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Manuscript handled by Editor H. Gaoji We focus on the one-to-one two-sided matching model with two disjoint sets of agents of equal size, where each

agent in a set has preferences on the agents in the other set modeled by a linear order. A matching mechanism

I;[Zt }liir:;mechanism associates a set of matchings to each preference profile; resoluteness, that is the capability to select a unique
Stability matching, and stability are important properties for a matching mechanism. The two versions of the deferred
Fairness acceptance algorithm are resolute and stable matching mechanisms but they are unfair since they strongly
Symmetry favor one side of the market. We introduce a property for matching mechanisms that relates to fairness; such
Group theory property, called symmetry, captures different levels of fairness and generalizes existing notions. We provide

several possibility and impossibility results mainly involving the most general notion of symmetry, known
as gender fairness, resoluteness, stability, weak Pareto optimality and minimal optimality. In particular, we
prove that: resolute, gender fair matching mechanisms exist if and only if each side of the market consists of
an odd number of agents; there exists no resolute, gender fair, minimally optimal matching mechanism. Those
results are obtained by employing algebraic methods based on group theory, an approach not yet explored in
matching theory.

1. Introduction each woman with a man, each man with a woman, and has the

additional property of being equal to its inverse.

In this paper, we analyze issues about fairness for matching models
with two sides. In these models there are two disjoint sets of agents and
each agent on one side has preferences over the agents on the other
side. Agents on different sides have to be matched taking into account
these preferences. A wide range of allocation problems from diverse
fields can be analyzed within such a framework. Well-known examples
include the college admissions market, the labor market for medical
interns, and online dating markets.

Our focus is, in particular, on the most basic example of matching
models with two sides, the so-called marriage model (Gale and Shapley,
1962). We denote by W and M the two disjoint sets of women and
men, respectively, and assume that they have the same size, called
the market size. Moreover, the preference relation of each woman is
modeled by a linear order on the set M; analogously, the preference
relation of each man is modeled by a linear order on the set W. Since
the two sets W and M are fixed, a marriage model is described by
a profile of linear orders, one for each individual. Given a marriage
model, one is interested to determine a matching, that is, a bijective
function from the set I = W u M of individuals to itself that associates

* Corresponding author.

Stability is a highly desirable property a matching may meet. A
matching is stable if there is no blocking pair, namely, a woman and a
man who both prefer each other to their current partners in the match-
ing. In their seminal paper, Gale and Shapley (1962) proved that every
marriage model admits a stable matching and described an algorithm
that finds such a matching. The algorithm has two versions that differ
in terms of which group proposes matches and which one accepts or
rejects each proposal. In general, the stable matchings produced by
the two versions are different. Gale and Shapley proved that the stable
matching generated by the algorithm when women propose is optimal
for all the women, in the sense that it pairs each woman with the best
partner she can obtain among all the stable matchings. However, it
pairs each man with the worst partner he can obtain among all the
stable matchings.! This matching is called the woman-proposing stable
matching. Symmetrically, the man-proposing stable matching is the
best stable matching for men and the worst stable matching for women.

A correspondence that associates a set of matchings with each
preference profile is called a matching mechanism. Hence, a matching

E-mail addresses: daniela.bubboloni@unifi.it (D. Bubboloni), michele.gori@unifi.it (M. Gori), claudia.meo@unina.it (C. Meo).
1 This property is a consequence of a more general result due to Knuth (1976). See, also, Roth (1990), Theorem 2.13 and Corollary 2.14.

2 For the definitions of these two mechanisms see Section 4.1.
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mechanism operates as a centralized clearinghouse that collects the
preferences of all market participants and provides a set of matchings.
Several properties may be imposed on a matching mechanism. First, a
matching mechanism is required to be non-empty valued. Especially
when used for practical applications, a matching mechanism should
also be resolute, that is, it should be able to select a unique matching
for each preference profile. Stability is a further desirable property for
matching mechanisms, particularly from a practical point of view: a
matching mechanism is stable if it selects a set of stable matchings
for each preference profile. Among stable matching mechanisms, the
two mechanisms GS,, and G.S,,, which associate with each preference
profile the woman-proposing stable matching and the man-proposing
stable matching respectively, are very popular and have been imple-
mented in practice, for instance, in the National Resident Matching
Program (NRMP) to match doctors to residency programs or fellow-
ships and also in some school districts to match students to high
schools (Roth, 1984; Abdulkadiroglu and Sonmez, 2003). In many
cases, matching mechanisms that are not stable had largely failed and
been abandoned while the stable ones succeeded and survived (see,
for example, Roth, 1991). However, especially when matchings are
imposed rather than proposed to agents, other properties appear more
compelling than stability. Indeed, a matching mechanism is expected
to be non-discriminatory towards agents, that is, some form of fairness
should be satisfied. The two mechanisms GS,, and GS,, clearly fail
such objective because they favor one side of the market (women
and men, respectively) over the other. This has motivated the design
of alternative matching mechanisms in order to reduce the conflict
of interests between women and men. We can mention, among oth-
ers, the Sex-Equal matching mechanism (Gusfield and Irving, 1989;
Romero-Medina, 2001) and the Egalitarian Stable matching mechanism
(Gusfield and Irving, 1989).%2 All these mechanisms share a common
approach: first, a measure is introduced to quantify the fairness of a
matching; then, such measure is optimized (usually, minimized due to
its interpretation) on the set of stable matchings. A recap of several
of these matching mechanisms can be found in Cooper and Manlove
(2020).

In this paper, we take a different approach to fairness based on the
idea that individuals should be treated independently of their identities:
a mechanism is fair if a change in the identities of the individuals
results in the same change in the output.® Given the bilateral nature
of the model, fairness may concern either just agents belonging to the
same group (women or men) or the totality of individuals. Indeed, in
many situations, it is natural to require that no woman should gain a
systematic advantage over the other women on the basis of her identity
and, symmetrically, no man should gain a systematic advantage on the
other men on the basis of his identity. This property is called anonymity
in the literature (see, for instance, Sasaki and Toda, 1992; Halaburda,
2010). On the other hand, in other circumstances, it could be natural
to require that neither women nor men should have an advantage on
the other group solely on the basis of their gender. A fairness notion
of the latter kind has been firstly introduced in Masarani and Gokturk
(1989) under the name of gender indifference: roughly speaking, it
states that if we rename women as men and men as women according
to a given fixed rule, this should result in a corresponding change of
names in the matchings selected by the matching mechanism.* A more

3 Our interpretation of fairness is somehow close to the concept of proce-
dural fairness analyzed in Klaus and Klijn (2006) and based on probabilistic
considerations: a (random) mechanism is procedurally fair whenever each
agent has the same probability to move at a certain point in the procedure
that determines the final probability distribution.

4 Masarani and Gokturk (1989) only consider resolute matching mecha-
nisms (or, matching algorithms, as they call them). Moreover, they account
only for a specific change in the identities of individuals, namely, if W =
{1,...,n} and M = {n+1,...,2n}, then woman 1 becomes man n + 1 and vice
versa, woman 2 becomes man »n+2 and vice versa, and so on. Endriss (2020)
and Root and Bade (2023) also analyze gender indifference, with the latter
authors referring to this property as weak gender-neutrality.
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general version of gender indifference has been provided by Ozkal-
Sanver (2004) under the name of gender fairness; in such notion, which
implies anonymity,> women are renamed as men and men are renamed
as women in any possible fashion.

In this paper, we introduce a general notion of fairness for matching
mechanisms that we call symmetry. Anonymity, gender indifference
and gender fairness can be seen as special instances of this notion. In
order to provide an informal definition of symmetric mechanisms, we
first need some preliminary notions about how to model changes both
in the identities and, subsequently, in the preferences of the individuals.

First, we use permutations over the set I of individuals in order
to model changes in the individual identities. In particular, we are
interested in changes in the identities that account for the presence
of two different types of individuals in the market. Hence, we focus
on permutations over I that keep the partition {W, M} of I fixed. We
denote by G* the set of such permutations. A permutation in G* may
refer to a change in individuals’ identities either within the sets W and
M or across them. We denote by G the set of permutations satisfying
the former condition.

Second, we account for the fact that every permutation in G*
also affects preference profiles, that is, the complete list of individual
preference relations. Suppose, for instance, that W = {1,2,3} and
M = {4,5,6} and let ¢ € G* be the permutation that switches 1 and 4,
2 and 5, 3 and 6. If woman 1’s preferences on M are [5,6,4]° in a given
preference profile, when individual identities are changed according to
@, we get that man 4’s preferences on W are [2,3,1] in the preference
profile modified by ¢.

The notion of symmetry that we introduce is the following. Consider
a subset U of G*. We say that a matching mechanism is U-symmetric
if a change in individuals’ names in the input according to a permuta-
tion in U entails the same change of names in the matchings of the
output. The definition of U-symmetry is very general and allows to
model diverse levels of fairness depending on which subset U of G*
is considered. In particular, gender fairness coincides with the notion
of (G* \ G)-symmetry; anonymity is equivalent to G-symmetry; gender
indifference coincides with {¢}-symmetry, where ¢ is a matching. It
is also worth mentioning that if U C V C G*, then V-symmetry
implies U-symmetry and so G*-symmetry is the strongest possible level
of symmetry a matching mechanism may meet.

By analyzing some matching mechanisms frequently used in the
literature, a clear contrast between resoluteness and G*-symmetry
emerges. For instance, the matching mechanisms GS,, and GS,, are
resolute, G-symmetric (i.e. anonymous) but, as one may expect, fail to
be G*-symmetric. On the other hand, the mechanism that associates
with any preference profile the set of the stable matchings is G*-
symmetric but far from being resolute. Analogously, the Sex-Equal and
the Egalitarian Stable matching mechanisms, introduced by Gusfield
and Irving (1989) to reduce the conflict of interests between the two
parts by selecting suitable stable matchings, are both G*-symmetric but
not resolute.”

On the basis of those observations, in this paper we undertake the
following research project: under the assumption that W and M have
the same size, studying the existence of matching mechanisms that
are resolute, satisfy some form of symmetry and, possibly, fulfill some
optimality properties like, for instance, stability.

The following theorem, which is the main finding in our paper, is
about the strongest possible level of symmetry and does not involve
any optimality condition.

5 See Proposition 3.1 in Ozkal-Sanver (2004). See also Section 3.4 in this
paper.

¢ Throughout the paper we represent linear orders with ordered lists with
obvious meaning: for instance, the writing [5,6,4] representing woman 1’s
preferences on M means that woman 1 prefers man 5 to man 6, and man
6 to man 4.

7 See Propositions 9 and 10 in Appendix B.2.
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Theorem 1. There exists a resolute and G*-symmetric matching mecha-
nism if and only if the market size is odd.

Assuming that the market size is odd, a natural question is whether
the existence of a resolute and G*-symmetric matching mechanism
continues to be guaranteed when one also asks for some optimality
condition. We provide a negative answer. Indeed, we prove that res-
oluteness and G*-symmetry together cannot coexist even with a very
weak optimality condition that we introduce in our paper and call
minimal optimality.®

Theorem 2. For every market size, there exists no resolute, G*-symmetric
and minimally optimal matching mechanism.

Since minimal optimality is weaker than both Pareto optimality and
weakly Pareto optimality’ which, in turn, are weaker than stability
(see Proposition 1), the previous result implies that there are no reso-
lute, G*-symmetric and stable [Pareto optimal; weakly Pareto optimal]
matching mechanisms.

From Theorem 2, it turns out that resoluteness and G*-symmetry are
basically incompatible with any type of optimality condition. On the
other hand, for every U C G, that is, for every set of permutations that
exchange individuals’ identities only within the two groups W and M,
resoluteness and U-symmetry are consistent with stability. Indeed, as
already observed, GS,, and GS,, are resolute, stable and G-symmetric,
and then they are U-symmetric, as well. We investigate then whether
some optimality conditions may be consistent with resoluteness and a
minimal level of symmetry across the two groups W and M, that is,
{p}-symmetry, where ¢ € G* \ G is a fixed matching. The results we
find are summarized below.

Theorem 3. For every market size and every matching ¢, there exists a
resolute, {¢}-symmetric and weakly Pareto optimal matching mechanism.

Theorem 4. If the market size is 2, then, for every matching ¢, there exists
a resolute, {}-symmetric and stable matching mechanism.

Theorem 5. If the market size is at least 3, then, for every matching ¢,
there exists no resolute, {¢}-symmetric and stable matching mechanism.

Thus, while Theorem 3 shows that resoluteness and {¢}-symmetry
are consistent with weak Pareto optimality, Theorems 4 and 5 state that
they are not consistent with stability, unless the market size is two.

We remark that some impossibility results concerning stability,
resoluteness, and some sort of fairness have been provided in the
literature about matching mechanisms. Masarani and Gokturk (1989)
basically show that resoluteness, G*-symmetry, stability, and a further
axiom called maximin optimality cannot coexist. Endriss (2020) instead
proves Theorem 5 using tools from logic and computer science. We
present here an alternative proof of Theorem 5. In fact, our paper
is based on a strongly innovative methodology. Specifically, all our
main results are proved by exploiting notions and techniques from
group theory. While an algebraic approach based on symmetric groups
and groups actions has been already successfully used in social choice
literature (Egecioglu, 2009; Egecioglu and Giritligil, 2013; Bubboloni
and Gori, 2014, 2015, 2016, 2021, 2025; Dogan and Giritligil, 2015;

8 A matching is minimally optimal if there is at least an individual who
does not obtain her/his worst choice (Definition 1). A matching mechanism is
minimally optimal if it only selects minimally optimal matchings (Definition
4).

9 A matching is Pareto optimal if there is no other matching that makes at
least one individual better off and no individuals worse off; weakly Pareto
optimal if there is no other matching that makes all the individual better
off (Definition 1). A matching mechanism is Pareto optimal [weakly Pareto
optimal] if it only selects Pareto optimal [weakly Pareto optimal] matchings
(Definition 4).
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Bartholdi et al., 2021; Kivinen, 2023, 2024), at the best of our knowl-
edge, this is the first time that such an approach has been employed in
matching theory to provide general possibility and impossibility results.

