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A B S T R A C T

In this paper we study the unsteady Couette motion of an incompressible non-linear fluid driven by a prescribed
shear stress or a prescribed velocity imposed on the top surface. The fluid under consideration is described by
a non-monotone relation between stress and strain rate. We consider the two-dimensional unsteady problem
and solve it numerically by means of Crank–Nicolson scheme combined with spectral collocation method. We
investigate the time behaviour of the velocity field, in order to find out, starting from suitable initial conditions,
whether the numerical solutions tend to the corresponding stationary one or not. Our results confirm both
the stability of the two solutions belonging to the ascending branches of the constitutive law and the linear
instability of the one on the descending branch.
1. Introduction

Modelling of the behaviour of Newtonian or non-Newtonian flu-
ids can be achieved by the specification of the constitutive relation
which describes the response of the fluid to a given stimuli. In the
case of complex fluids, this relation may be highly involved and,
moreover, it could not be possible to express a specific kinematical
quantity as a function of the other variables (see e.g. [1–8]). In [1],
for instance, Rajagopal introduced an implicit algebraic constitutive
relation between the Cauchy stress tensor and the strain rate tensor,
providing a significant change of perspective in modelling fluid-like
materials [9]. Further generalizations have been provided by many
researchers (see e.g. [9–15]). In particular, in [14] Malek et al. studied
a class of fluids in whose model the symmetric part of the velocity
gradient is expressed as a power-function of the deviatoric part of the
Cauchy stress tensor. Le Roux and Rajagopal [15] modified this model,
and the modification allows one to fit experimental data for flows of
colloids very well [10]. They investigated simple shear flows of the
constitutive relation they had proposed, between two parallel plates.
Fusi et al. [10] have studied the flow of a fluid described by this non-
monotone law in an orthogonal rheometer looking for pseudo-planar
solutions. They found that pronounced boundary layers adjacent to
the rotating plates may develop even at low Reynolds number. Many
complex fluids, such as blood, colloidal suspensions, polymer solutions,
etc., can be modelled by using this non-monotone law as constitutive
law. In particular, we refer the reader to the papers [14,15] and the
references therein for examples of real fluids that show a constitutive
behaviour like the one considered in this paper. Among these, we
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1 Starred variables denote dimensional quantities.

mention coagulated blood, in which viscosity is far greater than the
viscosity of normal blood and causes a reduction in the shear rate of
the blood, see [16–19].

Recently, Calusi et al. [9] have investigated the onset of instability
of a Couette flow driven by a shear stress, assuming that the fluid
obeys to a non-monotone relation between stress and strain rate. They
provided a range for the Reynolds number for which three basic steady
flows are possible and they performed a linear stability analysis for
each of them. They proved that the two basic solutions belonging
to the ascending branches of the constitutive law are uncondition-
ally stable, while the one corresponding to the descending branch is
unconditionally unstable.

The aim of this paper is to study the unsteady 2D Couette flow
driven by a prescribed shear stress imposed on the top surface (i.e. Neu-
mann boundary conditions), considering the class of fluids character-
ized by the non-monotone curve studied in [9]. In this model, for
certain values of the material parameters, the stress can be expressed
as a function of the strain-rate but not vice-versa. This is due to the
non-monotonicity of the stress vs strain rate relation, that prevents
us from expressing the strain rate tensor D∗1 as a function of the
deviatoric stress tensor S∗. We investigate the same problem with
different boundary conditions too, i.e. Dirichlet boundary conditions,
imposing a prescribed velocity on the top surface. Moreover, we include
in our analysis also the case of monotone relation between stress and
strain rate thanks to the choice of different values of the involved
parameters. The problem is always solved numerically via spectral
collocation method based on Chebyshev polynomials.
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In particular, using the non-monotone model, we are interested in
making a comparison between our numerical results and the stabil-
ity results obtained in [9], in order to find whether they match or
not. More precisely, we want to see if, starting from a configuration
sufficiently close to the steady state solution belonging to one of the
ascending branches of the constitutive law, the numerical solution
tends to the corresponding stable solution in the two different cases
of boundary conditions. On the other hand, we expect that, neither
assuming Neumann nor Dirichlet boundary conditions, this happens in
the case of the unstable steady state solution on the descending branch.
If instead we assume the monotone relation, we suspect that the unique
steady state solution of the problem is stable and can be reached start-
ing from an initial condition in an ‘‘appropriate’’ neighbourhood of the
stationary one. We remark that the numerical method we have adopted
is not ‘‘important’’ and that we could have used other methods, such as
finite differences or finite elements to get the numerical solution. The
focus of this paper is indeed the confirmation of the results of the linear
stability analysis performed in [9].

The paper is organized as follows: in Section 2 we present the math-
ematical problem under the hypothesis of the two different types of
boundary conditions. In both cases, it consists in an unsteady boundary
value problem whose unknowns are the components of the deviatoric
part of the stress, of the velocity field and pressure. In Section 3 we
look for a one-dimensional steady solution for the two problems and
we recover the three basic flows determined in [9]. We also perform
the same analysis in the case of monotone relation between stress and
strain rate. Then, in Section 4 we introduce the numerical scheme we
have used to solve the problems based on the Crank–Nicolson algorithm
combined with spectral collocation method. Finally, in Section 5 we
discuss the results obtained and, in particular, we show the agreement
between our numerical findings and the stability results of Calusi
et al. [9].

2. The mathematical model

2.1. Neumann boundary conditions

We investigate the Couette flow between parallel plates driven by
a prescribed shear stress imposed on the top surface of a fluid layer.
We consider a class of incompressible non-Newtonian fluids obeying
the non-monotone model (see [15]) and characterized by the following
constitutive relation

T∗ = −𝑝∗I + S∗, (1)

where

S∗ = 2𝜇∗(𝛾̇∗)D∗, 𝜇∗(𝛾̇∗) = 𝜇∗
0

[

(

1 +𝛼∗𝛾̇∗2)𝑛+𝛽
]

, 𝛾̇∗ =
√

1
2
D∗ ⋅ D∗.

