Statistics and Computing (2025) 35:177
https://doi.org/10.1007/s11222-025-10697-5

ORIGINAL PAPER O‘)

Check for
updates

Hierarchical Mixtures of Latent Trait Analyzers with concomitant
variables for multivariate binary data

Dalila Failli' - Maria Francesca Marino? - Bruno Arpino3

Received: 9 January 2025 / Accepted: 24 July 2025
© The Author(s) 2025

Abstract

Analyzing three-way data is challenging due to complex dependencies between observations, which must be accounted for
to ensure reliable results. We focus on hierarchical, multivariate, binary data organized in a three-way data structure, where
rows correspond to first-level units, columns to variables, and layers to second-level units within which the first-level units are
nested. In this framework, model-based clustering methods can be effectively employed for dimensionality reduction purposes,
facilitating a clear understanding of the phenomenon under investigation. In this work, we propose a novel modeling tool
for a hierarchical clustering of first- and second-level units. We extend the Mixture of Latent Trait Analyzers (MLTA) with
concomitant variables by letting prior component probabilities depend also on second-level-specific random effects. Parameter
estimation is performed by means of a double EM algorithm based on a variational approximation of the model log-likelihood
function, along with a nonparametric maximum likelihood estimation of the second-level-specific random effect distribution.
This latter approach allows to estimate a discrete distribution which directly provides a clustering of second-level units. Within
(conditional on) each of such clusters, first-level units are partitioned thanks to the MLTA specification. The proposal is applied
to data from the European Social Survey to partition countries (second-level units) according to the baseline attitude of their
residents (first-level units) toward digital technologies (variables). Within these clusters, residents are partitioned on the basis
of their attitude toward specific digital skills. The influence of socio-economic factors on the identification of digitalization
profiles is also taken into consideration via a concomitant variable approach.

Keywords Model-based clustering - Latent variables - Finite mixtures - EM algorithm - Variational inference - NPML

1 Introduction

Data analysis in many sectors often has to deal with nested
or hierarchical data structures, e.g., students belonging to the
same schools, employees working in the same companies,
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and individuals living in the same regions. In these cases, data
come in the form of three-way datasets, where rows corre-
spond to first-level units, columns to variables, and layers to
second-level units. The dependence structure characterizing
such data may be rather complex and unobserved hetero-
geneity between layers must be taken into consideration to
ensure reliable results from the analyses.

In this framework, finite mixture models represent an
interesting tool of analysis. In detail, the multilevel latent
class model introduced by Vermunt (2003) is suitable in
the presence of categorical multivariate data having a mul-
tilevel structure. Here, first-level units are partitioned into
clusters by means of a discrete latent variable, whose distri-
bution is allowed to depend on a second-level latent variable
(random effect) that accounts for the multilevel data struc-
ture. The second-level latent variable may be assumed to be
continuous and the corresponding distribution may be para-
metrically specified. A more flexible alternative consists of
leaving the distribution of the second-level latent variable
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unspecified and estimating it from the data. This is done via
a nonparametric maximum likelihood approach (NPML; see
Laird 1978; Lindsay 1983a; Aitkin 1996, 1999). According
to this approach, itis possible to identify latent clusters at each
level of the hierarchy, while also avoiding stringent paramet-
ric assumptions and heavy computations (Vermunt and Van
Dijk 2001). See also Vermunt and Magidson (2005). Vermunt
(2007) further extends this model to deal with continuous
multivariate responses organized in the form of general three-
way structures.

In this paper, we build on the Mixture of Latent Trait Ana-
lyzers (MLTA) with concomitant variables proposed by Failli
et al. (2024) as an extension of the original work by Gollini
and Murphy (2014). This model allows to deal with binary
data by identifying clusters of units sharing unobserved
characteristics via a finite mixture specification. A multi-
dimensional, continuous, latent variable (trait) included in
the model also allows to capture the possible residual het-
erogeneity between units in a given cluster in the way they
respond to the different items. In addition, thanks to the con-
comitant variable specification, the model allows measuring
the effect that covariates have on cluster formation.

In the spirit of Vermunt (2003) and Vermunt and Magidson
(2005), we extend such a proposal in a multilevel perspec-
tive by modeling prior component probabilities as a function
of both concomitant variables and second-level-specific ran-
dom effects. We leave the distribution of such random effects
unspecified and estimate it from the data via the NPML
approach. The resulting discrete distribution is totally free
of stringent parametric assumptions and, thanks to such a
discreteness, we obtain a clustering of second-level units as
a by-product. Within each of these clusters (in the following
referred to as “blocks”), the MLTA specification still allows
to partition first-level units. Overall, the proposal defines a
Hierarchical Mixture of Latent Trait Analyzers (HMLTA).

When compared to the alternatives available in the litera-
ture, the main advantage of the proposed approach is that
it allows to account for the possible residual dependence
(heterogeneity) within first-level units belonging to the same
cluster using the continuous latent trait of the model. This
means that, unlike competitors, it is based on a less stringent
form of local independence that, in many instances, may lead
to the identification of an excessive number of clusters (see
Gollini and Murphy 2014 and Failli et al. 2024).

Model parameter estimates are obtained within a max-
imum likelihood framework by indirectly maximizing the
log-likelihood function using an Expectation-Maximization
(EM) algorithm (Dempster et al. 1977). Following the
approach by Vermunt (2003) and Vermunt and Magidson
(2005), an upward-downward strategy is employed to reduce
the computational complexity of the estimation process.
However, the current setting requires modifications to han-
dle the multi-dimensional integrals over latent traits that do
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not have closed-form solutions. To approximate these inte-
grals, Gauss-Hermite quadrature methods (Abramowitz and
Stegun 1964; Pinheiro and Bates 1995) may be employed,
although the computational burden increases substantially
as the dimensionality of the latent trait grows. As a solution,
we extend the double EM algorithm originally proposed by
Gollini and Murphy (2014) and subsequently extended by
Failli et al. (2024). This is based on a variational approxima-
tion of the model log-likelihood (Jaakkola and Jordan 1997;
Tipping 1998). Overall, such an approach is computationally
fast and straightforward to implement, making it particularly
useful for the analysis of large datasets.

A large-scale simulation study is conducted to test the per-
formance of the proposal in terms of parameters and cluster
recovery, also compared to the alternative approaches avail-
able in the literature. We consider various simulation settings
with different sizes for the three-way data structure and a
varying number of first- and second-level partitions. In addi-
tion, the computational effort required to obtain estimates
and the model selection performances are evaluated.

The model is applied to data from the European Social
Survey (ESS Round 102020). Specifically, focusing on infor-
mation on digital skills collected in the last round of the ESS,
we consider a three-way binary data matrix entailing the mas-
tery of various digital technologies (variables) by residents
(first-level units) in different countries (second-level units).
The proposed model allows to perform a hierarchical clus-
tering of respondents based on their digital skills, and, on
the top of that, a clustering of countries according to the
baseline attitudes to digital technology of their residents.
Furthermore, the model enables examining the influence
of socio-economic and demographic factors on individu-
als’ digitalization profiles, as well as taking into account the
potential residual heterogeneity of individuals’ responses on
the digital skills’ variables.

The paper is organized as follows. In Section 2, we intro-
duce the assumptions underlying the original specification
of the MLTA model, while Section 3 describes the proposed
extension. Section 4 outlines the double EM algorithm for
maximum likelihood estimation of model parameters, while
Section 5 describes the procedure for standard errors’ com-
putation, model selection, and clustering. Section 6 shows the
results of the simulation study. In Section 7, we describe the
ESS data and present the application of the proposed model,
while Section 8 contains concluding remarks and points to
further extensions of the proposal.
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2 MLTA for binary data

Let Yj; denote the k-th binary random variable and y;
the corresponding observed value for the i-th unit, with
i=1,...,N,and k = 1, ..., R. The MLTA model, intro-
duced by Gollini and Murphy (2014) and later extended
by Gollini (2020), integrates latent class and latent trait
analysis, assuming that a set of N units can be parti-
tioned into G distinct classes (or clusters) and that the
propensity of each unit to “positively” respond to the
R variables also depends on a multidimensional contin-
uous latent trait. In detail, we start by considering a
discrete, unit-specific, latent variable of the type z; =

iid
@ity - -5 2i6) ~ Multinomial (1, (11, ..., nig)))  whose

generic element is

o 1 if unit i belongs to cluster g,
%ig =10 otherwise.

The parameter n;, denotes the probability for unit i to
belong to cluster g, with g = 1, ..., G, under the constraints
that 3 nig = land nig > 0, g = 1....,G. Gollini
and Murphy (2014) assume these parameters to be constant
across units (i.e., ;g =g Vi = 1, ..., N), while Failli et al.
(2024) model them as a function of unit-specific concomitant
variables.

