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Abstract: Rail profile optimization is a critical strategy for mitigating wear and extending service life. However, damage at the 

wheel-rail contact surface goes beyond simple rail wear, as it also involves fatigue phenomena. Focusing solely on wear and not 

addressing fatigue in profile optimization can lead to the propagation of rail cracks, the peeling of material off the rail, and even 

rail fractures. Therefore, we propose an optimization approach that balances rail wear and fatigue for heavy-haul railway rails, to 

mitigate rail fatigue damage. Initially, we performed a field investigation to acquire essential data and understand the character-

istics of track damage. Based on theory and measured data, a simulation model for wear and fatigue was then established. Sub-

sequently, the control points of the rail profile according to cubic non-uniform rational B-spline (NURBS) theory were set as the 

research variables. The rail's wear rate and fatigue crack propagation rate were adopted as the objective functions. A mul-

ti-objective, multi-variable, and multi-constraint nonlinear optimization model was then constructed, specifically using a Le-

venberg Marquardt-back propagation neural network as optimized by the Particle Swarm Optimization algorithm (PSO-LM-BP 

neural network). Ultimately, optimal solutions from the model were identified using a chaos microvariation adaptive genetic 

algorithm, and the effectiveness of the optimization was validated using a dynamics model and a rail damage model. 

 

Key words: Heavy-haul railway; Rail wear; Rail fatigue; PSO-LM-BP neural network; Rail profile optimization; Multi-objective 

optimization 

 

1  Introduction 

 

Imbalances in resource allocation and demand in 

China have prompted the development of heavy-haul 

railways with large capacity, low energy 

consumption, and high efficiency. This has enabled 

the Chinese rail system to carry 25% of the global 

railway transportation volume, with only 6% of the 

global operating mileage. However, with these large 

increases in railway transportation capacity, the risk 

of rail damage has become increasingly severe, 

posing challenges for maintenance and operational 

safety. In particular, severe wear and fatigue cracking 

problems in small-radius-curve rails are prominent 

(Zhai et al., 2014). Typical solutions for these issues 

include rail grinding and oil lubrication. Rail grinding 

can effectively remove surface impurities, while oil 

lubrication can control the coefficient of friction 

between the wheel and the rail, thus reducing material 

loss. However, excessive rail grinding can shorten the 

rail’s service life and increase maintenance costs 

(Zhang et al., 2018). The oil lubricants can also enter 

cracks and accelerate their expansion under the action 

of the wheels on the rail (Zhou et al., 2021). 

In response to the wear and fatigue issues of 

small-radius-curve rails in heavy-haul railways, the 

academic community has investigated and proposed 

various optimization strategies to mitigate rail 

damage. For instance, Kalousek et al. (1989) 

developed a preventive rail grinding strategy, which 

determined the necessary time of rail surface 

materials to induce initial cracks. They also found that 

multiple bouts of mild grinding could quickly restore 

the rail to an ideal profile and mitigate the initiation 

and propagation rate of cracks. Stuart Grassie et al. 

(2002) designed an optimized rail profile for the 

"Malmbanan" heavy-haul line and conducted a 

grinding experiment. Their results showed that the 

optimized profile had a good matching state with the 
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wheels, effectively reduced contact stress, and 

minimized the rolling contact fatigue cracks in the rail 

gauge area. Looking from a different angle, Wang et 

al. (2007) studied the causes of oblique cracks on the 

rail surface. They modified the contact point position 

between the wheel and the rail using an asymmetric 

grinding method, which reduced the contact stress 

and effectively controlled the rolling contact fatigue 

cracks. Magel et al. (2002) optimized a curved rail 

profile based on the rolling radius difference (RRD). 

They performed field tests to validate the 

effectiveness of the optimized profile in mitigating 

rolling contact fatigue and wear.  

By applying lubrication, Evans et al. (2008) 

optimized the conicity wheel and the rail profile, 

substantially reducing re-profiling intervals and 

improving running stability. Zhou et al. (2021) 

combined small-scale wheel-rail contact fatigue tests 

and finite element analysis to verify the coexistence 

of wear and rolling contact fatigue during the rail 

service life. In addition, Zhou et al. (2015) analyzed 

the relationships among rail gauge corner-rolling 

contact fatigue cracks, wear, and hardness, 

discovering that the development of gauge corner 

fatigue cracks occurred in three stages: rapid 

initiation of crack, coexistence of cracks and wear, 

and control of cracks by the wear. Ding et al. (2012) 

obtained the distribution of normal stress, tangential 

stress, and maximum shear at different depths on the 

material surface in the contact patch by applying 

three-dimensional elastic body non-Hertzian rolling 

contact theory. They analyzed the influence of the 

wheel material on the competitive relationship 

between wheel wear and fatigue. In an example 

pertaining to heavy-haul lines, Xie et al. (2023) 

investigated the oblique cracks of rail wear and 

fatigue on heavy-haul lines and found that increasing 

rail wear could significantly inhibit the development 

of fatigue cracks. And looking at curved rails again, 

Yang (2019) optimized the profile of a small radius of 

curved rail through numerical analysis and realized a 

balance between rail wear and cracking, effectively 

inhibiting the generation of rail surface cracks. Wang 

et al. (2015) used virtual prototypes to study the 

influence of curve parameters and track parameters 

on rail wear. They summarized these measures to 

optimize curve parameters, enabling the reduction of 

wear. Finally, Li et al. (2024) proposed new 

countermeasures for wheel and rail profile 

optimization, which were verified through field tests 

and increased vehicle operation safety. 

In summary, wear and surface rolling contact 

fatigue in heavy-haul rails are intertwined, 

developing together under the continuous interaction 

of the wheels and the rail. Jointly, they determine the 

service life of the rail. They are also in a competitive 

relationship: when wear dominates, it will inhibit the 

expansion of surface fatigue cracks, and when fatigue 

dominates, the cracks will continue to deepen. 

