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In this paper, we provide a unifying theory concerning the convergence properties of the
so-called max-product sampling Kantorovich operators based upon generalized kernels in the
setting of Orlicz spaces. The approximation of functions defined on both bounded intervals and
on the whole real axis has been considered. Here, under suitable assumptions on the kernels,
considered in order to define the operators, we are able to establish a modular convergence
theorem for these sampling-type operators. As a direct consequence of the main theorem of

Orlicz spaces
Modular convergence
Luxemburg norm
IP-convergence

this paper, we obtain that the involved operators can be successfully used for approximation
processes in a wide variety of functional spaces, including the well-known interpolation and
exponential spaces. This makes the Kantorovich variant of max-product sampling operators
suitable for reconstructing not necessarily continuous functions (signals) belonging to a wide
range of functional spaces. Finally, several examples of Orlicz spaces and of kernels for which
the above theory can be applied, are presented.

1. Introduction

In view of their many applications in signal and image processing, sampling-type operators represent one of the most challenging
topics in Approximation Theory. Beginning in the first half of the 1900s with the classical sampling theorem (see, e.g., [1,2]), with
the major contributions of Whittaker, Kotelnikov and Shannon, their possible use for signal reconstruction or approximation have
attracted strong interest in the scientific community. Since the required assumptions on the signal to be approximated limit its
applicability to solving real-world problems, possible approximate versions of the above theorem have been studied since the 1960s. A
first rigorous theory in this direction has been developed by the German mathematician P. L. Butzer and his school in Aachen with the
introduction of the so-called generalized sampling operators (series) which are characterized by good approximating properties (see,
e.g., [3-8]). In the following years, many authors have been concerned with the study of alternative versions of the above operators
acting in a wide variety of functional spaces. Recently, in many papers (see, e.g., [9-12]), the max-product approach applied to
several approximation operators has been studied by Coroianu and Gal. More in detail, by replacing in the definition of the discrete
approximation operators the series (or sum in the case of finite terms) by the symbol \/, denoting the supremum (or maximum,
in the finite case) of a given set of real numbers, it is possible to obtain the nonlinear (more precisely, sub-additive) version of
any family of linear operators. In addition to preserving the approximation capability of the corresponding linear counterparts,
max-product operators often return better orders of approximation (for more details, see, e.g., [13-15] or Remark 5.1 of Section 5).
For this reason the max-product method is widely used for applications to various theoretical fields of Approximation Theory,
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such as function approximation (see, e.g., [16-20]), theory of neural networks (see, e.g., [21,22]) and also fuzzy sets theory (see,
e.g., [23,24]). Within the framework of sampling theory, in [25], the authors introduced the max-product version of sampling
Kantorovich operators based on generalized kernels for the approximation of univariate signals defined on both bounded intervals
and on the whole real axis. We recall here that the linear version of the sampling Kantorovich operators (series) have been introduced
and studied by Bardaro et al. [26] in univariate form, where approximation results in Orlicz spaces have been established. In the
case of a uniform sampling-scheme, these series are defined (in the univariate setting) as follows:

(k+1)/w
SE(f) ) := z 2(wx — k) [w/ J10) dt] , x€R, w>0,
keZ k/w

where f : R — R is a locally integrable function (signal) such that the above series is convergent for every x € R. Here, y : R > R
is a kernel function satisfying the usual conditions of the discrete approximate identities (see, e.g., [27,28]). It is well known that, in
view of their averaged nature, sampling operators of Kantorovich-type represent a useful tool to obtain an approximate version of
the celebrated Whittaker—Kotelnikov—Shannon sampling theorem, proving particularly suitable for the reconstruction of signals that
are not necessarily continuous (see, e.g., [26,29-32]). In general, Kantorovich-variants of sampling operators have been extensively
studied in the last fifteen years from both a theoretical and applied point of view, returning a wide variety of applications to image
processing in several fields, such as biomedical and engineering (see, e.g., [33-371).

As mentioned above, sampling Kantorovich operators of max-product type have been introduced by Coroianu et al. [25] and
they are formally expressed by:

(k+1)/n
\/ 2(nx — k) |:n / £ a't]

keZ k/n

\ xnx =) ’

keZ

K (f)x) = xeR, (I

where f : R —» R is a locally integrable function and y : R — R is a generalized kernel satisfying suitable assumptions. We will
also consider in the paper the above operators K/ in the case of f : [a,b] — R. By adopting the so-called moment-type approach
in its max-product variant, obtained by replacing the series (or the sum in the case of bounded intervals) in the usual definition
of the discrete absolute moments of a given kernel by the sup (or the max) (see, e.g., [3]), it has been possible to investigate the
approximation properties of max-product sampling Kantorovich operators (I) in several functional spaces, including the L?-spaces,
1 < p < +o0, and spaces of continuous functions. In both cases, qualitative and quantitative convergence properties have been
obtained. In order to prove these results, unlike the corresponding linear counterpart, it is not necessary to assume that y is an
approximate identity. Indeed, the theory developed in [25] still holds if we consider measurable and bounded kernels with in
addition a finiteness assumption on the so-called generalized absolute moment for a given order g > 0.

