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1. Introduction

Among the diverse extensions of the classical Lebesgue spaces LP(€2) on a measurable
set 2 C R”, the variable exponent spaces LP()(Q) and the Orlicz spaces LA (Q) have a
prominent position. Loosely speaking, the former are obtained by replacing the function
t? with a function t*(*), where the exponent p(z) may depend on the space variable z.
The latter surface when the role of the power t¥ is played by a more general Young
function A(t), namely a nonnegative convex function vanishing at 0.

These two families of spaces are distinguished members of the class of Musielak-Orlicz
spaces L#() (), also known as generalized Orlicz spaces. They are built upon generalized
Young functions

p:R™ x [0,00) — [0, 0]

These functions are measurable in the variable € R™ for each fixed ¢ € [0, 00), and are
Young functions in the variable ¢ € [0, 00) for a.e. fixed x € R"™.

Accordingly, when € is open, the homogeneous Musielak-Orlicz-Sobolev spaces
V1#0)(Q) generalize the standard Sobolev spaces and consist of those functions whose
weak derivatives belong to L#()(€).

The theory of Musielak-Orlicz spaces and of their Sobolev counterparts has been con-
siderably developed in recent years. They were systematically introduced in [35], although
they already appear in the earlier contribution [36]. Recent comprehensive monographs
on this topic are [26,33]. Special classes of Musielak-Orlicz spaces are the subject of the
books [15,19]. The interest in these spaces is especially motivated by applications to the
study of partial differential equations driven by nonstandard nonlinearities. A sample
of results on the regularity of solutions to elliptic equations and variational problems in
Musielak-Orlicz-Sobolev spaces can be collected from the papers [2-6,13,17,28,29] and
the book [7].

Despite extensive investigations on Musielak-Orlicz spaces, the picture of Sobolev-
type embeddings — a fundamental tool in the applications mentioned above — is still
incomplete. A sharp embedding theorem is available for classical Orlicz-Sobolev spaces,
associated with functions ¢ independent of x, and hence of the form

p(a,t) = A(t) (1.1)

for some Young function A. This embedding is established in [8,9] and is of use in the
analysis of partial differential equations whose nonlinearities are not polynomial.

An optimal embedding for functions ¢ of plain variable exponent type, namely func-
tions obeying

o(z,t) = tP@) (1.2)
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is also well-known. Such an embedding was first proved in [18] and extended in [21,22].
Its most general form is contained in [24], and can also be found in [19, Section 8.3]. This
embedding is known to hold if the function p(-) satisfies a local log-Holder continuity
property, as well as a logarithmic decay assumption near infinity. On the other hand,
it may fail if these assumptions are dropped, as demonstrated by examples from [19,
Proposition 8.3.7]. Variable exponent Sobolev spaces enter various mathematical models
of physical phenomena, such as the theory of electrorheological fluids.

Sobolev embeddings for Musielak-Orlicz spaces associated with generalized Young
functions defined as

p(x,t) =t + a(x)t? (1.3)

are obtained in [29] under suitable hypotheses on the function a(-). Functions of this
kind have a role in the formulation of so-called double-phase variational problems, which
have been the object of renewed attention in recent years.

Embeddings for Musielak-Orlicz-Sobolev spaces built upon generalized Young func-
tions ¢ of other specific forms have been considered in various contributions. Results for
functions ¢ of general type can also be found in the literature — see e.g. [16,23-26,34].
However, they require unessential restrictions on ¢ and need not yield optimal conclu-
sions. In particular, the result of [23] necessitates a Lipschitz dependence of ¢ in the
x variable, and, more importantly, in the case of functions ¢ independent of x it just
reproduces the non-sharp Sobolev embedding from [20].

The purpose of the present paper is to offer an embedding theorem for general
Musielak-Orlicz-Sobolev spaces. The Sobolev conjugate ¢, of any generalized Young
function ¢ satisfying some natural assumptions on the dependence on the z-variable is
exhibited. Such a Sobolev conjugate is sharp, in the sense that the receipt that yields
on(z,-) from ¢(x,-), for each fixed z, is exactly the same that produces the optimal
Sobolev conjugate of a classical Young function, independent of z, in the Orlicz-Sobolev
embedding. The function ¢, is a generalized Young function such that

VO (R™) < Lo O(R).
Namely, the inequality
[ull Lencr@®ny < el Vull oo @mny

holds for some constant ¢ and for every u € le’“o(')(R”). Here, the arrow “—” stands
for continuous embedding, and Vd1’¢(')(R") denotes the space of those functions v €
Vel (R™) which decay near infinity, in the sense that the Lebesgue measure of the level
set {|u| > t} is finite for every ¢t > 0. The assumptions to be imposed on the function
¢ are standard in the current theory of Musielak-Orlicz-Sobolev spaces, as recorded
n [26]. They amount to the non-degeneracy and non-singularity in the z variable for
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t = 1, to quantitative information on local oscillation in the x variable, and to a suitable
asymptotic behavior as |z| — co. These assumptions are a natural extension of those
customarily requested in the basic case of variable exponent Sobolev spaces.

Sobolev-Poincaré type inequalities, and ensuing Sobolev embeddings, on open sets
Q C R™ with finite measure are also established. Because of the finiteness of the ground
domain, only the behavior for large ¢ of the generalized Young functions defining the
Musielak-Orlicz norms is relevant in these inequalities. The Sobolev conjugate of ¢ can
thus be constructed after modifying ¢ for ¢ near 0. This enables one to avoid unnecessary
decay conditions on ¢. The resultant Sobolev conjugate is denoted by ¢, . The Sobolev-
Poincaré inequality in Vol“’o(')(Q)7 the subspace of those functions from V*#()(Q) which
vanish, in a suitable sense, on 0f), reads

”u”L%pn,o(*)(Q) < CHVUHL«M‘)(Q)

for some constant ¢ and every u € V3" (Q).
A parallel mean-value Sobolev-Poincaré inequality of the form

[u = uall penoor ) < cllVullLeo )

holds in sufficiently regular bounded domains €, for some constant ¢ and every u €
V1#()(Q). Here, ug stands for the mean value of u over Q. Bounded John domains §
are admissible, for instance. Recall that the class of John domains includes, in particular,
Lipschitz domains and domains with the interior cone property.

Compact embeddings for the spaces V; ?*)(Q) and V1#()(Q) are discussed as well.

Our embeddings recover the optimal known results for specific choices of the function
©. In particular, they reproduce the Sobolev embeddings for functions ¢ as in (1.1), (1.2),
and (1.3), and also allow for critical and supercritical values of parameters associated
with these functions.

A major dissimilarity between Musielak-Orlicz and classical Orlicz spaces is that,
unlike the latter, the former are not rearrangement-invariant. This drawback makes
some powerful tools in dealing with Sobolev type inequalities in Orlicz spaces, such
as symmetrizations and rearrangement-based interpolation techniques, useless in the
Musielak-Orlicz environment. As in most of the available proofs of Sobolev embeddings
for spaces from the Musielak-Orlicz class, we resort to an approach relying on a weak-
type estimate for the Riesz potential operator I, in the same spaces. A critical step in
our proof amounts to a new estimate of this kind, which takes the form:

oo (&, et) da: < / (@, | f(@)]) da

{a fI>t} R

for every (suitably normalized) generalized Young function ¢, for some positive constant
c and for every function f such that ||f| +c)®n) < 1. Here, a € (0,n), and ¢= is the



A. Cianchi, L. Diening / Advances in Mathematics 447 (2024) 109679 5

sharp Sobolev conjugate of ¢ of order a. The function p= agrees with ¢, if @ =1, and
reproduces, for each fixed x, the Sobolev conjugate for optimal weak-type inequalities for
I, in Orlicz spaces exhibited in [10]. Moreover, our estimate includes, as a special case, a
well-known inequality in variable exponent Lebesgue spaces [18]. It also augments weak-
type inequalities for Riesz potentials in Musielak-Orlicz spaces contained in [16,24,25].

Thanks to a representation formula for Sobolev functions in terms of Riesz potentials
of order a = 1, the weak-type inequality for these potentials implies a parallel weak-
type Sobolev inequality in Musielak-Orlicz spaces. A nowadays standard discretization-
truncation argument introduced by V. Maz’ya [31,32] then upgrades the weak-type
Sobolev inequality to a strong one. The relevant representation formula, though clas-
sical for compactly supported functions, cannot apparently be found in the literature
for functions decaying near infinity in the very weak sense specified above. Its proof re-
quires some additional argument and it is hence stated in a separate lemma, of possible
independent interest.

The paper is organized as follows. We begin by introducing notation, assumptions,
and basic properties about generalized Young functions and the associated Musielak-
Orlicz spaces. This is the content of Section 2, where the special instances of generalized
Young functions mentioned above are also discussed in detail. Musielak-Orlicz-Sobolev
spaces are introduced at the beginning of Section 3, which is devoted to the statements
of our main results. Applications of these results to some classes of Musielak-Orlicz-
Sobolev spaces are presented in the final part of this section. The weak-type inequality
for Riesz potentials in Musielak-Orlicz spaces is the subject of Section 4. For ease of
exposition, its technical proof is split into several lemmas. The proofs of the Sobolev and
Sobolev-Poncaré inequalities are accomplished in the final Section 5, after stating and
proving the representation formula for the admissible functions in the inequalities under
consideration.

2. Generalized Young functions and Musielak-Orlicz spaces

This section is devoted to basic notions about generalized Young functions and the
associated Musielak-Orlicz spaces. We rely upon the modern foundations of the theory
of these spaces developed in the monographs [19,26], to which we refer the reader for
more details.

A Young function is a function A : [0,00) — [0, 00] which is convex, continuous,
non-constant and such that A(0) = 0. The following representation formula holds

A(t) = / alr) dr,
0

where a : [0,00) — [0,00] is a non-decreasing function. By A~! : [0,00) — [0, 00) we
denote the left-continuous inverse of A, given by

ATYt)=inf{r>0: A(r) >t} fort>0,
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A function ¢ : R™ x [0,00) — [0, 00] is called a generalized Young function if

(i) the function ¢(z,-) is a Young function for a.e. x € R,
(ii) the function ¢(-,t) is measurable for every ¢t > 0.