Second, let u; be a D-dimensional continuous latent
trait distributed according to a D-variate Gaussian density,
with zero mean vector and identity covariance matrix, i.e.,
u; ~ Np(0, I). This is assumed to capture the residual vari-
ability of units within each cluster in the way they respond
to the different variables. The MLTA assumes that, condi-
tional on z;, = 1 and u;, variables contained in the vector
Y; = (Y1, ..., Y;g) areindependent each other and follow a
Bernoulli distribution with parameter wgx (u;),k = 1,..., R,
modeled through the following logistic function:

ok (i) =Pr(Yip = 1| u;, zig = 1)
B 1
1+ exp{—(ber + w/gkui)}'

Here, the model intercept by, represents the baseline ten-
dency of units in the g-th cluster to “positively” respond to
the k-th variable. More specifically, a positive (respectively,
negative) value for this parameter indicates a tendency toward
(respectively, against) a “positive” response to the k-th vari-
able (item) for units in the g-th cluster. Furthermore, slopes
w, associated with the latent variable u; are meant to cap-
ture the influence of the latent trait on the probability of a
“positive” response to variable k from units belonging to the
g-th cluster. Therefore, statistically significant estimates of
w, indicate residual association between variables, as well

as the presence of heterogeneity within clusters with respect
to the baseline level dictated by bgy. A simpler and more par-
simonious version of the model is obtained by assuming w g
to be constant across clusters (i.e., wgr =wi Vg =1, ..., G),
meaning that the latent trait has the same effect in all clusters.

3 Hierarchical MLTA

In this section, we extend the MLTA model described in
Section 2 in a multilevel perspective with the aim of obtain-
ing a hierarchical clustering of first- and second-level units
in a three-way binary data structure. In detail, Section 3.1
introduces the model, while Section 3.2 discusses model
identifiability.

3.1 Model assumptions

Let Ypir be the k-th binary variable associated to the
i-th first-level unit nested within the A-th second-level
unit, with » = 1,...,H, i = 1,...,n,, and k =
1,..., R. We assume that first-level units belong to homo-
geneous clusters, represented by the latent variable z;; =

jid L
(Zhits - > i)'~ Multinomial (1, (i1, . . ., hiG)'), whose

generic element is

1 if first-level unit ; within second-level unit &
belongs to cluster g,
0 otherwise.

Zhig =

On the other hand, 1;,;, denotes the prior probability for the
i-th first-level unit within second-level unit % to belong to
cluster g. Furthermore, as standard in the MLTA framework,
we assume the existence of a D-dimensional, standard Gaus-
sian, latent trait associated with each first-level unitin a given
second-level unit, i.e., up; ~ Np(0, I).

Conditional on u; and z;;, = 1, the elements in the vector
Yni = (Ypit, ..., Ypir) are assumed to be independent each
other, so that the following factorization holds

R

FOni lupiszpig =1) = l_[ S Onik | whis 2hig = 1).
k=1

Here, f (ynik | whi, znig = 1) denotes the Bernoulli probabil-
ity mass function, with success probability 774« (1;) modeled
via the following logistic function:

TokWpi) = Pr(Ypik = 1| wpi, 2pig = 1)
_ 1
1+ exp{—(bgk + Wi uni)}

ey
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As typical of the MLTA specification, the continuous latent
trait is meant to capture the potential residual heterogeneity
within clusters of first-level units. This means that, condi-
tional on the membership of first-level unit i (nested within
the second-level unit /) to the g-th cluster, the probability of
a “positive” response to variable k is specified by a latent trait
model with parameters by and wei, withg =1, ..., G, and
k = 1,..., R. The meaning and the interpretation of such
parameters are the same as those detailed in Section 2.

To account for the effect that concomitant variables may
have on the clustering of first-level units and also provide
a clustering of second-level units, we parametrically model
prior component probabilities, 7, by extending the con-
comitant variable approach introduced by Failli et al. (2024)
for the MLTA specification. Specifically, we start by con-
sidering a latent class regression model (Agresti 2002) for
Nhig. Which is assumed to depend upon (i) a (J + 1)-
dimensional vector of cluster-specific parameters, f, =
(Bog» Bigs - -+ ﬂjg)’, measuring the impact of concomitant
variables, x,; = (1, xpi1, ..., xpiy), on cluster formation;
(i1) a second-level-specific random effect, €, that is meant
to capture sources of unobserved heterogeneity determining
dependence between first-level units nested within the /-th
second-level unit. This is also in line with the multilevel latent
class specification introduced by Vermunt (2003). Overall,
the following conditional model is considered:

Nhig = Pr(znig = 1| €, Xpi)
_ exp{x}; B, + €n}
14 25/:2 exp{x),; By + en)

A standard assumption for the random effect distribution is
that of Gaussianity (Laird and Ware 1982). Other approaches
rely on the use of mixtures of Gaussian distributions (Magder
and Zeger 1996; Verbeke and Lesaffre 1996) or semi-
parametric, smooth, distributions (e.g., Zhang and Davidian
2001; Ghidey, Lesaffre and Eilers 2004). Here, we decide to
follow a different route, avoiding any unverifiable assump-
tions on the distribution of €, (the mixing distribution). To
this aim, we adopt a NPML approach (Laird 1978; Lindsay
1983a; Aitkin 1996, 1999) which is based on leaving the
mixing distribution unspecified and estimating it from the
observed data in a maximum likelihood framework.
According to the NPML theory, as long as the likelihood
function is bounded, it is maximized by a discrete mixing dis-
tribution defined over a finite number of support points, say
{y1, ..., yp}, withcorresponding weights, say {p1, ..., po},
such that p, = Pr(e, = y,), with quzl pg = 1 and
pg > 0,forallg =1,..., Q;seeLindsay (1983a) and Lind-
say (1983b). Within this framework, Equation (2) is modified
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Fig.1 Path diagram for the proposed HMLTA model.

as:

Nhigg = Pr(znig = 1| € = yq, Xni)
exp{x;”'ﬂg + Vq}
= e i
1 + Zg/:z exp{x;”.ﬂg, + )/q}

3

The estimated discrete mixing distribution can be interpreted
as representing homogeneous subsets of second-level units:
each of them belongs to one out of Q unobserved clusters. In
the following, we refer to such clusters as “blocks” to avoid
confusion. Overall, the proposed parametrization allows for
a hierarchical clustering of first- and second-level units. The
latter are partitioned into blocks thanks to the discrete nature
of the estimated distribution for €;,; within each block, first-
level units are partitioned into clusters via the discrete latent
variable zp; characterizing the MLTA specification.

The modeling assumptions detailed so far are summarized
in the path diagram reported in Figure 1. From here, it is
evident that the outcomes of interest in Y j; are influenced by
both the discrete latent variable zj,; and the continuous latent
trait up;. In turn, zj; is influenced by observed covariates in
xp; and the discrete, second-level-specific, random effect ¢j,.

3.2 Model identifiability

An important aspect to discuss for the specification of the
proposed model is the identifiability of parameters. First,
starting from the D-variate standard Gaussian distribution
assumed for the latent trait uy;, it is relevant to highlight that
the zero-mean assumption allows us to fix the location, while
the identity covariance matrix allows to fix the scale of the
latent trait (Skrondal and Rabe-Hesketh 2004).

Second, as typically happens in latent trait models, the
slope parameters w are only identifiable up to a rotation
of the factors. As for this point, let us denote by W, g =
1,...,G, the R x D matrix formed by stacking by rows
the wgy vectors, fork =1, ..., R. We may opt for imposing
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constraints on these matrices to allow for rotation invariance.
In this respect, we may fix the elements in the upper triangular
of W, to zero and constrain the diagonal elements to be
positive (Niku et al. 2017). Alternatively, we may leave these
matrices free to vary and allow for rotation: the flexibility of
the model is not restricted and the latent variable components,
w;, «Uhi» allow to describe the correlation between variables
that is not captured by the finite mixture specification via
the residual R x R covariance matrix A, = W, ng, (on the
linear predictor scale) forg =1, ..., G.

Last, choosing the NPML estimator for the second-
level specific random effect requires additional constraints
to ensure parameter identifiability. In detail, the intercepts
Bog € By, & = 1,..., G, appearing in Equation (3) need
to be set equal to 0. Alternatively, we may consider a block-
and cluster-specific intercept y,, = y; + Pog. representing
the baseline propensity for first-level units to belong to the g-
th cluster (g = 1, ..., G), conditional on the corresponding
second-level unit being in block g =1, ..., Q.

4 Maximum likelihood estimation

Let @ be the vector of all free model parameters. Given the
assumptions described in the previous section, the model log-
likelihood function can be written as:

Q

n, G
Pq l—[ Z Nhigg X
1

i=1g=1

H
00) = Zlog
h=1 q

X /f(yhi | wni, zZnig = 1)f(uhi)duhi> ) 4

which clearly corresponds to the log-likelihood function of
a hierarchical mixture model (Vermunt 2003; Vermunt and
Magidson 2005).

