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Keywords: We investigate the existence of self-similar solutions for the parabolic equation u, = Au+u™H (),
Semilinear heat equation with 0 < m < 1 and H the Heaviside graph, coupled with the initial datum u (x, 0) = —c (|x|*) ™",
Nonlinear ODE

with ¢ > 0. We analyze two cases: the problem in R” , n > 1, with m = 0 and the problem in
R when 0 < m < 1. In the first case we extend the result of Gianni and Hulshof (1992) and
show that there exist only two self-similar solutions changing sign, provided 0 < ¢ < ¢, with ¢,
obtained solving a specific algebraic equation depending on n. In the second case we prove t}3at

Non-uniqueness
Self-similar solutions

there exist at least two self-similar solutions of problem u, = u,, +u™H (u), u(x,0) = —¢ (xz) =
changing sign and evolving region where u > 0. These solutions are of great interest. Indeed,
on one hand they prove that the problem does not admit uniqueness and on the other they
prove that a single point where u(x,0) = 0, for an initial datum which is otherwise negative,
can generate a region where u (x,7) is positive.

1. Introduction
We consider the initial value problem

u, = Au+u"H (u), xeR" 0<t,
2 @
u(x,0)=—c|x|T=m , x eR”,

where ¢ > 0, m € [0, 1), and where H is the Heaviside graph

HE =1, if £>0,
H$)el0,1], if £€=0,
H () =0, if £<0.

In R3 Eq. (1), arises, when m = 0, in simple models for combustion in porous media and in other physical problems. For more
references on the physical background we refer to [1-3]. Problem (1) has some similarity with the Fujita equation [4], which occurs
in problems of nonlinear heat transfer and combustion theory.

The main feature of problem (1) is the presence of the non-Lipschitz continuous semilinear term «” H (1) which gives rise to
non-standard behavior of the solution. In particular, the Heaviside graph does not appear in the Fujita equation and the exponent
m in the Fujita model is larger than 1.
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On the other hand if m > 1 the semilinear source term, u™ H (u), is Lipschitz continuous which immediately implies uniqueness
for Eq. (1);.

Referring to physical models, our study is motivated by the question as to whether a reaction diffusion process modeled by (1)
can be switched on if, at r = 0, the initial datum u (x, 0) is everywhere negative (and therefore the source term initially vanishes),
except at one single point, x = 0, where its value is zero. Indeed, the essential feature of (1); is that the reaction term (i.e. the
source term) is switched on for u > 0. From this point of view, solutions of (1) with change sign are of particular interest.

In this paper we show that for any 0 < ¢ < ¢,,, where c,, depends on m and on the dimension of the space, problem (1) admits,
besides the “classical” solution of the heat equation (always negative), two self-similar solutions changing sign even if the initial
datum is always negative except at the point x = 0.

The mathematical results obtained in this paper are, in our opinion, of some interest. Indeed, they allow to investigate the
qualitative behavior of the non-unique solutions to problem (1). In this regard it is worthwhile mentioning that problem (1),
in R and under different initial data, does indeed satisfy a uniqueness theorem. For example this is true if u(x,0) € C'(R),
u(x,0) sign (x = xo) > 0, V x # xo, u, (x,0) > 0 in a neighborhood of x, (see [5,6]).

The question of uniqueness of solutions to problem similar to (1), i.e. to the Fujita equation, has been addressed in [7], where
the authors illustrate some examples of non-uniqueness of positive solutions (not of self-similar type). Still in the context of the
Fujita equation we refer the readers to [8] and to the numerous references therein for the question of uniqueness of the solution to
semilinear parabolic equations.

Concerning problem (1), we conjecture that it admits infinite solutions divided into two classes: (i) the solutions connecting
the “unstable” self-similar to the solution of the heat equation (with the same initial datum), (ii) the solutions connecting the
“unstable” to the “stable” self-similar. In this regard the adjectives “stable/unstable” are understood in the classical sense while
the word “connecting” means that for + — 0, the solutions “behave” like one of the two connected self-similar solutions, while for
t — oo are asymptotic to the other. In proving this conjecture the results of this paper will be important and this fact increases their
mathematical relevance. Also thanks to the results of this paper it is possible, working in R and considering suitable assumptiogls,
to prove that Eq. (1); complemented with the initial condition u (x,0) = ¢ (x), where ¢ (x) < 0 in R\ {0}, ¢ (0) =0, ¢ (x) > —c |x| T,
with 0 < ¢ < ¢, in a neighborhood of x = 0, do not admit uniqueness. Indeed, besides the solution which fulfills the heat equation
(always negative) there is also a solution taking positive values.

The objective and novelty of this study are twofold. First, considering m = 0, we investigate problem (1) in R” thus extending
the results of [5] whose authors analyze problem (1) in R with m = 0. In particular, we prove the existence of two and only two
similarity solutions, which take both negative and positive values, in the general n-dimensional context, provided ¢ is positive and
less than a critical threshold. The second target of this paper is to investigate problem (1) in R, considering 0 < m < 1. In analyzing
this case we are led to a non-linear ODE and we will proceed to its qualitative study. Indeed, the case 0 < m < 1 is far more complex
than the case m = 0 (for this reason our study is limited to the study of the one-dimensional problem). We will prove that (1) in R
admits at least two self-similar solutions changing sign. The exception is the case m = 0, where, as just stated, we prove that the
self-similar solutions changing sign are exactly two (thus improving the results obtained in [5]).

We believe that the results obtained in the one-dimensional case for m € [0, 1), can be extended also to the n-dimensional case
and this could be the subject of a future paper.

The paper is organized as follows: in Section 2 we analyze problem (1) in R” taking m = 0. We rewrite the equation considering
spherical symmetry and look for a self-similar solution. We thus end up with a linear ODE whose analytical solution is “almost”
explicit. Imposing then the initial condition (1), we find that there exist two self-similar solutions compatible with the initial datum
if ¢ is less than a critical threshold, denoted as c,,.. Section 3 is devoted to the case n = 1 and 0 < m < 1. Following the same procedure
of the previous section, we obtain a non-linear ODE. We then proceed to a purely qualitative study and prove the existence of at least
two self-similar solutions compatible with the initial datum. In Section 3.4 we show that there exists a solution which is positive for
some (x, 1) even if the negative initial datum is not such as to admit self-similar solutions. Some concluding remarks are summarized
in the last Section.

2. Case R" and m =0

We focus on the case m = 0 and x € R". Setting r = |x|, we rewrite problem (1) considering spherical symmetry

L (r"‘lur)r+H(u), r>0, 0<t,

u, =
t pn—1

(2)

u(x,0)=—cr2 s r>0.

In a 1D setting, i.e. n = 1, problem (2) has been analyzed by Gianni and Hulshof in [5], who showed the existence a positive critical

value of ¢, i.e. the constant appearing in the initial datum denoted as c,,, such that:

» For 0 < ¢ < ¢, there are at least two similarity solutions which take both negative and positive values, besides the negative
self-similar solution,

2
u(x,t)=—c(21‘+x2)=—cl 2+ i) .
(\/?
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« For ¢ > c,, the heat equation solution, e.g. u (x,7) = —c(2t + x?), is the unique solution of the problem but it is negative.

In this paper we extend the results of [5], proving the existence of only two similarity solutions, which take both negative and
positive values, problem (2), for sufficiently “small” values of the constant ¢ appearing in the initial datum (2),. This implies, from
the physical point of view, that the reaction is triggered, i.e. u becomes positive, by those initial data (2), which, although negative,
are characterized by suitable values of c. As far as we know, this is a rather surprising and unexpected phenomenon whose physical
consequences are not yet properly understood.