Notice that
sp(z,t) < p(x,st) if s>1andt >0, (2.1)

for a.e. x € R™.
For a.e. z € R", we denote by ¢~ !(z,-) the left-continuous inverse of the Young
function ¢(z,-). One has that

oz, o Nz, t)) =t and ¢ *(z,0(x,t)) <t forae x€R™andt>0.
The Young conjugate of a generalized Young function ¢ is denoted by ¢ and defined as
oz, t) = sup{rt — p(z,7): 7 >0} fora.e.z € R" and t > 0.

It is also a generalized Young function and
t <o Yo, ) (x,t) <2t forae. .z €R™and t > 0. (2.2)
The function ¢ is said to satisfy the As-condition if there exists a constant ¢ such that
o(z,2t) < cp(z,t) fora.e. x € R™ and ¢ > 0. (2.3)

In what follows, we write

p(x,t) =~ Y(x,t) (2.4)

to denote that there exist positive constants ¢; and cp such that cypo(z,t) < ¢¥(z,t) <
cap(x,t) for a.e. x € R™ and ¢ > 0. This relation differs from the equivalence in the sense
of Young functions, denoted by

oz, t) ~ Pz, t), (2.5)

which means that ¢(x, cit) < ¥(z,t) < ¢(x,cot). The relations (2.4) and (2.5) are said
to hold near zero or near infinity if the pertaining inequalities just hold, uniformly for
a.e. z, for small or large values of ¢, respectively. These relations will also be employed
between functions that are not generalized Young functions. Observe that, thanks to the
property (2.1), if ¢ and 1 are generalized Young functions such that ¢ & 1), then ¢ ~
as well.
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We say that the function ¥ grows essentially more slowly than ¢ near infinity in a set
QcCR™if

0 t
lim esssup (z,ct)

=0 for every ¢ > 0. 2.6
t—o0 z€Q (p(x, t) y ( )

Let © be a measurable set in R”™. Denote by L°(2) the set of measurable functions in
Q. The Musielak-Orlicz space L¥()(Q), associated with a generalized Young function ¢,
is defined as

L#O(Q) = {u e L) : !ap(w, @) dx < oo for some \ > o}.

The space L#()(Q) is a Banach space when equipped with the norm

[ull o) (o) = inf {)\ >0: /<p<x, @) dx < 1}. (2.7)
Q

The following Holder type inequality holds:

/ u(@)o(@)| dz < 2l oo 0]l 00 (2.8)

for u € L) () and v € L) (Q). Furthermore,

|u(z | dx
sup Ao lHEENdT e 29)
weLe () () ||UHL<P(')(Q)

for v € LPO)(Q).

Musielak-Orlicz spaces are, in particular, normed function lattices on 2. Recall that
a normed function lattice X (£2) is a normed linear space of functions in L°(2), endowed
with a norm || - || x (o) such that

if Ju| < |v] a.e. in Q, then [Jul|x @) < [[v]x()- (2.10)

Additional assumptions are needed on generalized Young functions for several classi-
cal results from Real and Harmonic Analysis to hold in the associated Musielak-Orlicz
spaces. The requirements to be imposed in the model case of variable exponent spaces
are thoroughly exposed in the monograph [19]. Their extension to the general Musielak-
Orlicz space depends upon the following definitions, which were introduced in [26].

Definition 2.1. A generalized Young function ¢ is said to satisfy the condition:
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(A0) if there exists 8 € (0, 1] such that

B<pH(z,1) <

| =

for a.e. z € R™;
(A1) if there exists 8 € (0, 1] such that

B Mz, t) < (y,t)

for every t € [1, ﬁ], for a.e. z,y € B, and every ball B C R with |B| < 1;
(A2) if for every s > 0 there exist 3 € (0,1] and h € L*(R™) N L (R™) such that

Bo Mz, t) < (y,t)

for a.e. x,y € R™ and every t € [h(x) + h(y), s].

The condition (A0) is usually called the weight condition, (A1) the local continuity
condition, and (A2) the decay condition. Note that, in spite of its name, the condition
(A1) just provides information on the local oscillation of ¢ in the z variable, but does
not entail its continuity. This terminology is inspired by the special setting of variable
exponent functions.

The condition (A0) also ensures that, if E is any set in R™ with finite Lebesgue
measure |E|, then || xg||¢¢)®rn) < co. Here, x denotes the characteristic function of E.
Thanks to the inequalities (2.2), the condition (A0), with % replaced with %, is inherited
by the function @. Thus, as a consequence of the inequality (2.8),

/|u| dr <oo if |luxellLeo @wn) < oo. (2.11)
B

In particular, if ¢ satisfies (A0) and |Q] < oo, then
L¥O(Q) — LY(Q). (2.12)

The function ¢ : [0,00) — [0, 00], associated with a generalized Young function ¢
by

Yoo (t) = limsup p(x, t) for t > 0, (2.13)

|| =00

plays a role in equivalent formulations of the condition (A2). If ¢, is non-degenerate,
in the sense that it is neither constantly equal to 0 nor to oo, then it is a Young func-
tion. This is certainly the case when ¢ satisfies the condition (A0). As shown in [26,
Lemma 4.2.9] and [27], for a generalized Young function ¢ satisfying the condition (A0),
the following conditions are equivalent to (A2).
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Definition 2.2. A generalized Young function ¢ is said to satisfy the condition:
(A2) if
LPO(R™) N L®(R™) = L#=(R™) N L>®(R"),

with equivalence of norms, where ¢ is the Young function defined by (2.13);
(A27) if there exist 3 € (0,1] and h € L*(R™) N L>°(R™) such that for a.e. x € R"

o(x, Bt) < Yoo(t) + h(z) if poo(t) €10,1] and
Poo(Bt) < p(2,t) + h(z) if p(z,t) € [0,1].

(A27) if for every o > 0 there exist 3 € (0,1] and h € L' (R™) N L>®(R"), with h > 0,
such for a.e. z,y € R"

Bo~Hz,t) < 7 (y,t+ h(x) + h(y)) ifte0,0].

Let us briefly discuss the customary generalized Young functions defined as in (1.2)
and (1.3) in connection with the properties (A0), (A1) and (A2) introduced above. We
refer the reader to [26] for additional examples.

Example 2.3 (Variable exponents). The best known instances of generalized Young func-
tions, depending on the x-variable in a non trivial way, are provided by variable powers,
namely functions given by

o(x,t) =tP@  for z € R™ and t > 0, (2.14)
where
p: R" = [1,00).

They are at the basis of the definition of the variable exponent Lebesgue spaces, whose
systematic analysis was initiated in the paper [30].
If the function p satisfies a log-Holder continuity property of the form

< for z,y € R™, 2.15
o) ) v (2.15)

~ log(e + 257)

|z—y|

’1 1‘ c

for some constant ¢, then ¢ is a generalized Young function fulfilling the properties (A0)
and (A1) — see [26, Section 7.1].
If, in addition, the logarithmic decay condition near infinity

1 1

c
-
‘p(l‘) poo‘ ~ log(e + |z|)

for z € R" (2.16)
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holds for some constants ps, € [1,00) and ¢ > 0, then the function ¢ also satisfies the
property (A2). In particular, under the assumptions (2.15) and (2.16), we have that
p € L>*(R™).
Observe that the condition (2.16) implies Nekvinda’s condition introduced in [37].
The same assertions are true for the variant given by

ola,t) = ﬁtp(x) for x € R™ and ¢t > 0,

which is of common use in the formulation of variational problems associated with vari-
able exponent functionals.

Example 2.4 (Double-phase). Another popular class of generalized Young functions con-
sists of so-called double-phase Young functions. They have the form

o(x,t) =tP +a(x)t? for x € R™ and ¢t > 0, (2.17)
for some exponents ¢ > p > 1 and for a nonnegative function a € L (R"™). As shown in

[26, Section 7.2], a function ¢ of this kind satisfies the properties (A0) and (A2), with
h = 0. It also fulfills the property (Al) if and only if

a(z) < c(a(y) + |z — y|%(q7p)) for z,y € R™, (2.18)

for some constant ¢ > 0. In particular, the condition (2.18) holds, provided that

(2.19)

and
ae OOy P (R, (2.20)

An alternate version of the function (2.17), which still enjoys the properties (A0), (A1),
and (A2) under the same assumptions, is obtained by replacing the sum with the maxi-
mum on the right-hand side of (2.17). This results in the function

o(x,t) = max{t?, a(x)t!} for x € R™ and t > 0. (2.21)

A combination of the functions from (2.14) and (2.17) yields variable exponent double-
phase functions given by

oz, t) = tP@ 4 q(2)t1@ for z € R™ and t > 0. (2.22)

They have been examined, also in connection with the conditions (A0), (A1), and (A2),
in the papers [14] and [29].
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A handy subclass of generalized Young functions consists of normalized functions
according to the next definition patterned on [25].

Definition 2.5. A generalized Young function ¢ will be called normalized if:

(i)
¢ t(x,1)=1 forae z€R™ (2.23)
(ii) there exists § € (0,1] such that

B~ M, t) < oy, 1) (2.24)

for every t € [0, ﬁ], for a.e. x,y € B, and every ball B C R™;

(iii)
o(x,t) = poo(t) for t € [0,1]. (2.25)

The following properties of normalized generalized Young functions follow from their
definition, via the inequalities (2.2).

Proposition 2.6. Assume that ¢ is a normalized generalized Young function, and let 3 €
(0,1] be the constant appearing in Definition 2.5. Then:

(i)
p(z,t) < oy, §) (2.26)

for every t € 0, B~ (y, |B|™")], for a.e. x,y € B, and every ball B C R™;
(it)

85 Ha,t) <&y, 1) (2.27)
for every t € 0,|B| '], for a.e. ,y € B, and every ball B C R™;
(iii)
B, t) < By, 21) (2.28)
for every t € [0, gﬁ_l(y, |B|™Y)], for a.e. x,y € B, and every ball B C R™.