Concepts and theorems from group theory turn out to be powerful
tools in situations where permutations play an important role. Since
matchings are themselves special permutations of the set I and the
various levels of fairness that a matching mechanism may meet can
be described through suitable sets of permutations of the set I, the
application of group theory within matching theory emerges naturally.
The use of group theory allows for new methods to prove known results
(e.g., Theorem 5) and helps in finding new results (e.g., Theorem 1).
Furthermore, group theory enhances our understanding of symmetry.
In particular, it is possible to prove that a matching mechanism is
symmetric with respect to a set U of permutations of [/ if and only if it
is symmetric with respect to the group generated by U (Proposition 2).
That fact has significant consequences: for instance, using non-obvious
results from group theory, it can be shown that the combination of
anonymity and gender indifference is equivalent to G*-symmetry, and
that gender fairness is also equivalent to G*-symmetry. Moreover,
knowing that only subgroups matter, we get that the possible levels
of symmetry of a matching mechanism are as many as the subgroups
of G*.

The paper is organized as follows. Section 2 contains some basic
preliminaries about groups, permutations and relations needed for the
model. In Section 3 we illustrate the setup and the key notion of
symmetric matching mechanism. In Section 4 we state our research
problem and present the main results of the paper. A generalization
to the model with outside option is presented in Section 5. Finally,
Section 6 concludes. The appendices collect several notions and results
about matchings, matching mechanisms and group theory, and most of
the proofs. Appendix C, in particular, is crucial as it presents technical
results from group theory that play a central role in the proof of the
main theorem of our paper.

2. Preliminaries

Throughout the paper, N denotes the set of positive integers. Given
ke N, weset[[k] :={meN:m<k}.

2.1. Groups and permutations

A finite group is a finite set endowed with an operation that is
associative, admits a neutral element and has the property that each
element admits an inverse. In a generic group the neutral element
is denoted by 1. However, for specific groups, the notation can be
specialized. Let H be a finite group and K C H. We say that K is a
subgroup of H, and we write K < H, if the restriction of the operation
on H to the set K produces a group structure for K. It is well known
that, since H is finite, K < H if and only if K # @ and, for every
h,k € K, the product hk belongs to K. Clearly, if K’ < K and K < H,
then K’ < H.'°

Let X be a finite set. Sym(X) denotes the group of bijective func-
tions from X to itself with the operation defined, for every ¢, ¢, €
Sym(X), by the right-to-left composition ¢, ¢, € Sym(X).!' The neutral
element of Sym(X) is the identity function on X, denoted by idy.
Sym(X) is called the symmetric group on X and its elements are called
permutations of X.

Given k € N with 2 < k < |X|, we say that ¢ € Sym(X) is a k-
cycle if there exist distinct x,,...,x; € X such that ¢(x;) = x;,; for all

10 We refer to Milne (2021) for a reader-friendly but wide introduction to
group theory, which turns out to be substantially exhaustive for the purposes
of our paper.

11 One of the reasons why we refer to Milne (2021) instead of to more clas-
sical references, such as Robinson (1996), is that Milne adopts the right-to-left
composition while usually the left-to-right one is used.
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i € [k —11, p(x;) = x;, and @(x) = x for all x € X \ {x,....x;}. In
such a case, ¢ is denoted by (x| ... x;), the set {x,,...,x,} is called the
support of ¢ and k is called the length of ¢. For instance, if X = [5]],
@ = (134) denotes the element of Sym(X) such that ¢(1) = 3, ¢(2) = 2,
®(3) =4, p(4) =1, p(5) = 5, and is a 3-cycle. We say that a permutation
of X is a cycle if it is a k-cycle for some k € N with 2 < k < |X]|. A
result on permutations (see Proposition 4.26 in Milne, 2021) ensures
that any permutation of X different from idy can be expressed, in
a unique way up to reordering, as the product of commuting cycles
whose supports are pairwise disjoint. Such a product is called the cycle
decomposition of the permutation. For instance, if X = [6]] and ¢ €
Sym(X) is defined by ¢(1) = 3, (2) =4, p(3) =1, p(4) = 6, ¢(5) = 5,
@(6) = 2, we have that ¢ = (13)(246) = (246)(13). In what follows, we
always write permutations different from the identity using their cycle
decomposition.

2.2. Relations

Let X be a nonempty and finite set. A relation on X is a subset of
X?2. The set of the relations on X is denoted by R(X).

Let R € R(X). Given x,y € X, we usually write x >, y instead of
(x,y) € R and x > y instead of (x,y) € R and (y,x) ¢ R. We say that
R is complete if, for every x,y € X, x > y or y >y x; antisymmetric
if, for every x,y € X, x >y y and y > x imply x = y; transitive if, for
every x,y,z € X, x >p yand y > z imply x >, z; a linear order if it is
complete, transitive and antisymmetric. The set of linear orders on X
is denoted by L(X).

Let R € L(X). Given x € X, we set Rankz(x) = [{y € X : y >y x}|.
If |X| = n, we represent R by an ordered list [x, ..., x,], where X =

{xy,...,x,} and, for every i,j € [[n]l, x; =g x; if and only if i < j. Such
a representation completely encodes the relation R. Note also that if
R =[xy, ...,x,], then, for every i € [n]l, Rankz(x;) = i. Thus, for every

x € X, the number Rank z(x) represents the position of x in the ordered
list representing R.

Let R € L(X), Y be a finite set with X C Y, and ¢ € Sym(Y). We
denote by @R the relation on ¢(X) defined by

@R = {(x.y) € p(X)* : (7' (). 07 (») € R}. €h)

Note that, for every x,y € X, (x,y) € R if and only if (¢(x), p(y)) € @R.
It can be easily checked that if ¢;,¢, € Sym(Y), then (¢,¢,)R =
@,(p,R). Hence, the writing ¢, @, R is not ambiguous.

The following lemma will be fundamental to set up our model in
the next section.

Lemma 1. Let X and Y be nonempty finite sets with X C Y, R € L(X)
and ¢ € Sym(Y). Then the following facts hold true:

@ if R=I[x,,...,x,], where X = {x|,...,x,}, then R € L(p(X)) and
QR = [p(x)), ..., o(x,)];
(ii) @R = R if and only if, for every x € X, ¢(x) = x.

Proof. (i) Assume that R = [x,...,x,], where X = {x,...,x,}. Of
course, p(X) = {@(x),...,p(x,)}. Consider i,j € [[n]l. We know that
x; zg x; if and only if i < j. By the definition of @R, we deduce that
@(x;) Z,r @(x;) if and only if x; > x;. Thus, we have that ¢(x;) >, r
@(x;) if and only if i < j. Then, we conclude that R € L(@(X)) and
@R = [p(x)), ..., p(x,)]-

(ii) If, for every x € X, ¢(x) = x, then, by (i), we get pR = R.
Assume now, conversely, that R = R. Then, the relations R and R
must be defined on the same set and so ¢(X) = X. Moreover, they
must have the same representation as ordered lists. Thus, we have that
[x{s.-sx,] = [@(x)),-..,0(x,)], which implies that ¢(x;) = x; for all
i € [[n], that is, p(x) =x forall x e X. []J
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3. Setup of the model
3.1. Preference profiles

Let W and M be two finite disjoint sets with |[W| = |[M| =n > 2
and let I := W u M. We refer to the sets W, M and I as the set of
women, the set of men and the set of individuals, respectively. We refer
to n as the market size. For simplicity, we assume W = {1,...,n} and
M = {n+1,...,2n}. In order to simplify the reading, we adopt the
following rule throughout the paper (with few exceptions): the letter x
is used to denote the elements of W, the letter y is used to denote the
elements of M and the letter z is used to denote the elements of I.

Each woman has preferences on the set M and each man has
preferences on the set W. We assume that the preferences of women
are represented by linear orders on M and the preferences of men are
represented by linear orders on W. A preference profile p is a function
from I to L(W) uL(M) such that, for every x € W, p(x) € L(M) and,
for every y € M, p(y) € L(W). We denote by P the set of preference
profiles. We represent a preference profile p € P by the table

l 1 n H n+1 2n ‘
[ p(D) p(m) ][ p(n+1) p2n) |

where in the first row there are the names of individuals and in the
second row the corresponding preferences. For instance, if W = {1, 2,3}
and M = {4,5,6}, the table

[1 2 3[4 5 6]
4 4 62 3 3
5 6 51 1 2 2
6 5 443 2 1

represents the preference profile p such that

p(1) =[4,5,6] € L(M), p(2) =[4,6,5] € L(M), p(3) =[6,5,4] € L(M),

p@) =12,1,3] € L(W), p(5) =[3,1,2] € L(W), p(6) =[3,2,1] € L(W).
Note that, in the first row of the table representing a preference profile,
the elements of I are written in increasing order. However, a reordering
of the columns is always allowed. For example, the table in (2) and the
tables

[3 2 1[4 6 5 4 6 52 1 3]
6 4 42 3 3] ,q [2 3 3]4 46
56 5|1 2 1 1 2 1{6 5 5
4 5 63 1 2 3.1 2(5 6 4

all represent the same preference profile.
3.2. Matchings

A matching is a permutation y € Sym(I) such that, for every x € W,
u(x) € M; forevery y € M, u(y) € W, for every z € I, u(u(z)) = z. Since
y = u(x) implies u(y) = u(u(x)) = x, u decomposes into the product of
n disjoint 2-cycles, each of them having the form (z u(z)). Hence, the
cycle decomposition of yu clearly illustrates what couples are formed
under the matching u. The set of matchings is denoted by M.

Consider, for instance, W = {1,2,3} and M = {4,5,6}. Then we
have that

M :{ (14)(25)(36), (14)(26)(35), (16)(25)(34), (15)(24)(36), (15)(26)(34),

(16)(24)(35) } .

Thus, for example, the matching (14)(25)(36) pairs woman 1 with man
4, woman 2 with man 5 and woman 3 with man 6.

Note that M is a subset of Sym([/), but it is not a subgroup Sym([/)
since id; ¢ M.

Let us introduce some optimality conditions that a matching may
meet. The first three are well known. The last one, to the best of our
knowledge, is new.
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Definition 1. Let p € P and y € M. We say that y is:

stable for p if there is no pair (x, y) € W x M such that y >, u(x)
and x >, u(y);

Pareto optimal for p if there is no matching ' € M such that, for
every z € I, y'(2) 2, u(z) and, for some z* € I, u'(z") >+
u(z");

weakly Pareto optimal for p if there is no matching p’ € M such
that, for every z € I, 4/(2) >, u(2);

minimally optimal for p if there exists z €1 such that Rank ,,,(1(2)) <
n.

Thus, a matching is not stable for p if there is a pair of individuals
formed by a woman and a man such that both prefer each other
to the partners assigned to them by the matching; such pairs are
called, in the literature, “blocking pairs”. A matching is not Pareto
optimal for p if there exists another matching making some individual
better off without making any other individual worse off; not weakly
Pareto optimal for p if there exists another matching making every
individual better off; not minimally optimal for p if all the individuals
are matched with their least preferred choice. It is worth noting that,
given a preference profile p, there exists at most one matching that is
not minimally optimal for p. The following proposition describes the
relation among the properties in Definition 1. Its proof is in Appendix
A.

Proposition 1. Let p € P and u € M. Then the following facts hold true:

(D if u is stable for p, then u is Pareto optimal for p;
(ii) if u is Pareto optimal for p, then yu is weakly Pareto optimal for p;
(iii) if u is weakly Pareto optimal for p, then y is minimally optimal for p.

Gale and Shapley (1962) proved that, for every p € P, a stable
matching exists and provided an algorithm to find such a matching.
In this algorithm, each side is assigned a specific role: according to
their preferences, individuals on one side make proposals to individuals
on the other side who are allowed to accept or refuse the proposals.
Hence, the algorithm has two distinct versions, each producing a stable
matching. Those matchings, in general, differ from each other, but both
possess a special property. Indeed, Gale and Shapley proved that the
matching resulting from the algorithm where women make proposals
associates each woman with the best possible partner she can obtain
within stable matchings, and each man with the worst possible partner
he can obtain within stable matchings. Symmetrically, the algorithm
where men make proposals associates each man with the best possible
partner he can obtain within stable matchings, and each woman with
the worst possible partner she can obtain within stable matchings.
In the literature, these two matchings are frequently referred to as
the woman-proposing stable matching and the man-proposing stable
matching, respectively.

3.3. Matching mechanisms

A matching mechanism is a correspondence from P to M. Thus,
a matching mechanism is a procedure that allows to select a set of
matchings for any given preference profile.

We denote by TO the matching mechanism that associates with
any p € P the whole set M; by ST the matching mechanism that
associates with any p € P the set of matchings that are stable for
p; by GS,, [GS,,] the matching mechanism that associates with any
p € P the set having as unique element the woman-proposing [man-
proposing] stable matching for p; by G.S the matching mechanism that
associates with any p € P the set whose elements are the woman-
proposing stable matching and the man-proposing stable matching for
p; by PO the matching mechanism that associates with any p € P the
set of matchings that are Pareto optimal for p; by W PO the matching
mechanism that associates with any p € P the set of matchings that
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are weakly Pareto optimal for p; by M O the matching mechanism that
associates with any p € P the set of the matchings that are minimally
optimal for p.'?

Let us introduce some basic definitions.

Definition 2. Let F be a matching mechanism. We say that F is:

« decisive if, for every p € P, F(p) # &;
» resolute if, for every p € P, |F(p)| = 1.

Of course, if F is resolute, then F is decisive. Note that GS, ST,
PO, W PO, MO and TO are decisive but they are not resolute; on the
other hand, GS,, and GS,, are resolute (Gale and Shapley, 1962).

Definition 3. Let F and F’ be matching mechanisms. We say that F’ is
a refinement of F if, for every p € P, F'(p) C F(p). If F’ is a refinement
of F we write F' C F.

Note that if F, F’ and F” are matching mechanisms, then F”" C F’
and F' C F imply F” C F. Moreover, we have that GS C ST C PO C
WPOCMOCTO,GS, CGS and GS,, CGS.

Given a matching mechanism F, it is natural to interpret any refine-
ment of F as a way to reduce the ambiguity of F. Resolute refinements
of F are particularly important as they allow to completely eliminate
the ambiguity of F. Of course, any decisive matching mechanism
admits in general many resolute refinements, so it becomes important
to understand whether some of them fulfill desirable properties.

The next definition presents some properties that a matching mech-
anism may have.

Definition 4. Let F be a matching mechanism. We say that F is stable
[Pareto optimal; weakly Pareto optimal; minimally optimal] if, for every
p € P and u € F(p), u is stable [Pareto optimal; weakly Pareto optimal;
minimally optimal] for p.

Note that a matching mechanism F is stable [Pareto optimal; weakly
Pareto optimal; minimally optimal] if and only if F is a refinement of
ST [PO; W PO; MO].

