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This paper presents the application of a forced response prediction process to an industrial aeroderivative 
axial compressor and its validation against experimental data. The forced response process is based on a 
dedicated strategy to decompose the overall unsteady aerodynamic forcing coming from URANS analyses, 
and an improved use of the interference diagram to detect additional acoustic forcing in the entire 
operating range. The identification of potential resonance conditions, or crossings, in the interference 
diagram is based on the assumptions of a cyclic symmetry tuned structure and a forcing function having 
an aliased engine order driven only by the airfoil count of the rotor/stator interactions of interest. Despite 
this, it is not rare that unexpected resonances appear during compressor validation tests, often calling 
for painful and time-consuming redesigns. This is witnessed by the unsteady analysis of an 11-stage 
axial compressor in which the spatial content of engine order forcing is influenced also by further 
rotor/stator interactions by means of Tyler-Sofrin acoustic modes that cause the onset of additional 
crossing conditions.
The theory based on time and space decomposition is validated with full 3D unsteady forced response 
simulations of the entire multistage compressor. Numerical results, obtained by an in-house modal work 
approach, are compared with experimental data focusing on two resonances, the first of which can be 
detected by the classical interference diagram, while the second one is justified only by the improved 
use that considers the acoustic excitations. In both cases, the predicted blade responses are in good 
agreement with measurements.
The theory associated with the generation mechanism of the additional nodal diameters is further 
explained using the results of dedicated numerical experiments conducted by changing the relative stator 
and rotor airfoil count on a reduced compressor domain.

© 2023 Elsevier Masson SAS. All rights reserved.
1. Introduction

Both compressor and turbine design must include the accu-
rate verification of the aeromechanic risks. The so-called Campbell 
diagram, originally explained and introduced in 1924, verifies if 
natural and aerodynamic forcing frequencies overlap, with a poten-
tial destructive result, while the Goodman diagram, introduced in 
1899, addresses the companion fatigue risk. The Campbell diagram 
alone is not enough to make design decisions as it can indicate 
more potential problems than problems that actually exist. There 
is a vast literature that addresses the complex physic behind the 
unsteady fluid structure interaction in gas turbine engines. Among 
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these, Barankiewicz and Hathaway [1] investigated the fundamen-
tal aerodynamic stator-rotor interaction by using a four-stage low 
speed axial compressor. The authors observed that stator-stator 
with unequal blade count may produce azimuthal distortions that 
do require to survey across more than one blade row pitch, as 
confirmed by the circumferential changes of the pressure coeffi-
cient amplitudes that may interact with the corresponding nodal 
diameters. The authors also scrutinized clocking effects on per-
formance, observing little impact on efficiency. Based upon these, 
the present paper focuses on aeromechanic forcing and the corre-
sponding aeromechanics risk. Vahdati et al. [2] employed full 3D 
unsteady multi passage and multirow CFD coupled with structural 
elements to investigate forced response in a 2.5 stage axial com-
pressor. They revealed the shortcomings of calculations performed 
on reduced number of rows and, among their most important re-
sults, the authors discovered that the excitation of a rotor blade 
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Nomenclature

BPF Blade Passing Frequency
DFT Discrete Fourier Transform
EO Engine Order
δm Modal displacement
Fa Aerodynamic forcing
Fm Modal force
k Harmonic or scattering index
ξ Damping
L Aerodynamic work

N Blade number
N Newton
N D Nodal Diameter
m Circumferential order
R Rotor
S Stator
ω Angular frequency
� Rotational speed
associated to low-engine orders, that appear when two consecutive 
stator or rotor rows have a small count difference, may produce 
high response. Obviously, this is not a risk in presence of clock-
able consecutive stators. Still, clocking is a double-edge knife as it 
may offer limited performance improvement opportunities, but it 
may also amplify aeromechanic risks in case the selected relative 
position is incorrect.

Terstegen et al. [3] measured the aerodynamic excitation in a 
2.5 stage axial compressor. The authors described the physics of 
Tyler-Sofrin [4] modes and supported their conclusions with CFD 
simulations with both a linearized and harmonic balance solver 
version by Frey et al. [5] capable of an excellent match with data 
also in terms of vibrational stresses and pressure amplitudes and 
spectra. The measurements revealed spinning azimuthal modes as 
well as the scattering of these modes due to the interactions with 
blade rows. The authors also mention that manufacturing devi-
ations cause systematic discrepancies in the measured pressure 
amplitudes and concluded that acoustic multirow interaction is es-
sential for the accurate prediction of the compressor vibrational 
stresses. In part II of the same paper, Sanders et al. [6] investigated 
the impact of CFD modeling choices, like turbulence and transi-
tion model and grid convergence, on the predictions. It turned out 
that the single row linearized approach was unable to get the right 
answer in terms of response when acoustic modes were a major 
source of excitation, while the non-linear harmonic method guar-
anteed a better match with data. The computations also revealed 
the need of a reliable transition model to guarantee a good match 
with data.

The complex aero-mechanical coupling across the operability 
range of axial compressors have been investigated by Baumgart-
ner et al. [7] who analyzed the high vibrations in the first rotor 
of a high-pressure compressor. The vibrations were caused by a 
rotating flow instability, similar to rotating stall induced pressure 
fluctuations, the frequency of which did not match with harmon-
ics of the rotor speed. The comparison between the pressure/ve-
locity fluctuations and the blade vibration confirmed the excita-
tion source. This paper reveals that different source of excitation 
may arise while moving across the compressor speedline, and this 
needs to be addressed by extending the aeromechanic check to 
off-design conditions.

More recently Figaschewsky et al. [8] used a 4.5-stage research 
axial compressor to investigate the effect of Tyler–Sofrin modes 
on forced response vibrations. The analysis was supported by un-
steady CFD, although with a simplified quasi-2D approach of the 
full circumference. Both measurements and simulations suggest 
that mistuning effects may be amplified by the presence of Tyler-
Sofrin modes. The paper tackles two operating conditions with 
different sets of variable stator vanes (VSV) and investigates how 
damping and modal shapes affect the structural coupling conclud-
ing that the computational model provides a fair representation of 
the physics.
2

The study of aeromechanical vibration of fans and compressors 
is thus a challenging task [9] and several recent works also include 
additional aspects like blade mistuning [10], and low engine order 
excitations due to boundary layer ingestion [11].