(2)

In (1), (2) −𝑝∗I is the indeterminate part of the stress due to the
constraint of incompressibility, S∗ is the deviatoric part of the stress,
𝛾̇∗ is the Frobenius norm of the symmetric part of the velocity gradient
D∗, 𝜇∗

0 is a reference viscosity, 𝛼∗ is a positive real quantity whose
dimension is that of a squared time, 𝑛 and 𝛽 are non-dimensional real
parameters (𝛽 > 0).

In [15] it is proved that, if

𝑛 < −1
2

and 𝛽 < 2

[

|2𝑛 + 1|
2(1 − 𝑛)

]1−𝑛

, (3)

the norm 𝜏∗ =
√

1
2 S∗ ⋅ S∗ is a non monotone function of 𝛾̇∗. In this case

the function 𝜏∗ vs 𝛾̇∗ exhibits the curve shown in Fig. 1.
The flow is assumed to be 2D with a velocity field of the form (see

Fig. 2)
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
2

𝐯 = 𝑢 (𝑥 , 𝑦 , 𝑡 ) 𝐞𝑥 + 𝑣 (𝑥 , 𝑦 , 𝑡 ) 𝐞𝑦.
Fig. 1. Plot of the shear stress 𝜏∗ in function of the strain rate 𝛾̇∗ with the characteristic
‘‘S-shape’’.

Fig. 2. Geometry of the problem.

The equations governing the unsteady flow of our incompressible fluid
can be written as (we are neglecting volume forces)
⎧

⎪

⎨

⎪

⎩

𝜌∗
(

𝐯∗𝑡∗ + (∇𝐯∗)𝐯∗
)

= −∇𝑝∗ + div(S∗),

div(𝐯∗) = 0.
(4)

We consider a Couette flow driven by a shear stress 𝜏∗0 imposed on the
top surface, assuming that no pressure gradient contributes to the flow
(see Fig. 2). The thickness of the layer is assumed to be fixed and equal
to 2𝐻∗ and we focus on a portion of length 2𝐿∗. Since no horizontal
pressure drop is acting, we may safely assume that on the boundary
𝑥∗ = ±𝐿∗ pressure is constant, i.e. 𝑝∗ = 𝑝∗0. The boundary conditions
for the velocity field are no-slip at the lower wall of the channel and
zero transversal velocity at the inlet and outlet 𝑥∗ = ±𝐿∗:

𝑢∗(𝑥∗, 𝑦∗ = −𝐻∗, 𝑡∗) = 0, 𝑣∗(𝑥∗, 𝑦∗ = −𝐻∗, 𝑡∗) = 0,
𝑣∗(𝑥∗ = ±𝐿∗, 𝑦∗, 𝑡∗) = 0.

The boundary conditions for the stress come from the assumption
of a pure shear stress imposed on the upper wall of the channel
(i.e. Neumann boundary conditions), namely:
𝑆∗
12(𝑥

∗, 𝑦∗ = 𝐻∗, 𝑡∗) = 𝜏∗0 , 𝑆∗
22(𝑥

∗, 𝑦∗ = 𝐻∗, 𝑡∗) = 0.
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The boundary conditions for the pressure are given imposing the con-
stant inlet and outlet pressure:

𝑝∗(𝑥∗ = ±𝐿∗, 𝑦∗, 𝑡∗) = 𝑝∗0 .

We introduce the aspect ratio

𝛿 = 𝐻∗

𝐿∗ ,

and we rescale the variables as

𝑥∗ = 𝐿∗𝑥, 𝑦∗ = 𝐻∗𝑦, 𝑡∗ =
(𝐿∗

𝑈∗

)

𝑡, 𝑢∗ = 𝑈∗𝑢,

𝑣∗ =
(

𝛿 𝑈∗)𝑣, 𝑝∗ = 𝑃 ∗𝑝 + 𝑝∗0 , D∗ =
( 𝑈∗

𝐻∗

)

D, 𝛾̇∗ =
( 𝑈∗

𝐻∗

)

𝛾̇ ,
∗ =

(

𝜇∗
0
𝑈∗

𝐻∗

)

S, 𝛼∗ =
(𝐻∗2

𝑈∗2

)

𝛼 , 𝜇∗ = 𝜇∗
0𝜇(𝛾̇),

where 𝑈∗ and 𝑃 ∗ are characteristic velocity and pressure yet to be
pecified.

We get

D = 1
2

(

2𝛿 𝑢𝑥 𝑢𝑦 + 𝛿2𝑣𝑥
𝑢𝑦 + 𝛿2𝑣𝑥 2𝛿 𝑣𝑦

)

and S = 2𝜇(𝛾̇)D =
(

𝑆11 𝑆12
𝑆12 𝑆22

)

.

The non-dimensional versions of (2) are

𝛾̇ =
√

𝛿2(𝑢𝑥)2 +
1
4
(𝑢𝑦 + 𝛿2𝑣𝑥)2, 𝜇(𝛾̇) = (1 + 𝛼 ̇𝛾2)𝑛 + 𝛽 ,

𝜏 = 2𝜇(𝛾̇)𝛾̇ = 2
[

(1 + 𝛼 ̇𝛾2)𝑛 + 𝛽
]

𝛾̇ .
(5)

Selecting 𝑃 ∗ = (𝜇∗
0 𝑈∗𝐿∗)∕𝐻∗2 and defining the Reynolds number as

𝑅𝑒 =
(𝜌∗𝑈∗𝐻∗

𝜇∗
0

)