A useful result from [25] ensures that any generalized Young function ¢ satisfying the
conditions (A0), (A1), and (A2) can be replaced with a normalized generalized Young
function @ without altering the associated Musielak-Orlicz space, up to equivalent norms.
The recipe is the following. Define the generalized Young function ¢q as
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¢o(z,t) = max {¢(z, o ' (z,1)t),2t — 1} for z € R™ and t > 0. (2.29)

Then, the function @ is given by

o(e.t) = {2<p0(x,t) ~1 ift>1 (230)

lim sup) ;|00 P0(2, 1) if0<t<l1,
for z € R".

Proposition 2.7 ([25, Proposition 4.2]). Let ¢ be a generalized Young function satisfying
the conditions (A0), (A1) and (A2). Then, the function @ defined by (2.30) is a normal-
ized generalized Young function, which satisfies the condition (2.24) with the same [ as
in the condition (A1) for ¢. Moreover,

LFOR™) = LPO(R™), (2.31)

up to equivalent norms, with equivalence constants depending on the constant 8 from the
conditions (A0), (A1), and on the function h from the condition (A2).

Notice that @ is a generalized Young function fulfilling (A0) even if ¢ does not satisfy
(A0), (A1), and (A2). These are needed for @ to be normalized and for equation (2.31)
to hold.

As pointed out in [25], despite the property (2.31), the functions ¢ and % need not
be globally equivalent, in general. However, as shown in the same paper, one has that

o(z, Bt) <P(z,t) < oz, %t) ift>1, (2.32)
and
Yoo (Bt) <B(2,t) < poo(¥)  IfO<E<T, (2.33)

for z € R™, where 3 is the constant appearing in the property (A0) for the function .
Consequently, if ¢ fulfills both the condition (A0) and the As-condition, then the
function ¢° : R™ x [0, 00) — [0, c0] obeying

t ift>1
¢°(z,t) = plof) i (2.34)
Poolt)  if0<t<1,

for x € R", is such that
©° ~P. (2.35)

When dealing with Musielak-Orlicz spaces defined on sets of finite measure, the as-
sumption (A2) on the generating function ¢ is immaterial. The last result of this section
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shows that, if ¢ just fulfills the assumptions (A0) and (A1), then there exists a normalized
generalized Young function @ such that L#()(Q) and L¥()(Q) agree, up to equivalent
norms, for every measurable set 2 C R™ with |Q| < co. The function @ is defined as

o0l t) —1  ift>1
5 {<p0(x ) th= (2.36)

plz,t) =
(1) t ifo<t<l,
for z € R™, where ¢ is given by equation (2.29).

Proposition 2.8. Let ¢ be a generalized Young function satisfying the properties (A0) and
(A1). Then the function @ given by (2.36) is a normalized generalized Young function,
which satisfies the condition (2.24) with the same B as in the condition (A1) for .
Moreover,

LPO(Q) = LYY (Q), (2.37)
up to equivalent norms, for every measurable set Q C R™ with |Q] < oo.
Proof. Observe that
o(z,t) =p(x, t) ift>1 (2.38)

and z € R™. Since P is a normalized generalized Young function satisfying the condition
(2.24) with the same S as in the condition (A1) for ¢, the fact that @ enjoys the same
property can be verified as a consequence of the identities (2.38) and

Pla,t)=t ifo<t<l
and x € R™.
As far as the property (2.37) is concerned, the identity (2.38) and the inequalities
(2.32) yield:
Pla,t) <p(z,3t) ift>1, (2.39)
and
o(z,t) < gz, %) ift > p, (2.40)
for z € R™. On the other hand,
oz, t) < p(x,1) =1 ifo<t<l1 (2.41)

and
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oz, t) <oz, ) <1 it0<t<p, (2.42)

for x € R™, where the last inequality holds thanks to the property (A0) of ¢. Combining
(2.39) and (2.41) tells us that

P(z,t) < (=, %t) +1 forz € R" and t >0 (2.43)

whereas (2.40) and (2.42) yield
oz, t) < o(x, %) +1 for x € R™ and ¢t > 0, (2.44)

Equation (2.37) follows from the inequalities (2.43) and (2.44), via [19, Theorem
281. 0O

Under the assumption that ¢ fulfils both the condition (A0) and the As-condition,
consider the function ¢® : R™ x [0,00) — [0, 00] defined as

) ift>1
@*(z,t) = elot) ifE2 (2.45)
t if0<t<l,

for x € R™. Although, like ¢°, the function ¢* may not even be continuous at ¢ = 1, one
has that

o~ B (2.46)

This is a consequence of equations (2.32) and (2.33), and of the fact that @(x,t) = B(x, )
if ¢t > 1 and z € R™.

3. Main results

Assume that € is an open set in R™ and ¢ is a generalized Young function. The
homogeneous Musielak-Orlicz-Sobolev space V1%()(Q) is defined as

VEeO(Q) = {u e WEN(Q) : |Vl € LPO(Q)). (3.1)

loc

If Q is connected and G is a bounded open set such that G C Q, then the functional

lullzr @) + IVull Lo ) (3.2)

defines a norm on V1¥()(Q). One can show that different choices of the set G result in
equivalent norms.
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The subspace of functions which vanish on 02 is suitably given by

V01’¢(')(Q) ={uce I/Vlicl(Q) :the extension to R™ of u by 0 outside {2

(3.3)
belongs to V¢ (R™)},
and can equipped with the norm
IVl Loe) o)- (3.4)
When Q = R", we also define the space
le’@(')(]R") = {u e VE*OR™) : [{|u| > t}| < oo for every t > 0}. (3.5)

Heuristically speaking, le’(‘p(')(R”) is the subspace of V1¥()(R™) of those functions
decaying near infinity in a weakest possible sense for a homogeneous Sobolev inequality
in R™ to hold. The functional (3.4), with & = R™, defines a norm in le’@(')(R").

When ¢(x,t) = tP for some constant p € [1,00), we shall simply write V17 instead of
V1¢0) in the above notation.

The present section is split into three subsections. Subsections 3.1 and 3.2 are dedi-
cated to inequalities in R™ and in bounded domains, respectively. Proofs of the results
stated in these subsections can be found in Section 5. Subsection 3.3 concerns applica-
tions of these results to particular instances of Musielak-Orlicz-Sobolev spaces.

3.1. The inequality in R™

Our embedding theorem in R™ holds for any Musielak-Orlicz-Sobolev space associated
with a generalized Young function ¢ satisfying the conditions (A0), (A1), (A2), and

O/ (%.%(t)) = dt < oo. (3.6)

As shown in Proposition 3.4 below, the assumption (3.6) is indispensable when consid-
ering Sobolev inequalities in le’@(')(R").
The Sobolev conjugate of ¢ is the generalized Young function ¢,, defined as

onlz,t) = @z, H, ' (z,1)) for x € R™ and ¢t > 0, (3.7)

where Hy, : R™ x [0,00) — [0, 00) is the function given by

t 1 a1
Hy(z,t) = </ (%) dT) for x € R™ and t > 0. (3.8)
0
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Here, @ denotes the normalized generalized Young function associated with ¢ as in (2.30)
n
n—1°

Thanks to equation (2.33), the assumption (3.6) ensures that the function H, is finite-

and n' = the Holder conjugate of n.
valued for € R™ and ¢t > 0. Here, H, !(x,-) denotes the generalized left-continuous
inverse of H,(z,-) for z € R™. Note that, if

7(%)”11(% < 00 (3.9)

for some x € R™, then, by equation (2.32), lim;_,o, H,(z,t) < co. Hence, H,, !(x,t) = co
for t exceeding this limit. The right-hand side of equation (3.7) has then to be interpreted
as oo for these values of ¢.

Theorem 3.1 (Sobolev inequality in R™). Assume that ¢ is a generalized Young function
satisfying the conditions (A0), (A1), (A2) and (3.6). Then,

Vit @) = Lo O R,
and there exists a constant ¢ = ¢(n, B8, h) such that
[ull Loneny < el Vull oo mny (3.10)

for every u € le’gp(‘)(]R"). Here, 8 denotes the constant from the conditions (A0) and
(A1), and h the function from the condition (A2). In particular, if ¢ = @, then the
constant ¢ in the inequality (3.10) only depends on n and f3.

Remark 3.2. One can verify that replacing @ with any equivalent (in the sense of the
relation ~) generalized Young function in the formulas (3.7) and (3.8) results in a gener-
alized Young function equivalent to ¢, . For customary choices of ¢, such an equivalent
function is immediately obtained from the expression of p. These replacements just af-
fect the constant ¢ appearing in the inequality (3.10). In fact, the same conclusion holds
even if ¢ is replaced with an equivalent function, which is not necessarily a generalized
Young function. The norm || - || L¢n ) (rn) is in fact equivalent to the functional obtained
after this replacement. Thus, for instance, if ¢ satisfies the As-condition, then, thanks
to equation (2.35), the norm || - || L¢n()(rn) in the inequality (3.10) can be replaced with
the functional generated by the use of the function ¢° given by (2.34), instead of @, in
(3.7) and (3.8).

Remark 3.3. An inspection of the proof of Theorem 3.1 will reveal that, under the same
assumptions, the following Sobolev inequality in modular form holds:

/gon(x,c|u|)dx < /@(x,|Vu|)dx (3.11)

R~ R~
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for some constant ¢ = ¢(n, 8) and for every u such that [p, @(z,|Vul)dz < 1. The
inequality (3.11) can be of use in applications to the analysis of solutions to partial
differential equations. Parallel conclusions about possible replacements of the function @
in the definition of the function ¢,, as in Remark 3.2 hold with regard to the inequality
(3.11).

The following result demonstrates the necessity of the condition (3.6) for the embed-
ding of Theorem 3.1, and even for more general embeddings of the space le ’v(‘)(R”)
into normed function lattices.