3.4. Symmetric matching mechanisms

In this section, we define the key concept of our paper, that is,
the notion of symmetric matching mechanism. Some preliminaries are
needed before providing such a definition. First, we introduce some
notation in order to model changes in individuals’ identities. To this
aim, we consider the subsets of Sym(/) given by

G :={p eSym() : {p(W),p(M)} = {W,M}},
and
G ={peSym(l): p(W)=W, p(M)=M}.

It is immediately checked that G* and G are subgroups of Sym(/), G is a
subgroup of G*, and M is a subset of G*\ G. These two groups will play
a main role throughout the paper. G* is formed by the permutations
over I that keep the partition {W, M} of I fixed; these permutations
model changes in individuals’ identities either within the sets W and M
(i.e. women are renamed as women and men are renamed as men) or
across them (i.e. women are renamed as men and men are renamed as
women). G is formed by the permutations over I that transform the set
W into itself and the set M into itself; those permutations only model
changes in individuals’ identities within the sets W and M. Note that,
as a consequence, the permutations in G* \ G rename each woman with

12 10, ST, GS, PO, WPO, MO stand for “Total”, “Stable”, “Gale and

Shapley”, “Pareto Optimal”, “Weakly Pareto Optimal”, “Minimally Optimal”,
respectively.
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one of men’s names and each man with one of women’s names. We can
also distinguish two further subgroups of Sym(/), namely

Gy ={peSym() : p(y)=yforall ye M},

Gy = {p € Sym(I) : p(x)=x for all x e W}.

Gy, consists of the permutations of individuals’ names that leave men’s
names unchanged; G,, consists of the permutations of individuals’
names that leave women’s names unchanged. Of course, Gy, and G,
are subgroups of G. We also note that |G*| = 2(n!)?, |G| = (n!)* and
|Gy | = |Gyl = n!, where n is the size of the market.

For example, if W = {1,2} and M = {3,4}, we have that

G* = {id;,(12),(34), (12)(34), (13)(24), (14)(23), (1324), (1423)}, 3

G ={id;,(12),(34),(12)(34)}, Gy ={id;,(12)}, Gy, ={id;,(34)}.

Given p € P and ¢ € G*, taking into account (1), we denote by p? the
preference profile defined, for every z € I, by

p°(2) = op(e™ " (2)). )

By Lemma 1, it is easily checked that p? actually belongs to 7. More-
over, (4) is equivalent to stating that, for every z € I,

p?(9(2)) = @p(2), (5)

which is more intuitive than (4). Indeed, consider ¢ € G* and p € P
represented by the table

l 1 n H n+1 2n ‘

[ p(1) p(n) || pin+ 1) p2n) |

Then, by (5), we deduce that p? is represented by the table
[ o) o) [[ o+ 1) o(2n) |

[ op(1) op(n) [[ @p(n+1) opn) |

For a concrete example, consider the preference profile p represented
by the table in (2). If ¢ = (1426)(35) € G*, then

[4 6 52 3 1] [1 2 3[4 5 6]
w2 2 16 5 5]_[5 6 s5[2 1 2

31 3|4 4 6 6 4 4|3 3 1]

1 3 25 6 4 4 5 61 2 3

Let us now introduce some basic notions and facts from group
theory that will be crucial for defining the concept of symmetry for
matching mechanisms. We first define the conjugate of an element
of a group. We then define the multiplication of subsets of a group,
clarifying some properties that will be useful for our purposes. Finally,
we define the conjugate of a subset of a group as a special product of
subsets.

Let H be a group. Given h, k € H, the conjugate of k by A is defined
as hkh~' € H and is denoted by k. The map from H to H taking
each k € H into k" is a bijection, called the conjugation by h. As a
fundamental example, let 4 € M be a matching and ¢ € G* be a
renaming rule. Since M C G*, it follows that y € G*, and thus we
can consider u? = pup~' € G*. Notably, u? actually belongs to M and
corresponds to the matching obtained from x by renaming individuals
according to ¢. Consider, for instance, W = {1,2,3}, M = {4,5,6}, the
matching u = (14)(25)(36) € M and the renaming rule ¢ = (1426)(35) €
G*. A straightforward computation shows that

1? = [(14)(25)(36)]14909 = (42)(63)(51) € M,

which is the matching obtained by (14)(25)(36) by renaming the indi-
viduals according to (1426)(35). This is a general fact in permutation
groups. Indeed, if a permutation ¢ is a product of the permutations
6y,...,0, and ¢ is a further permutation, then'?

(0'1---0'r)“’=0';p-~-0'f’. 6)

13 In the language of group theory, we are just expressing the well-known
fact that conjugation is a homomorphism.
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Moreover, if 6 = (x, -+ x,,) is @ m-cycle, then

6% = (p(x1) - @(x,,))- @)

In particular, the cycle structure of a permutation, that is, the number
of its fixed points and the number of cycles in which it splits and
their lengths, is invariant by conjugation. For further details on the
computation of conjugates in symmetric groups, see Example 4.29 and
Chapter 4 in Milne (2021).

Given S,T C H, their multiplication is defined as ST := {st € H :
s € S,t €T} If S = {s}, we write sT instead of {s}T; if T = {t}, we
write St instead of S{t}. From the associativity of the operation in H,
we immediately deduce that, for every S,7,U C H, we have S(TU) =
(ST)U. Thus, brackets are not necessary to deal with multiplications of
three or more subsets of a group. Note that if SCT C H and U C H,
then US CUT and SU C TU. Given K C H and h € H, the conjugate
of K by h is defined as hKh™! = {k" € H : k € K} and is denoted by
K". Note that, for every k,h;,h, € H and K C H, we have

(k"yh2 = ghehi and (KM = kP2 (8)

Finally, given k,,k, € H [K;,K, C H], we say that k; and k, [K; and
K,] are conjugate if there exists » € H such that k, = k'l’ [K, =K 1h]'

We are now ready to provide the definition of symmetry for a
matching mechanism. As can be noticed, it involves the conjugate of
a subset of M by an element of G*.

Definition 5. Let F be a matching mechanism and U C G*. We say
that F is U-symmetric if, for every p € P and ¢ € U, F(p?) = F(p)®.

In order to describe the intuition behind the definition, assume that
W ={1,2,3} and M = {4,5,6} and consider U C G* and a U-symmetric
matching mechanism F. Assume that ¢ = (1426)(35) € U and that

F(p) = {(14)(25)(36), (15)(26)(34)}.
Then, by Definition 5, and using (6) and (7), we get

F(p?) = F(p)* = {I(14)(25)(36)17, [(15)(26)34)]” }
= {(42)(63)(51), (43)(61)(52)}.

The above example clearly shows that, if F is U-symmetric, a change
in individuals’ names in the input according to a permutation in U
entails the same change of names in the matchings of the output. This
means that the notion of U-symmetry models a notion of fairness,
which may assume various shapes depending on the choice of U.
For instance, if F is G, -symmetric, then women are equally treated
among themselves by F; if F is G),-symmetric, then men are equally
treated among themselves by F; if F is G-symmetric, then women are
equally treated among themselves and men are equally treated among
themselves by F; if F is G*-symmetric, then women are equally treated
among themselves, men are equally treated among themselves, and the
two groups of women and men are equally treated by F.

Definition 5 provides a generalization of several properties analyzed
in the literature on matching mechanisms. Indeed, the standard con-
cept of anonymity, called peer indifference by Masarani and Gokturk
(1989), coincides with G-symmetry; the property of gender indiffer-
ence introduced by Masarani and Gokturk (1989) coincides with {¢}-
symmetry, where ¢ is a suitable element of M (see also Endriss, 2020);
the property of gender fairness by Ozkal-Sanver (2004) coincides with
(G* \ G)-symmetry. Of course, a matching mechanism F satisfies both
peer indifference and gender indifference if and only if F is (G U
{@})-symmetric.

4. Research problem and main results

This section is divided into three parts. We first illustrate and
motivate our research problem; then, we present an existence condition
which is fundamental for proving the possibility and impossibility
theorems that represent the main results of our paper; in the last part
of the section we collect those results.
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4.1. The research problem

Proving or disproving the existence of resolute and symmetric
matching mechanisms, possibly satisfying further properties, is cer-
tainly an interesting and not trivial problem. Since a resolute and
symmetric matching mechanism can be seen as a resolute and symmet-
ric refinement of TO (that is, the matching mechanism that associates
with any preference profile the whole set M of matchings), and since
many properties of matching mechanisms can be described using the
concept of refinement (e.g. stability, Pareto optimality, weak Pareto
optimality, minimal optimality), the aforementioned existence problem
can be fruitfully specialized in the following existence problem.

Main Problem. Let U C G* and F be a matching mechanism. Find
conditions on U and F that guarantee the existence of a resolute
refinement of F that is U-symmetric.

Unfortunately, a strong tension emerges among resoluteness, G*-
symmetry, and optimality requirements. Indeed, GS,, and GS,, are
resolute and G-symmetric but fail to be G*-symmetric; on the other
hand, GS, ST, PO, W PO, MO and TO are G*-symmetric but not res-
olute (see Proposition 9 in Appendix B.2 for the proof of the symmetry
properties of the aforementioned matching mechanisms).

Several stable matching mechanisms have been introduced in the
literature with the aim to guarantee more fairness between the two
sets W and M than the one obtained by GS,, and GS,,. The Sex-Equal
mechanism, introduced by Gusfield and Irving (1989) and analyzed
in Romero-Medina (2001), and the Egalitarian Stable mechanism, in-
troduced in Gusfield and Irving (1989), are two of them. Roughly
speaking, both of them are based on the idea to quantify first, for
every stable matching, the envy perceived by every individual and then
consider the stable matchings minimizing a suitable function involving
the level of envy of all the individuals. Given a preference profile p,
a matching u and z € I, we have that the number Rank ;) (1(2)) — 1
counts the number of individuals envied by z under the matching u.
Indeed, consider, for instance, x € W. Then x envies the partners of
all the men y € M such that y >,,, u(x) and their number is exactly
Rank ,,,(#(x)) — 1. For every p € P and u € M, we can consider then
the quantities

8(p, ) = | Y, Rank o (u(x) = Y Rank (1)),

xeW YEM
and
e(p, ) = Y, Rank o (4()) + Y, Rank,,) (4(»)).
xeW yEM
Since
Y Rank,(u(x)) and ) Rank,(u(y)
xXEW YEM

basically represent the aggregate level of envy of the men and the
aggregate level of envy of the women, we have that §(u, p) measures
the distance between these two values while e(u, p) measures the over-
all level of envy in the society. The Sex-Equal matching mechanism,
denoted by SE, is the matching mechanism defined, for every p € P,
by
SE(p) 1= argmin 6(p, p);

HEST (p)
the Egalitarian Stable matching mechanism, denoted by ES, is the
matching mechanism defined, for every p € P, by
ES(p) :=argmin e(p, y).

HEST(p)
Of course, SE and ES are decisive and stable. Moreover, they are
also G*-symmetric, as proved in Proposition 10 in Appendix B.2. How-
ever, by Example 1 in Romero-Medina (2001, page 201), they are not
resolute.
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4.2. A preliminary existence condition

Here, we present a general existence result for U-symmetric res-
olute refinements of U-symmetric matching mechanisms (Proposition
4). Some preliminary notions and results are needed to state such a
theorem. They are illustrated in what follows.

Let H be a finite group and K C H. The subgroup of H generated
by K, denoted by (K), is the intersection of all the subgroups of H
containing K. For instance, (@) = {1}. If h € H, we write (h) instead
of ({h}). Of course, if K < H, then (K) = K. It is well known that, since
H is finite, when K # @, (K) is the set made up of all the elements of
K and the products of a finite number of elements in K. For further
details, see Chapter 1 in Milne (2021).

As a first result, we show that dealing with symmetry for subsets
of G* is equivalent to dealing with symmetry for subgroups of G*. The
proof of Proposition 2 is in Appendix B.2.

Proposition 2. Let F be a matching mechanism and U C G*. Then F is
U-symmetric if and only if F is (U )-symmetric.

Proposition 2 is remarkable and emblematic of the role that group
theory may play in the context of matching theory. In fact, it points
out that whenever one focuses on the symmetry with respect to a set
of permutations, it inevitably ends up with considering the symmetry
with respect to a subgroup of permutations. As a consequence, while
considering various levels of symmetry, we are allowed to restrict our
attention to subgroups of G* only. As a further consequence, since
(G*\ G) = (G U {¢p}) = G* (see Proposition 8 in Appendix B.2), we
immediately deduce the following result.

Corollary 1. G*-symmetry, gender fairness, and the combination of peer
indifference and gender indifference are equivalent.

We emphasize that, to the best of our knowledge, the fact that
requiring gender fairness is the same as requiring both peer indifference
and gender indifference does not seem to be present in the literature.

Let us introduce another concept that will turn out very important
for our research.

Definition 6. Let U < G* and p € P. The U-stabilizer of p is the set

Staby (p) :={@ € U : p¥ =p}.

Remarkably, Staby;(p) is a subgroup of U and, for every ¢ € U, we
have Staby, (p?) = [Staby, (p)]?. Moreover, it is immediately checked that
Staby; (p) = Stabgs(p) N U. That explains, in particular, the central role
of the G*-stabilizers. Indeed, the knowledge of the G*-stabilizer of a
preference profile allows to know its U-stabilizer for all U < G*.

As an easy example, let W = (1,2}, M = {3,4} and p be the
preference profile represented by the table

412 1} €)]
31 2

p=

3
4

Using (3), it turns out that Stabg.(p) = {id;, (1324), (12)(34), (1423)}. As a
consequence, if U := {id;,(12)(34)}, we find Staby (p) = {id;.(12)(34)};
if instead U := {id;,(12)}, we find Staby (p) = {id;}.

In the next definition we introduce, for every U < G*, a matching
mechanism denoted by CY. Such a mechanism plays a crucial role
to address the aforementioned Main Problem, as shown by all the
subsequent results of the section, especially by Proposition 4.

Definition 7. Let U < G*. We denote by CV the matching mechanism
defined, for every p € P, by

CU(p) i={u e M: Vo e Staby(p), u? = u}.
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The letter C intentionally resembles the word centralizer, which is
widely used by group theorists. Let H be a group and K < H. The
centralizer of K in H is defined by

Cy(K) :={he€e H :Vk €K, kh= hk}.