,

we can write the complete system in the stress-based formulation
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑅𝑒 𝛿(𝑢𝑡 + 𝑢𝑥𝑢 + 𝑢𝑦𝑣) = −𝑝𝑥 + 𝛿(𝑆11)𝑥 + (𝑆12)𝑦,

𝑅𝑒 𝛿3(𝑣𝑡 + 𝑣𝑥𝑢 + 𝑣𝑦𝑣) = −𝑝𝑦 + 𝛿2(𝑆12)𝑥 + 𝛿(𝑆22)𝑦,
𝑢𝑥 + 𝑣𝑦 = 0,
𝑆11 = 2𝛿 𝜇(𝛾̇) 𝑢𝑥,
𝑆12 = 𝜇(𝛾̇)(𝑢𝑦 + 𝛿2𝑣𝑥),
𝑆22 = 2𝛿 𝜇(𝛾̇) 𝑣𝑦,

(6)

with the following boundary conditions
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(𝑆12)|
|

|

𝑦=1
= 𝜏0,

𝑢
|

|

|

𝑦=−1
= 0,

(𝑆22)|
|

|

𝑦=1
= 0,

𝑣
|

|

|

𝑥=±1
= 0,

𝑣
|

|

|

𝑦=−1
= 0,

𝑝
|

|

|

𝑥=±1
= 𝑝0,

(7)

where 𝜏0 and 𝑝0 are the non-dimensional versions of 𝜏∗0 and 𝑝∗0 respec-
tively, that is
𝜏0 ∶=

( 𝐻∗

𝜇∗
0𝑈

∗

)

𝜏∗0 , 𝑝0 ∶= 0.

The problem (6),(7) for the unknowns 𝑆11, 𝑆12, 𝑆22, 𝑢, 𝑣, 𝑝 will
be solved numerically in Section 5 combined with appropriate initial
conditions.

2.2. Dirichlet boundary conditions

Now we still consider the Couette flow between parallel plates but
his time driven by a prescribed longitudinal velocity imposed on the
3

top surface. The model under consideration is the same of Section 2.1,
meaning that we take again parameters that fulfil (3) and consequently
the relation between stress and strain rate is still represented by the
urve displayed in Fig. 1.

The difference with respect to the previous subsection consists on
he boundary conditions on the upper wall, where we assume that the
low is generated by a longitudinal velocity 𝑢∗0, namely:

𝑢∗(𝑥∗, 𝑦∗ = 𝐻∗, 𝑡∗) = 𝑢∗0 , 𝑣∗(𝑥∗, 𝑦∗ = 𝐻∗, 𝑡∗) = 0.

The governing equations are the same as before, and so we end up with
he non-dimensional system (6) with the following boundary conditions
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑢
|

|

|

𝑦=1
= 𝑢0,

𝑢
|

|

|

𝑦=−1
= 0,

𝑣
|

|

|

𝑦=±1
= 0,

𝑣
|

|

|

𝑥=±1
= 0,

𝑝
|

|

|

𝑥=±1
= 𝑝0,

(8)

where 𝑢0 is the non-dimensional version of 𝑢∗0, that is
𝑢0 ∶=

( 1
𝑈∗

)

𝑢∗0 .

The problem (6),(8) for the unknowns 𝑆11, 𝑆12, 𝑆22, 𝑢, 𝑣, 𝑝 will
be solved numerically in Section 5 combined with appropriate initial
onditions.

3. 1D solutions

We start looking for a one dimensional steady solution, namely

𝐯 = 𝑢(𝑦) 𝐞𝑥,

so that system (6) reduces to
⎧

⎪

⎨

⎪

⎩

−𝑝𝑥 + (𝑆12)𝑦 = 0,
−𝑝𝑦 = 0,
𝑆12 = 𝜇(𝛾̇)𝑢𝑦,

(9)

with

𝑆11 = 𝑆22 = 0, 𝛾̇ =
|𝑢𝑦|
2

. (10)

Inserting (10) in (5), we get the shear stress 𝜏 in terms of 𝑢𝑦:

𝜏(𝑢𝑦) =
[(

1 + 𝛼
𝑢2𝑦
4

)𝑛

+ 𝛽

]

|𝑢𝑦|.

Then, since there is no pressure gradient, from (9) we find that 𝑆12 must
be constant.

3.1. Neumann boundary conditions

Under the hypothesis of a prescribed shear stress, we obtain that

𝑆12 ≡ constant = 𝜏0 (11)

and moreover, using (10) and (11) in the third equation of (9), we get
the following algebraic equation
[(

1 + 𝛼
𝑢2𝑦
4

)𝑛

+ 𝛽

]

𝑢𝑦 = 𝜏0. (12)

We can look at (12) as a function of 𝑢𝑦, namely

𝑓 (𝑢𝑦) =
[(

1 + 𝛼
𝑢2𝑦
4

)𝑛

+ 𝛽

]

𝑢𝑦 = 𝜏0, (13)
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Fig. 3. Plot of 𝑓 in function of 𝑢𝑦 for 𝑛 = −0.7, 𝛽 = 0.01, 𝛼 = 0.8, Re = 1 with
𝑚 = 1.0883 < 𝜏0 = 1.15 < 𝑓𝑀 = 1.5071. The three distinct solutions are 𝑢𝑦 ,1 = 1.45414,
𝑦 ,2 = 17.1281, 𝑢𝑦 ,3 = 51.1502.

where 𝛼, 𝑛 and 𝛽 are parameters which depend only on the geometry of
the problem and on the material under consideration. Moreover, once
we have fixed 𝑛 and 𝛽 fulfilling (3), 𝑓 is a non-monotone function of 𝑢𝑦
(see [15]) exhibiting a local maximum and minimum, that we denote
y 𝑢𝑦,𝑀 and 𝑢𝑦,𝑚 respectively (see Fig. 3). Setting 𝑓𝑀 = 𝑓 (𝑢𝑦,𝑀 ) and

𝑓𝑚 = 𝑓 (𝑢𝑦,𝑚 ), we find that Eq. (12) is satisfied by three distinct values
of 𝑢𝑦, which we denote by 𝑢𝑦,1, 𝑢𝑦,2, 𝑢𝑦,3, under the hypothesis that

𝑓𝑚 < 𝜏0 < 𝑓𝑀 . (14)

In particular, when (14) is fulfilled, we order the three solutions in
increasing order, i.e. 𝑢𝑦,1 < 𝑢𝑦,2 < 𝑢𝑦,3, so that the first and the third
nes belong to the ascending branches of 𝑓 , while the second one
s on the descending branch. These are the same stationary solutions
etermined in [9], where it is proved that 𝑢𝑦,1 and 𝑢𝑦,3 are (linearly)

unconditionally stable, while 𝑢𝑦,2 is (linearly) unconditionally unstable.

