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Abstract We consider rather generic coupled nonlin-
ear damped oscillators that are in some of their specifi-
cations frequently encountered in modeling mechani-
cal and biological systems, subject to periodic external
forcing.Combining a global co-bifurcation result based
on topological degree theory with “local” properties,
we establish sufficient conditions granting the emer-
gence from equilibrium of nontrivial periodic solu-
tions with a period exactly matching that of the forcing
term.Also, under appropriate but still general structural
assumptions, we derive quantitative estimates for the
amplitude of such solutions. Recourse to topological
degree theory allows us to leave aside explicit expres-
sions of the nonlinear coupling. Particular choices of it
have, indeed, different effects,which emerge, for exam-
ple, by looking at the modulation of energy transfer
across the system, as we show numerically, in order to
clarify the matter. These aspects, however, do not avoid
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the possibility of a global bifurcation, as it is clear from
the proof.
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1 Introduction

The analysis of coupled nonlinear oscillators is a clas-
sical and widely explored topic. Pertinent literature is
wide and it is difficult to construct a concise and sig-
nificant list of references without being sure to have
excluded deep and erudite works. Treatises as [1–5]
provide a reasonable list of references after offering an
extended view on the scenario. To make examples in a
(perhaps too much) short list, we mention the Landau
and Stuart’s nonlinear oscillator describing the dynam-
ics around a Hopf bifurcation [6,7] and, in addition
to the traditional reference to finite degrees of free-
dom dynamics of mechanical structures, some mod-
els suggested by biology. An appreciably comprehen-
sive overview on cases where the recourse to nonlin-
ear oscillators appears to be appropriate if not neces-
sary is in the multi-authored book [8]. Some prominent
example in this panorama are the network-type scheme
for brain firing, as the Hodgkin-Huxley model and its
simplified form proposed by FitzHugh and Nagumo
[9–11], the analysis of cortical waves [12], the Per-
skin model of pacemaker cells that create rhytmical
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impulses on the cardiac muscle [13–15], the descrip-
tion of genetic oscillations [16,17].

Here we look at a class of coupled nonlinear oscil-
lators and are interested first in the role of nonlinearity
in the branching of solutions when the system depend
on a parameter. The topic has its roots in Euler’s stabil-
ity analysis of slender elastic columns and Poincaré’s
work on the three-body problem (this last aspect is
particularly evident in Ziglin’s complexification of the
original Poincaré’s approach to non-integrability [18]).
Crucial in the development of branching theory was in
1927 a proof of the implicit function theorem inBanach
spaces, provided by Hildebrandt and Graves [19], that
was the catalyst for a great boost that the theory had,
after the SecondWorld War, especially thanks to Kras-
nosel’skii [20] and Veinberg [21]. Quoting from [22,
p. 7], we can say that “reformulating the well-known
words of Poincaré on periodic solutions, one may say
that bifurcations, like torches, light the way from well-
understood dynamical systems to unstudied ones”.

In essence, one looks at equations of the type

F(λ, u) = 0 ,

where λ is a real parameter, u belongs to a Banach
space B and F : R × B −→ B is a nonlinear map.
We consider F(0, 0) = 0 and look for nontrivial solu-
tions near (0, 0) in an appropriate norm that emanate
from (0, 0). In spaces with finite or infinite dimen-
sion, the degree theory [23] is an appropriate tool for
detecting the bifurcation generically after reduction by
the Lyapunov-Schmidt method. The procedure gives a
local result. However, when F(·, 0) admits a non-zero
degree, the theory can be applied without any reduc-
tion. This is the case we tackle here by looking at the
dynamics of two coupled dissipative oscillators in the
plane. We consider a general nonlinear interaction pre-
sumed to be just a continuous function of the relative
distance between the two oscillators; it is also differen-
tiable at 0. The classical α and β interaction schemes
for the Fermi-Pasta-Ulam lattice are special cases of
what we consider, so are Duffing-type and any other
physically significant continuous nonlinearity that is
admissible. What we obtain is the existence of peri-
odic solutions that emerge from the trivial one. Their
periodmatches the forcing one. This is a co-bifurcation
result in the sense discussed in [24–26] and is global,
basedongeneral theorems in [27]. It does not dependon
specific choices of the nonlinear coupling, continuity

apart, although specific choices influence the remain-
ing aspects of the overall behavior. To evidence this
aspect, we analyze numerically the energy modulation
in the system under different choices of the nonlinear
coupling. We choose this aspect among others because
it characterizes various physically significant models
that involve nonlinear oscillators, from Fermi-Pasta-
Ulam chains [28] to network-based schemes of the
brain behavior [29,30] but also it can be responsible
for the insurgence of chaos, the annihilation of stable
and/or unstable states, abrupt transition of energy local-
ization from one oscillator to another, the coincidence
with nonlinear Landau-Zener tunneling, the emergence
of solitary waves, for example in trilinear-type consti-
tutive response of the links, etc.

The paper is structured as follows: In Sect. 2 we
describe the damped non-linearly coupled forced sys-
tem under analysis. Our main result is proven in Sect.
3; the nonlinear coupling considered—we repeat—is
only a general (in the sense of “not otherwise speci-
fied”) continuous function that is differentiable at 0.
In the same Sect. 3 we also discuss a partition of a
parameter space distinguishing between sets of values
that assure a sufficient condition for the emergence of
periodic solutions with period matching the one of the
forcing and those sets of values for which we can-
not declare for sure the occurrence of the same phe-
nomenon.After deriving ourmain result, we restrict the
generality of the nonlinear coupling to integrable and
monotonically non-decreasing continuous functions; in
this special case and when the nonlinearity is small in a
precise sense, we provide an exact estimate of the solu-
tion (Sect. 4). In Sect. 5 report a numerical analysis of
the energy transfer between the two oscillators. In the
Appendix, we recall a few general properties of finite
degrees of freedom damped nonlinear systems.