Currently, optimizing the rail profile is an effective 

means of reducing rail wear. However, most studies 

have not fully considered the interaction between 

wear and fatigue, and their impact on failure 

mechanisms. Therefore, even if a seemingly optimal 

profile is found, it cannot be guaranteed that it will 

lead to the longest service life. For this reason, in this 

study we develop a method for rail profile 

optimization that balances wear and fatigue. 

 

 

2 Curve rail wear and fatigue damage char-

acteristics 

 

Heavy-haul railways are crucial for achieving 

efficient cross-country coal transport in China. In 

2022, the total coal transport volume nationwide 

reached 4.786 billion tons, with heavy-haul railways 

carrying 2.9 billion tons, accounting for 58.3% of the 

total. This enormous transport volume has exerted 

pressure on heavy-haul lines. In this context, we 

conducted long-term tracking tests on the 

Shuo-Huang railway track to begin our study. Spe-

cifically, we analyzed the track damage characteris-

tics to inform our thinking on potential maintenance 

strategies.  

Pictures from our field study in Fig. 1a show that 

when the curve radius is less than 600 m, the main 

problem is rail wear damage and fatigue damage is of 

secondary importance. However, when the curve 

radius is more than 1000 m, rail fatigue damage 

gradually becomes the primary problem, and wear 

damage is secondary. Methods as shown in Fig. 1b 

were applied to measure rail wear, fatigue cracks, and 

vertical and lateral forces. The results of these meas-

urements are shown in Fig. 1c. On a 600 m radius 

curve, rail wear of the gauge corner is predominant 
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when the total railed tonnage is within 0 to 63 million 

tons (Mt). However, when the railed tonnage exceeds 

63 Mt, rail side wear begins to develop. When the 

railed tonnage exceeds 149 Mt, side wear exceeds 

gauge corner wear, becoming the primary wear 

mechanism. When the railed tonnage is 208 Mt, the 

gauge corner wear on the outer rail is 12.03 mm, 

while the side wear increases to 16.8 mm.  

For a total railed tonnage of 88 Mt, and using 

WPG-D340 inspection equipment, we tested rolling 

contact fatigue (RCF) cracks at four positions on the 

R600 m radius curved rail, as shown in Fig. 1d. The 

measurement results show that the depth of fatigue 

cracks on the rail surface gradually increases from the 

top surface heading to the gauge corner area, with 

measuring point No. 1 having minor fatigue crack 

depth of only 0.38 mm. The crack depth at measuring 

point No. 4 is 2.64 mm. These results, in combination 

with dynamic simulations, finite element calculations, 

and the energy index method, can be used to deter-

mine the amount of fatigue damage of the rail and 

predict the fatigue crack propagation depth in the rail. 

Fig. 1e shows the results of the wheel-rail force. The 

data indicates that when vehicles travel at speeds of 

60-66 km/h along curves, the lateral and vertical 

forces on the outer rail are greater than those on the 

inner rail. The maximum vertical forces on the inner 

and outer rails are 166 kN and 168 kN, respectively, 

while the maximum lateral forces on the inner and 

outer rails are 44.8 kN and 47.2 kN, respectively. 

 

 

3 Curve rail wear and fatigue damage char-

acteristics 

 

Rail wear and contact fatigue are two key factors 

determining the service life of heavy-haul rails, both 

of which originate from microscopic damage to the 

rail contact surface. These damages gradually de-

velop on the wheel-rail contact surface, leading to 

macroscopic wear and fatigue phenomena. It is worth 

noting that the calculations of rail wear and rolling 

contact fatigue cracks are based on wheel-rail forces. 

Still, these two phenomena are often difficult to dis-

tinguish at the microscopic level. To accurately un-

derstand these two phenomena, this study delves into 

the microscopic changes and mechanisms present in 

the wheel-rail contact process. 

3.1 Rail wear 

Rail wear refers to the phenomenon in which the 

surface materials of the wheel and rail continuously 

wear down, due to mechanical or chemical actions 

during their relative movement (Wang et al., 2015). 

This phenomenon leads to surface wear on the wheel 

and rail, alters their profiles, and consequently affects 

their contact relationship. Common material wear 

models used in rail wear calculations include the 

Archard (Challen et al., 1986), Specht (Kang et al., 

2022), VNIIZHT models (Zakharov et al., 2008). The 

Archard model is often used to analyze rolling contact 

and sliding problems. This model suggests that the 

primary reason for rail wear is the magnitude of the 

contact stress at the rail-wheel interface, caused by 

the work of rolling or sliding forces between the 

wheel and rail. According to the model, the volume of 

material wear is related to the normal contact force 

and the sliding distance between the wheel and the 

rail. Specifically, the material wear is directly pro-

portional to the normal contact pressure and relative 

sliding distance, and inversely proportional to the 

hardness of the contact material: 
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Here, Vw is the volume of material wear within the 

contact patch, Fn is the normal contact stress, H is the 

material hardness, S is the relative sliding distance, 

and kw is the wear coefficient. 

The relative sliding distance and the sliding ve-

locity of the contact patch are calculated as follows: 
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(3) 

 

Here, ζ1, ζ2, and ζ3 are the longitudinal, transverse, 

and spin creep rates, and u1 and u2 are the longitudinal 

and transverse elastic displacements, respectively.
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Fig. 1. Field investigation. (a) The damage characteristics of the curve line. (b) Investigation equipment. (c) Rail wear test 

result. (d) Rail fatigue crack. (e) Wheel-rail lateral and vertical force. 

 

The calculation method for wheel-rail creep rate is 

shown in the electronic supplementary materials. 