Remark. If we replace the constitutive Eq. (5) by that studied in Le
oux and Rajagopal in [15], where the shear rate is a non-monotonic

unction of the shear stress (e.g. 𝛾̇ = 𝑔(𝜏)), the shear stress becomes
a multi-valued function of the shear rate. In this case, a fixed shear
rate corresponds to multiple shear stresses. Specifically, we would
have three distinct base shear stresses associated with the same shear
rate. These three states correspond to two ascending branches and one
descending branch of the flow curve. We expect that the base state
associated with the descending branch is unstable, while the other two
are stable, but we are not able to make a comparison using this method
because this should be confirmed through a rigorous linear stability
analysis.

3.2. Dirichlet boundary conditions

In the case of a prescribed longitudinal velocity, as we have done in
he previous subsection and using the same notations, we obtain that

𝑓 (𝑢𝑦) = 𝑘, (15)

where 𝑘 is a constant value. From (15) we deduce that 𝑢 has to be a
linear function of 𝑦, namely 𝑢(𝑦) = 𝐴𝑦+𝐵, where 𝐴 and 𝐵 are constant
to be determined by imposing the first two boundary conditions of (8).
Therefore, we get the following expression for the velocity

𝑢(𝑦) = 𝑢0
2

(

𝑦 + 1
)

. (16)
4

Fig. 4. Plot of 𝑓 in function of 𝑢0 for 𝑛 = −0.7, 𝛽 = 0.01, 𝛼 = 0.8, Re = 1 with
(𝑢0 = 3.5) = 𝑘 = 1.27. Condition (17) is equivalent to 2.6566 < 𝑢0 < 204.5378. The three

distinct solutions are 𝑢𝑦 ,1 = 1.74991, 𝑢𝑦 ,2 = 10.5968, 𝑢𝑦 ,3 = 70.9461.

Now, using (16) in (15) and selecting again 𝑛 and 𝛽 fulfilling (3), we
can do the same considerations as in Section 3.1, and we can recover a
ondition that the velocity on the upper plate has to satisfy in order to

have the existence of the three different solutions of Eq. (15). In other
ords, looking at 𝑓 as a function of 𝑢0, we have to select 𝑢0 fulfilling

𝑓𝑚 < 𝑘 < 𝑓𝑀 ⟺ 𝑓𝑚 <

[(

1 + 𝛼
𝑢20
16

)𝑛

+ 𝛽

]

𝑢0
2

< 𝑓𝑀 , (17)

as shown in Fig. 4. We expect that the linear stability analysis of
the three stationary solutions remains unchanged with respect to the
revious case.

3.3. Monotone case with Neumann boundary conditions

Now we assume to have a monotone relation between stress and
train rate (see Fig. 5), that is to take values of 𝑛 and 𝛽 which do
ot satisfy (3). We are considering to have a prescribed shear stress

imposed on the top surface, as in the non-monotone case with Neumann
oundary conditions. As we have done in Section 3.1, we get Eq. (13).
he difference consists on the fact that now it admits a single solution,
hich we denote by 𝑢𝑦,1, for every value of the prescribed shear stress
0, as shown in Fig. 5. We expect that this state solution is linear

unconditionally stable, as shown in [9].

4. Numerical scheme

We assume that 𝑛, 𝛽, 𝜏0 and 𝑢0 fulfil conditions (3), (14), (17)
respectively, so that in both cases there exist three distinct solutions,
as observed in Section 3. We solve numerically via MATLAB the two
nsteady boundary value problems (6), (6) and (7), (8) obtained in

Section 2 enforced with appropriate initial conditions. To this aim,
we perform a time-discretization of the problems using Crank–Nicolson
method (see [20]), i.e. a finite difference method based on the fact that
 generic partial differential equation of the form

𝜕𝑡ℎ = 𝐻
(

ℎ, 𝑥, 𝑦, 𝑡, 𝜕𝑥ℎ, 𝜕𝑦ℎ
)

can be discretized as

ℎ𝑘+1 − ℎ𝑘 = 𝛥𝑡
2

[

𝐻𝑘+1 +𝐻𝑘
]

,

where ℎ𝑘 ∶= ℎ(𝑥, 𝑦, 𝑘𝛥𝑡), 𝐻𝑘 ∶= 𝐻(ℎ𝑘, 𝑥, 𝑦, 𝑘𝛥𝑡, 𝜕𝑥ℎ𝑘, 𝜕𝑦ℎ𝑘) and the
uperscript 𝑘 indicates the iteration 𝑘. During each loop of Crank–

Nicolson algorithm, we use a spectral collocation method based on
Chebyshev polynomials to discretize the system in space.
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Fig. 5. Plot of 𝑓 in function of 𝑢𝑦 for 𝑛 = −0.5, 𝛽 = 0.1, 𝛼 = 0.8, Re = 1 with 𝜏0 = 3.
he single solution is 𝑢𝑦 ,1 = 8.39301.