As it is typical of latent variable models, maximum like-
lihood estimates of model parameters can be obtained via
an indirect approach based on the use of an EM algorithm
(Dempster etal. 1977). As in this context we need to deal with
intractable integrals, to avoid the use of heavy approximation
techniques, such as the Gaussian quadrature (Abramowitz
and Stegun 1964; Pinheiro and Bates 1995), we may rely on
a variational approach, as suggested by Jaakkola and Jordan
(1997). A detailed description of the estimation procedure
is provided in the following. To start, we describe the varia-
tional approach (Section 4.1); then, in Section 4.2, we detail
the EM algorithm used for the indirect maximization of the
likelihood function.

4.1 Variational approximation of the likelihood
function

Let us start by the model log-likelihood function detailed in
Equation (4). As evident, it requires the solution of a set of
multi-dimensional integrals allowing to marginalize out the
latent traits from the joint distribution of the responses and
the latent variables in the model. As a solution, we may rely
on a variational approximation.

The goal is to approximate the joint conditional distribu-
tion of the responses in y,;, f(yp; | wpi, 2hig = 1), with a
lower bound that is conjugate to the Gaussian density postu-
lated for uy;, i.e., f(up;). Since the logistic function defining
F Vi | uni, znig = 1) is convex, any of its tangents lies
below it and is part of the family of lower-bounds. As a result,
F (i | uni, znig = 1) can be approximated by the following
function

R

Fni | upi.znig=1, Shig)= 1_[ o (&nigh) exp{
k=1

Anigk —&higk
Chigh=Shisk. .

2 Enigd) AFigh — 5

where &, = (nigt> - - -, Enigr)’ are auxiliary variational
parameters, with &g # 0, forall k& = 1, ..., R. Further-
more,

Anigk = Cynik — 1) (bgi + w/gkuhi),
0 (Enigk) = (1 + e Shig) ™1,

12 — o (&
Mg = L,
ig

After some little algebra, the logarithm of the integral in
Equation (4)

Lhig = log/ FOni | wnis znig = 1) f (upi)dup;

can be approximated by

Caig (6) = log / FOom | tnis 2nig = 1. Enig) f i)

= log/ ﬁ o (§nigk) eXP{<yhik - %)bgk-i-
k=1

Enigk
— 2 AEnig)bar — AEnigh)Ei grt
—1
”’;ligzhig”“h"g
2
x )PP | Bpig |72 x

b1 Zig 112

1 _
X exp{ - E(”hi - M'hig)zhii,(uhi - ﬂhig)/}duhi-
5
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In the last part of the above equation, it is possible to rec-
ognize the kernel of a multivariate Gaussian density with
covariance matrix and mean vector given by

R

—1
pig = [1 - ZZA(Emgk)w;kwgk] , (6)
k=1
and
R 1
Rpig = Zhig[thik —5 + 2/\(§h,~gk)bgk]wgk, (7
k=1

respectively. This allows for the integration of the latent trait
up; from the integral in Equation (5) and leads to

R

Lpig(§) = log < l_[ o (Enigk)+
k=1
‘ 1 b Snigk TR
+eXp[(yhzk - 5) gk — + A (Enigh)bgr+
~1
BhioZhioknis  log| Zhi |
—A(Shigk)%';%,-gk-% £ 2lg + > £ })

In turn, the log-likelihood function in Equation (4) is approx-
imated as

H

Qo
00,8 =" log (Z
g=1

G
Z Mhigg f (Vi | Zhig = lvﬁhig))’

[ :]5

where f(yhz | Zhig = 1 Ehlg) = exp{ﬁhzg(g)}

4.2 EM algorithm

Once the integral is approximated, the log-likelihood func-
tion can be maximized in an indirect manner via an EM
algorithm (Dempster et al. 1977). This starts from the defini-
tion of the following complete data log-likelihood function

H n, G
=Y D zhiglog f(ypi | wnis 2hig = D+

h=1i=1 g=1

H ny
+ ) log f(un)+

h=1i=1

H QO ny, G
+ZZZthq Zhig lognhigq+

h=1qg=1i=1 g=1

H 0
+ ) > vng log py, ®)
=1

£c(0)
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where v, is an indicator variable being equal to 1 if
second-level unit / belongs to block ¢ and O otherwise; that
is, vpg = I(ep = yy).

At the generic iteration of the algorithm, the E-step con-
sists of computing the expectation of the complete data
log-likelihood in Equation (8), conditional on the observed
data and the current parameter estimates 0", That is, we
need to compute

00190 = ZZZ/Zh,gf(uh, | 2hig = 1, yy)

h=1i=1 g=1

x log f(ypi | wni, zhig = Ddupi+

+ZZ/ Sup | yhz)Ing(uhl)duhz

h=1 i=1
n, G

H 0
Z Z qlog pg. ©

Here, Zjiy and 0y, denote the posterior expectation of zj;e
and vy, respectively, while Zj;, is the posterior expectation
of zjjg, conditional on v, = 1. By doing some little algebra,
these quantities can be computed as

& pg higg [ Fni | iy 2hig = D f @piddup
S8 0y X5 thigg [ Oni | tnis 2hig = 1) f @niddup;

Zqul Pq Mhigg fOni | 2hig = 1. Enig)

Zqul 0q Z§=1 Nhigg Fni | 2hig = l»shig)’

thg =

pq T, 25:1 Nhigg | FOni | #his 2hig = D f (upi)dup;
SO g T X5 thigg [ £ i | #his 2nig = 1) f i
L P I, Z§=1 Mhigq fOni | 2hig = 1. Enig)

ZqQ=1 g TTi2, ZgG:] Mhigq fOni | 2hig =1, 'Shig)’

Uhq =

and
Nhigq f f(yhi | whi, Zhig = l)f(uhi)duhi
Zle Mhigg | Fni | Wnis znig = D) f (wpi)dup
Mhigg [ Oni | 2hig = 1. Enig)
Zgzl Nhigg | (Vni | Zhig = 1, &pig)

Zhiglq =

~

To derive the above quantities, an upward-downward approach
is employed (Vermunt 2003, Vermunt and Magidson 2005).
Specifically, the algorithm first integrates out the latent vari-
ables from the lower to the higher levels, and then computes
the marginal posterior probabilities in the reverse direction,
i.e., from higher to lower levels. This strategy allows the
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computational cost, in terms of both memory and process-
ing time, to increase linearly with the number of lower-level
observations, in contrast to the exponential growth typical of
a standard EM algorithm.

The M-step of the algorithm consists of updating the
model parameter estimates by maximizing the expected com-
plete datalog-likelihood function in Equation (9) with respect
to €. To this end, the following steps are carried out.

1. The multinomial logit coefficients B, and y, are esti-
mated via a Newton-Raphson algorithm, by maximizing
the weighted likelihood of a multinomial logit model,
with weights equal to Dy X Zpig|g. The prior probabil-
ities npigq are updated accordingly. Moreover, the prior
block probabilities o, are updated as:

A Zh 1 Uhq

Pg = — H

2. A second EM algorithm, nested within the first, is
required to update the posterior mean vectors and covari-
ance matrices fy;, and Xj;g, as well as the variational
parameters &p; ¢k, and the latent trait parameters, by and
wg. These are obtained as described in the following.

(i) In the second-level E-step, we update the covariance
matrices Xp;, and the mean vectors py,;, according
to Equations (6) and (7), conditional on the obser-
vations y;;, the posterior probabilities fhig, and the
variational parameters é hig-

(i1) Inthe second-level M-step, the variational parameters
&nigk are updated as

22 2
Ejigk = bk + 2bgk Wy Mhig + Woy (Znig + Rpighy;o) Wek-

while for the latent trait parameters in the vector
ok = (Wi, ber)', we have the following updating

rule:
H ny
;gk =— [ZZ Zzhlg)»(éhzgk)E[uhz”m]g] X
h=1i=I
H np 1
X [; 2 2hig(yhik - 5)&hig]-
=]li=

Here, we have

A A/ /!
Uhig = (Mpig> 1)

and
A 3. i i i
i) = | s+ Boishi s |
"l’hig

The lower bound of the log-likelihood function, ¢(80, &), is
updated accordingly.

The different steps of the estimation algorithm are iterated
until the following stopping rule is satisfied:

A(t+1)

e@ &

(t+1)

"8 1<

where ¢ denotes the iteration index and § = 0.1° is the chosen
tolerance level.

Since the variational approach considers a lower bound
of the true log-likelihood function, a refined evaluation of
the log-likelihood is obtained in the final step using Gauss-
Hermite quadrature (Abramowitz and Stegun 1964; Pinheiro
and Bates 1995), as suggested by Gollini and Murphy (2014).