With this in mind, this paper describes how 3D unsteady CFD 
of an 11-stage axial compressor was used to support the interpre-
tation of aeromechanics measurements taken in a dedicated set of 
experimental tests. The concerted use of CFD and data indicated a 
spatial decomposition of the aerodynamic forcing and an improved 
way to use the interference, or safe, diagram described by Singh et 
al. [12], and verify its applicability to design and off-design condi-
tions. Experimental data and numerical predictions of the forced 
response are in good agreement and validate the methodology 
based on the spatial decomposition of the unsteady forcing.

2. Theory

Forced response analysis is based on theoretical concepts like 
blade dynamic, forcing definition, damping evaluation, and others. 
This section describes the fundamentals of the background theory 
with a special emphasis on the application and interpretation of 
spatial decomposition applied to unsteady forcing and its implica-
tions for verification purposes in the framework of a design ac-
tivity. A preliminary study of the blade unsteady loading variation 
along the blade-row suggested the need for this spatial decompo-
sition that follows the concept of mode-shapes in cyclic symmetry. 
This aspect is further explained by Fig. 1, that shows the blade 
distribution of the pressure time-Fourier coefficient amplitudes on 
the blade-row. The plot highlights the circumferential variability of 
this quantity that deserves a dedicated spatial decomposition to 
extract the rotating forcing components as described below.

2.1. Modal analysis with cyclic symmetry

Structural dynamic analysis of a compressor row is usually per-
formed on a one-pitch sector model composed by blade plus disk. 
Centrifugal forces and mean temperature and pressure distribu-
tions on the blade surfaces characteristic of the operating point 
under investigation are applied to the model for the pre-stress 
analysis. At the single pitch sector tangential cuts, cyclic symme-
try conditions are imposed to exploit the row axial symmetry and 
reduce the computational domain. Thanks to this numerical ap-
proach the blade row mode-shapes are represented by traveling 
waves with a defined nodal diameter N D that are usually col-
lected in mode families conventionally called 1F (1st flex), 1T (1st

torsional), etc. The sign of the nodal diameter is usually related 
to machine rotational direction: positive nodal diameter represents 
forward traveling wave, while negative values mean backward trav-
eling wave.
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Fig. 1. Amplitude of pressure time Fourier coefficients on adjacent blade surfaces along the blade-row.
2.2. Spatial decomposition and Tyler-Sofrin modes

The decomposition of the unsteady aerodynamic forcing gen-
erated by the upstream and downstream airfoil rows is extracted 
on the analyzed blade-row from a multi-stage full annulus URANS 
solution [13]. The Discrete Fourier Transform (DFT), applied both 
in time and in space, allows to extract the pressure fluctuation 
components in the cyclic symmetry environment. To do this, the 
time-varying pressure fluctuation seen by an airfoil row is firstly 
decomposed in time to extract the harmonic content at a single 
Engine Order (EO) by the following formulation:

P (h) = 1

Ndiv

Ndiv−1∑
nt=0

pte
−ih 2π

Ndiv
nt (1)

in which h is the time harmonic index (or Engine Order), pt is 
the discrete equally spaced pressure signal in time and Ndiv is the 
total number of samples.

The resulting complex Fourier coefficients P (h) extracted on 
blade surfaces grid points are further spatially decomposed along 
the circumferential direction to determine the rotating perturba-
tion that will excite the corresponding traveling wave mode-shape. 
The time-space Fourier coefficients are extracted along correspond-
ing points on grid surface as follows:

P̂ (h)
(m)

= 1

N

N∑
k=1

P (h)

k e−im 2π
N k (2)

in which m is the circumferential order, P (h)

k the discrete time 
Fourier coefficient tangential distribution on blade corresponding 
surface points and N the blade count.

The approach that extracts perturbations in space-time (see the 
spinning lobes in annular ducts as described by Tyler and Sofrin 
[4]). This is usually employed in aeroacoustics where this circum-
ferential decomposition is performed along the computational grid 
(instead of along corresponding points on blade surface mesh as 
in the presented approach) in the annular duct between rows to 
extract noise components in terms of their acoustic power.

In the present time-space decomposition, the circumferential 
DFT is thus performed on a coarse down-sampled set of only 
N samples taken on each blade at corresponding positions (grid 
points) on the surface. Hence, the extracted rotating pressure com-
ponents have a number of lobes ranging from −N/2 to +N/2 or 
from −(N − 1)/2 to +(N − 1)/2 in case of odd blade count as sug-
gested by the Nyquist’s theorem. It is clear how this approach also 
takes into account the aliasing phenomenon experienced by the 
3

Fig. 2. Sketch of lobe circumferential pattern and aliasing.

blade-row when excited by a rotating perturbation with a lobe 
number higher then N/2.

Fig. 2 provides a visual representation of a possible excitation 
scenario, where a rotating perturbation with 16 lobes, represented 
by the solid line, impinges on a row composed by 12 blades repre-
sented by the radial segments. The 12 blades experience a 4-lobe 
perturbation represented by the dashed-line due to the aliasing 
phenomenon. The dash-dot radial lines highlight the resulting 4 
nodal diameters associated to the 4-lobe excitation. The proposed 
spatial decomposition on “blade-sampled” corresponding N points 
along the circumferential direction is thus able to convert the 16-
lobe incoming perturbation into the 4-lobe excitation experienced 
by the blade-row which will finally vibrate as a traveling wave 
with 4 nodal diameters.

Therefore, it is essential to evaluate all the possible rotating 
lobes that compose a single engine order perturbation: each spin-
ning lobe can be seen as direct or aliased excitations for the blade-
row. Tyler and Sofrin [4] theory states that rotor-stator interactions 
generate pressure spinning lobes, that are in fact acoustic waves, 
which travel along the machine causing additional “acoustic ex-
citations” for a given blade-row. The concept of Tyler and Sofrin 
modes is thus employed to decompose the overall perturbation. 
The resulting rotating lobes perturbation predicted by theory are 
included in the improved use of the interference diagram to de-
tect any further possible crossing. The theory presented here is a 
generalization with different rotational speeds (see Fig. 3) of the 
original Tyler and Sofrin formulation and it includes propagation 
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Fig. 3. Blade-to-blade sketch.

effects and further scattering by previous or successive blade-rows 
[14].