2.1. Similarity solutions to (2)

We focus on the similarity solutions to (2); which, as we shall see, become positive for ¢ > 0 and r € (O, f”%;r), with «a defined

in formula (8) below, while they are negative outside this interval. Referring to [5], we search a self-similar solution of (2); in the
form

u(r,t)=t"f@rt"), <

u(r,t) _ v
e NAGOR @
Writing #» = r#¥, upon substitution in (2);, we find'

T (uf +onf') = 4 (f”+%f/> +H (). (&)

For Eq. (4) to make sense we need y—1=0, y+2v=0, yielding y=1and v= —%, namely

=L and (,z):zf(L>, )
n \/; ul(r. \/;

so that (4) acquires this form

L = H ), ®)
which, when » = 1, becomes (see also [5])

SIS = ==H (). )
Because of symmetry, we solve (6) for n > 0. As for the “initial” conditions to be coupled to (7), we take

ff@®=0, fO)=a>0. (8)

The first one is due to the symmetry of problem (1). The second one is motivated by the fact that we look for a solution u which is
positive in a neighborhood of x = 0.
In this Section we show that:

(a) System (6), (8) uniquely determine f (), for # > 0. The function f () is positive only in an interval [0, L), with L that depending
on’ ¢ and f is decreasing for n > 0.

(b) There exists lim,_,+ g—@ = lim,_ (—% , and it defines a smooth positive function of « € [0, 1), denoted as® F (a),
which has an isolated maximum and tends to 0 as « — 0, or @ — 1. This means that the initial condition (2), can be fulfilled

only if ¢ is less than the maximum of F. Not only that, but for ¢ < ¢,,, with
¢, = F (@)= max F(a). ©
a€g(0,1)
the equation F («) = ¢ admits two solutions and therefore there exist two self-similar solutions changing sign.

The proof of point (a) can be found in [5] when n = 1. Here we consider the more general case n > 1. We look for solution to
(6) in the form f (1) = an* + by + ¢, positive in a neighborhood of 1 = 0. Upon substitution in (6) where H = 1, we find

f=an* +2an+1,

which fulfills the initial conditions (8) provided a = a2— l, namely
n

Fm=a- =% (10)
2n

1 (- ) denotes the differentiation with respect to 7.
2 See formula (14) in the sequel.
3 See formula (22) in the sequel.
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which, in case n = 1, becomes

Foy=a- 1%, (1)
i.e. formula (A.2) of [5]. We have that f > 0 as long as

0<n<L(a), (12)
where

L= aelon, (13)

reducing to (A.3) of [5] when n = 1, namely

L(a):\ll2_aa, a€[0,1). 14

We remark that condition (13) reported to the (r,f) plane, means that u is positive when 0 < r < L\/;. Indeed, # = L, in the (r,7)
plane, corresponds to the curve

2na p

l—a’

where f vanishes. We further remark that on the curve ¢ (rf) we have f =0, and (6) is still fulfilled.
We introduce

r=¢@®, with ¢@®=L@Vi=

2 (1 —a)

f ('1)|,,=L =-6(a), with 4(a)= Y (15)
and note that L («) and 6 («), defined for a € [0, 1), have the following properties
L (a) continuous and monotone increasing, L(a) — 0, L(a) — oo,
a—0 a—1 (16)
6 (o) continuous and [|6]lcoj,;}) bounded, 6 (a) —>O 0.
If n> L, f given by (10) is no more solution to (7) since f < 0. So, the Cauchy problem (6), (8) has to be replaced with
fralpe Ly or=0. g>L
2 n 17)
fwy=0, f(Ly=-6,
with L and § given by (14) and (15), respectively. Following [5], we look for a solution to (17) in the form
fy=(n*+2n)z(m),
so that (17); reduce to
2" (n* +2n) + 2 [411+ (#* +2n) <g + n—l)] =0,
n
namely
" —_
z_:_< 4n Lhyn 1>’
z/ n+2n 2 n
and so
n —s2/4 n —s2/4
z:A/ e—zds+B, > fm=(n*+2n) A/ — ¢ ds+B|.
L sn=1(s2 4 2n) L sn=1 (52 + 2n)
Imposing the boundary conditions (17), we obtain
B =0,
A = — / M8L2/4L"—1 (L2 + 2,1) ,
n
R —
8(a)
yielding
f ) ==6(a) (n* +2n) wn, (18)
where

2 n —s2/4
w(n) = (L* +2n) L”—lexp{L—}/ T
4 -1 (52 2
L gn (s +2n)
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We notice that f < 0 for n > L, and that both conditions at # = L, i.e. (17),, are fulfilled.
Rewriting (18) more explicitly we have
2 n —s2/4
£ ==6(n*+2n) (L* +2n) L"‘lexp{L—}/ e—2ds. (19)
4 L sn=1(s2 +2n)
If n = 1, the integral on the r.h.s. can be explicitly computed and we have
211
fo= ——(r, +2) (L* +2) exp{ }[\/;erf +2e p{ Z}] . (20)

L

We now focus on point (b). Using (19) we write u(r,t) =tf (r/\/;)

2 2 r/\ﬂ _s2/4
u(r,1)=—15<r—+2n> (L2+211)L"_I exp{L_}/ e—ds,
! 4 L n—1 (2 2
s (s +2n)

and define
F (@) = ~lim === ”(’ D~ 5@ (L2 (@) +2n) L (@) exp { L24(“) } /:) : ‘(3:2/42 )zds, (21)
) "1 (5% +2n
which, exploiting (14) and (15), assumes this form
F(L(a)):ZL"(a)exp{m}/w ids, aelf0,1). 22)
4 L@ sn1 (52 +2n)°

In order to prove the properties of F listed in point (b), it is convenient to consider F as function of L. Hence, exploiting (14), we
have

" L2 ® 6—32/4
F(L)=2L"exp T —st, L €[0,00). (23)
L sn=1(s242n)

It can be easily realized that F > 0, for L > 0, and that lim; _,, F (0) = 0 and, using de ’Hépital, lim; ,, F (L) =
We consider
2
s(h=—E Lo
(L* +2n)
which is a positive function and has an isolated maximum at L = +/n, where g (ﬁ) = 4/27n. Moreover g - 0 as L — oo,

£(0) =g’ (0) =0 and g” (0) = 1/n?. We then observe that ¥ n we have F (L) > g (L), for L € (0,0), provided ¢ is sufficiently small
(this fact follows from Taylor expansions of (F — g) around L = 0). So, taking L, € (0,0), F (L) fulfills this Cauchy problem

2 2
gL 4L 3> L2 2y,
2L (L2 +2n)
Flp, =F(L,) Zg(L,)-
We remark that, if F(L) Z g(L)V L > L,, then we would have F' (L) > 0,V L > L, and that would contradict lim;_,, F (L) = 0.
Hence there exists L such that F (L) = ( ) (and therefore F’ (L) = 0), and g’ (L ) > 0. Since g’ < 0 for L > 4/n (recall that in
L= \/Z, g has an isolated maximum) it must be L < \/— n. We now prove that L is strictly less than \/_ so that g’ (L) > 0. We

proceed by assuming that L = \/Z and show that we run into a contradiction. If L = \/_ then F (\/— ) =g (\/_ ) F’ (\/— ) =g (\/— ),
because (24); and F” (ﬁ) = 0 while g” (ﬁ) = —8— So taking L € <\/_ \/n+ e], for some sufficiently small € > 0, we have

(F — g)(L) > 0 entailing F’ (L) > 0. In particular, if F’ is positive in a neighborhood of \/; then F’ > 0 for any L > \/_ because g
is monotone decreasing for L > 1/n. We thus get a contradiction since lim; _,, F (L) =

Thus far, we have proved that there exists 0 < L $ +/n, such that F (L) = g (L ) and so F’ (L) = 0, because of (24),. For
Le (Z, \/Z], F is decreasing while g is increasing and therefore (F — g) £ 0. For L > \/71, (F — g) is definitely not positive because
if (F — g) > 0 for some L > \/Z, then F would be increasing V L > I, contradicting the fact that lim; _  F (L) = 0. We thus have
proved that F (L) has only one critical point (maximum) attained at L < \/ﬁ In particular, since F is decreasing as L > L, while g
increases again until it reaches its peak at L = \/;, we have an upper estimate for max; F