5 Standard errors, model selection, and
clustering

To evaluate uncertainty associated with the estimates obtained
from the variational EM algorithm, we employ a nonparamet-
ric bootstrap approach (Efron 1979) within each second-level
unit, to preserve the multilevel structure of the data (Goldstein
2011). Given the three-way data matrix Y, the nonparametric
bootstrap consists of repeatedly drawing with replacement a
sample having the same size of Y, and then estimating the
model parameters. In detail, for each bootstrap replicate, nj,
rows are drawn with repetition from the (7 x R)-dimensional
matrix Yy, for h = 1,..., H, so that each first-level unit
can appear several times within each second-level unit. The
model is estimated for fixed G, D, and Q.

Let é(s) denote the vector of estimates obtained from
the s-th bootstrap sample. By paying attention to the label
switching issue via a sorting of model parameters at each
iteration, bootstrap standard errors correspond to the squared
root of the diagonal elements of the following matrix:

<>

S
Z 0y —00) (0 —6)) .

withé(,) being the empirical meanvectoré(l) = ézsszl é(s).

Regarding model selection, the HMLTA specification is
estimated for different values of G, D, and Q; the opti-
mal combination [G, D, Q] is selected by means of standard
penalized information criteria. Specifically, the simulation
study discussed in Section 6.4 shows that a good model
selection strategy is based on considering the Bayesian Infor-
mation Criterion (BIC; Schwarz 1978)

BIC = —2¢(8) + v log(N).
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Here, the penalization term considers the total number of free
model parameters, i.e.,v = (G X M)+ (G x M x D — D x
D-1D/2)+J x(G—-1)+ 0+ (Q—1), as well as the
overall number of first-level units in the sample, i.e., N =
Zf: | np. Alternative strategies may also be considered. In
detail, the optimal model may be selected according to the
Akaike Information Criterion (AIC; Akaike 1974)

AIC = —2¢(8) + 2v,

or the Integrated Classification Likelihood (ICL; Biernacki
et al. 2000)

H n, G
ICL =BIC - ) Zhig 10g(Znig)-

h=1i=1 g=1

In this latter case, the optimal model is the one corresponding
to the maximum ICL.

Note that in the framework of multilevel latent class mod-
els, Lukociené et al. (2010) suggest instead the use of a
three-step strategy to select the optimal number of clusters
of first- and second-level units. Considering the good perfor-
mance of the BIC, we do not further investigate this latter
approach.

To conclude, it is important to emphasize that when
the model selection strategy outlined above results in an
HMLTA specification with D = 0, the model simplifies to
a multilevel latent class model, with second-level-specific
(non-parametric) random effects, as introduced by Vermunt
(2003). This choice suggests that the simpler model intro-
duced in the literature by Vermunt (2003) is enough to
account for dependencies in the observed data.

Last, as regards clustering, this is obtained when conver-
gence of the estimation algorithm is achieved. Specifically,
first- and second-level units are hierarchically assigned to
blocks and clusters, respectively, on the basis of a maximum
a posteriori (MAP) rule applied to the approximate posterior
probabilities obtained from the variational EM algorithm.

6 Simulation study

To evaluate the ability of the proposed approach to correctly
estimate the model parameters and classity first- and second-
level units, we conduct a simulation study, as described
below. Results are based on B = 100 replicates, each con-

sidering 100 random starting values.

6.1 Simulation setup

We consider 24 different scenarios based on a different num-
ber of first-level units (N = 500, 1000, 2000), variables
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(R = 7, 14), clusters (G = 3,4), and blocks (Q = 2, 3),
while the size of the latent trait and the number of second-
level units are kept constant and equal to D = 1 and H = 20,
respectively. Note that a uni-dimensional latent trait is con-
sidered for convenience. Furthermore, all second-level units
group the same number of first-level units. The membership
of first-level units to clusters is defined in terms of a single
concomitant variable, i.e., x5; = (1, xp;1)’, with xp;1 being
drawn from a Gaussian distribution with mean and variance
both equal to 1. As detailed in Section 3.2, for identifiabil-
ity reasons, we always constraint the model intercepts to be
equal to zero; that is, Bog = 0, foreach g =1, ..., G, both
when G = 3 and G = 4. The slope parameter associated with
Xni1, B1g, is set instead equal to —0.4, —0.9, and —1.4, when
g = 2, 3, and 4, respectively. Clearly, the latter value (—1.4)
is considered only for those scenarios in which G = 4. Fur-
ther, we set y = (0, —2)" and p = (0.5,0.5)" when Q0=2,
and y = (0, —1, —2) and p = (0.2, 0.3, 0.5)" when Q=3.
As for the observed layer of the model, we simulate the
baseline tendency parameter b, = (b1, ..., by r) from
multivariate Gaussian distributions with mean vectors —31 g,
OIg,3Ig,and 61, for g = 1,2,3, and 4, respectively. As
before, this latter value is considered only when G = 4. The
covariance matrix of the b, parametersis setequal to 2.5 g in
all scenarios. As regards the slopes wg, we assume they are
constant across clusters (i.e., wgr = wi, Vg =1,...,G),
meaning that the latent trait has the same effect in all clus-
ters of first-level units. These are simulated from a Gaussian
distribution with mean equal to —1 and variance equal to 1.

6.2 Simulation results: clustering recovery

The ability of the proposal to correctly classify first- and
second-level units is evaluated via the Adjusted Rand Index
(ARI; Rand 1971). This measures the agreement between the
true partitions and the estimated ones. Its expected value is
zero in the case of random partitioning, while it is 1 in the
case of perfect agreement between the two partitions. Results
of the simulation study are shown in Table 1. Looking at
this table, we observe that, as N and R grows larger, the
classification improves for both first- and second-level units.
As expected, worse results are obtained in terms of first-level
units partitioning as G increases. In detail, when G = 4,
a larger number of first-level units and variables is needed
to obtain good clustering performance. Similar conclusions
can also be drawn for the partitioning of second-level units:
generally, the larger Q, the worse the performance.

6.3 Simulation results: model parameters
Table 2 shows the mean squared error (MSE) values across

samples for the slope parameters 8 = (Bi1,...,B16)
Yy = W,....y0),and p = (p1,..., pg) by letting the
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Table 1 ARI mean (median)

First-level units

across samples for first- and

second-level units’ partitions, G=3 G=4
with varying N, R, G, and Q. R=7 0=2 0=3 0=2 0=3

N=500 0.791 (0.788) 0.781 (0.782) 0.689 (0.671) 0.681 (0.695)

N=1000 0.793 (0.781) 0.786 (0.783) 0.689 (0.703) 0.684 (0.683)

N=2000 0.796 (0.785) 0.790 (0.786) 0.693 (0.691) 0.685 (0.682)
G=3 G=4

R=14 0=2 0=3 0=2 0=3

N=500 0.843 (0.838) 0.841 (0.841) 0.838 (0.847) 0.835 (0.830)

N=1000 0.844 (0.841) 0.842 (0.841) 0.839 (0.838) 0.836 (0.834)

N=2000 0.846 (0.847) 0.844 (0.838) 0.841 (0.836) 0.836 (0.838)
Second-level units
G=3 G=4

R=17 0=2 0=3 0=2 0=3

N=500 0.960 (1.000) 0.556 (0.573) 0.852 (0.900) 0.518 (0.518)

N=1000 0.980 (1.000) 0.673 (0.757) 0.960 (1.000) 0.627 (0.647)

N=2000 1.000 (1.000) 0.915 (0.883) 1.000 (1.000) 0.896 (1.000)
G=3 G=4

R=14 0=2 0=3 0=2 0=3

N=500 0.971 (1.000) 0.570 (0.560) 0.886 (1.000) 0.553 (0.581)

N=1000 1.000 (1.000) 0.706 (0.813) 0.980 (1.000) 0.675 (0.715)

N=2000 1.000 (1.000) 0.921 (0.962) 1.000 (1.000) 0.906 (0.955)

number of first-level units and partitions vary. As known,
the MSE is computed as the mean of squared differences
between the estimates and the true value of model parame-
ters. Therefore, the smaller its value, the closer the estimates
to the true parameters. The results indicate that increasing
the data size improves the model’s ability to recover the true
data-generating process. However, as expected, MSE values
increase as the number of partitions increases. In detail, for
G =4 and Q=3, a larger number of first-level units and vari-
ables is needed to obtain good results in terms of parameters’
recovery. We expect that by further increasing the number of
first-level units and variables, estimates improve.

6.4 Simulation results: model selection

In this section, we evaluate the performance of the BIC
index in correctly identifying the true number of clusters and
blocks, as well as the size of the latent trait. In detail, we sim-
ulate B = 50 datasets made of H = 20 second-level units,
N = 500 first-level units, and R = 7 binary variables, from
an HMLTA model based on G = 3 clusters, Q = 2 blocks,
and a uni-dimensional latent trait (D = 1). Parameter val-
ues are set exactly as described in Section 6.1 for the setting
based on the same number of clusters and blocks. For each

dataset, we estimate an HMLTA model with a varying num-
ber of clusters (G = 3, 4), blocks (Q = 1, 2, 3), and latent
trait size (D = 1, 2), and retain the optimal model by select-
ing the combination [G, D, Q] providing the minimum BIC
index. Results reported in Table 3 show that the correct model
(i.e., the one with G = 3, Q = 2, and D = 1) is selected
98% of the time, thus suggesting very good performances of
this criterion.