The goal of this paper is to show that, keeping these assumptions on y, we can extend the results proved in [25,38,39] in a
twofold sense, on the one hand considering kernels not necessarily having compact support or generated by sigmoidal functions
(as, e.g., in [9]) and on the other hand approximating functions which belong to the Orlicz space L? generated by a convex ¢-
function. As it is well-known from the literature (see, e.g., [40,41]), these general spaces include the usual L?-spaces and several
other well-known functional spaces, such as the interpolation and the exponential spaces. In particular, we will prove a converge
result for sequences of max-product sampling Kantorovich operators (I) with respect to the most natural notion of convergence
which can be defined in L?, i.e., the so-called modular convergence. To reach this, after recalling in Section 2 the definition of the
involved operators and all the auxiliary results used in this paper, we will establish a modular inequality for the same family of
non-linear operators. Next, as often happens in the case of approximation processes in Orlicz spaces (whose theory is briefly recalled
in Section 3), we will need to investigate the modular convergence for continuous functions on compact intervals (or continuous
functions with compact support if f is defined on R) so that a density approach can be applied, exploiting the closure of C}(R)
on L%(R) with respect to the modular topology. In this way, the main theorem of the present paper given in Section 4 follows. In
Section 5, we will consider some particular cases of Orlicz spaces, obtaining the convergence results with respect to the L’-norm,
already proved in [25]. Then, we will provide several examples of kernels for which the above theory can be applied, together with
the corresponding graphical representations.

2. Preliminary results and notations

From now on, in the whole paper, by the notation f : 2 — R we will denote real-valued functions defined on 2 CR. If Q2 is a
compact interval [a, b], then C(£2) denotes the set of all continuous functions defined on (2, while in the case of 2 = R, C(£2) denotes
the set of all uniformly continuous and bounded functions defined on Q. In both cases, C(£2) is a normed linear space with the usual
sup-norm, that we will denote by || - ||,. Moreover, let us denote by C*(Q2) the subspace of C(£) of the non-negative functions and
by C}(£2) c C*(Q) the subspace whose elements have compact support.

Now, we recall that the symbol \/, in the literature (see, e.g., [10,11,14,18,19,42,43]), denotes the supremum of any set of real
numbers {A, : k € J} with respect to a given J C Z set of indexes, i.e.,

\/ Ay :==sup (A, eR ke T}
keJ

Obviously, if J has finite cardinality, the supremum reduces to a maximum. As we will see later, the above definition is crucial in
order to define the type of sampling operators that we will study in this paper in the general context of Orlicz spaces. Such operators
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have been firstly introduced and studied in [25], where the approximation of (non-negative) continuous and L”-integrable functions
has been considered.

In order to recall the definition of the above-mentioned operators, we firstly give the notion of generalized kernels, i.e., any
bounded and measurable function y : R — R such that the following properties are satisfied:

(x;) the generalized absolute moment of order f of y is finite for some g >0, i.e.,

mp(z) = sup \/ 12 = )] - [x = kP = sup [z [y < +oo;
x€R ;7 yeR

(x,) For a suitable positive constant a, > 0, we have:

inf =: >0, if Q =1a,b],
Xel[rlmx(X) a, i [a, b]

or (1)

xe[—llr}g,l/Z] x(x)=ta, >0, if 2 =R.

Conditions (y;) and ( ;(é) have been firstly introduced in [44] in order to establish a pointwise and uniform convergence result and
quantitative estimates for generalized sampling operators of max-product type. Similarly to above, as it was shown in [25], keeping
the same assumptions on y, generates similar convergence properties for the max-product sampling operators of Kantorovich-type,
with respect to both the norm || - ||, and the usual LP-norm || - ||, I < p < +o0, except for the bounded case 2 = [a, b], where it is
necessary to replace condition (y;) with the slightly stronger assumption (,).

In Section 4, we will prove that, considering kernels of the same type, it is possible to provide an extension of the results obtained
in [25] in the general framework of Orlicz spaces generated by convex ¢-functions, which include the L?-spaces as some special
instances.

We recall here some useful results concerning the kernel y in the max-product setting.

Lemma 2.1. Let y : R —» R be a bounded function such that y(x) = O(|x|~%), as |x| = +oo, for some a > 0. Then it turns out that:

mg(y) < +oo,

for every 0 < p < a.

Lemma 2.2. Let y : R — R be a bounded function which satisfies (y,) for some g > 0. Then there holds:
m,(y) < 400,

for every 0 < v < p. In particular, we have my(x) < || 7|l -

Lemma 2.3. Let y : R — R be a given function which satisfies condition (x,). Then the following inequality:

\/ xtnx—k)>a, >0, e}
kEZ
holds for all x € R and for every n € N.
In addition, let [a, b] be a compact interval. If y satisfies assumption (y,), then for all x € [a, b] there holds:

V x(nx—k)=a, >0, (2)
ke,
for every n € N sufficiently large, where J, := {k € Z : [na] < k < |nb| — 1}. Here, [-] and |-] denote respectively, the “ceiling” and the
“integer part” of a given number. Finally, a,, is the constant from condition (y,) and (x,), respectively.