It is well known that Cp(K) is a subgroup of H and that, for every
he H, Cy(K") = [Cx(K))".
It is then clear that, given U < G* and p € P,

CY(p) = {u € M : Vo € Staby (p), gu = up} = Cg(Staby (p))NM. (10)

The next proposition, whose proof is in Appendix B.2, illustrates the
properties of CU. Its purpose is, on the one hand, to provide a better
understanding of the new concept and, on the other hand, to convey a
more vivid intuition of it.

Proposition 3. Let U < G*. Then the following facts hold true:

() CY is U-symmetric;
(ii) if F is a resolute and U-symmetric matching mechanism, then F is a
refinement of CU.

By Proposition 3, it turns out that CY is the natural container for
all the resolute and U-symmetric matching mechanisms.

We are now ready to state the main result of the section. Its proof
is in Appendix B.3.
Proposition 4. Let U < G* and F be a U-symmetric matching
mechanism. Then, F admits a U-symmetric and resolute refinement if and
only if, for every p € P, F(p)n CY(p) # @.

It is worth noting that considering F = TO in Proposition 4
immediately leads to the following corollary.

Corollary 2. Let U < G*. Then, there exists a resolute and U-symmetric
matching mechanism if and only if CY is decisive.

Unfortunately, CY may fail to be decisive for some values of the
market size and for some subgroups U of G*. Assume, for instance, W =
{1,2}, M = {3,4}, and U = G*. If p is the preference profile in (9), we
know that Stabg«(p) = {id;,(1324),(12)(34), (1423)}. Using (3), a direct
computation shows that Cg;«(Stabg-(p)) = Stabg-(p). As a consequence,
we have C% (p) = Cg+(Stabg(p)) N M = Stabg.(p) N M = @.

4.3. Possibility and impossibility results

We are now ready to state the possibility and impossibility results
proved in the paper. The proofs of the results collected in this section
are in Appendix D. Theorem 1 is about G*-symmetry and is the main
result of the paper. We stress that its proof relies on several results and
facts from group theory, some of them definitely non-trivial. Recall that
the market size is given by |W|=|M|=n>2.

Theorem 1. There exists a resolute and G*-symmetric matching mecha-
nism if and only if the market size is odd.

Given Theorem 1, one may wonder whether it is possible, for the
case n odd, to ask for some further property, like minimal optimality,
and still get the existence. The next result shows that the answer is
negative.

Proposition 5. If the market size is odd, then there exists no resolute,
G*-symmetric and minimally optimal matching mechanism.
Taking into account Theorem 1 and Proposition 5, we then get the

following general impossibility result.

Theorem 2. For every market size, there exists no resolute, G*-symmetric
and minimally optimal matching mechanism.
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Of course, as a consequence of the previous theorem and Proposition
1, we also deduce that there exists no resolute, G*-symmetric and stable
[Pareto optimal; weakly Pareto optimal] matching mechanism.

Now we move our focus on the weaker notion of {¢}-symmetry,
where ¢ € M. As established by Proposition 2, {¢}-symmetry is
equivalent to (@)-symmetry and we adopt the latter writing from now
on. Clearly, ¢ exchanges individuals’ identities across W and M. Since
(@) is a subgroup of G* of order 2, the only smaller subgroup of (@) is
given by the trivial group {id; }. Thus there exists no proper subgroup of
(@) containing permutations exchanging individuals’ identities across
W and M. As a consequence, {(@)-symmetry represents a minimal level
of symmetry among those that allow for an exchange of individuals’
identities across W and M.

The first result we propose is a possibility result.

Theorem 3. For every market size and every ¢ € M, there exists a
resolute, (p)-symmetric and weakly Pareto optimal matching mechanism.

Given Theorem 3, one may wonder whether it is possible to replace
the assumption of weak Pareto optimality with the stronger property of
stability and still get existence. The next two results show that this can
actually be done if and only if » = 2. Note that Theorem 5 corresponds
to Theorem 6 in Endriss (2020).'* The proof in Endriss is based both
on first-order logic and on Satisfiability (SAT) solving techniques. In
fact, it is first shown that some properties of matching mechanisms,
including stability and (g)-symmetry, can be encoded in a specific
formal language. Then, it is proved that impossibility results involving
these properties can be reduced to impossibility results for the case with
three women and three men and that the analysis of this latter case can
be fully automated using SAT solving technology. Here, we propose an
alternative proof of that impossibility result.

Theorem 4. If the market size is 2, then, for every ¢ € M, there exists a
resolute, (p)-symmetric and stable matching mechanism.

Theorem 5 (Endriss, 2020). If the market size is at least 3, then, for
every ¢ € M, there exists no resolute, {(@)-symmetric and stable matching
mechanism.

Of course, in light of Theorem 3, one may also wonder whether
there are resolute, (¢)-symmetric and Pareto optimal matching mecha-
nisms. While, by Theorem 4, we get existence if n = 2, when n > 3 the
problem is still open.

5. A generalization: the model with outside option

The model studied in this paper considers those situations where
individuals are not allowed to stay alone, but are always forced to be
matched to another individual. The model where the outside option of
being unmatched is given to individuals is important and well studied
in the literature. In this section, after recalling how preference profiles,
matching and matching mechanisms are defined in the model with
outside option, we introduce a concept of symmetry analogous to the
one in Definition 5. Then, we propose an impossibility result.

A generalized preference profile is a function p from I to the set

( U Lo {x})> U < Jrwu {y})>
xEW

yEM

such that, for every x € W, p(x) € L(M U {x}) and, for every y € M,
ﬁ(y)_e L(W u {y}). The set of generalized preference profiles is denoted
by P. We represent a generalized preference profile p € P by the table

l 1 n H n+1
[ B(1) p(n) || pn+ 1)

2n ‘
p2n) |

14 Observe also that Theorem 5 implies Theorem 3 in Root and Bade (2023).
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where in the first row there are the names of individuals and in the
second row the corresponding preferences. For instance, if W = {1,2,3}
and M = {4,5,6}, the table

1 2 3[4 5 6]

4 4 62 3 6

1 6 5(1 5 2 an
6 2 3|3 2 1

5 5 404 1 3

represents the preference profile p such that

(1) =1[4,1,6,51 € L(M U {1}), p(2) = [4,6,2,5] € L(M U {2}),
p(3) =16,5,3,4] € L(M U {3}),

P(4) =[2,1,3,4] € LW U {4}), B(5) =[3,5,2, 11 € LW U {5}),
p6) =1[6,2,1,3] € L(W U {6}).

Given p € P and @ € G*, taking into account the definition (1), we
denote by p” the generalized preference profile defined, for every z € I,
by p%(z) := @p(p~'(2)). Using Lemma 1, it is easily checked that p*
actually belongs to P. Similarly to what said for preference profiles in
Section 3.4, if ¢ € G* and p € P is represented by the table

l 1 n H n+1 2n ]

[ p(D) p(n) || pn+ 1) p2n) |

then p” is represented by the table

[ o) o) [ o+ 1) @(2n) |
[ op() @p(n) [[ @p(n+1) op(2n) |

Thus, p” is obtained by p as if all individual identities were changed
according to ¢. For a concrete example, consider the generalized pref-
erence profile p represented by the table in (11). If ¢ = (1426)(35) € G*,
then

4 6 5[[2 3 1] [1 2 3[4 5 6]
2 2 16 5 1 1 6 5[2 1 2
=4 1 3|4 3 6|=|6 4 3|4 3 1}
1 6 5[5 6 4 4 5 6|1 5 6
33 22 4 5 5 2 443 2 3

A generalized matching is a permutation z € Sym(/) such that, for
every x € W, if u(x) # x, then u(x) € M; for every y € M, if u(y) # y,
then u(y) € W; for every z € I, u(u(z)) = z. The set of generalized
matchings is denoted by M. For instance, if W = {1,2} and M = {3,4},
then

M= {idh(13L(14L(23L(24L(13X24L(14x23)}.

Recalling (6) and (7), it is clear that, for every u € M and @ € G*, we
have %¥ € M. Note also that, * is obtained by % as if all individual
identities were changed according to ¢. As an example, assume W =
{1,2,3} and M = {4,5,6} and consider 7 = (15)(26) € M and ¢
(1426)(35) € G*. Then u? = (43)(61).

Given p € P and i € M, we say that u is stable for p if there is no
z € I such that z >3 u(z) and there is no (x,y) € W x M such that
Y >5x) u(x) and x ) u(y); Pareto optimal for p if there is no e M
such that, for every z € I, 7 (2) >3z H(z) and there exists z* € I such
that %' (z*) >5(z+) H(z¥). It can be easily shown that if ¥ is stable for p,
then it is Pareto optimal for p.

A (two-sided) generalized matching mechanism is a correspondence
from P to M. Given a generalized matching mechanism F, we say that
F is decisive if, for every p € P, F (p) # @; resolute if, for every p € P,
| F(p)| = 1; stable if, for every p € P, all the elements of F (p) are stable
for p; Pareto optimal if, for every p € P, all the elements of F (p) are
Pareto optimal for p; U-symmetric, where U C G*, if, for every p € P
and ¢ € U, F(p%) = F(p)®.
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We stress that, even in the considered framework, the properties
of G-symmetry (anonymity) and (G* \ G)-symmetry (gender-fairness)
are employed by some authors, specifically to obtain characterization
results (see, for instance, Theorem 2 in Miyagawa, 2002, and Theorem
3.1 in Nizamogullari and Ozkal-Sanver, 2014). It is also worth noting
that, using the same argument as in the proof of Proposition 2, we can
deduce that, for every U C G*, a generalized matching mechanism is U-
symmetric if and only if it is (U)-symmetric. Therefore, by Proposition
8, (G* \ G)-symmetry is equivalent to G*-symmetry.

As a consequence of Theorem 2, we are able to prove the following
impossibility result, whose proof is in Appendix D.

Theorem 6. For every market size, there exists no resolute, G*-symmetric
and Pareto optimal generalized matching mechanism.

Of course, Theorem 6 implies that there exists no resolute, G*-
symmetric and stable generalized matching mechanism. On the other
hand, the existence of a resolute and G*-symmetric generalized match-
ing mechanism remains an open problem.

6. Conclusions and future research

In this paper, we focused on balanced markets and proved several
possibility and impossibility results for matching mechanisms satis-
fying resoluteness, a given level of symmetry, (i.e. G*-symmetry or
(@)-symmetry), and possibly other desirable properties (i.e. stability,
Pareto optimality, weak Pareto optimality and minimal optimality).
The main result of the paper (Theorem 1) states that resoluteness and
G*-symmetry are consistent with each other if and only if the size
of the market is odd. Moreover, we prove that resoluteness and G*-
symmetry are inconsistent with minimal optimality, definitely a very
weak condition (Theorem 2); there exist resolute and (¢)-symmetric
matching mechanisms that are weak Pareto optimal but none of them
can be stable, unless the size of the market is 2 (Theorems 3, 4, 5).
Roughly, the conclusions that we can draw from these results could
be recap as follows: when we restrict attention to resolute match-
ing mechanisms, the highest level of symmetry, that is G*-symmetry,
is incompatible with any sort of optimality condition while weaker
symmetry conditions, still involving a comparison between the two
groups of agents, are incompatible with strong optimality conditions,
like stability, but may be consistent with other interesting optimality
conditions, like weak Pareto optimality.

These results are obtained by employing suitable algebraic methods
based on group theory, an approach strongly innovative and not yet
explored in matching theory. Our paper demonstrates that such an
approach is fruitful and able to provide novel and remarkable insight
into issues that pertain to fairness.

All these findings constitute a first step in the direction of a complete
understanding of the Main Problem described in Section 4.1. Several
other areas deserve attention for future research.

First, one could focus on other forms of fairness which are inter-
mediate between G*-symmetry and (g)-symmetry and economically
sound, as well. The purpose is to get, in particular, positive results for
these intermediate forms of symmetry when the size of the market is
even. As an example, in a framework where it is natural to identify
a partition {W,,W,} of W and a partition {M,, M,} of M that are
economically meaningful and such that |W,| = |[M|| and |W,| = |M,]|,
it could be reasonable to focus on U-symmetry, where

U={peG : oW)=W or W)= M}

In other words, one can focus on changes in individual identities within
the four sets W, W,, M, and M,, as well as those across W, and M,
and across W, and M,.

Another possible approach for getting possibility results consists in
analyzing whether it is possible to identify suitable preference domain
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restrictions that guarantee the existence of resolute matching mecha-
nisms satisfying strong optimality conditions, such as stability, while
maintaining a sufficiently high level of symmetry.

Finally, one could ask whether our notion of U-symmetry and
the possibility and impossibility results provided in our paper can be
extended to unbalanced markets, namely where the two sets W and
M have different sizes (and where, of course, individuals have the
outside option to be unmatched). However, we believe that symmetries
involving permutations that change individuals’ identities across W
and M do not make sense in such a framework since W and M are
substantially different because of their different sizes. On the other
hand, symmetries involving only permutations that change individuals’
identities within the two groups (that is, weaker forms of anonymity)
may be considered, and it seems reasonable to conjecture that any
matching mechanism satisfying a symmetry condition of that type
admits a resolute refinement satisfying the same level of symmetry.
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Appendix A. Optimality conditions

Let us introduce some notation that will be used in the proof of
Proposition 1 and also in the sequel. Let m € N. Given x € Z, we denote
the equivalence class of x modulo m by [x],, := {x+km : k € Z}. Note
that, for every x € Z, [x],, n [m] is a singleton whose unique element
can be taken as a canonical representative for the set [x],,,.

Proof of Proposition 1. (i) Let u be stable for p. Assume by contradic-
tion that y is not Pareto optimal for p. Then, there exists 4’ € M such
that, for every z € I, 4/(z) =z H(2) and there exists z* € I such that
u'(z%) >p(z+) H(z¥). Consider then z* and set z/ = 4/ (z*). Then we have
2 = y(2*) >y u(z*) and z* = p'(2') =,y u(z’). Note that z* # p(z').
Indeed, assume the contrary. Then z’ = u(z*) and thus z’ >, 2/, a
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contradiction. As a consequence, we have z* = p/'(z’) > () u(z') and
hence the pair (z*, z’) blocks p according to p. Thus, u is not stable, a
contradiction.

(ii) Trivial.