Furthermore, when comparing the suggested model selec-
tion approach based on the BIC index with strategies based
on the AIC or ICL, we observe that BIC and ICL agree 94%
of the time. In contrast, the AIC index generally favors more
complex models and performs consistently worse than the
alternatives.

6.5 A comparison with the multilevel latent class
model

In this section, we compare the proposed HMLTA model
with the multilevel LC model by Vermunt (2003). Note
that, as highlighted before, this latter coincides with an
HMLTA specification with D = 0. We consider two dif-
ferent scenarios by varying the number of first-level units
(N = 500,20°000) and clusters, (G = 3, 4), while the
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Table 2 MSE values across samples for B y, and p, with varying N,
R, G, and Q.

Table3 Proportion of times the lowest BIC value occurred for varying
G, Q, and D. The true model is highlighted in bold.

G=3 G=4 G G G
R=T Q=2 Q=3 Q=2 Q=3 0=1 3 4 | 0=23 4 | 0=3 3 4
B 001002 001002  0.080.05003 0.120.030.03 D 1 001 0.00 | 0.98 0.01 | 0.00 0.00
N=500 ~ 0.000.07 0.00 0.09 0.41 0.00 0.12 0.00 0.24 0.11
p 001001 001001000 00100l  0.010.010.00 2 000 0.00 | 0.00 0.00 | 0.00 0.00
,@ 0.01 0.02 0.01 0.02 0.05 0.05 0.02 0.05 0.02 0.02
N=1000 ~ 0.000.04 0.00 0.08 0.10 0.00 0.08 0.00 0.22 0.08 ) ) . ST )
p 0.01001 0.010010.00 0.01 0.01 0.01 0.01 0.00 Table4 A\{erag?AR.Iforﬁrst— and secopd—leyel units pamtlon.s,re.spec—
tively, run time (in minutes), number of iterations (¢) and log-likelihood
B 0.010.00 0.01 0.01 0.03 0.01 0.01 0.02 0.01 0.02 (LL) across samples for the proposed HMLTA and the alternative mul-
N=2000 ~ 0.000.04 0.00 0.06 0.09 0.00 0.05 0.00 0.07 0.02 tilevel LC model with varying N and G.
p 0.010.01 0.010.010.00 0.01 0.01 0.01 0.01 0.00
G=3
G—3 G—1 ‘ ITIMLTA Mvu.ltilcvcl LC
‘ ARI  Time t LL ‘ ARI Time t LL
R=14 Q=2 Q=3 Q=2 Q=3 N 00 [0.790.96  3.95 204 -164225|0.620.80  2.36 168  -1826.08
B 20000 | 0.80 1.00 180.53 245 -66144.97 | 0.621.00 128.10 186 -72546.29
B 0.010.02 0.01 0.02 0.03 0.03 0.03 0.04 0.01 0.02
N=500 ~ 0.000.02 0.000.06 0.06 0.00 0.07 0.00 0.23 0.18 ‘ G=4 )
p 001001 001001000 001001  0.010.010.00 HMLTA Multilevel LC
‘ ARI  Time t LL ‘ ARI  Time t LL
B 0.010.01 0.01 0.01 0.02 0.01 0.01  0.02 0.02 0.02 N 500 | 0.69 0.85 4.54 238  -1278.08 | 0.61 0.77  2.80 196  -1467.32
N=1000 ~ 0.000.02 0.00 0.06 0.02 0.00 0.07 0.00 0.21 0.01 ©1 20000 | 0.70 1.00  183.49 245 -51333.72 | 0.61 0.97 167.10 237 -58969.64
p 0.010.01 0.010.010.00 0.01 0.01 0.01 0.01 0.00
,B 0.01 0.00 0.01 0.00 0.01 0.01 0.01 0.01 0.01 0.02
N=2000 ~ 0.000.01 0.000.050.02 0.00 0.03 0.00 0.06 0.02
p 0.010.01 0.010.010.00 0.01 0.01 0.01 0.01 0.00

number of second-level units, variables, latent trait size, and
blocks is kept constant and setto H =20, R =7, D =1,
and Q = 2, respectively. Model parameters for generating
the data are fixed as described in Section 6.1. For each simu-
lation scenario, we estimate both the proposed model and the
multilevel LC model. In both cases, parameter initialization
is based on a single random start. The aim is that of com-
paring the models in terms of clustering (measured by the
ARI), computational runtime (in minutes), number of iter-
ations, and log-likelihood value achieved at convergence of
the EM algorithm. Results reported in Table 4 show that the
proposed HMLTA outperforms the multilevel LC model in
terms of clustering performance, as the ARI value obtained
when fitting the former is higher than that of the latter in all
scenarios. This is, clearly, an expected result. Furthermore,
the proposed model has slightly higher computational times
due to the larger number of iterations required to achieve con-
vergence compared to the multilevel LC model. This is due to
the presence of the multidimensional latent trait that requires
a variational approximation for parameter estimation. How-
ever, the HMLTA exhibits a more gradual increase in the
computational time and number of iterations before conver-
gence with increasing N and G compared to the multilevel
LC model. Overall, results show that the HMLTA is computa-
tionally efficient even on large-scale datasets (N = 20'000),
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thus making the proposal worth to be considered also in large-
scale problems.

7 Application

In this section, we analyze data from the ESS using the
proposed HMLTA with concomitant variables. The ESS is
an academic cross-national survey whose main objective is
to analyze the evolution of attitudes toward different top-
ics throughout Europe. The survey involves subjects aged
15 years and older, resident in private households across
several countries, regardless of their nationality, citizenship,
language, or social status. The ESS includes a wide range
of questions on social and political attitudes and behaviors,
employment, education, health, well-being, social values,
and trust in institutions. Each round includes both a core
questionnaire that remains mostly invariant across time, and
rotating modules. We focus on data from the module on dig-
ital social contacts in work and family life (Abendroth et al.
2023) introduced for the first time in the last available round
of the survey (ESS Round 10 2020). Here, respondents are
asked to provide information on the mastery of various digi-
tal skills. We report in Table 5 the list of such skills with the
corresponding description.

Due to the impact of the COVID-19 pandemic, numerous
countries faced restrictions on conducting face-to-face inter-
views during ESS round 10. As an alternative, these countries
adopted a self-completion approach, which includes both
web-based and paper surveys. Due to different data collection
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Table 5 Digital skills” description.

Digital skill

Description

Internet

Preference settings

Advanced search

PDFs

Video calls with child aged 12+
Video calls with parent

Video calls with manager
Video calls with colleagues

Messages with child aged 12+
Messages with parent
Messages with manager
Messages with colleagues

Online political posts

How often the respondent uses the Internet on computers, tablets, smart-
phones or other devices, whether for work or personal use

How familiar the respondent is with preference settings

How familiar the respondent is with advanced search

How familiar the respondent is with PDFs

How often the respondent talks to child aged 12 or more on a screen
How often the respondent talks to parent on a screen

How often the respondent talks to the line manager on a screen
How often the respondent talks to colleagues on a screen

How often the respondent communicates with child aged 12+ via text,
email or messaging apps

How often the respondent communicates with parent via text, email or
messaging apps

How often the respondent communicates with the line manager via text,
email or messaging apps

How often the respondent communicates with colleagues via text, email
or messaging apps

During the last 12 months the respondent posted or shared anything
about politics online, for example on blogs, via email or on social media
such as Facebook or Twitter

methods and variations in questionnaire structure between
self-completion and standard face-to-face interviews, com-
parability issues can arise (ESS 2022). Consequently, our
analysis focuses exclusively on the subset of 21 countries
that conducted data collection through traditional face-to-
face interviews: Belgium, Bulgaria, Croatia, Czech Republic,
Estonia, Finland, France, Hungary, Iceland, Ireland, Italy,
Lithuania, Montenegro, Netherlands, North Macedonia, Nor-
way, Portugal, Slovakia, Slovenia, Switzerland, and United
Kingdom. In addition, given that digital skills are generally
very high among young people, we focus on digitalization
among older adults. Thus, we select only individuals aged
50 and older among the ESS respondents. All subsequent
analyses are conducted on this subset.

When applying the proposed model specification, we aim
at performing a joint, hierarchical, partitioning of European
countries into blocks and, among such blocks, identifying
clusters of residents sharing similar digital skills. In addition,
we aim at taking into account how residents’ socio-economic
and demographic features influence the propensity of being
digitally skilled. In Section 7.1, we provide a description of
the data at hand, while Section 7.2 presents the results of the
analysis.