The above properties, proved for F (L), are reflected to F (a) since L (a), given by (13), is continuous and monotone increasing.
Indeed, recalling (13), we define

(24

A= —-, (25)
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a

Fig. 1. Behavior of F (a) defined by (22) for 0<a <1 and n=1.

and so, recalling (9), we obtain an upper estimate for c,,

¢, =F(a)= arg(%ﬁ) F(a)= r{lg())( F < TR
Next, since L < \/Z, we can estimate a, i.e. the value at which F () attains its maximum. Indeed, exploiting (25), we have a < 1/3.
We can therefore state that there exist only two similarity solutions (which take both negative and positive values) to problem
(2) provided the equation F («) = ¢ has solution, i.e. provided 0 < ¢ < ¢,
For readers’ convenience, the behavior of F (), for 0 < « < | and n = 1, is displayed in Fig. 1. In this case max,¢( ) F (@) ~
0.12 < 4/27.
We emphasize that the proof of the existence of only one maximum for F («) for any n > 1, enriches the results* of [5].

3. CaseRand0<m<1

We now take m € [0, 1) and investigate the existence of self-similar solution to (1) in the one-dimensional setting, i.e.

u, =u,.. + H @, xeR, 0<t,
;= Uy (u) 26)
u(x,0) = —cx?, x € R.
In the same spirit of [5], we consider
u=1"f@), with n=xt
Inserting such an ansatz in (26); we obtain
PPN+ 0P g = 2O T H (),
which entails
2 o=-1
O+p=p—1, =-z,
= 2 @7)
mp=p-1, p=—1_

with g € [1,+00) for 0 <m < 1.
Hence the self-similar solutions must have this form®

u(x,t)=tl—lmf<\i/;). (28)

As in the previous section u is positive when 0 < x < L\/;. Indeed, n = L, in the (x,1) plane, corresponds to the curve
x =LV, (29)

where f vanishes. Fig. 2 displays the behavior of the curve (29) for three values of L computed when m = 0.25, 0.5, 0.75.
The initial condition (26), can be rewritten as

u(x,0)= —ex? | (30)

4 We recall that in [5] the authors, working in R, i.e. n = 1, prove the existence of at least two similarity solutions as they only prove that F is positive and
that tends to 0 as « — 0, or a — 1.
5 We note that (3) is recovered when m = 0.
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m=0.75

Fig. 2. Behavior of the curve (29) for three values of L computed when m = 0.25, 0.5, 0.75.

m=0.25 m=0.5 m=0.75
fm) 1) 1)
025 02 00016
00014
020
o1 [ a—
015 F—_ ———— = 00010 ~—
F R 00008 F—— ~~
0.101— 02 04 06 08 10 TE — ~
— 00006 ~_ -
008 o1 00004 S~
00002 a=0.0015
000
00000
2 3 4 s g 0 005 000 015 020 025 03 035 1

0.0002

03 0.0004 0,008 N a=0.0012

Fig. 3. Behavior of f (n) solution to the Cauchy problem (34) when m = 0.25, 0.5, 0.75, for three values of « < a,,.

which is fulfilled by the similarity solutions if

vi\”
. T p X 28 . X _
}%u(x,t) —}%t f(—\/}) =—cx?, = }gr&(—x ) f<_\/;> = —c. (31)

So, following a similar path to the one illustrated in Section 2.1, we will show that there exists lim,_, (—%), where, as usual,

n = x/4/1, and that it defines a smooth positive function of the parameter a, namely

F(a) = —’}Lrg % (32)

which replaces definition (21).

Imposing condition (31) we obtain

lim@:—c, = F(o)=c. (33)
sy

——
—F(a)

In particular, we prove that the equation F («) = ¢ has at least two solutions for sufficiently “small” values of ¢, provided 0 < « < «,,,
with «,, defined by (35) a few lines below. We thus will show that there exist at least two similarity solutions (which take both
negative and positive values) to problem (26).

Since we look for a even function, we have to solve this Cauchy problem

= =R - ), 0> 0
—-m 2
=0, fO)=a€cR.

(34)

Actually, the solution of (34) depends also on the parameter « and therefore should be denoted by f, (). However, in order not to
make the notation too heavy, we will omit to write the subscript a unless it is necessary to highlight this dependence.

This Section develops as follows. In Section 3.1 we show that, for each a € (O, am), with «,, defined by (35), there exists a unique
L such that f (L) =0 and that f/ (L) £ 0. We also show that both L and the derivative of f at n = L are continuous functions of «
and that L tends to 0 if « — 0 and that it tends to o when a — «,,. In Section 3.2 we analyze problem (34) for n > L. Section 3.3
is devoted to the existence of solutions to Eq. (33).

Fig. 3 displays f (n) solution to the Cauchy problem (34) when m = 0.25, 0.5, 0.75, for three values of , smaller than «,,.
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3.1. Solution to problem (34) for n < L

We are interested in those solutions to problem (34) which change sign. Hence, resuming the notation already introduced in
Section 2.1, we have

Proposition 1. Problem (34) has a solution which changes sign provided 0 < a < a,,, with
1
a, =(1—m)Tn . (35)

In particular, there exists L > 0 such that f >0for0<n< L, f(L)=0, f'(L)<0,and f <0ifn> L.
Moreover, f tends uniformly to 0 in any compact set, as a — 0.

Proof. First we will show that if « < 0 or a > «,, then the solution f to problem (34) does not change sign (and consequently the
u(x,t) does not change sign either).
Let us first consider the case a < 0, so that (34) reduces to

n_ 1 Y
=y =y >0
fO)=a<0, f(0)=0,

(36)

at least for n sufficiently small. If we take 5 € [0,#,], with 5, sufficiently small then f” < 0 and so f’ <0 and f <« in (0,7,). Let us
assume that (0, #) is the maximal interval where f/ < 0. If ¢ < oo, we have f’ () = 0. As a consequence, f <« < 0 in [0,#], and so,
exploiting the equation, we have f” (¥) < 0, entailing that f’ <0 in (0, ¢ ) with Z > #. Hence (0, #) is not maximal and this yields
¢ = oco. We thus conclude that f < a < 0, for n € (0,0) when a < 0. Therefore, in this case f is always negative and consequently
u(x,t) <0, i.e. u being the solution of the heat equation.

Let us now focus on the case « > «,,. We begin by observing that if « > 0, there exists some positive (possibly small) #,, such
that for 4 € [0,#,] problem (34) has to be written as

//__Q/ 1 _ fm
S = RS =S >0,
fO=a f©)=0.

(37)

Next, let us consider the case a = «,,, with «,, given by (35). In this case the solution to problem (37) is f = «,,, i.e. always positive,

since ﬁam = (a,)" =0.

We now consider the case a > a,,. First of all we observe that

1 m_ (i 1=m\ _ f | e\
1—mf_f _l—m(l fl—'">(3_5)1—m [1 (f) ]

1
Hence ﬁ —fm) =20,if f > a, =(1—-mTn. So, if a > a,, there exists n, > 0, such that, if n € [0,7,], /" (n) > 0 and so

f'(n) > 0in (0, 'lo) since f’(0) = 0. Hence f > « in (0, r][,). Therefore, proceeding as in the case « < 0, we prove that, if « > «,,
f>a>a,, for n € [0,0), and so f is always positive (i.e. u does not change sign).

We now take 0 < a < a,, (which is the most delicate situation) and show that now f (), solution to the Cauchy problem (37),
changes sign. We first show that f’ < 0, for n > 0 as long as f > 0. As before, f” < 0 for n € [0, no], for some 7, sufficiently small
and so f' (n) <0, in (O, '10]~ So, let (0, L) be the maximal interval where f’ <0, and f > 0. Three cases can occur:

Case 1l.a. L < +oo, with 0 < f (L)< f(0)=a < a,, and f’ (L) =0.