According to Kalker's simplification theory 

(Kalker, 1982), the wheel-rail contact patch is divided 

into several cells, as shown in Fig. 2. The length and 

width of the cells are dx and dy, respectively. The 

wear depth of any cell in the contact spot is: 

2 2

w ( ) ( )zi
i i i

F
z k x y x

H
          (4) 

 

Here, Fzi is the normal contact stress in unit i of the 

contact patch, H is the material hardness, ζ, η, and φ 

are the longitudinal, transverse, and spin creep rates 

of the wheel, and xi and yi are the transverse and lon-

gitudinal coordinates of unit i of the contact patch, 

respectively. 

The wear coefficient kw and the normal force Fzi 

are the critical parameters for calculating the wear 

depth of any point in the contact patch. According to 

Jendel theory (Jendel, 2002), the value of the wear 

coefficient kw depends on the sliding distance and the 

normal force. Based on the severity of wear, the wear 

coefficient is divided into four regions, as shown in 

Fig. 3. Wear may lead to two or more points of con-

tact between the wheel and rail, a scenario not de-

scribable by Hertz's contact theory. Instead, the 

Kik-Piotrowski (KP) multiple-point contact algo-

rithm is more stable in calculating abnormal fluctua-

tions in wheel and rail curvature (Sun et al., 2018). It 

also offers higher precision in determining the normal 

force between the wheel and the rail. The KP theory 

of contact can be used to determine: 
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(5) 

 

Here, μ is Poisson's ratio, E is Young's modulus, and δ 

is the penetration speed, vw and vr are the speed of the 

wheel and rail at the contact point, n is the normal 

vector at the contact point. 

 
Fig. 2. Discretization of the contact patch. 

 
Fig. 3. Wear coefficient map. 

3.2 Rail contact fatigue 

Rolling contact fatigue of rail occurs due to cy-

clical loading of the wheel and rail, which generates 

significant shearing stress in the surface or body of 

the rail, causing plastic flow in the material (Xu et al., 

2023). When the plastic flow exceeds the deformation 

limit of the material, fatigue cracks are generated. 

These cracks then gradually develop, leading to rail 

peeling, fractures and other defects, which can po-

tentially cause serious accidents if left untreated.  

3.2.1 Rolling contact fatigue crack prediction 

Current research commonly utilizes stability 

diagrams (Ekberg et al., 2000) and damage functions 

(Martin et al., 2019) to describe rail fatigue. These 

methods enable quantitative analysis of the mecha-

nism and potentiality of rolling contact fatigue (RCF) 

cracks. However, they cannot predict the develop-

ment of rail cracks. Therefore, in this study we em-

ploy the finite element method to calculate crack 

damage values, integrating field-measured crack data 

to establish a relationship between the depth of rolling 

contact fatigue cracks and fatigue damage values (Eq. 

(6)), thus enabling the prediction of rail crack devel-

opment. The steps for calculating crack damage are 

illustrated in Fig. 4. First, a model for the interaction 

between vehicles and tracks and a model for 

wheel-rail wear are developed to calculate the rail 

profile after each wear iteration. Second, using the 

CONTACT program, the wheel-rail forces and creep 

rates under different wear profiles are simulated, and 

these results are incorporated into the rail finite ele-

ment model. Lastly, the damage accumulated at grid 

nodes is distributed to newly constructed nodes using 

interpolation methods, and the process of accumu-

lating RCF damage is repeated at the rail's new finite 

element grid nodes. 

 

s

s

Qh
h

Q
  (6) 

 

In Eq. (6) above, hs is the measured rail crack depth 

and Qs is the measured fatigue damage value. By 

calculating the fatigue damage value Q of the rail 

surface through simulation, the crack depth h of the 

rail surface can be obtained for a given total railed 

tonnage M. 

3.2.2 Wheel-rail contact stress model 

The simplest criterion used in the simulation of 

RCF damage accumulation is the amplitude of 

maximum shear stress tmax (Zakharov et al., 2005). 

This criterion accounts for the stresses caused by 

normal and tangential traction in the contact. How-

ever, it does not consider hydrostatic pressure, which 

plays an essential role since favorable conditions for 

forming and developing cracks are created when there 

is multiaxial tension in the material. In contrast, the 

formation of cracks is more difficult when there is 

multiaxial compression (You et al., 2022) 

The equivalent stress distribution of the contact 

attachment region was analyzed by using the paral-

lelepiped finite element model shown in Fig. 5. The 

calculation process for equivalent stress at different 

node positions can be found in the electronic sup-

plementary materials. 
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Fig. 4. The calculation process of rail rolling contact fatigue. 

 

 
Fig. 5. Rail-wheel contact model. 

3.2.3 Fatigue damage calculation 

The fatigue damage of heavy-haul railway rails 

can be considered as high-cycle fatigue. The stress for 

fatigue failure due to rail contact fatigue and the 

number of fatigue failure cycles should therefore 

satisfy the following equation: 

eq

mN C   (7) 

 

Here,  eq is the stress state in the contact region, N is 

the number of variable stress cycles before the ap-

pearance of fatigue cracks, and C and m are the ma-

terial correlation constants. 

Building a predictive model for rail fatigue crack 

depth requires determining the material parameters C 

and m. The rail used on the Shuo-Huang heavy-haul 

railway is made of U78CrV material (Xu et al., 2024), 

with mechanical performance parameters detailed in 

Table 1. 

Table 1. Material parameters of the heavy-haul rail. 

Parameters Value Parameters Value 

Rail density 78 kg/m 
Poisson's 

ratio 
0.3 

Friction  

coefficient 
0.35 

Tensile 

strength 
1080 MPa 

Side wear 

coefficient 
0.15 

Young's 

modulus 

2.1×10
5 

MPa 

According to Miner's linear fatigue damage 

theory, the fatigue damage value Q on the rail surface 

is: 

exp

1 1 1
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Here, Nit represents the number of iterations for sim-

ulating rail profile wear, Nexp is the number of nu-

merical experiments, Ni denotes the loading cycle 

number for the i
th 

numerical experiment, Mit is the 

tonnage allocated to each wear iteration, Ms is the 

mass calculated through the section, ai represents the 

weight of the i
th

 numerical experiment, and Nn(j) 

signifies the number of fatigue failure cycles. 