As for the notation used, we shall adopt an inter-
posed dot to indicate duality pairing; however, we will
refer the analyses to orthonormal frames of reference,
so that the interposed dot can be identified with a scalar
product. A superposed dot will indicate time derivative,
as usual.

2 A class of finite degrees of freedom dynamical
systems

Let q ∈ R
n be a time-dependent vector collecting n

degrees of freedom. We assume that the map t �−→
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q = q̃(t) ∈ R
n is twice differentiable. We also indicate

by qς the entire history of motion.
We consider systems governed by balance equations

of the form

Mq̈+Cq̇+Kq+∂qV (t,q)+ f(t,q, q̇;qς ) = 0 , (1)

where M, C, and K are, respectively, mass, damping,
and stiffness n×nmatrices with real entries. In particu-
lar,M andK are positive definite. V (t,q) is a possibly
time dependent potential. The vector f(t,q, q̇;qς ) is a
non-potential dissipative force acting in/on the system.
We assume that f is intrinsically dissipative, that is,

(Cq̇ + f(t,q, q̇;qς )) · q̇ ≤ 0 , (2)

and the identity holds if and only if q̇ = 0.
We reduce the analysis to the case n = 2 and con-

sider two sub-classes of systems. For the first class we
choose

q = q̃(t) =
[
x(t)
y(t)

]
, M =

[
m1 0
0 m2

]
,

C =
[
c1 + c2 −c2
−c2 c2

]

K =
[
k1 0
0 0

]
, ∂qV =

[−g(y − x)
g(y − x)

]
,

f =
[

0
−λ f (t)

]
,

(3)

where the entries of matricesM,C andK are constant,
λ is a parameter, f (t) is a smooth periodic function
with period T , and g is a merely continuous function
that is only required to be differentiable at y − x = 0.

The second class is characterized byM, C, K and f
as above, while K changes into

K =
[
k1 + k2 −k2

−k2 k2

]
, (4)

where the entries are still constant.

3 Vibrations with period matching the forcing one

3.1 A few details on the systems considered

Explicitly, the system associated with the choices (3)
reads

⎧⎪⎨
⎪⎩
ẍ = − (c1 + c2)

m1
ẋ + c2

m1
ẏ − k1

m1
x + 1

m1
g(y − x)

ÿ = − c2
m2

(ẏ − ẋ) − 1

m2
g(y − x) + λ f (t)

.

(5)

We look for the existence of periodic solutions with the
same period T . To this aim, we compute the topolog-

ical degree of the map (x, y)
H�−→ h(x, y, 0, 0), with

respect to 0 in a neighborhood of the origin [27], where

h(x, y, ẋ, ẏ)

:=
⎡
⎢⎣

− (c1 + c2)

m1
ẋ + c2

m1
ẏ − k1

m1
x + 1

m1
g(y − x)

− c2
m2

(ẏ − ẋ) − 1

m2
g(y − x)

⎤
⎥⎦ .

In addition, the system associated with the choices
(4) reads⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẍ = − (c1 + c2)

m1
ẋ + c2

m1
ẏ − (k1 + k2)

m1
x

+ k2
m1

y + 1

m1
g(y − x)

ÿ = − c2
m2

(ẏ − ẋ) − k2
m2

y + k2
m2

x

− 1

m2
g(y − x) + λ f (t)

. (6)

Its analysis requires modifications associated with the
different structure of the pertinent map with values
h(x, y, ẋ, ẏ), as it will be specified in the proof.

Elementary structures whose dynamics is described
by the systems (5) and (6) are those in Figs. 1 and
2, chosen only for visualizing at least simple natural
systems.

3.2 Basics on topological degree theory

A detailed exposition of the degree theory can be found
in the treatises [23,31,32]. Here, we just recall basic
notions.

Put simply, let z0 be a regular value of a mapping
� : Rn → R

n and U an open bounded subset of Rn

such that �−1(z0)∩∂U = ∅. The degree of � inU with
respect to z0, namely deg(�,U, z0), is defined by

deg(�,U, z0) =
∑

xi∈�−1(z0)∩U
sign det

(
�′(xi )

) ; (7)

123



L. Galano et al.

Fig. 1 Schematic
representation of a system
falling within the first
sub-class considered

Fig. 2 Schematic
representation of a system
falling within the second
sub-class considered

it is the sum of signs of the Jacobian taken over all
points of the inverse image of z0 that are contained in
U . The degree of � can be also defined, on the basis
of approximations, when z0 is not necessarily a reg-
ular value and U may be unbounded, a case in which
�−1(z0) is assumed to be compact (an extensive account
of the notion of degree can be found in [31] where, in
addition, other approaches are described). The general
definition goes beyond the scope of this paper, so that
we restrict our attention to regular values.Weonlymen-
tion that, when the mapping takes values in R

n , as we
consider here, it can be seen as a tangent vector field
over U . Thus, taking the “target” point z0 as the ori-
gin of a basis in R

n , the degree deg(�,U, 0) coincides
with the analogous notion (also called a characteristic
of rotation) for the tangent vector field � over U , and
we will indicate it simply as deg(�,U ), leaving under-

stood z0 = 0. This last way of considering the degree
of a map can be introduced axiomatically as in [33].

