minimized with the additive structure J = Φ+Ψ+∥UC∥2.

Our purpose is to formulate and analyze a class of ensemble optimal control prob-
lems governed by the Wigner equation in phase space. In this way, we extend previous
results [1] for similar problems governed by a generic Liouville equation in the x space.
However, this extension results challenging because of the presence of the pseudodiffer-
ential operator ΘU , and requires to considerably improve upon known results to allow a
complete characterization of solutions to our optimal control problems.

For this reason, we present a novel detailed analysis of the Wigner equation with a
time-varying control potential in a functional setting where the initial condition and the
solution are defined in weighted Sobolev spaces. In this way, we provide the appropriate
functional framework for proving existence of optimal controls and for characterizing
these controls by first-order optimality conditions. Therefore we present a complete
analysis of Fréchet differentiability of the Wigner equation and of the cost functional,
and derive the optimality system that is required for developing optimization procedures
for solving optimal control problems [9].

In the next section, we introduce the Wigner density function and the equation that
governs its time evolution. In this model, we identify two possible control mechanisms. In
Section 3, we present novel theoretical results in weighted Sobolev spaces for a controlled
nonhomogeneous Wigner model. In particular, we discuss existence and regularity of
solutions for different initial conditions. These results are essential for the analysis
presented in Section 4 concerning continuity and differentiability of the control-to-state
map. Section 5 is devoted to the formulation of ensemble optimal control problems
governed by the Wigner equation. In this section, we prove existence of optimal controls.
In Section 6, we discuss Fréchet differentiability of the optimal control problem, and
derive the optimality system that characterizes the optimal controls sought. A section
of conclusion follows and a final Appendix contains a postponed proof.

2 The Wigner equation
The Wigner equation governs the evolution of the Wigner function of a quantum me-
chanical system in the phase space coordinates (x,p). The starting point for the con-
struction this function is the quantum density matrix [19, 37]. The hermitian density
matrix ρ(x,y, t) can be considered as a generalization of Schrödinger’s wavefunctions,
since it accommodates both pure and mixed quantum states. The Wigner function
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represents the inverse Weyl-Wigner transform of the density ρ as follows

f(x,p, t) = 1
(2π)n

∫
Rn
ρ
(
x + ℏη

2 ,x − ℏη

2 , t
)
e−ip·η dη. (2.1)

A direct consequence of this definition is that f is real valued.
Based on this construction, the Wigner equation is obtained starting from the Schrödinger

equation [37]. We have

∂tf(x,p, t) + p · ∇xf − ΘU [f ] = 0, (2.2)

where the skew-symmetric pseudodifferential operator is defined by

ΘU [f ](x,p, t) .= 1
(2π)n

∫
R2n

δU(x,η, t)f(x,p′, t)e−i(p−p′)·η dp′ dη

= 1
(2π)n

∫
Rn
δU(x,η, t)f̂ (x,η, t) e−ip·η dη

= Fη

(
δUf̂

)
(x,p, t) ,

(2.3)

Fη denotes Fourier transform, and

δU(x,η, t) .= 1
iℏ

[
U

(
x + ℏη

2

)
− U

(
x − ℏη

2

)]
. (2.4)

Notice that (2.2) conserves the quasiprobability in the sense that if the initial density
f0 of the system is normalized to one, then the following holds∫

Rn

∫
Rn
f(x,p, t) dp dx = 1, t ≥ 0.

However, although we could choose an initial configuration such that f0(x,p) ≥ 0, during
its evolution the Wigner function can locally take negative values. On the other hand,
it cannot take on arbitrary large values since it holds |f(x,p, t)| ≤ 2/h.

In quantum mechanics, a control mechanism is usually implemented by a control
potential UC that is added to the potential of the uncontrolled system U0; see, e.g., [8].
The uncontrolled potential U0 is typically a confinement potential. Our analysis focuses
on a class of bounded U0, for example a (smooth) potential well. From the mathematical
point of view, the confining character of U0 is not important; from the physical point
of view the confinement is obtained by creating a deep enough well (e.g. by means of
suitable electrostatic fields).

Further, we choose a class of control potentials that includes a transport potential
such that ∇xUC(x, t) = u(t), and a dipole control given by ∇xUC(x, t) = x◦v(t), where
the symbol ◦ denotes the Hadamard product in multidimensions. We remark that the
latter is omnipresent in quantum optimal control in the Schrödinger framework, whereas
the former is typical in open-loop control problems governed by dynamical systems. Due
to the relatively easy implementation, dipole fields are employed in many experiments
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in which particles are confined at the atomic scale. The experimental feasibility of the
control mechanism is at the basis of our choice of considering external dipole field as
control mechanisms to quantum dynamics. The control strategy can be easily understood
by simple consideration on the statistical mechanics of the particle ensemble. Assuming
the initial f0 to be a Gaussian and U0 = 0, one can verify that the transport potential
acts on the mean of the position of an ensemble, whereas the dipole control allows to
manipulate the variance; see, e.g., [10] in the case of the classical Liouville equation. For
our analysis, we make the following assumptions:

(A.1) Assumption on the confinement potential: U0 is bounded and fixed

U0 (x) ∈ C2k
b (Rn

x) , (2.5)

where k ∈ N, and C2k
b (Rn

x) denotes the subspace of the space C2k (Rn
x) of all

2k-times continuously differentiable functions, formed by functions which are uni-
formly bounded together with all their derivatives up to the order 2k.

(A.2) Assumption on the control potential: UC is a dipole-type control

UC (x, t) .=
n∑

i=1
xi ui(t) +

n∑
i=1

x2
i

2 vi(t) . (2.6)

with k ≥ 0, u = (u1, . . . , un) and v = (v1, . . . , vn) are the control functions. We
also define the control pair w = (u,v), and assume that it belongs to the following
space of admissible controls:

U .=
{

w := (u,v) ∈ H1 ([0, T ];Rn) ×H1 ([0, T ];Rn)
}
. (2.7)

We remark that ΘU is linear in U , and, since UC is quadratic, the contribution of
the control potential to the Wigner equation results in the classical expression

ΘUC
[f ] =

[
u(t) + (x ◦ v(t))

]
· ∇pf . (2.8)

In order to express the dependence of the control potential on the control functions we
refer to the control potential as UC(w) which coincides with UC(x, t), with a little abuse
of notation.

3 Analysis of the Wigner function in a weighted space
One of our contribution to the formulation of optimal control problems with the Wigner
model is the analysis of this model with the given time-dependent unbounded control
potentials. For this reason, we have to extend to the non-autonomous case, the results
of existence and regularity for the Wigner equation with time-independent potential U
(see, e.g., [33, 26]). On the other hand, the presence of the confining potential requires
to further develop the theory in [6] on the optimal control of the classical Liouville
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equation in the space of coordinates. Moreover, as illustrated below, the characterization
of optimal controls leads to the formulation of an optimality system that involves the
optimization adjoint of the Wigner equation, which has the same structure of the Wigner
equation but includes a source term. Therefore we study the following nonhomogeneous
Cauchy problem for the Wigner function ∂tf + p · ∇xf − ΘU [f ] = g, in Rn

x × Rn
p × [0, T ]

f|t=0 = f0 , on Rn
x × Rn

p .
(3.1)

In order to accommodate the use of unbounded controls and allow the analysis of
(3.1) and of the resulting optimality system, we choose, as in [6], weighted Sobolev spaces
that provide the appropriate functional setting.