3.3 Dynamic modeling and model validation 

The C80 freight car is a wide vehicle used on 

China's heavy-haul railways, with the topological 

structure shown in Fig. 6a. It features a traditional 

three-piece bogie, consisting primarily of a body, side 

frames, wheelsets, and bolsters, among 11 rigid bod-

ies, as shown in Fig. 6b. When modeling in the 

software, the body is considered to have six degrees 

of freedom (DOFs), the bolster is only considered for  
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Fig. 6. Dynamic model of heavy-haul train. (a) The vehicle model (b) The bogie model (c) The coupler model. 
 

its yaw DOF, the side frames for five DOFs (ex-

cluding side roll), and the wheelsets for six DOFs, 

resulting in a total of 42 DOFs for the model of the 

vehicle. Friction pairs such as the center plate friction 

and side bearing friction are considered between the 

bolster and car body; vertical and lateral suspensions 

are directly equivalent between the car body and side 

frame, with vertical, lateral, and longitudinal stiff-

nesses of the bolster spring and friction characteristics 

of the wedge between the side frame and bolster being 

accounted for. Moreover, the lateral and longitudinal 

clearance of the axle box suspension is considered, 

and a spring-damping device is used within the range 

of axle box clearance; also, a spring-damping device 

in parallel with a linear spring stop is implemented 

beyond the contact of the axle box with the side frame. 

The lateral support rods between the side frames are 

simplified to display torsional stiffness.  

Tian (2010) and Yang (2024) have pointed out 

that there is a mutual influence between connected 

heavy-haul train cars, especially when there is lon-

gitudinal impulsion between trains. Therefore, this 

study establishes a three-vehicle train model con-

sisting of one locomotive pulling two freight cars. 

The vehicle is connected by 13A couplers, with the 

structure, buffer characteristics, coupler model con-

siderations, and train model of the 13A coupler being 

detailed in Fig. 6c. In the model, the rail is considered 

a rigid body, and equivalent lumped parameters are 

used to simulate the stiffness and damping of the 

subgrade structure beneath the rail. In the vehicle 

model, the wheel adopts LM profile, and the rail 

adopts CHN75 profile. The gauge is 1435 mm, the 

rail bed slope is 1/40, and the wheel-rail friction co-

efficient is 0.3 (Wang et al., 2015). In dynamic sim-

ulations, the Kik-Piotrowski (KP) contact algorithm 

is used for normal contact calculation, and the 

FASTSIM algorithm is used for tangential contact 

calculation. Track irregularities are also made based 

on our measured data from the Shuo-Huang railway. 

The wear calculation and dynamic models es-

tablished in this section are validated by the field test 

on the Shuo-Huang heavy-haul railway. From Fig. 7a, 

the simulated trends of coupler force and coupler yaw 

angle closely resemble the measured data. The 

maximum coupler yaw angles were measured at 10.9° 

and simulated to be 11.2°, with the maximum meas-

ured coupler force around 594 kN, compared to 611 

kN in simulation. The maximum coupler force and 

rotation angle differences in the simulation results 

were less than 3%. Observing Fig. 7b, the trend of the 

rail wear test is consistent with the simulation results. 

The maximum error between the simulated and cal-

culated results was 7.9%, most errors were less than 
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6%, and the average error was 4.2%. The simulation 

results indicate that these dynamic and wear models 

reasonably reflect real-world conditions.  

 
Fig. 7. Model validation results. (a) Rail wear. (b) Relative 

error. (c) Coupler compressing force. (d) Coupler yaw 

angle. 

 

4 Multi-objective optimization for the rail profile 

4.1 Description of the rail profile 

The CHN75 rail profile is a continuous curve 

comprised of seven arcs and two straight segments. 

The NURBS curve-fitting method offers flexibility, 

control, local adjustability, and strong convexity (Lin 

et al., 2021). By modifying the weight factors of the 

control points, the curvature can be controlled to meet 

the requirements of smoothness and continuity in 

profile fitting. The derivation of the NURBS 

curve-fitting method can be found in the electronic 

supplementary materials. 

After testing, the computational performance of the 

cubic NURBS curve was deemed to be best and was 

used to fit the optimized rail profile. The NURBS 

description of the rail profile curve is established by 

using finite discrete points (type value points) on the 

rail profile. Given n-type value points pi and their 

corresponding n+2 weight factors h (i=0, ..., n+1), we 

need to perform inverse design for the control points. 

The relationship between the weight factor of control 

point wi and the weight factor of type value point hi is 

as follows: 

1 3 ,3 3( ) ( )i i i i ih h u N u     (9) 

According to Eq. (9), n equations can be listed. Two 

tangent vector boundary conditions are added ac-

cording to the curve characteristics of the rail profile: 
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In other words, the rail profile can be determined 

by n+2 control points. Based on the characteristics of 

the rail profile curve, a method that positively corre-

lates with curvature is next employed to select the 

profile value points. The fixed coordinates and weight 

factors of the control points for the spline curve are 

integrated through reverse engineering, with the fol-

lowing steps: 

(1) Determine the number of type value points 

A discretization sampling method is adopted for 

the rail cross-axis X= [-36,36] mm curve. When se-

lecting points, consideration is given to the charac-

teristics of the NURBS finite value points that de-

scribe complex curves. The analysis is conducted on 
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the rail profile curve by selecting 20, 24, and 28 value 

points, respectively, for testing the appropriate num-

ber of value points. 

(2) Determine the weight factors of the type value 

points 

The importance of type value points with the 

curve are reflected by their weight factors. A higher 

weight factor indicates that the point significantly 

impacts the rail profile, and vice versa. Since the 

gauge angle region is substantial for wheel-rail 

matching, we refer to empirical formulas (Lin et al., 

2020), and the weight factors of the value points 

within the gauge angle region X= [23,34] mm at the 

working edge of the rail are accordingly set to 

[0.9,1.0]. The weight factors for the remaining parts 

of the value points are set to [0.5,0.7]. 