Proposition 3.4 (Necessity of condition (3.6)). Let ¢ be as in Theorem 3.1. Assume that
there exists a normed function lattice Y (R™) such that

[ully ®ny < ellVullpeo mn (3.12)
for every u € V;’W(')(R"). Then, the condition (3.6) must be fulfilled.
3.2. Inequalities in domains

Here, we offer Sobolev-Poincaré type inequalities in open sets 2 C R™ with finite
Lebesgue measure. Of course, they imply corresponding Sobolev embeddings. Thanks
to the finiteness of the measure of €, the condition (A2) on the function ¢ defining the
Musielak-Orlicz-Sobolev space is no longer required. For the same reason, the assumption
(3.6) can also be dropped. Namely, the Sobolev-Poincaré inequality holds whenever ¢
satisfies the conditions (A0) and (A1). Indeed, owing to Proposition 2.8, if ¢ fulfills these
conditions, then the space V1¢()(Q) remains unchanged, up to equivalent norms, after
replacing ¢ with the normalized generalized Young function @ given by (2.36), which
plainly satisfies the assumption (3.6).

The Sobolev conjugate of ¢ on domains with finite measure can thus be defined as
the generalized Young function ¢,, , obeying

Onolz,t) = §(z, H,;l)(x,t)) for z € R" and t > 0, (3.13)
where H,, o : R™ x [0,00) — [0, 00) is the function given by
1

t 1
Hyo(z,t) = (/ <ﬁ) d7'> for z € R™ and t > 0. (3.14)
0

We begin with a Sobolev-Poincaré inequality for functions in Vol"P(')(Q). This only
requires that {2 has a finite measure.
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Theorem 3.5 (Poincaré-Sobolev inequality with zero boundary values). Let Q0 be an open
set in R™ such that || < oo and let ¢ be a generalized Young function satisfying the
conditions (A0) and (A1). Then,

i r0(©) = 10(@),
and there exists a constant ¢ = ¢(3,n,|Q]) such that
lull oo @) < ellVullLeo @ (3.15)

for every u € Vol’“a(')(Q). Here, 8 denotes the constant appearing in the conditions (A0)
and (A1).

Like any other mean-value Sobolev-Poincaré inequality, this kind of inequalities in
Musielak-Orlicz spaces requires that the domain € be regular enough. Any bounded
John domain is admissible. Recall that a bounded open set {2 C R™ is called a bounded
John domain if there exist positive constants ¢ and £, and a point xg € € such that for
every x € ) there exists a rectifiable curve v : [0,¢] — €, parametrized by arclenght,
such that v(0) = z, y(¢) = xo, and

dist (v(r),0Q) > cr for r € [0, £].

Any connected bounded open set satisfying the uniform interior cone condition is a
bounded John domain. In particular, connected bounded Lipschitz domains are bounded
John domains. A bounded John domain may admit inward cusps, whereas outward cusps
are forbidden. The class of bounded John domains also includes certain domains with
highly irregular boundaries. This is the case of the interior of Koch’s snowflake, for
instance.

Theorem 3.6 (Mean-value Poincaré-Sobolev inequality). Let Q2 be a bounded John domain
in R™ and let ¢ be a generalized Young function satisfying the conditions (A0) and (A1).
Then,

VLW(')(Q) s L‘Pn(‘)(Q%
and there exists a constant ¢ = ¢(3,)) such that
lu —uallLenoo ) < llVullLeo @ (3.16)

for every u € V1¥0)(Q). Here, 3 denotes the constant appearing in the conditions (A0)
and (A1).

We conclude our discussion about Musielal-Orlicz-Sobolev embeddings with a condi-
tion for compactness.
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Theorem 3.7 (Compact embeddings). Let 2 be an open set in R™ such that |} < oo and
let @ be a generalized Young function satisfying the conditions (A0) and (A1). Let ¥ be a
generalized Young function growing essentially more slowly than ¢, . near infinity and
such that

/19(36,75) dr < oo fort>0. (3.17)
Q

(i) The embedding
Vo Q) = L70(Q) (3.18)

s compact.
(ii) Assume, in addition, that Q is a bounded John domain. Then, the embedding

vie(Q) — LVO(Q) (3.19)
15 compact.

Remark 3.8. Observe that, if the function ¢ fulfills the condition (3.6), and hence the
function ¢,, is well defined, then ¢, ~ ¢, . near infinity. Therefore, since || < oo, the
inequalities (3.15) and (3.16) can be equivalently formulated with the norm [|-[| ¢n.c0) (g
replaced with [ - ||¢n() (). An equivalent inequality is also obtained whenever ¢y, o is
replaced with the function defined as in (3.13)—(3.14), with ¢ replaced with any general-
ized Young function ¢ such that i (x,t) ~ @(z,t) for a.e. z € Q and for ¢ > 0. Moreover,
under the additional assumption that ¢ satisfies the As-condition, owing to equation
(2.46) the norm [| - [| on.c() gny in the inequalities (3.15) and (3.16) can be replaced with
the functional obtained via the function ¢® defined by (2.45), instead of @, in (3.13) and
(3.14).

3.8. Special instances

The remaining part of this section is devoted to applications of Theorems 3.1, 3.5 and
3.6 in the case of Musielak-Orlicz-Sobolev spaces built upon generalized Young functions
of the specific forms presented in Section 2.

Example 3.9 (Classical Orlicz-Sobolev conjugate). Assume that ¢ is independent of z,
namely

pla,t) = A(t)

for some classical Young function A. By replacing, if necessary, A with an equivalent
Young function, we may assume, without loss of generality, that A(1) = 1. Consequently,
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© is normalized and ¢ = ®. The Sobolev conjugate ¢, is hence also independent of x.
Thus, with abuse of notation, we may drop the dependence on z, and the formulas (3.7)
and (3.8) yield

on(t) = A(H, ' (t))  fort >0, (3.20)

n

where H,, : [0,00) — [0, 00) is the function given by

- ([ () )" ez o)
0

The function ¢, reproduces the sharp Sobolev conjugate of A, in the form exhibited in

[9]-

Example 3.10 (Variable exponent Sobolev conjugate). Let ¢ be the variable exponent
function as in Example 2.3. Namely,

o(xz,t) =tP@  for z € R and t > 0.
Clearly,
Yoo(t) =tP=  for t > 0.
Consider inequalities in R™ and suppose that
Poo <M, (3.22)

an assumption indispensable in view of Proposition 3.4. Since p € L*°(R™), the function
o satisfies the Ag-condition. Thus, in view of Remark 3.2, using the function ¢°, given
by (2.34), instead of ¥ in the definition of ¢, results in an equivalent function. Let
us still denote, with abuse of notation, by H,, and ¢, the functions obtained after this
replacement. One has that

°(a.1) P ife>1
@°(z,t) =
tPee if0<t<l,
for x € R™. Thus,
H(z,t)=tot =  if0<t<]1, (3.23)

and

H Yz, t) =t, "=t ift <t (3.24)
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1
n’

)" . Consequently,

n—1
N—Poo

where we have set tg = (

NPoo nPoo

(Pn(xat) = tO TP gn=poo

if t <tg.

21

(3.25)

The behavior of the function ¢, (z,t) for t > ty takes a different form, depending on

whether 1 < p(z) < n, p(z) =n, or p(z) > n.
Assume first that 1 < p(x) < n. Then,

1
7

H(m,t)z( n_l))”l'(p“’_p(w)+t”np(1m))" ift > 1,

n—p(x n — Poo

whence
(2)\ (2)) ™7
n—p(x)\ 2 . —p(z)) "G
H M (z,t) = ((77)) - M) if £ > to.
n—1 N — Poo
Therefore,
(n=1)p(x)

_ , — n—p(z)
on(z,t) = ((7?1 p(:v)) My Poo TPAT) p() if t > tp.

N — Po
In particular,
1 np(x) .
on(z,t) = (n —p(x))r—r@ tn=rE  if t > t;,
for a suitable ¢; > ¢y and with equivalence constants independent of x.

Next, assume that p(z) = n. Since

1
.

n—1

H(z,t) = ( —|—logt) ift>1,
N = Poo
we obtain that
n(=n) nf .
on(z,t) =en-ro e if ¢ > to.

Finally, if p(x) > n, then

1 1
7

H(z,t) = (p&)__ln) " (pf)_;i“ ft%) it > L.

Thereby,

00 if t > too(x)

-1 "n—
A= (@) =9 (p(x) —po _ pla) = non o
n — Poo n—1

if tg <t < too(z),

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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_ (@) =pe)(n=1) 7
where we have set to.(2) ((nfpm)(p(m)in)) . Hence,

00 if t > too(x)
Qpn(x;t) = <p(x) — Poo p(x) —-n n') % (334)

t if tg <t <t .
N — Poo n—1 Hho= ()

Altogether, by Theorem 3.1, the inequality (3.10) follows with ¢, given by (3.25) and
(3.28).

As far as inequalities on domains are concerned, the inequalities (3.15) and (3.16)
hold with ¢, , equivalent, for large values of ¢, to the function ¢,, defined as above, even
if the assumption (3.22) is dropped. These conclusions recover results from [18] and [24],
and also extend them to the case when p(z) > n.

Example 3.11 (Double-phase Sobolev conjugate). Consider the double-phase function
o(x,t) =tP +a(x)t? for x € R™ and ¢t > 0,
from Example 2.4. In particular, 1 < p < ¢ and the function a belongs to L>°(R"™).

Hence, the function ¢ satisfies the Ay-condition (2.3). Since 0 < a(z) < [|a|| g ®n), one
can verify that

o(x, o (z, 1)t) ~ p(z,t) for x € R™ and t > 0.
Moreover, inasmuch as
P < o(z,t) < (14 ||al|poeo®n)) t* ifo<t<1, (3.35)
for x € R™, we have that
wo(z,t) = ¢(x,t) for x € R™ and ¢t > 0,
where g is the function defined as in (2.29), and also
200(x,t) — 1~ p(z,t) ift>1,
for x € R™. Altogether, we infer that
?(z,t) = p(x,t) for x € R™ and ¢t > 0.
Let us focus on inequalities in R™. By equation (3.35),

Yoo(t) mtP if0<t< 1.
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Hence, the condition (3.6) entails that p < n. In view of Remark 3.2, we can define the
function ¢, via ¢ itself instead of @.
If a(x) = 0, then p(z,t) = tP, whence

on(z,t) = tns  fort > 0.