The generalized rotor-stator interaction theory predicts the gen-
eration of rotating perturbations with the number of lobes m (i.e. 
the circumferential order) and angular frequency ω in the different 
frames of reference (fixed or rotating with rotational speed � and 
defined by the subscripts from 1 to 5). For instance, with reference 
to Fig. 3, the pressure rotating lobes in the frame of reference of 
the blade-row 2 are characterized by:

m2 = k1N1 − k2N2

ω2 = k1N1(�1 − �2)
(3)

where N is the blade count and k is an integer value called har-
monic or scattering index [4] and � the rotational speed. The sign 
of m is coherent with the θ direction defined in Fig. 3.

Such acoustic perturbations travel upstream and downstream 
with different propagating behaviors depending on the axial wave 
number kx . The kx quantity can be real, the corresponding acous-
tic mode of which is cut-on, or complex with cut-off mode. Cut-off 
modes decay as they propagate axially, whereas cut-on waves keep 
their amplitude unchanged resulting more dangerous for aerome-
chanical and acoustic implications.

A single spinning lobe generated by the first 2 rows, changes 
frequency when it is seen in the different frame of reference of 
the blade-row 3 (refer again to Fig. 3) as follows:

ω3 = −ω2 + m2(�3 − �2) (4)

Moreover, a single pressure perturbation also experiences suc-
cessive scattering when propagating across successive blade-rows. 
The scattering effect due to a further blade-rows with Nsr airfoils 
generates new sets of rotating perturbations with circumferential 
order msw related to the fundamental propagating one m f by the 
following relations:

msw
sr = m f

sr + ksr Nsr (5)

in which the subscript “sr” stands for scattered row and the su-
perscript “sw” for scattered waves. Scattered waves also change 
their angular frequency with respect to the fundamental one when 
analyzed in a different frame of reference where the scattering oc-
curs. For instance, when studying spinning lobe frequencies in the 
absolute frame of reference (the statoric frame), stator scattering 
does not alter the fundamental frequency ω f , while rotor scat-
tering generates scattered perturbations with the following new 
frequencies:

ω
sw(abs)
sr = ω

f (abs)
sr + ksr Nsr�sr (6)
4

Table 1
Rotor-stator-rotor example.

rotor1 N1 = 13 �1 = �

stator1 N2 = 10 �2 = 0
rotor2 N3 = 12 �3 = �

Conversely, in the rotor frame of reference, the stator scattering 
produces additional rotating lobes with different frequencies.

Referring again to Fig. 3, all the possible scattered waves msw
4

generated by the single (fundamental) propagating perturbation 
with m f

4 = m3 at the new frequency ω f
4 = −ω3 + m3(�4 − �3)

when interacting with blade-row 4, have circumferential orders, in 
frame of reference 4, equal to:

msw
4 = m f

4 + k4N4 (7)

with corresponding frequencies in the statoric frame of reference:

ω
sw(abs)
4 = ω

f (abs)
4 + k4N4�4 (8)

Therefore, it is evident that the scattering phenomenon, due to 
the interaction of Tyler and Sofrin modes with successive blade-
row, generates a number of additional perturbations not immedi-
ately detectable and potentially dangerous for all the blade-rows. 
Such perturbations deserve to be carefully studied during the 
aeromechanical design verification.

2.3. Interference diagram with acoustic excitation

The interference diagram is widely used to detect possible reso-
nance conditions in both compressors and turbines. Its use is based 
on the assumptions that the structure is in cyclic symmetric, and 
the forcing is a rotating pressure perturbation, with an engine or-
der given by the excitation count, that may excite the structure at 
a space harmonic index, or nodal diameter, equal to the aliased en-
gine order. The coincidence of the excitation frequency and shape 
of a structural mode is graphically identified in the interference 
diagram through the well-known “zig-zag” line.

However, a single engine order may include additional spatial 
contents on top of the aliased engine order, due to different rotor-
stator interactions associated to the same time harmonic. Since 
the additional spatial harmonics may have sufficient amplitude to 
cause significant blade vibratory responses, it is necessary to cap-
ture their presence in the interference diagram with the procedure 
explained below. A simplified rotor-stator-rotor example with the 
count expressed in Table 1, and following the conventions defined 
in Fig. 3, is used as a case study to explain the overall identifica-
tion process.

With reference to the engine order 10X excitation on rotor2, the 
aliased engine order corresponds to the main interaction detected 
by the classical use of the interference diagram for stator1-rotor2
and it would excite the nodal diameter equal to 2:

m3 = N2 − N3 = −2 =⇒ N D = 2

where N D positive sign means that this interaction excites the for-
ward traveling wave mode-shape. Moreover, also the interaction 
stator1-rotor1 produces nodal diameter excitations at the engine 
order 10X on the rotor1, that will have an impact also on the spa-
tial content of rotor2 at the same 10X engine order due to the 
Tyler-Sofrin modes traveling from rotor1 to rotor2. For example, in 
the rotor frame of reference, the rotor1 experiences at the engine 
order 10X:

ma
1 = N2 − N1 = −3

and
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Fig. 4. Suggested use of the interference diagram with acoustic excitations for ro-
tor2 (the dots represent the mode-shape frequencies). The classical use detects a 
single N D = 2 excitation, while the improved use is able to detect two additional 
excitations (N D = 3, 4). The aliasing phenomenon producing N D = 4 excitation is 
graphically described.

mb
1 = N2 − 2N1 = −16

These two interactions generate acoustic spinning lobes that 
travel across the stator1 and merge in the engine order 10X on 
the rotor2 and will excite the following forward nodal diameters:

ma
3 = ma

1 = −3 ⇒ N D = 3

mb
3 = mb

1 = −16
aliasing====⇒ N D = 4

This last interaction is aliased as a 4 nodal diameter excitation as 
already explained in Fig. 2.