Case 1.b. L < +oo, with f(L)=0, and f’ <0 in [0, L] (we will prove that this is the only possible case).
Or L = +o0, i.e.

Case 2. f (1) >0, f' (1) <0 for n > 0 and consequently lim,_,, f (1) = f, 2 0, i.e. f does not change sign.
Let us first show that Case 1.a cannot occur. Indeed 0 < f (L) < a < «,, and f/ (L) = 0, entail that "/ (L) > 0 (otherwise
f"(L)<0andso f/ <0and f >0, beyond L, contradicting its maximality). On the other hand using (37);

1 _M | %m o _ L, "
f (L)_l—m [1 <f(L)> :| 2f(L), = f7()<0,

=0
<0

thus obtaining a contradiction.

In the sequel we show that also Case 2 is impossible.

We proceed assuming that Case 2 holds true, showing that in this way we obtain a contradiction. We first show that f’ can have
at most one local minimum. This fact entails two cases: (i) lim,_, f "= 0; or (ii) f' < k <0, for  sufficiently large. Obviously option

8
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(ii) trivially implies Case 1.b. Let us start the proof that f’ has at most one local minimum. Assume that # = p is a local minimum
for £’ (p). We have f (p) >0, f'(p) <0, " (p) =0, and f"”’ (p) > 0. On the other hand, differentiating Eq. (37);, we have

1___m ]>0
2 flmpy] 7

S0 =1 |
- m

and so

1 1 m ALoom T
_—— < < — —m .
1—-m 2 fl—m(p)—o’ = f(p)_Lm),l_/<l+m) <a,

am

Now we suppose that at = s > p, f’ has a local maximum. Since, f’(s) < 0, f” (s) = 0, and f"" (s) < 0, by repeating the same
procedure we obtain

1

I-m

f(S)Za,,,<12_—mm) ,

which is an obvious contradiction since f is decreasing for n > 0. Hence, exploiting what we have just obtained, we conclude that,
if £ is not monotone decreasing, i.e. if Case 1.b does not occur, then f’ is monotone increasing for n > p, and, since f’ < 0, we
have that lim,_, f' =¢q <0.But if g £ 0, we are again in case Case 1.b. Hence if Case 1.b does not occur we have lim, _, =0,
and lim,_, f (n) = f, 2 0, i.e. we are in Case 2. But we are going to prove that Case 2 does not occur. Indeed, we have just seen

that if f does not touch zero, then: (i) lim,_,, f' = 0; (i) f’ has only a local minimum attained at some point » = p. Hence, for
n > p, we have f” () > 0, and so (37); gives

Mopr oy (oY < L e om o I 1 = iom
=+ (= =) S g = = = (A= m = £ for 2.
<0 >0

Recalling (35) we note that ¢ (f) = (1—m) — f1™™" = gl=" — fl=m > 0, for 0 < f < @ < a,,, and that ¢ (f) attains its minimum at
f=a ie am— flom > gl=m _gl=m 5 0, f €[0,a]. Therefore, since f = a when n =0 and f is decreasing, we have

2 m
F<-2l a—m- ) for nzp.
n ——

al-m
namely
ff_ b
-t (38)
rm n
with
b=2(alm —a!™m) > 0. (39)

Solving (38) for n > p, we obtain

<G,

with
Gm=f""(p -1 -mbln (g) :

and b given by (39). But G (1) vanishes for n = 5, with

_ ) ol
np—pexp{m}Spexp{m}, (40)

and therefore also f vanishes at n = L < 5,. We thus have come to a contradiction since we were assuming to be in Case 2. We
have therefore shown that Case 2 is impossible and then only Case 1.b is feasible.

To conclude the proof of this proposition we have to show that: f/ (L) <0, and f <0, for 5 > L.

So far we have shown that f reaches 0 at n = L < +oo, i.e. that only Casel.b occurs. Now we prove that f’ (L) < 0. To this
purpose we proceed by assuming f’ (L) = 0 and we show that this assumption implies a contradiction. Obviously if f’ is always
decreasing we have f’ (L) < 0 and therefore the contradiction is obtained immediately. So, if f” is not always decreasing, f’ has only
one critical point which is a minimum (as just proved), attained at some point p S L. We thus consider p < # < L, with p minimum
of f/, that is f/(p) < 0 and f” (p) > 0. Hence, for n € (p, L), f' is increasing and therefore we will have® ”f/”CU(M,L]) = —f" ().

6 Recall that f/ <0 in (0, L).
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Hence, exploiting (37), for € (p, L), we get”

’ _ / ot ’ _ L "y 1 L LS ! L m
17" leoqnen = =1 (n)—f(L)—f(n)—/n fds——l_m/n f(s)ds+/n E(—f)ds—(/n fds>

=0 ———
>0
1 L L
< m/ﬂ (—/S f’(r)dr)ds+(L—n)L||f’||c0([w) (41)
—— ———
feo= (L)

=0

We now remark that

L -
L rea) s [ o @ -9as < B2 1 e o
and so (41) becomes
L n L
1 leognzn < T / 1 ooy 45 + (L =D LIF leogury - (42)

In particular, setting

g ="llcogny - (43)

we can write (42) as

1 L 1 1 L
g@m 5—/ g(s)ds+Lg(m), = g(n)(——L) —/ g(s)ds. (44)
L—n I-m/, n I-m/,
. 1
- l<
Hence, selectmgn>max{p,L ZL}IL’ so that
R E
2(L-n) "~ L-n
(44) can be rewritten as
g ( 1 > 1 /L
57— = —-L| < s)ds. (45)
2L-n W\ T, =/, £©

We now increase the integral on the right hand side taking the maximum of g (s) in the interval [5, L]. Recalling (43),
Sggi’i]g(s) max ”f ”cﬂ([s Ly~ =|r ||c0( Ly = &0
Thus, (45) becomes

2

g e L-mgm 2(L-n)
mﬁm/ﬂ g(S)dSSﬁ, => g(ﬂ)Sﬁg('l%

2
At this point it suffices to take 5 so close to L so that 2L =—n < 1, and we have that g = 0, and so f’ = 0,thus entailing f = 0
in (5, L), which contradicts the fact that L is the first zero of ?1 (recall that f is decreasing). The inconsistency we have obtained is
due to the fact that we hypothesized f’ (L) = 0. Hence f’ (L) < 0.

Let us now prove that f(y) < 0, for n > L, by proving that f’(3) < 0, for n > L. Let us consider the interval [L, L + p], for
some p > 0 (possibly “small”). Since f’ is continuous, f’ (1) < 0, for n € [L, L + p] and we have f () < 0, for n € (L, L + p]. Hence
Eq. (34); becomes

fr= -ty neln Lol (46)
-m 2
Let (L, M) be the maximal interval where f/ < 0. If M < co, we would have f/ (M) = 0, and so, exploiting (46), we would obtain
1
" M - M <
(M) - mf (M) z0

contradicting the maximality of (L, M). Note that in (L, M) f is negative because of the previous considerations and therefore (46)
holds true. We deduce that f/ <0 for any > L and so f < 0 for n > L.

As a last thing, we consider case a« — 0 and show that® f, tends uniformly to 0 in any compact set. We multiply (34); by f,
and, integrating in [0, 7], we get

fr2 n fml 72 2 m+1 f? m+1
a +/ SIS H (f) = st = o T < o
0 2°°% m+1 20-m)y 2(1-m) m+1~ 2(1-m) m+1

7 Recall we are assuming f’ (L) =
8 1In this part of the proof we use the notation f, to explicitly indicate the dependence on a.

10
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namely

f(i 2 f(f am+l ' 2am+! 1 n , 2
v e 47 == d .
> S20-m mr1 = S @ m+1+(1—m)</0 o) ”“)

| —
VAO!