Assume that g(s) = 0 if and only if s = 0, so
that we have H(x, y) = h(x, y, 0, 0) = 0 only for
(x, y) = (0, 0). To compute the topological degree of
H, we look at its linear part at (0, 0), that is,

DH(0, 0) =
⎡
⎢⎣

− k1
m1

− 1

m1
g′(0) 1

m1
g′(0)

1

m2
g′(0) − 1

m2
g′(0)

⎤
⎥⎦ ,

where DH is the derivative of H and a prime indicates
the one with respect to y − x . Since

det(DH(0, 0)) = k1
m1m2

g′(0) ,
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Coupled nonlinear oscillators: dynamics

if g′(0) 	= 0, the topological degree of H is nonzero in
any neighborhood U of (0, 0); in particular deg(H) 	=
0.

In these conditions, Furi and Spadini’s structure the-
orem on the set of T -periodic solutions to T -forced
ordinary differential equations [27, Th. 4.2] assures,
informally speaking, that there exists a branch (that is,
an unbounded connected set) of nontrivial solutions
that emanates in some sense from the origin. A precise
description of this concept stems from Definition 3.1
below and the following discussion. We point out that
this result alone does not yield periodic solutions for
small values of λ > 0; in fact the branch could be “ver-
tical”, namely, constituted by solutions that correspond
to λ = 0. In order to exclude that this is the case, one
needs some type of “local” conditions that we provide
exactly.

3.3 The main result

Definition 3.1 With C1
T (Rn) being the Banach space

of R
n-valued T -periodic C1 functions, an element

(λ, q̃) ∈ [0,∞) × C1
T (Rn) is a T -forced pair for (1)

if t �→ q := q̃(t) is a T -periodic solution of (1) that
correspond to λ.

Definition 3.2 A T -forced pair (λ, q̃) is called trivial
when λ = 0 and q̃ is constant.

Theorem 3.3 When damping is present, both systems
(5) and (6) admit solutions with period matching the
forcing one for sufficiently small λ > 0. The same is
true also in the case when damping is removed, pro-
vided that the forcing frequency is sufficiently high
or the pertinent conditions (8) or (10) are satisfied,
respectively.

Proof For system (5), the unique trivial T -forced pair
is (λ,q) = (λ, (x, y)) = (0, 0), where 0 denotes the
identically null function, namely q̃ = 0.

In our particular setting, since deg(H) 	= 0, Theo-
rem 4.2 of [27] implies that there exists an unbounded
connected set � of nontrivial T -forced pairs of (5)
whose closure in [0,∞) × C1

T (R2) contains (0, 0).
In order to deduce from this result that there are

T -periodic solutions of (5) for any sufficiently small
λ > 0, it is enough to show that � cannot be entirely
contained in the ‘slice’ {λ = 0} × C1

T (R2).

In the presence of damping (at least when one
between c1 and c2 does not vanish and is, of course, pos-
itive), we claim that actually � ∩ ({0} × C1

T (R2)
) = ∅.

In other words, {0} × C1
T (R2) contains only the trivial

T -forced pair (0, 0). We should expect this from the
dissipative nature of the process because for λ = 0 we
have no external source that is able to restore the energy
dissipated by the damping. However, to check formally
the claim, consider the function

	(ξ1, ξ2, η1, η2) = 1

2m2
ξ̇22 + 1

2m1
η̇22

+ k1
2m1m2

ξ21 + 1

m1m2
G(η1 − ξ1),

where G(α) = ∫ α

0 g(t) dt . Assume by contradiction
that there exists a non-constant T -periodic solution
t �→ (

x(t), y(t)
)
of system (5) for λ = 0. By omit-

ting the explicit dependence on t , we have
d

dt
	(x, ẋ, y, ẏ)

= − (c1 + c2)ẋ2 − 2c1c2 ẋ ẏ + c2 ẏ2

m1m2
≤ 0,

where the inequality is strict when at least one of ẋ or
ẏ is different from zero.

Since
(
x(t), y(t)

)
is non-constant, there exists t̄ ∈

[0, T ] such that ẋ(t̄)2 + ẏ(t̄)2 	= 0. By continuity, this
relation holds in a neighborhood of t̄ . So, we conclude
that
	

(
x(T ), ẋ(T ), y(T ), ẏ(T )

)
−	

(
x(0), ẋ(0), y(0), ẏ(0)

) =

=
∫ T

0

d

dt
	

(
x(t), ẋ(t), y(t), ẏ(t)

)
dt < 0,

contradicting the periodicity and proving the claim.
In the absence of damping (that is, when c1 = c2 =

0), the situation is less straightforward. A sufficient cir-
cumstance to exclude that � intersects any sufficiently
small neighborhood of (0, 0) in {0} × C1

T (R2) is the
non-T -resonance condition; a ‘local’ concept dating
back to Poincaré’s work (compare [34]; see also [35,
Ch. 7] and [36]) that in practice boils down to analyzing
the spectrum of the linear component of the system at
isolated zeros.

For system (5), a result in [37, Section 4] prescribes
that the non-T -resonance condition holds at (0, 0) if,
for all μ ∈ Z, we have

−
(
2μπ

T

)2

/∈ spectrum(DH(0, 0)) , (8)

that is
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(
2μπ

T

)2

/∈
{
±

√
a1 ∓ a2
2m1m2

}
,

where a1 := m2
2(k1 + g′(0))2 + 2m1m2g′(0)(g′(0) −

k1) + m2
1g

′(0)2 and a2 = m2(k1 + g′(0)) + m1g′(0).
Thus, if the above condition holds for all μ ∈ Z, �

cannot be contained in {0} × C1
T (R2).

More interesting is the undamped case, with refer-
ence to the condition (8). Figure 3 shows in the space
(g′(0), T, k1) the surfaceswhere the condition of T res-
onance is verified for μ = 1, . . . , 6. For all points over
that surfaces we cannot guarantee the existence of peri-
odic solutions. We excluded the case μ = 0 because it
corresponds to k1 = 0, which we want to discard.