According to empirical formulas, when fitting 

the CHN75 rail profile, three methods of selecting 

value points with counts of N=20, 24, and 28, re-

spectively, are used. The effectiveness of these three 

methods is judged by the curve fitting correlation 

coefficient CORrail. The results of the three calcula-

tions are shown in Table 2. 

Table 2. NURBS curve fitting correlations. 

Option 
Number of type value 

points 
CORrail 

1 20 0.87 

2 24 0.93 

3 28 0.96 

 

The results in Table 2 demonstrate that the 

greater the number of value points, the closer the 

interpolated curve is to the original curve. However, it 

also leads to higher computation time and cost. After 

considering the accuracy and computational effi-

ciency, N=24 value points are selected for interpola-

tion fitting. The CHN75 rail profile and its recon-

structed profile are shown in Fig. 8. 

 
Fig. 8. Rail profile comparison. 

4.2 Multi-objective optimization model 

4.2.1 Optimized variable design 

Based on the results from Section 3.1, the re-

construction of the CHN75 rail profile using 24 type 

value points in a cubic NURBS curve is accurate and 

efficient. The curved outer rail of the heavy-haul 

railway is worn in the [0,36] mm area, and 12 type 

value points can describe the profile. Therefore, the 

longitudinal coordinate yi (i=1,2…12) is set as a de-

sign variable in the optimization model. 

4.2.2 Objective functions 

The fatigue crack propagation rate k and the 

wear rate r are indicators used to evaluate the for-

mation of rail wear and fatigue, and these two factors 

are naturally in competition. The development of 

wear can lead to a decrease in the rail's service life. At 

the same time, the expansion of fatigue cracks may 

result in rail fracture, posing a threat to operational 

safety. Therefore, we must ensure that the wear rate is 

greater than or equal to the crack propagation rate. 

The optimization objective for this goal is expressed 

as: 

1

2

1 2

max( )

min max( )

i

i

f r

f k

f f

 



 

：  
(12) 

Here, ri is the rail wear rate at the i
th

 measuring point, 

and ki is the crack growth rate at the i
th

 measuring 

point. 

The objective function is normalized to a di-

mensionless function with the same order of magni-

tude as the variable, to ensure calculation accuracy. 

w1 and w2 represent the corresponding weight coeffi-

cients, with a constraint on the plane that w1 + w2=1，
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and w1 ≥ w2. By building weight coefficient training 

models to simulate the multi-objective function, we 

determined that w1 ≥ 0.52. 

4.2.3 Constraints 

The goal of optimizing the rail profile is to re-

duce wear damage. Therefore, the optimization de-

sign must meet the following requirements: 

(1) The curve monotonicity of the rail profile is sat-

isfied as: 

'

g

'

g

[ ( ) 0] (1,...,12)

[ ( ) 0] (13,..., 24)

i

i

g f y i

g f y i

  


 

 (13) 

Here, fg (yi) is the optimized profile curve equation 

under the ordinate of type value point i, and f
'
g (yi) is 

the first derivation of the optimized profile curve 

equation. 

(2) Constraint condition of concavity of rail profile 

curve: 
''

g )   . (  [ )] 0 (1,. .,12ig f y i   (14) 

Here, g [f
’’

g (yi)] is the second derivative of the opti-

mized profile curve. 

(3) The horizontal coordinate of the optimized profile 

should be lower than the horizontal coordinate prior 

to optimization. 

(4) The optimized rail profile should ensure that 

safety indices such as derailment coefficient, wheel 

load reduction rate, wheelset lateral force, and over-

turning coefficient adhere to laws and regulations. 

4.2.4 PSO-LM-BP neural network 

The Levenberg-Marquardt algorithm combines 

the features of gradient descent (local convergence) 

and the Gauss-Newton numerical optimization algo-

rithm (global optimality) to achieve rapid global 

convergence (Ran et al., 2023; Zhao et al., 2007). 

Therefore, the LM-BP neural network significantly 

improves the convergence speed of the network and 

avoids the constraint of only being able to update in 

the direction of a negative gradient. More details on 

the concepts of a BP neural network and the Leven-

berg-Marquardt algorithm can be found in the elec-

tronic supplementary materials. 

We randomly initialize the weights and thresh-

olds for the LM-BP neural network. If the initial value 

is incorrectly selected, each iteration will amplify the 

system error. Therefore, we employ the PSO (particle 

swarm optimization) algorithm to optimize the 

weights and thresholds of the neural network. PSO is 

a swarm intelligence optimization algorithm where in 

each iteration, particles self-update by tracking their 

individual best (Pbest) and the global best (Gbest) per-

formances. The updating equations for velocity and 

position are as follows: 
1

1 1 best 2 2 best

1 1

max max min max

( ) ( )

( ) ( ) /

t t t t

id id id id

t t t

id id id

V V c r P X c r G X

X X V

t t t



   



 

    

 

  

 (15) 

Here, V
t
id, X

t
id, and Pbest are the iterative velocity, 

position, and individual optimal solutions for particle 

i at time t, respectively; Gbest is the optimal position of 

the population at time t; c1 and c2 are the learning 

factor coefficients; r1 and r2 are random numbers 

from 0 to 1, and ω is the weight. Finally, tmax indicates 

the maximum number of iterations. 

In the process of PSO for LM-BP, the optimal po-

sition X of the particle is the weight and threshold ob-

tained after optimization. The fitness function is chosen 

to be the mean squared error, shown in Eq (16). The 

smaller the fitness value is, the more accurate the train-

ing will be. The PSO-LM-BP neural network is shown in 

Fig. 9. 