In particular, we still increase the r.h.s. increasing the bracket

m+1 2
< %+(1_m) [Za +2</ f/(s)ds>]

_ 2em 02 2 L :
= m+1+(1—m)+(1—m) (/0 fa(s)ds> . (47)
—_—

C(a)

We thus end up with

f’2<C(a)+

</ fa (S)dS> )

and apply the Cauchy—Schwarz s inequality

2n g ’2
(l—m)/o fo“(9)ds,

and then the Gronwall inequality until we obtain

2
(f1)* < Cl@yexp { i }

m)

flP<C@+

with C («) defined in the last line of (47). Hence, given a generic 0 < < o, if 5 € [0, 2], we have that f/ tends uniformly to 0 in
[0, 2], as & — 0, since lim,_, C (a) = 0. This fact trivially implies that also f, uniformly tends to 0 in [0, £2] when a — 0.
Summarizing we have proved that:

(@ If 0 < & < a, with a,, given by (35), then f () changes sign. In other words, f is monotone decreasing function for every
n > 0; there exists L > 0 such that f () > 0 for n € [0, L), f(L)=0, f'(L)<0, and f () <0 for n € (L, o).
(b) If @ — 0, then f — 0, uniformly in any compact set. []

In the sequel we will find an estimate for L from above which depend only on “structural constants”, i.e. on a, m

Proposition 2. For any a € (0,a,,) there exists a positive constant K, which depends only on a, and m, i.e. on “structural parameters”,
such that L < K.

Proof. We start remarking that, V0 < f <a < q,

—f f™<0, and 'Lf—f’” <0 (48)

1- 1-m
where

0 = ax L_fm —a mﬁ_mﬁ (]—m)l—m ml—m—mlm (49)

! E[O ] @5)
We will carry out the proof by considering separately the two cases that can occur:
(i) f' is decreasing;
(i) f’ has a minimum attained at some point 7 = p.
Let us first focus on the first case (i.e. f’ is decreasing) and, rewriting (37); as
1) - \ -, 50)
we have f” > -6, with 0 given by (49). Hence, integrating
7

f'> -6y, and fza-0=. (51)

since f” (0) = 0, and f (0) = a. Thanks to (51) we have that | f’| <1, when 65 < 1,i.e. 0 <5 < 1/6, and that f >4 whena 0% %

ie.0<n< \/; So taking 5 € [0, x], with

x=min{$,\/§}, (52)

11
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we have

SR VAORYS (53)
and |/’ ()| < 1. So, recalling (50) and taking # € [0, x] we can write

m_Myen_ |1 o om <

f —2|f| ‘1_mf S - (54)
where

. 1 | 1 oom I a (a\"”

w—gl;l}[;a _l—mf f —mln{‘l_ma a "1—m2 (2) }>0. (55)

Hence, setting

ﬁ:min{%,k}:min{%,é, %} (56)

and taking 5 € [0, 7] we can rewrite (54) as

el << @ =2,
fleyresi-eosy—o=-7

which we integrate getting f” (1) < —%n, V 5 € [0, 77]. Recalling that we are in case (i), i.e. f’ decreasing, we have

f'<=%n Yz
and, consequently
o _ _ _ _
OREYAORS En(n—n)sa— 511(11—71), Von>q.
We therefore conclude that L, the point at which f vanishes, can be estimated from above by K|,
L<R, wih R =q+2%,
wn
with 7 and w given by (56) and (55), respectively, provided L > x. Hence we can state that
L <K; with K;=max {I?l,x} .

We have therefore determined, at least in case (i), an upper estimate of L that depends only on the “structural parameters” a« and
m.

Let us now consider case (ii): f/ has a minimum attained at # = p (we recall that in Proposition 1 we have shown that p is
the only local minimum of f”). In this situation two sub-cases can occur. If K, < p, then what has been done in (i) still holds true
because f” is decreasing in the interval (0, p) and therefore f vanishes in L < K, < p. In the opposite case, we have p < K,. But the
latter inequality can be read as an estimate for p. Indeed, we know from Proposition 1 that f vanishes at L < 5, with 5, estimated
by (40), namely

1-m

a alfm
LSV]pSpCXp m SK]CXP m N

with b given by (39). Hence, setting

K = max {KI,K] exp [%] } (57)

we have that
L <K, (58)
regardless of whether case (i) or (ii) occurs. Moreover K, depends only on « and m, i.e. only on the “structural parameters”. []

The previous proposition gives an upper bound for L. We now illustrate a result that gives a bound from below for | f! (11)|,
which, evaluated at n = L, provides a quantitative estimate of the “transversality” of f at the point where it vanishes.

Proposition 3. For any « € (0,a,,) and 5 € [0, L], we have

2
|fl(l1)|ZH, with H=e_KTwmin{11,}{}, (59)

where K, given by (57), is the constant that estimates L from above, w is given by (55) and x by (52).

Proof. First we note the consistency of the estimate (59). Indeed, if # = 0, we have min {#,x} = 0 and consequently H = 0, in
agreement with the initial condition (37),. We begin the proof by taking « < «a,,, # € [0, L] and considering (37);, which we rewrite

12
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as

2
()

Integrating such an equation between 0 and 5 and exploiting the fact that f’ (0) = 0, we have

2 n f 2 2 n f 2
f/(n)e7=—/0 <f’”- m)em, > |f’(n)|=e_7/0 <f”’— )em. (60)

1- 1-m

In particular, recalling (48), we remark that the integrand is non-negative vV 0 < f < a < a,,. Exploiting (58), (60) gives rise to this
inequality
12 n f 2 K2 n f
7" ) ze‘T/ <fr"——>efdr2e‘7 <f’"——>dt. (61)
0 1-m 0 1—m

We now focus on the integral and proceed as in the proof of Proposition 2. Indeed, since f’ () < 0, inequality (51) holds true from
which estimate (53) derives, provided 5 € [0, x], with x given by (52). Considering now the integral in the right hand side of (61),
we have

min(r,x)
/n (f%r)—fi)dzz/ ' <f’"(t)— s )dr. (62)
0 -m 0 1—-m

So, taking ¢ € [0, min (1, )], it turns out that % < f () < a, and so, recalling (55), we obtain

f’"—LZ min <f"’—L> =w
7 E[%.a] I—m
Thus, from (62), we obtain this estimate from below of the integral
n
/ <f’” - i) dt > wmin (1, ).
0 1—-m
which, once plugged into (61), gives (59). []
Using the same notation of Section 2.1, we set §(a) = —f’ (L («)), where, henceforth, L (a) denotes the abscissa at which f,
solution to the Cauchy problem (34), vanishes.

Proposition 4. For any « € (0,,,), with a,, given by (35) and m € (0,1), L («) and 6 (a) are continuous functions of .

Proof. We have to show that, fixed any « € (0,e,) and & > 0, there exists y > 0 (with y possibly dependent on «) such that,
denoting by B, (@) the neighborhood centered in « and radius y, we have

|L (al) - L (az)‘ <e and |6 (al) -0 (az)‘ <e VYV oa,m€EB, ()N (O,am) s
where, according to the previous introduced notation, f, (L (#;)) =0and §(a;) =~f] (L (a;)), i=12.
Before starting the proof, we introduce the notation that we will use in the sequel. We set
Ly =max{L (), L(a)}, L,=min{L(a;),L(a)},

and assume L, > L,. The case L), = L,, will be analyzed afterwards. Next, the function f, solution to the Cauchy problem (37),
depends on the selected value of «, and to highlight this dependence we use the notation f,. Lastly, since we are only interested in
the non-negative values of fop i=1,2, weset f,, =0 when it becomes negative, i.e.

fu (D=0, ¥nxL(a),
o, =0, Vn>L(a).