Notation and definitions

Throughout the paper, we use the notation R2n := Rn
x × Rn

p and, when it is clear from
the context, we omit to write this space. For example, if W

(
Rn

x × Rn
p

)
is a generic

Sobolev space on Rn
x × Rn

p, we may denote it only with W .

Definition 3.1. Let (m, k) ∈ N2. We define the space Hm
k

(
Rn

x × Rn
p

)
in the following

way:
H0

k
.= L2

k
.=
{
f ∈ L2 ∣∣ (|x| + |p|)k f ∈ L2

}
,

The space L2
k is endowed with the following norm:

∥f∥L2
k

.=
(∫

R2n

(
1 + |x|k + |p|k

)2
f2 dx dp

) 1
2
.

The space H1
k is endowed with the following norm:

∥f∥H1
k

.=
(∫

R2n

(
1 + |x|k + |p|k

)2 (
f2 + (∇xf)2 + (∇pf)2

)
dx dp

) 1
2
.

Finally, for m ≥ 1, we set

Hm
k

.=
{
f ∈ Hm ∩Hm−1

k

∣∣ (
|x|k + |p|k

)
Dαf ∈ L2(Rn) ∀ |α| = m

}
.

and

∥f∥2
Hm

k

.=
∑

|α|≤m

∥∥∥(1 + |x|k + |p|k
)
Dαf

∥∥∥2

L2
.

Notice that, Hm
k ⊂ Hm for all m and k in N.

In the main part of this section, we present a detailed analysis of the solution to (3.1)
in Hm

k spaces assuming f0 ∈ Hm
k , m = 0, 1, 2, k ∈ N, and a generic source term that

satisfies the following:
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(A.3) Assumption on the nonhomogeneous term

g ∈ L1
(
[0, T ] ; H2

k

(
Rn

x × Rn
p

))
. (3.2)

(A.4) Assumption on the initial density: f0 ∈ Hm
k , for m ∈ {0, 1, 2}, k ∈ N fixed, is

nonnegative, bounded in the sense |f0(x,p)| ≤ 2/h, and normalized:∫
Rn

∫
Rn
f0(x,p) dp dx = 1. (3.3)

In particular, we remark that the bound |f(x,p, t)| ≤ 2/h follows from (2.1). In fact,
every mixed-state density matrix ρ(x, y, t) can be decomposed into a convex combination
of pure-state density matrices ψ(x, t)ψ(y, t), for which the bound follows directly from
the Schwartz inequality (see [12]).

Next, we discuss our problem in the L2
k space. Later, we use this result to prove

similar estimates in the H1
k norm. Finally, we present our results in the H2

k space, which
will be used in the next sections.

Lemma 3.1 (L2
k estimate). Let k ∈ N, T > 0, and the assumption (A.1)-(A.4) be

satisfied with f0 ∈ L2
k. Then there exists a unique solution f ∈ C

(
[0, T ] ; L2

k

)
to the

problem (3.1) and the following estimate holds true for any t ∈ [0, T ]

∥f (·, ·, t)∥L2
k

≤
(

∥f0∥L2
k

+ 3
∫ t

0
∥g (·, ·, τ)∥L2

k
dτ
)

× exp
(

3k
2

∫ t

0

(
1 +

n∑
i

(|ui| + |vi|)
)

dτ +K0t

)
. (3.4)

where we have defined

K0
.= 6
ℏ

1 +
(
ℏ2

2

)k
 ∥U0∥C2k

b
. (3.5)

The proof of Lemma 3.1 is postponed to Appendix A. This result is now used to
prove the main theorems about the Cauchy problem (3.1).

Theorem 3.1 (H1
k estimate). Let k ∈ N, T > 0, and the assumption (A.1)-(A.4) be

satisfied with f0 ∈ H1
k . Then there exists a unique solution f ∈ C

(
[0, T ] ; H1

k

)
to problem

(3.1), and the following estimate holds true for any t ∈ [0, T ]

∥f (·, ·, t)∥H1
k

≤
(

∥f0∥H1
k

+ α

∫ t

0
∥g (·, ·, τ)∥H1

k
dτ
)

× exp
(
C

∫ t

0

(
|u(τ)| + |v(τ)| + ∥U0(τ)∥C2k+1

b

)
dτ + C

t

2

)
, (3.6)

where α = 9
√

2n+ 1.
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Proof: We proceed as in the proof of Lemma 3.1. We take the derivative of
the nonhomogeneous Wigner equation (3.1) with respect to space, we multiply by(
1 + |p|2k + |x|2k

)
∂f
∂xi

and we integrate. This yields

1
2

d
dt

∫
R2n

(
1 + r2k

)( ∂f
∂xi

)2
dx dp ≤

k

2
(
1 +

n∑
j=1

(|uj | + |vj |)
) ∫

R2n

(
1 + r2k

)( ∂f
∂xi

)2
dx dp

+ k

2 |vi|
∫
R2n

(
1 + r2k

)
f2 dx dp

+ ∥U0∥C2k+1
b

2
ℏ

(
1 +

(ℏ2

2
)k
)∫

R2n

(
1 + r2k

) [( ∂f
∂xi

)2
+ f2

]
dx dp

+
∫
R2n

(
1 + r2k

) ∂f
∂xi

∂g

∂xi
dx dp ,

where rk = |p|k + |x|k. After straightforward calculations we obtain

1
6

d
dt ∥∇xf∥2

L2
k

≤K1
(
∥∇xf∥2

L2
k

+ ∥f∥2
L2

k

)
+

√
2n+ 1 ∥∇xf∥L2

k
∥∇xg∥L2

k
, (3.7)

where

K1 =k
(
1 +

n∑
j

(
|uj | + |vj |

))
+ ∥U0∥C2k+1

b

2
ℏ

(
1 +

(ℏ2

2
)k)

,

and we have used
∑

i
√
ai ≤

√
2n+ 1

√∑
i ai. We apply a similar procedure to the

derivative with respect to the momentum of the Wigner function: proceeding as above
but with the pj-derivative, we get

1
2

d
dt

∫
R2n

(
1 + r2k

)( ∂f
∂pi

)2
dx dp

≤
∫
R2n

(
1 + r2k

)(k
2

(
∂f

∂pi

)2
+
∣∣∣∣ ∂f∂pi

∂g

∂pi

∣∣∣∣+ ∣∣∣∣ ∂f∂pi

∂f

∂xi

∣∣∣∣
)

dx dp

+
∣∣∣∣∫

R2n

(
1 + r2k

) ∂f
∂pi

∂

∂pi
ΘU0+UC

[f ] dx dp
∣∣∣∣ .

We study the term Ai
C
.=
∫
R2n

(
1 + |p|2k + |x|2k

)
∂f
∂pi

∂
∂pi

ΘUC
[f ] dx dp. We use (2.8) and

note that∫
R2n

∂f

∂pi

∂

∂pi
ΘUC

[f ] dp =
∫
R2n

1
2
∂

∂pi

(
u · ∇pf

2 +
∑

j

xjvj
∂f2

∂pj

)
dp = 0 .
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We have ∑
i

∣∣∣Ai
C

∣∣∣ ≤Cn
2

2 k
(

|u| + max
j

|vj |
) (

∥∇pf∥2
L2

k
+ ∥f∥2

L2
k

)
.

where we have used∑
i

∫
R2n

|p|2k ∂f

∂pi

∂

∂pi
ΘUC

[f ] dp

= −
∑

i

k

∫
R2n

pi|p|2(k−1)
(
u · ∇pf

2 +
∑

j

xjvj
∂f2

∂pj

)
dp .