In the improved use of the interference diagram, the crossings 
with modes having a spatial harmonic index, or nodal diameter, 
coincident with the additional spatial content are also considered.

Fig. 4 sketches the sample rotor2 interference diagram, high-
lighting a case where the classical use of the interference diagram 
would detect only the N D = 2 excitation, not highlighting any 
acoustic forcing at the considered speed. However, the horizon-
tal projection of the engine order frequency 10X (that defines the 
acoustic scattering process described above) matches two modes 
that are excited by a further circumferential orders of the over-
all 10X forcing (in this case, N D = 3 due to ma

3, and the aliased 
N D = 4 due to mb

3) calling for a potential resonant conditions 
caused by a Tyler-Sofrin mode.

In summary, the recognition of additional resonances excited by 
Tyler-Sofrin rotor-stator interactions can be done in two steps:

• step 1 (classical use): determination of excitation frequency 
through the zig-zag line and check the overlap with any mode 
having harmonic index equal to the aliased engine order

• step 2 (improved use to account for Tyler-Sofrin excitations): 
horizontal (constant frequency) projection searching for any 
modes having a circumferential order included in the forc-
ing function at the studied engine order and detectable by the 
spatial decomposition process described above.

In light of this, the time-spatial decomposition of unsteady forc-
ing at the studied engine order, becomes a key aspect to detect any 
possible resonance conditions on the interference diagram taking 
into account both classical and “Tyler-Sofrin” additional crossings.
5

2.4. Aerodynamic damping derivation

A further key aspect of the forced response analysis concerns 
the evaluation of the overall damping resulting from the sum of 
mechanical and aerodynamic contributions necessary to translate 
vibrations into mechanical stresses. The overall damping is ex-
pressed as:

ξ = ξm + ξa (9)

Mechanical damping prevails when damping devices based on 
friction concepts are used. In axial compressors, in absence of slid-
ing surfaces during the bladed disk oscillation, the aerodynamic 
contribution to the overall damping must not be neglected [15]. 
For this reason, the overall aeromechanic risk verification process 
described here includes a procedure to evaluate the aerodynamic 
damping numerically using the CFD tool described in [13]. The nu-
merical approach is based on non-linear unsteady simulations with 
vibrating blade-row in traveling wave manner, as usually done for 
flutter uncoupled analysis. The evaluation of damping has very 
practical implications when the process is adopted in the frame-
work of a design loop, as it allows to move from the identification 
of a potential risk to a true mechanical risk. Moreover, the effect 
of adjacent rows on aerodynamic damping have also been assessed 
showing a little impact on R7 damping for the mode-shapes under 
consideration.

To evaluate the aerodynamic damping, the so-called aerody-
namic work L is computed by using the following integral quan-
tity:

L =
t+Tˆ

t

ˆ

�

(−p)−→n ·−→vbd�dt (10)

where p is the instantaneous pressure over the blade surface and −→vb the blade oscillation velocity. Finally, the aerodynamic damping 
is computed as:

ξa = −L

8π E
(11)

in which E is the blade average kinetic energy [16]. The derivation 
of the aerodynamic damping is reported in Appendix A.

2.5. Modal work approach

Finally, the blade-row forced response is computed by a nu-
merical approach based on modal work computation [17]. The 
approach is valid for resonant conditions and assumes that, at a 
crossing, the energy associated to the forcing function, extracted 
by the abovementioned spatial decompositions is equal to the 
energy dissipated by the overall system damping. Under this as-
sumption, it is possible to compute a scaling factor that can be 
applied to modal displacements and stresses to obtain the actual 
displacement and the corresponding oscillating stress. The modal 
work approach determines the maximum energy transfer of a ro-
tating pressure perturbation, decomposed on blade corresponding 
points and defined by the circumferential order, applied to the 
corresponding traveling wave mode-shape defined by the nodal di-
ameter. The search for a maximum value is required by the fact 
that the phase shift between rotating forcing and mode-shape is 
unknown. After some algebra (see Appendix B), it can be demon-
strated that the scaling factor for the displacements d, and for the 
stresses, depends on modal force Fm , the total system damping ξ
and the square of angular frequency ω as summarized in the fol-
lowing formula ( j is the imaginary units):
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Fig. 5. Compressor meridional view: the rotor under investigation (Rotor 7) is highlighted by a dashed line, while the reduced domain is defined by the dash-dotted line. 
Blade count is reported in brackets.
d = Fm

j2ξω2
(12)

Finally, the modal force can be computed by the complex dot 
product between the conjugate of the modal displacement δ∗

m
coming from modal analysis in cyclic symmetry and the aerody-
namic forcing Fa spatially decomposed to match the nodal diame-
ter of the mode-shape as follows:

Fm =

√√√√√
⎡
⎣¨

�

Im [δ∗
m Fa] d�

⎤
⎦

2

+
⎡
⎣¨

�

Ne [δ∗
m Fa] d�

⎤
⎦

2

(13)

3. Industrial compressor test case

The test data and the corresponding computational approach of 
the 11-stage axial compressor prototype under investigation here 
are described by Burberi et al. [13]. The test details and the instru-
mentation described in [13] allowed a detailed aerodynamic char-
acterization of the multi-stage axial compressor, while this paper 
tackles the aeromechanic analysis of the same compressor. Fig. 5
shows the meridional view of the overall compressor. In the pic-
ture, the rotor under investigation (Rotor 7) is highlighted by the 
dashed line, and the blade count of adjacent rows concurring on 
generating the acoustic forcing is reported. The reduced domain, 
for investigation of the impact of the blade count modification, is 
also shown in Fig. 5.

3.1. Measurement

All the compressor airfoils were instrumented with strain gages. 
The Rotor 7 scrutinized in this paper was instrumented with two 
wire resistance strain gages constructed of platinum/tungsten alloy 
placed in the positions and orientations shown in Fig. 6. The gages 
were attached with a thermal spray process, and the grid dimen-
sion was 3.18 × 1.57 mm. The uncertainty in the position of the 
gage was ±0.75 mm, while the uncertainty in the orientation was 
±5 deg. The gages were installed on different blades.