We begin the proof by showing the continuous dependence of f, on a. We select ¢ > 0 and denote by #, the first value of the
abscissa n at which f, or f, is equal to /10, (see Fig. 4). Then, we exploit the continuous dependence theorem for differential
equation in [0,;11] since f,,[, i = 1,2, are Lipschitz continuous functions because f,,i > ¢/10, i = 1,2. We therefore conclude that there
exists y (¢) such that, if a;,a, € B, (@)n (0, am), we have

E
ciom]) = 10 (63)

Jo = fy

In particular, the previous inequality entails

ful ('71)

fay () = fa (;11)‘ < £/10. Remembering that #; is the first value of 5 where f, or

fa, is equal to £/10, it turns out that
have

S, (;11)‘ <e/10+¢/10 = ¢/5, and therefore, since f is monotone decreasing, we

>

fa <SS and (<% Vazn . (64)

£
5

13
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a; Jou()

Jou(1)

&10

7 I Ly, T

m

Fig. 4. Typical behavior of f, (1) and f,, ().

As a consequence

2
foy | < Yz

Fuy D= fuy )] <

So, up to now we have obtained the following result, for any € > 0, we are able to determine y such that
<x
c(oLy]) = 5
provided |a; —a,| < ».
Estimate (63) gives the C! norm of ( fa] — fDQ) only for n € [O, 'll]- Beyond 7, the estimate (65) holds true, but it does not involve

! !
foy = Tay

Fuy @]+

Jo = foy (65)

the derivatives of fa’,, i = 1,2. Now we determine an estimate of
define

for # € [, L,,]. We therefore take 5 € [y, L,,], and

V= f ay f a?
which, recalling (34), fulfills this equation

(fu—t) = 2222 (=Y = rm =1 e tal.

1-m
which we transform into the system

V' =2,

1 (66)

y o, _ _
z2+3z=—v (f;’: fa";).
In particular (66), rewrites as
2\ 27 o1
<Z(n)e4> =e4 [mv—(f:;—f:;)], (67)

which we integrate between #, and 5, with n; <5 < L,,, getting

Z()eé-z( )ed = ”eé[ V-(fm-f'")]dt (68)
n m = . T—m @ o >
yielding
g s T2y m em
'Z(”)‘H ='Z(m)e4+/,“e4[l—m_(fal_faz)]dl
moon 2 v
<‘Z(7’]])€4+ n1€4 [m+ f:;—f:;]dt (69)
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Now, using estimate (65), which gives

2
”V”C([r]l,LmJ) < gE, (70)
and the fact that there exists a positive M > 1, not depending on #, such that
o = o m
1 a
== e ey — | s MV,
aq "

from (69) we obtain

1Zal < 1ZomleT <|Z (n)

m m
fa, =T

2 n o
o[l [ﬂ+ ]d,
m L=m
n no2 [V llem.c.]) m
<|z(m)|e? +/m “ [T%J“M(”V“cqmm)) .

w? 2 m
< ‘Z(nl)‘eTI +LmeLT [L+M<§e> ] (71)
Now we take advantage of estimate (63), which entails
|Z ('11>| = f,:l (m) —f(,’,2 (711)) S fay = Say ' (om]) < 16_0’

and of Proposition 2 which allows to estimate L, from above with a constant’ not depending on 5. Since (71) holds true V
ne [;1] , Lm], we conclude that

f(f,l -/ 1 Zlle(n.L,)) <A™ (72)

2

c(m-Lal)
with A positive constant independent of #.

Formula (72) allows to extend (63) in the whole interval [O, Lm], so that we can write

£ 2e
< — 4+ — + Ae™, 3
cior,) <10t S T 73)

provided |a; —ay| < y.
For n > L,,, we introduce

a0 =max { fuy 0 fuy @} L) =min{ £, 0D, Sy} 74)

We have £,, (L,,) =0, far (L)) >0, far (Ly) = 0. In particular, for 4 > L,,, we are left with £y, (1), since f,, (1) =0,V y € [L,,, L]
We thus focus in the interval [Lm, L M], and, recalling (64), we have

f(xl _faz

fu (Lm) < %5.

On the other hand

I (L) = Far (Lyg) 2 UE[TLT:}“LM] |f1/u (’7)‘ (Ly—Ly,).

so that

e _ 2
ne[fr-n,:gMJ ‘fM (r])l (Ly = Ln) < 5% 75

We now exploit Proposition 3, getting an estimate from below for | f,’w (;1)) when 5 € [Lm,L M]. Indeed, recalling (59), for any
n € [L,,. Ly| we have

K2
fl’u(n)‘sz, where M, =e¢”* @min{L,,x} > 0.

Hence, from (75), we obtain (L, — L,,) < %5, ie.
m

|L(a1) - L(m)| < €, (76)

2
5H,
if |a; — ay| < y. In this regard, recalling (53), we have an estimate from below of L, and hence of H,,. We thus have obtained the
continuous dependence of L (a) with respect to a.

9 The constant appearing in the estimate of L has been denoted K and is given by (57). Since we have two values of K, namely K,, and K,, corresponding
to @, and a,, we select K = max {K, , K, }.

15
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Let us now focus on |5 (a)) -6 (az)’ =

fg/t2 (Laz) - fo’[1 (LO,l )‘ Introducing
5m=_fr,n (LM)’ 5M=_f1,v1 (LM)’

we have

6 (a1) =5 (a2)] = 687 = &nl =1 Fiy (Las) = 73 (L]

Sm O

= |f1,\4 (LM)_fj,\d (Lm)+fj,\4 (Lm)—f’; (Lm)l

<

Fha (L) = £ (L) +

i (Lag) = Fay (L) 77)
The term | frg (L) =11, (LM)J can be estimated exploiting (73), while to estimate ) Fre (Lag) = fiy (Lm)| from above we proceed

as follows. We apply a procedure similar to the one used to obtain (70). We rewrite Eq. (34); as a system similar to (66), where

now the role of Z is now played by f; and the one of V' by f), and the last term in the right hand side of (66), is f};. Hence,
V 71 € [L,. Ly we rewrite (68) as

2 % o2 t
Fames = £ (Ly,)e™ =/ ed [M—fﬁ}(t)] dr,
L -m
thus getting
12 2 12 Ly 2 ¢
)= el = () (5 - ) [ [P0y o]
L
Recalling (58) and (64) we have

|70 (Ear) = 3 (L) < [£30 (Lar) = £ (E) | e

, B Ly Lu 2
§|fM(Lm)‘e4 —e 4 +/ e4[1 |fM|+‘fA";”dt
L”l _m
2 12 L2
< |1 (L] [ = e |+ (LM—Lm)<—5(f_m)+(§)m>. 78)

To estimate |f/, (L we suppose, with a view to simplifying, that f/ (L, ) coincides with f/ (L (the estimate we present
YA pp plifying. m \Em a \ Loy P

remains unchanged even if f ]’W (Lm) =f o’tl (Laz)). Starting from (60) we have
12 L f 2 L 1, 2
, i o m_ a fd o m_ a =
fa2<Lal>|_e ¢ 0 <f0t2 1_m>e4dt§/0 <f0!2 ]—m>e4dt

max
re0a,]

1-m

Hence, recalling (58), we get

K2
fl s (LG,1 )‘ < Ke'# 0, where K must be understood as the maximum between K, and K,,. So, resuming

2

Lim M
e 4 —e 4

from (78), using the Lagrange’s Theorem for the term and exploiting again estimate (58) with K maximum between

K, and K, , we obtain

K2 K2 m
Iie (Lag) = £y (Lm)|5 [K23270+e ¥ <ﬁ+<§> >] (Lyg = Ly) -

which, exploiting (76), can be rewritten as

Fra (L) = Fhy (Ly)| < Ce. 79
with C positive constant (uniform with respect to ).
At this stage we are in position to estimate ‘6 (al) ) (az)‘~ Resuming (77) and exploiting (73) and (79) we can write

|5(a1)—5(a2)‘ £%+25—£+A£'"+C6,

provided |a; —ay| < 4.
To conclude the proof we consider the case, previously excluded, in which L,, = L,,. In this situation it is sufficient to apply
(73) to obtain an estimate of ‘5 (a)) -6 (az)l in terms of e. []

16
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We now show that L («) and 6 (@) fulfill the properties summarized in (16).