Moreover, the graphs represented in Fig. 3 refer to
g′(0) > 0, specifically g′(0) < 5 for graphical reasons,
and 1/2 < T < 3π , as a possible choice. The surfaces
emerge from the formula

k1 = μ2T 2(μ2T 2 − 8 g′(0))
4π2(μ2T 2 − 4 g′(0))

,

when either μ2T 2 > 8g′(0) or μ2T 2 < 4g′(0). The
expression follows from (8), solving with respect to k1
and imposing k1 > 0. All triples of parameters (so, all
points) not belonging to the surfaces represent condi-
tions that are sufficient for the emergence of periodic
solutions.

Finally, an inequality proven by Yorke [38] implies
that, when the frequency of the load f in system (5)
is sufficiently high, � cannot be contained in {0} ×
C1
T (R2). Specifically, in [38] Yorke proved that for

t �−→ q(t) ∈ R
n a T -periodic solution to the sys-

tem q̇ = 
(q), with 
 : � −→ R
n a Lipschitz map

with constant L with respect to the Euclidean norm,
and � ⊂ R

n , we have T ≥ 2π/L, and the estimate
cannot be improved. In our case, although the right-
hand side of system (5), written in a first order normal
form, may not be globally Lipschitz, it is locally so.
Thus, � cannot intersect small neighborhoods of (0, 0)
in {0} ×C1

T (R2) when the period is short enough, that
is, when the frequency is sufficiently high.

Weconsider theLipschitz constant of the vector field
in the undamped case to be greater than the operatorial
norm of the linearized system at 0. Let B̂ such a matrix.

It is given by

B̂ =

⎡
⎢⎢⎣

0 1 0 0
−(k1 + g′(0)) 0 0 0

0 0 0 1
g′(0) 0 −g′(0) 0

⎤
⎥⎥⎦ .

For simplicity, we take here m1 = m2 = 1. The opera-
torial normwe consider is the highest eigenvalue of the
matrix B̂B̂�, whose eigenvalues are 1 with multiplicity
2,

−

√
k41 + 4 g′(0)k31 + 6 g′(0)2k21 + 4 g′(0)3k1 + 5 g′(0)4

−k21 − 2 g′(0)k1 − 3 g′(0)2
2

and

√
k41 + 4 g′(0)k31 + 6 g′(0)2k21 + 4 g′(0)3k1 + 5 g′(0)4

+k21 + 2 g′(0)k1 + 3 g′(0)2
2

.

Let us indicate by l(k1, g′(0)) the highest eigen-
value. Yorke’s inequality tells us that, if the period T of
the perturbation is lesser that 2π/

√
l(k1, g′(0)), there

aren’t T -periodic solutions for λ = 0. Thus, by Theo-
rem 4.2 in [35], there must be T -periodic solutions for
λ > 0 that is sufficiently small.

Figure 4 shows the surface T = 2π/
√
l(k1, g′(0)).

Once the pair (g′(0), k1) is chosen, if T is below
the surface in Fig. 4, the undamped system will have
T -periodic solutions for small λ > 0.

Although the existence of a branch of periodic solu-
tions is granted by the previous arguments, the form
of this branch depends on the forcing. Also, when
the forcing is a live load, that is, it depends on the
motion, we can perform the same type of analysis
with similar results. An example thus as follows. Take
m1 = m2 = 1, g(s) = s/4, k1 = 1 e T = 2π in the
undamped case. The system of balance equations thus
reduces to

⎧⎨
⎩
ẍ = −x + y − x

4
,

ÿ = − y − x

4
+ λ(sin t − 2x)

. (9)

The previous results apply. In particular, we can
compute explicitly both the norm of the solution and
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Fig. 3 Surfaces in the space (g′(0), T, k1) where the condition of T resonance is verified for μ = 1, . . . , 6

Fig. 4 The condition
T = 2π/

√
l(k1, g′(0))
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Fig. 5 Norm and radius of
the periodic solutions of
system (9), with period
matching the one of the
forcing, as λ varies

its radius, when λ varies. Figure 5 shows the result.
We realize the presence of an asymptote: the branch of

periodic solutions does not go beyond λ = 1

2
.

Consider now the systemassociatedwith the choices
(4). By retracing the same path followed above, with
reference to system (6), H changes now into

H(x, y) =
⎡
⎢⎣− (k1 + k2)

m1
x + k2

m1
y + 1

m1
g(y − x)

− k2
m2

y + k2
m2

x − 1

m2
g(y − x)

⎤
⎥⎦ .

In agreement with the assumptions on g adopted
in the previous section, we assume g(s) 	= −k2s for
s = y− x 	= 0 and g(0) = 0. Thus, (0, 0) is the unique
zero ofH, as can be checked by imposingH(x, y) = 0.
Also, we have

DH(0, 0) =
⎡
⎢⎣

−k1 + k2 + g′(0)
m1

k2 + g′(0)
m1

k2 + g′(0)
m2

−k2 + g′(0)
m2

⎤
⎥⎦ .

Its determinant, namely

det(DH(0, 0)) = k1(k2 + g′(0))
m1m2

,

is different from zero when g′(0) 	= −k2. Thus, as
in the previous case, by [27, Th. 4.2] there exists an
unbounded connected set ϒ of nontrivial T -forced
pairs for (6) whose closure in [0,∞) × C1

T (R2) con-
tains (0, 0).