Let us consider the nontrivial case when a(x) # 0. Therefore,

Hy(z,t) = (0/ (W) = d7> v (3.36)

1
ta(z)a—p 1

— a(a) G s )"
(Sp—l + Sq—l)ﬁ

for € R™ and t > 0. Define the function F : [0,00) — [0,00) as

Fr) = (0/ : ds ) for > 0. (3.37)

spfl -|- S‘Z*l)ﬁ
Hence,
HYx,t) = a(x)ﬁF_l(ta(x) ”?qipp)) for x € R™ and t > 0. (3.38)

Assume first that ¢ < n. Then the function F' obeys

F7Ht) ~

tna ift>1
{ nhe (3.39)

teor fO0<t<1,

with equivalence constants depending on p, ¢ and n. From equations (3.38) and (3.39),
one can deduce that

on(x,t) = @z, H (2, 1)) ~ t77 + a(z)mati-a for x € R and ¢ > 0. (3.40)

This recovers [29, Proposition 3.4] in the case of constant exponents.
Assume next that ¢ = n. Let F' be defined as in (3.37), with ¢ = n. Then,

FHt) ~ " =t (3.41)
tis f0<t<l. '

Hence,
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1 1y
pom ea(z) " IE" if ta(z)w > 1
Hy ' (2,t) = a(z) 77 F~ (ta(z) 7)) ~ “(f) € ! “(‘”)1 =1 (3.42)
tn—p if ta(z)» < 1,
and
P na(m)%t"’ £ 1
2 e fta(r)E > 1
pulet) = (o, 7 1)) {07 PrarEl gy
tn-» if ta(x)» < 1.
Therefore,
LI
np P ,L% n’ " — nt n'k
on(x,t) = tn—r +a(x)e—n <e“(”) B %) for z € R™ and t > 0,
k=0 ’
(3.44)
where [-] stands for integer part.
Finally, suppose that ¢ > n. Set
ds o
too = : T .
p— a—1)7=T1
e
One can verify that
00 ift>t
. T it >t
F7t) = (too —t) 07 iftee/2<t<toe =  u T
7 0 <t < to)2 (oo =) e 0 <o
(3.45)
Hence, by equation (3.38),
at) 00 if ta(x) e > o
H™ (z,t) = nep \ 75 nep n—p
a7 (ta(@) " ) " (to — ta(a) ) I i0 < ta(2) "D <t
(3.46)
_Joo if ta(x) AP > tog
75 (too — ta(z)wla ) an if 0 < ta(z) D < to.

Thereby,

@n(x7t) = <p(ac, H_l(l"’ t))
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. n—p
00 if t > tooa(x) =

_np_ nq

aﬁ (ta(x)%) o aﬁ (ta(x)%) nor

Q

if 0 <t < tooalz) o,

+

(tos — tala) 7). (1, — ta(a) i) T
(3.47)
00 if t > tooa(x) Do)
- tntny—pp
- n—p_ (n-Da

(too — ta(g;)m) q—n

i 0 <t < toal(z)mra.
4. Weak-type estimates for Riesz potentials

This section is devoted to a weak-type inequality for Riesz potentials in Musielak-
Orlicz spaces, which plays a crucial role in the proof of our Sobolev inequalities.
Given « € (0,n), we denote by I, the Riesz potential operator, defined as

Iof(z) = / W 4 ferzerr (4.1)
|z —y|r—e
Rn
for every function f € LY(R™) which makes the integral converge.
The definition of the generalized Young function = that enters the weak-type in-
equality for I, in the space L¥()(R") extends that of ¢, to all & € (0,n). Assume that
¢ is a generalized Young function satisfying the conditions (A0), (Al) and (A2), and

such that
/(Lyaadmoo (4.2)
) Poo (t) ’ ’

a condition which will be shown to be necessary for any weak-type inequality for I, to
hold in L#()(R™).
The Sobolev conjugate of order a of ¢ is defined as

pn(z,t) =Pz, H.'(2,t)) for x € R™ and t > 0, (4.3)

where  is the normalized version of ¢ given by the formula (2.30), and the function
Hx :R"™ x [0,00) — [0, 00) obeys:

t a n—a

Ha(2,t) = (/ <L)) n d7'> " forz e R™and ¢ > 0. (4.4)
0

o(z,7
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Owing to the assumption (4.2) and the property (2.25) of normalized generalized Young
functions, the function H n is finite-valued for x € R™ and ¢ > 0. The definition of the
inverse Hy'(z,-) is analogous to that of H '(z,-), explained in the previous section.
Plainly, choosing o = 1 in (4.3) and (4.4) reproduces the function ¢, given by (3.7).

Theorem 4.1 (Weak-type inequality for Riesz potentials). Let a € (0,n) and let ¢ be a
generalized Young function satisfying the conditions (A0), (A1), (A2), and (4.2). Then,
there exists a positive constant ¢ = ¢(n, «, 8, h) such that

o (1, ct) di < / oo |f @) de fort >0, (4.5)
{|Iaf|>t} Rn

if [ fllLec)mny < 1. Here, B denotes the constant from (A0) and (A1), and h the function
from (A2). In particular, if p = @, then the constant c in the inequality (4.5) only depends
onn, a, and (3.

Remark 4.2. It will be clear from its proof that the inequality (4.5) also holds if @ is
replaced with any normalized generalized Young function satisfying the condition (4.2),
and o= is directly defined by the use of , instead of P, in (4.3) and (4.4).

The necessity of the assumption (4.2) in Theorem 4.1 is shown by the next proposition.

Proposition 4.3 (Necessity of condition (4.2)). Let o and o be as in Theorem J.1. Assume
that there exist a generalized Young function ¥ and a positive constant ¢ such that

Ha,ct) de < /@(x, |f(x)])dx  fort >0, (4.6)
{a 1>t} R™

if | fllLec)®ny < 1. Then, the condition (4.2) must be fulfilled.

For convenience, we split the main steps of the proof of Theorem 4.1 into separate
lemmas. Unless otherwise stated, in these lemmas and the in whole remaining part of
this section,

¢ denotes a normalized generalized Young function fulfilling the condition (4.2),

and [ is the constant from Definition 2.5. The lemmas will then be applied with ¢ =@
in accomplishing the proof of Theorem 4.1.
We begin by introducing some notation and definitions. Let & € R be such that

k>, (4.7)

@

and let 0 € R be such that
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1 n
U2o.)nmax{Q—wn_&}7 (4.8)

where w,, denotes the Lebesgue measure of the unit ball in R™. Define the generalized
Young function v as

t

n D k

P(x,t) =otn-= /w dr for x € R™ and ¢t > 0, (4.9)
T

n—a

0
and the function A : R x [0,00) — [0, 0] as

1 .
Nod) = sy 100, (4.10)

and A(z,0) = limgs_,o+ A(x,0) for € R™. Notice that the latter limit exists and equals
(o f5= Steie) a7) ™"

s
In what follows, we shall make use of the fact that, if h : [0,00) — [0, 00) is a concave
function such that ~(0) = 0, then
min{1, c}h(t) < h(ct) < max{1,c}h(t) for ¢, t > 0. (4.11)
Lemma 4.4. Let x € R™ and let § > 0. If

0<t< — (4.12)

then

¥

(x + W,t) < @(w, %) forv e S"1, (4.13)

Proof. Fix 2 € R™ and 6 > 0, and, for ease of notation, denote A(x,d) simply by A
throughout this proof. Since

1
Aénfa

=y (2,677, (4.14)
the inequality (4.12) implies that
t <Nz, 07"). (4.15)

Thus, owing to (2.28), the inequality (4.13) will follow if we show that

z M) (4.16)

5~—1(
t< =
_2@ ’ Wn
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for t as in (4.15). We have that

t t
n 7] k n ].
Wz, t) > ot s /% dr > o(x, bt)tna / i (4.17)

[N

_ 2ma —1
5) and (4.7),

Hence, by the inequalities (4.1

4t
B
- 1 N\ == [ oz, kT)
21 < — ity=(— = :
Pz, Bt) Uw(x, kﬁt) (kﬂ> / it d (4.18)
0
v (2,8™)
4\ =% oz, k)
< (= e
= (kﬂ) t / e
v @)
< ti's / P@kT) 4 G = —(A)7"a
- ) rlt=2s oomp—1(x,6—") =
Thus,
B, M=
< — .
t< 5o (:v - ) (4.19)

Coupling the latter inequality with (4.8) yields (4.16). O

In what follows, we denote by B(z,r) the ball in R™ centered at x € R™, with radius

r > 0.
Lemma 4.5. Let © € R™ and 6 > 0. Then,
HMW < A, 6). (4.20)
|z — | L#C)(R)
Proof. Fix x € R". Recall that
HXR"\B‘“‘”() inf{/\>0' / @(y 1)dy<1} (4.21)
|33 _ .|n—a Lo (R ’ )\‘SC _ yln—a >
R"\ B(x,5)

Choose A\ = A(z, ) given by (4.10). Assume first that § > 0, and hence A(z,0) < co. By
the inequality (4.13) and the assumptions (4.7) and (4.8),
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=
e\
Alz —y[n=e

—Q

N—
L
<
|
—
—
Y
S
8
_|_
N
=
>
3

Y tann i vy dr (4.22)

R"\ B(x,5) 5 sn-1
1
1 e v dt
_ L Bz + ) dH W)
(n —a)An=—= o/ Sn[l (At)7a Aats
1 s dt
< / / 3 (@, 3t) aH" T (V)
_ e B 4525
(n—a)X 5ol
1
A
_ nwy, / o(x, gt)
(n—a)An—a s
0
1
xon—a
NWy, / Lp(.r, kt) i
T (n— a))\ﬁ ) et

Here, H"~! denotes the (n — 1)-dimensional Hausdorff measure. Since

1
Agn—o

nwn, © (9:, kt) nwy, 1 NWn,
_ ) dt = n ( - <1, (4.23
(n—a)\r—= / titats on—a) vl /\6"—0‘) o(n—a) ~ (423)
0
the inequality (4.20) follows from (4.22) and (4.23).
If § = 0 and A(z,0) < oo, then
1
% / <p1 - dt = - <1, (4.24)
(n — a)An—a J t +n—u O'(TL — a)

and the inequality (4.20) is a consequence of (4.22) and (4.24). Finally, if A(x,0) = oo,
then (4.20) holds trivially. O

Lemma 4.6. Let B be any ball in R™ and let x € B. Then,

1
YRy K 4.25
||XB||L O(Rm) = ﬁgp‘l(:c,|B|—1) ( )
and
IV P — (1.26)
XBILZO®™) = 55-1(2, |B[-1)’ '
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The inequality (4.25) is proved in [25, Proposition 4.7], as a consequence of (2.24).
The inequality (4.26) follows analogously, thanks to (2.27).

