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A B S T R A C T

We investigate the existence of self-similar solutions for the parabolic equation 𝑢𝑡 = 𝛥𝑢+𝑢𝑚𝐻 (𝑢),
with 0 ≤ 𝑚 < 1 and 𝐻 the Heaviside graph, coupled with the initial datum 𝑢 (𝒙, 0) = −𝑐

(

|𝒙|2
)

1
1−𝑚 ,

with 𝑐 > 0. We analyze two cases: the problem in R𝑛 , 𝑛 > 1, with 𝑚 = 0 and the problem in
R when 0 ≤ 𝑚 < 1. In the first case we extend the result of Gianni and Hulshof (1992) and
show that there exist only two self-similar solutions changing sign, provided 0 < 𝑐 < 𝑐𝑐𝑟, with 𝑐𝑐𝑟
obtained solving a specific algebraic equation depending on 𝑛. In the second case we prove that
there exist at least two self-similar solutions of problem 𝑢𝑡 = 𝑢𝑥𝑥 + 𝑢𝑚𝐻 (𝑢), 𝑢 (𝑥, 0) = −𝑐

(

𝑥2
)

1
1−𝑚 ,

changing sign and evolving region where 𝑢 > 0. These solutions are of great interest. Indeed,
on one hand they prove that the problem does not admit uniqueness and on the other they
prove that a single point where 𝑢 (𝑥, 0) = 0, for an initial datum which is otherwise negative,
can generate a region where 𝑢 (𝑥, 𝑡) is positive.

. Introduction

We consider the initial value problem
{

𝑢𝑡 = 𝛥𝑢 + 𝑢𝑚𝐻 (𝑢) , 𝒙 ∈ R𝑛, 0 < 𝑡,

𝑢 (𝒙, 0) = −𝑐|𝒙|
2

1−𝑚 , 𝒙 ∈ R𝑛,
(1)

here 𝑐 > 0, 𝑚 ∈ [0, 1), and where 𝐻 is the Heaviside graph

⎧

⎪

⎨

⎪

⎩

𝐻 (𝜉) = 1, if 𝜉 > 0,

𝐻 (𝜉) ∈ [0, 1] , if 𝜉 = 0,

𝐻 (𝜉) = 0, if 𝜉 < 0.

In R3 Eq. (1)1 arises, when 𝑚 = 0, in simple models for combustion in porous media and in other physical problems. For more
eferences on the physical background we refer to [1–3]. Problem (1) has some similarity with the Fujita equation [4], which occurs
n problems of nonlinear heat transfer and combustion theory.

The main feature of problem (1) is the presence of the non-Lipschitz continuous semilinear term 𝑢𝑚𝐻 (𝑢) which gives rise to
on-standard behavior of the solution. In particular, the Heaviside graph does not appear in the Fujita equation and the exponent
in the Fujita model is larger than 1.
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On the other hand if 𝑚 > 1 the semilinear source term, 𝑢𝑚𝐻 (𝑢), is Lipschitz continuous which immediately implies uniqueness
or Eq. (1)1.

Referring to physical models, our study is motivated by the question as to whether a reaction diffusion process modeled by (1)
an be switched on if, at 𝑡 = 0, the initial datum 𝑢 (𝒙, 0) is everywhere negative (and therefore the source term initially vanishes),

except at one single point, 𝒙 = 0, where its value is zero. Indeed, the essential feature of (1)1 is that the reaction term (i.e. the
source term) is switched on for 𝑢 > 0. From this point of view, solutions of (1) with change sign are of particular interest.

In this paper we show that for any 0 < 𝑐 < 𝑐𝑐𝑟, where 𝑐𝑐𝑟 depends on 𝑚 and on the dimension of the space, problem (1) admits,
esides the “classical” solution of the heat equation (always negative), two self-similar solutions changing sign even if the initial
atum is always negative except at the point 𝒙 = 0.

The mathematical results obtained in this paper are, in our opinion, of some interest. Indeed, they allow to investigate the
ualitative behavior of the non-unique solutions to problem (1). In this regard it is worthwhile mentioning that problem (1),
n R and under different initial data, does indeed satisfy a uniqueness theorem. For example this is true if 𝑢 (𝑥, 0) ∈ 𝐶1 (R),
(𝑥, 0) 𝑠𝑖𝑔𝑛

(

𝑥 − 𝑥0
)

> 0, ∀ 𝑥 ≠ 𝑥0, 𝑢𝑥 (𝑥, 0) > 0 in a neighborhood of 𝑥0 (see [5,6]).
The question of uniqueness of solutions to problem similar to (1), i.e. to the Fujita equation, has been addressed in [7], where

he authors illustrate some examples of non-uniqueness of positive solutions (not of self-similar type). Still in the context of the
ujita equation we refer the readers to [8] and to the numerous references therein for the question of uniqueness of the solution to
emilinear parabolic equations.

Concerning problem (1), we conjecture that it admits infinite solutions divided into two classes: (i) the solutions connecting
he “unstable” self-similar to the solution of the heat equation (with the same initial datum), (ii) the solutions connecting the
unstable” to the “stable” self-similar. In this regard the adjectives “stable/unstable” are understood in the classical sense while
he word “connecting” means that for 𝑡 → 0, the solutions “behave” like one of the two connected self-similar solutions, while for
→ ∞ are asymptotic to the other. In proving this conjecture the results of this paper will be important and this fact increases their
athematical relevance. Also thanks to the results of this paper it is possible, working in R and considering suitable assumptions,

o prove that Eq. (1)1 complemented with the initial condition 𝑢 (𝑥, 0) = 𝜑 (𝑥), where 𝜑 (𝑥) < 0 in R∖ {0}, 𝜑 (0) = 0, 𝜑 (𝑥) ≥ −𝑐 |𝑥|
2

1−𝑚 ,
with 0 < 𝑐 < 𝑐𝑐𝑟, in a neighborhood of 𝑥 = 0, do not admit uniqueness. Indeed, besides the solution which fulfills the heat equation
(always negative) there is also a solution taking positive values.

The objective and novelty of this study are twofold. First, considering 𝑚 = 0, we investigate problem (1) in R𝑛 thus extending
the results of [5] whose authors analyze problem (1) in R with 𝑚 = 0. In particular, we prove the existence of two and only two
similarity solutions, which take both negative and positive values, in the general 𝑛-dimensional context, provided 𝑐 is positive and
ess than a critical threshold. The second target of this paper is to investigate problem (1) in R, considering 0 ≤ 𝑚 < 1. In analyzing
his case we are led to a non-linear ODE and we will proceed to its qualitative study. Indeed, the case 0 ≤ 𝑚 < 1 is far more complex
han the case 𝑚 = 0 (for this reason our study is limited to the study of the one-dimensional problem). We will prove that (1) in R
dmits at least two self-similar solutions changing sign. The exception is the case 𝑚 = 0, where, as just stated, we prove that the
elf-similar solutions changing sign are exactly two (thus improving the results obtained in [5]).

We believe that the results obtained in the one-dimensional case for 𝑚 ∈ [0, 1), can be extended also to the 𝑛-dimensional case
nd this could be the subject of a future paper.

The paper is organized as follows: in Section 2 we analyze problem (1) in R𝑛 taking 𝑚 = 0. We rewrite the equation considering
pherical symmetry and look for a self-similar solution. We thus end up with a linear ODE whose analytical solution is “almost”
xplicit. Imposing then the initial condition (1)2 we find that there exist two self-similar solutions compatible with the initial datum
f 𝑐 is less than a critical threshold, denoted as 𝑐𝑐𝑟. Section 3 is devoted to the case 𝑛 = 1 and 0 ≤ 𝑚 < 1. Following the same procedure
f the previous section, we obtain a non-linear ODE. We then proceed to a purely qualitative study and prove the existence of at least
wo self-similar solutions compatible with the initial datum. In Section 3.4 we show that there exists a solution which is positive for
ome (𝑥, 𝑡) even if the negative initial datum is not such as to admit self-similar solutions. Some concluding remarks are summarized
n the last Section.

. Case R𝒏 and 𝒎 = 𝟎

We focus on the case 𝑚 = 0 and 𝒙 ∈ R𝑛. Setting 𝑟 = |𝒙|, we rewrite problem (1) considering spherical symmetry

⎧

⎪

⎨

⎪

⎩

𝑢𝑡 =
1
𝑟𝑛−1

(

𝑟𝑛−1𝑢𝑟
)

𝑟 +𝐻 (𝑢) , 𝑟 ≥ 0, 0 < 𝑡,

𝑢 (𝒙, 0) = −𝑐𝑟2 , 𝑟 ≥ 0.
(2)

In a 1D setting, i.e. 𝑛 = 1, problem (2) has been analyzed by Gianni and Hulshof in [5], who showed the existence a positive critical
value of 𝑐, i.e. the constant appearing in the initial datum denoted as 𝑐𝑐𝑟, such that:

• For 0 < 𝑐 < 𝑐𝑐𝑟 there are at least two similarity solutions which take both negative and positive values, besides the negative
self-similar solution,

𝑢 (𝑥, 𝑡) = −𝑐(2𝑡 + 𝑥2) = −𝑐𝑡
⎛

⎜

⎜

2 +

(

𝑥
√

)2
⎞

⎟

⎟

.

2

⎝

𝑡
⎠
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• For 𝑐 ≥ 𝑐𝑐𝑟 the heat equation solution, e.g. 𝑢 (𝑥, 𝑡) = −𝑐(2𝑡 + 𝑥2), is the unique solution of the problem but it is negative.

In this paper we extend the results of [5], proving the existence of only two similarity solutions, which take both negative and
ositive values, problem (2), for sufficiently “small” values of the constant 𝑐 appearing in the initial datum (2)2. This implies, from
he physical point of view, that the reaction is triggered, i.e. 𝑢 becomes positive, by those initial data (2)2 which, although negative,
re characterized by suitable values of 𝑐. As far as we know, this is a rather surprising and unexpected phenomenon whose physical
onsequences are not yet properly understood.

.1. Similarity solutions to (2)

We focus on the similarity solutions to (2)1 which, as we shall see, become positive for 𝑡 > 0 and 𝑟 ∈
(

0,
√

2𝑛𝛼
1−𝛼 𝑡

)

, with 𝛼 defined
in formula (8) below, while they are negative outside this interval. Referring to [5], we search a self-similar solution of (2)1 in the
form

𝑢 (𝑟, 𝑡) = 𝑡𝜇𝑓 (𝑟𝑡𝜈 ) , ⇔
𝑢 (𝑟, 𝑡)
𝑡𝜇

= 𝑓 (𝑟𝑡𝜈 ) . (3)

Writing 𝜂 = 𝑟𝑡𝜈 , upon substitution in (2)1, we find1

𝑡𝜇−1
(

𝜇𝑓 + 𝜈𝜂𝑓 ′) = 𝑡𝜇+2𝜈
(

𝑓 ′′ + 𝑛 − 1
𝜂

𝑓 ′
)

+𝐻 (𝑓 ) . (4)

For Eq. (4) to make sense we need 𝜇 − 1 = 0, 𝜇 + 2𝜈 = 0, yielding 𝜇 = 1 and 𝜈 = −1
2

, namely

𝜂 = 𝑟
√

𝑡
, and 𝑢 (𝑟, 𝑡) = 𝑡𝑓

(

𝑟
√

𝑡

)

, (5)

so that (4) acquires this form

𝑓 ′′ +
𝜂
2
𝑓 ′ + 𝑛 − 1

𝜂
𝑓 ′ − 𝑓 = −𝐻 (𝑓 ) , (6)

which, when 𝑛 = 1, becomes (see also [5])

𝑓 ′′ +
𝜂
2
𝑓 ′ − 𝑓 = −𝐻 (𝑓 ) . (7)

Because of symmetry, we solve (6) for 𝜂 > 0. As for the “initial” conditions to be coupled to (7), we take

𝑓 ′ (0) = 0, 𝑓 (0) = 𝛼 > 0. (8)

he first one is due to the symmetry of problem (1). The second one is motivated by the fact that we look for a solution 𝑢 which is
ositive in a neighborhood of 𝑥 = 0.

In this Section we show that:

(a) System (6), (8) uniquely determine 𝑓 (𝜂), for 𝜂 > 0. The function 𝑓 (𝜂) is positive only in an interval [0, 𝐿), with 𝐿 that depending
on2 𝛼 and 𝑓 is decreasing for 𝜂 > 0.

(b) There exists lim𝑡→0+
(

− 𝑢(𝑟,𝑡)
𝑟2

)

= lim𝜂→+∞

(

− 𝑓 (𝜂)
𝜂2

)

, and it defines a smooth positive function of 𝛼 ∈ [0, 1), denoted as3 𝐹 (𝛼),
which has an isolated maximum and tends to 0 as 𝛼 → 0, or 𝛼 → 1. This means that the initial condition (2)2 can be fulfilled
only if 𝑐 is less than the maximum of 𝐹 . Not only that, but for 𝑐 < 𝑐𝑐𝑟, with

𝑐𝑐𝑟 = 𝐹 (𝛼̄) = max
𝛼∈(0,1)

𝐹 (𝛼) . (9)

the equation 𝐹 (𝛼) = 𝑐 admits two solutions and therefore there exist two self-similar solutions changing sign.