Proof. We prove only the case 2 = [a, b] since the proof of (1) is similar. Let x € [a, b] and n € N be fixed. Then there exists at least
a k € J, such that |nx — k| < 2, so by using (y,) we immediately get:

\ xix =k > xnx -k >a,. O
ked,

Remark 2.1. As noted in [25] too, it is possible to weaken the assumptions on the kernel y by directly assuming that both
the inequalities (1) and (2) hold, together with condition (y,), instead of conditions (y,) and ( ;(é). Indeed, in this setting, the
approximation results which we will prove in this paper still hold. It follows that we can also consider kernels which are not
necessarily bounded from below by a strictly positive constant on [—1/2,1/2] or [-2,2].

We are now able to recall the definition of the operators considered in this paper. In the following definition J, = Z, if 2 = R
and J, ={k€Z: [na] <k < |nb] -1}, if 2 =1a,b].
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Definition 2.1. Let y : R — R be a fixed generalized kernel. We define the family of max-product sampling Kantorovich operators
(K{),en based upon y as follows:

(k+1)/n
\/ xnx—k) [n/ 1@ dt]

4 ked, k/n
Ki()x) = , XELQ,

\/ x(nx—k)

kEJ,

where f : Q — R is a locally integrable function.

From now on, in the whole paper, we will always assume that the kernel y satisfies () and (x,) or ( ;(é) for Q =[a,b] and 2 = R,
respectively. Therefore, since in this setting Lemma 2.3 holds, we always have \/ . g, X(nx —k) >0, for all x € Q. Moreover, it is
easy to see that K7 (f) is well-defined, for example, if f is bounded. Indeed, in this case, by Lemma 2.2, we have:

|KF ()] < ”f”°° —=my(y) < +o0, 3)

for every x € Q.
We summarize some important proprieties for K7 in the following lemma.

Lemma 2.4 ([25], Lemma 2.6). Let y be a fixed generalized kernel. Let f, g : 2 — [0,+c0) be non-negative and bounded functions on
Q. The following properties hold for all n € N:

@ if f < g, then K} (f) < K[ (g)

(i) Kf(f +g) < KL(f)+ K[ (g), ie, K is sub-additive;

(i) |K¥(f)— KX (@l < KE(If - gl)

(iv) KF(Af) = AK¥ (f) for each A > 0, i.e., K} is positive homogeneous.

Let us now recall the following convergence theorem for the operators (K;),cy in the classical setting, i.e., pointwise and uniform
convergence in spaces of continuous functions.

Theorem 2.1 ([25], Theorem 3.1). Let y be a given generalized kernel. Let f : 2 — [0,+co0) be a non-negative and bounded function,
continuous at x € Q. Then

nEIJpW KX(f)(x) = f(x).
In addition, if f € C*T(Q), then
ngffm IKZ() = fllo =

Now, at the end of this section, we recall the statement of the well-known Vitali convergence theorem, that will be very useful
later.

Theorem 2.2 (Vitali Convergence Theorem). Let (f,,),»o be a net of functions in L”(£2, X, u), with 1 < p < +o0, and where 2 is a measure
space, X is a o-algebra, and u is a non-negative complete measure.
The net (f,,),,>0 converges to f in LP(£2) if and only if the following properties are satisfied:

(i) (fw)wso converges in measure to f;

(ii) for every € > 0, there exists a set E, € X with u(E,) < +oo for which, for every F € X with F n E, = (}, we have:

/lfwlp du < P, for every w > 0;
F

(iii) (fu)wso have equi-absolutely continuous integrals, i.e., for every € > 0, there exists 6(¢) > 0 such that for every E € X with u(E) < 6(¢),
we have:

/Ifwlp du < &P, for every w> 0.
E

3. The Orlicz spaces

In this section, we recall some basic notions concerning Orlicz spaces, which have been introduced by the Polish mathematician
W. Orlicz as a natural extension of Lebesgue spaces (see, e.g., [41,45,46]). Let us denote by M (2) the set of all (Lebesgue-)measurable
real functions defined on £, where Q2 can be (again) a bounded interval or the whole real axis.
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In what follows, we consider a function ¢ : ]R(’)' - ]RO+ which satisfies the following assumptions:
(1) ¢(0) =0, p(u) > 0 for every u > 0;
(¢2) @ is continuous and non-decreasing on R*;
(®3) lim,_, | , (1) = +o0.

One can call this function as g-function. For a fixed g-function ¢, it is possible to define the functional I? : M(Q) — [0,+co] as
follows:

17[f]:= / p(l7(N) dx, [ € M(R).
Q
As it is well known, I? is a modular functional on M (£2). Now, we can introduce the Orlicz space generated by ¢ as the set:
L?(Q2)={f € M(2) : 3 4> 0 such that I?[Af] < +oc0}.

From the literature, if ¢ is convex, it turns out that L?(£) is a normed linear space with norm || -
norm, and it is defined by:

Ily> that is known as Luxemburg

Ifll, ==inf{A>0: I?[f/A1< 1}, f€LPCQ).
An important and useful subspace of L?(Q) is
E?(Q) :={f e M(Q) : I?[Af] < 400, for every 1> 0},

i.e., the so-called space of all finite elements of L?(£2). In general, E?(£2) is a proper subspace of L?(£2) but these two spaces coincide
if and only if the inequality:

@Qu) < Mo@), u€RF,

holds for some M > 0. This condition on ¢ is known in the literature as the 4,-condition.