Lemma 4.7. There exists a constant ¢ = ¢(n, a, ) such that

forx € R™ and § > 0. (4.27)

Proof. Fix € R™. By an elementary computation using polar coordinates and the
inequality (2.8),

X]R"\B(m,é)(')

XB(z,28 (y)
0 <c / 2B 207 dy < 20||XB(m,25)(')||Lso(~>(Rn) lz — o

|z — y[n—
R7\B(z,5)

L&) (Rm)

(4.28)

for some constant ¢ = ¢(n, ). The inequality (4.27) hence follows, via (4.20) and (4.25).
Here, one has also to make use of (4.11). O

Given a ball B C R™ and a function f € L°(R"™), we set

Mpf =+ f(y)ldy,
/

where f denotes a mean-value integral. The centered Hardy-Littlewood maximal function
Mf : R™ — [0, 00] is then defined as

M f(x) = sup Mp(zr f for z € R".
r>0

Thanks to the inequalities (2.8) and (4.26), we have that L¥()(R") ¢ L. (R™). There-

loc
fore,

Mgy f <oo forx € R" and r > 0,
if f e L¥O(R™).
The following property of the averaging operator Mp is a consequence of [26, Theo-
rem 4.3.3].
Lemma 4.8. [26] There exists a positive constant v = y(n, ) such that

o(z,yMpf) < Mp(p(, £(-)) (4.29)

for every ball BC R™, x € B and f € L¥O)(R™) with ||f||¢(.) <1.
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Define the function w : R™ x [0, 00) — (0, cc] as

1

w(z,t) = /\<x, @i

) for x € R™ and t > 0, (4.30)

where A is given by (4.10).
Lemma 4.9. There exists a constant ¢ = c¢(n, a, ) such that

Mf(x)
T, ——
£l Lo (R

|faf<x>sC||f||M><Rn)w( ) forae.z €R?,  (431)

for f € L¥O(R™).

Proof. Tt suffices to prove the inequality (4.31) under the assumption that M f(z) < oo
for a.e. z € R™. Indeed, since, as observed above, L*()(R™) C LL _(R™), if f € L¥()(R™)
then fxpo,r € LY(R™) for every R > 0. Thus, M(fXB(o,R)) < oo a.e. in R™. An
application of the inequality (4.31) with f replaced with fxp(,r) and a passage to the
limit as R — oo then yield the result in the general case.

Fix § > 0 and any & € R™ such that M f(z) < oo. The following estimate is well-known:

/() o
/ Ty dy < 56 Mf(x), (4.32)
B(z,0)

see e.g. [1, Inequality (3.1.1)]. Hence, by the inequalities (2.8) and (4.20),

Wy, / FC) I / L, (4.33)

|z — gy |z —y|n—e lv —y|n—e
n B(z,9) R”\B(z,8)

XR"\B(L&)(')

e

IN

n
E5aMf(9U) + 2/ fll o) ()

LEC) (R")

n «
55 Mf(x) +2[fll pec) myA(w, 0).

IN

The choice

3=

o ALY

x?
I £l o) ()

in equation (4.33) yields:

Mf(x)

M (x) )ﬁ
<P($’ T Lo

@) < T e IR

I £l e mmy
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Now, observe that

t

———= <cw(z,t) fort >0, (4.35)
L)0(:17’15)"

where c is the constant from the inequality (4.27). Indeed, owing to (4.27),

3[R

o Nz, 57 )sn < c)\(x,s%) for s > 0,

1

whence the inequality (4.35) follows, on setting s = PCHE

Exploiting (4.35), with

Mf(z)

p=
1 £l o) ()

to estimate the first addend on the right-hand side of the inequality (4.34) tells us that

Mf(x)

Ty
Il Lo mmy

Mf(z)

Ty —
1 £l e ()

L f(2)] < c||f|m<m>w( ) n 2||f||L@<-><Rn>w( ) (4.36)

for some constant ¢ = ¢(n, a, 8), namely (4.31). O

Lemma 4.10. There exist positive constants ¢ = c1(n,a,0) and ca = ca(n,o,0) such
that

cik He(z,t) < w(z,t) < cok Ho (,1) forz € R" and t > 0. (4.37)
Here, 0 and k denote the constants appearing in equation (4.9).
Proof. Define the generalized Young function ¢y, as
oz, t) = go(x, %) for x € R™ and ¢ > 0. (4.38)

Moreover, let Hn j : R™ x [0,00) — [0,00) be the function defined as in (4.4), with ¢
replaced with . Namely,

t o n—a
Hn p(2,t) = (/ (ﬁ) dT) for x € R™ and t > 0. (4.39)
0

Observe that
or(z,t) = oz, tk) for z € R™ and t > 0, (4.40)

where @, denotes the Young conjugate of the function ¢y. Also,
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t
Hx j(x,t) = kH= (:U, E) for z € R™ and t > 0. (4.41)

By [12, Lemma 2], applied to the function @i (z,-) for each fixed z € R™, and equation
(4.11), there exist positive constants ¢; = ¢1(n, a, o) and ¢3 = ca(n, a, o) such that

t
cngJc(x,t) < w(x, E) < CQHgJC(x,t) for x € R" and t > 0.
Hence, equation (4.37) follows, via the inequalities (4.41). O

Lemma 4.11. Let o and k be the constants from equation (4.9), and let b > 0. There
exists a constant ¢ = c¢(n,a, B, 0) such that, if

[fll e ®ny <0, (4.42)
then
o f(x)| < ckmax{b,1}Hx (z, M f(x)) for a.e. z € R". (4.43)

Proof. The inequalities (4.31) and (4.37) ensure that there exists a constant ¢ =
¢(n,a, B8, 0) such that

Mf(x)

x, 7> for a.e. z € R™. (4.44)
£l e mmy

L f(2)] < ch | fl] o> ) Hx (

Since, for each fixed x € R", the function
t = Hx(x,t) is concave and H= (z,0) = 0, (4.45)
the function
1 . . .
t— . Hax(z,t) is non-increasing. (4.46)

By the assumption (4.42) and the properties (4.46) and (4.11), the inequality (4.44)
entails that

(o f(x)| < ckbH= (m, %(:C)) < ckbmax {1, %}Hﬁ (z,Mf(z)) forae zeR"

Hence, the inequality (4.43) follows. O

Lemma 4.12. Let z € R™ and t > 0. Assume that f € L¥()(R™). Let B, be a ball such
that z € B, and

Hx(z,Mp, ) >t. (4.47)
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Assume that
0 <n§min{§,%}, (4.48)
where v is the constant from Lemma 4.8. If x € B, and
[fllLecr @®ny < ns (4.49)
then
cp(x,Hél(x,ﬁt)) < Mp, (gp(~, %f()) (4.50)

Proof. Assume that the function f fulfills the condition (4.49), with 7 to be chosen later.
Fixz e B,. If

0<s< 580_1(% |Bz‘_1>,

then, by the inequality (2.26),

Hence,
Hgl(a:,ﬁt) < ,Bﬂgl(z,t) (4.52)
if
0<t<Hu(z,0 ' (z|B.). (4.53)

Thanks to the assumption (4.49), the inequalities (2.8), (4.26) and (2.2) imply that

XB. | Le¢) (rm) (4.54)

1 2
M = — dy < — ©() (R
5. = 1 [ U@y < ol lzeome
B

4n an 4 1
< — < —¢p (2]|B )
BB (B = p P BB

By (4.47) and (4.54),
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n 4 -1
t < Hn(z,Mp_ f)< Hn z,gcp (z,|B:|77) ). (4.55)

Thus, the condition (4.53), and hence (4.52), hold provided that

4
Hy (2, gso—l(a Bo™)) < Hy (2,07 (2 B.|7Y)). (4.56)

The latter inequality is fulfilled if

s
n< g (4.57)

The inequalities (4.52) and (4.47) tell us that
Hy (@, Bt) < BH ' (2,t) < BMp. f. (4.58)

Hence, owing to Proposition 4.8,
if n satisfies both the inequality (4.57) and

n< (4.60)

™=

Hence, the inequality (4.50) follows. O

Proof of Theorem 4.1. Thanks to Proposition 2.7, it suffices to prove the inequality
(3.10) with ¢ replaced with the normalized function ¥ given by (2.30). For ease of
notation, we denote ® simply by ¢.

Fix t > 0. Let i be as in (4.48), let k be the constant in the definition (4.9) of the
function ¢, and let ¢ be the constant from (4.43). Assume that

£l e ®ny < 0 (4.61)
By Lemma 4.11, applied with b =n,
{Ha(@)| > 't} C {Hz(x, Mf(z)) > t}, (4.62)

where ¢’ = ckmax{n, 1}.