Next, we consider the term containing the confining potential:∫
R2n

(
1 + |p|2k + |x|2k

) ∂f
∂pi

∂

∂pi
ΘU0 [f ] dx dp.

We write ∫
Rn

∂f

∂pi

∂

∂pi
ΘU0 [f ] dp = 1

(2π)n

∫
Rn

∣∣∣f̂ (x,η)
∣∣∣2 (−η2

i )δU0(x,η) dη ,

so that we have∑
i

∣∣∣∣∫
R2n

(
1 + |x|2k

) ∂f
∂pi

∂

∂pi
ΘU0 [f ] dp dx

∣∣∣∣
≤2 ∥U0∥L∞(Rn

x)
1

(2π)n

∫
R2n

(
1 + |x|2k

) ∣∣∣f̂ (x,η)
∣∣∣2 |η|2 dη dx

=2 ∥U0∥L∞(Rn
x)

∫
R2n

(
1 + |x|2k

)
|∇pf |2 dp dx .

Finally,let us consider the term containing the momentum∫
R2n

|p|2k ∂f

∂pi

∂

∂pi
ΘU0 [f ] dx dp

= 1
(2π)n

∫
R3n

∂f(x,p)
∂pi

(−iηi)f̂ (x,η)δU0(x,η)|p|2ke−ip·η dη dx dp

=
∫
R2n

∣∣∣f̂ (x,η)
∣∣∣2 (iηi)

 n∑
j

− ∂2

∂η2
j

k

(−iηi)δU0(x,η) dη dx .

Note that  n∑
j

− ∂2

∂η2
j

k

(−iηi)δU0(x,η)

= (−iηi)

 n∑
j

− ∂2

∂η2
j

k

δU0(x,η) +
∑

C∂2k−1
η δU0(x,η)

= (−iηi)
(ℏ

2

)k
 n∑

j

− ∂2

∂x2
j

k

δ+U0(x,η) +
∑

C ′∂2k−1
x δ+U0(x,η) ,
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where we have defined δ+U0
.= 1

iℏ

[
U
(
x + ℏη

2

)
+ U

(
x − ℏη

2

)]
. Now, we can estimate∣∣∣∣∫

R2n
|p|2k ∂f

∂pi

∂

∂pi
ΘU0 [f ] dx dp

∣∣∣∣ ≤(ℏ
2

)k−1
∥U0∥C2k

b
(Rn

x)

∫
R2n

∣∣∣f̂ (x,η)
∣∣∣2 (η2

i ) dη dx

+ C ∥U0∥C2k−1
b

(Rn
x)

∫
R2n

∣∣∣f̂ (x,η)
∣∣∣2 (−iηi) dη dx .

Putting together the estimation for U0 and UC , we have∣∣∣∣∫
R2n

(
1 + r2k

) ∂f
∂pi

∂

∂pi
ΘU0+UC

[f ] dx dp
∣∣∣∣ ≤ C

(
|u| + |v| + ∥U0∥C2k

b
(Rn

x)

)
×
(
∥∇pf∥2

L2
k

+ ∥f∥2
L2

k

)
.

Using the previous estimates we obtain

1
6

d
dt ∥∇pf∥2

L2
k

≤1
2 ∥∇xf∥2

L2
k

(3.8)

+ C
(
1 + |u| + |v| + ∥U0∥C2k

b
(Rn

x)

) (
∥∇pf∥2

L2
k

+ ∥f∥2
L2

)
+

√
2n+ 1 ∥∇pf∥L2

k
∥∇pg∥L2

k
.

Summing up (3.8), (3.7) and (A.7), we get

1
6

d
dt ∥f∥2

H1
k

≤K2 ∥f∥2
H1

k
+ 3

√
2n+ 1 ∥f∥H1

k
∥g∥H1

k
,

where

K2
.=1

3K +K1 + 1
2 + C

(
1 + |u| + |v| + ∥U0∥C2k

b
(Rn

x)

)
.

For the sake of compactness, we write K2
.= C +C

(
|u| + |v| + ∥U0∥C2k+1

b

)
, which yields

d
dt ∥f∥H1

k
≤3K2 ∥f∥H1

k
+ 9

√
2n+ 1 ∥g∥H1

k
.

□

Theorem 3.2 (H2
k norm). Let k ∈ N, T > 0, and the assumption (A.1)-(A.4) be

satisfied with f0 ∈ H2
k . Then there exists a unique solution f ∈ C

(
[0, T ] ; H2

k

)
to the

problem (3.1) and the following estimate holds true for any t ∈ [0, T ]

∥f (·, ·, t)∥H2
k

≤
(

∥f0∥H2
k

+ C

∫ t

0
∥g (·, ·, τ)∥H2

k
dτ
)

×

exp
(
C

∫ t

0

(
|u(τ)| + |v(τ)| + ∥U0(τ)∥C2k+2

b

)
dτ + C

t

2

)
,
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or, in a more compact form,

∥f (·, ·, T )∥H2
k

≤
(
∥f0∥H2

k
+ C ∥g∥L1([0,T ];H2

k)
)

×

exp
(
C

(
∥u + v∥L1([0,T ];ℓn

1 ) + ∥U0∥L1([0,T ];C2k+2
b ) + T

))
, (3.9)

where ℓn1 indicates the L1 norm in Rn.

The proof of Theorem 3.2 follows similar steps to that of Theorem 3.1, so we defer
it to Appendix A.

4 Analysis of the control-to-state map
Our analysis has shown that, for a fixed initial condition and given control functions,
a unique state of the quantum system, represented by its Wigner function, is obtained.
This correspondence defines a control-to-state map. In this section, we prove that this
map is continuous and differentiable.

We assume a fixed initial condition f0 ∈ Hm
k , m = 0, 1, 2, and introduce the control-

to-state map G, defined by

G : U −→ L∞([0, T ];Hm
k

)
, w 7→ f := G(w) ,

where f is the unique solution to the Cauchy problem (3.1), for the given pair of admis-
sible control functions w = (u,v). We have

Lemma 4.1. Let k ∈ N and T > 0 fixed. Let w .= (u,v) and w̃ .= (ũ, ṽ) be two admis-
sible pairs of essentially bounded control functions; let UC and ŨC be the corresponding
control potentials. Denote with δG .= G(w) −G(w̃) the difference of the states resulting
with w and w̃, respectively. We assume that (A.1), (A.3) are satisfied and f0 ∈ H2

k , and
we define

K = K(u + v; f0, g, U0) .=C
(
∥f0∥H2

k
+ C ∥g∥L1([0,T ];H2

k)
)

× (4.1)

exp
(
C

(
∥u + v∥L1([0,T ];ℓn

1 ) + ∥U0∥L1([0,T ];C2k+2
b ) + T

))
.