2

1 1

1
F ( )

N M

ij ij

i j

y y
N  

   (16) 

Here, N is the number of samples, M is the particle 

dimension, yij is the predicted value of the i
th

 sample 

at the j
th

 output network node, and y ij is the actual 

value of the i
th

 sample at the j
th

 output network node. 

Based on the PSO-LM-BP neural network, a 

multi-objective, multi-variable, and multi-constraint 

nonlinear optimization model for rail profiles is es-

tablished. The control points of the rail profile are 

considered the independent variables y= (y1, y2, y3, …, 

yn), the rail wear rate r and fatigue crack propagation 

rate k are the objective functions, and the geometric 

characteristics of the rail and the vehicle’s operational 

characteristics are the constraint conditions. The 

constraint condition is given by Eq. (17):  

1 2

'

g

'

g

3( )

( , ) min

[ ( ) 0] (1,...,12)

[ ( ) 0] (13 2

 ,  ,  

,..., 4)

,

i

i

ny

F r k

g f y i

g

y

y

y

i

y y

f



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
  


 

 


,

 

(17) 

Here, y1 to yn-1 represent the vertical coordinates of 

the 12 control points, and yn denotes the total railed 
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tonnage. The wear rate r is the ratio of the rail wear in 

the gauge angle region, to the total railed tonnage, 

measured in mm/Mt. Similarly, the crack propagation 

rate k is the ratio of the crack growth at the gauge 

angle, to the railed tonnage, also measured in mm/Mt. 

 
Fig. 9. The PSO-LM-BP neural network architecture. 

4.3 Solution method 

The ant colony optimization algorithm, simu-

lated annealing algorithm, and genetic algorithm are 

among the most effective methods for solving non-

linear problems. The selection of parameters for the 

ant colony and simulated annealing algorithms often 

relies on empirical knowledge, leading to inconsistent 

results. The genetic algorithm is well known for its 

ability to avoid local optima and performs well in 

solving nonlinear problems (Nikbakht et al., 2021). 

Based on this, we adopted a modified genetic algo-

rithm approach, which involved adding chaotic dis-

turbances to the selection operator, adaptively ad-

justing the crossover and mutation operators, and 

improving the fitness function. This amplifies the 

advantages of the genetic algorithm and improves its 

evolutionary speed and search progress. 

4.3.1 Microvariation 

A small probability mutation is introduced by 

incorporating chaotic disturbances during individual 

replication. This approach partly mitigates the phe-

nomenon of "premature convergence" caused by the 

selection process. Also, it reduces the probability of 

crossover between identical individuals. The concept 

of chaotic disturbance is described further in the 

electronic supplementary materials. 

4.3.2 Adaptive mutation operator 

The adaptive mutation operator implies that the 

mutation strength should gradually increase with the 

number of generations, enabling the search algorithm 

to escape local optima: 

max

min
min

max min

,

1
,

1

m

m

m t

P f f

P f f
P f f

f f e




 


 
     

 
(19) 

In Eq. (19), the maximum and minimum values of the 

mutation operators are Pmmax = 0.05 and Pmmin = 0.001, 

respectively, with η= Pmmax − Pmmin. 

Also, the parameter variation mode is: 

' (1 ) ( 1) / | |n

n n n nX X X X         (20) 

4.3.3 Chaotic disturbance 

Individuals with high fitness functions are pre-

served within the population to avoid falling into local 

optima. In contrast, individuals with low fitness 

functions undergo additional chaotic optimization 

processing. Additionally, incorporating chaotic op-

timization can bring individuals closer to the optimal 

solution and reduce the number of evolutionary gen-

erations. The iterative formula for chaotic optimiza-

tion utilizes a tent map: 

1

, 0.5

(1 ), 0.5

n n

n

n n

v t t
t

v t t


 
 

  

 (21) 

Here, the tent has a chaotic effect when v is in the 

range of 1 to 2. 

Chaotic disturbances can be added as follows: 

'

max min max min( ) ( 0.5) ( ) 0.5nX X X t X X        (22) 

Here Xmax and Xmin are the upper and lower limits of 

an individual, respectively. 

Thus, we employed a chaotic microvariation 

adaptive genetic algorithm to address the mul-

ti-objective optimization problem involving control 

point coordinates and wheel-rail damage. The target 

value in Fig. 10 represents the rail damage. As the 

number of evolutionary iterations increases, the target 

value progressively diminishes. In the optimization 

algorithm, when the number of evolutionary itera-

tions reaches 50, the objective function achieves a 

global optimal value. When the number of iterations 

reaches 100, the target value achieves convergence. 

This result demonstrates that the proposed optimiza-

tion algorithm exhibits strong convergence properties 

for rail profile optimization. 

The process is next applied to an R600 m curve 

of the Shuo-Huang railway. The technical route is 

shown in Fig. 11. The specific optimization steps 
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include: 

Step 1: Through field research and tracking tests, 

we accumulated a large amount of data on the fatigue 

and wear damage of heavy-haul tracks, laying a 

foundation for subsequent work. 

Step 2: The theoretical calculation methods of 

wear and fatigue damage are introduced, and a C80 

freight car model is established in the multi-body 

dynamics software UM using parameters specific to 

C80. 

Step 3: A multi-objective optimization model is 

established based on the BP neural network using the 

PSO-Levenberg Marquardt algorithm, and our modi-

fied chaotic micro-variable adaptive genetic algo-

rithm is introduced. Through the joint use of 

MATLAB and the UM software, this approach is 

used to solve the multi-objective optimization model 

and obtain an optimized profile that can reduce 

wheel-rail wear and fatigue. 

Step 4: Based on the established vehicle dy-

namic model and wear model, we analyze the dy-

namic performance and wear and fatigue damage 

characteristics of the optimized profile, thus verifying 

the performance. 