The proof of point (a) can be found in [5] when 𝑛 = 1. Here we consider the more general case 𝑛 ≥ 1. We look for solution to
6) in the form 𝑓 (𝜂) = 𝑎𝜂2 + 𝑏𝜂 + 𝑐, positive in a neighborhood of 𝜂 = 0. Upon substitution in (6) where 𝐻 = 1, we find

𝑓 = 𝑎𝜂2 + 2𝑎𝑛 + 1,

hich fulfills the initial conditions (8) provided 𝑎 = 𝛼 − 1
2𝑛

, namely

𝑓 (𝜂) = 𝛼 − 1 − 𝛼
2𝑛

𝜂2 , (10)

1 ( ⋅ )′ denotes the differentiation with respect to 𝜂.
2 See formula (14) in the sequel.
3 See formula (22) in the sequel.
3
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p

which, in case 𝑛 = 1, becomes

𝑓 (𝜂) = 𝛼 − 1 − 𝛼
2

𝜂2 , (11)

i.e. formula (A.2) of [5]. We have that 𝑓 > 0 as long as

0 ≤ 𝜂 < 𝐿 (𝛼) , (12)

where

𝐿 (𝛼) =
√

2𝑛𝛼
1 − 𝛼

, 𝛼 ∈ [0, 1) , (13)

reducing to (A.3) of [5] when 𝑛 = 1, namely

𝐿 (𝛼) =
√

2𝛼
1 − 𝛼

, 𝛼 ∈ [0, 1) . (14)

We remark that condition (13) reported to the (𝑟, 𝑡) plane, means that 𝑢 is positive when 0 ≤ 𝑟 < 𝐿
√

𝑡. Indeed, 𝜂 = 𝐿, in the (𝑟, 𝑡)
lane, corresponds to the curve

𝑟 = 𝜁 (𝑡) , with 𝜁 (𝑡) = 𝐿 (𝛼)
√

𝑡 =
√

2𝑛𝛼
1 − 𝛼

𝑡,

where 𝑓 vanishes. We further remark that on the curve 𝜁 (𝑡) we have 𝑓 = 0, and (6) is still fulfilled.
We introduce

𝑓 ′ (𝜂)|
|𝜂=𝐿 = −𝛿 (𝛼) , with 𝛿 (𝛼) =

√

2𝛼 (1 − 𝛼)
𝑛

, (15)

and note that 𝐿 (𝛼) and 𝛿 (𝛼), defined for 𝛼 ∈ [0, 1), have the following properties

𝐿 (𝛼) continuous and monotone increasing, 𝐿 (𝛼) ⟶
𝛼→0

0, 𝐿 (𝛼) ⟶
𝛼→1

∞,

𝛿 (𝛼) continuous and ‖𝛿‖𝐶0([0,1]) bounded, 𝛿 (𝛼) ⟶
𝛼→0

0.
(16)

If 𝜂 > 𝐿, 𝑓 given by (10) is no more solution to (7) since 𝑓 < 0. So, the Cauchy problem (6), (8) has to be replaced with

⎧

⎪

⎨

⎪

⎩

𝑓 ′′ +
𝜂
2
𝑓 ′ + 𝑛 − 1

𝜂
𝑓 ′ − 𝑓 = 0, 𝜂 > 𝐿,

𝑓 (𝐿) = 0, 𝑓 ′ (𝐿) = −𝛿 ,
(17)

with 𝐿 and 𝛿 given by (14) and (15), respectively. Following [5], we look for a solution to (17) in the form

𝑓 (𝜂) =
(

𝜂2 + 2𝑛
)

𝑧 (𝜂) ,

so that (17)1 reduce to

𝑧′′
(

𝜂2 + 2𝑛
)

+ 𝑧′
[

4𝜂 +
(

𝜂2 + 2𝑛
)

(

𝜂
2
+ 𝑛 − 1

𝜂

)]

= 0,

namely

𝑧′′

𝑧′
= −

(

4𝜂
𝜂2 + 2𝑛

+
𝜂
2
+ 𝑛 − 1

𝜂

)

,

and so

𝑧 = 𝐴∫

𝜂

𝐿

𝑒−𝑠2∕4

𝑠𝑛−1
(

𝑠2 + 2𝑛
)2
𝑑𝑠 + 𝐵, ⇒ 𝑓 (𝜂) =

(

𝜂2 + 2𝑛
)

[

𝐴∫

𝜂

𝐿

𝑒−𝑠2∕4

𝑠𝑛−1
(

𝑠2 + 2𝑛
)2
𝑑𝑠 + 𝐵

]

.

Imposing the boundary conditions (17)2 we obtain

𝐵 = 0,

𝐴 = −
√

2𝛼 (1 − 𝛼)
𝑛

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
𝛿(𝛼)

𝑒𝐿
2∕4𝐿𝑛−1

(

𝐿2 + 2𝑛
)

,

yielding

𝑓 (𝜂) = −𝛿 (𝛼)
(

𝜂2 + 2𝑛
)

𝑤 (𝜂) , (18)

where

𝑤 (𝜂) =
(

𝐿2 + 2𝑛
)

𝐿𝑛−1 exp
{

𝐿2

4

}

∫

𝜂 𝑒−𝑠2∕4

𝑛−1
(

2
)2
𝑑𝑠.
4

𝐿 𝑠 𝑠 + 2𝑛
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We notice that 𝑓 < 0 for 𝜂 > 𝐿, and that both conditions at 𝜂 = 𝐿, i.e. (17)2, are fulfilled.
Rewriting (18) more explicitly we have

𝑓 (𝜂) = −𝛿
(

𝜂2 + 2𝑛
) (

𝐿2 + 2𝑛
)

𝐿𝑛−1 exp
{

𝐿2

4

}

∫

𝜂

𝐿

𝑒−𝑠2∕4

𝑠𝑛−1
(

𝑠2 + 2𝑛
)2
𝑑𝑠. (19)

If 𝑛 = 1, the integral on the r.h.s. can be explicitly computed and we have

𝑓 (𝜂) = − 𝛿
8
(

𝜂2 + 2
) (

𝐿2 + 2
)

exp
{

𝐿2

4

}[

√

𝜋 erf
( 𝑠
2

)

+ 2𝑠
𝑠2 + 2

exp
{

− 𝑠
2

4

}]𝜂

𝐿
. (20)

We now focus on point (b). Using (19) we write 𝑢 (𝑟, 𝑡) = 𝑡𝑓
(

𝑟∕
√

𝑡
)

𝑢 (𝑟, 𝑡) = −𝑡𝛿
(

𝑟2

𝑡
+ 2𝑛

)

(

𝐿2 + 2𝑛
)

𝐿𝑛−1 exp
{

𝐿2

4

}

∫

𝑟∕
√

𝑡

𝐿

𝑒−𝑠2∕4

𝑠𝑛−1
(

𝑠2 + 2𝑛
)2
𝑑𝑠,

and define

𝐹 (𝛼) = − lim
𝑡→0

𝑢 (𝑟, 𝑡)
𝑟2

= 𝛿 (𝛼)
(

𝐿2 (𝛼) + 2𝑛
)

𝐿𝑛−1 (𝛼) exp
{

𝐿2 (𝛼)
4

}

∫

∞

𝐿(𝛼)

𝑒−𝑠2∕4

𝑠𝑛−1
(

𝑠2 + 2𝑛
)2
𝑑𝑠, (21)

which, exploiting (14) and (15), assumes this form

𝐹 (𝐿 (𝛼)) = 2𝐿𝑛 (𝛼) exp
{

𝐿2 (𝛼)
4

}

∫

∞

𝐿(𝛼)

𝑒−𝑠2∕4

𝑠𝑛−1
(

𝑠2 + 2𝑛
)2
𝑑𝑠, 𝛼 ∈ [0, 1) . (22)

In order to prove the properties of 𝐹 listed in point (b), it is convenient to consider 𝐹 as function of 𝐿. Hence, exploiting (14), we
have

𝐹 (𝐿) = 2𝐿𝑛 exp
{

𝐿2

4

}

∫

∞

𝐿

𝑒−𝑠2∕4

𝑠𝑛−1
(

𝑠2 + 2𝑛
)2
𝑑𝑠, 𝐿 ∈ [0,∞) . (23)

It can be easily realized that 𝐹 > 0, for 𝐿 > 0, and that lim𝐿→0 𝐹 (0) = 0 and, using de l’Hôpital, lim𝐿→∞ 𝐹 (𝐿) = 0.
We consider

𝑔 (𝐿) = 4𝐿2
(

𝐿2 + 2𝑛
)3
, 𝐿 ≥ 0,

hich is a positive function and has an isolated maximum at 𝐿 =
√

𝑛, where 𝑔
(

√

𝑛
)

= 4∕27𝑛2. Moreover 𝑔 → 0 as 𝐿 → ∞,
(0) = 𝑔′ (0) = 0 and 𝑔′′ (0) = 1∕𝑛3. We then observe that ∀ 𝑛 we have 𝐹 (𝐿) > 𝑔 (𝐿), for 𝐿 ∈ (0, 𝜎), provided 𝜎 is sufficiently small

this fact follows from Taylor expansions of (𝐹 − 𝑔) around 𝐿 = 0). So, taking 𝐿𝑜 ∈ (0, 𝜎), 𝐹 (𝐿) fulfills this Cauchy problem

⎧

⎪

⎨

⎪

⎩

𝐹 ′ = 𝐿2 + 2𝑛
2𝐿

(

𝐹 − 4𝐿2
(

𝐿2 + 2𝑛
)3

)

= 𝐿2 + 2𝑛
2𝐿

(𝐹 − 𝑔) ,

𝐹 |𝐿𝑜 = 𝐹
(

𝐿𝑜
)

≩ 𝑔
(

𝐿𝑜
)

.

(24)

We remark that, if 𝐹 (𝐿) ≩ 𝑔 (𝐿) ∀ 𝐿 ≥ 𝐿𝑜, then we would have 𝐹 ′ (𝐿) > 0, ∀ 𝐿 ≥ 𝐿𝑜 and that would contradict lim𝐿→∞ 𝐹 (𝐿) = 0.
Hence there exists 𝐿̄ such that 𝐹

(

𝐿̄
)

= 𝑔
(

𝐿̄
)

(and therefore 𝐹 ′ (𝐿̄
)

= 0), and 𝑔′
(

𝐿̄
)

> 0. Since 𝑔′ < 0 for 𝐿 >
√

𝑛 (recall that in
𝐿 =

√

𝑛, 𝑔 has an isolated maximum) it must be 𝐿̄ ≤
√

𝑛. We now prove that 𝐿̄ is strictly less than
√

𝑛, so that 𝑔′
(

𝐿̄
)

> 0. We
proceed by assuming that 𝐿̄ =

√

𝑛 and show that we run into a contradiction. If 𝐿̄ =
√

𝑛, then 𝐹
(

√

𝑛
)

= 𝑔
(

√

𝑛
)

, 𝐹 ′
(

√

𝑛
)

= 𝑔′
(

√

𝑛
)

,

because (24)1 and 𝐹 ′′
(

√

𝑛
)

= 0 while 𝑔′′
(

√

𝑛
)

= − 32
81𝑛3

. So taking 𝐿 ∈
(

√

𝑛,
√

𝑛 + 𝜀
]

, for some sufficiently small 𝜀 > 0, we have

(𝐹 − 𝑔) (𝐿) > 0 entailing 𝐹 ′ (𝐿) > 0. In particular, if 𝐹 ′ is positive in a neighborhood of
√

𝑛, then 𝐹 ′ > 0 for any 𝐿 >
√

𝑛, because 𝑔
s monotone decreasing for 𝐿 >

√

𝑛. We thus get a contradiction since lim𝐿→∞ 𝐹 (𝐿) = 0.
Thus far, we have proved that there exists 0 < 𝐿̄ ≨

√

𝑛, such that 𝐹
(

𝐿̄
)

= 𝑔
(

𝐿̄
)

and so 𝐹 ′ (𝐿̄
)

= 0, because of (24)1. For
𝐿 ∈

(

𝐿̄,
√

𝑛
]

, 𝐹 is decreasing while 𝑔 is increasing and therefore (𝐹 − 𝑔) ≨ 0. For 𝐿 ≥
√

𝑛, (𝐹 − 𝑔) is definitely not positive because
if (𝐹 − 𝑔) > 0 for some 𝐿̃ >

√

𝑛, then 𝐹 would be increasing ∀ 𝐿 > 𝐿̃, contradicting the fact that lim𝐿→∞ 𝐹 (𝐿) = 0. We thus have
proved that 𝐹 (𝐿) has only one critical point (maximum) attained at 𝐿̄ <

√

𝑛. In particular, since 𝐹 is decreasing as 𝐿 > 𝐿̄, while 𝑔
increases again until it reaches its peak at 𝐿 =

√

𝑛, we have an upper estimate for max𝐿 𝐹

max
𝐿≥0

𝐹 = 𝐹
(

𝐿̄
)

< 𝑔
(

√

𝑛
)

= 4
27𝑛2

.

he above properties, proved for 𝐹 (𝐿), are reflected to 𝐹 (𝛼) since 𝐿 (𝛼), given by (13), is continuous and monotone increasing.
ndeed, recalling (13), we define

𝛼̄ = 𝐿̄2
, (25)
5

𝐿̄2 + 2𝑛
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Fig. 1. Behavior of 𝐹 (𝛼) defined by (22) for 0 ≤ 𝛼 < 1 and 𝑛 = 1.

and so, recalling (9), we obtain an upper estimate for 𝑐𝑐𝑟

𝑐𝑐𝑟 = 𝐹 (𝛼̄) = max
𝛼∈(0,1)

𝐹 (𝛼) = max
𝐿≥0

𝐹 < 4
27𝑛2

.

ext, since 𝐿̄ <
√

𝑛, we can estimate 𝛼̄, i.e. the value at which 𝐹 (𝛼) attains its maximum. Indeed, exploiting (25), we have 𝛼̄ < 1∕3.
We can therefore state that there exist only two similarity solutions (which take both negative and positive values) to problem

2) provided the equation 𝐹 (𝛼) = 𝑐 has solution, i.e. provided 0 < 𝑐 < 𝑐𝑐𝑟.
For readers’ convenience, the behavior of 𝐹 (𝛼), for 0 ≤ 𝛼 < 1 and 𝑛 = 1, is displayed in Fig. 1. In this case max𝛼∈(0,1) 𝐹 (𝛼) ≈

0.12 < 4∕27.
We emphasize that the proof of the existence of only one maximum for 𝐹 (𝛼) for any 𝑛 ≥ 1, enriches the results4 of [5].

. Case R and 𝟎 ≤ 𝒎 < 𝟏

We now take 𝑚 ∈ [0, 1) and investigate the existence of self-similar solution to (1) in the one-dimensional setting, i.e.
{

𝑢𝑡 = 𝑢𝑥𝑥 +𝐻 (𝑢) , 𝑥 ∈ R, 0 < 𝑡,

𝑢 (𝑥, 0) = −𝑐𝑥2 , 𝑥 ∈ R.
(26)

n the same spirit of [5], we consider

𝑢 = 𝑡𝛽𝑓 (𝜂) , with 𝜂 = 𝑥𝑡𝜃 .

nserting such an ansatz in (26)1 we obtain

𝛽𝑡𝛽−1𝑓 + 𝜃𝑡𝛽−1𝜂𝑓 ′ = 𝑡2𝜃+𝛽𝑓 ′′ + 𝑡𝑚𝛽𝑓𝑚𝐻 (𝑓 ) ,

which entails
{

2𝜃 + 𝛽 = 𝛽 − 1,

𝑚𝛽 = 𝛽 − 1,
⟹

⎧

⎪

⎨

⎪

⎩

𝜃 = −1
2
,

𝛽 = 1
1 − 𝑚

,
(27)

ith 𝛽 ∈ [1,+∞) for 0 ≤ 𝑚 < 1.
Hence the self-similar solutions must have this form5

𝑢 (𝑥, 𝑡) = 𝑡
1

1−𝑚 𝑓

(

𝑥
√

𝑡

)

. (28)

As in the previous section 𝑢 is positive when 0 ≤ 𝑥 < 𝐿
√

𝑡. Indeed, 𝜂 = 𝐿, in the (𝑥, 𝑡) plane, corresponds to the curve

𝑥 = 𝐿
√

𝑡, (29)

where 𝑓 vanishes. Fig. 2 displays the behavior of the curve (29) for three values of 𝐿 computed when 𝑚 = 0.25, 0.5, 0.75.
The initial condition (26)2 can be rewritten as

𝑢 (𝑥, 0) = −𝑐𝑥2𝛽 , (30)

4 We recall that in [5] the authors, working in R, i.e. 𝑛 = 1, prove the existence of at least two similarity solutions as they only prove that 𝐹 is positive and
hat tends to 0 as 𝛼 → 0, or 𝛼 → 1.

5 We note that (3) is recovered when 𝑚 = 0.
6
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Fig. 2. Behavior of the curve (29) for three values of 𝐿 computed when 𝑚 = 0.25, 0.5, 0.75.