Then the following estimate holds true for any t ∈ [0, T ]

∥δG (·, ·, t)∥H1
k−1

≤K
∫ t

0

(
|u − ũ|2 + |v − ṽ|2

) 1
2 dt , (4.2)

Proof: From the linearity of the Wigner equation, we find that δG satisfies ∂tδG+ p · ∇xδG− ΘU0+UC
[δG] = Θ

UC−ŨC
[G(w̃)], t ∈ (0, T ]

δG = 0, t = 0.
(4.3)

12



From (2.6), we have UC − ŨC =
(

x · (u − ũ) +
∑

i
x2

i
2 (vi − ṽi)

)
, and from (2.8) we get

Θ
UC−ŨC

[G] = (u − ũ) · ∇pG +
∑

i xi (vi − ṽi) ∂G
∂pi
. Now, we apply Theorem 3.1 to the

problem (4.3), and obtain

∥δG (·, ·, t)∥H1
k−1

≤
(∥∥∥Θ

UC−ŨC
[G(ũ)]

∥∥∥
L1([0,T ];H1

k−1)

)
× (4.4)

exp
(
C

(
∥u + v∥L1([0,T ]) + ∥U0∥L1([0,T ];C2k−1

b ) + T

2

))
.

We estimate the H1
k norm of the non-homogeneous term.∥∥∥Θ

UC−ŨC
[G(w̃)]

∥∥∥2

H1
k−1

≤ |u − ũ|2 ∥∇pG(w̃)∥2
H1

k−1
+ C |v − ṽ|2 ∥∇pG(w̃)∥2

H1
k

≤C
(
|u − ũ|2 + |v − ṽ|2

)
∥G(w̃)∥2

H2
k
.

We have used the estimate∑
i

(
xi (vi − ṽi)

∂G

∂pi

)2
≤ |v − ṽ|2 (∇pG(w̃))2 (1 + |x|)2 ,

and
(
1 + |x|k + |p|k

)2
(1 + |x|)2 ≤ C

(
1 + |x|k+1 + |p|k+1

)2
, which follows easily from

the Young’s inequality ak ≤ k
k+1a

k+1 + k + 1, where a ≤ 0 and k ∈ N.
Applying Theorem 3.2 to G(w̃), we obtain

∥G(w̃) (·, ·, t)∥H2
k

≤
(
∥f0∥H2

k
+ C ∥g∥L1([0,T ];H2

k)
)

×

exp
(
C

(
∥ũ + ṽ∥L1([0,T ];ℓn

1 ) + ∥U0∥L1([0,T ];C2k+2
b ) + T

))
.

Equation (4.4) gives

∥δG (·, ·, t)∥H1
k−1

≤ C

∫ t

0

(
|u − ũ|2 + |v − ṽ|2

) 1
2 dt(

∥f0∥H2
k

+ C ∥g∥L1([0,T ];H2
k)
)

×

exp
(
C

(
∥u + v∥L1([0,T ];ℓn

1 ) + ∥U0∥L1([0,T ];C2k+2
b ) + T

))
.

□
In the following lemma, we state that G, for fixed f0 ∈ Hm

k , m ∈ {1, 2, 3} and k ∈ N, is
weak-weak continuous from U into L∞([0, T ];Hm

k ). The proof of this lemma is standard
and is omitted (see, e.g., [1]).

Lemma 4.2. Under assumptions (A.1)-(A.2)-(A.3)-(A.4), let w ∈ U and
(
wl
)

⊂ U
be a weakly convergent sequence of controls such that wl ∗

⇀ w in L∞([0, T ];R2n) ∩ U .
Then G(wl) ∗

⇀ G(w) in the weak-∗ topology of L∞([0, T ];Hm
k ).
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Next, we investigate the differentiability of the Wigner control-to-state map. We
start considering the Gateaux derivative of this map. For this purpose, let w be an
admissible control pair and define

δεG(w; δw) .=G(w + εδw) −G(w)
ε

,

where δw ∈ L1 ([0, T ];R2n
)

∩ L∞ (
[0, T ];R2n

)
.

Then the Gateaux derivative of G at w in the direction δw is defined as the following
limit

δ0G(w; δw) .= lim
ε→0+

δεG(w; δw) . (4.5)

Whenever possible, in the following we shall omit to write the arguments (w; δw). Ac-
cording to the previous discussion, δεG is a solution to

∂tδ
εG+ p · ∇xδG

ε − ΘU0+UC(w)[δεG] = ΘUC(δw)[G(w + εδw)] . (4.6)

Lemma 4.1 gives (ε < 1)

∥δεG (·, ·, t)∥H1
k−1

≤K
∫ t

0

(
|δu|2 + |δv|2

) 1
2 dt , (4.7)

where K = K(δw; f0, g, U0) is defined in (4.1).
Equation (4.7) provides a uniform bound of the L∞

(
[0, T ];H1

k−1

)
norm of the se-

quence δεG. For small ε, possibly after the extraction of a subsequence, δεG converges
to some δ0G in the weak−∗ topology (same arguments as in Prop. 3.3 of [1]). In order
to obtain the equation satisfied by δ0G, we write Eq. (4.6) in weak form

−
∫ T

0

∫
R2n

(
δεG∂tφ+ p · δεG∇xφ− δεGΘU0+UC(w)[φ]

)
dx dp dt

= −
∫ T

0

∫
R2n

G(w + εδw)ΘUC(δw)[φ] dx dp dt, ∀φ ∈ D ,

where D denotes the space of test functions. Taking the limit ε → 0 (using G(w+εδw) s→
G(w)) we have that δ0G satisfies the following equation in weak form

∂tδ
0G+ p · ∇xδ

0G− ΘU0+UC(w)[δ0G] = ΘUC(δw)[G(w)] . (4.8)

We shall now verify that the convergence δεG → δ0G is strong. We define ρε = δεG−δ0G
and take the difference between (4.6) and (4.8)

∂tρ
ε + p · ∇xρ

ε − ΘU0+UC(w)[ρε] = εΘUC(δw)[δεG],

ρε|t=0 = 0.
(4.9)
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Application of Theorem 3.1 gives

∥ρ (·, ·, t)∥H1
k

≤εC
∫ t

0

∥∥∥ΘUC(δw)[δεG] (·, ·, τ)
∥∥∥

H1
k

dτ× (4.10)

exp
(
C

∫ t

0

(
|u(τ)| + |v(τ)| + ∥U0(τ)∥C2k+1

b

)
dτ + C

t

2

)
,

and, using (4.7), we obtain∥∥∥ΘUC(δw)[δεG]
∥∥∥

H1
k−1

≤ C
(
|δu|2 + |δv|2

) 1
2 ∥δεG∥H2

k

≤ K
(
|δu|2 + |δv|2

) 1
2
∫ t

0

(
|δu|2 + |δv|2

) 1
2 dt ,

where K = K(δu; f0, g, U0, d) defined in (4.1) and

∥ρ (·, ·, t)∥H1
k

≤ εCK

(∫ t

0

(
|δu|2 + |δv|2

) 1
2 dτ

)2
×

exp
(
C

∫ t

0

(
|u(τ)| + |v(τ)| + ∥U0(τ)∥C2k+1

b

)
dτ + C

t

2

)
. (4.11)

We obtain ρε → 0 in L∞ (
[0, T ];H1

k

)
, for ε → 0. These preliminary estimates lead to the

main result of this section:

Theorem 4.1. The map G is Fréchet differentiable from L∞ (
[0, T ];R2n

)
to L∞ (

[0, T ];H1
k

)
for any k ∈ N, and the Fréchet derivative DG(U) agrees with the Gateaux derivative δ0G.