The flow domain is the square centred at the origin of the Cartesian
ystem with side length two, i.e. [−1, 1]2. We use a grid of (𝑁+ 1) × (𝑁+ 1)
𝑁 = 15) Gauss–Lobatto points clustered at the boundaries of [−1, 1]2.

These points are put in a ‘‘lexicographic’’ order (see Fusi et al. [21,22]
nd Trefethen [23] for details), so that the (𝑁 + 1) × (𝑁 + 1) array of

nodes is transformed in a (𝑁 + 1)2 vector. As in [21], we denote by 𝑏𝑖𝑛
he indices2 of the inlet nodes except corners, by 𝑏𝑜𝑢𝑡 the indices of the
utlet nodes except corners, by 𝑏𝑢𝑝 the indices of the upper edge nodes
nd by 𝑏𝑑 𝑜𝑤𝑛 the indices of the lower edge nodes. The spectral partial
erivatives in the (𝑥, 𝑦) coordinates are given by

𝜕𝑥 ≈ 𝐷𝑥 = 𝐷 ⊗𝐾 𝐼 , 𝜕𝑦 ≈ 𝐷𝑦 = 𝐼 ⊗𝐾 𝐷 , (18)

where 𝐷 is the (𝑁+ 1) × (𝑁+ 1) differentiation matrix defined in [23], 𝐼
is the (𝑁+ 1) × (𝑁+ 1) identity matrix and ⊗𝐾 is the Kronecker product3.
In particular, the dimensions of 𝐷𝑥 and 𝐷𝑦 are (𝑁 + 1)2 × (𝑁 + 1)2 and
these matrices operate on grid nodes put in the lexicographic order.
Using the approximations (18), the whole problem (6) can be rewritten
s follows

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Re 𝛿 𝑢𝑘+1𝑁 + 𝛥𝑡
2

[

Re 𝛿
(

(𝑃1𝑢𝑘+1𝑁 )𝑢𝑘+1𝑁 + (𝑃2𝑢𝑘+1𝑁 )𝑣𝑘+1𝑁

)

+ 𝑃1𝑝𝑘+1𝑁

−𝛿 𝑃1𝑆𝑘+1
11,𝑁 − 𝑃2𝑆𝑘+1

12,𝑁

]

−Re 𝛿 𝑢𝑘𝑁 + 𝛥𝑡
2

[

Re 𝛿
(

(𝑃1𝑢𝑘𝑁 )𝑢𝑘𝑁 + (𝑃2𝑢𝑘𝑁 )𝑣𝑘𝑁
)

+ 𝑃1𝑝𝑘𝑁 − 𝛿 𝑃1𝑆𝑘
11,𝑁

−𝑃2𝑆𝑘
12,𝑁

]

= 0,

Re 𝛿3𝑣𝑘+1𝑁 + 𝛥𝑡
2

[

Re 𝛿3
(

(𝑃1𝑣𝑘+1𝑁 )𝑢𝑘+1𝑁 + (𝑃2𝑣𝑘+1𝑁 )𝑣𝑘+1𝑁

)

+ 𝑃2𝑝𝑘+1𝑁

−𝛿2𝑃1𝑆𝑘+1
12,𝑁 − 𝛿 𝑃2𝑆𝑘+1

22,𝑁

]

−Re 𝛿3𝑣𝑘𝑁 + 𝛥𝑡
2

[

Re 𝛿3
(

(𝑃1𝑣𝑘𝑁 )𝑢𝑘𝑁 + (𝑃2𝑣𝑘𝑁 )𝑣𝑘𝑁
)

+ 𝑃2𝑝𝑘𝑁

−𝛿2𝑃1𝑆𝑘
12,𝑁 − 𝛿 𝑃2𝑆𝑘

22,𝑁

]

= 0,
𝑃1𝑢𝑘+1𝑁 + 𝑃2𝑣𝑘+1𝑁 = 0,
𝑆𝑘+1
11,𝑁 − 2𝛿 𝜇𝑘+1

𝑁 𝑃1𝑢𝑘+1𝑁 = 0,
𝑆𝑘+1
12,𝑁 − 𝜇𝑘+1

𝑁 (𝑃2𝑢𝑘+1𝑁 + 𝛿2𝑃1𝑣𝑘+1𝑁 ) = 0,
𝑆𝑘+1
22,𝑁 − 2𝛿 𝜇𝑘+1

𝑁 𝑃2𝑣𝑘+1𝑁 = 0,
(19)

2 Here the indices are considered with respect to the lexicographic order.
3 If 𝐴 = (𝑎 ) ∈ R𝑚×𝑛 and 𝐶 = (𝑐 ) ∈ R𝑝×𝑞 , then 𝐴 ⊗ 𝐶 = (𝑎 𝐶) ∈ R𝑚𝑝×𝑛𝑞 .
5

𝑖𝑗 𝑖𝑗 𝐾 𝑖𝑗
where, using (5),

𝜇𝑘+1
𝑁 = 𝜇𝑘+1

𝑁 (𝛾̇𝑘+1𝑁 ), 𝛾̇𝑘+1𝑁 =
√

𝛿2
(

𝑃1𝑢𝑘+1𝑁
)2 + 1

4
(

𝑃2𝑢𝑘+1𝑁 + 𝛿2𝑃1𝑣𝑘+1𝑁
)2.

(20)

In (19), (20), 𝑃1 and 𝑃2 are the discretized form of 𝜕𝑥 and 𝜕𝑦 respec-
tively, the subscript 𝑁 indicates the discretized form of the involved
ariables, the apex 𝑘 indicates the data at time step 𝑘. At the end
f every loop, the initial conditions are updated with the variables
etermined during the time iteration that has just ended. Moreover,
ach of the six unknowns 𝑆11,𝑁 , 𝑆12,𝑁 , 𝑆22,𝑁 , 𝑢𝑁 , 𝑣𝑁 , 𝑝𝑁 is in the
orm of a vector of (𝑁 + 1)2 elements, according to the lexicographic
rder, and system (19) has dimensions 6(𝑁 + 1)2 × 6(𝑁 + 1)2.