Fig. 3. Behavior of 𝑓 (𝜂) solution to the Cauchy problem (34) when 𝑚 = 0.25, 0.5, 0.75, for three values of 𝛼 < 𝛼𝑚.

which is fulfilled by the similarity solutions if

lim
𝑡→0

𝑢 (𝑥, 𝑡) = lim
𝑡→0

𝑡𝛽𝑓

(

𝑥
√

𝑡

)

= −𝑐𝑥2𝛽 , ⟹ lim
𝑡→0

(
√

𝑡
𝑥

)2𝛽

𝑓

(

𝑥
√

𝑡

)

= −𝑐. (31)

o, following a similar path to the one illustrated in Section 2.1, we will show that there exists lim𝜂→+∞

(

− 𝑓 (𝜂)
𝜂2𝛽

)

, where, as usual,
𝜂 = 𝑥∕

√

𝑡, and that it defines a smooth positive function of the parameter 𝛼, namely

𝐹 (𝛼) = − lim
𝜂→∞

𝑓 (𝜂)
𝜂2𝛽

, (32)

which replaces definition (21).
Imposing condition (31) we obtain

lim
𝜂→∞

𝑓 (𝜂)
𝜂2𝛽

⏟⏞⏞⏞⏟⏞⏞⏞⏟
−𝐹 (𝛼)

= −𝑐 , ⟹ 𝐹 (𝛼) = 𝑐. (33)

In particular, we prove that the equation 𝐹 (𝛼) = 𝑐 has at least two solutions for sufficiently “small” values of 𝑐, provided 0 < 𝛼 < 𝛼𝑚,
with 𝛼𝑚 defined by (35) a few lines below. We thus will show that there exist at least two similarity solutions (which take both
negative and positive values) to problem (26).

Since we look for a even function, we have to solve this Cauchy problem

⎧

⎪

⎨

⎪

⎩

𝑓 ′′ = 1
1 − 𝑚

𝑓−
𝜂
2
𝑓 ′ − 𝑓𝑚𝐻 (𝑓 ) , 𝜂 > 0

𝑓 ′ (0) = 0, 𝑓 (0) = 𝛼 ∈ R.
(34)

Actually, the solution of (34) depends also on the parameter 𝛼 and therefore should be denoted by 𝑓𝛼 (𝜂). However, in order not to
make the notation too heavy, we will omit to write the subscript 𝛼 unless it is necessary to highlight this dependence.

This Section develops as follows. In Section 3.1 we show that, for each 𝛼 ∈
(

0, 𝛼𝑚
)

, with 𝛼𝑚 defined by (35), there exists a unique
𝐿 such that 𝑓 (𝐿) = 0 and that 𝑓 ′ (𝐿) ≨ 0. We also show that both 𝐿 and the derivative of 𝑓 at 𝜂 = 𝐿 are continuous functions of 𝛼
and that 𝐿 tends to 0 if 𝛼 → 0 and that it tends to ∞ when 𝛼 → 𝛼𝑚. In Section 3.2 we analyze problem (34) for 𝜂 > 𝐿. Section 3.3
is devoted to the existence of solutions to Eq. (33).
7

Fig. 3 displays 𝑓 (𝜂) solution to the Cauchy problem (34) when 𝑚 = 0.25, 0.5, 0.75, for three values of 𝛼, smaller than 𝛼𝑚.
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3.1. Solution to problem (34) for 𝜂 < 𝐿

We are interested in those solutions to problem (34) which change sign. Hence, resuming the notation already introduced in
Section 2.1, we have

Proposition 1. Problem (34) has a solution which changes sign provided 0 < 𝛼 < 𝛼𝑚, with

𝛼𝑚 = (1 − 𝑚)
1

1−𝑚 . (35)

In particular, there exists 𝐿 > 0 such that 𝑓 > 0 for 0 ≤ 𝜂 < 𝐿, 𝑓 (𝐿) = 0, 𝑓 ′ (𝐿) < 0, and 𝑓 < 0 if 𝜂 > 𝐿.
Moreover, 𝑓 tends uniformly to 0 in any compact set, as 𝛼 → 0.

roof. First we will show that if 𝛼 < 0 or 𝛼 ≥ 𝛼𝑚 then the solution 𝑓 to problem (34) does not change sign (and consequently the
(𝑥, 𝑡) does not change sign either).

Let us first consider the case 𝛼 < 0, so that (34) reduces to

⎧

⎪

⎨

⎪

⎩

𝑓 ′′ = 1
1 − 𝑚

𝑓−
𝜂
2
𝑓 ′, 𝜂 > 0

𝑓 (0) = 𝛼 < 0, 𝑓 ′ (0) = 0,
(36)

at least for 𝜂 sufficiently small. If we take 𝜂 ∈
[

0, 𝜂𝑜
]

, with 𝜂𝑜 sufficiently small then 𝑓 ′′ < 0 and so 𝑓 ′ < 0 and 𝑓 < 𝛼 in
(

0, 𝜂𝑜
)

. Let us
assume that (0,𝓁) is the maximal interval where 𝑓 ′ ≤ 0. If 𝓁 <∞, we have 𝑓 ′ (𝓁) = 0. As a consequence, 𝑓 ≤ 𝛼 < 0 in [0,𝓁], and so,
exploiting the equation, we have 𝑓 ′′ (𝓁) < 0, entailing that 𝑓 ′ ≤ 0 in

(

0,𝓁
)

with 𝓁 > 𝓁. Hence (0,𝓁) is not maximal and this yields
= ∞. We thus conclude that 𝑓 < 𝛼 < 0, for 𝜂 ∈ (0,∞) when 𝛼 < 0. Therefore, in this case 𝑓 is always negative and consequently
(𝑥, 𝑡) < 0, i.e. 𝑢 being the solution of the heat equation.

Let us now focus on the case 𝛼 ≥ 𝛼𝑚. We begin by observing that if 𝛼 > 0, there exists some positive (possibly small) 𝜂𝑜, such
hat for 𝜂 ∈

[

0, 𝜂𝑜
]

problem (34) has to be written as

⎧

⎪

⎨

⎪

⎩

𝑓 ′′ = −
𝜂
2
𝑓 ′ + 1

1 − 𝑚
𝑓 − 𝑓𝑚, 𝜂 > 0,

𝑓 (0) = 𝛼, 𝑓 ′ (0) = 0.
(37)

Next, let us consider the case 𝛼 = 𝛼𝑚, with 𝛼𝑚 given by (35). In this case the solution to problem (37) is 𝑓 ≡ 𝛼𝑚, i.e. always positive,
since 1

1−𝑚𝛼𝑚 −
(

𝛼𝑚
)𝑚 = 0.

We now consider the case 𝛼 > 𝛼𝑚. First of all we observe that

1
1 − 𝑚

𝑓 − 𝑓𝑚 =
𝑓

1 − 𝑚

(

1 − 1 − 𝑚
𝑓 1−𝑚

)

=
(35)

𝑓
1 − 𝑚

[

1 −
(

𝛼𝑚
𝑓

)1−𝑚
]

.

ence
(

𝑓
1 − 𝑚

− 𝑓𝑚
)

≥ 0, if 𝑓 ≥ 𝛼𝑚 = (1 − 𝑚)
1

1−𝑚 . So, if 𝛼 > 𝛼𝑚, there exists 𝜂𝑜 > 0, such that, if 𝜂 ∈
[

0, 𝜂𝑜
]

, 𝑓 ′′ (𝜂) > 0 and so
′ (𝜂) > 0 in

(

0, 𝜂𝑜
)

since 𝑓 ′ (0) = 0. Hence 𝑓 > 𝛼 in
(

0, 𝜂𝑜
)

. Therefore, proceeding as in the case 𝛼 < 0, we prove that, if 𝛼 > 𝛼𝑚,
> 𝛼 > 𝛼𝑚, for 𝜂 ∈ [0,∞), and so 𝑓 is always positive (i.e. 𝑢 does not change sign).
We now take 0 < 𝛼 < 𝛼𝑚 (which is the most delicate situation) and show that now 𝑓 (𝜂), solution to the Cauchy problem (37),

hanges sign. We first show that 𝑓 ′ < 0, for 𝜂 > 0 as long as 𝑓 > 0. As before, 𝑓 ′′ < 0 for 𝜂 ∈
[

0, 𝜂𝑜
]

, for some 𝜂𝑜 sufficiently small
nd so 𝑓 ′ (𝜂) < 0, in

(

0, 𝜂𝑜
]

. So, let (0, 𝐿) be the maximal interval where 𝑓 ′ ≤ 0, and 𝑓 > 0. Three cases can occur:

ase 1.a. 𝐿 < +∞, with 0 < 𝑓 (𝐿) < 𝑓 (0) = 𝛼 < 𝛼𝑚 and 𝑓 ′ (𝐿) = 0.

ase 1.b. 𝐿 < +∞, with 𝑓 (𝐿) = 0, and 𝑓 ′ ≤ 0 in [0, 𝐿] (we will prove that this is the only possible case).
r 𝐿 = +∞, i.e.

ase 2. 𝑓 (𝜂) > 0, 𝑓 ′ (𝜂) ≤ 0 for 𝜂 > 0 and consequently lim𝜂→∞ 𝑓 (𝜂) = 𝑓𝑜 ≥ 0, i.e. 𝑓 does not change sign.
Let us first show that Case 1.a cannot occur. Indeed 0 < 𝑓 (𝐿) < 𝛼 < 𝛼𝑚 and 𝑓 ′ (𝐿) = 0, entail that 𝑓 ′′ (𝐿) ≥ 0 (otherwise

𝑓 ′′ (𝐿) < 0 and so 𝑓 ′ ≤ 0 and 𝑓 > 0, beyond 𝐿, contradicting its maximality). On the other hand using (37)1

𝑓 ′′ (𝐿) =
𝑓 (𝐿)
1 − 𝑚

[

1 −
(

𝛼𝑚
𝑓 (𝐿)

)1−𝑚
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
<0

− 𝐿
2
𝑓 ′ (𝐿)

⏟⏞⏟⏞⏟
=0

, ⟹ 𝑓 ′′ (𝐿) < 0,

thus obtaining a contradiction.
In the sequel we show that also Case 2 is impossible.
We proceed assuming that Case 2 holds true, showing that in this way we obtain a contradiction. We first show that 𝑓 ′ can have

at most one local minimum. This fact entails two cases: 𝑖 lim 𝑓 ′ = 0; or 𝑖𝑖 𝑓 ′ ≤ 𝑘 < 0, for 𝜂 sufficiently large. Obviously option
8

( ) 𝜂→∞ ( )
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(𝑖𝑖) trivially implies Case 1.b. Let us start the proof that 𝑓 ′ has at most one local minimum. Assume that 𝜂 = 𝑝 is a local minimum
or 𝑓 ′ (𝑝). We have 𝑓 (𝑝) > 0, 𝑓 ′ (𝑝) < 0, 𝑓 ′′ (𝑝) = 0, and 𝑓 ′′′ (𝑝) ≥ 0. On the other hand, differentiating Eq. (37)1, we have

𝑓 ′′′ (𝑝) = 𝑓 ′ (𝑝)
[

1
1 − 𝑚

− 1
2
− 𝑚
𝑓 1−𝑚 (𝑝)

]

≥ 0,

and so

1
1 − 𝑚

− 1
2
− 𝑚
𝑓 1−𝑚 (𝑝)

≤ 0, ⟹ 𝑓 (𝑝) ≤ (1 − 𝑚)
1

1−𝑚
⏟⏞⏞⏞⏟⏞⏞⏞⏟

𝛼𝑚

( 2𝑚
1 + 𝑚

)

1
1−𝑚

< 𝛼𝑚.

Now we suppose that at 𝜂 = 𝑠 > 𝑝, 𝑓 ′ has a local maximum. Since, 𝑓 ′ (𝑠) < 0, 𝑓 ′′ (𝑠) = 0, and 𝑓 ′′′ (𝑠) ≤ 0, by repeating the same
rocedure we obtain

𝑓 (𝑠) ≥ 𝛼𝑚
( 2𝑚
1 − 𝑚

)

1
1−𝑚

,

hich is an obvious contradiction since 𝑓 is decreasing for 𝜂 > 0. Hence, exploiting what we have just obtained, we conclude that,
if 𝑓 ′ is not monotone decreasing, i.e. if Case 1.b does not occur, then 𝑓 ′ is monotone increasing for 𝜂 > 𝑝, and, since 𝑓 ′ ≤ 0, we
have that lim𝜂→∞ 𝑓 ′ = 𝑞 ≤ 0. But if 𝑞 ≨ 0, we are again in case Case 1.b. Hence if Case 1.b does not occur we have lim𝜂→∞ 𝑓 ′ = 0,
and lim𝜂→∞ 𝑓 (𝜂) = 𝑓𝑜 ≥ 0, i.e. we are in Case 2. But we are going to prove that Case 2 does not occur. Indeed, we have just seen
hat if 𝑓 does not touch zero, then: (i) lim𝜂→∞ 𝑓 ′ = 0; (ii) 𝑓 ′ has only a local minimum attained at some point 𝜂 = 𝑝. Hence, for
𝜂 ≥ 𝑝, we have 𝑓 ′′ (𝜂) ≥ 0, and so (37)1 gives

𝜂
2
𝑓 ′ =

(

−𝑓 ′′)

⏟⏟⏟
≤0

+
( 1
1 − 𝑚

𝑓 − 𝑓𝑚
)

≤ 1
1 − 𝑚

𝑓 − 𝑓𝑚 = −
𝑓𝑚

1 − 𝑚
[

(1 − 𝑚) − 𝑓 1−𝑚]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
>0

, for 𝜂 ≥ 𝑝.

Recalling (35) we note that 𝜑 (𝑓 ) = (1 − 𝑚) − 𝑓 1−𝑚 = 𝛼1−𝑚𝑚 − 𝑓 1−𝑚 > 0, for 0 ≤ 𝑓 ≤ 𝛼 < 𝛼𝑚, and that 𝜑 (𝑓 ) attains its minimum at
𝑓 = 𝛼, i.e. 𝛼1−𝑚𝑚 − 𝑓 1−𝑚 ≥ 𝛼1−𝑚𝑚 − 𝛼1−𝑚 > 0, ∀ 𝑓 ∈ [0, 𝛼]. Therefore, since 𝑓 = 𝛼 when 𝜂 = 0 and 𝑓 is decreasing, we have

𝑓 ′ ≤ −
2𝑓𝑚

𝜂
[ (1 − 𝑚) − 𝑓 1−𝑚 (0)

⏟⏞⏟⏞⏟
𝛼1−𝑚

], for 𝜂 ≥ 𝑝,

namely

𝑓 ′

𝑓𝑚
≤ − 𝑏

𝜂
, (38)

with

𝑏 = 2
(

𝛼1−𝑚𝑚 − 𝛼1−𝑚
)

> 0. (39)

Solving (38) for 𝜂 ≥ 𝑝, we obtain

𝑓 1−𝑚 (𝜂) ≤ 𝐺 (𝜂) ,

with

𝐺 (𝜂) = 𝑓 1−𝑚 (𝑝) − (1 − 𝑚) 𝑏 ln
(

𝜂
𝑝

)

.

nd 𝑏 given by (39). But 𝐺 (𝜂) vanishes for 𝜂 = 𝜂𝑝, with

𝜂𝑝 = 𝑝 exp
{

𝑓 1−𝑚 (𝑝)
𝑏 (1 − 𝑚)

}

≤ 𝑝 exp
{

𝛼1−𝑚

𝑏 (1 − 𝑚)

}

, (40)

nd therefore also 𝑓 vanishes at 𝜂 = 𝐿 ≤ 𝜂𝑝. We thus have come to a contradiction since we were assuming to be in Case 2. We
have therefore shown that Case 2 is impossible and then only Case 1.b is feasible.