In the presence of damping, an argument simi-
lar to the one used for system (5) shows that ϒ ∩({0} × C1

T (R2)
) = ∅. Also, again as in the case of

system (5), we see that the branch ϒ is not entirely
contained in {0} × C1

T (R2) when

−
(
2μπ

T

)2

/∈ spectrum(DH(0, 0)) , (10)

for all μ ∈ Z or, referring to Yorke’s inequality, when
the forcing frequency is sufficiently high. ��

Notice that the same result can be derived when we
consider a chain of oscillators, provided that the proof
is appropriately adapted. An analysis along this direc-
tion is in [39] with reference to a generalization of the
Fermi-Pasta-Ulam chain, so in the absence of damping.

Remark 3.4 Another way to explore the existence of
(non-constant) periodic solutions of a dynamical sys-
tem is singularity theory. In general, the qualitative
analysis of a dynamical system

dγ (t)

dt
= v(γ (t)) ,
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with γ a ‘point’ on a manifoldM, refers to the global
geometry of the space of flows of v. Two flows are
regarded as equivalent if there is an homeomorphism
of M, which takes one flow into the other. The vec-
tor field can have singular points that are those where
v vanishes; nature and type of these singularities are
restricted by the topological properties of M. Under
perturbations these singularities can change into new
ones (in this case they are called as non-degenerate) or
not (and they are referred to as degenerate). The per-
turbation of a system with one or more degenerate sin-
gularity points is structurally unstable—it means that
small perturbations induce large qualitative changes in
the flow. Refined information can be obtained in the
potential case, that is, when v(γ (t)) = ∇ f (γ (t)). The
function f can be real or complex valued. In the lat-
ter case, the analysis of singular points involves factor
algebras of power series algebras over the field of com-
plex numbers [40]. We can even consider f to take val-
ues on amore genericmanifold, that is, f : M −→ N ,
a differentiable map. If N is a real finite-dimensional
manifold, the theory of Stiefel-Withney characteristic
classes allows one to analyze singularities, while in the
complex case the Chern classes need to be called upon.
When N is infinite-dimensional, the Morse theory of
critical points is required. The body of results in this
landscape (an elegant survey is in the treatises [41,42])
can be profitably applied to dynamical systems in the
search of periodic solutions to analyze how the struc-
ture of solutions changes near a singular point in the
parameters of the system considered. This approach is
local and focuses on the behavior at singular points.
In contrast, the topological degree theory is a global
view that allow us, besides existence, to count solu-
tions across a space. Singularity theory allows us to
determine how changes of the singularities (above all
their sign) affect the possibility of periodic solutions.
From its side, the topological degree approach essen-
tially changes the search of a periodic solution into a
fixed-point problem, where the topological degree can
be computed. Moreover, and perhaps above all, with
the approach that we have adopted here we are also
allowed to account for fixed and distributed delays in
the external forcing as discussed in more general situ-
ations in [39,43]. True, the two approaches can have a
companion use. However, we do not deepen further the
issue, which is outside the main focus of the present
paper.

Remark 3.5 The stability of the found solutions depends
on the choice of the function g and the forcing. Here we
do not tackle the issue. We just mention that in terms
of topological degree theory, little is done in general.
A crucial result is due to Ortega and refers to a system
of the type

ẇ = f(t,w)

where f : R × R
n −→ R

n is a continuous function
that is periodic in t of period T and has continuous
partial derivative with respect to w. Write γ (t, p̂) for
its (possible) solution with condition γ (0, p̂) = p̂,
p̂ ∈ R

n , and consider the Poincaré-Andronov operator
P p̂ = γ (T, p̂). Assume that there exists a constant
symmetric n × n matrix P with exactly one negative
eigenvalue and n − 1 positive eigenvalues, and there
are constants λ, ε > 0 such that, with fw the derivative
of f with respect to w,

Pfw(t,w) + fw(t,w)�P + 2λP ≤ −2εIn ,

∀(t, f) ∈ R × R
n ,

where the superscript � means standard transposition,
In is the identity in the space of n×n matrices, and the
inequality is intended in the standard sense of square
matrices. Assume also that there exists a constant sym-
metric matrix Â and two constants â and b̂ such that

w�Âf(t,w) ≤ â|w|2 + b̂ , ∀(t,w) ∈ R × R
n .

Assume also that there exists a bounded domain � ⊂
R
n in which deg(I − P,�, 0) = d > 0, where I

is the identity in R
n and deg is the Brouwer degree.

Under these assumptions, there exist at least d stable
T -periodic solutions of the above dynamical system.
The proof is in [44]; it exploits the Schmidt’s notion
of amenable solution, which could allow us to reduce
the question of the stability of a periodic solution to the
stability of fixed points of certain discrete dynamical
systems which are one dimensional. The evaluation of
asymptotic stability may require recourse to the Leray-
Schauder degree theory.

4 When the nonlinearity is small: an asymptotic
estimate for the free vibrations of System (6)

Only in this sectionwe restrict the generality of the non-
linear coupling in the two oscillators under analysis;
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we consider that it satisfies some smallness in a sense
defined below and, instead being only represented by
a general continuous function g that is differentiable at
0, as assumed in the previous section, we presume also
that g is monotonically increasing.

Consider the system (6). Look for solutions of the
form

x(t) = x0(t) + εx1(t) + o(ε) ,

y(t) = y0(t) + εy1(t) + o(ε)

and assume that g is of order ε; it means that we sub-
stitute in system (6) g(y − x) with εg(y − x). We also
take initial conditions of the form

x0(0) = x(0), ẋ0(0) = ẋ(0),

y0(0) = y(0), ẏ0(0) = ẏ(0)

and

x1(0) = ẋ1(0) = y1(0) = ẏ1(0) = 0 .