3.2. Selection of the case study

In this paper the resonant response of an intermediate rotor 
stage (Rotor 7) to the engine order excitation of the upstream 
stator (Stator 6) at different rotational speed will be used as val-
idation data. Two different resonances that showed a repeatable 
behavior across multiple test instances are used as reference test 
cases, as summarized in Table 2.

The airfoil count of the rows concurring in generating the 
acoustic excitation on Rotor 7 are reported in Fig. 5. The Rotor 7 
interference diagram computed with the assumptions explained in 
paragraph 4.1 is shown in Fig. 7. The diagram reports both the 
classical crossing, and three additional crossings due to acoustic 
excitations.

The aliased engine order corresponding to the Stator 6 count 
(56) on Rotor 7 (68) is equal to 12. The case1 measured resonance 
6

Table 2
Reference cases for R7 response validation.

case1 case2

Rotational Speed (N/Nref) 0.90 1.00
Normalized Frequency (f/fref) 0.90 1.00
Corrected mass flow (mc/mc,ref) 0.66 1.00
Compressor Inlet Pressure (bar) 0.76 0.40
Overall Pressure ratio (PR/PRref) 0.56 1.00
Most sensitive gage measured response 

(microstrain) (position and orientation in 
Fig. 6)

303 (gage1) 85 (gage2)

Fig. 6. (a) View of the reference compressor Rotor 7 bladed disk (b) Reference com-
pressor Rotor 7 gages position and orientation (both gages oriented along Y axis).

is clearly detected by the standard use of interference diagram, as 
visible by the crossing of the vertical dash-dot line, corresponding 
to the harmonic index (nodal diameter) of 12, with the case1 fre-
quency that coincides with one resonant mode described by the 
large-dots line.

On the contrary, the case2 measured resonance, although lower 
in amplitude, is not captured by the classical interference diagram, 
and it needs further explanations based on the spatial decompo-
sition theory outlined in the previous paragraph, as it does not 
immediately appear as a risk from the baseline interference dia-
gram.

Observe that, as there are no natural modes with harmonic 
index equal to the aliased engine order of 12 close to case2 fre-
quency, the measured response must be due to a mode with a 
different harmonic index, or nodal diameter. The detailed explana-
tion of the origin of a forcing with higher nodal diameters is done 
in the paragraph 5.2.2.
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Fig. 7. R7 interference diagram. The improved use detects both classical (case1), and 
acoustic T-S crossings (case2).

4. Computational framework

4.1. FEM analysis

The FEM model included a fundamental sector of Rotor 7, com-
prising the corresponding portion of disk and accounting for cyclic 
symmetry constraints (see Fig. 6); non-linear contact has been as-
sumed to model rotor-disk interface.

Special attention has been paid to capture the major phenom-
ena the effects on component dynamics of which are well-known: 
pre-stress, geometrical non-linearities and temperature dependent 
material properties.

Therefore, the simulation setup consisted of a pre-stressed 
modal analysis, thereby requiring the stress results coming from 
the static computation to be considered into the subsequent modal 
counterpart, acting on the system stiffness matrix. In fact, in gas 
turbine compressor blades the contribution of the pre-stressed 
state onto blade dynamics can be significant: the combination of 
generally high tensile stresses and slender airfoil geometry often 
leads to measurable variation of blade natural frequencies.

Geometrical non linearities represented the second focus of the 
static calculation. Again, slender airfoil aero design being operated 
at high nominal speed can undergo sensible structural deformation 
– especially when characterized by a certain level of 3D com-
plexity – which tends to straighten the geometry in the radial 
direction and to reduce bending stresses, thus affecting component 
eigenvalues by means of the modal pre-stress. Geometrical non 
linearities play also a second important role in settling the accu-
racy of the unsteady pressure mapping process. Unsteady pressure 
distributions coming from CFD calculations usually refer to com-
ponents under operative condition, thus in hot temperature state 
and subject to static pressure and inertial loads. A quality struc-
tural analysis should then be able to correctly predict the shape 
of the component, like the effect of untwist, once in its operating 
condition yet starting from its cold shape, usable for production. 
If good accordance is met, the mapping of hot unsteady pressure 
onto an initially cold model will also benefit from the accuracy of 
the map superposition.

Finally, the analysis accounted for material properties varia-
tion over operating temperature. As widely known, material Young 
7

modulus tends to decrease with increasing temperature, leading to 
measurable drop of the component natural frequencies.

4.2. CFD analysis

All the CFD computations have been carried out with the TRAF 
code developed at the University of Florence [18], while the com-
putational setup for the unsteady analysis of the entire compressor 
may be found in [13].

The TRAF code solves the unsteady Reynolds-averaged Navier-
Stokes equations with a finite volume formulation on H-type and 
O-type structured grids. The discretization of convective fluxes is 
handled by a 2nd order TVD-MUSCL strategy build on the Roe’s 
upwind scheme, while a central difference scheme is used for the 
viscous fluxes [19]. The turbulence closure is based on the Wilcox 
k − ω model in its high-Reynolds formulation [20].

Unsteady simulations are performed by means of a dual-time 
stepping technique [21,22,14] with sliding interfaces between ad-
jacent rows and buffer zones at the domain extremities to avoid 
spurious reflections [23]. Aerodynamic damping computations are 
also carried out by URANS simulations with moving meshes [15]. 
The high level of the code parallelization achieved by means of a 
hybrid openMP/MPI code architecture [24] was exploited to reduce 
the computational time.

4.3. Forced response analysis

The forced response is computed by means of the theory de-
scribed in the first part of the paper. Modal analyses of a bladed 
disk sector in cyclic symmetry have been carried out by means of 
the FEM ANSYS solver. Natural frequencies and mode-shapes were 
used to perform aerodynamic damping analyses and modal work 
assessments.