To conclude the proof of this proposition we have to show that: 𝑓 ′ (𝐿) < 0, and 𝑓 < 0, for 𝜂 > 𝐿.
So far we have shown that 𝑓 reaches 0 at 𝜂 = 𝐿 < +∞, i.e. that only Case1.b occurs. Now we prove that 𝑓 ′ (𝐿) < 0. To this

urpose we proceed by assuming 𝑓 ′ (𝐿) = 0 and we show that this assumption implies a contradiction. Obviously if 𝑓 ′ is always
ecreasing we have 𝑓 ′ (𝐿) < 0 and therefore the contradiction is obtained immediately. So, if 𝑓 ′ is not always decreasing, 𝑓 ′ has only
ne critical point which is a minimum (as just proved), attained at some point 𝑝 ≨ 𝐿. We thus consider 𝑝 < 𝜂 < 𝐿, with 𝑝 minimum
f 𝑓 ′, that is 𝑓 ′ (𝑝) < 0 and 𝑓 ′′ (𝑝) ≥ 0. Hence, for 𝜂 ∈ (𝑝, 𝐿), 𝑓 ′ is increasing and therefore we will have6

‖

‖

𝑓 ′
‖

‖𝐶0([𝜂,𝐿]) = −𝑓 ′ (𝜂).

6 Recall that 𝑓 ′ ≤ 0 in 0, 𝐿 .
9

( )



Nonlinear Analysis: Real World Applications 79 (2024) 104121A. Farina and R. Gianni

H

T

A

E

Hence, exploiting (37)1 for 𝜂 ∈ (𝑝, 𝐿), we get7

‖

‖

𝑓 ′
‖

‖𝐶0([𝜂,𝐿]) = −𝑓 ′ (𝜂) = 𝑓 ′ (𝐿)
⏟⏟⏟

=0

− 𝑓 ′ (𝜂) = ∫

𝐿

𝜂
𝑓 ′′𝑑𝑠 = 1

1 − 𝑚 ∫

𝐿

𝜂
𝑓 (𝑠) 𝑑𝑠+∫

𝐿

𝜂

𝑠
2
(

−𝑓 ′) 𝑑𝑠 −
(

∫

𝐿

𝜂
𝑓𝑚𝑑𝑠

)

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
≥0

≤ 1
1 − 𝑚 ∫

𝐿

𝜂

(

−∫

𝐿

𝑠
𝑓 ′ (𝑟) 𝑑𝑟

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑓 (𝑠)− 𝑓 (𝐿)

⏟⏟⏟
=0

𝑑𝑠 + (𝐿 − 𝜂)𝐿 ‖

‖

𝑓 ′
‖

‖𝐶0([𝜂,𝐿]) (41)

We now remark that
1

1 − 𝑚 ∫

𝐿

𝜂

(

−∫

𝐿

𝑠
𝑓 ′ (𝑟) 𝑑𝑟

)

≤ 1
1 − 𝑚 ∫

𝐿

𝜂
‖

‖

𝑓 ′
‖

‖𝐶0([𝑠,𝐿]) (𝐿 − 𝑠) 𝑑𝑠 ≤ 𝐿 − 𝜂
1 − 𝑚 ∫

𝐿

𝜂
‖

‖

𝑓 ′
‖

‖𝐶0([𝑠,𝐿]) 𝑑𝑠,

and so (41) becomes

‖

‖

𝑓 ′
‖

‖𝐶0([𝜂,𝐿]) ≤
𝐿 − 𝜂
1 − 𝑚 ∫

𝐿

𝜂
‖

‖

𝑓 ′
‖

‖𝐶0([𝑠,𝐿]) 𝑑𝑠 + (𝐿 − 𝜂)𝐿 ‖

‖

𝑓 ′
‖

‖𝐶0([𝜂,𝐿]) . (42)

In particular, setting

𝑔 (𝜂) = ‖

‖

𝑓 ′
‖

‖𝐶0([𝜂,𝐿]) , (43)

we can write (42) as
𝑔 (𝜂)
𝐿 − 𝜂

≤ 1
1 − 𝑚 ∫

𝐿

𝜂
𝑔 (𝑠) 𝑑𝑠 + 𝐿𝑔 (𝜂) , ⇒ 𝑔 (𝜂)

(

1
𝐿 − 𝜂

− 𝐿
)

≤ 1
1 − 𝑚 ∫

𝐿

𝜂
𝑔 (𝑠) 𝑑𝑠. (44)

ence, selecting 𝜂 > max
{

𝑝, 𝐿 − 1
2𝐿

}

≨ 𝐿, so that

1
2 (𝐿 − 𝜂)

≤ 1
𝐿 − 𝜂

− 𝐿,

(44) can be rewritten as
𝑔 (𝜂)

2 (𝐿 − 𝜂)
≤ 𝑔 (𝜂)

(

1
𝐿 − 𝜂

− 𝐿
)

≤ 1
1 − 𝑚 ∫

𝐿

𝜂
𝑔 (𝑠) 𝑑𝑠. (45)

We now increase the integral on the right hand side taking the maximum of 𝑔 (𝑠) in the interval [𝜂, 𝐿]. Recalling (43),

max
𝑠∈[𝜂,𝐿]

𝑔 (𝑠) = max
𝑠∈[𝜂,𝐿]

‖

‖

𝑓 ′
‖

‖𝐶0([𝑠,𝐿]) = ‖

‖

𝑓 ′
‖

‖𝐶0([𝜂,𝐿]) = 𝑔 (𝜂) .

hus, (45) becomes
𝑔 (𝜂)

2 (𝐿 − 𝜂)
≤ 1

1 − 𝑚 ∫

𝐿

𝜂
𝑔 (𝑠) 𝑑𝑠 ≤ (𝐿 − 𝜂) 𝑔 (𝜂)

1 − 𝑚
, ⇒ 𝑔 (𝜂) ≤

2 (𝐿 − 𝜂)2

1 − 𝑚
𝑔 (𝜂) .

t this point it suffices to take 𝜂 so close to 𝐿 so that 2 (𝐿 − 𝜂)2

1 − 𝑚
< 1, and we have that 𝑔 ≡ 0, and so 𝑓 ′ ≡ 0,thus entailing 𝑓 ≡ 0

in (𝜂, 𝐿), which contradicts the fact that 𝐿 is the first zero of 𝑓 (recall that 𝑓 is decreasing). The inconsistency we have obtained is
due to the fact that we hypothesized 𝑓 ′ (𝐿) = 0. Hence 𝑓 ′ (𝐿) < 0.

Let us now prove that 𝑓 (𝜂) < 0, for 𝜂 > 𝐿, by proving that 𝑓 ′(𝜂) ≤ 0, for 𝜂 > 𝐿. Let us consider the interval [𝐿,𝐿 + 𝜌], for
some 𝜌 > 0 (possibly “small”). Since 𝑓 ′ is continuous, 𝑓 ′ (𝜂) < 0, for 𝜂 ∈ [𝐿,𝐿 + 𝜌] and we have 𝑓 (𝜂) < 0, for 𝜂 ∈ (𝐿,𝐿 + 𝜌]. Hence
q. (34)1 becomes

𝑓 ′′ = 1
1 − 𝑚

𝑓−
𝜂
2
𝑓 ′, 𝜂 ∈ [𝐿,𝐿 + 𝜌] . (46)

Let (𝐿,𝑀) be the maximal interval where 𝑓 ′ ≤ 0. If 𝑀 <∞, we would have 𝑓 ′ (𝑀) = 0, and so, exploiting (46), we would obtain

𝑓 ′′ (𝑀) = 1
1 − 𝑚

𝑓 (𝑀) ≨ 0,

contradicting the maximality of (𝐿,𝑀). Note that in (𝐿,𝑀) 𝑓 is negative because of the previous considerations and therefore (46)
holds true. We deduce that 𝑓 ′ ≤ 0 for any 𝜂 > 𝐿 and so 𝑓 < 0 for 𝜂 > 𝐿.

As a last thing, we consider case 𝛼 → 0 and show that8 𝑓𝛼 tends uniformly to 0 in any compact set. We multiply (34)1 by 𝑓 ′
𝛼

and, integrating in [0, 𝜂], we get
𝑓 ′ 2
𝛼
2

+∫

𝜂

0

𝑠
2
𝑓 ′ 2
𝛼 𝑑𝑠 +

𝑓𝑚+1𝛼
𝑚 + 1

𝐻 (𝑓 ) =
𝑓 2
𝛼

2 (1 − 𝑚)
− 𝛼2

2 (1 − 𝑚)
+ 𝛼𝑚+1

𝑚 + 1
≤

𝑓 2
𝛼

2 (1 − 𝑚)
+ 𝛼𝑚+1

𝑚 + 1
,

7 Recall we are assuming 𝑓 ′ (𝐿) = 0.
8 In this part of the proof we use the notation 𝑓 to explicitly indicate the dependence on 𝛼.
10
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I

W

[

P
s

P

s

namely

𝑓 ′ 2
𝛼
2

≤
𝑓 2
𝛼

2 (1 − 𝑚)
+ 𝛼𝑚+1

𝑚 + 1
⇒ 𝑓 ′ 2

𝛼 (𝜂) = 2𝛼𝑚+1
𝑚 + 1

+ 1
(1 − 𝑚)

(

∫

𝜂

0
𝑓 ′
𝑎 (𝑠) 𝑑𝑠 + 𝛼

)2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑓2𝛼 (𝜂)

.

n particular, we still increase the r.h.s. increasing the bracket

𝑓 ′ 2
𝛼 ≤ 2𝛼𝑚+1

𝑚 + 1
+ 1

(1 − 𝑚)

[

2𝛼2 + 2
(

∫

𝜂

0
𝑓 ′
𝛼 (𝑠) 𝑑𝑠

)2
]

= 2𝛼𝑚+1
𝑚 + 1

+ 2𝛼2
(1 − 𝑚)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐶(𝛼)

+ 2
(1 − 𝑚)

(

∫

𝜂

0
𝑓 ′
𝛼 (𝑠) 𝑑𝑠

)2
. (47)

e thus end up with

𝑓 ′ 2
𝛼 ≤ 𝐶 (𝛼) + 2

(1 − 𝑚)

(

∫

𝜂

0
𝑓 ′
𝛼 (𝑠) 𝑑𝑠

)2
,

and apply the Cauchy–Schwarz’s inequality

𝑓 ′ 2
𝛼 ≤ 𝐶 (𝛼) +

2𝜂
(1 − 𝑚) ∫

𝜂

0
𝑓 ′ 2
𝛼 (𝑠) 𝑑𝑠,

and then the Gronwall inequality until we obtain
(

𝑓 ′
𝛼
)2 ≤ 𝐶 (𝛼) exp

{

𝜂2

(1 − 𝑚)

}

,

with 𝐶 (𝛼) defined in the last line of (47). Hence, given a generic 0 < 𝛺 < ∞, if 𝜂 ∈ [0, 𝛺], we have that 𝑓 ′
𝛼 tends uniformly to 0 in

0, 𝛺], as 𝛼 → 0, since lim𝛼→0 𝐶 (𝛼) = 0. This fact trivially implies that also 𝑓𝑎 uniformly tends to 0 in [0, 𝛺] when 𝛼 → 0.
Summarizing we have proved that:

(a) If 0 < 𝛼 < 𝛼𝑚, with 𝛼𝑚 given by (35), then 𝑓 (𝜂) changes sign. In other words, 𝑓 is monotone decreasing function for every
𝜂 ≥ 0; there exists 𝐿 > 0 such that 𝑓 (𝜂) > 0 for 𝜂 ∈ [0, 𝐿), 𝑓 (𝐿) = 0, 𝑓 ′ (𝐿) < 0, and 𝑓 (𝜂) < 0 for 𝜂 ∈ (𝐿,∞).

(b) If 𝛼 → 0, then 𝑓 → 0, uniformly in any compact set. □

In the sequel we will find an estimate for 𝐿 from above which depend only on “structural constants”, i.e. on 𝛼, 𝑚.

roposition 2. For any 𝛼 ∈
(

0, 𝛼𝑚
)

there exists a positive constant 𝐾, which depends only on 𝛼, and 𝑚, i.e. on “structural parameters”,
uch that 𝐿 < 𝐾.

roof. We start remarking that, ∀ 0 ≤ 𝑓 ≤ 𝛼 ≤ 𝛼𝑚
1

1 − 𝑚
𝑓 − 𝑓𝑚 ≤ 0, and

|

|

|

|

1
1 − 𝑚

𝑓 − 𝑓𝑚
|

|

|

|

≤ 𝜃, (48)

where

𝜃 = max
𝑓∈[0,𝛼𝑚]

|

|

|

|

𝑓
1 − 𝑚

− 𝑓𝑚
|

|

|

|

= 𝛼𝑚𝑚
|

|

|

|

𝑚
1

1−𝑚 − 𝑚
𝑚

1−𝑚
|

|

|

|

=
(35)

(1 − 𝑚)
𝑚

1−𝑚
|

|

|

|

𝑚
1

1−𝑚 − 𝑚
𝑚

1−𝑚
|

|

|

|

. (49)

We will carry out the proof by considering separately the two cases that can occur:
(i) 𝑓 ′ is decreasing;
(ii) 𝑓 ′ has a minimum attained at some point 𝜂 = 𝑝.

Let us first focus on the first case (i.e. 𝑓 ′ is decreasing) and, rewriting (37)1 as

𝑓 ′′ =
𝜂
2
|

|

𝑓 ′
|

|

−
|

|

|

|

1
1 − 𝑚

𝑓 − 𝑓𝑚
|

|

|

|

, (50)

we have 𝑓 ′′ ≥ −𝜃, with 𝜃 given by (49). Hence, integrating

𝑓 ′ ≥ −𝜃𝜂, and 𝑓 ≥ 𝛼 − 𝜃
𝜂2

2
, (51)

ince 𝑓 ′ (0) = 0, and 𝑓 (0) = 𝛼. Thanks to (51) we have that |
|

𝑓 ′
|

|

≤ 1, when 𝜃𝜂 ≤ 1, i.e. 0 ≤ 𝜂 ≤ 1∕𝜃, and that 𝑓 ≥ 𝛼
2

, when 𝛼−𝜃 𝜂
2

2
≥ 𝛼

2
,

i.e. 0 ≤ 𝜂 ≤
√

𝛼
𝜃

. So taking 𝜂 ∈ [0,𝜘], with

𝜘 = min
{

1 ,
√

𝛼
}

, (52)
11
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a

W

w

𝑚

t
b
l
b

w

P
a

we have
𝛼
2
≤ 𝑓 (𝜂) ≤ 𝛼, (53)

and |

|

𝑓 ′ (𝜂)|
|

≤ 1. So, recalling (50) and taking 𝜂 ∈ [0,𝜘] we can write

𝑓 ′′ =
𝜂
2
|

|

𝑓 ′
|

|

−
|

|

|

|

1
1 − 𝑚

𝑓 − 𝑓𝑚
|

|

|

|

≤ 𝜂
2
− 𝜔, (54)

where

𝜔 = min
𝛼
2 ≤𝑓≤𝛼

|

|

|

|

1
1 − 𝑚

𝑓 − 𝑓𝑚
|

|

|

|

= min
{

|

|

|

|

1
1 − 𝑚

𝛼 − 𝛼𝑚
|

|

|

|

,
|

|

|

|

1
1 − 𝑚

𝛼
2
−
(𝛼
2

)𝑚
|

|

|

|

}

> 0. (55)

Hence, setting

𝜂̄ = min
{𝜔
2
,𝜘

}

= min
{

𝜔
2
, 1
𝜃
,
√

𝛼
𝜃

}

, (56)

and taking 𝜂 ∈ [0, 𝜂̄] we can rewrite (54) as

𝑓 ′′ ≤ 𝜂
2
− 𝜔 ≤ 𝜂̄ − 𝜔 ≤ 𝜔

2
− 𝜔 = −𝜔

2
.

which we integrate getting 𝑓 ′ (𝜂) ≤ −𝜔
2
𝜂, ∀ 𝜂 ∈ [0, 𝜂̄]. Recalling that we are in case (i), i.e. 𝑓 ′ decreasing, we have

𝑓 ′ ≤ −𝜔
2
𝜂̄, ∀ 𝜂 ≥ 𝜂̄,

nd, consequently

𝑓 (𝜂) ≤ 𝑓 (𝜂̄) − 𝜔
2
𝜂̄ (𝜂 − 𝜂̄) ≤ 𝛼 − 𝜔

2
𝜂̄ (𝜂 − 𝜂̄) , ∀ 𝜂 ≥ 𝜂̄.

e therefore conclude that 𝐿, the point at which 𝑓 vanishes, can be estimated from above by 𝐾1,

𝐿 ≤ 𝐾1 with 𝐾1 = 𝜂̄ + 2𝛼
𝜔𝜂̄

,

ith 𝜂̄ and 𝜔 given by (56) and (55), respectively, provided 𝐿 > 𝜘. Hence we can state that

𝐿 ≤ 𝐾1 with 𝐾1 = max
{

𝐾1,𝜘
}

.