 

Fig. 10. Genetic Algorithm-Opti evolution curve 

4.4 Rail optimization profile 

Through the chaos microvariation adaptive ge-

netic algorithm, an optimized rail profile that balances 

the wear and fatigue relationship for a curve with a 

radius of R600 m was successfully obtained, as 

shown in Fig. 12. Compared to the traditional profile, 

the optimized profile primarily shows improvements 

in the range of [5, 36] mm. Fig. 12 illustrates the 

grinding amounts required at every 2.5 mm interval; 

by implementing such rail grinding operations, this 

optimized rail profile may be achieved. The position 

corresponding to the maximum grinding amount is at 

the abscissa of 27.5 mm, with a grinding amount of 

0.365 mm. 
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Fig. 11. Schematic diagram of rail profile optimization.

 
Fig. 12 Rail optimization profile. 

5 Optimization of profile performance analysis 

Section 4 demonstrated the application of opti-

mized design methods, and the leveraging of real 

conditions of the Shuo-Huang heavy-haul railway, to 

develop an optimal rail profile that can reduce wear 

and fatigue for an R600 m radius curve. Next, this 

section uses established vehicle dynamic models and 

fatigue damage models to test the dynamic behavior 

and damage status of the optimized profile. 

5.1 Static wheel-rail mechanics 

The wheel-rail contact characteristics, rolling 

radius difference, and equivalent conicity are vital 

parameters that define the wheel-rail surface match-

ing relationship. These parameters are also significant 

for vehicle safety. The space trace method is used to 

calculate the contact relationship between the wheel 
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and the optimized rail profile. Fig. 13a and 13b depict 

the distribution of the wheel-rail contact points. The 

contact area distribution of CHN75-Opti is larger and 

more uniform than CHN75, which helps prevent the 

concentration of stress at the contact points and re-

duces rail wear. The equivalent conicity shown in Fig. 

13c indicates that within the lateral displacement 

range of 1 to 6 mm, the equivalent conicity of the 

CHN75 profile decreases. At the same time, the cone 

angle of CHN75-Opti remains relatively constant. 

Beyond a lateral displacement of 6 mm, both the 

CHN75 and CHN75-Opti profiles show a continuous 

increase in equivalent conicity, with respective 

maximum values of 0.93 and 0.84. Analysis of the 

wheel rolling radius difference in Fig. 13d reveals that 

the difference between the profiles is insignificant 

within a lateral displacement of 0 to 8 mm. When the 

lateral displacement is more than 8.5 mm, the wheel 

rolling radius difference for the CHN75 profile in-

creases significantly instead. The CHN75-Opti pro-

file also drastically changes after a lateral displace-

ment exceeding 10.5 mm.  

5.2 Dynamic results 

Utilizing the established vehicle dynamics 

model, the dynamic performance of the C80 freight 

car was evaluated as shown in Fig. 14. Fig. 14a illus-

trates the influence of the optimized rail profile on the 

wheelset lateral force. When traversing a curve with a 

radius of R600 m on a CHN75 rail, the maximum 

wheelset lateral force was 47.7 kN. In contrast, using 

the CHN75-Opti profile under the same conditions, 

the maximum wheelset lateral force was reduced to 

40.5 kN, a decrease of 15%. Fig. 14b shows the vari-

ation of the derailment coefficient. The use of the 

optimized profile reduced the maximum derailment 

coefficient from 0.41 to 0.36, a decrease of 10%. Fig. 

14c presents the wheel-rail contact stress. The adop-

tion of the optimized profile reduced the maximum 

wheel-rail contact stress from 4720 MPa to 4251 MPa, 

again a decrease of 10%. Fig. 14d depicts the wear 

power. Using the optimized profile decreased the 

maximum wear power from 3936 kN·m² to 2889 

kN·m², or a reduction of 26.6%. These results indicate 

that operating heavy-haul vehicles on the 

CHN75-Opti rail can improve vehicle safety and 

reduce wheel-rail wear. 

 
Fig. 13. Wheel-rail interaction investigations. (a) CHN75 with LM contact point pairs (b) CHN75-Opti with LM contact 

point pairs (c) The equivalent conicity (d) The rolling radius difference. 
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Fig. 14. Vehicle dynamic performance. (a) The wheel/rail lateral force (b) The derailment coefficient (c) The wheel-rail 

contact stress (d) The rail wear power. 

 

5.3 Rail wear and RCF damage  

We next utilize the rail wear model and fatigue 

model to analyze the damage characteristics of the 

optimized rail, as shown in Fig. 15a. The maximum 

fatigue contact stress of the C80 freight car when 

matched with the CHN75 rail is 419.2 MPa, which 

reduces to 332.4 MPa (a 20.7% decrease) when 

matched with the CHN75-Opti rail. The contact area 

also appears to be increase. Fig. 15b indicates that the 

maximum damage accumulation for the C80 freight 

car is 0.175 when matched with the CHN75 rail and is 

reduced to 0.11 (a 37% decrease) when matched with 

the CHN75-Opti rail, showcasing a significant re-

duction in internal rail damage. Fig. 15c shows the 

cumulative wear of the rail. The CHN75-Opti rail 

increases the contact area between the wheel and rail, 

reducing the concentrated wear in the gauge angle 

region. For a total railed tonnage of 26.3 Mt, the 

maximum wear in the gauge angle decreases from 

0.27 mm to 0.17 mm, and for a total railed tonnage of 

50.5 Mt, the maximum wear reduces from 0.88 mm to 

0.71 mm. Fig. 15d presents the fitting curve of wear 

damage at measuring point 2. On a 600 m curved 

track, the fatigue damage of the CHN75 rail is greater 

than the wear at 0 to 69 Mt; the wear and fatigue then 

reach a balance at 69 Mt. Beyond this value, the wear 

damage surpasses fatigue damage.  

With the implementation of the CHN75-Opti 

profile, the fatigue damage is also more significant 

than the wear damage when the weight is 0 to 57 Mt, 

and the balance between wear and fatigue is reached 

at 57 Mt. The optimization results in a 19% reduction 

in wear and a 16.8% decrease in fatigue cracks. Fig. 