Proof: We consider

G (w, δw) .= G(w + δw) −G(w) − δ0G(w, δw) .

Using the same procedure as for Eq. (4.9), we obtain that G satisfies the problem
∂tG + p · ∇xG − ΘU0+UC(w)[G] = ΘUC(δw)[G(w + δw) −G(w)],

G|t=0 = 0.
(4.12)

and we get an estimate analogous to Eq. (4.11)

∥G∥L∞([0,T ];H1
k) ≤ C ′

(∫ t

0

(
|δu|2 + |δv|2

) 1
2 dτ

)2
. (4.13)

This leads to

lim
∥δw∥L∞([0,T ];R2n)→0

∥∥ G(w + δw) −G(w) − δ0G(w, δw)
∥∥

L∞([0,T ];H1
k)

∥δw∥L∞([0,T ];R2n)
= 0 . (4.14)

□
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5 Ensemble optimal control problems
In this section, we formulate ensemble optimal control problems governed by the Wigner
equation. As indicated in the Introduction, the purpose of the control is the minimisation
of a cost functional. Since in many applications is of particular importance to minimize
(or maximixize) the value of the observables at the final time t = T and to steer the
distribution function along a given path (xt,pt), we consider the following functionals

Φ(f) = −
∫
R2n

A(x,p) f(x,p, T ) dx dp

Ψ(f) =
∫ T

0

∫
R2n

V (x,p, t) f(x,p, t) dx dp dt .

The function V represents a phase space valley where f should concentrate, for example,
V (x,p) = −C e−[(x−xt)2+(p−pt)2]. The functionals Φ and Ψ achieve the control on the
final value of the obsvervable A and the concentration of the distribution on the phase
space, respectively.

In general, we assume that the functions A and V above are bounded. Therefore the
functionals Φ and Ψ are linear and continuous in f and so weakly lower semi-continuous.

In addition to defining the purpose of the control, we need to measure the cost of its
action that should be kept as small as possible. For this reason, we consider a cost term
of the form

κ(w) = 1
2

∫ T

0

(
γ(|u(t)|2 + |v(t)|2) + ν

(∣∣∣∣ du
dt

∣∣∣∣2 +
∣∣∣∣ dv

dt

∣∣∣∣2
))

dt, (5.1)

where γ, ν > 0, and the factor 1/2 is chosen for convenience of later calculations. In (5.1),
the first two terms can be interpreted as the energy of the control, whereas the other
terms measure its variation in time. Notice that, by requiring ν > 0, the control function
w must be in U (recall definition (2.7)), since (5.1) represents a weighted H1(0, T ) norm.
Notice that κ(w) is strictly convex in U .

With this preparation, we can formulate our Wigner ensemble optimal control prob-
lem as follows:

min J(f,w) := Φ(f) + Ψ(f) + κ(w),
s.t. ∂f + p · ∇xf − ΘU0+UC(w)[f ] = 0, (5.2)

f|t=0 = f0, f0 ∈ H1
k

w ∈ U .

Specifically, in (5.2) we have the following cost functional

J(f,w) =
∫ T

0

∫
R2n

V (x,p, t)f(x,p, t) dx dp dt−
∫
R2n

A(x,p)f(x,p, T ) dx dp + κ(w)

(5.3)
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Clearly, J(f,w) is bounded from below and weakly lower semi-continuous.
According to Theorem 3.1, for every w ∈ U and k ∈ N, f0 ∈ H1

k , there exists a
Wigner function f = G(w) ∈ C

(
[0, T ];H1

k

)
satisfying the constraints in (5.2) (i.e. the

Cauchy problem for the Wigner equation). We recall that the control-to-state map G is
continuous. Thus, we can introduce the following reduced cost functional

Ĵ(w) := J
(
G(w),w

)
, (5.4)

so that the optimal control problem (5.2) can be equivalently written as follows

min
w∈U

Ĵ(w) . (5.5)

Theorem 5.1. Under assumptions (A.1)-(A.2)-(A.3)-(A.4), f0 ∈ H1
k , the ensemble

optimal control problem (5.2) (resp. (5.5)) admits at least one solution w∗ ∈ U . The
corresponding state f∗ := G(w∗) belongs to the space C

(
[0, T ];H1

k

)
.

Proof. If (f,w) ∈ C
(
[0, T ];H1

k

)
×H1([0, T ],R2n), the functional J given in (5.3) is well-

defined and coercive in w ∈ U . Furthermore, due to estimate (3.6) in Theorem 3.1, we
have that the map G takes its values in a bounded set of L∞([0, T ], H0

k). It follows that
Ĵ is bounded. Moreover, since G is weak-weak continuous, as stated in Lemma 4.2, and
J is weakly lower semi-continuous, we can state that Ĵ is weakly lower semi-continuous.

Therefore, if
(
wn
)

⊂ U is a sequence which converges weakly to a w ∈ U , we have

lim inf
n→+∞

Ĵ(wn) = lim inf
n→+∞

J
(
G(wn),wn

)
≥ J

(
G(w),w

)
= Ĵ(w) .

With this preparation, the proof of existence of a minimizer for Ĵ is standard: take a
minimizing sequence

(
wn
)

⊂ U , and recall the J is coercive in w. Thus the sequence is
bounded and we can extract a weakly convergent subsequence whose limit is w∗ ∈ U .
Then, by the weak lower semi-continuity of Ĵ , we conclude that w∗ is a minimizer for
Ĵ .

6 Optimality System
In optimal control theory with differential models, we have the task to characterize
solutions to optimal control problems. However, in the case of nonlinear control mecha-
nisms, as in our model, we can have many local and global minima. Thus, although the
proof of existence by minimizing sequences (Theorem 5.1) refers to (possibly non unique)
global minima for our ensemble control problem (5.2), the differential characterization
by first-order optimality conditions (optimality system) applies in the same way to local
and global minima, which include w∗. We remark that the knowledge of the optimality
system is crucial for the development of any gradient-based method for the numerical
solution of optimal control problems; see, e.g., [9].

In order to derive the optimality system, we discuss Fréchet differentiability of Ĵ(w),
and use a Lagrangian framework in order to derive the first-order optimality conditions.

Concerning the differentiability of the reduced cost functional, we have the following.
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Theorem 6.1. The map Ĵ(w) defined in Eq. (5.4) is Fréchet differentiable from L∞ (
[0, T ];R2n

)
∩

U to R.

Proof: We set Ĵ = Ĵ1 − Ĵ2 + κ(w) where

Ĵ1= Ψ
(
G(w)

)
=
∫ T

0

∫
R2n

G(w)(x,p, t)V (x,p, t) dx dp dt,

Ĵ2= −Φ
(
G(w)

)
=
∫
R2n

G(w)(x,p, T )A(x,p) dx dp.