We have therefore determined, at least in case (i), an upper estimate of 𝐿 that depends only on the “structural parameters” 𝛼 and
.

Let us now consider case (ii): 𝑓 ′ has a minimum attained at 𝜂 = 𝑝 (we recall that in Proposition 1 we have shown that 𝑝 is
he only local minimum of 𝑓 ′). In this situation two sub-cases can occur. If 𝐾1 < 𝑝, then what has been done in (i) still holds true
ecause 𝑓 ′ is decreasing in the interval (0, 𝑝) and therefore 𝑓 vanishes in 𝐿 ≤ 𝐾1 < 𝑝. In the opposite case, we have 𝑝 ≤ 𝐾1. But the
atter inequality can be read as an estimate for 𝑝. Indeed, we know from Proposition 1 that 𝑓 vanishes at 𝐿 ≤ 𝜂𝑝, with 𝜂𝑝 estimated
y (40), namely

𝐿 ≤ 𝜂𝑝 ≤ 𝑝 exp
[

𝛼1−𝑚

𝑏 (1 − 𝑚)

]

≤ 𝐾1 exp
[

𝛼1−𝑚

𝑏 (1 − 𝑚)

]

,

with 𝑏 given by (39). Hence, setting

𝐾 = max
{

𝐾1, 𝐾1 exp
[

𝛼1−𝑚

𝑏 (1 − 𝑚)

]}

(57)

we have that

𝐿 ≤ 𝐾, (58)

regardless of whether case (i) or (ii) occurs. Moreover 𝐾, depends only on 𝛼 and 𝑚, i.e. only on the “structural parameters”. □

The previous proposition gives an upper bound for 𝐿. We now illustrate a result that gives a bound from below for |

|

𝑓 ′ (𝜂)|
|

,
hich, evaluated at 𝜂 = 𝐿, provides a quantitative estimate of the “transversality” of 𝑓 at the point where it vanishes.

Proposition 3. For any 𝛼 ∈
(

0, 𝛼𝑚
)

and 𝜂 ∈ [0, 𝐿], we have

|

|

𝑓 ′ (𝜂)|
|

≥ , with  = 𝑒−
𝐾2
4 𝜔min {𝜂,𝜘} , (59)

where 𝐾, given by (57), is the constant that estimates 𝐿 from above, 𝜔 is given by (55) and 𝜘 by (52).

roof. First we note the consistency of the estimate (59). Indeed, if 𝜂 = 0, we have min {𝜂,𝜘} = 0 and consequently  = 0, in
greement with the initial condition (37) . We begin the proof by taking 𝛼 < 𝛼 , 𝜂 ∈ 0, 𝐿 and considering (37) , which we rewrite
12

2 𝑚 [ ] 1
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I

W
w

w

P
d

w

a
d
t

a
e
e

I
𝑓
h

as
(

𝑓 ′′ +
𝜂
2
𝑓 ′
)

𝑒
𝜂2
4

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(

𝑓 ′𝑒
𝜂2
4

)′

=
(

𝑓
1 − 𝑚

− 𝑓𝑚
)

𝑒
𝜂2
4 .

ntegrating such an equation between 0 and 𝜂 and exploiting the fact that 𝑓 ′ (0) = 0, we have

𝑓 ′ (𝜂) 𝑒
𝜂2
4 = −∫

𝜂

0

(

𝑓𝑚 −
𝑓

1 − 𝑚

)

𝑒
𝑡2
4 𝑑𝑡, ⇒ |

|

𝑓 ′ (𝜂)|
|

= 𝑒−
𝜂2
4
∫

𝜂

0

(

𝑓𝑚 −
𝑓

1 − 𝑚

)

𝑒
𝑡2
4 𝑑𝑡. (60)

In particular, recalling (48), we remark that the integrand is non-negative ∀ 0 ≤ 𝑓 ≤ 𝛼 ≤ 𝛼𝑚. Exploiting (58), (60) gives rise to this
inequality

|

|

𝑓 ′ (𝜂)|
|

≥ 𝑒−
𝐿2
4
∫

𝜂

0

(

𝑓𝑚 −
𝑓

1 − 𝑚

)

𝑒
𝑡2
4 𝑑𝑡 ≥ 𝑒−

𝐾2
4
∫

𝜂

0

(

𝑓𝑚 −
𝑓

1 − 𝑚

)

𝑑𝑡. (61)

e now focus on the integral and proceed as in the proof of Proposition 2. Indeed, since 𝑓 ′ (𝜂) ≤ 0, inequality (51) holds true from
hich estimate (53) derives, provided 𝜂 ∈ [0,𝜘], with 𝜘 given by (52). Considering now the integral in the right hand side of (61),

we have

∫

𝜂

0

(

𝑓𝑚 (𝑡) −
𝑓 (𝑡)
1 − 𝑚

)

𝑑𝑡 ≥ ∫

min(𝜂,𝜘)

0

(

𝑓𝑚 (𝑡) −
𝑓 (𝑡)
1 − 𝑚

)

𝑑𝑡. (62)

So, taking 𝑡 ∈ [0,min (𝜂,𝜘)], it turns out that 𝛼
2
≤ 𝑓 (𝑡) ≤ 𝛼, and so, recalling (55), we obtain

𝑓𝑚 −
𝑓

1 − 𝑚
≥ min
𝑓∈

[

𝛼
2 ,𝛼

]

(

𝑓𝑚 −
𝑓

1 − 𝑚

)

= 𝜔.

Thus, from (62), we obtain this estimate from below of the integral

∫

𝜂

0

(

𝑓𝑚 (𝑡) −
𝑓 (𝑡)
1 − 𝑚

)

𝑑𝑡 ≥ 𝜔min (𝜂,𝜘) ,

hich, once plugged into (61), gives (59). □

Using the same notation of Section 2.1, we set 𝛿 (𝛼) = −𝑓 ′ (𝐿 (𝛼)), where, henceforth, 𝐿 (𝛼) denotes the abscissa at which 𝑓 ,
solution to the Cauchy problem (34), vanishes.

Proposition 4. For any 𝛼 ∈
(

0, 𝛼𝑚
)

, with 𝛼𝑚 given by (35) and 𝑚 ∈ (0, 1), 𝐿 (𝛼) and 𝛿 (𝛼) are continuous functions of 𝛼.

roof. We have to show that, fixed any 𝛼 ∈
(

0, 𝛼𝑚
)

and 𝜀 > 0, there exists 𝜒 > 0 (with 𝜒 possibly dependent on 𝛼) such that,
enoting by 𝐵𝜒 (𝛼) the neighborhood centered in 𝛼 and radius 𝜒 , we have

|

|

|

𝐿
(

𝛼1
)

− 𝐿
(

𝛼2
)

|

|

|

≤ 𝜀 and |

|

|

𝛿
(

𝛼1
)

− 𝛿
(

𝛼2
)

|

|

|

≤ 𝜀, ∀ 𝛼1, 𝛼2 ∈ 𝐵𝜒 (𝛼) ∩
(

0, 𝛼𝑚
)

,

here, according to the previous introduced notation, 𝑓𝛼𝑖
(

𝐿
(

𝛼𝑖
))

= 0 and 𝛿
(

𝛼𝑖
)

= −𝑓 ′
𝛼𝑖

(

𝐿
(

𝛼𝑖
))

, 𝑖 = 1, 2.
Before starting the proof, we introduce the notation that we will use in the sequel. We set

𝐿𝑀 = max
{

𝐿
(

𝛼1
)

, 𝐿
(

𝛼2
)}

, 𝐿𝑚 = min
{

𝐿
(

𝛼1
)

, 𝐿
(

𝛼2
)}

,

nd assume 𝐿𝑀 > 𝐿𝑚. The case 𝐿𝑀 = 𝐿𝑚 will be analyzed afterwards. Next, the function 𝑓 , solution to the Cauchy problem (37),
epends on the selected value of 𝛼, and to highlight this dependence we use the notation 𝑓𝛼 . Lastly, since we are only interested in
he non-negative values of 𝑓𝛼𝑖 , 𝑖 = 1, 2, we set 𝑓𝛼𝑖 = 0 when it becomes negative, i.e.

𝑓𝛼1 (𝜂) = 0, ∀ 𝜂 ≥ 𝐿
(

𝛼1
)

,

𝑓𝛼2 (𝜂) = 0, ∀ 𝜂 ≥ 𝐿
(

𝛼2
)

.

We begin the proof by showing the continuous dependence of 𝑓𝛼 on 𝛼. We select 𝜀 > 0 and denote by 𝜂1 the first value of the
bscissa 𝜂 at which 𝑓𝛼1 or 𝑓𝛼2 is equal to 𝜀∕10, (see Fig. 4). Then, we exploit the continuous dependence theorem for differential
quation in

[

0, 𝜂1
]

since 𝑓𝛼𝑖 , 𝑖 = 1, 2, are Lipschitz continuous functions because 𝑓𝛼𝑖 ≥ 𝜀∕10, 𝑖 = 1, 2. We therefore conclude that there
xists 𝜒 (𝜀) such that, if 𝛼1, 𝛼2 ∈ 𝐵𝜒 (𝛼) ∩

(

0, 𝛼𝑚
)

, we have
‖

‖

‖

𝑓𝛼1 − 𝑓𝛼2
‖

‖

‖𝐶1([0,𝜂1])
≤ 𝜀

10
. (63)

n particular, the previous inequality entails |

|

|

𝑓𝛼1
(

𝜂1
)

− 𝑓𝛼2
(

𝜂1
)

|

|

|

≤ 𝜀∕10. Remembering that 𝜂1 is the first value of 𝜂 where 𝑓𝛼1 or

𝛼2 is equal to 𝜀∕10, it turns out that ||
|

𝑓𝛼1
(

𝜂1
)

|

|

|

; ||
|

𝑓𝛼2
(

𝜂1
)

|

|

|

≤ 𝜀∕10 + 𝜀∕10 = 𝜀∕5, and therefore, since 𝑓 is monotone decreasing, we
ave

𝑓 (𝜂) ≤ 𝜀 , and 𝑓 (𝜂) ≤ 𝜀 , ∀ 𝜂 ≥ 𝜂 . (64)
13

𝛼1 5 𝛼2 5 1
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A

Fig. 4. Typical behavior of 𝑓𝛼1 (𝜂) and 𝑓𝛼2 (𝜂).

s a consequence
|

|

|

𝑓𝛼1 (𝜂) − 𝑓𝛼2 (𝜂)
|

|

|

≤ |

|

|

𝑓𝛼1 (𝜂)
|

|

|

+ |

|

|

𝑓𝛼2 (𝜂)
|

|

|

≤ 2𝜀
5
, ∀ 𝜂 ≥ 𝜂1 .

So, up to now we have obtained the following result, for any 𝜀 > 0, we are able to determine 𝜒 such that
‖

‖

‖

𝑓𝛼1 − 𝑓𝛼2
‖

‖

‖𝐶([0,𝐿𝑀 ])
≤ 2𝜀

5
, (65)

provided |

|

𝛼1 − 𝛼2|| ≤ 𝜒 .
Estimate (63) gives the 𝐶1 norm of

(

𝑓𝛼1 − 𝑓𝛼2
)

only for 𝜂 ∈
[

0, 𝜂1
]

. Beyond 𝜂1 the estimate (65) holds true, but it does not involve
the derivatives of 𝑓𝛼𝑖 , 𝑖 = 1, 2. Now we determine an estimate of |

|

|

𝑓 ′
𝛼1

− 𝑓 ′
𝛼2
|

|

|

for 𝜂 ∈
[

𝜂1, 𝐿𝑚
]

. We therefore take 𝜂 ∈
[

𝜂1, 𝐿𝑚
]

, and
define

𝑉 = 𝑓𝛼1 − 𝑓𝛼2 ,

which, recalling (34), fulfills this equation
(

𝑓𝛼1 − 𝑓𝛼2
)′′

=
𝑓𝛼1 − 𝑓𝛼2
1 − 𝑚

−
𝜂
2

(

𝑓𝛼1 − 𝑓𝛼2
)′

− 𝑓𝑚𝛼1 − 𝑓
𝑚
𝛼2, 𝜂 ∈

[

𝜂1, 𝐿𝑚
]

,

which we transform into the system

⎧

⎪

⎨

⎪

⎩

𝑉 ′ = 𝑍,

𝑍′ +
𝜂
2
𝑍 = 1

1 − 𝑚
𝑉 −

(

𝑓𝑚𝛼1 − 𝑓
𝑚
𝛼2

)

.
(66)

In particular (66)2 rewrites as
(

𝑍 (𝜂) 𝑒
𝜂2
4

)′
= 𝑒

𝜂2
4
[ 1
1 − 𝑚

𝑉 −
(

𝑓𝑚𝛼1 − 𝑓
𝑚
𝛼2

)]

, (67)

which we integrate between 𝜂1 and 𝜂, with 𝜂1 < 𝜂 ≤ 𝐿𝑚, getting

𝑍 (𝜂) 𝑒
𝜂2
4 −𝑍

(

𝜂1
)

𝑒
𝜂21
4 = ∫

𝜂

𝜂1
𝑒
𝑡2
4
[ 1
1 − 𝑚

𝑉 −
(

𝑓𝑚𝛼1 − 𝑓
𝑚
𝛼2

)]

𝑑𝑡, (68)

yielding
|

|

|

|

|

𝑍 (𝜂) 𝑒
𝜂2
4
|

|

|

|

|

=
|

|

|

|

|

𝑍
(

𝜂1
)

𝑒
𝜂21
4 + ∫

𝜂

𝜂1
𝑒
𝑡2
4
[ 𝑉
1 − 𝑚

−
(

𝑓𝑚𝛼1 − 𝑓
𝑚
𝛼2

)]

𝑑𝑡
|

|

|

|

|

≤ |

|𝑍
(

𝜂1
)

|

| 𝑒
𝜂21
4 +

𝜂
𝑒
𝑡2
4

[

|𝑉 |

+ |

|𝑓𝑚𝛼 − 𝑓𝑚𝛼
|

|

]

𝑑𝑡. (69)
14
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O

t

Now, using estimate (65), which gives

‖𝑉 ‖𝐶([𝜂1 ,𝐿𝑚]) ≤
2
5
𝜀, (70)

and the fact that there exists a positive 𝑀 ≥ 1, not depending on 𝜂, such that

|

|

|

𝑓𝑚𝛼1 − 𝑓
𝑚
𝛼2
|

|

|

=
|

|

|

𝑓𝑚𝛼1 − 𝑓
𝑚
𝛼2
|

|

|

|

|

|

𝑓𝛼1 − 𝑓𝛼2
|

|

|

𝑚
|

|

|

𝑓𝛼1 − 𝑓𝛼2
|

|

|

𝑚
≤𝑀 |𝑉 |

𝑚 ,

from (69) we obtain

|𝑍 (𝜂)| ≤ |𝑍 (𝜂)| 𝑒
𝜂2
4 ≤ |

|

|

𝑍
(

𝜂1
)

|

|

|

𝑒
𝜂21
4 + ∫

𝜂

𝜂1
𝑒
𝑡2
4

[

|𝑉 |

1 − 𝑚
+ |

|

|

𝑓𝑚𝛼1 − 𝑓
𝑚
𝛼2
|

|

|

]

𝑑𝑡

≤ |

|

|

𝑍
(

𝜂1
)

|

|

|

𝑒
𝜂21
4 + ∫

𝜂

𝜂1
𝑒
𝑡2
4

[

‖𝑉 ‖𝐶([𝜂1 ,𝐿𝑚])
(1 − 𝑚)

+𝑀
(

‖𝑉 ‖𝐶([𝜂1 ,𝐿𝑚])
)𝑚

]

𝑑𝑡.