Examples of ¢-functions for which the 4,-condition is satisfied are ¢(u) = u”, 1 < p < 40, Or Qo p) =u® log” (u+e), for a > 1 and
# > 0, which generate the usual L?-spaces and the well-known interpolation spaces L% log? L(£2), respectively. On the other hand,
it is easy to prove that, for example, for ¢, ) = e’ —1,y >0, the A,-condition is not fulfilled. Hence, each of the corresponding
Orlicz spaces L?r(£2), known as the exponential spaces, properly contains its subspace of the finite elements E?r (£2).

Now, we recall that it is possible to introduce in L?(2) a natural notion of convergence based on the definition of the modular
functional I, i.e., the so-called modular convergence. From now on, we will say that a net of functions (f,,),,-o C L?(£2) is modularly
convergent to a function f € L?(Q2) if:

lim I°[A(f, - f)] =0,

w—+00
for some 4 > 0. Moreover, the Luxemburg norm |- ||, defines itself a notion of convergence in L?(£2) which is called the (Luxemburg)
norm-convergence. Namely, a net of functions (f,,),,»0 C L?(£2) is said norm convergent to a function f € L#(Q), i.e., || f,,— fll, = 0
for w — +oo, if:

Jim (Al = )] =0
for every 4 > 0. From the above definitions, it is clear that the Luxemburg norm convergence is stronger than the modular
convergence. Further, it is possible to prove that, assuming that ¢ satisfies the 4,-condition, these two notions of convergence
are equivalent. Moreover, the vice versa also holds.

Moreover, in order to reach the purpose of this paper, we need to recall the following density properties of the Orlicz spaces.
Namely, it is easy to see that C([a, b]) C L?([a,b]) and C.(R) C L?(R), and moreover, it turns out that C([a, b]) and C,(R) are dense
in L?([a, b]) and L?(R), respectively, with respect to the topology induced by the modular convergence. Similarly to above, we can
prove that C*([a,b]) and C}(R) are modularly dense in Lf(Q), with Q = [a,b] or 2 = R, respectively, where Lf(Q) denotes the
subspace of L?(£2) of the non-negative functions.

For further results and details concerning the Orlicz spaces, one can see, e.g., [40,47-50].

Finally, before to consider the operators (K/),cy in the Orlicz spaces, we need to establish the following proposition in which
the max-product symbol \/ is related to the ¢-function ¢.

Proposition 3.1. Let ¢ be a ¢-function. Then the following inequality:

q)<\/ Ak> <V o(24y).

keJ keJ
holds for any set of indexes J CZ, and A, >0, k€ J.
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Proof. If J is finite, it is easy to observe that the following equality:

(p(\/Ak): \ oA,

keJ keJ

holds, since ¢ is non-decreasing. Thus, the above inequality is obvious. Now, let us consider the case J = Z (if J is any infinite
set, the proof is similar). Without loss of generality, we can assume that \/,_, A, > 0, otherwise the proof becomes trivial. From
the definition of the symbol \/, taking & = % V rez Ax it follows that there exists k € Z such that % V ez Ar < Ay Therefore, by the
monotonicity of ¢, we can write what follows:

(p<\/ Ak> <¢<Ak+ \/Ak> <gap <\ o(24,). O

keZ keZ keZ

4. Convergence results in Orlicz spaces

In this section, we study the convergence properties of the max-product sampling Kantorovich operators in the general setting
of Orlicz spaces.
First of all, we need to prove an inequality for these non-linear operators with respect to the modular functional I?. We will
see that such inequality is crucial in order to prove the desired modular convergence result for the family (K7),cy in L?(R2), with
=[a,b] or 2 =R.
In all that follows in this section, if otherwise not stated, the ¢-function ¢ will be convex and the kernel y from the definition
of K7 will belong to L'(R).

Theorem 4.1. For every f, g € Lf(Q) and A > 0, it turns out that:

I°[A(KX () - KF(®)] < LI [Mzg(f_g)] ,

m) | a

for n € N sufficiently large.

Proof. By the property (iii) of the operator K} established in Lemma 2.4 and the inequalities of Lemma 2.3, we can write what
follows for sufficiently large n € N:

I7[A(KY () = K¥ ()] =/Q(p(/1|l<,j‘(f)(x)—K,j‘(g)(x)l) dxs/g(p(m,qu—gnu)) dx

(k+1)/n
< /o ( \/I;((nx—k)l[ [ -0l dt]) dx
Q % keg k/n

Now, from Proposition 3.1, we immediately get that:

¢<\/ Ak> <\ o(24y). @

keJ keg

for any set of indexes .7, and A, >0, k € J. Thus, by using (4) with A, := fl;((nx — k)| [n k(/k:])/"lf(t) - g dt], the convexity of

@ with the fact that | y(nx — k)| < my(y), for every k € J,, and the Jensen inéquality (see, e.g., [51]), we obtain:

2 (k+1)/n
I"’[A(K,{’(f)—K,{(g))]s/ V o 25 lrtnx = k) "/k/ If@ =gl dr| ) dx

Q keJ, X n

_ (k+1)/n
s/ \/ - bl w(sz’ma [n/ 17 - g0 er dx
2 reg, my(x) a, k/n
_ (k+l)/n
< [axq BB [ (2202050 - 401 ) ar
Q ke, my(x) k/n a,

[ (k+1)/n )
< (mo(z))™! / n Y |xnx = ko)l / ( 0(”)A|f(t>—g<z)|> di| dx
Q

L k€J, X

Now, it is easy to observe that in the case £2 = R we can use the Fubini-Tonelli theorem in order to interchange the integral with
the series in the above computations. Thus, we get:

(k+1)/n O(J{)
(7

ay

IP[A(KZ () = KF(@)] < (mo(x)™! / > Lxtnx = k)| Af@ - g<z>|> dx
Q| keg,
- 5)

(k+1)/n

~m ¥ [ (2 0(”)A|f(r)—g(z>|> ([ o - o ax
keJ, L kin Q
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Moreover, for every k € J,, by using the change of variable y = nx — k, we have:

/ nlnx — k)| dx < /I;((y)l dy=lirlh.
Q R

Hence, using this result in (5), we finally obtain:

X X 1 (kﬂ)/" 0()()
17[A(KZ(f) = KZ(@)] < oG~ lxlly Y, o L2210 - g)]
keJ,
< <p< mo()()/llf(t)—g(tﬂ)
mo(x) a,
_ [momwf g)]
mo(x) v

for every n € N sufficiently large. This completes the proof. []

Now, in order to establish a modular convergence theorem for the max-product sampling Kantorovich operators in Lf(.Q), we
need to test the (Luxemburg) norm-convergence in case of functions belonging to C*(£2), when Q2 = [a, b], and in case of functions
f € CH(Q), when Q = R. Hence, we can give the proof of the following.

Theorem 4.2. Let f € CT(2), Q = [a, b], be fixed. Then for every i > 0, it turns out that:

lim I1?[A(KZ(f) = f)] =0.

n—+

In addition, in case of f € C}(L), with 2 =R, we also have:
Jim 12 [4(KZ(5) = £)] =0,
for every 4> 0.

Proof. Let us begin by considering the case 2 = [a, b]. First of all, it is easy to see that K} (f) belongs to E?([a, b]) C L?([a, b]), for
every n € N sufficiently large. In fact, for every A > 0, by using (2) and the inequality established in Proposition 3.1, we have:

b b (k+1)/n
I"’[AK{(f)]=/ rp(/llK{(f)(x)I)de/ < \/I;((nx—k)l[ // 0) dt]) dx

a X keg, n

b 1 (k+1)/n A
S/ \/ | 2—|x(nx — k)| n/ f(0) dt dXS(ﬂ<2—||f||°o||x||oo> (b—a) < +oo,
a reg, a4y k/n y

for every n € N sufficiently large. Now, let ¢ > 0 be fixed. Thus, for every fixed 4 > 0, since the ¢-function ¢ is convex and
Theorem 2.1 holds, it follows that:

b b
1¢[A(K5(f>—f)]=/ rp(/llK,{(f)(x)—f(X)l)de/ P(AKZ(f) = fll) dx

b
< / @(Ae) dx <€ p(A)(b - a),

for n € N sufficiently large. Thus, by the arbitrariness of ¢ > 0 we get the thesis.
Now, we can consider the case 2 = R. Let y and ¥ be two positive constants such that supp f C [-¥,7] and y > ¥ + 1. Thus,
whenever k/n & [-y,7], n € N, we have [k/n,(k+ 1)/n]n[-7,7] = @ and therefore:

(k+1)/n
/ F@) dt =0

k/n

Now, we can prove that K7 (f) € E®(R) C L?(R), for every n € N. Indeed, for every A > 0, we can write what follows:

(k+1)/n
\/ x(nx—kon / @) dt
keg! kfn
e[k ()] = /R P(IKX () dx = /R 0|4 dx,

\/ x(nx— ko)

kEZ
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where J! :={k € Z : |k/n| < y}. Hence, by inequalities (1), and Proposition 3.1, and by using the convexity of ¢ with the fact that

|x(nx — k)| < |l ¥l for every k € J!, we obtain for every 4 > 0:

2 (k+1)/n
/co(ﬂlK,,*(f)(x)l) dxs/«p =V )((nx—k)n/ £ di| | dx
R R a k/

1 \keg? n
2 (k+1)/n
5/ \/ @ 2—I)((nx—k)|n/ (0 dt ) dx
Rke]’ly al k/n
(nx — k A (k+1)/n
S/ V et 5] )l(ﬂ(Z—llxllwn/ f@0dt) dx
Ry Ml a, o
(nx — k) i
< [\ et <2—|If||oo||}(||w> dx
S TR NS

A

_ A
<lxlle (2—||f||oo||)(||w> > [ lxtnx k)| dx
a R
4 keg)

_ - A
=nlxle <2a—||f||m||x||m) > iy
4 keg!
p—— -1 zi . L
= lxllge (2 -1 ol lleo 2y - L < oo,
x
where in the last integral, we made the change of variable y = nx — k and L < 2ny + 1 represents the number of terms in the above

finite sum.