Then, we discretize the boundary conditions (7) and (8) as follows
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐵𝑢𝑝 𝑆𝑘+1
12,𝑁 = 𝜏0,

𝐵𝑑 𝑜𝑤𝑛 𝑢𝑘+1𝑁 = 0,
𝐵𝑢𝑝 𝑆𝑘+1

22,𝑁 = 0,
𝐵𝑙 𝑎𝑡 𝑣𝑘+1𝑁 = 0,
𝐵𝑑 𝑜𝑤𝑛 𝑣𝑘+1𝑁 = 0,
𝐵𝑙 𝑎𝑡 𝑝𝑘+1𝑁 = 𝑝0,

(21)

and
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐵𝑢𝑝 𝑢𝑘+1𝑁 = 𝑢0,

𝐵𝑑 𝑜𝑤𝑛 𝑢𝑘+1𝑁 = 0,
𝐵𝑢𝑝 𝑣𝑘+1𝑁 = 0,
𝐵𝑙 𝑎𝑡 𝑣𝑘+1𝑁 = 0,
𝐵𝑑 𝑜𝑤𝑛 𝑣𝑘+1𝑁 = 0,
𝐵𝑙 𝑎𝑡 𝑝𝑘+1𝑁 = 𝑝0,

(22)

where

• 𝐵𝑢𝑝 is the (𝑁 + 1) × (𝑁 + 1)2 matrix whose entries are equal to 1
at (𝑖, 𝑖) with 𝑖 ∈ 𝑏𝑢𝑝 and 0 elsewhere;

• 𝐵𝑑 𝑜𝑤𝑛 is the (𝑁 + 1) × (𝑁 + 1)2 matrix whose entries are equal to
1 at (𝑖, 𝑖) with 𝑖 ∈ 𝑏𝑑 𝑜𝑤𝑛 and 0 elsewhere;

• 𝐵𝑖𝑛 is the (𝑁 − 1) × (𝑁 + 1)2 matrix whose entries are equal to 1
at (𝑖, 𝑖) with 𝑖 ∈ 𝑏𝑖𝑛 and 0 elsewhere;

• 𝐵𝑙 𝑎𝑡 is the 2(𝑁 − 1) × (𝑁 + 1)2 matrix whose entries are equal to 1
at (𝑖, 𝑖) with 𝑖 ∈ 𝑏𝑖𝑛 ∪ 𝑏𝑜𝑢𝑡 and 0 elsewhere.

Juxtaposing systems (19),(21) and (19),(22), in both cases we end up
with a nonlinear system of 6(𝑁 + 1)2 + 8𝑁 equations in 6(𝑁 + 1)2
unknowns, which is solved via Newton–Raphson algorithm. The choice
of a spectral method was driven by the fact that this type of numeri-
al approach guarantees high accuracy in the solution. Additionally,

the computational cost is minimal, as the method involves solving a
well-posed nonlinear system of algebraic equations using the Newton–
Raphson method at each time step (requiring approximately 30 s of
total computational time). The iterative nature of the Newton–Raphson
algorithm helps reduce overall computational time, with convergence
typically achieved after just 4 to 6 iterations per time step. It is impor-
tant to emphasize that this is not a numerical paper, and therefore, our
goal is not to identify the ‘‘optimal’’ or ‘‘practical’’ numerical scheme.
Rather, our primary objective is to obtain a numerical solution that can
be compared with those presented in [9].

5. Simulations and results

5.1. Non-monotone cases

We make a comparison between the results obtained through the
umerical method described in Section 4 and those of the linear sta-

bility analysis carried out by Calusi et al. [9]. Moreover, we are
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Table 1
Values of the solutions 𝑢𝑦 ,1, 𝑢𝑦 ,2, 𝑢𝑦 ,3 and of their corresponding basins of attraction for 𝑛 = −0.9, −0.8, −0.7, −0.5, −0.4, 𝜏0 = 1.15, 𝛼 = 0.8,
𝛽 = 0.01, Re = 1. The first three values of 𝑛 correspond to a non-monotone model, while the last two give rise to a monotone law.
𝑛 𝑢𝑦 ,1 𝑢𝑦 ,2 𝑢𝑦 ,3 Basin of attraction

of 𝑢𝑦 ,1
Basin of attraction
of 𝑢𝑦 ,2

Basin of attraction
of 𝑢𝑦 ,3

−0.9 1.72339 3.88349 104.697 (0, 1.9) – (103.5, 105.7)
−0.8 1.558 6.38483 90.7802 (0, 2.1) – (89.3, 91.8)
−0.7 1.45414 17.1281 51.1502 (0, 2.4) – (50, 52.5)
−0.5 1.32013 – – (0, 3.8) – –
−0.4 1.2723 – – (0, 4.7) – –
𝜏

𝜏

t

interested in investigating the behaviour over time of our solutions
in order to find out, starting from suitable initial conditions, whether
they tend to the corresponding stationary one or not. First we focus
on the case of prescribed shear stress. With regard to the values of
the involved parameters, we take 𝑛 = −0.7, 𝛽 = 0.01, 𝛼 = 0.8,
Re = 1, 𝜏0 = 1.15, wherein 𝑛, 𝛽 and 𝜏0 fulfil conditions (3) and (14).
We note that even if we change the value of 𝑛, the stability results
remain unchanged. Indeed, in Table 1 we display the values of the
olutions 𝑢𝑦,1, 𝑢𝑦,2, 𝑢𝑦,3 and their corresponding basins of attraction for
= −0.9,−0.8,−0.7,−0.5,−0.4 (while the other parameters are fixed),

ncluding both the case of non-monotone and monotone model.
First we assume a stress-free configuration as initial condition for