7.1 Data description

As detailed above, we focus on ESS data that involve the
mastery of various digital technologies by older residents

in different countries. In this framework, countries identify
second-level units, residents identify first-level units, and dig-
ital skills the variables of interest.

To simplify the data structure and ease the interpretation of
results from subsequent analyses, we dichotomize the data on
digital abilities. In the corresponding binary three-way data
matrix, a 1 is reported if an individual states to use the Internet
“a few times a week”, “most days” or “every day”, or to be
“somewhat familiar”, “very familiar”, or “completely famil-
iar” with preference settings, advanced search, and PDFs, or
to video call or send messages to children aged 12 or over,
parents, managers, and colleagues at least once in the last 12
months (“often in a day”, “once a day”, “often in a week”,
“often in a month”, “once a month”, or “less often’), or to
have posted or shared anything about politics online in the
last 12 months.

We report in Table 6 the distribution of residents who
master the above technologies across countries and overall.
From the last row of Table 6, we can see that 67% of the
respondents frequently use the Internet, while this percent-
age reduces to 50% when focusing on preference settings,
advanced search, and PDFs use. The percentage of those
who frequently make video calls is 35%, while about 51% of
older residents send messages. Lastly, only 11% of respon-
dents share online political posts. As regards the comparison
between countries, it can be seen that, in general, the per-
centage of respondents who own the different digital skills
is equal to or greater than 50% in Belgium, Czechia, Fin-
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land, Iceland, Netherlands, Norway, Switzerland, and UK.
This percentage is around 40% in France, Ireland, Italy, and
Slovakia, while it is lower than 40% in Bulgaria, Croatia,
Estonia, Hungary, Lithuania, Montenegro, North Macedonia,
Portugal, and Slovenia. The digital gap between countries is
particularly evident in terms of Internet use, while it narrows
when considering advanced skills such as the use of mes-
sages, video calls, and the sharing of online political posts.

Selecting only respondents with no missing records, we
obtain a three-way binary data matrix made of 13’174 first-
level units (residents aged 50 and above) nested within 21
second-level units (countries), and 7 variables (digital skills).

We also consider relevant information included in the
ESS on socio-demographic and economic features of respon-
dents: age, self-rated overall health, being hampered in daily
activities, being born in the country of current residence,
gender, educational level, legal marital status, partner’s edu-
cation, income, having/having had children aged 12 or over
in the household (coded as “Children in the household”), and
respondents’ main employment activity. For the sake of inter-
pretability, these variables are all transformed into a suitable
number of dummy variables or into variables with a smaller
number of categories. Table 7 reports the distribution of such
transformed variables, from which it is evident that approx-
imately 50% of respondents are between 50 and 65 years
of age, in good health, not hampered in daily activities, of
female gender, with a partner, a medium/high educational
level and income, with children aged 12 or over, and retired.
Also, about 92% of older respondents were born in the coun-
try of residence and about 25% of them have a partner with
a medium educational level.

7.2 Analysis

In this section, we analyze the digital divide in Europe using
the proposed modeling approach. We aim at performing a
hierarchical clustering of countries and residents, also taking
into account how socio-economic and demographic features
influence the propensity of being digitally skilled.

For the sake of interpretability, we estimate the proposed
model letting wgy be constant across clusters (wgr = wy).
The model is estimated for varying G, D, and Q. The opti-
mal model is selected according to the BIC index. To prevent
the estimation algorithm from remaining trapped in local
maxima, a multi-start strategy based on 10 random starts
is considered. As regards the concomitant variables affect-
ing the latent layer of the model, the categorical variables
described in Table 7 are considered.

7.2.1 Choosing the number of blocks and clusters

We start by reporting in Table 8 the BIC values for varying G,
0, and D. The optimal specification (i.e., the one providing
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the smallest BIC value) corresponds to G = 4 clusters of
residents, Q = 2 blocks of countries, and D = 1 for the
latent trait size.

7.2.2 Describing the blocks of countries

The two blocks of countries identified by the proposed model
are represented in Figure 2a. As it is evident, the model clus-
ters Belgium, Czechia, Estonia, Finland, France, Ireland,
Iceland, Netherlands, Norway, and Switzerland in the first
block, while Bulgaria, Croatia, Hungary, Italy, Lithuania,
Montenegro, North Macedonia, Portugal, Slovenia, Slo-
vakia, and United Kingdom are assigned to the second block.
This partition clearly reflects the estimated prior block prob-
abilities (p; = 0.48 and p, = 0.52), even though these are
updated on the basis of the observed data when computing
the approximate posterior block probabilities.

For a better understanding of these blocks, we look at the
Digital Economy and Society Index (DESI; European Com-
mission 2022), which measures the progress in digitalization
of European member states. The distribution of this index
across countries is reported in Figure 2b. Here, the darker the
color, the higher the index. Comparing the graphical repre-
sentations in Figures 2a and 2b, it is evident the association
between the identified blocks and the DESI levels. This is
not obvious, given that DESI is a general measure of coun-
tries’ progress in terms of digitalization and is a composite
index across four dimensions. The first one (human capital)
measures users’ skills in the general population, i.e., it is
not limited to older people, while the other dimensions (con-
nectivity, integration of digital technology, and digital public
services) measure factors, such as broadband coverage, that
may facilitate the use and learning of digital technologies.
More in detail, when looking at the distribution of the DESI
across blocks, we observe that its first, second, and third quar-
tiles are equal to 0.52, 0.62, and 0.65, respectively, in the first
block. On the other hand, countries in the second block all
have a DESI below 0.57; the first, the second, and the third
quartiles are here equal to 0.44, 0.48, and 0.53, respectively,
thus suggesting that this block clusters the least digitalized
countries in Europe.

In addition, we expect that countries characterized by
higher digital skills are also those in better economic condi-
tions, as well as with more educated residents. In this regard,
we report in Figure 2¢ and 2d the distribution of the GDP at
market prices (euro per capita; Eurostat 2022a) and the per-
centage of people aged 15-74 years with tertiary education
(Eurostat 2022b) across countries, respectively. These fig-
ures confirm our beliefs, with countries classified in the first
block (i.e., those with a higher digital level) corresponding
to those with higher GDP values and higher percentage of
highly educated individuals (see, e.g., Finland, France, Ire-
land, Norway and Switzerland). On the contrary, lower GDP
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Table 6 Distribution of digital skills across countries and overall after dichotomization (% values). Data from residents aged 50 and above.

Country Internet use  Preference settings ~ Advanced search ~ PDFs  Video calls  Messages  Political posts ~ Overall
Belgium 80 56 64 56 34 57 14 52
Bulgaria 50 32 33 26 30 29 7 30
Croatia 52 46 38 34 24 38 5 34
Czechia 71 42 45 44 64 77 8 50
Estonia 65 38 42 47 24 38 9 38
Finland 84 72 68 59 41 75 11 59
France 75 45 53 56 28 49 12 45
Hungary 48 42 43 33 31 41 7 35
Ireland 73 41 46 49 53 70 10 49
Iceland 92 37 61 59 37 61 23 53
Ttaly 61 42 42 40 35 51 12 40
Lithuania 58 35 40 35 35 42 10 36
Montenegro 62 38 37 34 48 47 7 39
Netherlands 93 73 80 77 38 72 16 64
North Macedonia 42 24 23 14 42 37 8 27
Norway 95 72 73 79 44 76 23 66
Portugal 49 32 28 27 25 31 6 28
Slovenia 59 43 44 41 18 43 10 37
Slovakia 54 45 49 50 40 53 9 43
Switzerland 84 72 76 70 32 60 13 58
UK 83 54 56 63 43 65 21 55
Overall 67 47 49 47 35 51 11 44

Table 7 Distribution of demographic and socio-economic variables after transformation. Pooled sample of residents aged 50 and above from all

countries.
Variable Category %o Variable Category %
Age 50k 65 49 Health Bad 12
65+ 75 31 Fair 35
75+ 20 Good 53
Hampered in daily activities Yes 37 Born in country Yes 92
No 63 No 8
Gender Male 46 Marital status With partner 58
Female 54 Without partner 42
Education Low 27 Household’s total net income Low 37
Medium 39 Medium 33
High 35 High 29
Children in the household No children 41 Main activity Employed 37
Children < 12 5 Unemployed 13
Children > 12 54 Retired 50
Partner’s education Low 15
Medium 25
High 21
Not applicable 39
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Table 8 BIC for varying G, Q, and D. The selected model is highlighted in bold.
G
0=1 1 2 3 4 5
1 93634.88 88459.42 86241.20 87033.70 93409.04
2 91400.51 88557.90 85391.04 88472.25 99293.92
91447.96 88539.75 86425.04 91238.00 90875.28
0=2
D 93634.88 84126.13 82783.09 81848.99 82239.38
91400.51 84135.27 83029.45 82009.49 81925.86
91447.96 84341.12 82945.94 81995.58 82904.78
0=3
D 93634.88 83808.40 82803.18 81897.24 83575.87
2 91400.51 83929.99 82839.41 83425.37 81948.35
91447.95 84082.13 82974.73 82204.79 81858.22
DESI
Block 0.70
m .
2 0.50
No data 0.30
No data
(a) (b)
DP Tertiary
88220 edLi‘c1ation (%)
43680 l
37.8
6440
17.3
No data
No data

(c)

(d)

Fig. 2 Map comparison for the countries considered in the analysis. The different shades identify the two different blocks of countries (a), the
different DESI values (b), the GDP values at market prices in euro per capita (c), and the % of people aged 15-74 with a tertiary educational level

(d) across countries.
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Table9 Proportion of residents assigned to each cluster (g = 1, 2, 3, 4)
across country blocks (¢ = 1, 2).

g=1 g=2 g=3 g=4
q 1 0.06 0.11 0.22 0.61
2 0.28 0.16 0.20 0.36

values and a lower prevalence of highly educated residents
are observed for those countries classified in the second block
(the least digitalized one).