For the full 11-stage compressor URANS simulation (performed 
by TRAF code), the time-varying solution was integrated for three 
complete rotor revolutions to guarantee a periodic solution during 
the last period. A runtime temporal DFT is activated during the 
last period of the URANS computations to obtain the time Fourier 
coefficients of the solution on selected blocks within the domain. 
Such coefficients are extracted on the blade surface and split up 
into rotating perturbation with a dedicated post-processing tool to 
obtain the single forcing functions. The overall computation took 
15 days on a Linux cluster using 750 cores.

Aerodynamic damping simulation are performed with the TRAF 
code on a row vibrating in traveling wave manner and the aerody-
namic work is directly computed during the last blade oscillation 
period.

The forced response is computed by means of the modal work 
tool which takes as inputs the blade mode-shape, the decomposed 
forcing functions and the total damping. This allows the compu-
tation, on the CFD discretized blade surface, of the scaling factor 
to be applied to modal displacement and stresses as already de-
scribed. A near point interpolation strategy is used to transfer 
blade mode-shape on the CFD blade surface discretization: the 
choice of CFD discretization ensures a more accurate computation 
of the modal force.

5. Results and discussion

Unsteady lift results are reported firstly for a reduced domain 
extracted from the compressor rear block to better highlight key 
aspects of the proposed methodology like the impact of airfoil 
count on the rotating forcing spatial decomposition. The compar-
ison with experimental data is presented on Rotor 7 test case as 
introduced in section 3, where the spatial decomposition theory is 
applied to determine the proper unsteady pressure component to 
be applied to compute case2 forced response.
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Table 3
Reduced domain: case definition.

R10 S10 R11 S11

Case A 80 88 80 88
Case B 76 88 80 88
Case C 80 92 80 88

Fig. 8. Unsteady lift amplitude on R10.

5.1. Reduced domain results

The reduced domain, that includes only two compressor final 
stages to reduce the computational effort from the full compres-
sor computations [13], has been simulated to clarify the observed 
circumferential distortions of the unsteady lift amplitude at the an-
alyzed engine orders. Table 3 reports the three cases under inves-
tigation. Three reduced domain cases have a blade counts divisible 
by 4, and so for all these cases, a quarter of the wheel has been 
simulated, leading to a minimum period of a quarter of the ro-
tational period. To obtain a periodic solution 8 minimum periods 
have been simulated. Each simulation required around 7 days with 
a number of cores equal to the sum of the reduced domain blade 
count divided by 4.

Case A corresponds to the baseline case, where rotor and stators 
rows are characterized by the same blade count, respectively. The 
R10 blade count of case B is decreased by four with respect to 
case A, while S10 blade count of case C is increased by four. The 
variation in the blade number was selected to have in all the cases 
a common dividend equal to four. This condition allows to perform 
the CFD unsteady simulations equivalent to full annulus by using 
only one quarter of the complete annulus, solving all the relevant 
frequencies and saving computational time and cost.

Fig. 8 shows the variation of the unsteady lift amplitude of R10 
as a function of the blade numbering included in the computa-
tional domain (1/4 of the entire wheel). The investigated frequency 
corresponds to the BPF due to the downstream stator row (88X 
for case A and B, 92X for case C). Case C and A present a com-
mon value, while case B, that is characterized by having a different 
blade count between R10 and R11, shows a circumferential varia-
tion of the lift amplitude.

Applying the circumferential DFT to the pressure time Fourier 
coefficients on the blade surface, the contribution of the different 
nodal diameters can be separated. The unsteady forces at 88X of 
case B are composed by the two main contributions which match 
different nodal diameters: N D = 12 is excited by the interaction 
between R10 and S10, while N D = 8 responds to the upstream 
running wave generated by the Tyler-Sofrin interaction between 
S10 and R11. The sum of the two unsteady rotating forces at same 
frequency, but different circumferential patterns, leads to a vari-
ation of the amplitude along the circumferential direction. This 
behavior is easily explained by Fig. 9 and Fig. 10, that show two 
simplified cases characterized by the overlap of two waves, the 
8

Fig. 9. Overlap of two sinusoidal waves with the same number of nodal diameters.

Fig. 10. Overlap of two sinusoidal waves with different number of nodal diameters.

Fig. 11. Case B: Unsteady pressure amplitude (a) and phase (b) from time and space 
decomposition: EO=88X, ND=8 (top) and ND=12 (bottom) on R10. (For interpreta-
tion of the colors in the figure(s), the reader is referred to the web version of this 
article.)

first one with the same number of circumferential order (as for 
case A), and the second one with a different number of m (as for 
case B).

In the two cases, the final wave composed by the sum of the 
two contributions present different amplitude trend. Fig. 9 shows 
a constant amplitude shape since the overlap of two waves with 
the same m is identical along the circumferential direction, while 
the sum of two waves with different circumferential pattern varies 
with the tangential position and determines a non-uniform ampli-
tude distribution, as shown in Fig. 10.

The decomposed unsteady pressure distributions in terms of 
amplitude and phase for 88X on R10 surface relative to case B are 
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Fig. 12. Unsteady lift amplitude on S10.

Fig. 13. Unsteady lift amplitude on R11.

Fig. 14. Unsteady lift amplitude on S11.

shown in Fig. 11. The upper side of the picture corresponds to the 
contribution that excites N D = 8, while the lower side corresponds 
to N D = 12.

Observe that also the unsteady forces at 88X and 92X of case A 
and case B respectively are composed by the sum of two contribu-
tions. Still, they share the same circumferential order and therefore 
it is not possible to separate the two contributions.

Fig. 12 shows the variation of the unsteady lift amplitude of 
S10 with the blade number. The trend is constant for case A and B, 
while case C presents a very slight oscillation due to the very low 
contribution of the upstream running pressure wave which excites 
N D = 8 generated by the interaction between R11 and S11.

The variation of the unsteady lift amplitude of R11 and S11, 
shown in Fig. 13 and Fig. 14 respectively, confirms that the tan-
gential distortions occur when the blade-rows in the same frame 
of reference have a different count (case B for R11 and case C for 
S11).