ystem (19), namely we suppose that the flow is not subject to any
deformation at time 𝑡 = 0 (i.e. 𝑢𝑦(𝑡 = 0) = 0). In Fig. 6 we display the
resulting plots of the longitudinal velocity 𝑢(𝑦, 𝑡) as a function of 𝑦 for
different time values and for 𝑥 = 0.5. It is evident that the problem
can be seen as a one-dimensional problem since the evolution of the
transversal velocity 𝑣 is almost nonexistent and, consequently, by using
the constraint of incompressibility, 𝑢 can be considered a function of
the sole 𝑦 as spatial variable and of time 𝑡. The non-dependence on 𝑥
is evident from the plots corresponding to other values of 𝑥, where the
resulting figures are identical. In Fig. 6, we can notice that, for short
times, the velocity varies non-linearly with 𝑦, while, considering further
times, 𝑢 becomes a linear function of 𝑦, as it tends to the steady solution
of the form 𝑢𝑠𝑡𝑒𝑎𝑑 𝑦 = 𝑢𝑦,1 𝑦, where 𝑢𝑦,1 = 1.45414 is the first solution
determined in Section 3.1. Then, we assume to have a deformation at
ime 𝑡 = 0 placed on the right hand side of 𝑢𝑦,1 on the flow curve before

the local maximum (𝑢𝑦,𝑀 , 𝑓𝑀 ), i.e. 𝑢𝑦(𝑡 = 0) = 2.3. The plots of the
corresponding solution are shown in Fig. 7, from which we can see
hat the longitudinal velocity tends to the basic solution in this case,

but 𝑢 has essentially the same behaviour as before. More precisely, we
find that if the initial perturbation is such that 𝑢𝑦(𝑡 = 0) is in (0, 2.4),
then it converges to the steady flow, while outside of this range the
code does not converge. Therefore, we can infer that, starting from
a configuration (𝜏 , 𝛾̇) belonging to the first ascending branch of the
constitutive law with 𝛾̇ in the range (0, 1.2) (using (10)), the longitudinal
elocity tends to the stationary solution of the corresponding branch,
nd so this confirms the fact that it is unconditionally linearly stable.
ow, we study the behaviour in the vicinity of the third basic solution.

To this aim, we suppose to start from an initial state with 𝑢𝑦(𝑡 = 0) = 50
close to the steady solution 𝑢𝑦,3 = 51.1502 on the second ascending
branch. To avoid convergence issues, the initial configuration has to be
such that 𝑢𝑦(𝑡 = 0) is in the range (50, 52.5). In Fig. 8 we display the plots
of the corresponding velocity for time 𝑡 = 1, 15 (for admissible initial
deformations on the right side of 𝑢𝑦,3 there is no difference in the plots).
From Fig. 8 we can infer that the third solution found in Section 3.1 is
stable too, but only in the case of small perturbations, more precisely
for 𝛾̇ in (25, 26.25). Thus, the result of linear stability determined in [9]
s confirmed, since our numerical solution tends to the steady one,
ut its basin of attraction is very small. Finally, regarding the solution
𝑦,2 = 17.1281 belonging to the descending branch, assuming any point
etween the local maximum and minimum as initial condition, we are
ot able to obtain the corresponding stationary solution even if we start
rom a perturbation with 𝑢𝑦(𝑡 = 0) = 17.128. This is due to the fact that
6

𝑦,2 is (linearly) unconditionally unstable.
Fig. 6. Plot of 𝑢(𝑦, 𝑡) for 𝑡 = 1, 2, 3, 5, 8, 15, 𝑥 = 0.5, 𝑛 = −0.7, 𝛽 = 0.01, 𝛼 = 0.8, Re = 1,
0 = 1.15 with 𝑢𝑦(𝑡 = 0) = 0.

Fig. 7. Plot of 𝑢(𝑦, 𝑡) for 𝑡 = 1, 2, 3, 5, 8, 15, 𝑥 = 0.5, 𝑛 = −0.7, 𝛽 = 0.01, 𝛼 = 0.8, Re = 1,
0 = 1.15 with 𝑢𝑦(𝑡 = 0) = 2.3.

Regarding the case of the other boundary conditions, we perform
he same analysis for the three different solutions 𝑢𝑦,1 = 1.74991, 𝑢𝑦,2 =
10.5968, 𝑢𝑦,3 = 70.9461 found in Section 3.2. For the involved parame-
ters, we take 𝑛 = −0.7, 𝛽 = 0.01, 𝛼 = 0.8, Re = 1, 𝑢0 = 3.5, wherein 𝑛,
𝛽 and 𝑢0 fulfil conditions (3) and (17). In Figs. 9, 10, 11, we display
the plots of 𝑢 starting from an initial perturbation with 𝑢𝑦(𝑡 = 0) = 0,
𝑢𝑦(𝑡 = 0) = 2.5 and 𝑢𝑦(𝑡 = 0) = 69.5 respectively.

The basins of attraction of 𝑢𝑦,1 = 1.74991 and 𝑢𝑦,3 = 70.9461 are
(0, 2.5) and (69.5, 72.5) (expressed in terms of 𝑢𝑦(𝑡 = 0), or equivalently in
terms of 𝛾̇ (0, 1.25) and (34.75, 36.25)) respectively. On the other hand, if
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Fig. 8. Plot of 𝑢(𝑦, 𝑡) for 𝑡 = 1, 15, 𝑥 = 0.5, 𝑛 = −0.7, 𝛽 = 0.01, 𝛼 = 0.8, Re = 1, 𝜏0 = 1.15
ith 𝑢𝑦(𝑡 = 0) = 50.