7.2.3 Describing the clusters of residents

Table 9 shows the proportion of residents assigned to the
different clusters across country blocks. As we can see from
this table, 61% of residents are assigned to cluster 4 within the
block of countries with a higher digitalization level (g = 1).
On the other hand, only 6% of residents are classified in
cluster 1 within this block of countries. In contrast, within
lower digitalized countries (¢=2), residents are more equally
split across the four clusters.

To interpret residents’ clusters, we report in Table 10 the
estimated by, and wy parameters, with the corresponding
95% bootstrap confidence intervals for the optimal model
specification. In this context, bg represents the baseline
tendency of individuals in cluster g to master the k-th
digital technology, while wy captures the influence of the
resident-specific latent trait on the probability of mastering
the k-th technology. Looking at Table 10, we observe that
the baseline tendency coefficients in the first cluster, i.e.,
by = (b11,...,b1g), are all negative and statistically dif-
ferent from zero. This means that residents in this cluster do
have a negative propensity toward all digital skills consid-
ered in the analysis. A similar result is observed for residents
in cluster 2, where the only positive and significant coeffi-
cient in the vector by = (ba1, ..., byr)’ is the one related to
message exchanges. Cluster 3 differs from cluster 2 in that
residents in this cluster use the Internet frequently in addition
to message exchanges. Lastly, cluster 4 is characterized by
an intensive use of all digital technologies considered here,
with the only exception of video calls and sharing of online
political posts.

Regarding the influence coefficients wy reported in the last
column of Table 10, these have to be interpreted in terms of
residual heterogeneity between residents (allocated in any of
the clusters) in the way they master the k-th digital technol-
ogy with respect to the cluster-specific baseline level dictated
by bgr. By looking at the table, we observe that these parame-
ters are all positive and significantly different from 0, with the
exception of that related to advanced search ability. Focusing
the attention on their magnitude, we may observe that hetero-
geneity is particularly relevant for video calls and messages.

To better interpret the main characteristics of the iden-
tified clusters of residents, Figure 3 shows the distribution
of the predicted probabilities of owning each digital skill
across clusters. More specifically, for each g, the figure shows
the box-plot of the predicted probabilities 774« (&5;) obtained
from Equation (1) by replacing u;; with the corresponding
posterior mean &j;, computed as:

wp = Elup; | y,1= / ) wpi f(pi | ypi)dup;.
R

The plot also reports the average predicted probabilities
across residents (red bullet). From this figure, it is evident
that, for the first cluster, predicted probabilities are zero or
very close to zero, with the exception of Internet use for
which the mean is 0.10. For the second cluster, the average
probability of mastering the different digital technologies is
high only when looking at video calls and messages (around
0.50); in this cluster, the average predicted probability of
frequent Internet use increases to 0.20. From this result, we
can speculate that individuals in this cluster use the Internet
rather rarely but, when they do, it is mostly for video calls
and messaging. In the third cluster, all average probabilities
tend to be higher than in the first and second cluster (with
the only exception of video calls and messages); in particu-
lar, the average probability of frequently using the Internet
reaches 0.89. Lastly, the fourth cluster is characterized by a
high probability of mastering each of the technologies con-
sidered in this analysis, with the exception of sharing online
political posts, for which the average predicted probability is
the highest across all clusters (0.22), though.

Based on these results, we can attribute the following
labels to the clusters and summarize their main character-
istics as follows:

(1) “Digital Laggards™:

(i) very low percentages of digital tool usage and digital
skills;

(i) limited engagement with various digital technolo-
gies.

(2) “Communication Technologies Users”:

(i) higher percentages for video calls and text messaging
compared to “Digital Laggards”;
(i1) low digital skills.

(3) “Web Navigators”:

(1) similar to “Communication Technologies Users” but
with a significant portion frequently using the Inter-
net;

(i1) moderate digital skills.

(4) “Digital Proficients™:

@ Springer



177  Page 16 of 20

Statistics and Computing

(2025) 35:177

Table 10 Estimates for the baseline tendency parameters bgy and influence parameters wy and 95% bootstrap confidence intervals.

by

by

b3

by

w

Internet
Pref. settings
Adyv. search
PDFs

Video calls
Messages

Political posts

-2.33 (-2.63; -2.04)
-5.31 (-6.11; -4.50)
-6.20 (-7.30; -5.10)
-6.56 (-7.91; -5.22)

-13.66 (-15.75; -11.57)
-13.14 (-16.67; -9.61)

-7.76 (-8.67; -6.85)

-1.67 (-3.2;-0.31)
-4.46 (-5.50; -3.42)
-4.86 (-5.78; -3.93)
-5.28 (-5.98; -4.58)
0.19 (-0.02; 0.40)
0.60 (0.41; 0.78)
-5.60 (-6.21; -4.98)

1.94 (1.58; 2.30)

-1.40 (-1.69; -1.10)
-1.21 (-1.54; -0.88)
-1.05 (-1.31; -0.79)
-0.76 (-0.93; -0.59)
0.20 (0.04; 0.36)

-2.17 (-2.35; -1.99)

3.24 (3.11; 3.38)
2.44 (2.31;2.56)
3.29 (3.07; 3.50)
2.15 (2.06; 2.25)
-0.57 (-0.67; -0.48)
0.52 (0.34; 0.71)
-1.42 (-1.48; -1.35)

0.12 (0.09; 0.16)
0.04 (0.01; 0.07)
0.01 (-0.02; 0.03)
0.05 (0.03; 0.07)
1.09 (1.04; 1.13)
1.10 (1.05; 1.15)
0.14 (0.10; 0.19)

g=1, Internet
1.00

0.75

0.50

0.25

0.00

g=2, Internet

1.00

0.75

0.50

0.25

0.00

g=3, Internet

1.00

0.75

0.50

0.25

0.00

g=4, Internet
1.00

S S—

0.75

0.50

0.25

0.00

g=1, Pref. settings g=1, Adv. search g=1, PDFs g=1, Video calls g=1, Messages g=1, Online posts
g=2, Pref. settings g=2, Adv. search g=2, PDFs g=2, Video calls 9=2, Messages g=2, Online posts
*
*
—_——
g=3, Pref. settings g=3, Adv. search g=3, PDFs g=3, Video calls 9=3, Messages g=3, Online posts
*
D —
—_—
——
———
g=4, Pref. settings g=4, Adv. search g=4, PDFs g=4, Video calls g=4, Messages g=4, Online posts
[ C—
R S— —_

Fig. 3 Distribution of the predicted probabilities of mastering each digital technology for residents belonging to each cluster. Mean values are

highlighted in red.
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(i) highest percentages among all clusters of digital
skills and use of digital technologies;

(ii) engaged across a wide range of digital tools and tech-
nologies.

Note that the identified clusters differ not only with respect
to the general level of digital proficiency of residents, but also
with respect to different types of digital tools used.

7.2.4 Understanding covariates’ influence on cluster
formation

Table 11 shows estimates and 95% bootstrap confidence
intervals of the B, parameters measuring the effect that
demographic and socio-economic variables have on resi-
dents’ partitioning. In particular, these parameters measure
the impact of concomitant variables on the probability that
residents in a given country belong to cluster g = 2,3,4
with respect to the first cluster, the “Digital Laggards”.
From this table, we can see that the probability of belong-
ing to the “Communication Technologies Users” (cluster
2), as opposed to the “Digital Laggards” cluster, and com-
pared to the respective reference categories, is significantly
higher for residents between 65 and 75 years old, in fair
health conditions, not hampered in daily activities, with a
medium educational level and a low/medium educated part-
ner, medium/low income, with young children or no children
at all, retired or unemployed. The probability of belonging
to the “Web Navigators” (cluster 3), is higher for individuals
who are between 65 and 75 years old, in fair/good health con-
ditions, not hampered in daily activities, males, with medium
income and educational level and a low/medium educated
partner, with young children or no children at all, and unem-
ployed. On the other hand, the probability of belonging to
cluster 3 with respect to cluster 1 is lower for those over
75 years of age, with a low level of education, low income,
and retired. Lastly, the probability of belonging to the “Dig-
ital Proficients” (cluster 4) is higher for those who are in
fair/good health conditions, not hampered in daily activities,
born in the country of residence, males, in a relationship,
with alow/medium educated partner, a medium income level,
with young children or no children at all, and unemployed.
In contrast, this probability is lower for those who are over
75 years of age, have a low/medium level of education, have
a low income, and are retired.