The spinning lobes due to Tyler-Sofrin unsteady interactions 
(mainly acting on N D = 12 both for R11 and S11) show a relevant 
amplitude because they are due to a downstream running wave.
9

The resulting tangential distortion is clearly visible when the 
contribute of the Tyler-Sofrin pressure waves has an amplitude 
comparable to the main interaction, as shown in Fig. 15. Both am-
plitude and phase plots reveal that N D = 8 and N D = 12 have 
quite different shapes that may excite different natural mechanical 
modes.

In the three cases where the circumferential variation of the 
unsteady lift amplitude has been observed, the curve shows in-
dicatively a single oscillation.

. Considering that the plot includes only a quarter of the full 
wheel and the domain is periodic, the circumferential distortions 
is characterized by four lobes along the full annulus (see the not-
parallel lines in Fig. 13 and Fig. 14). The number of circumferential 
distortions in the unsteady lift is related to the difference of the 
blade number in the same frame of reference and it is due to the 
fact that the two rotating waves composing the unsteady forces 
present the same difference in the number of nodal diameters.

5.2. Overall compressor domain: R7 results

The unsteady computation on the entire axial compressor al-
lows the evaluation of the complete unsteady aerodynamic field 
and all the excitations generated by the multiple airfoil rows. In 
particular, the rich frequency spectrum seen by R7 blade-row pre-
dicted by the 11-stage unsteady simulation is shown in Fig. 16. 
The unsteady lift amplitude and the engine orders are reported on 
y-axis and x-axis respectively. The plot shows multiple points for 
each engine order and each point corresponds to the unsteady lift 
amplitude value of a single airfoil constituting the R7 blade-row. 
All the engine orders that characterize the frequency spectrum 
show a relevant blade-to-blade variability in terms of unsteady lift 
amplitude.

As explained in the previous section, the unsteady lift ampli-
tude blade-to-blade variability in a same blade-row is due to the 
superpositions of two or more rotating unsteady pressure waves 
that share the same frequency, but different circumferential pat-
terns. Considering that each circumferential order can excite a 
particular nodal diameter of the blade-row, the circumferential de-
composition is therefore necessary for the accurate forced response 
assessment.

Here, the resonant response of R7 to the engine order excita-
tion of S6 has been investigated. Fig. 17 shows the blade-to-blade 
variation of unsteady lift amplitude of the BPF 56X on R7.

The amplitude variation between the minimum and maximum 
value is larger than 100%. This means that the contribution of the 
different spinning perturbations is not negligible. Applying the cir-
cumferential DFT to the unsteady pressure time Fourier coefficients 
on the blade surfaces, the contribution of the different circumfer-
ential order can be finally separated.

Fig. 18 shows the maximum value of the amplitude of the time-
space Fourier coefficients on the blade surface decomposed into all 
the possible m that will excite the N Ds of the blade-row for case2.

Similar results are observed for the other operating point under 
investigation described in Table 2 as case1.

The sign on the N D is referred to the rotational direction of 
the spinning perturbation compared with the rotational speed di-
rection, in detail:

• negative values correspond to forward running forcing respect 
to R7.

• positive values correspond to backward running forcing re-
spect to R7.

The origin of the spinning lobe circumferential orders found 
from the time-spatial decomposition of the CFD simulation (which 
will excite the cyclic mode-shapes) of the engine order 56X is ex-
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Fig. 15. Unsteady pressure amplitude (a) and phase (b) from time and space decomposition: EO= 88X with ND=8 (top) and ND=12 (bottom) on S11.
Fig. 16. R7 frequency spectrum (case2).

Fig. 17. Unsteady lift amplitude of EO 56X on R7 (case2).

plained following the theory presented in 2.2. All the perturbation 
and the excited N D are summarized int the following list:

1. main interaction between S6 and R7

m = 56 − 68 = −12 ⇒ ND = 12

2. interaction between S6 and R6

m = 56 − 50 = 6 ⇒ N D = −6

3. interaction between S5 and R5

m = 56 − 44 = 12 ⇒ N D = −12

4. interaction between S6 and the second harmonic of R5

m = 56 − (50 × 2) = −44
aliased====⇒ N D = −24
10
Fig. 18. Maximum unsteady pressure amplitude of EO 56X on R7 blade surface vs. 
circumferential order and nodal diameter (case2).

5. interaction between S5 and the rotating distortion due to dif-
ferent count between R6 and R5

m = 56 − (50 − 44) = 50
aliased====⇒ N D = 18

6. interaction between S6 and the rotating distortion due to dif-
ferent count between R7 and R6

m = 56 − (68 − 50) = 38
aliased====⇒ N D = 30

7. interaction between S6 and the rotating distortion due to dif-
ferent count between the second harmonic of R6 and the sec-
ond harmonic of R5

m = 56 − (68 × 2 − 50 × 2) = 30 =⇒ N D = −30

5.2.1. Classical crossing results (case1)
The validation of the methodology proposed here to evaluate 

the forced response is performed firstly for case1 response that is 
linked to the main interaction (S6- R7), that was shown to be cap-
tured by a classical application of the interference diagram (see 
Fig. 7). The unsteady CFD analysis of the complete compressor 
domain with boundary conditions coherent with Table 2 was per-
formed to compute the unsteady pressure fluctuation of all the dif-
ferent profiles composing R7 included in the computational model.

Then the spatial decomposition process described in paragraph 
2.2 was applied to extract the proper spinning unsteady pres-
sure component that excites the N D = 12 rotating in the forward 
direction. The aerodynamic damping was computed with the nu-
merical procedure detailed in paragraph 2.4, a single row unsteady 
computation with the R7 blade-row which vibrates following the 
N D = 12 nodal diameter forward rotating mode shape.
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Fig. 19. Composition of the three NDs (−24, +18, +30) for case2.
Table 4
Case1 response.

N D Normalized 
Frequency

Predicted 
Q

Predicted 
Response 
(gage1)

Measured 
response 
(gage1)

12 0.894 594 279.7 303.0

The comparison between calculated and measured responses on 
gage1 is summarized in Table 4 and shows a satisfactory agree-
ment. The small difference between the numerical prediction and 
measurements could be due to uncertainties linked to effective 
boundary conditions considering that the experimental response 
was measured during a shut-down transient.