Now, the goal of the last part of the proof is to prove that:
lim I?[A(K¥(f) = f)] = lim /rp(/llK,{(f)(X)—f(x)l) dx =0,
n—+o0o n—-+oo R

for every 4 > 0, which is equivalent to proving that the family (@(A|K7(f) - f |))n <y converges to zero with respect to the L'-norm,
for every A > 0. In order to establish this, we will exploit the Vitali convergence theorem (see Theorem 2.2). Let A > 0 be fixed.

First, by Theorem 2.1 and the properties of ¢, we have that for every ¢ > 0 there exists i € N sufficiently large such that:
P(AUKX () = FOI) < (UKL = fllo) L&

for every n > i and for all x € R. Therefore,
{x € R : @(A|KF(Hx) = f(x)]) > e}l = 6] =0,

for every n > 7, where |-| denotes the (Lebesgue) measure of the corresponding set. Hence, we proved that the family (go(AlK,‘,’ f)-
f |))n < converges in measure to zero (i.e., (i) of Theorem 2.2 is satisfied).

Now, let € > 0 be fixed. Since y is absolutely integrable, it is easy to prove that corresponding to

&
e i e ’

0 <2i||f||m||x||w> Qr+1)
a,

there exists a constant M > 0 (we can assume M > ¥), such that

n/ |x(nx — k)| dx < T(e),
|x|>M
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for every k € [—yn,yn], n € N. Hence, proceeding as in the previous estimates, we have:

1 (k+1)/n
/ co(/llK,f(f)(x)l)dxs/ \ o 2—I)((nx—k)|n/ f@dt) dx
|x|>M |x|>M reg! a, k/n

(nx — k) A (k+1)/n
5/ \/ =, 2—|I;(||<x,n/ £ dr ) dx
oM e Ml a, k/n
| x(nx — k)| A
<[ EEER (2R il e )
=M oy ¥l a,

_ - A
<n 1||x||o;rp(2—||f||m||z||oo> > n/ (nx — k)| dx
a, |x|>M

keJ)

—1 -1 A
<n Ilelm(p<2Z||f||wll)(lloo> Y Tee)

ke,
_ A
<lxlle <2a—||f||°o||)(||oo) Qr+DT() =,
'

where the last estimate follows from the fact that the sum in the previous inequality consists of at most 2ny + 1 terms, corresponding
to the number of intervals [k/n, (k + 1)/n], n € N, having non-empty intersection with [-7,7]. Therefore, we proved that for every
& > 0 there exists a set E, := [-M, M] C R for which, for every measurable set F, with Fn E, = @, we get:

/(ﬂ(/llK,f(f)(X)—f(X)l) dX=/(ﬂ(/1IK,f(f)(X)I) de/ll P(AK(NH) dx <e,
F F x|>M

for every n € N (i.e., (ii) of Theorem 2.2 is satisfied).
Finally, let ¢ > 0 and B C R be a measurable set such that:
&

o (22", )

X

|B| < 6(¢) :=

Then, by the convexity of ¢ and observing that
my(x) Z a,, )

we obtain:

/ P(AKZ())x) = F) dx < / <p(%2/1IKj‘(f)(x)l+%2/1f(x)) dx
B B

< %/<p(2/1|1<;(f)(x)|) dx+%/<p(2/1f(x)) dx
B B
1 my(x) 1
< 5/3«;:(24 > ||f||m> ax+ [ (i) ax
B
- Bo (222051) + o2ar1 )|
Ay
<IBlg <2A@nﬂ|m) <e,
x

for every n € N. Thus, it turns out that the integrals
/ P(AKZN) = f)]) dx
©

are equi-absolutely continuous (i.e., (iii) of Theorem 2.2 holds). Then, the proof follows by the Vitali convergence theorem, together
with the arbitrariness of 1 > 0. [

Now, we can finally prove the main theorem of this paper, i.e., a modular convergence theorem for the max-product sampling
Kantorovich operators.
Theorem 4.3. Let f € Lf(Q) be fixed. Then there exists A > 0 such that:
i ® Z(f)— -
Jim 12[A(KX(f) = f)] =0.
Proof. Let € > 0 be fixed. First of all, we recall that the spaces C*([a, b]) and CF(R) are modularly dense in Lf([a, b)) and Lf(]R),
respectively. Thus, corresponding to

T(e) :=

13

lLrlly )
2 (”10(}{) +1
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there exists 4 > 0 and a function g € C*([a, b)), if 2 = [a,b], or g € C:f(]R), in case of 2 = R, such that:

I?[A(f - g)] <T(@). %)
Now, let us choose A > 0 such that:

mO(Z)(M <J
a, -

By the properties of modular 7, the convexity of ¢, recalling (6) and exploiting Theorem 4.1, we can write what follows:

IP[A(K () = f)]