(iii) Let u be weakly Pareto optimal for p. As already observed, there
exists at most one matching that is not minimally optimal for p. If there
is none, then y is minimally optimal for p. Assume instead that there
exists u* € M that is not minimally optimal for p. Thus, for every z € I,
Rank ,,,(4*(z)) = n. In order to prove that u is minimally optimal for
p, it is enough to show that yx* is not weakly Pareto optimal for p. Let
u' € M be the unique matching such that, for every y € M, 1/'(y) is
the unique woman in the set [x*(y) + 1],. Observe that, since n > 2, for
every z € I, we have u/(z) # u*(z) and therefore Raﬂk,;(z>(ﬂl(z)) < n. As
a consequence, for every z € I, ji/(z) >y(z) W' (z). Thus, u* is not weakly
Pareto optimal for p. [

Appendix B. Group theory in our setup

B.1. Basic results of group theory and two actions

We start with some additional basic notions from group theory.'®
Let H be a finite group. Lagrange Theorem states that the size of a
subgroup of H divides the size of H (see Theorem 1.26 in Milne, 2021).
Given h € H, the order of & is defined by |h| := |(h)| and we have
that: (h) = {h/ : j € N}; |h| is the minimum j € N such that 4/ = 1;
given b € N, h® = 1 if and only if |A| divides b; by Lagrange Theorem,
|h| divides |H|.'® We say that H is cyclic if there exists » € H such
that H = (h). Cauchy Theorem partially reverses Lagrange Theorem
ensuring that if r is a prime dividing |H|, then there exists in H an
element of order r (see Theorem 4.13 in Milne, 2021).

Let K be a finite group. A homomorphism from H to K is a function
f : H — K such that, for every h,h, € H, f(h hy) = f(h))f(hy),
where the operations are denoted by juxtaposition in both groups.
A homomorphism f from H to K is called an isomorphism if it is
bijective. For instance, if K < H and h € H, the conjugation by 4 is
an isomorphism from K to the subgroup K" of H. The groups H and
K are called isomorphic if there exists an isomorphism between them.
In such a case, we write H =~ K. It is easy to check that two cyclic
groups of the same size m € N are isomorphic. As a consequence, up
to isomorphism, there is a unique cyclic group of order m, denoted by
C,.

Given K < H, we say that K is a normal subgroup of H if, for every
h € H, K" = K (see Chapter 1 in Milne, 2021). As an application of
this notion to subgroups of G*, we show that G is a normal subgroup
of G*. Indeed, let 6 € G and ¢ € G*. Since all the cycles in which ¢
splits have support included in either W or M, it follows from (6) and
(7) that the same holds for ¢?. As a consequence, we have ¢¥ € G, and
since conjugation by ¢ is a bijection, we obtain G¥ = G.

We next introduce the concept of action. Let X be a nonempty finite
set. An action of H on X is a homomorphism f from H to Sym(X).
Assume that H acts on X through the action f. For every h € H and
x € X, we usually write x" instead of f(h)(x). In particular, the action f
is not explicitly mentioned in the notation, although it must always be
carefully specified. In this paper, we will focus mainly on actions on the
set I of individuals and on the set P of preference profiles. Given x € X,
the H-orbit of x is the set x := {x" € X : h € H}; the H-stabilizer

15 We are interested to apply those notions to suitable subgroups of G*,
e.g., G*, G, (u) with u € M, and the stabilizers of two special actions defined
later in this section.

16 For instance, if y is a matching, then we know that 4 € G* and so |u| =2
divides |G*|.
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of x is the subgroup of H defined by Stab,(x) :={h€ H : x" =x}. A
well-known result states that, for every x € X,

|H|

Hy _
= S eor

and so, in particular, x| divides |H| (see Chapter 4 in Milne, 2021).
The set X := {x# C X : x € X} is a partition'” of X called the
set of the H-orbits of X or, alternatively, the set of orbits of H on X.
Reference to X can be omitted when it is clear from the context.

We now discuss the first action that plays a role in our paper: the
so-called natural action. Given H < Sym(X), the natural action f of
H on X is defined, for every ¢ € H, by f(p) = ¢. Thus, with respect
to this action, for every x € X, we simply have f(@)(x) = x? = ¢(x),
xH = {p(x) € X : ¢ € H} and Staby(x) = {@p € H : ¢(x) = x}. We
emphasize that, in this paper, this kind of action is used for H < Sym(X)
with X being a subset of I, for instance, I, W, and M.

Let ¢ € Sym(X). Since (@) < Sym(X), we can consider the natural
action of (p) on X. Given x € X, we have that x?) = {¢/(x) €
X : j € N} and |x{?)| = 1 if and only if x is a fixed point for
@, that is @(x) = x. The set of the (p)-orbits of X, that is the set
X@ = (x{» ¢ X : x € X}, is also called the set of the orbits of ¢
on X. Let r = |X{?)| € N be the number of the distinct orbits of ¢ on
X and let x,...,x, € X be such that x(?) = {xﬁ‘p> 1 j € [r1}. The

elements x,,...,x, are called representatives of the orbits of ¢ on X.
For every j € [r], set b; := |x\”’|. The type of ¢ is defined by the
unordered list T, := [b,...,b,], whose elements are called the parts

of T,,. We have that Z;=1 b; = |X| and |g| = Iem(by, ..., b,), where lcm
denotes the least common multiple. Let J = {j € [r] : b; 2 2}. If J = @,
then ¢ = idy; if J # @, then ¢ # idy and ¢ decomposes into the |J|
disjoint cycles @y, ..., @, where, for every j € J, ¢; is the b;-cycle

given by (p{ = (x; ox;) - (pbf—l(xj)). In particular, for every j € [r]
and x € xj"’>, we have ¢% (x) = x. When we need to emphasize the
distinct parts by, ..., b, of T,, the notation T, = b(lr‘), ,bg”) will be

used, where, for every i € [s]l, ; counts how many times b; appears
in T,,. As an example, if T, = [1,1,2,2,3,4,4,4], then we can write
T, = [1®,22,3,4®)]. It is well known that, given ¢;, ¢, € Sym(X),
we have Tq,1 =T o if and only if ¢, and ¢, are conjugate in Sym(X)
(see Proposition 4.30 in Milne, 2021).

We now consider the second action that plays a crucial role in our
paper: the action on the set of preference profiles. First, recall that,
given p € P and ¢ € G*, we have defined in (4) the preference profile
p?. Given now a subgroup U of G*, consider the function f : U —
Sym(P) that maps each ¢ € U to the function f(¢) : P — P that
associates each p € P with p? € P. Remarkably, the function f is an
action of U on P. To establish this, we first need to prove that, for every
@ € U, f(p) is indeed a bijection from P to P. Furthermore, we must
show that f : U - Sym(P) is in fact a homomorphism between groups.
Both facts easily follow from the next proposition.

Proposition 6. Let p € P and ¢, ¢, € G*. Then, (p%2)?1 = p?12,

Proof. We have to show that, for every z € I, (p?2)?1 (z) = p?192(z).
Consider z € I. Then we have

P")? (2) = 0,72 (0](2)) = 0 (020(05 " (@] (2))))
= (¢102) P(0102)7"(2)) = p7192(2),
as desired. []

Indeed, given ¢ € U, the map f(¢) : P — P is surjective because,
by Proposition 6, for every p € P, we have

(@) (p"’fl) = (p"‘fl )(p =pt = p.

17" A partition of a nonempty set X is a set of nonempty pairwise disjoint
subsets of X whose union is X.
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Thus, since P is finite, f(¢) is bijective. Moreover, f is a homomor-
phism from U to Sym(P) because, as a further application of Proposition

6, for every ¢, ¢, € U, we have f(¢,9,) = f(@)f(®).
B.2. Basic applications of group theory to matchings

In this section, we collect some key points where group theory
comes at play in our model. Proposition 7 describes some useful prop-
erties of matchings and clarifies the observations made at the beginning
of Section 3.2. Proposition 8 establishes that G*-symmetry, gender fair-
ness, and the combination of peer indifference and gender indifference
are equivalent concepts. Propositions 9 and 10 are about the different
levels of symmetry exhibited by some matching mechanisms studied in
the literature. We also provide the proofs of Propositions 2 and 3 stated
in Section 4.2.

Proposition 7. The following facts hold true:

D) M={ueG*"\G: |u=2}#2;
(i) M={ueG*\G:T,=[2"]}
(iii) for every ¢ € G*, M?® = M.

Proof. (i) Let 4 € M. Then, by definition, u leaves the partition
{W,M} of I invariant and swaps W and M; hence y € G* \ G. In
particular, u # id;. Moreover, the fact that u(u(z)) = z for all z € I
implies that |u| = 2. The other inclusion is obvious. The nonemptyness
of M is immediate since y = (1 n+ 1) -+ (n 2n) is a matching.

(ii) By (i), we just need to show that u € G* \ G has order 2 if and
only if T, = [2™]. If T, = [2(], then obviously |u| = 2. Let y € G*\ G
with |u| = 2. Then T, = [2®,10)] with 2k + s = 2|W| and s > 0. Since
u takes W into M and M into W, every orbit of u contains at least an
element in W and an element in M. As a consequence, no part of T,
can be smaller than 2 and thus s = 0.

(iii) We first show that, for every ¢ € G*, M? C M. Let ¢ € G*.
Consider then y € M and prove that ¥ € M. By (i), we have y € G*\G
and |u| = 2. Since G* is a group, u? € G*. Assume that ¥ € G. Since G
is normal in G*, we deduce that y = (;4‘4")‘9_l € G, a contradiction. Thus,
u? € G* \ G. Moreover, we have |u?| = |u| as u and u? are conjugate.
Thus, by (i), we get u? € M.

We complete the proof showing that, for every ¢ € G*, M C M?.
Let ¢ € G*. Since ¢~' € G*, by the first part of the proof, we get
M?"' € M and then M =(M? )2 c M?. [

Proof of Proposition 2. Assume that F is (U)-symmetric. Then, for
every p e P and ¢ € (U), F(p?) = F(p)?. In particular, for every p € P
and ¢ € U, F(p?) = F(p)?. Thus, we conclude that F is U-symmetric.

Assume now that F is U-symmetric. Then, for every p € P and
@ € U, F(p*) = F(p)?. It remains to prove that, for every p € P and
@ € (U), F(p®) = F(p)?. Let us set U; = U and, for every k € N, let

U, :={p€G":30,...,0, €U such that p = 0| - 5, }.
For every k € N, consider the following statement, denoted by S(k),
for every p € P and ¢ € U, we have that F(p?) = F(p)®.

We claim that, for every k € N, S(k) is true. We prove that fact by
induction. The truth of S(1) is immediate. Assume that S(k) is true and
prove that S(k + 1) is true. Let p € P and ¢ € U, and prove that
F(p?) = F(p)?. Since ¢ € U, we can find y € U, and 0 € U = U,
such that ¢ = yo. Thus, by Proposition 6, we have that p? = p¥° =
(p°)¥. Thus,

F(p?)=F(p"?) = F((0")¥) = Fp°) = (F(p)°)" = F(p)"* = F(p)°,

where the third equality follows from the fact that S(k) is true, the
fourth one from the fact that S(1) is true and the fifth one from (8).

By the claim and the fact that (U) = |J, <y Uy, we then deduce that,
for every p e P and ¢ € (U), F(p?) = F(p)?, as desired. []
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Proof of Proposition 3. (i) We have to show that, for every p € P and
@ € U, CY(p?) = CY(p)*. Consider then p € P and ¢ € U. Recalling
that conjugation by ¢ defines a bijection and using (10), Proposition
7(iii) and the properties of stabilizers and centralizers, we have that

CY(p?) = Cgs (Staby (p?)) N M = Cg- ([Staby (p)]?) N M?

= (Cg+[Staby (P))? N M = (Cg[Staby (p)] N M)? = CY (p)°.

(ii) Let F be a resolute and U-symmetric matching mechanism.
Consider p € P and let u be the unique matching in F(p). By (10),
we prove that u € CY(p) by showing that, for every ¢ € Staby (p), the
equality 4? = u holds. Let ¢ € Staby(p). Then, p? = p and, since F is
U-symmetric, we have

{u} = F(p) = Fp?) = F(p)? = {u}? = {u®},

that implies the desired equality. []
Proposition 8. Let ¢ € M. Then (G U {¢}) =(G* \ G) = G*.

Proof. Let us prove first (G* \ G) = G*. Let U := (G* \ G). We want
to show that U = G*. Since U 2 G* \ G, it is enough to show that
U D G. Consider then y € G and prove that y € U. Pick ¢ € G* \ G.
Using the fact that G is normal in G*, we get G = G?. Then there exists
v € G such that y = v?. Hence, we have v = ¢(vp~!). We cannot have
vp~! € G, because that would imply ¢ € G. Thus, we have expressed
y as the product of two elements in G* \ G, and hence y € U.

Let us prove now (G U {¢}) = G*. Let U := (G U {¢}). We want
to show that U = G*. Since U 2 G U {9} and ¢ € G* \ G, we have
that U > G and U # G. By Lagrange Theorem, we then have that |G|
properly divides |U|. Then |U| = |G|k, for some k € N, with k > 2.
On the other hand, using again Lagrange Theorem, we also have that
|U| divides |G*| = 2|G|. As a consequence |U| = 2|G| = |G*| and hence
Uu=G*. [J

Proposition 9. GS,, and GS,, are G-symmetric but they are not
G*-symmetric. GS, ST, PO, W PO, MO and TO are G*-symmetric.

Proof. The G-symmetry of GS,, and GS,, follows from the nature of
the algorithm in Gale and Shapley (1962). Let us prove that G.S,, and
GS,, are not G*-symmetric. Indeed, let W = [n], M = {y,,...,y,}, and
consider the preference profile

[©) m [y »
oy () )| 2 1

1 2 Gw |

(m |

(y3)
3)

p=

where the vertical dots mean that the missing entries of each linear
order can be listed in any possible order. Consider the permutation
¢ = (1ypQ2y,) - (ny,) € G* that switches woman x and man y, for
each x € [n]. Let y* = id; if n = 2 while y* = 3y3) - (ny,) € Sym(I)
if n > 3. Note that, for every n > 2, we have ¢ = (1y))Q2y,)r*. It is

immediate to check that G.S,,(p) = {¢} and GS,,(p) = {1 )2 y)r*},
and then GS,,(p) = GS,,(p)” and GS,,(p) = GS,,(p)?. We also have that

EEEED) G 1 2 0B ) |
=1 2 3 m v »n O )
(1 2 m [[n »n O )
=l n o ) (G771 I S ) (n)

Thus, GS,,(0*) = {1 y)2y)r*} # GS,(p)? and GS,(P*) = {@} #
GS,,(p)?. As a consequence, GS,, and GS,, fail to be G*-symmetric.
In order to prove that GS is G*-symmetric, we need to show that,
for every p € P and ¢ € G*, GS(p?) = GS(p)?*. If ¢ € G, that is a
consequence of the G-symmetry of GS,, and GS,,. Indeed, GS(p®) =
{GS,(p?). GS,(p")} ={GS,,(P)?. GS,(p)?} = GS(p)?. If ¢ € G*\ G, the
proof has been provided in Proposition 3.3 by Ozkal-Sanver (2004).
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The fact that ST is G*-symmetric follows immediately from the
following property: if 4 € M, p € P and ¢ € G*, the pair (x,y) € WxM
blocks y according to p if and only if the pair (¢(x), ¢(y)) blocks u?
according to p?. We remark that (¢(x), p(y)) € W x M if ¢ € G, while
(p(x), p(»)) € M x W if ¢ € G* \ G. Let us prove the stated property.
By definition, (x,y) € W x M blocks u according to p if

Y >poy HG0) and x > p(y).