Proposition 5. For any m € (0, 1), we have:
(i) L(a) > 0, and 6 («) > 0 as a — 0.
(ii) L (a) > o0, as a — a,,, and & (a) remains bounded in a left neighborhood of a,,, with «,, given by (35).

Dim. We recall that the function f, solution to the Cauchy problem (37), depends on «. Therefore we proceed as in the proof of
Proposition 4, by denoting f with f,,.
We start by proving the first part of point (i), i.e. L (a) — 0 as a — 0. By integrating (37);

f[,(n)=/ [{"() f’"(t)]dz_l/o tf) (1) dt

L[ ol

and thus we obtain
f;(n)s/ 7.0 (43 - 10 @] ae

By analyzing the behavior of the integrand for f, close to zero, that means considering « sufficiently small (recall 0 < f, < a), we
have

, )
f,z(n)S—/O le <oty

(recall that f, is decreasing in [0, L,]|). Hence we have

fan _ n

frm T 27
which, recalling (37),, gives

") v,
T '/0 2 (80)

nz
flmm - < —(1-m) T

ie.

which holds for « sufficiently small. Taking # = L, we obtain

- < —(1—-m)

L(a)
ya

yielding

1-m

L(o) < a7, (81)

1-m
so that L(a) - 0 as a — 0.
To prove the second part of point (i) we essentially proceed as in (66), rewriting (37) as

1=z,
n_ 1 ,
toz,=——f -
wtyte=1 0

SO =a, z,(0)=0,

getting
2 n 2
zmet = [ & [1{ _f;n]dz=_/ e | Lo - golan
0 0
which, when evaluated in # = L (a), gives
)2 L(a) ,2 ,‘(0)2 L(a) 2 f

—6(a) =e = [— —f'"] dt = 4 / et u - fJ|dt (82)

N—— 0 1-

zg(L(@))
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So, recalling that 0 < f, < a and that

Sa
0L |———-f"
“|l1-m Ja

_am

>

S ‘

@
1-m
provided « is close enough to zero, from (82) we obtain

Lw? [L@ 2
S(a)<e "4 / es
0

Recalling now (81), we have that § (a) goes to 0 as a — 0.

—a” L(a).

dt < 2 _gm
1-m

—m

Concerning point (ii) we start considering

_ f é m B f2 fm+1
V(f)_—/0 <m—5>d¢_—m+m—+lzo, vV fe(0,a,), (83)

so that, after multiplying by f! Eq. (37);, we obtain
d |: fl 2

)
o |2 +V(fm)]— 3fa” 0. (84)

Hence

f, 2
[; +VUU]SVUM®%
——
V()
since f! (0) = 0. Thus, recalling that 0 < f, < a, we get
f/ 2 f/
a < 1 a

_ <1, 5 —>],
2V =V (f)) V2V @-V (f.))
which, once integrated, gives rise to

Sa(m) de

—_—— 2> -1, = L(a)Z/ L
a V2V ()= V(&) 0 V2ZV(a)=V (&)
We can easily prove that the integral diverges as a — a,,, since a,, is a double root for ¥, namely V' (a,,) = 0. We therefore conclude
that L («) > o when a — «,,.
Concerning the second part of point (ii), we multiply by f/ (37), and integrating in [0, L ()], we get

12
f(,z(n) =_V(fa)+V(a)—/On%ffdsgV(a), V5 el0,L(a)]. (85)

since V (f,) > 0. Hence, exploiting (83) for writing explicitly V, (85) yields

1! 2 o2 o

3 s—z(l_m)+m+15a:ﬂ’“, = |flm)] <20 Vel L],

and therefore

8@ =/ (L@)] </ 2an. O
3.2. Solution to problem (34) for n > L («)

Let us now take a € (0,a,,) with a,, given by (35) and consider n > L. Proposition 1 guarantees that f is always negative for
n > L. Therefore we consider this Cauchy problem

ST =Br =0, L<n,

(86)
f(y=0, f'(L)y=-5, with §>0,
with g defined in (27), i.e. p =1/ (1 — m). Setting
2

z=rP/4 and  f=¢ Tgzm). 87)

we transform Eq. (86), into

1 1
Zgzz+<§_z)gz_(§+ﬁ)g—07 (88)

18
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which is the degenerate hypergeometric equation (see, for instance, formula (70), pag. 527 of [9]) whose general form is
zg" +(b—z)g’ —ag = 0. Since b is not an integer, the general solution of Eq. (88) is expressed through the confluent hypergeometric
functions of first and second kind'® (see, e.g., Chapter 7 of [10] or Sec. 9.10 of [11])

1
=p+ 3
1 (89)

g(z)=C @D (a,b,z) + C,¥ (a,b,z), with

b= o

where both solutions @ (a, b, z), and ¥ (a, b, z) are linearly independent of each other. Indeed, referring to formula (9.10.10), pag.
265 of [11], their Wronskian is

B @ ¥\ T®)_,._ T/ 2.,
w —det( TZ >— —mz e (8_7) —mae . (90)
) (89)

z

Recalling (87), the general solution to (86); may be written in this form
”

_2 11 7

so that, enforcing (86),, we obtain

2 2
C\@ (a,b, %) IeX'Z <a,b, %) =0

L? L* 26 L
Cl¢z (ﬂ,b, T) +C2¥IZ <a,b,T> = —fe 4,

from which, recalling (90), we obtain

INE

0 v
det 2
26 L2
——e4 ,Pz 2
C = L =@y (45 Y, 92)
w I (b) 4
)] 0
det 26 L2
(] ——e4
z 2
c = L _d@, <a, b, L-), (93)
w T (b) 4
with a and b defined in formula (89). In other words, recalling that z () = #?/4, we have
—2Z
f(z)=%[ <ab )¢(abz)+¢<ab )‘P(abz)] 94)

We finally remark that, when m =0, i.e. § = 1, (94) reduces (20).
3.3. Existence of similarity solutions
We now impose condition (33), with f given by (91) and C,, C, by (92), (93), respectively, i.e.
2
_n- 2 2
. 1 17
—= lim & = L)y = = )] .
Y, [ <ﬂ+2 2 4>+ 2 <ﬂ+2 2 4)]
In particular, recalling z = /4 and (94), the above equation can be rewritten as

o f@) _ L Sr@e [ r %
—c=lim 127 —ZILIEO VT ) [ 'P(a,b, n >¢(a,b,z)+(15<ab n )T(abz)] (95)

where a and b have been defined in formula (89).
Now, following [11] Sec. 9.12, we have that

®(a,b,z) = %fﬁ”(u@(l)) 5 I;EZ; Zz/’(1 (9(%)) (96)
¥ (a,b,z) = %z’”<l+(‘)(l>) : I;Ez;zfﬂ 1/2( o(%)) (97)

10 Also known as Kummer functions.
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when z — +oc0. Hence, recalling (94), we obtain

f=6 [—w <a,b,LTz> Py <a,b,LT2> e_zz_ﬂ_l/2] (1 +0(§)) as z — oo,

and so (95) yields
2
—c = lim @) _ —i'P <a,b, L—) ,

n—oo 4P zP 4p 4
ie.
B L? ) 11 L2
In particular, recalling the definition of F (a) through (32), we now have
8 (a) 11 L@’
F(a)= —2W 22
(@) m <ﬂ+2,2, 1 ) (99)

and (98) gives rise to the algebraic equation F (a) = c. Therefore the existence and multiplicity of self-similar solutions depends on
the behavior of F (), for a € (0,a,,), with a,, given by ((35)). We have

Proposition 6. The function F (a) given by (99) is a non-negative and continuous function for a € (0, a,,). Moreover, lim,,, F(a)=0
and lim,_, F (a) = 0.