5.2.2. Tyler-Sofrin crossing (case2)
As introduced in section 3, case2 response requires a more com-

plex explanation. Fig. 18 shows the maximum amplitude of the 
time-space pressure Fourier coefficients for each circumferential 
order on the R7 at the 56X engine order from the all compres-
sor computation and the reduced S6-R7 analysis. This comparison 
with the two-row unsteady computation is important to highlight, 
not only the rich spectrum content from the full compressor analy-
sis, but also the impact on the main forcing component that excites 
N D = 12 from full compressor simulations. This comparison high-
lights the appearance of multiple additional spatial content with 
amplitude indeed lower than the main interaction, but that should 
be considered to assess the overall blade resonant response risks. 
The main components and the explanation of their generating 
mechanism are explained at the end of section 5.2. The additional 
nodal diameters are highlighted in the R7 interference diagram in 
Fig. 7 to detect potential resonances in case2 conditions applying 
the improved use procedure explained in section 2.3.

Since case2 excitation frequency is close to the mode natural 
frequencies for the nodal diameters 18, 24 and 30, the resonant 
response is computed for all these three cases, by extracting the 
corresponding unsteady pressure components with the spatial de-
composition process on the results of the unsteady CFD analysis 
of the entire compressor. The modal damping ratio is assumed 
equal to the aerodynamic damping computed with the presented 
method for the corresponding mode-shapes. Table 5 compares the 
predicted and measured case2 responses.

The interesting result from Table 5 suggests that the N D = −24
is most likely responsible for the excitation of the correspond-
ing mode-shape of case2. To have a direct comparison with the 
experimental acquisition at the gage 2 position, the 3 predicted re-
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Table 5
Case2 response.

N D Normalized 
Frequency

Predicted 
Q

Predicted 
response 
(gage2)

Predicted 
response 
(composed, 
gage 2)

Measured 
response 
(gage2)

+18 0.970 742 3.4
64 85−24 0.998 969 56.0

+30 1.008 805 7.7

sponses have been composed along all the rotor blades (see Fig. 19
and Table 5).

The overall predicted response value is reasonably close to 
the experimental data, demonstrating that Tyler-Sofrin interactions 
propagating along the compressor may have enough energy and 
amplitude to excite airfoils structural modes.

6. Conclusions

The paper illustrated a computational methodology for forced 
response analysis applicable to multistage axial turbomachinery. 
The method was successfully applied and validated with the mea-
surements taken on a rotor blade instrumented in the framework 
of a large experimental campaign on an 11-stage industrial axial 
compressor.

The proposed methodology is based on the time-spatial decom-
position concept of aerodynamic forcing, inherited by the Tyler-
Sofrin theory, that allows to leverage full domain unsteady anal-
ysis. Very demanding 3D multistage unsteady CFD offers the op-
portunity to extract the dense and rich spatial harmonic content 
associated to each Engine Order. The novelty of the proposed ap-
proach is that it does allow to identify possible additional exci-
tation sources with respect to the traditional single stator stator-
rotor unsteady analysis that considers only the contribution of the 
main interaction.

The analysis demonstrated that the spatial content associated 
to the different time harmonics may be originated by Tyler-Sofrin 
acoustic interactions, usually considered in aeroacoustics analysis 
only. One of the experimental cases reported in the paper demon-
strates that Tyler-Sofrin acoustic interaction may be strong enough 
to cause measurable structural response levels.

Consequently, an improved use of the interference diagram was 
proposed to allow the detection of potential additional resonances 
in the critical design phase knowing the entire forcing spatial con-
tent thanks to the proposed decomposition.

The results also demonstrated the advantages stemming from a 
full, albeit computationally demanding, compressor unsteady CFD 
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simulation that allows capturing all the possible resonances with a 
forced response coupled CFD/FEA analysis to account for spinning 
forcing coupled with the corresponding mechanical mode-shapes.

Finally, it was also shown how blade-to-blade variations of lift 
harmonics within a single blade-row can be justified by the com-
bination of spinning harmonics having a different number of nodal 
diameters.
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Appendix A. Aerodynamic damping derivation

The main mathematical steps to determine the aerodynamic 
damping are derived for a damped harmonic oscillator in which 
the damping ratio and the critical damping are:

ξa = ζ

ζc
and ζc = 2

√
mk = 2m

√
k

m
= 2mω (14)

where m is the mass, k the stiffness and ω the angular frequency. 
Assuming that the blade-fluid interaction at a vibration amplitude 
a is due to the generalized force −ζaq̇,

L =
t+Tˆ

t

(−ζaq̇)q̇dt = −1

2
ζaω

2a2T ⇒ ζa = −2L

ω2a2T
(15)

The damping coefficient is:

ξa = ζ

ζc
= −2L

2mω3a2T
= −L

2πmω2a2
(16)

Finally, for a time-sinusoidal vibration q = Ne[qeiωt] having the 
same amplitude a = ∣∣q∣∣ (with q the complex phasor) the blade ki-
netic energy is:

E = 1

T

t+Tˆ

t

E ′dt = m

2T

t+Tˆ

t

(Ne

[
jωqeiωt

]
)2dt = 1

4
mω2a2 (17)

so, the critical damping becomes:

ξa = ζ

ζc
= −L

2πmω2a2
= −L

8π E
(18)

in which the modal amplitude a is selected to generate small blade 
vibration amplitude typical of flutter occurrence. Anyway both L
and E ∝ a2 so, for different small vibrations, the ξ is amplitude 
independent.
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Appendix B. Modal work approach

The main concepts related to the modal work derivation are 
briefly presented. Let us consider the work per cycle produced by 
a sinusoidal force during a steady forced vibration. This work must 
be equal to the energy dissipated during one cycle by the damping 
force as follows:

πdF sinα = πζd2ω (19)

where α is the phase between force and displacement. It may be 
assumed with sufficient accuracy that this amplitude occurs at res-
onance condition where α = π/2, and so:

πdF = πζd2ω = 2πξd2ω2 (20)

from which

d = πdF

2πξdω2
= F

2ξω2
(21)

Same conclusion can be drawn for a distributed forcing act-
ing on component modal displacements and leading to the modal 
force concept as reported in the paper.
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