By (5), that is equivalent to

@) > po () PH(X) and @(x) > 0000 PHD)),

which, in turn, is equivalent to

OV > po(px) u?(p(x)) and ¢(x) > 02 (0(»)) U (e(y),

that is, (¢(x), @(»)) blocks the matching u? according to p®.

The fact that W PO is G*-symmetric follows immediately from the
following property: for every y € M and ¢ € G*, u is not weakly
Pareto optimal for p if and only if 4% is not weakly Pareto optimal for
p?. In order to prove the aforementioned property, consider 4 € M and
@ € G* and note that, by definition, u is not weakly Pareto optimal for
p if and only if there exists a matching 4’ € M such that, for every
z € I, f/(2) >, u(z). For every z € I, we have that 4'(z) >, u(z)
is equivalent to @(u'(z)) > 2oz P(H(2)) that, in turn, is equivalent to
WP (@p(2)) > ooz HP(@(2)). Since that holds true for each z € I and
since (u')? € M, that is equivalent to state that the matching u? is not
weakly Pareto optimal for p?®.

The proof that PO is G*-symmetric is similar to the proof that W PO
is G*-symmetric and then omitted.

Let us prove that MO is G*-symmetric. This is an immediate con-
sequence of the following property: for every u € M and ¢ € G*, u is
not minimally optimal for p if and only if 4 is not minimally optimal
for p?. That property can be proved by noticing that y ¢ MO(p) is
equivalent to Rank,,u(z) = n for all z € I, which in turn is equivalent
to Rank,e(,)(u?)@(z)) = n for all z € I, which is equivalent to
u? & MO(p?).

Finally, TO is G*-symmetric since, for every p € P and ¢ € G*,
we have that TO(p) = TO(p?) = M and, by Proposition 7(iii), M? =
M. O

Proposition 10. SE and ES are G*-symmetric.
Proof. Let us prove that SE is G*-symmetric. Observe first that,

immediately from the definition of p?, for every ¢ € G*, p € P and
z,u € I of different gender, we have that

Rank (), @) = Rank,,u. (12)
We next show that, for every ¢ € G*, p € P and u € M, we have
8(p?, u®) = 8(p, ). 13)

Indeed, using (12), we have

8(p%, 1) = | Y Rank o (u?(x) = Y Rank o, (14?())

xeW yEM

= Z Rankpw((p(x))(”w(¢(x))) - Z Rankp(”((p(y))(ﬂ(p((p(y)))‘
xeW yEM

= Z Rankpw(q;(x))((l’ll(x)) - Z Rankpw((p(y))((ﬂ#()’))
xeW YEM

= Z Rank , ((x)) — Z Rank ., (u(¥))

xeEW yeM

= 6(p, p).
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As a consequence, using the fact that ST is G*-symmetric and applying
(13), we have that, for every p € P and ¢ € G*,

@
SE(p?) = argmin 6(p?, u) = argmin §(p?, u) = <arg min 6(p"’,a"’)>

HEST (p?) HEST (p)? c€ST(p)

P
argmin §(p,6) | = SE(p)?.
ceST(p)
Thus, SE is G*-symmetric.
The proof that ES is G*-symmetric follows the same line of reason-
ing, and hence, for the sake of brevity, is omitted. []

B.3. Proof of Proposition 4

Given U < G*, by means of the action of U on the set P of
preference profiles considered in Appendix B.1, we can transfer the
notation and results concerning the action of a group on a set into the
framework of matching theory.

For every p € P, the U-orbitof pin Pisp! = {(p?» € P : p € U}. We
denote by R the size of the set PV = {pV : p € P} of the U-orbits of .18
A system of representatives of the U-orbits of 7 is any (p; )le € PR such
that PV = { py : j € [R]}. Moreover, for every p € P, the U-stabilizer
of p is the set Stab(p) = {¢ € U : p? = p} (see Definition 6).

Before proving Proposition 4, we propose the following preliminary
result.

Lemma 2. LetU < G*, (p j)fz | € PR be a system of representatives for the
U-orbits of P, and suppose that, for every j € [R], CY(p;) # @. Let (u j)f:]
be a sequence of matchings such that, for every j € [Rl, u; € CU(pj).
Then, there exists a unique resolute and U-symmetric matching mechanism
H such that, for every j € [R]], H(p;) = {u;}.

Proof. Observe first that, given p € P, there exists j € [R] and ¢ ;€U
such that p = p;ﬂj . Consider then the matching mechanism H defined,
for every p € P, by H(p) := {y;.p’ }, where j € [R] and ¢; € U are such
that p = pj’j .
We first prove that H is well defined. Let p € P and assume that
p = pz] and p = p;,”;, where j;,j, € [R] and ¢,,9, € U. We have
to prove that ;4;?’]1 = ;4‘.’;2. Note that, since (p j)le € PR is a system
of representatives for the U-orbits in P, it must be j, = j,; therefore
uj, = m;, and p; = p,. We now have that ;4;’;' = ;4;”12 is equivalent
#3'e

—1
to (Mz‘)wz = uj, that, in turn, is equivalent to H, = p;,- In order

—1
to prove the equality yzz - Hip» observe that (pgl(pl € Staby(p;)).

Indeed, from p = pzl and p = p;.’f, we get pz] = pj’]z and then,
[ —1
using the action, we have (pzl) - pj,» that is, pzz o pj,- Since

—1
uj, € clop ;,)» We can then conclude that ;4;/)12 ?
H is well defined.

Of course, H is resolute and since, for every j € [R]], p; = p;d’ , we
have that H(p;) = {u;}.

Let us prove that H is U-symmetric. Consider then p € P and ¢ € U
and let us prove that H(p?) = H(p)?. Let j € [R] and @; € U be such
that p = p;pj. Thus, H(p) = {/4;,/7’} = H(p;)* and

"=y ;> s desired. Thus,

ne =H ((57)") = 1 (5]") = HeY*® = (HE)*)* = HEY".

It remains to prove the uniqueness. Consider a U-symmetric and
resolute matching mechanism H'’ such that, for every j € [R], H'(p ;) =
uj- We have to prove that, for every p € P, H(p) = H'(p). Consider then
p € P. There exist j € [R] and ¢; € U such that p = p;pj . Thus, using

18 The number R depends of course on U and P. We can avoid more precise
notation since U and P are always clear from the context.
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the U-symmetry of H and H' and the fact that H(p)) = H’(pj) = {u;},
we get

H'(p)=H'(p]") = H'(p)* = {p;"} = H(p))" = H(p}") = H(p),

as desired. [J

Proof of Proposition 4. Assume that F admits a U-symmetric and
resolute refinement H. Using Proposition 3, we deduce that, for every
pPEP, Hp) C F(p) nCY(p) and so F(p) N CY(p) # @.

Conversely, assume that, for every p € P, F(p) n CY(p) # @. Let
(p/-)le € PR be a system of representatives for the U-orbits in P
and (Mj);il be a sequence of matchings such that, for every j € [R]],
u; € F(p j)nCU (p;) # @. By Lemma 2 there exists a unique U-symmetric
and resolute matching mechanism H on P such that, for every j € [R]],
H(p;) = {u;}. Let us prove that H is a refinement of F. Let p € P
and consider j € [R] and ¢; € U such that p = pj” . Then, using the
U-symmetry of H and F, we get

H(p) = H(p,") = H(p))" = (4"} S F(p))* = F(p]") = F(p). O

Appendix C. Semiregular permutation groups

C.1. Semiregular subgroups of G*

We start this section recalling some definitions from the theory of
permutation groups.

Let X be a nonempty and finite set and .S be a subgroup of Sym(X).
S is called semiregular if, for every x € X, we have Stabg(x) = {idy}.
In other words, S is semiregular if the only ¢ € .S fixing at least an
element of X is ¢ = idy.'” S is called transitive if, for every x,y € X,
there exists s € S such that s(x) = y; regular if S is transitive and
semiregular. Clearly, S is transitive if and only if .S admits a unique
orbit on X.

The following proposition describes some general properties of
semiregular groups.”’

Proposition 11. Let X be a nonempty and finite set and let S < Sym(X)
be semiregular. Then, the following facts hold true:

(i) every orbit of S has size |S|;
(i) |S| divides | X | and the number of orbits of S is
(iii) S is regular if and only if |S| = | X|;
(iv) every subgroup of S is semiregular;
) if 5,5, € S are such that there exists x € X with s,(x) = s,(x), then
S1 = $p.

1x1.

K¢

Proof. () Pick x € X. Then, x| = ol — =|S].
S

(ii) We know that X is disjoint union of the orbits of S. By (i), each
orbit of § has size |.S|. Thus, we deduce that |.S| divides |X| and that
the number of orbits of S is X!,

(iii) Assume that S is regular. Pick x € X. Since S is transitive,

we have x5 = X. Since |Stabg(x)| = 1, it follows that |X| = [xS| =
ﬁ = |S|. Conversely, assume that |.S| = |X|. Pick x € X. Since
S
15|

|Stabg(x)| = 1, we have |x5| = = |S| = |X|. Thus, x5 = X,

K R |Stabg (x)]
which says that S is transitive.

19 The concept of semiregularity is widely considered in the literature of
permutation groups. Some recent contributions involving semiregular groups
are, for instance, Maynard and Siemons (2002), Bereczky and Maroti (2008),
Kovacs et al. (2015).

20 Even though Proposition 11 expresses classic and well-established facts,
we could not find a reference containing the statements necessary for our
scopes. So, for clarity of exposition, we have preferred to state and prove what
needed.
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(iv) Let U < S. Then, for every x € X, we have Stab;,(x) =
U nStabg(x) =U N {idy} = {idy}. Thus, U is semiregular.

(v) Let 5,5, € S and x € X be such that s;(x) = s,(x). Thus,
s;lsl(x) = x, that is, s;'s; € Stabg(x) = {idy}. As a consequence,

O

We emphasize the strong consequence of semiregularity expressed
by Proposition 11(v): if two permutations of S coincide on a single
element of X, then they coincide on the whole set X.

From here on, we focus on the properties of semiregular subgroups
of G* under the assumption that » is odd.

2

s;lsl =idy, that is, s; = s,.

Proposition 12. Let n be odd and S < G be semiregular. Then, the
following facts hold true:

(i) every orbit of S is included in W or is included in M;
(ii) |S| divides n and there are ﬁ orbits of S included in W and
orbits of S included in M;
(iii) |S| is odd and the number of orbits of .S is even.

.
1S

Proof. (i) Since S < G, every ¢ € S takes W in W and M in M. Thus,
every orbit of S is included in W or in M.

(ii) By (i), we know that W is union of orbits of S, and M is union
of orbits of S. Since S is semiregular, by Proposition 11(i), we know
that each orbit of S has size |S|. Then we conclude that |S| divides
[W| = |M| = n and there are é orbits of S included in W and I_gl
orbits of S included in M

(iii). Since n is odd and |S| divides n, we deduce that |S| is odd.
Moreover, by Proposition 11(ii), we know that the number of orbits of
S is which is even because |S| is odd. [

2n
Is1’
Proposition 13. Let n be odd and S < G* be semiregular and such that

S £ G. Then, the following facts hold true:

(i) |S|is even and, for every z€ I, |z5 nW|=|z5 " M| =
(ii) |.S| divides 2n and the number of orbits of S is odd.

IS].
2’

Proof. (i) Let z € I and prove that |z5 N W| = |z5 n M|. Since S £ G
there exists s € .S\ G € G*\ G. Since s takes W in M, we can consider
the function 5 : z5 N W — z5 N M defined, for every x € z5 n W, by
5(x) = s(x). We have that 5 is injective, because if x;,x, € z5 N W are
such that 5(x;) = 5(x,), then we have that s(x;) = s(x,) and thus x; = x,.
Let us prove that 5 is surjective. First, let us observe that s~! € S\ G.
Indeed s~! € S because S is a group. Moreover, s~' ¢ G because, being
G a group, s~! € G implies s € G. Consider now y € z5 n M and note
that s~'(y) € z5 "W and 5(s~!(y)) = ss~!(y) = y. We conclude then that
5 is a bijection, and so |z° N W| = |z5 n M|. Using Proposition 11(i),
we obtain that
IS|=1251 =125 n (W uM)| = |(z5nW)u S n M)

=1Z5nW|+ 250 M| =215 W]
Thus, | S| is even and |z5 N W|=|z5n M| = %

(ii) By Proposition 11(ii), we know that |.S| divides 2n. Since n is
odd and |S| is even, we conclude that the number of orbits of 5, that

is %, isodd. [

We present a basic but useful result about centralizers in G*.*!

Proposition 14. Let ¢ € Sym([) be a 2n-cycle. Then, the following facts
hold true:

D Csymn (@) = {@);
(i) if ¢ € G*, then Cg((@)) = {p);

21 Proposition 14(i) is well known, but we could not find an exact reference.
So, for the sake of a self-contained exposition, we have preferred to prove it.
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(iii) if ¢ € G*\ G and n is odd, then ¢" is the unique element of order 2
in Cg«({(@)) N (G*\ G);

(iv) if ¢ € G*\ G and n is even, then there exists no element of order 2
in Cg+({@) N (G* \ G).

Proof. (i) By the fact that (@) is abelian, we immediately get that
C = Cyymn{®)) 2 (@). Let us prove that C is semiregular. Consider
then z € I and y € Stab(z) and prove that y = id;. Given u € I, since
(o) is transitive, we know that there exists k € [2n] such that u = ¢*(2).
Since y € C, we have that y¢* = ¢p*y. Thus,

w() = wo'(z) = o*y(2) = 9" (2) = u.

We conclude then that y = id,, as desired. C is also transitive because
it contains the transitive group (¢). Hence, C is regular. By Proposition
11(iii), we deduce that |C| = 2n and hence C = ().