We first consider the differentiability of Ĵ1(w). We define

DĴ1(w) .=
∫ T

0

∫
R2n

δ0G(w)V (x,p, t)(x,p, t) dx dp dt,

where δ0G is defined in Eq. (4.5). Then, we have∣∣∣Ĵ1(w + δw) − Ĵ1(w) −DĴ1(w)
∣∣∣

≤
∫ T

0

∫
R2n

∣∣∣G(w + δw) −G(w) − δ0G
∣∣∣ |V | dx dp dt

≤ C

∫ T

0

∫
R2n

∣∣∣G(w + δw) −G(w) − δ0G
∣∣∣ dx dp dt ,

where C = ∥V ∥L∞([0,T ];L∞(R2n)). The last integral can be estimated by Hölder inequality.
For any k ∈ N such that k > n

2 we have (remind the definition rk .= |x|k + |p|k):∫
R2n

∣∣∣G(w + δw) −G(w) − δ0G
∣∣∣ dx dp ≤

( ∫
R2n

1
(1 + rk)2 dx dp

) 1
2

×
( ∫

R2n

∣∣∣G(w + δw) −G(w) − δ0G
∣∣∣2 (1 + rk)2 dx dp

) 1
2

≤ C
∥∥∥G(w + δw) −G(w) − δ0G

∥∥∥
L2

k

.

In this way we have obtained∣∣∣Ĵ1(w + δw) − Ĵ1(w) −DĴ1(w)
∣∣∣

≤ C

∫ T

0

∥∥∥G(w + δw) −G(w + δw) − δ0G
∥∥∥

L2
k

dt

≤ C
∥∥∥ G(w + δw) −G(w) − δ0G

∥∥∥
L∞([0,T ];L2

k)
and we can evaluate the Fréchet derivative

lim
∥δw∥H1([0,T ];R2n)→0

∣∣∣Ĵ1(w + δw) − Ĵ1(w) −DĴ1(w)
∣∣∣

∥δw∥H1([0,T ];R2n)

≤ C lim
∥δw∥H1([0,T ];R2n)→0

∥∥ G(w + δw) −G(w) − δ0G
∥∥

L∞([0,T ];L2
k)

∥δw∥L∞([0,T ];R2n)
= 0 ,
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where we have used Eq. (4.14) and the estimate

∥δw∥L∞([0,T ];R2n) ≤ C ∥δw∥H1([0,T ];R2n) .

The term Ĵ2 can be treated in the same way. The last term κ(w) of Ĵ is easily seen to
be Fréchet differentiable. □

Since Ĵ(w) is Fréchet differentiable, we can characterize an optimal control as a
solution to the first-order optimality condition given by

∇wĴ(w) = 0,

where ∇w denotes the Fréchet gradient in U .
It is convenient to discuss this characterization by following Lagrange’s approach,

which formally requires to introduce the Lagrange functional

L(f,w, h). .= J(f,w)+ ∫ T

0

∫
R2n

(
∂tf + p · ∇xf − ΘU(w)[f ]

)
h(x,p, t) dx dp dt ,

where h is the lagrangian multiplier. It follows from the results in the previous sections
that this Lagrange functional is Fréchet differentiable and we actually computed the
Gateaux derivatives. In this framework, the optimality system corresponds to requiring
that the derivatives of L with respect to its arguments to f , w and h are zero. Notice
that we assume that the initial condition f0 is given.

We start by deriving L with respect to h. We have

(∇hL, δh) =
∫ T

0

∫
R2n

(
∂tf + p · ∇xf − ΘU(w)[f ]

)
δh dx dp dt .

Hence, (∇hL, δh) = 0 corresponds to the weak formulation of the Wigner equation.
Next, we derive L with respect to f , obtaining

(∇f L, δf) =
∫ T

0

∫
R2n

(
V − ∂th− p · ∇xh+ ΘU(w)[h]

)
δf dx dp dt

+
∫
R2n

[h(x,p, T ) −A(x,p)] δf(x,p, T ) dx dp ,

where δf(x,p, 0) = 0 and we used an integration by parts. Therefore, by requiring
∇f L(f,w, h) = 0, we obtain the adjoint problem

∂th+ p · ∇xh− ΘU(w)[h] = V, in Rn
x × Rn

p × [0, T ]

h|t=T = A, on Rn
x × Rn

p

, (6.1)

where h(x,p, T ) = A(x,p) is the terminal condition.
We remark that this adjoint problem has the same structure of the nonhomogeneous

Wigner problem (3.1) with g replaced by V and f0 replaced by A. Therefore, assuming
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that V and A satisfy the assumptions (A.3) and (A.4), respectively, our results for the
Wigner problem are also valid for the adjoint problem.

Next, we focus on the derivative of the Lagrangian with respect to the control func-
tions. In this case, the calculation of the Gateaux derivative reveals an additional mod-
elling issue, that is, the choice of appropriate initial and terminal conditions for u and
v. In particular, we can require that the controls are switched on at t = 0 and switched
off at t = T , which means w(0) = 0 and w(T ) = 0. Subject to this assumption, we have

(∇uL(f,w, h), δu) = (∇uJ(f,w), δu)

+ lim
ε→0

∫ T

0

∫
R2n

ΘUC(w+εδu)[f ] − ΘUC(w)[f ]
ε

h dx dp dt

= (∇uJ(f,w), δu) +
∫ T

0

∫
R2n

ΘUC(δu)[f ]h dx dp dt ,

and, similarly,

(∇vL(f,w, h), δv) = (∇vJ(f,w), δv) +
∫ T

0

∫
R2n

ΘUC(δv)[f ]h dx dp dt .

First, we evaluate

(∇uJ(f,w), δu) =

lim
ε→0

1
2ε

∫ T

0

(
γ
(
|u + εδu|2 − |u|2

)
+ ν

(∣∣∣∣ du + εδu
dt

∣∣∣∣2 −
∣∣∣∣ du

dt

∣∣∣∣2
))

dt

=
∫ T

0

(
γ (u · δu) + ν

d (u · δu)
dt

)
dt =

∫ T

0

(
γu − ν

d2 (u)
dt2

)
· δu dt,

and the analogous for (∇vJ(f,w), δv). Moreover, we have

ΘUC(δw)[f ] =δu · ∇pf +
∑

i

δvi
xi

2
∂f

∂pi
=
(
δu + 1

2δv ◦ x
)

· ∇pf,

and we obtain

(∇uL(f,w, h), δu) + (∇vL(f,w, h), δv)

=
∫ T

0

(
γu − ν

d2 (u)
dt2

)
· δu dt+

∫ T

0

(
γv − ν

d2 (v)
dt2

)
· δv dt

−
∫ T

0

∫
R2n

h (x,p, t)
(
δu + 1

2δv ◦ x
)

· ∇pf (x,p, t) dx dp dt .

Now, requiring that (∇wL(f,w, h), δw) = 0, we obtain the optimality condition equation
γui − ν

d2ui

dt2 −
∫
R2n

h
∂f

∂pi
dx dp = 0, i = 1, . . . , n,

γvi − ν
d2vi

dt2 −
∫
R2n

h
xi

2
∂f

∂pi
dx dp = 0, i = 1, . . . , n.

(6.2)
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This problem is complemented with homogeneous initial and terminal conditions of
Dirichlet type as discussed above.

Summarizing, the resulting optimality system consists of the forward Wigner problem
(2.2), the adjoint problem (6.1), and the optimality condition (6.2).