Set also m1 = m2 = 1 for the sake of simplicity. In
what follows nothing will change for different values
of the masses.
Set

w0 =

⎡
⎢⎢⎣
x0
ẋ0
y0
ẏ0

⎤
⎥⎥⎦ , w1 =

⎡
⎢⎢⎣
x1
ẋ1
y1
ẏ1

⎤
⎥⎥⎦ and

w = w0 + εw1 + o(ε).

Proposition 4.1 When in (6) the function g is inte-
grable and monotonously non-decreasing, the follow-
ing estimate holds as t −→ 0:

‖ẇ(t)‖ ≤ ε
2C

r∗ g(2‖w0(0)‖) + o(ε) , (11)

where C is a constant and r∗ is the highest real part of
eigenvalues of the matrix

A :=

⎡
⎢⎢⎣

0 1 0 0
−(k1 + k2) −(c1 + c2) k2 c2

0 0 0 1
k2 c2 −k2 −c2

⎤
⎥⎥⎦ .

Proof To within o(ε2) terms, system (6), with f = 0,
reduces to

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ẍ0 = −(c1 + c2)ẋ0 + c2 ẏ0 − (k1 + k2)x0 + k2y0
ẍ1 = −(c1 + c2)ẋ1 + c2 ẏ1 − (k1

+k2)x1 + k2y1 + g(y0 − x0)

ÿ0 = −c2 ẏ0 + c2 ẋ0 − k2y0 + k2x0
ÿ1 = −c2 ẏ1 + c2 ẋ1 − k2y1 + k2x1 − g(y0 − x0)

.

(12)

Consider the first and the third equations. They consti-
tute a linear system that we rewrite as

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ẋ0 = x01
ẋ01 = −(c1 + c2)x01 + c2y01 − (k1 + k2)x0 + k2y0
ẏ0 = y01
ẏ01 = −c2y01 + c2x01 − k2y0 + k2x0

.

(13)

In terms of w0, system (13) becomes ẇ0 = Aw0, with
A given in the proposition above, so that

w0(t) = exp(tA)w0(0) . (14)

Consider second and fourth equations in system (12).
They can be rewritten as

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ẋ1 = x11
ẋ11 = −(c1 + c2)x11 + c2y11

−(k1 + k2)x1 + k2y1 + g(y0 − x0)

ẏ1 = y11
ẏ11 = −c2y11 + c2x11 − k2y1 + k2x1 − g(y0 − x0)

.

(15)

By setting

w1 =

⎡
⎢⎢⎣
x1
x11
y1
y11

⎤
⎥⎥⎦ and G(w0) =

⎡
⎢⎢⎣

0
g(y0 − x0)

0
−g(y0 − x0)

⎤
⎥⎥⎦ ,

system (15) becomes ẇ1 = Aw1 + G(w0) with initial
condition w1(0) = 0. Thus, we get

w1(t) = exp(tA)

∫ t

0
exp(−ŝA)G(y0(ŝ) − x0(ŝ)) dŝ .

(16)
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Routh-Hurwiz’s criterion [45] reveals thatA is a stable
matrix in the sense that all its eigenvalues have negative
real part. We indicate by α∗ the eigenvalue of A with
the highest nonzero real part r∗ := Re(α∗) < 0.

Consider a norm ‖•‖ that extracts the highest com-
ponent of its real vector argument. Since g has been
taken to be monotonously non-decreasing, we have

‖G(y0(ŝ) − x0(ŝ))‖ ≤ 2|g(y0(ŝ) − x0(ŝ))|
≤ 2 g(|y0(ŝ) − x0(ŝ)|) .

Thus, by exploiting a classical result (see, e.g., [46, Th.
2.10]), we can say that there exists a constant C such
that,

‖w1(t)‖ ≤
∥∥∥∥

∫ t

0
exp((t − ŝ)A)G(y0(ŝ) − x0(ŝ)) dŝ

∥∥∥∥
≤ 2

∫ t

0
‖exp((t − ŝ)A)‖g(|y0(ŝ) − x0(ŝ)|) dŝ

≤ 2C
∫ t

0
exp((t − ŝ)r∗)g(|y0(ŝ) − x0(ŝ)|) dŝ

≤ 2C
∫ t

0
exp((t − ŝ)r∗)g( max

τ̂∈[0,ŝ]
|y0(τ̂ )|

+ max
τ̂∈[0,ŝ]

|x0(τ̂ )|) dŝ

≤ 2C exp(tr∗)

∫ t

0
exp((−ŝr∗)g(2‖w0(0)‖) dŝ

≤ 2C exp(tr∗)g(2‖w0(0)‖)
[

− exp((−ŝr∗)

r∗
]t
0

= 2C

r∗ (1 − exp(tr∗))g(2‖w0(0)‖) .

(17)

Thus, since w = w0 + εw1 + o(ε), we have

‖w(t)‖ ≤ exp(tr∗)‖w0(0)‖
+ε

2C

r∗ (1 − exp(tr∗))g(2‖w0(0)‖) + o(ε). (18)

In full evidence, in a neighborhood of 0, g(2‖w0(0)‖)
becomes a bound for the velocity. ��

5 Influence of non-linearity on the modulation of
energy in Systems (5) and (6)

We thus return to full nonlinearity. First notice that
the result in Theorem 3.3 does not depend on spe-
cific choices of the nonlinear coupling, which have,
however, prominent influence on other aspects of the

motion as shown below by evaluating numerically the
spectra of systems (5) and (6).Before going into details,
in summary we can conclude that the synchronization
between periods of solution and forcing is stable, at
least in the class of dynamical systems considered,
with respect to specific choices of the nonlinearity, their
prominent influence on the overall dynamics notwith-
standing. The numerical examples below evidence this
influence.

We adopt the following three specific choices for the
nonlinear term g.