(ii) Let @ € G*. By (i), we have that Cg;-((@)) = G* n Csym(,)((q;)) =
G* n{g) = (o).

(iii) Let ¢ € G* \ G and n be odd. By (ii) the only element of order
2 in Cg+({@)) is ¢". Since n is odd we also have that ¢" € G* \ G.

(iv) Let ¢ € G* \ G and n be even. By (ii) the only element of order
2 in Cg«({p)) is ¢". Since n is even we have that ¢" € G and thus

9" ¢ G \G. [

Let us prove the main result of the section.

Proposition 15. Let n be odd and S < G* be semiregular. Then, there
exists ¢ € Cg+(S) N (G* \ G) such that || = 2.

Proof. We have to show that there exists ¢ € G* \ G satisfying the
following two properties:

(i) for every s € S and z € I, ¢s(z) = s@(z);
(ii) for every z € I, pp(z) = z.

We will define ¢ on I by specifying its definition on the orbits of
S on I. To that purpose, we first observe that, given z,z’ € I with
z' € z5, there exists a unique s € S such that z = s(z). The existence
of s € S for which z/ = s(z) follows directly from the definition of
S-orbit of z. Furthermore, by Proposition 11(v), if 5,5’ € S are such
that z/ = s(z) = s'(z), then s = s’. This guarantees the uniqueness. As
a consequence, given z € I, we can uniquely represent every element
of z5 as s(z) where s € S. We will refer to such notable property as
the unique representation property throughout the proof. The proof is
structured in two cases.

Case 1. S <G.
By Proposition 12(i), we know that every orbit of .S is included in
W or in M and that there are r := - orbits of .S included in W as well

IS
as r orbits of S included in M, for a total of 2r orbits. Let OY, ..., 0¥

be the distinct orbits of .S included in W and O;", ..,or be the distinct
orbits of S included in M. For every j € [r]], let us fix x; € O}" and
v; € O Thus, for every j € [r]l, 0% = xf and O = yf.

For every j € [r], we define ¢ on x? U y? by setting, for every
s €8, p(s(x;)) = s(y;) and @(s(y;)) := s(x;). Such a definition is
consistent thanks to the unique representation property. Note that, for
every z € xf, o(2) € yf and, for every z € yf, o(2) € ij. Indeed, if
zZE xf, then z = s(x;) for some s € S and ¢(z) = o(s(x;)) = s(y;) € yf.
Analogously, if z € ij, then z = s(y;) for some s € S and ¢(z) =
@(s(y;)) = s(x;) € x5. As a consequence, for every z € x5 Uy, we
have that ¢(z) € x] U yI.S. Moreover, ¢ : xf u yf - x; U yl.é is a
bijection. In fact, it is sufficient to prove that ¢ : xf U yf - xf U yf
is injective. Consider then z,z’ € xf U yf such that ¢(z) = ¢(z') and
prove that z = z'. By the property of ¢ proved before, we must have
z,7 € ij orzz € yf . Assume z,z' € xjs . By definition of orbit, there
exist 5,5' € S such that z = s(x;) and z’ = s'(x;). Thus, ¢(z) = @(z')
implies ¢(s(x )= (s (x ) that in turn, by the definition of ¢, implies
s(y;) = s (y;)- By the unique representation property, we deduce that
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s = s’ and therefore z = s(x;) = s’(xj) = z'. The case where z,z’ € yf is
analogous and thus omitted.

Let us prove that ¢ € G* \ G. It is clear that ¢ € Sym([). Thus, we
only need to show that ¢(W) = M. Consider then x € W. We know
that there exists j € [r] such that x € xjs . Then, ¢(x) € yf C M. That
shows (W) C M and, since |W| = |M|, we deduce p(W) = M.

Let us prove that ¢ satisfies (i). Consider s € .S and z € I, and let us
show that @s(z) = s@(z). If z € W, there exists j € [[r] such that z € st .
Then, z = 5'(x;) for some s* € S. By definition of ¢, we then have
@s(z) = @ss'(x;) = s5'(y;) and s@(z) = s@(s'(x;)) = s5'(y;); therefore
@s(z) = s@(z), as desired. If z € M, the argument is completely
analogous and thus omitted.

Let us finally prove that ¢ satisfies (ii). Consider z € I. If z € W,
there exists j € [[r] such that z € xf. Let s € S be such that z = s(x 2
Thus

@p(z) = pes(x;) = @s(y;) = s(x;) = z.
If z € M, the argument is completely analogous and thus omitted.

Case 2. S £ G.

Let Oy, ..., O, be the orbits of .S, where r € N. By Proposition 13(i),
we know that |S| is even and that, for every j € [rl, |0;nW| =
[0, n M| = % Since 2 divides |.S|, by Cauchy theorem, there exists
s* € S such that |s*| = 2. Let us prove that s* € G* \ G. Indeed, by
Proposition 11(iv), (s*) is semiregular. Assume, by contradiction, that
(s*) < G. Then, since n is odd, we can apply Proposition 12(iii) to (s*)
and deduce that |(s*)| = |s*| = 2 is odd, a contradiction. For every
j € [r], let us fix x; EO;NW and set y; i=s5%(x;) € 0;n M. Note that,
for every j € [[r], x; = 5"(y))

For every j € [r], we define ¢ on xf by setting, for every s € S,
o(s(x;)) = s(y))- Such a definition is consistent thanks to the unique
representation property. Note that, for every z € xjs ,0(z) € xf . Indeed,
consider z € ij. Then z = s(x;) for some s € S and ¢(z) = p(s(x;)) =
s(y) = 5s"(x)) € xjs. Moreover, ¢ : xf - ij is a bijection. In order to
prove that fact it is sufficient to prove that ¢ : xf - xf is injective.
Consider then z,z' € ij such that ¢(z) = @(z'). We know that there
are 5,5’ € S such that z = s(x;) and z’ = 5'(x;). Thus, ¢(z) = @(z') is
equivalent to @(s(x;)) = (p(s’(x/-)) that in turn is equivalent to s(y;) =
s'(y;). By the unique representation property, we deduce that s = s';
therefore z = s(x;) = s'(x;) = z’. Thus, we conclude that ¢ : xf - xf
is injective and then bijective.

We show that ¢ € G*\ G. It is immediate to prove that ¢ € Sym(I).
Thus, it remains to show that @(W) = M. Consider then z € W and
prove that ¢(z) € M. We know that there exists j € [[r] such that
zZ € xf. Let s € S be such that z = s(x;). Since z,x; € W, we have that
s € G. Then, since y; € M, we have that ¢(z) = s(y;) € M. That shows
that (W) C M and, since |W| = |M|, we deduce p(W) = M.

We next prove that ¢ satisfies (i). Consider then s € S and z € I,
and show that g@s(z) = s@(z). Let j € [r] be such that z xjs_
Then z = s'(x;) for some s’ € S. By definition of ¢, we then have
@s(z) = @ss'(x;) = s5'(y;) and s@(z) = s@(s'(x;)) = ss'(y;); therefore
@s(z) = s@(z), as desired. Thus, (i) is proved.

We finally prove that ¢ satisfies (ii). Consider z € I. We know that
there exists j € [r] such that z € xf. Let s € S be such that z = s(x;).

Thus ¢@(2) = pes(x;) = @s(y;) = @ss*(x;) = s5*(y;)) = s(x;) = z. O
C.2. Semiregularity of the G*-stabilizers

In this section, we analyze the G*-stabilizers of preference profiles,
with the main purpose to show that they are always semiregular

subgroups of G*, as stated in the next proposition.

Proposition 16. Let p € P. Then, Stabg-(p) is a semiregular subgroup of
G*.
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Proof. First, let us prove that, for every ¢ € Stabg-(p),

T, = [b®], with b = |¢|. 14)

Consider ¢ € Stabg:(p) N G. Then ¢ takes the set W into W and the
set M into M. As a consequence, each orbit of ¢ on I is included in one
of the sets W and M. Let x,,...,x.,);,..., ), be representatives of the
orbits of ¢ on I, where k,h > 1, x|,....,x, € W and y,,...,y, € M.
Let us set, for every j € [k], b, := |x§.'p>| and, for every i € [h],
¢ = |y§‘”>|. Pick j € [k]. Since Stabg«(p) N G is a group, we have that
ob e Stabg+(p) N G, and then, by (5), we deduce

@1 p(x;) = p(e"i (x))). (15)

Using the fact that x; is fixed by o%, (15) implies o p(x ;) = p(x;). Since
p(x;) € L(M), by Lemma 1, we get that, for every y € M, o) = y.
Consider now v € Sym(M) defined, for every y € M, by v(y) = ¢(y). For
every y € M, we have that v% (y) = ¢% () = y. Thus, v% = id,, which
implies |v| divides b;. Moreover, y,,...,y, € M are representatives of
(OB ()
i = Vi
As a consequence, for every i € [A], ¢; = | yfv>| divides |v|. Thus, for
every i € [[h]l, ¢; divides b;. Pick now i € [A]. A completely analogous
argument allows us to prove also that, for every j € [k]], b ; divides c;.
Thus, for every j € [k]l and i € [[A]], b; divides ¢; and ¢; divides b;, and
therefore b; = ¢;. Thus, the parts of ¢ are equal to each other and all
equal to |@|. That proves (14).

Consider now ¢ € Stabg:(p) N (G* \ G). Let T, =[by,.... 0], where
reNand b; € N for all j € [[r]. Observe that a permutation in G* \ G
takes W into M and M into W. Thus, every orbit of ¢ on I contains
at least an element in W and an element in M. Moreover, the number
of women and men in an orbit is the same. As a consequence, we have
that, for every j € [[r], b; > 2 and b; is even. Let z;,...,z, € I be
representatives of the orbits of ¢ on I such that, for every j € [r],
|z(."’)| = b;. Pick j € [r]. Since Stabg«(p) is a group, we have that
@” € Stabgs(p), and then, by (5), we deduce that, for every z € I,

the orbits of v on M and, for every i € [Ah], we have y

@" p(z) = p(@" (2)). 16)

5,’”) N W. Then, x is fixed by ¢%, and thus (16) implies

@’ p(x) = p(x). Since p(x) € L(M), by Lemma 1, we deduce that, for
everyye M, ¢ (y) = y. Consider now y € zﬁ."’) N M. Then y is fixed by
"1, and thus (16) implies ¢” p(y) = p(y). Since p(y) € L(W), by Lemma
1, we deduce that, for every x € W, @ (x) = x. It follows that % = id I
As a consequence, || divides b;. Since we know that b; divides |¢|, we
conclude that |@| = b;. Since that holds true for any ;j € [[r]l, we obtain
that the parts in T,, are equal to each other and all equal to |¢|. That
proves (14).

Let us finally prove that S := Stabg«(p) < Sym(I) is a semiregular
subgroup of G*. We need to prove that, for every z € I, Stabg(z) =
{id;}. Assume, by contradiction, that there exist z € I and ¢ € S\ {id;}
such that ¢(z) = z. By the fact that ¢ € S\ {id,} and by (14), we deduce
that T, = [6"], with b = || > 2. But such a permutation does not fix
any element of I, a contradiction. []

We now describe, up to group isomorphisms, the whole family of
stabilizers when n = 3. That description helps the reader to understand
the many possibilities that can arise and the fact that the description
of the stabilizers is not, in general, an immediate task.

Let n = 3 and consider p € P. By Propositions 16 and 11(ii),
we know that the size of Stabg.(p) divides 6 and hence it belongs to
the set {1,2,3,6}. As a consequence, up to isomorphisms, we have
Stabg:(p) € {{id;},C,,Cs, Cg, Sym([3])}. Interestingly, all those cases
can arise. Indeed, consider the following preference profiles

Consider x € z

[1 2 3[4 5 6] [1 2 3[4 5 6
P N e e

5552 2 3 55 52 2 2

6 6 63 3 2 6 6 6/3 3 3
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1 2 3[4 5 6] [1 2 3[4 5 6
b= 4 5 62 3 1], [+ 5 61 23
15 6 41 2 3] |5 6 42 3 1]

6 4 5|3 1 2 6 4 5(3 1 2

1 2 3[4 5 6
b= 4 5 61 23
>Tls 6 43 1 2

6 4 5|2 3 1

A computation shows that

Stabg- (py) = {id, },

Stabg- (p,) = ((14)(25)(36)) = C,.
Stabg (p3) = ((123)(456)) = C;,
Stabg. (py) = ((153426)) = Cq,

Stabg- (ps) = {id;, (123)(456), (132)(465), (14)(26)(35), (15)(24)(36),
(16)(25)(34)} = Sym([3]).

In light of Proposition 4, preference profiles with large stabilizers
are crucial for establishing impossibility results. Indeed, if p;, p, € P are
such that Stabg.(p;) 2 Stabg(p,), by (10), we get that CY(p;) € CY(p,),
for all U < G*. As a consequence, CY(p,)n F(p,) € CY(p,) n F(p,) and
so p, is a better candidate than p, to get CY(p;)n F(p,) = @

By Propositions 16 and 11(ii), we know that the size of a stabilizer
cannot be larger than 2n. Propositions 17 and 18 shows that such an
upper bound can be reached by a stabilizer that is cyclic. Moreover, in
the odd case, an additional property can also be satisfied.

Proposition 17.
a 2n-cycle.

There exists p € P such that Stabg-(p) is generated by

Proof. Consider the 2n-cycle ¢ :=(1 n+1 2 n+2 ...n 2n)€G*.
We are going to exhibit p € P such that Stabg:(p) = (@). Note that
@ is a 2n-cycle and ¢ € G* \ G. Thus ¢?> € G and clearly ¢*> = ov,
whereo :=(12 ... ne€ Gy andv :=(n+1n+2 ... 2n) € Gy,. Note
that |o| = |v| = n; for every x € W, o(x) = ¢?(x); for every y € M,
v(y) = 9% (p).

Define, for every x € W,

p(x) = [Vl + 1), ...,v¥1(2n)] € L(M),
and, for every ye M,
p) =[c"(D), ...,

In order to prove that ¢ € Stabg-(p), we show that, for every z € I, we
have

¢”(n)] € LW).

@p(z) = p(e(2)). a7)

Let us consider then z € I. Assume first that z € W. Then

op(2) = @[V (n+ 1), ..., v )] = @[@* 2 (n + 1), ..., *2(2n)]
=[@** '+ 1), ..., 0" 20)].
On the other hand, we also have
P@(2) = pn + 2) = [6"(1), ..., 6" ()] = [6*(1), ..., 6% (n)]
= [@*(1), ..., (] = [0 ' o(1), ..., ™ p(m)]
=[@* ' (n+D),..., 0" 2],

and hence (17) follows.
Assume next that z € M. Then, we have

@p(2) = @lo*(L), ..., 0% (m)] = ple™ (1), ..., 9> (n)]

16
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=[g¥(n+1),...,¢"2n)].