≤ |

|

|

𝑍
(

𝜂1
)

|

|

|

𝑒
𝜂21
4 + 𝐿𝑚𝑒

𝐿2𝑚
4

[

2𝜀
5 (1 − 𝑚)

+𝑀
( 2
5
𝜀
)𝑚]

. (71)

Now we take advantage of estimate (63), which entails
|

|

|

𝑍
(

𝜂1
)

|

|

|

= |

|

|

𝑓 ′
𝛼1

(

𝜂1
)

− 𝑓 ′
𝛼2

(

𝜂1
)

|

|

|

≤ ‖

‖

‖

𝑓𝛼1 − 𝑓𝛼2
‖

‖

‖𝐶1([0,𝜂1])
≤ 𝜀

10
,

and of Proposition 2 which allows to estimate 𝐿𝑚 from above with a constant9 not depending on 𝜂. Since (71) holds true ∀
𝜂 ∈

[

𝜂1, 𝐿𝑚
]

, we conclude that
‖

‖

‖

𝑓 ′
𝛼1

− 𝑓 ′
𝛼2
‖

‖

‖𝐶([𝜂1 ,𝐿𝑚])
= ‖𝑍‖𝐶([𝜂1 ,𝐿𝑚]) ≤ 𝐴𝜀𝑚, (72)

with 𝐴 positive constant independent of 𝜂.
Formula (72) allows to extend (63) in the whole interval

[

0, 𝐿𝑚
]

, so that we can write

‖

‖

‖

𝑓𝛼1 − 𝑓𝛼2
‖

‖

‖𝐶1([0,𝐿𝑚])
≤ 𝜀

10
+ 2𝜀

5
+ 𝐴𝜀𝑚, (73)

provided |

|

𝛼1 − 𝛼2|| ≤ 𝜒 .
For 𝜂 ≥ 𝐿𝑚, we introduce

𝑓𝑀 (𝜂) = max
{

𝑓𝛼1 (𝜂) , 𝑓𝛼2 (𝜂)
}

, 𝑓𝑚 (𝜂) = min
{

𝑓𝛼1 (𝜂) , 𝑓𝛼2 (𝜂)
}

. (74)

We have 𝑓𝑚
(

𝐿𝑚
)

= 0, 𝑓𝑀
(

𝐿𝑚
)

> 0, 𝑓𝑀
(

𝐿𝑀
)

= 0. In particular, for 𝜂 ≥ 𝐿𝑚, we are left with 𝑓𝑀 (𝜂), since 𝑓𝑚 (𝜂) = 0, ∀ 𝜂 ∈
[

𝐿𝑚, 𝐿𝑀
]

.
We thus focus in the interval

[

𝐿𝑚, 𝐿𝑀
]

, and, recalling (64), we have

𝑓𝑀
(

𝐿𝑚
)

≤ 2
5
𝜀.

n the other hand

𝑓𝑀
(

𝐿𝑚
)

− 𝑓𝑀
(

𝐿𝑀
)

≥ min
𝜂∈[𝐿𝑚 ,𝐿𝑀 ]

|

|

|

𝑓 ′
𝑀 (𝜂)||

|

(

𝐿𝑀 − 𝐿𝑚
)

,

so that

min
𝜂∈[𝐿𝑚 ,𝐿𝑀 ]

|

|

|

𝑓 ′
𝑀 (𝜂)||

|

(

𝐿𝑀 − 𝐿𝑚
)

≤ 2
5
𝜀. (75)

We now exploit Proposition 3, getting an estimate from below for |

|

|

𝑓 ′
𝑀 (𝜂)||

|

when 𝜂 ∈
[

𝐿𝑚, 𝐿𝑀
]

. Indeed, recalling (59), for any
𝜂 ∈

[

𝐿𝑚, 𝐿𝑀
]

we have

|

|

|

𝑓 ′
𝑀 (𝜂)||

|

≥ 𝑚, where 𝑚 = 𝑒−
𝐾2
4 𝜔min

{

𝐿𝑚,𝜘
}

> 0.

Hence, from (75), we obtain
(

𝐿𝑀 − 𝐿𝑚
)

≤ 2
5𝑚

𝜀, i.e.

|

|

|

𝐿
(

𝛼1
)

− 𝐿
(

𝛼2
)

|

|

|

≤ 2
5𝑚

𝜀, (76)

if |
|

𝛼1 − 𝛼2|| ≤ 𝜒 . In this regard, recalling (53), we have an estimate from below of 𝐿𝑚 and hence of 𝑚. We thus have obtained the
continuous dependence of 𝐿 (𝛼) with respect to 𝛼.

9 The constant appearing in the estimate of 𝐿 has been denoted 𝐾 and is given by (57). Since we have two values of 𝐾, namely 𝐾𝛼1 and 𝐾𝛼2 corresponding
{ }
15

o 𝛼1 and 𝛼2, we select 𝐾 = max 𝐾𝛼1 , 𝐾𝛼2 .
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Let us now focus on |

|

|

𝛿
(

𝛼1
)

− 𝛿
(

𝛼2
)

|

|

|

=
|

|

|

|

𝑓 ′
𝛼2

(

𝐿𝛼2
)

− 𝑓 ′
𝛼1

(

𝐿𝛼1
)

|

|

|

|

. Introducing

𝛿𝑚 = −𝑓 ′
𝑚
(

𝐿𝑚
)

, 𝛿𝑀 = −𝑓 ′
𝑀

(

𝐿𝑀
)

,

e have
|

|

|

𝛿
(

𝛼1
)

− 𝛿
(

𝛼2
)

|

|

|

= |

|

𝛿𝑀 − 𝛿𝑚|| = | 𝑓 ′
𝑀

(

𝐿𝑀
)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝛿𝑀

− 𝑓 ′
𝑚
(

𝐿𝑚
)

⏟⏞⏟⏞⏟
𝛿𝑚

|

= |𝑓 ′
𝑀

(

𝐿𝑀
)

− 𝑓 ′
𝑀

(

𝐿𝑚
)

+ 𝑓 ′
𝑀

(

𝐿𝑚
)

− 𝑓 ′
𝑚
(

𝐿𝑚
)

|

≤ |

|

|

𝑓 ′
𝑀

(

𝐿𝑚
)

− 𝑓 ′
𝑚
(

𝐿𝑚
)

|

|

|

+ |

|

|

𝑓 ′
𝑀

(

𝐿𝑀
)

− 𝑓 ′
𝑀

(

𝐿𝑚
)

|

|

|

. (77)

The term |

|

|

𝑓 ′
𝑀

(

𝐿𝑚
)

− 𝑓 ′
𝑚
(

𝐿𝑚
)

|

|

|

can be estimated exploiting (73), while to estimate |

|

|

𝑓 ′
𝑀

(

𝐿𝑀
)

− 𝑓 ′
𝑀

(

𝐿𝑚
)

|

|

|

from above we proceed
as follows. We apply a procedure similar to the one used to obtain (70). We rewrite Eq. (34)1 as a system similar to (66), where
now the role of 𝑍 is now played by 𝑓 ′

𝑀 and the one of 𝑉 by 𝑓𝑀 and the last term in the right hand side of (66)2 is 𝑓𝑚𝑀 . Hence,
∀ 𝜂 ∈

[

𝐿𝑚, 𝐿𝑀
]

we rewrite (68) as

𝑓 ′
𝑀 (𝜂) 𝑒

𝜂2
4 − 𝑓 ′

𝑀
(

𝐿𝑚
)

𝑒
𝐿2𝑚
4 = ∫

𝜂

𝐿𝑚
𝑒
𝑡2
4

[

𝑓𝑀 (𝑡)
1 − 𝑚

− 𝑓𝑚𝑀 (𝑡)
]

𝑑𝑡,

thus getting

[

𝑓 ′
𝑀

(

𝐿𝑀
)

− 𝑓 ′
𝑀

(

𝐿𝑚
)]

𝑒
𝐿2𝑀
4 = 𝑓 ′

𝑀
(

𝐿𝑚
)

(

𝑒
𝐿2𝑚
4 − 𝑒

𝐿2𝑀
4

)

+ ∫

𝐿𝑀

𝐿𝑚
𝑒
𝑡2
4

[

𝑓𝑀 (𝑡)
1 − 𝑚

− 𝑓𝑚𝑀 (𝑡)
]

𝑑𝑡.

Recalling (58) and (64) we have

|

|

|

𝑓 ′
𝑀

(

𝐿𝑀
)

− 𝑓 ′
𝑀

(

𝐿𝑚
)

|

|

|

≤ |

|

|

𝑓 ′
𝑀

(

𝐿𝑀
)

− 𝑓 ′
𝑀

(

𝐿𝑚
)

|

|

|

𝑒
𝐿2𝑀
4

≤ |

|

|

𝑓 ′
𝑀

(

𝐿𝑚
)

|

|

|

|

|

|

|

|

𝑒
𝐿2𝑚
4 − 𝑒

𝐿2𝑀
4
|

|

|

|

|

+ ∫

𝐿𝑀

𝐿𝑚
𝑒
𝑡2
4
[ 1
1 − 𝑚

|

|

𝑓𝑀 |

|

+ |

|

|

𝑓𝑚𝑀
|

|

|

]

𝑑𝑡

≤ |

|

|

𝑓 ′
𝑀

(

𝐿𝑚
)

|

|

|

|

|

|

|

|

𝑒
𝐿2𝑚
4 − 𝑒

𝐿2𝑀
4
|

|

|

|

|

+ 𝑒
𝐿2𝑀
4

(

𝐿𝑀 − 𝐿𝑚
)

(

𝜀
5 (1 − 𝑚)

+
( 𝜀
5

)𝑚
)

. (78)

To estimate |

|

|

𝑓 ′
𝑀

(

𝐿𝑚
)

|

|

|

we suppose, with a view to simplifying, that 𝑓 ′
𝑀

(

𝐿𝑚
)

coincides with 𝑓 ′
𝛼2

(

𝐿𝛼1
)

(the estimate we present

remains unchanged even if 𝑓 ′
𝑀

(

𝐿𝑚
)

= 𝑓 ′
𝛼1

(

𝐿𝛼2
)

). Starting from (60) we have

|

|

|

|

𝑓 ′
𝛼2

(

𝐿𝛼1
)

|

|

|

|

= 𝑒−
𝐿2𝛼1
4

∫

𝐿𝛼1

0

(

𝑓𝑚𝛼2 −
𝑓𝛼2
1 − 𝑚

)

𝑒
𝑡2
4 𝑑𝑡 ≤ ∫

𝐿𝛼1

0

(

𝑓𝑚𝛼2 −
𝑓𝛼2
1 − 𝑚

)

𝑒
𝑡2
4 𝑑𝑡

≤ 𝐿𝛼1𝑒
𝐿2𝛼1
4 max

𝑓∈[0,𝛼𝑚]
|

|

|

|

𝑓
1 − 𝑚

− 𝑓𝑚
|

|

|

|

=
(49)

𝐿𝛼1𝑒
𝐿2𝛼1
4 𝜃.

Hence, recalling (58), we get
|

|

|

|

𝑓 ′
𝛼2

(

𝐿𝛼1
)

|

|

|

|

≤ 𝐾𝑒
𝐾2
4 𝜃, where 𝐾 must be understood as the maximum between 𝐾𝛼1 and 𝐾𝛼2 . So, resuming

rom (78), using the Lagrange’s Theorem for the term
|

|

|

|

|

𝑒
𝐿2𝑚
4 − 𝑒

𝐿2𝑀
4
|

|

|

|

|

and exploiting again estimate (58) with 𝐾 maximum between

𝐾𝛼1 and 𝐾𝛼2 , we obtain

|

|

|

𝑓 ′
𝑀

(

𝐿𝑀
)

− 𝑓 ′
𝑀

(

𝐿𝑚
)

|

|

|

≤
[

𝐾2𝑒2
𝐾2
4 𝜃 + 𝑒

𝐾2
4

(

𝜀
5 (1 − 𝑚)

+
( 𝜀
5

)𝑚
)]

(

𝐿𝑀 − 𝐿𝑚
)

,

which, exploiting (76), can be rewritten as
|

|

|

𝑓 ′
𝑀

(

𝐿𝑀
)

− 𝑓 ′
𝑀

(

𝐿𝑚
)

|

|

|

≤ 𝐶𝜀, (79)

with 𝐶 positive constant (uniform with respect to 𝜂).
At this stage we are in position to estimate |

|

|

𝛿
(

𝛼1
)

− 𝛿
(

𝛼2
)

|

|

|

. Resuming (77) and exploiting (73) and (79) we can write

|

|

|

𝛿
(

𝛼1
)

− 𝛿
(

𝛼2
)

|

|

|

≤ 𝜀
10

+ 2𝜀
5

+ 𝐴𝜀𝑚 + 𝐶𝜀,

provided |

|

𝛼1 − 𝛼2|| ≤ 𝜒 .
To conclude the proof we consider the case, previously excluded, in which 𝐿𝑀 = 𝐿𝑚. In this situation it is sufficient to apply

|

( ) ( )

| in terms of 𝜀. □
16

(73) to obtain an estimate of |
|

𝛿 𝛼1 − 𝛿 𝛼2 |

|
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We now show that 𝐿 (𝛼) and 𝛿 (𝑎) fulfill the properties summarized in (16).