∂f

∂t
+ p · ∇xf − ΘU0+UC

[f ] = 0, in [0, T ] × Rn
x × Rn

p,

∂h

∂t
+ p · ∇xh− ΘU0+UC

[h] = V, in [0, T ] × Rn
x × Rn

p,

f |t=0 = f0 , on Rn
x × Rn

p,

h|t=T = A , on Rn
x × Rn

p,

γ ui − ν
d2ui

dt2 −
∫
R2n

h
∂f

∂pi
dx dp = 0, i = 1, . . . , n,

γ vi − ν
d2vi

dt2 −
∫
R2n

h
xi

2
∂f

∂pi
dx dp = 0, i = 1, . . . , n.

(6.3)

where the control potential has the form given by Eq. (2.6).

7 Conclusion
An ensemble optimal control problem governed by the Wigner equation was formulated.
This equation plays a central role in the statistical description of quantum systems in
phase-space, which motivates the choice of ensemble cost functionals and of control
mechanisms acting on the mean and variance of the Wigner density. These choices
together with the presence of a pseudo-differential operator in the Wigner equation
make this work unique in the field of quantum optimal control problems.

A detailed analysis in weighted Sobolev spaces of the proposed controlled Wigner
model and of the corresponding optimization adjoint was presented. This analysis was
further extended to prove existence of optimal controls and differentiability of the control-
to-state map and of the ensemble cost functional, thus allowing the derivation of the
optimality system that characterizes optimal controls.

This work should motivate further research in the field of optimal control problems
governed by the Wigner equation. In fact, it would be possible to consider other control
mechanisms as, e.g., boundary control problems. Moreover, the proposed ensemble
control framework could be extended in order to accommodate other approaches for the
manipulation of the Wigner function as in [38]. On the other hand, additional analysis is
also required to further develop the present setting in order to include, e.g., constraints on
the controls and semi-smooth costs, and to investigate second-order optimality conditions
as in [23].

A Appendix
In this section we give the proofs of Lemma 3.1 and Theorem 3.2
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Proof of Lemma 3.1

Proof: We multiply the Wigner equation (3.1) by |x|k and we integrate with respect to
the space and momentum coordinates. We obtain

1
2

d
dt

∥∥∥|x|kf
∥∥∥2

L2
=
∫
R2n

∂
(
|x|kf

)
∂t

f |x|k dx dp

= 1
2

∫
R2n

f2p · ∇x
(
|x|2k

)
dx dp︸ ︷︷ ︸

.=A1

+
∫
R2n

|x|2kfΘU0+UC
[f ] dx dp︸ ︷︷ ︸

.=A2

+
∫
R2n

|x|2kfg dx dp︸ ︷︷ ︸
.=A3

.

We use
∣∣∣p · ∇x

(
|x|2k

)∣∣∣ ≤ k
(
|x|2 + |p|2

)k, so that

|A1| ≤k

2

∫
R2n

(
|x|2 + |p|2

)k
f2 dx dp .

The contribution to the term A2 given by the control potential vanishes:

∫
R2n

|x|2kfΘUC
[f ] dx dp = 1

2

∫
R2n

|x|2k

(
u(t) · ∇pf

2 +
∑

i

xivi(t)
∂f2

∂pi

)
dx dp = 0 .

Then, we have

|A2| =
∣∣∣∣∫

R2n
|x|2kfΘU0 [f ] dp dx

∣∣∣∣
≤ 1

(2π)n

∫
Rn

|x|2k |δU0(x,η, t)|
∣∣∣f̂ (x,η, t)

∣∣∣2 dη dx

≤ 2
ℏ

∥U0∥L∞(Rn
x)

∫
Rn

|x|2k |f (x,p, t)|2 dp dx ,

where we have used∫
Rn
fΘU0 [f ](x,p, t) dp = 1

(2π)n

∫
Rn
δU0(x,η, t)

∣∣∣f̂ (x,η, t)
∣∣∣2 dη .

We have therefore obtained

1
2

d
dt

∥∥∥|x|kf
∥∥∥2

L2
≤k

2

∫
R2n

(
|x|2 + |p|2

)k
f2 dx dp

+ 2
ℏ

∥U0∥L∞(Rn
x)

∫
Rn

|x|2kf2 dp dx (A.1)

+
∫
R2n

|x|2k|fg| dx dp .
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In a similar way, we multiply the Wigner equation (3.1) by |p|k and integrate

1
2

d
dt

∥∥∥|p|kf
∥∥∥2

L2
= −1

2

∫
R2n

|p|2kp · ∇x
(
f2
)

dx dp︸ ︷︷ ︸
=0

+
∫
R2n

|p|2kfΘU0+UC
[f ] dx dp

+
∫
R2n

|p|2kgf dx dp .

(A.2)

We can write∣∣∣∣12
∫
R2n

|p|2k
(
u · ∇pf

2
)

dp
∣∣∣∣ =

∣∣∣∣∣k
n∑
i

ui

∫
R2n

pi|p|2(k−1)f2 dp
∣∣∣∣∣

≤ k
n∑
i

|ui|
∫
R2n

|pi||p|2(k−1)f2 dx dp

≤ k
n∑
i

|ui|
∫
R2n

1 + |p|2

2 |p|2(k−1)f2 dx dp

≤ k

2

n∑
i

|ui|
∫
R2n

(
1 + |p|2

)k
f2 dx dp . (A.3)

and
1
2

∫
R2n

|p|2k

(∑
i

xivi
∂f2

∂pi

)
dx dp

≤
(

n∑
i

|vi|
)
k

2

∫
R2n

(
1 + |p|2 + |x|2

)k
f2 dx dp.

(A.4)

Using (A.3) and (A.4) in (A.2), we obtain for the control potential

∫
R2n

|p|2kfΘUC
[f ] dx dp ≤ k

2

n∑
i

|ui|
∫
R2n

(
1 + |p|2

)k
f2 dx dp

+
( n∑

i

|vi|
)k

2

∫
R2n

(
1 + |p|2 + |x|2

)k
f2 dx dp.
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Finally, we consider the confining potential U0. By using

(2π)n
∫
R2n

|p|2kfΘU0 [f ] dx dp

=
∫
R4n

f(x,p)f(x,p′)δU0(x,η)

 n∑
j

− ∂2

∂η2
j

k

e−i(p−p′)·η dp′ dη dx dp

=
∫
R4n

f(x,p)f̂ (x,η)


 n∑

j

− ∂2

∂η2
j

k

δU0(x,η)

 e−ip·η dη dx dp

=
(
ℏ2

2

)k ∫
R2n

∣∣∣f̂ (x,η)
∣∣∣2
 n∑

j

− ∂2

∂x2
j

k

δU0(x,η) dη dx ,

we can estimate ∣∣∣∣∫
R2n

|p|2kfΘU0 [f ] dx dp
∣∣∣∣

≤ 2
ℏ

∥U0∥C2k
b

1
(2π)n

(
ℏ2

2

)k ∫
R2n

∣∣∣f̂ (x,η)
∣∣∣2 dη dx

= 2
ℏ

(
ℏ2

2

)k

∥U0∥C2k
b

∥f∥2
L2 .

We obtain
1
2

d
dt

∥∥∥|p|kf
∥∥∥2

L2

≤ k

2

n∑
i

(|ui| + |vi|)
∫
R2n

(
1 + |p|2 + |x|2

)k
f2 dx dp

+ 2
ℏ

(
ℏ2

2

)k

∥U0∥C2k
b

∥f∥2
L2 +

∫
R2n

|p|2k|fg| dx dp .