For each z € {H= (z, M f(x)) > t},let B, be a ball such that z € B, and the inequality
(4.47) holds. By Besicovitch’s covering theorem, there exists a countable sub-covering
{B;} of the covering { B, } enjoying the bounded overlap property. Thus, by Lemma 4.12,
the inequality (4.50) and this property of the covering, there exists a constant ¢’ = ¢ (n)
such that
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oz, Ha'\(z, 8t)) da < / oz, H'(z, Bt)) do (4.63)
{{Ia(z)|>ct} {Ho (z,Mf(z))>t}
< Z/ z, Hn (z,0t))dx
= lB

IN

/][ |) dy dx
/ @<J/<%¢ﬂm

Rn”

i Mg i Mg

¢(y, & max{c”, 1}|f(y)]) dy

IN
—

Rn
g/wmwv@m@,
R'n

/11

provided that the constant ¢’ fulfills the inequality

Bmax{c", 1}
p )

c/// >
An application of the inequality (4.63), with f replaced with %, yields

oo w50 do < [ ol 1£(0)) do. (4.64)
{la f(z)[>c'c"t} Rn
if
||f|\Lw(->(Rn) <nc". (4.65)

Now, choose

" — max { Bmax{c”, 1} 1}

)

Y n
Thereby, we deduce from (4.64) that
ol 13 (o p0) do < [ ol 1)) do, (4.66)
{Haf(@)|>c'e"t} R

if
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1oy < 1.

The inequality (4.5) is thus established. O

Proof of Proposition 4.3. As in the proof of Theorem 4.1, we may assume that ¢ = @.
Consider the Young function A : [0,00) — [0, cc] defined as

A(t) = sup ¢(z,t) for t > 0. (4.67)
z€R™
Plainly,
A(t) > p(x,t) for x € R™ and ¢t > 0, (4.68)
and, since ¢ is normalized,
A(t) = p(z,t) = Yoo(t) ifo<t<l1, (4.69)

for z € R™. As a consequence of the latter identity, there exists tog > 0 such that
Aty =@(t)  if0<t<to. (4.70)

Choose trial functions f in the inequality (4.6) of the form f(z) = g(wy|z|™), where
g :]0,00) = [0,00) is a bounded measurable function with bounded support. Then

Lz [ a—a e [t

{lyl=[z[} wn|z|"

for € R™. Define the function T'g : [0, 00) — [0, o0] as

o0

Ty(r) = / g(s)s™ = ds for r € [0,00).

wpr™

Thus, the inequality (4.6) tells us that

Ha,ct)de < /go(x,g(wnp:\"))dx (4.71)
{z:Tg(|z])>t} Rn

provided that

lg(wnl - ")l e ®ny < 1. (4.72)
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By the monotone convergence theorem for Lebesgue integrals and the Fatou property of
Musielak-Orlicz norms, replacing, for ¢ > 0, any measurable function g : [0, 00) — [0, 00)
with the function g, : [0, 00) — [0, 00) given by

gt(s) = min{t, g(s)} x(0,4)(8) for s > 0, (4.73)

and passing to the limit as ¢ — oo, tell us that the inequality (4.71) continues to hold
for every nonnegative measurable function g fulfilling (4.72).

Assume that T'g(0) = oo, the case when T'g(0) < oo requiring just minor variants. Let
{r;} be a non-increasing sequence in [0, c0) such that

Tg(r;) =27 for j € Z.
Define the sequence of functions {g;} by

g; = gX(wnr;L,wan" ) (474)

J—1

for j € Z. Inasmuch as
Tg(r) <Tg(rj) < 27 for r € (r;,7j-1), (4.75)

one has that

/19(96, CT‘QTM) dx = Z / 19(3;, %) dz (4.76)

R» T€L Yy, < || <rs_1}

SZ / ﬁ(x,%) dzx

JEZ{I:TJ-<|9:|<7‘]-,1}

=Y / I(z,c277?) dx.

T€LL g <|a|<rj_1}

Assume that r; < |z| < r;j_; for some j € Z. Thus,

oo [e}

Toaa) = [ g5 T ds= [ 95T Ny yioury (5)ds
wnroLl Wn”’}il
(4.77)
wnr;ZQ
N / gs)s™ "7 ds = Tg(rj—1) = Tg(rj—s) = 2/ 2.
Wn T

j—1

Hence,
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{x:r; <|z|<rjoi} C{a:Tgj—1(z|) > 29721, (4.78)

Coupling the latter equation with the inequality (4.71), applied with g replaced with
gj—1, tells us that

Wz, 27 %) dx < Iz, c2972) dx (4.79)
{zrj<|zl<rj_1} {@:Tgj—1(lx])>27-2}

< / (@ 51 (walz™)) da.

Rn

Observe that the application of the inequality (4.71) is legitimate, since g;_1 < g, whence
1gj—1(wn|-[")lLec)mny < 1if g satisfies the condition (4.72). From the inequalities (4.76)
and (4.79) we deduce that

[0 8 do < 5 [ otogimstenlsl) s (480)

R~ ]eZRn

- Z / ez, g(wnlz|")) dx

JEZ{J’!TJ'<|ZI<’I”J'71}

- / (@, g(wnl2|™)) da

R~

for every g fulfilling the condition (4.72). Applying the latter inequality with g(w,|z|™)

replaced with 9(wnlz|") tells us that
”g(wﬂl | )”L‘/’(')(]R")

oo

H / g(s)sf%ds

wnlz|™

4 n
< —llg(wnlz[*) oo @n) (4.81)

LPC) (R™)
for every g such that g(w,|z|") € L¥")(R™). Owing to the inequality (4.68),

lg(wnlz") Lo mny < llg(wnl@™) I La®ny = 9]l 240,00)- (4.82)

On the other hand, if g vanishes in (0,w,,), then

H / g(s)s*nla ds ZIXB(O’l)(x) / g(s)s*n;a ds (4.83)
" ‘z‘n Lﬁ(v)(Rn) " |z|n Lﬁ()(Rn)

oo

= HXB(OJ)”LW’)(]RTL)/9(3)5*";@ ds.

Wn
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Combining the inequalities (4.81) — (4.83) implies that

f:}’o g(s)s~ 5" ds c
sup ——

< (4.84)
g Hg(S)HLA(wn,oo) HXB(O,l)HLI?(-)(]R")

for some constant ¢ and for every nonnegative function g € L*(w,,00). Thanks to the
inequalities (4.84) and (2.9), applied with ¢ replaced with A,

||s 0. (4.85)

%HLg(wn,oo) <

By a chain analogous to (and, in fact, simpler than) (4.22), the inequality (4.85) is
equivalent to

/ A dt < oo, (4.86)

t1+L

n—a

0

which, by [11, Lemma 2.3], is in turn equivalent to

O/ <ﬁ> gt < oo, (4.87)

The inequality (4.2) hence follows, owing to equation (4.69). O
5. Proof of the Sobolev inequalities

The link between the weak-type inequality for Riesz potentials from the previous
section and the Sobolev inequalities of Theorems 3.1 and 3.6 is provided by the rep-
resentation formula which is the subject of the next lemma. The formula is standard
for compactly supported functions. The punctum of this lemma is the broader class of
admissible functions.
Lemma 5.1. Assume that u € W,2' (R™) is such that

{lul >t} <00 fort>0, (5.1)

and

/ [Vu(@) dzx < oo. (5.2)

$|"_1
R”\B(0,1)

Then,
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1 A —
u(z) = / Vuly) - (=~ y) dy for a.e. x € R™. (5.3)
nwn, |z —y["
Rn
Here, the dot “” stands for scalar product in R™.

Proof. To begin with, recall that, since u € VVlicl(R"), for a.e. x € R™ the function
[0,00) 3¢ — u(x + vr) (5.4)

is absolutely continuous, for H" l-a.e. v € S"7!, on every interval [0,¢] with £ > 0.
Furthermore,

%u(m +vr)=Vulz+vr) v for a.e. r > 0, (5.5)
see e.g., [38, Exercise 3.15]. Fix any « € R”™ for which this property holds. We claim that
lirn_1>i£f |u(x +vr)| =0 for H" t-ae veS"L (5.6)
To verify this claim, set
E={ves"! Hliminf [u(z + vr)| > 0}, (5.7)
and
Ej={ves . hrn_1>£f|u(a: +uvr)| >1/5}

for j € N. Assume, by contradiction, that H"~1(E) > 0. Since E = Ujen Ej, one hence
infers that

0<H" Y E)= lim H" Y(E)). (5.8)

J—0o0

Therefore, there exists jo € N such that

HH(E),) > 0. (5.9)
In particular, this implies that
/X{‘U($+V7")|>1/jo}(’/7T)Tn_l dr = 00 (5.10)
0

for every v € Ej,. Thus,
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o}

> 1/l = [ dr= [ [ 0anr e w)

{Jul>1/7o} sn=1 0
(5.11)

o0
= //X{\u<z+w)|>1/a‘o}(%W”_ld’“dH"_1<V> = 0o,

Ejo

and this contradicts the assumption (5.1). The property (5.6) is therefore established.
Next, observe that

oo

/|Vu(:r +ur)-vldr < oo for H" t-ae. v € S"TL (5.12)
0

In order to prove (5.12), notice the following chain:

/ 7Vu(x +vr) - vldrdH" " (v) (5.13)

Sn—1 1
|V’U,ZL'+?7' | nldeHn 1()
TrTL
Sn—1 1
_ / [Vu(y) - (y — =) dy < / IVu(y)_I1 dy
ly — | ly — x|
R™\B1 () R™\B1(x)

The last integral converges, thanks to the assumption (5.2). Thereby,
/|Vu(x +ur)-vldr <oco for H" tae veS"L (5.14)

On the other hand,

/|Vu(m +vr)-vldr <oco for H" tae. v e S (5.15)

since the function in (5.4) is absolutely continuous on [0, 1] and the property (5.5) holds.
Coupling the inequality (5.14) with (5.15) yields (5.12).

Now, fix any v € S"~! such that equations (5.6) and (5.12) hold. Therefore, there
exists a sequence {r;} such that lim; ,. r; = co and lim;_,o u(z + vr;) = 0. Inasmuch
as
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u(z +vr;) —u(z) = /Vu(x +vr) - vdr, (5.16)

0

passing to the limit as j — oo in the latter equation yields
u(z) = —/Vu(x +vr)-vdr. (5.17)
0

Observe that the passage to the limit in the integral is legitimate, thanks to the domi-
nated convergence theorem and to equation (5.12). Integrating the identity (5.17), which
holds for H" !-a.e. v € S*~1, with respect to v over S"~! tells us that

nwpu(z) = — / /Vu(x +ur)-vdrdH" 1 (v) = — / W dy. (5.18)
sn-1 0 R

Equation (5.3) is thus established. O

We are now in a position to prove our Sobolev inequalities. We begin with the in-
equality in R™.