Proposition 5. For any 𝑚 ∈ (0, 1), we have:
(𝑖) 𝐿 (𝛼) → 0, and 𝛿 (𝛼) → 0 as 𝛼 → 0.
(𝑖𝑖) 𝐿 (𝛼) → ∞, as 𝛼 → 𝛼𝑚, and 𝛿 (𝛼) remains bounded in a left neighborhood of 𝛼𝑚, with 𝛼𝑚 given by (35).

Dim. We recall that the function 𝑓 , solution to the Cauchy problem (37), depends on 𝛼. Therefore we proceed as in the proof of
Proposition 4, by denoting 𝑓 with 𝑓𝛼 .

We start by proving the first part of point (𝑖), i.e. 𝐿 (𝛼) → 0 as 𝛼 → 0. By integrating (37)1

𝑓 ′
𝛼 (𝜂) = ∫

𝜂

0

[

𝑓𝛼 (𝑡)
1 − 𝑚

− 𝑓𝑚𝛼 (𝑡)
]

𝑑𝑡 − 1
2 ∫

𝜂

0
𝑡𝑓 ′
𝛼 (𝑡) 𝑑𝑡

= ∫

𝜂

0

[

𝑓𝛼 (𝑡)
1 − 𝑚

+
𝑓𝛼 (𝑡)
2

− 𝑓𝑚𝛼 (𝑡)
]

𝑑𝑡 −
𝜂
2
𝑓𝛼 (𝜂) ,

nd thus we obtain

𝑓 ′
𝛼 (𝜂) ≤ ∫

𝜂

0

[

𝑓𝛼 (𝑡)
( 1
1 − 𝑚

+1
2

)

− 𝑓𝑚𝛼 (𝑡)
]

𝑑𝑡.

By analyzing the behavior of the integrand for 𝑓𝛼 close to zero, that means considering 𝛼 sufficiently small (recall 0 ≤ 𝑓𝛼 ≤ 𝛼), we
have

𝑓𝛼
( 1
1 − 𝑚

+1
2

)

− 𝑓𝑚𝛼 ≤ −
𝑓𝑚𝛼
2

≤ 0,

amely

𝑓 ′
𝛼 (𝜂) ≤ −∫

𝜂

0

𝑓𝑚𝛼 (𝑡)
2

𝑑𝑡 ≤ −
𝑓𝑚𝛼 (𝜂)

2
𝜂,

(recall that 𝑓𝛼 is decreasing in
[

0, 𝐿𝛼
]

). Hence we have

𝑓 ′
𝛼 (𝜂)

𝑓𝑚𝛼 (𝜂)
≤ −

𝜂
2
,

which, recalling (37)2, gives

∫

𝜂

0

𝑓 ′
𝛼 (𝑡)

𝑓𝑚𝛼 (𝑡)
𝑑𝑡 ≤ −∫

𝜂

0

𝑡
2
𝑑𝑡. (80)

i.e.

𝑓 1−𝑚
𝛼 (𝜂) − 𝛼1−𝑚 ≤ − (1 − 𝑚)

𝜂2

4
,

hich holds for 𝛼 sufficiently small. Taking 𝜂 = 𝐿𝛼 we obtain

−𝛼1−𝑚 ≤ − (1 − 𝑚)
𝐿 (𝛼)2

4
,

ielding

𝐿 (𝛼) ≤ 2
√

1 − 𝑚
𝛼

1−𝑚
2 , (81)

so that 𝐿 (𝛼) → 0 as 𝛼 → 0.
To prove the second part of point (𝑖) we essentially proceed as in (66), rewriting (37) as

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑓 ′
𝛼 = 𝑧𝛼 ,

𝑧′𝛼 +
𝜂
2
𝑧𝛼 = 1

1 − 𝑚
𝑓
𝛼
− 𝑓𝑚𝛼

𝑓𝛼 (0) = 𝛼, 𝑧𝛼 (0) = 0,

getting

𝑧𝛼 (𝜂) 𝑒
𝜂2
4 = ∫

𝜂

0
𝑒
𝑡2
4

[

𝑓𝛼
1 − 𝑚

− 𝑓𝑚𝛼

]

𝑑𝑡 = −∫

𝜂

0
𝑒
𝑡2
4
|

|

|

|

𝑓𝛼
1 − 𝑚

− 𝑓𝑚𝛼
|

|

|

|

𝑑𝑡,

which, when evaluated in 𝜂 = 𝐿 (𝛼), gives

−𝛿 (𝛼)
⏟⏟⏟

= 𝑒−
𝐿(𝛼)2

4
∫

𝐿(𝛼)

0
𝑒
𝑡2
4

[

𝑓𝛼
1 − 𝑚

− 𝑓𝑚𝛼

]

𝑑𝑡 = −𝑒−
𝐿(𝛼)2

4
∫

𝐿(𝛼)

0
𝑒
𝑡2
4
|

|

|

|

𝑓𝛼
1 − 𝑚

− 𝑓𝑚𝛼
|

|

|

|

𝑑𝑡. (82)
17

𝑧𝛼 (𝐿(𝛼))
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So, recalling that 0 ≤ 𝑓𝛼 ≤ 𝛼 and that

0 ≤
|

|

|

|

𝑓𝛼
1 − 𝑚

− 𝑓𝑚𝛼
|

|

|

|

≤
|

|

|

|

𝛼
1 − 𝑚

− 𝛼𝑚
|

|

|

|

,

provided 𝛼 is close enough to zero, from (82) we obtain

𝛿 (𝛼) ≤ 𝑒−
𝐿(𝛼)2

4
∫

𝐿(𝛼)

0
𝑒
𝑡2
4
|

|

|

|

𝛼
1 − 𝑚

− 𝛼𝑚
|

|

|

|

𝑑𝑡 ≤
|

|

|

|

𝛼
1 − 𝑚

− 𝛼𝑚
|

|

|

|

𝐿 (𝛼) .

ecalling now (81), we have that 𝛿 (𝛼) goes to 0 as 𝛼 → 0.
Concerning point (𝑖𝑖) we start considering

𝑉 (𝑓 ) = −∫

𝑓

0

(

𝜉
1 − 𝑚

− 𝜉𝑚
)

𝑑𝜉 = −
𝑓 2

2 (1 − 𝑚)
+
𝑓𝑚+1

𝑚 + 1
≥ 0, ∀ 𝑓 ∈

(

0, 𝛼𝑚
)

, (83)

so that, after multiplying by 𝑓 ′
𝛼 Eq. (37)1, we obtain

𝑑
𝑑𝜂

[

𝑓 ′ 2
𝛼
2

+ 𝑉
(

𝑓𝛼
)

]

= −
𝜂
2
𝑓 ′ 2
𝛼 ≤ 0. (84)

Hence
[

𝑓 ′ 2
𝛼
2

+ 𝑉
(

𝑓𝛼
)

]

≤ 𝑉
(

𝑓𝛼 (0)
)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝑉 (𝛼)

,

since 𝑓 ′
𝛼 (0) = 0. Thus, recalling that 0 ≤ 𝑓𝛼 ≤ 𝛼, we get

𝑓 ′ 2
𝛼

2
(

𝑉 (𝛼) − 𝑉
(

𝑓𝛼
)) ≤ 1, ⇒

𝑓 ′
𝛼

√

2
(

𝑉 (𝛼) − 𝑉
(

𝑓𝛼
))

≥ −1,

which, once integrated, gives rise to

∫

𝑓𝛼 (𝜂)

𝛼

𝑑𝜉
√

2 (𝑉 (𝛼) − 𝑉 (𝜉))
≥ −𝜂, ⟹ 𝐿 (𝛼) ≥ ∫

𝛼

0

𝑑𝜉
√

2 (𝑉 (𝛼) − 𝑉 (𝜉))
.

e can easily prove that the integral diverges as 𝛼 → 𝛼𝑚, since 𝛼𝑚 is a double root for 𝑉 , namely 𝑉 ′ (𝛼𝑚
)

= 0. We therefore conclude
hat 𝐿 (𝛼) → ∞ when 𝛼 → 𝛼𝑚.

Concerning the second part of point (𝑖𝑖), we multiply by 𝑓 ′
𝛼 (37)1 and integrating in [0, 𝐿 (𝛼)], we get

𝑓 ′ 2
𝛼 (𝜂)
2

= −𝑉
(

𝑓𝛼
)

+ 𝑉 (𝛼) − ∫

𝜂

0

𝑠
2
𝑓 ′2
𝛼 𝑑𝑠 ≤ 𝑉 (𝛼) , ∀ 𝜂 ∈ [0, 𝐿 (𝛼)] , (85)

ince 𝑉
(

𝑓𝛼
)

≥ 0. Hence, exploiting (83) for writing explicitly 𝑉 , (85) yields

𝑓 ′ 2
𝛼 (𝜂)
2

≤ − 𝛼2

2 (1 − 𝑚)
+ 𝛼𝑚+1

𝑚 + 1
≤ 𝛼𝑚+1𝑚 , ⇒ |

|

𝑓 ′
𝛼 (𝜂)|| ≤

√

2𝛼𝑚+1𝑚 ∀ 𝜂 ∈ [0, 𝐿 (𝛼)] ,

nd therefore

𝛿 (𝛼) = |

|

𝑓 ′
𝛼 (𝐿 (𝛼))|

|

≤
√

2𝛼𝑚+1𝑚 . □

.2. Solution to problem (34) for 𝜂 ≥ 𝐿 (𝛼)

Let us now take 𝛼 ∈
(

0, 𝛼𝑚
)

with 𝛼𝑚 given by (35) and consider 𝜂 > 𝐿. Proposition 1 guarantees that 𝑓 is always negative for
> 𝐿. Therefore we consider this Cauchy problem

⎧

⎪

⎨

⎪

⎩

𝑓 ′′ +
𝜂
2
𝑓 ′ − 𝛽𝑓 = 0, 𝐿 < 𝜂,

𝑓 (𝐿) = 0, 𝑓 ′ (𝐿) = −𝛿, with 𝛿 > 0,
(86)

ith 𝛽 defined in (27), i.e. 𝛽 = 1∕ (1 − 𝑚). Setting

𝑧 = 𝜂2∕4, and 𝑓 (𝜂) = 𝑒−
𝜂2
4 𝑔 (𝑧 (𝜂)) , (87)

e transform Eq. (86)1 into

𝑧𝑔 +
( 1 − 𝑧

)

𝑔 −
( 1 + 𝛽

)

𝑔 = 0, (88)
18
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which is the degenerate hypergeometric equation (see, for instance, formula (70), pag. 527 of [9]) whose general form is
𝑧𝑔′′ + (𝑏− 𝑧)𝑔′ − 𝑎𝑔 = 0. Since 𝑏 is not an integer, the general solution of Eq. (88) is expressed through the confluent hypergeometric
unctions of first and second kind10 (see, e.g., Chapter 7 of [10] or Sec. 9.10 of [11])

𝑔 (𝑧) = 𝐶1𝛷 (𝑎, 𝑏, 𝑧) + 𝐶2𝛹 (𝑎, 𝑏, 𝑧) , with

⎧

⎪

⎨

⎪

⎩

𝑎 = 𝛽 + 1
2
,

𝑏 = 1
2
,

(89)

where both solutions 𝛷 (𝑎, 𝑏, 𝑧), and 𝛹 (𝑎, 𝑏, 𝑧) are linearly independent of each other. Indeed, referring to formula (9.10.10), pag.
265 of [11], their Wronskian is

𝑊 = det

(

𝛷 𝛹

𝛷𝑧 𝛹𝑧

)

= −
𝛤 (𝑏)
𝛤 (𝑎)

𝑧−𝑏𝑒𝑧 =
(87)
(89)

−
𝛤 (1∕2)

𝛤 (𝛽 + 1∕2)
2
𝜂
𝑒𝜂

2∕4. (90)

Recalling (87), the general solution to (86)1 may be written in this form

𝑓 (𝜂) = 𝑒−
𝜂2
4

[

𝐶1𝛷
(

𝛽 + 1
2
, 1
2
,
𝜂2

4

)

+ 𝐶2𝛹
(

𝛽 + 1
2
, 1
2
,
𝜂2

4

)]

, (91)

so that, enforcing (86)2, we obtain

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐶1𝛷
(

𝑎, 𝑏, 𝐿
2

4

)

+ 𝐶2𝛹
(

𝑎, 𝑏, 𝐿
2

4

)

= 0,

𝐶1𝛷𝑧

(

𝑎, 𝑏, 𝐿
2

4

)

+ 𝐶2𝛹𝑧

(

𝑎, 𝑏, 𝐿
2

4

)

= −2𝛿
𝐿
𝑒
𝐿2
4 ,

from which, recalling (90), we obtain

𝐶1 =

det
⎛

⎜

⎜

⎝

0 𝛹

−2𝛿
𝐿
𝑒
𝐿2
4 𝛹𝑧

⎞

⎟

⎟

⎠

𝑊
= −

𝛿𝛤 (𝑎)
𝛤 (𝑏)

𝛹
(

𝑎, 𝑏, 𝐿
2

4

)

, (92)

𝐶2 =

det
⎛

⎜

⎜

⎝

𝛷 0

𝛷𝑧 −2𝛿
𝐿
𝑒
𝐿2
4

⎞

⎟

⎟

⎠

𝑊
=
𝛿𝛤 (𝑎)
𝛤 (𝑏)

𝛷
(

𝑎, 𝑏, 𝐿
2

4

)

, (93)

ith 𝑎 and 𝑏 defined in formula (89). In other words, recalling that 𝑧 (𝜂) = 𝜂2∕4, we have

𝑓 (𝑧) =
𝛿𝛤 (𝑎) 𝑒−𝑧

𝛤 (𝑏)

[

−𝛹
(

𝑎, 𝑏, 𝐿
2

4

)

𝛷 (𝑎, 𝑏, 𝑧) +𝛷
(

𝑎, 𝑏, 𝐿
2

4

)

𝛹 (𝑎, 𝑏, 𝑧)
]

. (94)

We finally remark that, when 𝑚 = 0, i.e. 𝛽 = 1, (94) reduces (20).

.3. Existence of similarity solutions

We now impose condition (33), with 𝑓 given by (91) and 𝐶1, 𝐶2 by (92), (93), respectively, i.e.