Dim. Exploiting Proposition 4 and the fact that ¥ (ﬁ + % % z) is a continuous function (see [9], Section S4.9.2) we have that F ()

2
is a continuous function for « € (0,a,,). Next, for « € (0,a,,), we have ¥ (ﬂ + % 1 L@

2° 4
Proposition 1 entails that § = | f' (L)| > 0. So F (a) > 0 for « € (0,a,,).
Concerning the behavior of F for « — «,,, we exploit Proposition 5, which entails that L — +o0, and § bounded, as « — «,,. But,
when L — +oo, recalling (97) we have that

112\ 1 ra/p 2\ 1
(o33 )« 2 (2) o)
(’”22 4) PTG+ \ 4 oz
We can therefore conclude
—p-1/2
. s ra/ (27 1\
Jdm F(a)= lim =7 re+1/2\( 4 (HO(E))_O‘
Let us now consider the case @« — 0, which, still exploiting Proposition 5, yields L — 0 and 6 — 0. Again making use of the
properties of ¥, which has this expansion ([9], Section S4.9.2)
¥ (a,b,z) = % (1+0(z%), it z-0,
we have that lim,_, F(a) =0. [
We thus have just proved that F is continuous non-negative and that tends to zero as « tends to zero or «,,. We can therefore
conclude that F has a maximum in (0, am), and we define it as

) > 0 (see again [9], Section S4.9.2) and

Frax = max F(a)>0.
a€(0,a,,
So for small positive ¢ the equation F («) = ¢ has at least two different solutions. Indeed, updating definition (9), we set c., = Fo.»
and have the following

Proposition 7. Problem (26) has at least two different self-similar solutions for 0 < ¢ < c,,.
3.4. Non-uniqueness of the solutions

Thanks to the results obtained in the previous sections it is possible to prove a more general result of non uniqueness for Eq. (1),
when n =1and 0 < m < 1. We indeed prove that there may be solutions which change sign even if the initial datum is not —c |x|T=m
i.e. solution of non self-similar type. This fact implies non-uniqueness of the solution to problem (1) in R, because, in addition to the
solution positive for some (x,7), there is the solution, always negative, of the heat equation (recall that the initial datum is assumed
to be negative except in x = 0, where it vanishes).

Here we consider a simplified case under “strong” assumptions without delving too much into details since a more exhaustive
and detailed coverage of this issue will be the object of a subsequent paper. Let us consider a more general version of problem (1)
in R, namely

{ u, =u, +u"H ), xeR, 0<1,

(100)
u(x,0)=¢x), xeR,

under the assumptions:
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H,. ¢(x) € C*7 (R), for some y € (0, 1) (this is a strong assumption that can be weakened).
2
Hy. ¢ (x) <0,V xe€R\{0}, (0)=0and ¢(x) 2 —c|x|™n, with 0 < ¢ <,

2
We remark that, when ¢ (x) = —c|x| ==, with 0 < ¢ < ¢, problem (100) admits solutions changing sign besides the solution,
always negative, that fulfills the heat equation. Hence, in this case, problem (100) does not admit uniqueness.
First we observe that Eq. (100);, complemented with the initial datum

u(x,0) =y (x), (101)

fulfilling H, always admits solution u € VV;;J}C (Rp)nC™ (Rp), Vg>1,¥Vve@ifm=0, orue C* (Ry), x = min{m,y},

if m € (0,1). We do not enter into the details of the proof, here we limit to observe that this result can be obtained by relaxation,
i.e. by replacing ™ H (u), with p, (u) H, (u), where

- m_l)
= (=)
0, if u<O,
. 1
H,(u)=1{ m if OSIAS;,

1, if u>l,
n

and then using [12] to prove that the relaxed problem is well posed and admits a-priori estimates allowing to pass to the limit,
thus obtaining a solution to (100);, (101). In this regard it is important to observe that —max |y| < u, < €', because of standard
maximum and comparison principles (here u, is the solution of the relaxed problem). As far as the needed a-priori estimate are
concerned, they are obtained by using Theorem 5.2 pag. 320 and Theorem 9.1 pag. 341, with the subsequent corollary, of [12]. We
leave the details of the proof to a forthcoming paper.

Next, it is important to note that, if m = 0, when passing to the limit we obtain a solution to the equation u, — u,, € H (u),
in the sense of graph. However, in the simpler cases, it is easy to prove that we can write u, — u,, = H (u). Assume, for instance,
that y (x) is an odd function and y’ (x)sign(x) < 0, V x # 0. In this case, setting v = u, we get v, — vy, = H' (u)v, in R* X [0,T],
v(0,1) = 0. The maximum principle assures that u, # 0, in R\ {x = 0}, which implies that meas {(x, 1) eRy, u(x,t)= O} = 0, and
hence u;, —u,, € H (u) implies u; —u,, = H (u).

We now illustrate the main idea of the proof of non uniqueness. Let us consider the following problem

un,=unxx+un’"H(u,,), xeR, 0<t,

un(x,0)=(p(x)+l, x € R,
n

2
which admits solution because of the previous considerations. Clearly ¢ (x) + 1 > —c|x|T-m + i Because of the uniform (with
n
respect to (x,7) € Ry) Holder continuity of u, it is straightforward to prove that there exists 7, > 0 such that u, > Se,(x,1), in
2

RT", where Se, (x, 1) is the self-similar solution to Eq. (100); complemented with the initial datum Se, (x,0) = —c¢ |x|T-=. Let us now

7, the maximal time, 7, < T, such that u, > Se, (x,), in R; . On the other hand, in R; , we have uH (u,) > Se!'H (Se.), and

uH (u,) # Se"H (Se,), hence u, (x,7,) Z Se, (x.7,) + L This implies that 7, = T, otherwise, by continuity, we could contradict
the maximality of 7,. We have thus proved that u, (x, ) zréec (x,1), in Ry. Passing to the limit in n, we get that u, — u, with u solving
problem (100) and u > Se, (x,?) in Ry. Since Se, is positive in a region (evolving in time) also « is a solution to (100) which is
positive for some (x, 7). We thus have shown that problem (100) admits a solution, positive for some (x, ), even if the initial datum
is not —c |x| T-m. This implies non-uniqueness, keeping in mind that there exists a solution which is always negative (the solution of
the heat equation).

4. Conclusion

The results of this paper indicate that the solutions of the problem (1) are not unique. In particular, if m = 0, we have extended
the result of Gianni and Hulshof [5], showing that, for any n > 1, there exist only two self-similar solutions provided ¢ < ¢, with
¢, given by (9), and estimated from above by 4/27r%. If 0 < m < 1, the situation is much more intricated and we have proved that
there are at most two self-similar solutions since, unlike the case m = 0, we are unable to give a detailed description of the behavior
of F (a). Indeed, when m € (0, 1), F («) is much more involved since it is defined by means of § (a) and L («) which we do not know
explicitly. Furthermore, it is very well possible that when 0 < m < 1, F («) given by (99) could have more relative maxima which
would imply the existence of more than two self-similar solutions for suitable values of c¢. Nevertheless our conjecture is that, for
any suitable values of ¢, there exist two and only two self-similar solutions changing sign. This will need closer investigation in
future papers. Similarly it would be interesting to extend the results obtained in R for m € (0,1) to the n -dimensional case. The
result obtained is closely linked to the question of the uniqueness of the solutions to Eq. (1); complemented with “more general”
initial data. In fact, while working in R and considering “strong” hypotheses on the initial datum, we have shown that, even if
u(x,0) # —cx?, there is still a solution which, for some (x, ), is positive, thus proving non-uniqueness.
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