In particular, we have @p(2n) = ,2n]. On the other hand, for

n+1 <z < 2n, we also have

[n+1,...

p@()=piz—n+1)=["n+1),...,v:"(2n)]

L@ (2n)].
2n] = @p(2n). Thus,

Vi2n)] = [@*(n+ D), ...
[n+1,...,

=[V*@m+1),...,

Finally, observe that p(¢(2n)) = p(1) =
(17) is proved.

Now from Stabg«(p) > (@), we deduce that 2n divides Stabg«(p).
By Propositions 16 and 11, we know that |Stabg:(p)| divides 2n and
so Stabg:(p) = (@). O

Proposition 18. Let n be odd. Then there exists p € P such that Stabg:(p)
is generated by a 2n-cycle ¢ € G* with the property that, for every z € I,
Rank ;) (¢"(2)) = n.

Proof. Let n >3 be odd. Consider the 2n-cycle ¢ :=(1 n+1 2 n+
2 ... n 2n) € G*. Note that, for every x € W, we have ¢(x) = x+n; for
every y € M, ¢(y) is equal to the unique element in [y — n + 1], N [n].

We claim that, for every x € W odd, ¢*(1) = n + x—“ € M. We
prove that by finite induction on x. Surely ¢(1) = n + ﬂ =n+1.
Assume that the thesis holds for an odd x < n — 2 and show it for the
next odd, that is, for x + 2. Observe also that every x € W satisfies
"—;’l < ";3 < n, because n > 3. Those arithmetic considerations and the

inductive assumption imply then that

= o 14 < (5 ) o (52)
=n+x—;—3’

PP =9

which concludes the proof of the claim. As a consequence, using the
fact that # is odd, we get ¢"(1) = 3"+]

We claim next that, for every x e W @**=D(1) = x. We prove that
by finite induction on x, for x € W. If x = 1, then 1=V (1) = (1) =
id;(1) = 1. Assume that the thesis holds for x < n — 1. Then, we have

¥ (1) =™ V() = P W) = p(n+x) =x+1,

and hence the thesis holds for x + 1.
Define now p € P as follows. Let p(1) = [yl, s Vnets %], where

341 1 Define then,

Yis--s Yoy € M are such that M = {yl,...,yn_l,
for every x € W, p(x) = ¢**~Dp(1) and, for every y € M, p(y) =
@»~2=1p(1). We show that ¢ € Stabg.(p), that is, for every z € I, we

have

op(z) = p(e(2)). 18

Let us consider z € I. Assume first that z € W. Then we have
= e p(1) = > p(1).

On the other hand, we also have

@p(z)
P(@(2) = p(n + z) = > 7271 p(1) = 9> p(1),

and so (18) is satisfied.

Assume next that z € M. Then, we have
@p(z) = @ " p(1) = ™ p(1).

In particular, @p(2n) = p(1). On the other hand, we also have that p(¢(z))
equals the preferences, with respect to p, of the only individual in the
set [z — n + 1], N [#]l. Indeed, if z = 2n that gives p(p(2n)) = p(1); if
n+1<z<2n-1, that gives

P(@(2) = pz — n+ 1) = 1D p(1) = @221 p(1).

Hence (18) is proved.
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Let now z € I. We have to show that Rank ;) (¢"(2)) = n. Assume
first that z € W. By definition of p and by the properties observed for
@, we have that

2e-1) (31} _
Rank,;) (‘P ’ <T)>—"’

and
P (2) = 2 Dgr(1) = "V = 0'(2)

Therefore, Rank ;) (¢"(z)) = n. Assume next that z € M. Observe that
@" € G*\ G and |¢"| = 2. Consider then x € W such that z = ¢"(x) and
x = ¢"(z). Since ¢" € Stabg:(p), we know that p(z) = p(¢"(x)) = ¢"p(x).

Since x € W, we know that Rank ,,,(¢"(x)) = n. Thus, we conclude that

Rank ) (¢"(z)) = Rank ,;)(x) = Rank ,u ) (¢"¢"(x)) = Rank ,,(¢"(x)) = n.

Now, from Stabg«(p) > (@), we deduce that 2n divides |Stabg:(p)|.
By Propositions 16 and 11, we know that |Stabg«(p)| divides 2n. As a
consequence, Stabg:(p) = (@). [

Appendix D. Proofs of the results of Sections 4.3 and 5

In this section, we finally prove the results stated in Section 4.3 and
Section 5. The proofs proposed strongly rely on the results proved in
Appendix C.

First, note that, using (10), we have that, for every preference
profile p e P,

C% (p) = {1 € Cg(Stabgs ()N (G*\ G) : |u| =2). 19)

Proof of Theorem 1. Assume first that n is even and prove that
there exists no resolute and G*-symmetric matching mechanism. By
Proposition 17, there exists p € P such that Stabg:(p) = (@), where
@ is a 2n-cycle. By Corollary 2, we complete the proof by showing that
c%(p) =0. By Proposition 14(iv), recalling (19), we immediately have
that C%"(p) = @.

Assume now that n is odd and prove that there exists a resolute
and G*-symmetric matching mechanism. By Corollary 2, it is sufficient
to show that, for every p € P, C(p) # @. Let p € P and let
S := Stabg:(p). By Proposition 16, S is semiregular. Thus, recalling
(19) and Proposition 15, we immediately get C¢ (p) # @. []

Proof of Proposition 5. Assume that » is odd. By Proposition 4, it is
sufficient to show that there exists p € P such that C& (p))n M O(p) = @.
Since n is odd, by Proposition 18, we know that there exists p € P
such that Stabg«(p) = (@), where ¢ € G* is a 2n-cycle such that, for
every z € I, Rank,,(¢"(z)) = n. By Proposition 14(iii), we have that
the unique element of order 2 in Cg«({@)) N (G* \ G) is ¢". However,
@" ¢ MO(p) and thus, recalling (19), we get C(pnMOp) =@. O

In order to prove Theorem 3, we first need two preliminary results.
Proposition 19. Let ¢ € M. Then {¢" € Sym(I) : veE Gy} = M.

Proof. By Proposition 7, we know that {¢" € Sym(I) : v € G} C M.
Consider now u € M. Define v € G, by v(x) = x, for all x € W, and
v(y) = up~ (), for all y € M. Note that ¢~! = ¢, y=' = u. Moreover,
vi(x) = x, for all x € W, and v='(y) = @u~!(y), for all y € M. Then,
we have that ¢¥ = p. Indeed, let z € I. If z € W, then

@"(2) = vev(2) = vo(2) = po~ p(2) = u(2).
If z € M, then
#"(2) = vov ' (2) = voou'(2) = v (2) = vu(z) = p(2).

Thus y € {¢" € Sym(I) : ve Gy ). O

Proposition 20. Let ¢, u € M. Then gu = ug if and only if there exists
v € Gy, with |v| <2 such that u = ¢".
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Proof. Assume that there exists v € G, with |v| < 2 such that u = ¢".
Note that ¢ = ¢~! and v = v~'. We have to prove that, for every z € I,
ou(z) = up(z). Let z € I. If z € W, then

Pou(z) = 99" (2) = evev™(2) = eve(2) = v~ 9(z) = vov ' 9(2) = pe(z).

If z € M, then

ou(z) = 9" (2) = evev'(2) = Pev1(2) = v 1(2) = W(z)
=vpe(z) = vov~ ¢(z) = pe(z).

Conversely, assume that gu = ug. By Proposition 19, we know that
there exists v € G, such that u = ¢". Suppose, by contradiction, that
|[v| > 3. Then the cycle decomposition of v contains a k-cycle y, with
k > 3, moving only men. Let S C M be the support of y and let y, € S.
Then |S| =k, S = yf)”, and y(yy) # ¥,- We have that

ou(y) = evev' (1) = v (v) = v () = ¥ 1 (p)s

and

1) = vev™ o) = vee() = v(y) = 7(¥)-

Since gu = up, we must have y~'(yy) = y(y). Thus, we deduce

72(vo) = ¥o and so {yy,7(yy)} = y(<)7>. It follows that S = {y,,7(3)}
and therefore k = 2, a contradiction. []

Proof of Theorem 3. Let ¢ € M. Since W PO is a G*-symmetric
matching mechanism, we have that W PO is a (¢)-symmetric matching
mechanism. By Proposition 4, it is sufficient to show that, for every
p € P, C{(p) n WPO(p) # @. Consider then p € P. Since |p| = 2,
the only subgroups of (@) are the trivial subgroup {id;} and () itself.
Thus, Stab,y(p) € {{id;}.{p)}. If Stab,,y(p) = {id;}, then C{?(p) =
M; therefore C9)(p) n WPO(p) = WPO(p) # @. Assume then that
Stabg(p) = (@). By Proposition 20, we know that

CP(p) = (u € M : 3v € G, with |v| <2 such that u = ¢"}.

In particular, ¢ € C{?)(p). Let y; € M be the first ranked man in p(1).
If (1) = y;, then ¢ € C{?)(P) "W PO(p) # @. If p(1) = y, # y;, consider
v = (¥ y1) € Gy . Note that |v| =2 and that ¢"(1) = ve(1) = v(yy) = y;.
Thus, ¢* € CY(P)"nWPO(p) # 2. [

Proof of Theorem 4. Assume n = 2 and let ¢ € M. We have that
M = {p.1p}, where i, := (13)24) and u, := (14)(23). Note that
Uity = Hopy. Thus, for every p € P, we have that C{?)(p) = M. As
a consequence, for every p € P, C{?)(p) n ST(p) = ST(p) # @. Then,
by Proposition 4, we conclude that there exists a resolute, stable and
(@)-symmetric matching mechanism. []

Proof of Theorem 5. Assume n > 3 and let ¢ € M. Define, for every
x € W = [nl, y, := @(x). Then, M = {y, : x € [n]}. Let p € P be

defined by

(D) =12, ¥3, 51 W) .-, ) p(y) =1[2,3, 1, (&), ..., ()],
P =13, 5552, 04 -, ], p(2) =13,1,2,(4), ..., (W],
P3) =132, 53 Wa)s - )] p(y3) =[1,2,3,(4), ..., (n)],

and, for every x € [n]] with x > 4, if any,

) ="y, 12, Y3, g s O] () =0 L 2,3,4), ..., ()],

where ¢ = (12...n)(y, y, ... y,). It is immediate to check that p? = p,
and thus ¢ € Stabg«(p). Using Proposition 4, we complete the proof by
showing that C‘?)(p) N ST(p) = @. Let vy, ..., 75 € Sym(I) be defined by

1 =U0yD2y)By3), rn==0y)2y3)3By) r3=Uy)2y)GBy3),

va =1 y3)2 )Gy, vs =Ay2)2y3)By1). 1= Uy3)2y)B ),
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and let y* = (4y,) - (ny,) € Sym(I) if n > 4, while y* = id; if n = 3. For
every i € [[6]], set u; = y;y* € M. Note that ¢ = y; and that

{ueM:Vxeln] with x >4, u(x) =y} ={p,.... ug}-

It is simple to verify that ST(p) C {u,...
M\ {py, ..., ug}. Then, there exists x € [n] with x
u(x) # y,. Thus, u is blocked by (x,y,) and so u ¢ ST(p). Observe
now that g, is blocked by (1, y,); u, is blocked by (1, y3); u3 is blocked
by (3,y,); uy is blocked by (2, y,). As a consequence, ST(p) C { s, yig}-
However, C{?)(p)n{us, g} = @ because both ys and pg do not commute
with ¢ € Stabg.(p). Indeed, usp(1) = ysr*(y;) = r5(y;) = 3 and ppus(1) =
@ys(1) = 2, and so pusp(1) # @us(1); pep(l) = yer*(y)) = 76(y;) = 2 and
oug(1) = @rs(1) = p(y3) = 3, and so pugp(1) # @ug(l). As a consequence,
we also have that C{?)(p)n.ST(p) = @ and this completes the proof. []

, Ug}. Indeed, consider y €
> 4 such that

Proof of Theorem 6. Suppose by contradiction that there exists a
resolute, G*-symmetric and Pareto optimal generalized matching mech-
anisms F. Let us denote by P, the set of the generalized preference
profiles p such that, for every x € W and y € M, y >3, x and x >3, ».
Thus, we have that p € 5* if, for every individual, being unmatched is
the worst possible option.

We claim that, for every p € 5*, F(p) € M. Indeed, assume by
contradiction that there exists 5 € P, and u € M \ M such that
F(p) = {u}. Thus, there exists z € I such that u(z) = z. If 5 = idy,
then, considering any x € W, y € M and 7=y e M, we have that
Hx) =y =50 x = 4, HO) = x >3, ¥ = AW), and 7' (2) = W)
for all z € I\ {x,y}. In particular, u is not Pareto optimal for p,
and F is not Pareto optimal, a contradiction. If y # id;, then the
properties of u guarantees that u is product of 2-cycles whose support
contains an element of W and an element of M. As a consequence,
the set J/ = {z € I : u(z) = z} is nonempty and contains at least an
element of W and at least an element of M. Consider then x €e W nJ,
ye€MnJ and 7 = (xy)u € M. We have that 7/'(x) = y 500 X = H(X),
W) =x >3, y=nu0), and %' (z) = u(z) for all z € I\ {x,y}. In
particular, % is not Pareto optimal for p, and F is not Pareto optimal,
a contradiction.

Consider now @ : P — P, that associates with any p € P the
unique element @(p) of 5* such that: for every x € W and y,,y, € M,
Y1 o) Y2 if and only if y; >, y,; for every y € M and x;,x, € W,
X1 >op)y *2 if and only if x; >, x,; for every x € W and y € M,
Y >aop * and X >4, ». Having in mind the tables representing
the elements of P and P, @(p) is built from the table associated with
p by simply adding at the bottom of each column the name of the
corresponding individual. It can be easily shown that @ is a bijection
and that, for every p € P and ¢ € G*, ®(p?) = ®(p)?.

Let us consider the matching mechanism F defined, for every p € P,
by F(p) = f(@(p)). It is a cumbersome exercise to show that F is
resolute, G*-symmetric and Pareto optimal. Such a fact, by means of
Proposition 1, contradicts Theorem 2. []
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