• The first option is a nonlinear elastic force (NEL).
With s := y − x , we take

g(s) = kgs + a1s
2 + a2s

3 ,

which is one of the nonlinear structures foreseen
in the Fermi-Pasta-Ulam-Tsingou lattices. Such a
form of g includes a nonzero value ḡ = g(s̄) such
that g′(s̄) = 0, and g′′(s̄) = 0, where the prime
indicates derivativewith respect to s. Consequently,
we have

s̄ = 3ḡ

kg
, a1 = 3ḡ − 2kgs̄

s̄2
, a2 = −2ḡ + kgs̄

s̄3
.

Analyses will be parameterized by ḡ.
• The second option deals with a simplified sym-
metric shape-memory behavior (SMA), also called
pseudoelastic. With fy the first threshold for the
phase transition, the characteristic values fy1 and
fy2 of the hysteresis cycles have been set equal to
fy1 = 0.8 fy and fy2 = 0.6 fy . The elastic coeffi-
cient after the first phase transition is kgp = kg/20.

• The third option is a piecewise linear elastic–plastic
behavior with hardening (EPL). The first threshold
for the phase transition has been indicated once
again by fy . The hardening stiffness is kgp =
kg/20.

A schematic picture of the three choices is in Fig. 6.
Table 1 lists the values of characteristic parameters

in the three previous cases used in the simulations.
Values of the linear constitutive parameters used in

the computations are in Tables 2 and 3.
With these values, the natural angular frequencies

are ω1 = 7.82rad/s and ω2 = 15.37rad/s for both sys-
tems. The principal damping ratios are ξ1 = 5.3% and
ξ2 = 5.4%. Initial conditions are null.
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Fig. 6 Schematic representation of the three choices adopted for g

Table 1 Characteristic parameters of g in the three cases con-
sidered

NEL: ḡ(kN) SMA: fy(kN) EPL: fy(kN)

20 20 20

15 15 15

10 10 10

5 5 5

Table 2 Masses and damping coefficients

– m1(kNs2/m) m2(kNs2/m) c1(kNs/m) c2(kNs/m)

System 1 20 5 25 5

System 2 20 5 25 5

Table 3 Elastic coefficients

– k1(kN/m) k2(kN/m) kg(kN/m)

System 1 1700 0 850

System 2 1700 425 425

The external force is

λ f (t) = r(t)F0 sin(ω f t) , (19)

where F0 = 25kN in all simulations; ω f has been
considered in the interval [1, 25]rad/s with a step of
1rad/s, and r(t) is the value of a ramp function depicted
in Fig. 7, together with its characteristic instants.

Fig. 7 The ramp function: t1 = 5s, t2 = 15s, t3 = 20s, t f = 25s

For simulations we used an in-house code based on
a unconditionally stable Newmark schemewith param-
eters ᾱ = 0.5 and δ̄ = 0.25, and time step δt = 0.002s,
for the time integration. Newton method has been used
step-wise for calculating the tangential stiffness.

Figure 8 shows the energy of the elastic link con-
necting the oscillator with mass m1 in Systems 1 and 2
with the environment, normalized by the elastic energy
of the same element, stored under static conditions, ver-
sus the angular frequency of the loading. As expected,
when g has an elastic–plastic character we record the
least energy transfer between the two oscillators.

Figure 9 shows energy maps of the same elastic link
in Fig. 8, normalized with respect to the energy of the
same linkwhen the system is purely linear elastic. In the
case of System 2, the maps evidence a role of the linear
elastic link between the two oscillator as amplifier of
the nonlinear link in the energy transmission. Specifi-
cally, as shown in the shape-memory (SMA) case, after
completing the hysteresis cycle, there is an increment
of the energy transfer emphasized by the linear elastic
link; such an emphasis is more pronounced in the non-
linear elastic (NEL) case after the plateau associated
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Fig. 8 Energy of the elastic link with stiffness equal to k1, normalized with respect to the energy of the same link under static conditions
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with ḡ; it is less evident in the elastic–plastic (EPL)
case. Also, in both EPL and SMA cases, in System 2
the effect is more pronounced for small values of the
phase transition first threshold, while in System 1 such
an effect in the SMA case is for higher values of the
threshold.

6 Final remark

With reference to prototypical coupled oscillators, we
have only enlightened a family of peculiar behavior.

Analyses concerning the existence of branched peri-
odic solutions of systems (5) and (6) can be carried out
even when f is a live load depending on the history of
motion, as in equation (1), provided that f is contin-
uous. Pertinent analyses would require extensions of
theorems in [43,47,48]. Here, we do not pursue further
the topic.

A Appendix: Notes on the associated Lagrangian
structures

The Lagrangian that correspond to the energy-type part
of equation (1) is given by

L(t,q, q̇) := 1

2
(q̇ · Mq̇ − q · Kq − 2V (t,q)) , (A.1)

so that equation (1) is compatible with the d’Alembert-
Lagrange principle

δL + (Cq̇ + f) · δq = 0 , (A.2)

where δ represents the standard variation and the iden-
tity is assumed to hold for any choice of δq, so that the
Lagrange equations associated with the d’Alembert-
Lagrange principle are obviously

d

dt

∂L

∂q̇
− ∂L

∂q
+ Cq̇ + f(t,q, q̇;qς ) = 0 . (A.3)

Consider changes of observer governed by the action
of generic diffeomorphisms on both the time scale and
the ambient spaceRn . They are given by parameterized
families of diffeomorphisms, namely χs ∈ Diff(R ×
R
n,R) and hs ∈ Diff(R×R

n,Rn), which are smooth

with respect to s and such that χ0 and h0 both coincide
with the identity. For

τ := d

ds
χs(t,q)

∣∣∣∣
s=0

, and

v := d

ds
hs(t,q)

∣∣∣∣
s=0

,

refer to the transformations

t �−→ t + sτ + o(s), q �−→ q + sv + o(s),

q̇ �−→ q̇ + sv̇ + o(s), (A.4)

and assume in addition that χs is chosen to be such that

∂τ

∂t
+ ∂τ

∂q
· q̇ = 0 . (A.5)

Define

φ(t,q, q̇) :=
(
L − ∂L

∂q̇
· q̇

)
τ + ∂L

∂q̇
· v

Proposition A.1 If L is invariant under the action of
χs and hs , we have

dφ(t,q, q̇)

dt
+ (Cq̇ + f(t,q, q̇;qς )) · (v − q̇τ) = 0 .