(A.5)

Summing up (A.5), (A.1) and (A.1) for k = 0, we obtain

1
2

d
dt

∫
R2n

(
1 + |p|2k + |x|2k)f2 dx dp

≤ k

2
(
1 +

n∑
i

(|u1,i| + |u2,i|)
) ∫

R2n

(
1 + |p|2k + |x|2k)f2 dx dp

+ ∥U0∥C2k
b

2
ℏ

(
1 +

(ℏ2

2
)k) ∫

R2n

(
1 + |x|2k)f2 dx dp

+
∫
R2n

(
1 + |p|2k + |x|2k)|fg| dx dp.
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For the last term, we use Hölder inequality∫
R2n

(
1 + |p|2k + |x|2k

)
|fg| dx dp ≤∫

R2n

(
1 + |p|k + |x|k

)2
|fg| dx dp ≤ ∥g∥L2

k
∥f∥L2

k
.

Then, using the inequality

(
1 + |x|2k + |p|2k) ≥ 1

3
(
1 + |x|k + |p|k

)2
, (A.6)

we get

1
2

d
dt ∥f∥2

L2
k

≤K ∥f∥2
L2

k
+ 3 ∥g∥L2

k
∥f∥L2

k
,

where

K = 3k
2
(
1 +

n∑
i

(
|ui| + |vi|

))
+ ∥U0∥C2k

b

6
ℏ

(
1 +

(ℏ2

2
)k)

.

In conclusion, we obtain

d
dt ∥f∥L2

k
≤ K ∥f∥L2

k
+ 3 ∥g∥L2

k
, (A.7)

which proves Lemma 3.1 by applying the Grönwall lemma. □

Proof of Theorem 3.2

Proof: In order to discuss the case of the H2
k norm, we denote by ∂2f a generic second-

order derivative of the Wigner function f with respect to space and momentum variables,
namely

∂2f
.= ∇α

p∇β
xf

where (α, β) is a given couple of multi-indices with |α| + |β| = 2.
We take the derivative of the Wigner equation

∂t(∂2f) = −p · ∇x∂
2f −

(
∂2p

)
· ∇xf + ∂2ΘU0+UC

[f ] + ∂2g .

By defining rk .= |x|k + |p|k, we have

1
2

d
dt

∥∥∥∂2f
∥∥∥2

L2
=
∫
R2n

[p
2 ·
(
∇xr

2k
) (
∂2f

)2
+
(
1 + r2k

) (
∂2f

)
∂2ΘU0+UC

[f ]

+
(
1 + r2k

) (
∂2f

) (
∂2g

)]
dp dx (A.8)
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where we used ∂2p = 0. The first term at the right-hand side of (A.8) is such that∣∣∣∣∫
R2n

p
2 ·
(
∇xr

2k
) (
∂2f

)2
dp dx

∣∣∣∣ =
∣∣∣∣∫

R2n
p · x k|x|2(k−1)

(
∂2f

)2
dp dx

∣∣∣∣
≤ C

∫
R2n

(1 + rk)2
(
∂2f

)2
dp dx .

Regarding the second term, containing the potential U , we consider separately the one
containing the confining potential U0 and the one containing the control potential UC .
We start by writing∫

R2n
(1 + r2k)

(
∂2f

)
∂2ΘU0 [f ] dx dp

= 1
(2π)n

∫
R3n

(1 + r2k)
(
∂2f(x,p)

)
∂2
(
f̂(x,η)δU0(x,η)e−ip·η

)
dη dx dp .

We write |p|2k as follows

|p|2k =
(

n∑
i

p2
i

)k

=
|q|=k∑

q

(
k

q

)
p2q ≡

|q|=k∑
q

(
k

q

)
n∏

i=1
p2qi

i .

We consider

I
.=(2π)n

∫
R2n

|p|2k
(
∂2f

)
∂2ΘU0 [f ] dx dp

=
|q|=k∑

q

(
k

q

)∫
R2n

Fp→η

(
pq
(
∇β

x∇α
pf
))

Fp→η

(
pq∇β

x∇α
pΘU0 [f ]

)
dx dη .

We have

Fp→η

(
pq∇β

x∇α
pf
)

= (i)q(−i)α∇β
x∇q

η

(
ηαf̂(x,η)

)
Fp→η

(
pq∇β

x∇α
pΘU0 [f ]

)
= (−i)q(i)α∇β

x∇q
η

(
ηαδU0(x,η)f̂(x,η)

)
.

We write

∇β
x∇q

η

(
δU0(x,η)ηαf̂(x,η)

)
= ∇β

x
∑
s≤q

(
q

s

)(
∇q−s

η δU0(x,η)
)

∇s
η

(
ηαf̂(x,η)

)

=
∑
l≤β

∑
s≤q

(
β

l

)(
q

s

)(
∇β−l

x ∇q−s
η δU0(x,η)

) (
∇l

x∇s
ηηαf̂(x,η)

)
,

and we obtain

I =
|q|=k∑

q

(
k

q

) ∑
l≤β ; s≤q

(
β

l

)(
q

s

)
×

∫
R2n

(
∇β

x∇q
ηηαf̂(x,η)

) (
∇β−l

x ∇q−s
η δU0(x,η)

) (
∇l

x∇s
ηηαf̂(x,η)

)
dx dη .
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We estimate

|I| ≤C
|q|=k∑

q

∑
l≤β ; s≤q

∥∥∥∇β−l
x ∇q−s

η δU0
∥∥∥

L∞(R2n)

∫
R2n

∣∣∣∇β
x∇q

ηηαf̂
∣∣∣ ∣∣∣∇l

x∇s
ηηαf̂

∣∣∣ dx dη

≤C ∥U∥Ck+2
b

∥f∥2
H2

k
.

The term obtained by multiplying |x|2k instead of |p|2k can be estimated similarly
and we obtain

∣∣∣∣∫
R2n

(
1 + |r|2k

) (
∂2f

)
∂2ΘU0 [f ] dx dp

∣∣∣∣ ≤ C ∥U0∥C2k+2
b

∥f∥2
H2

k
.

Finally, we consider the term of Eq. (A.8) containing the control potential. Equation
(2.8) gives

∂2ΘUC
[f ] =u · ∇p∂

2f +
∑

i

xivi
∂∂2f

∂pi
+
∑
i,j

vi

(
∂

∂pj

∂f

∂pi
+ ∂

∂xj

∂f

∂pi

)
,

and ∫
R2n

(1 + r2k)
(
∂2f

)
∂2ΘUC

[f ] dx dp

=
∑
i,j

vi

∫
R2n

(1 + r2k)
((
∂2f

)( ∂

∂pj

∂f

∂pi
+ ∂

∂xj

∂f

∂pi

))
dx dp .

We obtain ∣∣∣∣∫
R2n

(1 + r2k)
(
∂2f

)
∂2ΘUC

[f ] dx dp
∣∣∣∣ ≤C|v| ∥U0∥C2

b
∥f∥2

H2
k
.

With this Eq. (A.8) gives

1
2

d
dt

∥∥∥∂2f
∥∥∥2

L2
≤C

(
1 + ∥U0∥C2k+2

b
+ |v|

)
∥f∥2

H2
k

+ C ∥f∥H2
k

∥g∥H2
k
,

which implies (3.9). □
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