Proof of Theorem 3.1. Proposition 2.7 enables us to assume, without loss of generality,
that ¢ = .

Our assumptions on ¢ and u ensure that the latter fulfills the hypotheses of
Lemma 5.1. In particular, the condition (5.2) is satisfied owing to the Holder inequality
(2.8), the inequality (4.20) and the fact that |Vu| € L¥()(R™). From equation (5.3) one
thus infers that

lu(z)| < k1 (|Vul|)(z) for a.e. z € R", (5.19)
for some constant k = k(n). Thereby, if, in addition,
IVullpeor ®ny < 1, (5.20)

then Lemma 4.1 yields:

/ on(x,ct)dx = / o(x, H Yz, dt)) dr < / o(x, H Yz, ct)) dx
{lul>t} {lul>t} {Ii(IVul)>t/k}
(5.21)

< /cp(x, |Vul) dz,

Rn
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where ¢/ = £, and c is the constant from (4.5). Define the function u; : R™ — [0, 00) as
u; = max{min{|u| — 27,27},0},
and the set
Uj={r eR":2 < |u(x)] <271}
for j € Z. Observe that
Uj C{zx € R™ 1uj_q(z) =271}

for j € Z. An application of the inequality (5.21), with u replaced with u;_;, enables
one to deduce that

/@n(,4|u| dm—Z/g&n 74\u| dx<Z/<pnx0231d (5.22)

]EZU JEZU

<> [ e e

jeZ{"j—lZijl}

< Z/ z, |Vuj|) de = /gp(a:, [Vul|)de <1,
JGZRn R~
where the last inequality holds thanks to the assumption (5.20). The inequality (3.10)
follows via (5.22), applied with u replaced with W.
Le() (RrRn)

Proof of Proposition 3.4. We may asssume, as in the proof of Theorem 3.1, that ¢ = .
Let A be the Young function defined as in (4.67). Consider trial functions w in the
inequality (3.12) of the form

u(z) = / g(s)s_# ds for x € R",

wn|x\"

where g : [0,00) — [0,00) is a measurable bounded function, with bounded support
contained in [wy,,00). Thus u is weakly differentiable, and

|Vu(z)| = cg(wn|z|") for a.e. z € R",

for some constant ¢ = ¢(n).
The inequalities (3.12) and (4.68) yield:

H 7 g(s)s~ 3 ds

wn|z|™

< dllg(wnlz*)lLa@n) = cllg(s)ll L4 (@, ,00) (5.23)
Y (R™)
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for some constant c. Thanks to the property (2.10),

| [ s et [t (5.24)
Y (R”) Y(R™)
wn x| wn|z|™
o0
1
~ s v [ glo)s™ ds.
Wn
Coupling (5.23) with (5.24) implies that
[e%e] 1
s)s™ n’ ds
sup S < < . (5.25)
g ||g(s)||LA(wn,oo) ||XB(O,1)HY(R")

By the Fatou property of Luxemburg norms, replacing, for ¢ > 0, any measurable function
g :[0,00) = [0, 00) with the function g; defined as in (4.73), and passing to the limit as
t — 00, tell us that the inequality (5.25) continues to hold for every g € L*(wy, 00). The
left-hand side of the inequality (5.25) agrees with the left-hand side of the inequality
(4.84), with o = 1. The inequality (3.6) hence follows, since, as shown in the proof of
Theorem 4.1, the inequality (4.84) implies (4.2) for every o € (0,n). O

We conclude with our Sobolev inequalities on domains. Apart from the use of the
simplified function ¢, , instead of ¢,,, Theorem 3.5 is just a consequence of Theorem 3.1.
The justification of the replacement of ¢, , by ¢y, is the same as at the beginning of the
proof of Theorem 3.6 below.

Proof of Theorem 3.6. Owing to equation (2.37) of Proposition 2.8, we may assume that
» = @, the function associated with ¢ as in the formula (2.36). By the same proposition,
the function ¢, which we are assuming to agree with @, is a normalized generalized Young
function satisfying the assumption (3.6). Hence, by Theorem 4.1 and Remark 4.2, there
exists a positive constant ¢ = ¢(n, a, §) such that

/ Ono(T,ct)de < /g@(x7 |f(z)])dz fort >0, (5.26)

{1 fI>t} R

if [[fllpeor ®ny < 1.
As a preliminary, observe that, owing to the property (2.12),

vieO(Q) = vi(Q). (5.27)
Moreover, since (2 is a John domain, one classically has that

lullzr @) < e(llullzie) + IVullzi @) (5.28)
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for any open set G such that G C Q and some constant ¢ = ¢(£2, G). Hence,
Vet (Q) — LY(Q), (5.29)

and the mean value uq is well defined for every u € V1¢()(Q).
In order to prove the inequality (3.16), it suffices to show that there exist positive
constants c; = ¢1(5,12) and co = ¢(3,2), such that

[ nelacslu—ual)do < e, (5.30)
Q

if
Vaul| e < . 5.31
” HL O() 1+2H1”LV’<>(Q ( )

Let uj : 2 — [0, 00) be the function defined by
uj = max{min{|u — ug| — 27,27},0},
and let
Q;={ze€Q:2 <|u(z) —ug| <27}
for j € Z. We have that
Q;c{reQ:u_i(x) =271} (5.32)

for j € Z. By [19, Lemma 8.2.1], there exist a ball B C Q and a constant x = k(n) such
that

luj(x) — (uj)B| < KI1(|Vu,;|)(z) for a.e. z € Q, (5.33)

for j € Z. Therefore,
(@) < fus () = ()] + () < 6|Vt ][ u— ol dy (530
< kL (V) (o) + ¢ [ fu—ualdy < < (Tus (@) + ¢ [ [Vuldy
Q Q

< kL (IVu;|)(2) 4+ 2¢" [l oo (o I Vull ooy @) < ¢ (I (IVuy]) () + 1)

for a.e. x € QQ,



A. Cianchi, L. Diening / Advances in Mathematics 447 (2024) 109679 47

for some constants ¢, ¢’ " depending on 2, and for j € Z. Notice that here we made
use of the Poincaré inequality in W11(Q).

Denote by jo the largest index j such that 2772 < ¢”’. Let ¢ be the constant from the
inequality (5.26), and set

1
=i max{1,c}. (5.35)

QI

Owing to equation (5.32) and the inequality (5.26) applied with f = |Vu|, the following
chain holds:

[ nolGlu - ua)do (5.36)
Q
_Z/@no ,8|u—ug| dx<Z/<pnoxc2j %) dx
JEL o, €L,
<> / Pnol@ e %) de <Y / oo (5272 dr
TEL (y;_y >2i-1) TEL (e (1) (|Vuy—a])+1) 2251
< / @n,O(va2j_2) dx + Z /@n,o($752j_2) dx
JEL {1y (|1 [)>29 -2} i<io
§Z/ z, [V d:ﬂ+2/gonox025 %) da.
z Q J<JOQ

Observe that the choice (5.35) plays a role in the application of the inequality (5.26).
Plainly,

Z/ 2, |Vt |) dr = /(p(m, Vu|)dz < 1. (5.37)

JEZ ¢ Q

On the other hand, since ¢(z, ) is a Young function such that ¢(x,1) =1,
olz,t)y <t if0<t<1,
for x € R™. Thus, H;i(x,t) <t <1if0<t<1. Asa consequence,
Ono(@,t) = (o, Hyb(x,1) < oz, ") <tV if0<t <1,

for z € R™. Hence, owing to equation (5.35)

7 nol@e2 ) de <0 > 2707 < oo, (5.38)

e >21-2 g Ji<jo
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Combining the inequalities (5.36) — (5.38) yields (5.30).
Owing to (5.27), the embedding

Vl’“"(')(Q) s L#meo(Q)
is a consequence of the inequality (3.16) and of the embedding (5.29). O

Proof of Theorem 3.7. Tt suffices to show that, if {u;} is a sequence in V1¢()(Q) such
that [[uklly1.00) ) < 1, then it admits a Cauchy subsequence in L?C)(Q). Owing to the
embeddings (5.27) and (5.29), the sequence {uy} is also bounded in W1(Q). Since the
embedding WH1(Q) — LY(Q) is compact, there exists a subsequence, still denoted by
{uy} which converges in L!(Q) and a.e. in © to some function u € L!(Q2). We claim that
ug — w also in LY)(Q). This claim will follow if we show that, for every v > 0,

limsup/ﬂ(x, @) dx < 1. (5.39)

k—o0
By Theorem 3.6, there exists a constant K such that supy, [|u|[fenc0) () < K. Since
up — w ae. in Q, [19, Theorem 2.3.17] ensures that ||u[|psn.c0) o) < K as well. The

assumption that ¥} grows essentially more slowly than ¢, ., near infinity entails that
there exists tg > 0 such that

t t
19(%-) <90n<><96, —) for a.e. x € 2 and for ¢t > t,.
¥ ’ 2K

Hence,

Q/ﬁ(a:, “’“T“'> da < / 19(3:, “’“7 “') da (5.40)

{lur—u|<to}
+ / 19(% uk_u')da:
Y
{luk—u|>to}
< / 19(3:, uku|>dm
Y
{lur—u|<to}
Up — U
+ / @n,0<m7| l;K >d{L‘
{lur—u|>to}

for k € N. Inasmuch ||uy — uHL%,Q(.)(Q) < 2K, we have that

/ Pno (a: “’;K“|> dr <1 (5.41)

{luk—u|>to}
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for k € N. On the other hand, |uy — u| — 0 a.e. in Q and
Up — U
19<x, L) < Iz, ty) fora.e. x €
Y

for k € N. Moreover, owing to the assumption (3.17), 9¥(-,t9) € L'(Q). Therefore, by the
dominated convergence theorem,

lim / ﬁ(x, M) dz = 0. (5.42)

k— o0 vy
{lur—u|<to}

Equation (5.39) follows from (5.40)—(5.42). O
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