(A.6)

Proof Invarianceof Lmeans L(χs,hs, ḣs) = L(t,q, q̇),
thus dL

ds |s=0 = 0, which reads

∂L

∂t
τ + ∂L

∂q
· v + ∂L

∂q̇
· v̇ = 0 . (A.7)

By computing the time derivative of φ(t,q, q̇) and
using equations (A.3), (A.5) and (A.7), we obtain the
desired result. ��
Corollary A.2 If L is independent of time, f andC are
nonzero, the energy decreases in time.

Proof Set τ = const and v = 0. The choice implies
time independence of L . Thus, from (A.6) we find

d

dt

(
L − ∂L

∂q̇
· q̇

)
= (Cq̇ + f(t,q, q̇;qς )) · q̇ ≤ 0 .

��
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Fig. 9 Energy maps of the elastic link with stiffness equal to k1, normalized with respect to the energy of the same link when the system
is purely linear elastic
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A.1 A special but not properly standard case

Consider the system

Mq̈ + Cq̇ + Kq + ∂qV (t,q) = 0 (A.8)

and assume that all oscillators have the same mass and
the same damping coefficient, namely M = mI and
C = cI, where I is the n × n real identity matrix.
Although dissipative, this system is fully Lagrangian.
A Bateman-type Lagrangian [49] is, indeed, associated
with equation (A.8) and is given by

L(t,q, q̇) := 1

2
et

c
m (m|q̇|2−q·Kq−2V (t,q)) , (A.9)

so that, in components, the Euler-Lagrange equations
are

(mq̈i + cq̇i + K j
i q j + ∂qi V (t,q))et

c
m = 0 ,

where summation over repeated indices is left under-
stood. The previous equation implies (A.8) because
et

c
m 	= 0.
Consider transformationsχs ∈ Diff(R×R

n,R) and
hs ∈ Diff(R × R

n,Rn) as in the previous section.

Proposition A.3 If L is invariant under the action of
χs and hs , the scalar φ(t,q, q̇) already defined is pre-
served along the motion.

Theproof follows strictly the one of PropositionA.1.
Along the samepathwe see that the total time derivative
of φ(t,q, q̇) vanishes.

Corollary A.4 If L is independent of time, the energy
is preserved along the motion.

Proof Set v = 0 and τ = const . From Proposition A.3
we get

d

dt

(
L − ∂L

∂q̇
· q̇

)
= 0 ,

and the difference in the right-hand-side term is the
total energy. However, Proposition A.3 requires that L
be invariant under the assumed transformation, Thus,
we need L(χs,q, q̇) = L(t,q, q̇), with τ a constant;
so, equation (A.7) implies

∂L

∂t
= 0 . ��

Corollary A.5 If L is invariant under the action of
SO(n), mq̇× q, that is the angular momentum, is pre-
served.

Proof Set τ = 0 and v = Wq, with W a skew-
symmetric constant tensor. Proposition A.3 implies

d

dt

(
∂L

∂q̇
⊗ q

)
· W = e

d

dt

(
∂L

∂q̇
× q

)
· W = 0 ,

where e is third-rank Ricci’s alternating index. Thus,
due to the arbitrariness of W,

d

dt

(
∂L

∂q̇
× q

)
= 0 .

��

Corollary A.6 If not only M = mI, but also K =
kI, with I the unit matrix in R

n×n, with k a positive
scalar, and L is rotationally invariant, V (t, ·) must be
a function of |q|, defined to be |q|2 = q · q.

Proof Set τ = 0 and v = Wq, with W a skew-
symmetric constant tensor. Proposition A.3 implies

d

dt

(
∂L

∂q̇
· v

)
= 0 .

By computing the time derivative, we thus get

(Mq̇ ⊗ q̇ + Kq ⊗ q + ∂qV ⊗ q) · W = 0 .

Due to the assumptions on M and K, the second-rank
tensor Mq̇ ⊗ q̇ + Kq ⊗ q = mq̇ ⊗ q̇ + kq ⊗ q is
symmetric. So, we have

∂qV ⊗ q ∈ Sym(Rn,Rn) .

A necessary and sufficient condition is that ∂qV =
a(t,q)q, with a(t,q) a scalar-valued map. This is
granted if and only if V is a function of |q|, if V (t,q) =
V (t,Qq) for any choice of Q ∈ SO(n). ��

An analogous analysis can be carried out if we relax
the invariance requirement and impose that

∫ b

a
L(χs,hs, ḣs) dχs =

∫ b

a
L(t,q, q̇) dt+ dω(t,q)

dt
,
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with ω a scalar-valued function, as shown in one-
dimensional setting in [50] (see also [51, Sec. 12.4.2]).
In this case, φ(t,q, q̇) would become

φ̄(t,q, q̇) := φ(t,q, q̇) − ω(t,q) .

Other symmetry transformations are also discussed for
a Bateman’s Lagrangian in [52].
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