IN

I BAKE(H - KE@)] + 1°3A(K )~ 8)] + 1733(e - £)]}

< Wl [MGW - g)] +17[34(K}(8) = g)| + 17 [34(f — )]

G | e,
el > - -

L)I?|A(f - I1?(2(K*(g) — s

S<mo(}()+ [4(7 - &)l + 1°[A(K (&) - 8)]

for every n € N sufficiently large. Now, by using (7), we obtain:
17 [A(KL (D = £)] < 5+ 17 [A(KE @) - 9)].
and in view of Theorem 4.2, we have for every n € N sufficiently large:
I?[A(KX(g) - g)] < %
Thus, the proof follows by the arbitrariness of e > 0. []

Remark 4.1. As often happens when one deals with max-product type operators, all the convergence results established in this
section can be extended to the case of not-necessarily non-negative functions that are bounded from below. Indeed, for any fixed
f : 2 — R belonging to suitable spaces, denoting inf,cq f(x) =: ¢, it turns out that the sequences (K7 (f(-) — ¢) + ¢),ey CONverges
to f in all the above considered senses.

5. Applications to particular cases, examples with special kernels and graphical representations

In this section, we want to show how the convergence results obtained in the previous section can be applied to some special
instances of Orlicz spaces. Then, in the last part of the section, we will provide several specific examples of kernels for the
max-product sampling Kantorovich operators (K7 ),en-

Let us begin considering the case that occurs when choosing the convex ¢-function () := u”, u > 0, 1 < p < +oo, which
generates the corresponding Orlicz space L?(2) = LP(£). Indeed, it results I?[f] = ||f ||Z, i.e., the modular functional /¥ coincides
with the usual LP-norm. Further, it is immediate to prove that the 4,-condition is fulfilled. Hence, it follows that L”(£2) coincides
with the space of its finite elements and the modular convergence and the usual (Luxemburg) norm-convergence are equivalent.
From the theory established in the previous section, we can state the following corollaries.

Corollary 5.1. Let y € L'(R) be a fixed kernel. Then for every non-negative f, g € LP(2), 1 < p < +oo, we have:

‘ 2(moGo )
IKE ) - K@l < - ) ir -,
X

for n € N sufficiently large.
Proof. Since Theorem 4.1 holds with I?[f] = ||f||§, we obtain:

IKZ(f) = KX @I < 2207 (mo(0)" LIl 1L = gl
from which the assertion follows. []

In addition, as a direct consequence of Theorem 4.3, we immediately obtain the following L?-convergence result.

Corollary 5.2. Let y € L'(R) be a given kernel. For any non-negative function f € LP(R2), 1 < p < +oo, there holds:
. e _
lim K25 = fll, =0.

Other useful examples of Orlicz spaces are the so-called interpolation spaces L* log? L(2). The Zygmund spaces (another name
for the interpolation spaces) can be obtained by g-functions ¢, ;(u) := u” logf(u+e), u>0, for « > 1 and g > 0. The corresponding
modular functionals

19301 f] = / @I 0 I/ ()| +¢) dx, | € M(@),
Q

10
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are convex, and L“ logﬂ L() is defined as the set of all (Lebesgue-)measurable functions for which I%+#[Af] < 40 for some 4 > 0,

for any « and f as above. Applying the modular inequality established in Theorem 4.1 with @, ;(u) = u* log’(u + ), we obtain the
following corollary, which for simplicity we provide for a = g = 1.

Corollary 5.3. Let y € L'(R) be a fixed kernel. Then for every non-negative f, g € Llog L(£2), we have:

/ K2 ()(x) — KX ()0 log (4 | K (/)(x) — KX ()| +¢) dx
Q

< 2llxlh / |f(x) — g(x)| log <m°(1) 241 £ (%) — g(0)| + e> dx,
a)( Q a}{

for A >0 and n € N sufficiently large.

In addition, we have L log? L(Q2) = E®«s (), since also @, satisfies the 4,-condition. This implies that the modular convergence
and norm convergence are equivalent, and the following convergence theorem holds for a = g = 1.

Corollary 5.4. Let y € L'(R) be a given kernel. For any non-negative function f € Llog L(£2), there holds:
nETW/Q |[KX(f)(x) = f(]log(A|KF (f)(x) = f(x)| +e) dx =0,

for every i > 0 or, equivalently,
Jim IKZ() = [y, =0,

where || - || is the Luxemburg norm associated to [?1.1.

P11

As a final example, as mentioned in Section 3, an important case in which modular and norm convergence are not equivalent
occurs at so-called exponential spaces, generated by ¢, (1) = e —1,u >0, for y > 0. Indeed, it is easy to prove that in this case the
A,-condition is not satisfied. Hence, the corresponding space of the finite elements E?(£2) is properly contained in L?7(£2). Now,
the modular functional corresponding to ¢, is given by:

197 f] ;:/Q<elf(>0|y _1) dx,

for any (Lebesgue-)measurable function f : 2 — R. As a consequence of Theorem 4.1, we can establish the following.