Fig. 9. Plot of 𝑢(𝑦, 𝑡) for 𝑡 = 1, 2, 3, 5, 8, 15, 𝑥 = 0.5, 𝑛 = −0.7, 𝛽 = 0.01, 𝛼 = 0.8, Re = 1,
𝑢0 = 3.5 with 𝑢𝑦(𝑡 = 0) = 0.

we consider 𝑢𝑦,2 = 10.5968, the code does not converge even if we start
rom the solution itself. Therefore, we can draw the same conclusions
s before, since there is no difference with respect to the behaviours
ound under the hypothesis of Neumann boundary conditions.

5.2. Monotone case

Now we repeat the simulations assuming a monotone relation be-
tween stress and strain rate under the hypothesis of prescribed shear
stress imposed on the top surface. With regard to the values of the
involved parameters, we take 𝑛 = −0.5, 𝛽 = 0.1, 𝛼 = 0.8, Re = 1,
𝜏0 = 3. The single solution to investigate is 𝑢𝑦,1 = 8.39301 found in
Section 3.3. In Figs. 12 and 13 we display the plots of 𝑢 starting from a
tress free configuration (i.e. 𝑢𝑦(𝑡 = 0) = 0) and from a point placed on
he right side of 𝑢𝑦,1 (i.e. 𝑢𝑦(𝑡 = 0) = 15) respectively. As we expected,
he behaviour is very similar to the one of the solution on the first
scending branch in Section 5.1. In particular we can notice that our
umerical solutions tend to the stationary one after sufficiently long
ime. Thanks to the monotonicity of the model, the basin of attraction
7

Fig. 10. Plot of 𝑢(𝑦, 𝑡) for 𝑡 = 1, 2, 3, 5, 8, 15, 𝑥 = 0.5, 𝑛 = −0.7, 𝛽 = 0.01, 𝛼 = 0.8, Re = 1,
0 = 3.5 with 𝑢𝑦(𝑡 = 0) = 2.5.

Fig. 11. Plot of 𝑢(𝑦, 𝑡) for 𝑡 = 1, 15, 𝑥 = 0.5, 𝑛 = −0.7, 𝛽 = 0.01, 𝛼 = 0.8, Re = 1, 𝑢0 = 3.5
ith 𝑢𝑦(𝑡 = 0) = 69.5.

of 𝑢𝑦,1, which is (0,15) expressed in terms of 𝑢𝑦(𝑡 = 0), is greater than
the one of the non-monotone law. Thus, we confirm that the state
olution 𝑢𝑦,1 is linear unconditionally stable in the monotone case too
as proved in [9]).

6. Conclusions

We have investigated an unsteady Couette flow driven by a pre-
cribed shear stress or a prescribed longitudinal velocity imposed on the
op surface, considering a class of fluids described by a non-monotone
onstitutive equation. Selecting proper values for the involved parame-
ers, the corresponding stress vs strain-rate relation is a non-monotone
unction. The main motivation of this study is to confirm numerically
he findings of [9], in which the authors proved that, in the case of

multiple basic solutions, the stable ones are those corresponding to the
ascending branches of the flow curve.

In the 1D steady case, both under the hypothesis of Neumann and
Dirichlet boundary conditions, we have recovered three basic steady-
tate solutions as provided by Calusi et al. [9]. Regarding the 2D

unsteady case, both problems have been reduced to an initial and
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Fig. 12. Plot of 𝑢(𝑦, 𝑡) for 𝑡 = 5, 10, 20, 30, 40, 50, 𝑥 = 0.5, 𝑛 = −0.5, 𝛽 = 0.1, 𝛼 = 0.8,
e = 1, 𝜏0 = 3 with 𝑢𝑦(𝑡 = 0) = 0.

Fig. 13. Plot of 𝑢(𝑦, 𝑡) for 𝑡 = 5, 10, 20, 30, 40, 50, 𝑥 = 0.5, 𝑛 = −0.5, 𝛽 = 0.1, 𝛼 = 0.8,
e = 1, 𝜏0 = 3 with 𝑢𝑦(𝑡 = 0) = 15.

boundary value problem that we have solved by means of Crank–
icolson method combined with spectral collocation method. Starting

rom various initial conditions in each of the two cases, we have
studied the behaviour of the numerical solutions and we have con-
irmed numerically the linear stability analysis performed in [9]. In

particular, regardless of the type of boundary conditions, the two basic
solutions belonging to the ascending branches of the constitutive law
are unconditionally linearly stable, while the one on the descending
branch is linearly unstable. Moreover, the basin of attraction of the
second stable solution is much smaller than the one of the first. The
inal result is consistent with the analysis presented in [9]. Specifically,

the stability analysis in [9] is linear, implying that the perturbations
re small. Consequently, to verify the convergence of the numerical
olution, we must start from an initial configuration that is sufficiently
lose to the stationary solution. In this work, we have shown that
f the initial state lies on the first ascending branch – though not
ecessarily close to the stationary solution – the numerical solution
till converges to the stationary state. This suggests that the solution
s ‘‘more’’ than linearly stable on the first ascending branch. However,
his is not true for the second ascending branch, where the initial state
8

must be very close to the stationary solution for convergence to occur.
Finally, in the descending branch, even when starting exactly at the
stationary solution, the numerical solution diverges, indicating that
the system is unconditionally unstable. We have considered also the
case of a monotone constitutive law, selecting different values for the
nvolved parameters. We have found the existence of a single steady

solution. It has the same behaviour of the state solution on the first
ascending branch in the non-monotone model, meaning that it is linear
unconditionally stable and maybe ‘‘more’’ than linearly thanks to the
amplitude of its basin of attraction. In conclusion, this work seems to
indicate that in the non-monotone case (1) the first ascending branch
is nonlinearly stable, (2) the descending branch is unconditionally
unstable, (3) the second ascending branch is only linearly stable. Of
course, point (1) and the possible ‘‘more than linear’’ stability of the
single solution in the monotone case are just guesses that must be
confirmed by a rigorous nonlinear stability analysis.
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