−𝑐 = lim
𝜂→∞

𝑒−
𝜂2
4

𝜂2𝛽

[

𝐶1𝛷
(

𝛽 + 1
2
, 1
2
,
𝜂2

4

)

+ 𝐶2𝛹
(

𝛽 + 1
2
, 1
2
,
𝜂2

4

)]

.

n particular, recalling 𝑧 = 𝜂2∕4 and (94), the above equation can be rewritten as

−𝑐 = lim
𝑧→∞

𝑓 (𝜂 (𝑧))
4𝛽𝑧𝛽

= lim
𝑧→∞

𝛿𝛤 (𝑎) 𝑒−𝑧

4𝛽𝑧𝛽𝛤 (𝑏)

[

−𝛹
(

𝑎, 𝑏, 𝐿
2

4

)

𝛷 (𝑎, 𝑏, 𝑧) +𝛷
(

𝑎, 𝑏, 𝐿
2

4

)

𝛹 (𝑎, 𝑏, 𝑧)
]

, (95)

here 𝑎 and 𝑏 have been defined in formula (89).
Now, following [11] Sec. 9.12, we have that

𝛷 (𝑎, 𝑏, 𝑧) =
𝛤 (𝑏)
𝛤 (𝑎)

𝑒𝑧𝑧𝑎−𝑏
(

1 + 
( 1
𝑧

))

=
(89)

𝛤 (𝑏)
𝛤 (𝑎)

𝑒𝑧𝑧𝛽
(

1 + 
( 1
𝑧

))

, (96)

𝛹 (𝑎, 𝑏, 𝑧) =
𝛤 (𝑏)
𝛤 (𝑎)

𝑧−𝑎
(

1 + 
( 1
𝑧

))

=
(89)

𝛤 (𝑏)
𝛤 (𝑎)

𝑧−𝛽−1∕2
(

1 + 
( 1
𝑧

))

, (97)

10 Also known as Kummer functions.
19
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when 𝑧→ +∞. Hence, recalling (94), we obtain

𝑓 = 𝛿
[

−𝛹
(

𝑎, 𝑏, 𝐿
2

4

)

𝑧𝛽 +𝛷
(

𝑎, 𝑏, 𝐿
2

4

)

𝑒−𝑧𝑧−𝛽−1∕2
]

(

1 + 
( 1
𝑧

))

, as 𝑧→ ∞,

nd so (95) yields

−𝑐 = lim
𝜂→∞

𝑓 (𝜂 (𝑧))
4𝛽𝑧𝛽

= − 𝛿
4𝛽
𝛹
(

𝑎, 𝑏, 𝐿
2

4

)

,

i.e.

𝑐 = 𝛿
4𝛽
𝛹
(

𝑎, 𝑏, 𝐿
2

4

)

=
(89)

𝛿
4𝛽
𝛹
(

𝛽 + 1
2
, 1
2
, 𝐿

2

4

)

. (98)

In particular, recalling the definition of 𝐹 (𝛼) through (32), we now have

𝐹 (𝛼) =
𝛿 (𝛼)
4𝛽

𝛹
(

𝛽 + 1
2
, 1
2
,
𝐿 (𝛼)2

4

)

, (99)

and (98) gives rise to the algebraic equation 𝐹 (𝛼) = 𝑐. Therefore the existence and multiplicity of self-similar solutions depends on
the behavior of 𝐹 (𝛼), for 𝛼 ∈

(

0, 𝛼𝑚
)

, with 𝛼𝑚 given by ((35)). We have

Proposition 6. The function 𝐹 (𝛼) given by (99) is a non-negative and continuous function for 𝛼 ∈
(

0, 𝛼𝑚
)

. Moreover, lim𝛼→𝛼𝑚 𝐹 (𝛼) = 0
and lim𝛼→0 𝐹 (𝛼) = 0.

Dim. Exploiting Proposition 4 and the fact that 𝛹
(

𝛽 + 1
2 ,

1
2 , 𝑧

)

is a continuous function (see [9], Section S4.9.2) we have that 𝐹 (𝛼)

s a continuous function for 𝛼 ∈
(

0, 𝛼𝑚
)

. Next, for 𝛼 ∈
(

0, 𝛼𝑚
)

, we have 𝛹
(

𝛽 + 1
2 ,

1
2 ,

𝐿(𝛼)2

4

)

> 0 (see again [9], Section S4.9.2) and
Proposition 1 entails that 𝛿 = |

|

𝑓 ′ (𝐿)|
|

> 0. So 𝐹 (𝛼) > 0 for 𝛼 ∈
(

0, 𝛼𝑚
)

.
Concerning the behavior of 𝐹 for 𝛼 → 𝛼𝑚, we exploit Proposition 5, which entails that 𝐿→ +∞, and 𝛿 bounded, as 𝛼 → 𝛼𝑚. But,

when 𝐿→ +∞, recalling (97) we have that

𝛹
(

𝛽 + 1
2
, 1
2
, 𝐿

2

4

)

= 1
4𝛽

𝛤 (1∕2)
𝛤 (𝛽 + 1∕2)

(

𝐿2

4

)−𝛽−1∕2
(

1 + 
( 1
𝐿2

))

.

We can therefore conclude

lim
𝛼→𝛼𝑚

𝐹 (𝛼) = lim
𝛼→𝛼𝑚

𝛿 (𝛼)
4𝛽

𝛤 (1∕2)
𝛤 (𝛽 + 1∕2)

(

𝐿2

4

)−𝛽−1∕2
(

1 + 
( 1
𝐿2

))

= 0.

Let us now consider the case 𝛼 → 0, which, still exploiting Proposition 5, yields 𝐿 → 0 and 𝛿 → 0. Again making use of the
properties of 𝛹 , which has this expansion ([9], Section S4.9.2)

𝛹 (𝑎, 𝑏, 𝑧) =
𝛤 (𝑏)
𝛤 (𝑎)

(

1 + 
(

𝑧1∕2
))

, if 𝑧→ 0,

e have that lim𝛼→0 𝐹 (𝛼) = 0. □
We thus have just proved that 𝐹 is continuous non-negative and that tends to zero as 𝛼 tends to zero or 𝛼𝑚. We can therefore

onclude that 𝐹 has a maximum in
(

0, 𝛼𝑚
)

, and we define it as

𝐹max = max
𝛼∈(0,𝛼𝑚)

𝐹 (𝛼) > 0.

o for small positive 𝑐 the equation 𝐹 (𝛼) = 𝑐 has at least two different solutions. Indeed, updating definition (9), we set 𝑐𝑐𝑟 = 𝐹max,
nd have the following

roposition 7. Problem (26) has at least two different self-similar solutions for 0 < 𝑐 < 𝑐𝑐𝑟.

.4. Non-uniqueness of the solutions

Thanks to the results obtained in the previous sections it is possible to prove a more general result of non uniqueness for Eq. (1)1
hen 𝑛 = 1 and 0 < 𝑚 < 1. We indeed prove that there may be solutions which change sign even if the initial datum is not −𝑐 |𝑥|

2
1−𝑚 ,

i.e. solution of non self-similar type. This fact implies non-uniqueness of the solution to problem (1) in R, because, in addition to the
solution positive for some (𝑥, 𝑡), there is the solution, always negative, of the heat equation (recall that the initial datum is assumed
to be negative except in 𝑥 = 0, where it vanishes).

Here we consider a simplified case under “strong” assumptions without delving too much into details since a more exhaustive
and detailed coverage of this issue will be the object of a subsequent paper. Let us consider a more general version of problem (1)
in R, namely

{

𝑢𝑡 = 𝑢𝑥𝑥 + 𝑢𝑚𝐻 (𝑢) , 𝑥 ∈ R, 0 < 𝑡,

𝑢 (𝑥, 0) = 𝜑 (𝑥) , 𝑥 ∈ R,
(100)

under the assumptions:
20
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𝖧1. 𝜑 (𝑥) ∈ 𝐶2+𝛾 (R), for some 𝛾 ∈ (0, 1) (this is a strong assumption that can be weakened).
𝖧2. 𝜑 (𝑥) < 0, ∀ 𝑥 ∈ R∖ {0}, 𝜑 (0) = 0 and 𝜑 (𝑥) ≥ −𝑐 |𝑥|

2
1−𝑚 , with 0 < 𝑐 ≤ 𝑐𝑐𝑟.

We remark that, when 𝜑 (𝑥) = −𝑐 |𝑥|
2

1−𝑚 , with 0 < 𝑐 ≤ 𝑐𝑐𝑟, problem (100) admits solutions changing sign besides the solution,
always negative, that fulfills the heat equation. Hence, in this case, problem (100) does not admit uniqueness.

First we observe that Eq. (100)1, complemented with the initial datum

𝑢 (𝑥, 0) = 𝜓 (𝑥) , (101)

fulfilling 𝖧1 always admits solution 𝑢 ∈ 𝑊 2,1
𝑞,𝑙𝑜𝑐

(

R𝑇
)

∩ 𝐶1+𝜈 (R𝑇
)

, ∀ 𝑞 > 1, ∀ 𝜈 ∈ (0, 1) if 𝑚 = 0, or 𝑢 ∈ 𝐶2+𝜅 (R𝑇
)

, 𝜅 = min {𝑚, 𝛾},
if 𝑚 ∈ (0, 1). We do not enter into the details of the proof, here we limit to observe that this result can be obtained by relaxation,
i.e. by replacing 𝑢𝑚𝐻 (𝑢), with 𝑝𝑛 (𝑢)𝐻𝑛 (𝑢), where

𝑝𝑛 (𝑢) =
(

𝑢𝑚 − 1
𝑛

)

+
,

𝐻𝑛 (𝑢) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0, if 𝑢 < 0,

𝑛𝑢, if 0 ≤ 𝑢 ≤ 1
𝑛
,

1, if 𝑢 > 1
𝑛
,

nd then using [12] to prove that the relaxed problem is well posed and admits a-priori estimates allowing to pass to the limit,
hus obtaining a solution to (100)1, (101). In this regard it is important to observe that −max |𝜓| ≤ 𝑢𝑛 ≤ 𝑒𝑡, because of standard
aximum and comparison principles (here 𝑢𝑛 is the solution of the relaxed problem). As far as the needed a-priori estimate are

oncerned, they are obtained by using Theorem 5.2 pag. 320 and Theorem 9.1 pag. 341, with the subsequent corollary, of [12]. We
eave the details of the proof to a forthcoming paper.

Next, it is important to note that, if 𝑚 = 0, when passing to the limit we obtain a solution to the equation 𝑢𝑡 − 𝑢𝑥𝑥 ∈ 𝐻 (𝑢),
n the sense of graph. However, in the simpler cases, it is easy to prove that we can write 𝑢𝑡 − 𝑢𝑥𝑥 = 𝐻 (𝑢). Assume, for instance,
hat 𝜓 (𝑥) is an odd function and 𝜓 ′ (𝑥) sign (𝑥) < 0, ∀ 𝑥 ≠ 0. In this case, setting 𝑣 = 𝑢𝑥 we get 𝑣𝑡 − 𝑣𝑥𝑥 = 𝐻 ′ (𝑢) 𝑣, in R+ × [0, 𝑇 ],
(0, 𝑡) = 0. The maximum principle assures that 𝑢𝑥 ≠ 0, in R∖ {𝑥 = 0}, which implies that meas

{

(𝑥, 𝑡) ∈ R𝑇 , 𝑢 (𝑥, 𝑡) = 0
}

= 0, and
hence 𝑢𝑡 − 𝑢𝑥𝑥 ∈ 𝐻 (𝑢) implies 𝑢𝑡 − 𝑢𝑥𝑥 = 𝐻 (𝑢).

We now illustrate the main idea of the proof of non uniqueness. Let us consider the following problem

⎧

⎪

⎨

⎪

⎩

𝑢𝑛 𝑡 = 𝑢𝑛𝑥𝑥 + 𝑢𝑚𝑛𝐻
(

𝑢𝑛
)

, 𝑥 ∈ R, 0 < 𝑡,

𝑢𝑛 (𝑥, 0) = 𝜑 (𝑥) + 1
𝑛
, 𝑥 ∈ R,

hich admits solution because of the previous considerations. Clearly 𝜑 (𝑥) + 1
𝑛
> −𝑐 |𝑥|

2
1−𝑚 + 1

2𝑛
. Because of the uniform (with

espect to (𝑥, 𝑡) ∈ R𝑇 ) Hölder continuity of 𝑢𝑛 it is straightforward to prove that there exists 𝜏𝑛 > 0 such that 𝑢𝑛 ≥ 𝖲𝖾𝑐 (𝑥, 𝑡), in
R𝜏𝑛 , where 𝖲𝖾𝑐 (𝑥, 𝑡) is the self-similar solution to Eq. (100)1 complemented with the initial datum 𝖲𝖾𝑐 (𝑥, 0) = −𝑐 |𝑥|

2
1−𝑚 . Let us now

̄𝑛 the maximal time, 𝜏𝑛 ≤ 𝑇 , such that 𝑢𝑛 ≥ 𝖲𝖾𝑐 (𝑥, 𝑡), in R𝜏𝑛 . On the other hand, in R𝜏𝑛 , we have 𝑢𝑚𝑛𝐻
(

𝑢𝑛
)

≥ 𝖲𝖾𝑚𝑐 𝐻
(

𝖲𝖾𝑐
)

, and
𝑢𝑚𝑛𝐻

(

𝑢𝑛
)

≢ 𝖲𝖾𝑚𝑐 𝐻
(

𝖲𝖾𝑐
)

, hence 𝑢𝑛
(

𝑥, 𝜏𝑛
)

≩ 𝖲𝖾𝑐
(

𝑥, 𝜏𝑛
)

+ 1
2𝑛

. This implies that 𝜏𝑛 = 𝑇 , otherwise, by continuity, we could contradict
he maximality of 𝜏𝑛. We have thus proved that 𝑢𝑛 (𝑥, 𝑡) ≥ 𝖲𝖾𝑐 (𝑥, 𝑡), in R𝑇 . Passing to the limit in 𝑛, we get that 𝑢𝑛 → 𝑢, with 𝑢 solving

problem (100) and 𝑢 ≥ 𝖲𝖾𝑐 (𝑥, 𝑡) in R𝑇 . Since 𝖲𝖾𝑐 is positive in a region (evolving in time) also 𝑢 is a solution to (100) which is
positive for some (𝑥, 𝑡). We thus have shown that problem (100) admits a solution, positive for some (𝑥, 𝑡), even if the initial datum
is not −𝑐 |𝑥|

2
1−𝑚 . This implies non-uniqueness, keeping in mind that there exists a solution which is always negative (the solution of

the heat equation).

4. Conclusion

The results of this paper indicate that the solutions of the problem (1) are not unique. In particular, if 𝑚 = 0, we have extended
he result of Gianni and Hulshof [5], showing that, for any 𝑛 ≥ 1, there exist only two self-similar solutions provided 𝑐 < 𝑐𝑐𝑟, with
𝑐𝑟 given by (9), and estimated from above by 4∕27𝑛2. If 0 < 𝑚 < 1, the situation is much more intricated and we have proved that
here are at most two self-similar solutions since, unlike the case 𝑚 = 0, we are unable to give a detailed description of the behavior
f 𝐹 (𝛼). Indeed, when 𝑚 ∈ (0, 1), 𝐹 (𝛼) is much more involved since it is defined by means of 𝛿 (𝛼) and 𝐿 (𝛼) which we do not know
xplicitly. Furthermore, it is very well possible that when 0 < 𝑚 < 1, 𝐹 (𝛼) given by (99) could have more relative maxima which
ould imply the existence of more than two self-similar solutions for suitable values of 𝑐. Nevertheless our conjecture is that, for
ny suitable values of 𝑐, there exist two and only two self-similar solutions changing sign. This will need closer investigation in
uture papers. Similarly it would be interesting to extend the results obtained in R for 𝑚 ∈ (0, 1) to the 𝑛 -dimensional case. The
esult obtained is closely linked to the question of the uniqueness of the solutions to Eq. (1)1 complemented with “more general”
nitial data. In fact, while working in R and considering “strong” hypotheses on the initial datum, we have shown that, even if
𝑥, 0 ≠ −𝑐𝑥2, there is still a solution which, for some 𝑥, 𝑡 , is positive, thus proving non-uniqueness.
21
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