Corollary 5.5. Let y € L'(R) be a fixed kernel. Then for every non negative f, g € L? (), we have:
v
/ <exp(i‘K{(f)(x) - Kfow)|) - 1) dx
Q
Y
< Jall, (exp (“ L2150 - 1) = 1) ax
my(x) Ja a,
for 2> 0 and n € N sufficiently large.

In contrast to previous cases, in the latter setting there is no analogous convergence result with respect to the Luxemburg norm,
but only a modular convergence theorem.

Corollary 5.6. Let y € L'(R) be a given kernel. For any non-negative function f € L? (), there exists A > 0 such that:

lim <exp(,1|1<,{(f)(x> —rl) - 1> dx =0.
n—+oo Q
Now, we give some examples of specific kernels for which the results proved in this paper hold.
First, we consider the Fejér kernel F(x) := %sincz(x/Z), x € R, (see Fig. 1) where the well-known sinc-function is given by:
IED ke R\ {0},
sinc(x) 1= X
1, x=0.

Obviously, F is a non-negative bounded function, and it belongs to L!(R), since it turns out that F(x) = O(|x|~2) as |x| - 4+ (see,
e.g., [38]). In addition, by Lemma 2.1, condition (y,) holds with g = 2. Then, since ar = F(1/2) > 0 (but F(2) = 0), it follows
that ( ;(é) is satisfied (but (y,) is not satisfied). Therefore, for the max-product sampling Kantorovich operators based upon F, all the
corollaries of this section hold.
The so-called de la Vallée-Poussin kernel P (see Fig. 2) provides another example of band-limited kernels and it is defined by:
sm(x/Z);m(Sx/Z)’ X €R\ {0},
P(x) 1= x</4
l, x=0.
3

11
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06 Fejér kernel

051

04

011

6 -4 -2 0 2 4 6
Fig. 1. The Fejér kernel F.

o4 de la Vallée-Poussin kernel

035}
03 r

0.25 | \

0.05 |

-0.05 ri. L il L
Fig. 2. The de la Vallée-Poussin kernel P.

We recall that P(x) = O(|x|~2) as |x| = +co, which means that P is absolutely integrable on R and my(P) < +00, i.e., (1) holds with
p =2 by Lemma 2.1. Then, it is easy to check that (y,) is satisfied with ap = P(2) > 0, and also ( ;(é) is fulfilled (see, e.g., [25]). It
follows that the de la Vallée-Poussin kernel P can be used to define the max-product sampling Kantorovich operators and to obtain
the previous corollaries of the section.

Remark 5.1. Let 2 = R. We recall that, under suitable assumptions on the kernel y, the linear version of the sampling Kantorovich

operators can be defined as follows:
(k+1)/w
SENE = Y xwx -k w/ F@ydi|. xeR w0,
kezZ k/w

where f : R — R is a locally integrable function such that the above series is convergent for every x € R. In various papers
(see, e.g., [30,52]), quantitative estimates for the order of approximation of (S%),,., have been established in case of uniformly
continuous and bounded functions, by exploiting the modulus of continuity of the function to be approximated. From the literature,

12
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Fig. 3. The B-spline kernel Mj;.

if f € C(R), one can define the modulus of continuity of f as follows:
o(f,8) :=sup{|f(x) - fFW)] : x,y ER, [x—y| <6}, §>0.

In particular, in Theorem 3.2 in [30], the authors proved that, if y = F or y = P, then for any f € C(R), there exist two suitable
positive constants C;, C, > 0 such that:

1S20) = fllee < Cro(f, w ™) + Cuu ™, (8)

for some 0 < f < 1 and w > 0 sufficiently large. On the other hand, if f € C*(R) and y = F or y = P, for the max-product version
of the same sampling-type operators, the following estimate (see Theorem 3.2 in [25]):

2my(x) +my(x)

KX () = flle < w(f,nh),

x
holds for sufficiently large n € N. We stress that, by Lemma 2.1, my(y) and m,(y) are both finite. Comparing the above results, it
is clear that the Jackson-type estimate for the max-product sampling Kantorovich operators (K;),cy is essentially better than that
given in (8) for their linear counterparts and this explains the importance of studying the max-product version of the mentioned
operators.

Among the kernels with compact support, also known as duration limited kernels, we consider the case generated by the
well-known central B-spline of order n € N, defined by:
n
1 ifn\ (n n-1
M = — -1) (— +x—i s eR,
W) 1= T g( )<i> 2" ’>+ x
where (x), := max{x,0} denotes the “positive part” of x € R (see, e.g., [53-55]). M, (x) is a non-negative continuous function, and
it has support coincident with the interval [-n/2;n/2]. This means that, in order to obtain all the convergence results proved in
this paper, the central B-spline M, (x) can be used as the kernel of the max-product sampling Kantorovich operators only for n > 4.
Indeed, otherwise (y,) is not fulfilled. For example, let us now consider the particular case with n = 3 in detail, for which only ( ;(é)
is satisfied. For a sake of completeness, it is easy to prove that M;(x) (see Fig. 3) can be formally expressed by:

3.2, Ix < i,
4 2
2

My =12 (3o ), L <ix<d,
2\2 2 2

3

0, > =,

xl > 2

For more details about the above examples and other useful examples of kernels, one can see, e.g., [27,29,56].
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