15e shows the fitting curve for wear and damage at 

measuring point 3. Similar to point 2, the balance for 

the CHN75 profile is reached at 66 Mt, while for the 

CHN75-Opti profile, it is achieved at 51 Mt. The 

optimization leads to a 22.8% decrease in wear and an 

11.9% reduction in fatigue damage. Fig. 15f presents 

the fitting curve for wear and damage at measuring 

point 4. Consistent with the results at point 3, the 

balance for the CHN75 profile occurs at 97 Mt, while 

for the CHN75-Opti profile, it is achieved at 88 Mt. 

The optimization therefore results in a 22.5% reduc-

tion in wear and a 37.4% decrease in fatigue damage 

for this case. 

The above results indicate that rail damage in a 

heavy-haul railway with a slight radius curve is a 

transitional process, from fatigue to wear. Our opti-
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mization method yielding the CHN75-Opti profile 

can effectively reduce the rail wear and rail fatigue 

damage and achieve a balanced relationship between 

wear and fatigue more quickly. However, this balance 

quickly disappears due to the rapid development of 

rail wear on small radius curves. Overall, the pro-

posed optimization method effectively improves the 

contact relationship between the wheel and rail, sig-

nificantly reducing fatigue and wear damage to the 

rail. 

Fig. 15. Optimization results. (a) RCF criterion stress (b) Cumulative damage sum (c) Rail wear (d) Rail damage at survey 

point No. 2 (e) Rail damage at survey point No. 3 (f) Rail damage at survey point No. 4. 

 

6. Conclusions 

Since existing rail profile optimization methods 

have largely neglected the impact of rail fatigue, in 

this study we adopted a combined approach of field 

testing and simulation analysis, and developed a rail 

profile optimization method that balances wheel-rail 

wear and fatigue.  
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After reconstructing a rail profile using NURBS 

curves, we used the coordinates of the rail profile 

value points as design variables. A numerical opti-

mization model was then established using a 

PSO-LM-BP neural network, with the objective of 

reducing rail wear and fatigue damage as constrained 

by the geometric properties of the rail. An improved 

genetic algorithm leveraging chaotic microvariations 

was employed to achieve the solution, resulting in an 

optimized rail profile. 

The static calculation results of the wheel-rail 

interface indicated that the optimized rail profile ex-

hibits superior static performance. This was evi-

denced by a more uniform distribution of wheel-rail 

contact points, a larger contact patch area, a more 

stable difference in rolling circle radii, and equivalent 

conicity values. 

The dynamic calculation results showed that the 

optimized rail profile demonstrates better dynamic 

performance. It was found that the optimized rail 

profile can reduce the maximum wheelset lateral 

force by 15%, the maximum derailment coefficient by 

11%, the maximum wheel-rail contact stress by 10%, 

and the rail wear power by 26.6%. 

Finally, it was demonstrated that using the 

CHN75-Opti profile along a R600 m curved section 

of heavy-haul rail lines can reduce rail-wheel contact 

stress, hasten the arrival of the wear and fatigue 

equilibrium state at measuring points 2 to 4, and de-

crease the wear rate by 22.5% and fatigue cracks by 

37.4%, following the fatigue and wear equilibrium 

state being reached at measuring point 4. 
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题 目：考虑磨耗与疲劳平衡关系的钢轨廓形优化 

 

作 者：徐彬倢
1
，史志勇

2
，杨昀

1
， 王建西

3
，王开云

1
 

机 构：
1
西南交通大学，轨道交通运载系统全国重点实验

室，中国成都，610031；
2
佛罗伦萨大学，工业工

程系，意大利佛罗伦萨；
3
石家庄铁道大学，土木

工程学院，中国石家庄，050043 

 

目 的：轮轨磨耗的同时，往往伴随着疲劳损伤，这两种

因素的共同作用决定了钢轨服役寿命。本文主要

目标在于深入研究重载列车在运行过程中轮轨

磨耗与疲劳损伤的发展规律，探索并提出一种兼

顾磨耗与疲劳平衡关系的钢轨轮廓优化策略，旨

在有效延长重载铁路钢轨服役寿命。 

创新点：1.综合考虑了钢轨磨耗和疲劳的相互作用，提出

了平衡两者关系的钢轨廓形优化方法；2.利用

NURBS 理论将钢轨廓形离散为控制点，实现了廓

形的灵活调整；3.采用 PSO-LM 算法对 BP 神经网

络进行优化，提高模型的计算效率和准确性；4. 

通过混沌微变自适应遗传算法对模型进行求解，

进一步提升了优化结果的质量。 

方 法：1.利用现场跟踪测试数据，建立出符合实际的车

辆动力学模型与轮轨磨耗、轮轨疲劳预测模型

（图 6）；2.利用 PSO-L Levenberg Marquardt

算法优化基于 BP 神经网络的多目标优化模型，

并在混沌微变自适应遗传算法帮助下求解优化

模型（图 9）；3. 基于建立的整车动力学模型和

磨耗模型，分析优化型面的动力学性能和磨耗疲

劳损伤特性（图 13、14、15）。 

结 论：1.钢轨磨耗与疲劳损伤共同存在且相互竞争，在

掌握两者发展特征后，采用多目标优化方法获得

能使磨耗与疲劳保持平衡的优化钢轨廓形；2.轮

轨静力学计算结果表明，优化廓形具有更好的轮

轨接触分布、更大面积的接触斑、更稳定的滚动

圆半径差；3.动力学计算结果表明，优化廓形能

有效降低轮轴横向力、脱轨系数、轮轨接触应力，

且大幅度改善测点 4 的磨耗率和疲劳裂纹深度。 

关键词：重载铁路；钢轨磨耗；钢轨疲劳；PSO-LM-BP 神

经网络；钢轨型面优化；多目标优化 
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