As far as the vector of block-specific intercepts yZ =
(yl*q, yz*q, y3*q)’ is concerned, its estimate is p] = (—0.76,
0.49,1.41) for g = 1, and p5 = (—2.36, —1.11, —0.19)’
for ¢ = 2. These values are coherent with the findings dis-
cussed in Section 7.2.2 regarding the DESI. That is, thanks
to these parameters, we are able to capture the latent digital-
ization level measured by such an index.

Lastly, we report in Table 12 the predicted probabilities
of belonging to the different clusters of residents for some
attributes of interest and for the two blocks of countries iden-
tified by the model. Younger residents (i.e., younger than
65 years of age) display the highest probability of belong-
ing to the cluster of the “Digital Proficients” (g=4) in both
blocks of countries. They are also more likely than older
individuals to belong to the “Web Navigators” cluster (g=3),
but only in the block of most digitalized countries (¢ = 2).
Within the block of least digitalized countries, we find a con-
siderably higher probability of belonging to the cluster of
“Communication Technologies Users” (g = 2) for the old-
est individuals (i.e., those aged 75 and more). Interestingly,
the probability of belonging to the “Digital Laggards” (g=1)
cluster displays very different patterns in the two blocks of
countries, while, within the block of highly digitalized coun-
tries, residents aged 65 and above report considerably higher
probabilities of belonging to the digitally excluded cluster
than younger individuals. Very small differences across age
classes are observed in the first block of countries. Education
and income show similar patterns of effects on the proba-
bility of belonging to the four clusters of residents within
both blocks of countries. In fact, individuals with the high-
est level of education or income display substantially higher
probabilities of belonging to the “Digital Proficients” cluster
(g = 4) compared with individuals with lower educational
or income levels, besides the block the country of residence
belongs to. Within the most digitalized countries (g = 1),
low and medium education or income are associated with
higher probabilities of being in the “Digital Laggards” clus-
ter (g = 1) compared with individuals with high education or
income. This is not found within the least digitalized block of
countries (¢ = 2) where, instead, low and medium education
or income lead to the highest probabilities of belonging to
the “Communication Technologies Users” (g = 2). In both
blocks of countries, individuals with better health conditions
(“fair” or “good”) have higher probabilities of being “Digital
Proficients” (g = 4) than their counterparts who self-report
a “bad” health status. Lastly, those with young children are
(slightly) more likely to belong to the “Digital Proficients”
cluster (g = 4) and less likely to be in the “Communication
Technologies Users” (g = 2) than childless individuals, in
both blocks of countries.

8 Conclusions

The proposed model extends the Mixture of Latent Trait
Analyzers with concomitant variables and provides a hierar-
chical clustering of three-way binary data. This is achieved
by considering a hierarchical mixture of latent trait models.
In detail, first-level units are partitioned via an MLTA spec-
ification. Here, latent class probabilities are modeled as a
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Table 11 Estimated B,
parameters and 95% bootstrap
confidence intervals. Reference
categories are in brackets.

Variable

B>

B3

B4

Age 65-75 (50-65)

Age 75+ (50-65)

Health fair (bad)

Health good (bad)

Not hampered

Born in country

Male

Educ. low (high)

Educ. medium (high)
With partner

Partner educ. low (high)
Partner educ. med. (high)
Income low (high)
Income medium (high)
Children < 12 (> 12)
No children (> 12)
Retired (employed)
Unemployed (employed)

0.47 (0.36; 0.58)
0.28 (-0.12; 0.68)
0.12 (0.02; 0.22)
0.26 (-0.10; 0.62)
0.28 (0.09; 0.47)
-0.01 (-0.06; 0.04)
0.04 (-0.01; 0.09)
0.08 (-0.25; 0.40)
0.28 (0.06; 0.49)
0.16 (-0.01; 0.33)
0.28 (0.09; 0.46)
0.27 (0.04; 0.52)
0.28 (0.08; 0.47)
0.28 (0.23; 0.33)
2.37 (2.29; 2.44)
1.74 (1.68; 1.80)
0.28 (0.03; 0.53)
0.67 (0.61; 0.72)

0.28 (0.16; 0.40)

-0.32 (-0.63; -0.02)

0.18 (0.12; 0.24)
0.64 (0.56; 0.72)
0.16 (0.11; 0.22)
0.01 (-0.05; 0.07)
0.21 (0.13; 0.30)

-0.43 (-0.54; -0.32)

0.28 (0.10; 0.45)
0.27 (0.19; 0.36)
0.28 (0.22; 0.33)
0.28 (0.17; 0.39)

-0.10 (-0.16; -0.05)

0.28 (0.14; 0.41)
1.16 (0.83; 1.49)
0.75 (0.50; 1.00)

-0.39 (-0.44; -0.34)

0.28 (0.18; 0.37)

0.10 (-0.05; 0.25)
-0.86 (-1.17; -0.54)
0.47 (0.35; 0.59)
1.41 (1.26; 1.57)
0.26 (0.21; 0.32)
0.26 (0.17; 0.35)
0.28 (0.23; 0.33)
191 (-2.18: -1.64)
-0.62 (-0.74; -0.49)
0.36 (0.24; 0.47)
0.28 (0.22; 0.33)
0.28 (0.14; 0.41)
-0.76 (-0.87; -0.65)
0.07 (0.01; 0.12)
1.48 (1.22; 1.75)
1.04 (0.88; 1.20)
-0.60 (-0.80; -0.40)
0.28 (0.13; 0.42)

Table 12 Predicted probabilities of belonging to each cluster for some covariates of interest and for the two blocks of countries.

Concomitant variable

Age Health Education Income Children
<65 65 75 75+ Bad Fair Good Low  Med. High  Low  Med. High <12 No
q=1 g=1 0.11 0.13 0.19 038 0.14 0.08 025  0.16 0.11 0.19  0.13 0.15 0.16 0.05
g= 0.24 0.35 043 034 025 0.16 043 035 0.19 040 031 0.21 0.25 0.51
8= 0.31 0.28 024 026 026 024 026 035 0.30 027 031 0.30 0.27 0.19
g= 0.34 0.24 0.14 002 035 052 006  0.14 0.40 0.14  0.25 0.34 0.32 0.25
q=2  g=1 0.02 0.42 055 035 044 029 062 049 0.06 0.53 0.44 0.02 0.19 0.21
g=2 026 0.23 024 033 016 0.13 022 021 0.17 0.23 0.20 0.28 0.26 0.42
g=3 034 0.19 013 018 0.17  0.18 0.13 021 0.33 0.16  0.20 0.32 0.27 0.16
g= 0.38 0.16 008 014 023 040 0.03  0.09 0.44 0.08  0.16 0.38 0.28 0.21

function of both concomitant variables and second-level ran-
dom effects. The distribution of these latter is left unspecified
and is directly estimated from the data viaa NPML approach.
This leads to the estimation of a discrete distribution that is
totally free of stringent parametric assumptions and provides
a clustering of second-level units. Overall, we obtain a par-
titioning of second-level units into blocks and, in each of
such blocks, a partitioning of first-level units into clusters.
A double EM algorithm based on a variational approxima-
tion of the model log-likelihood function is used to derive
model parameter estimates. A simulation study assesses the
effectiveness of the proposal in correctly identifying model
parameters and providing a good classification of both first-
and second-level units. The good performance of the model
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selection criterion and the computational efficiency of the
estimation method are also demonstrated.

The proposed model is applied to the analysis of digi-
tal skills among older people in different countries, with the
goal of identifying clusters of respondents with similar pro-
files of digital skills, also taking into account the multilevel
structure of the data (i.e., residents nested within countries)
and the influence of demographic features on clustering. The
model identifies four different clusters of residents who differ
not only for their overall level of digital skills, but also with
respect to the specific digital tools used and skills they declare
to have. Furthermore, the country-specific, discrete, random
effect estimated via the NPML approach allows countries to
be classified in terms of the baseline attitude to digital tech-
nologies of their residents. Thus, countries are clustered in
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two blocks with different average levels of digital skills of
their residents. The results show that the digitalization pro-
files are strongly influenced by age, income and educational
level, as well as by health and by the presence of children in
the household.

Both the simulation study and the real data analysis have
been carried out using the open-source R software (Pinheiro
and Bates 1995). All the codes and data used in this paper
are available on the first author’s GitHub page: https://github.
com/dfailli.

It is worth noting that while NPML provides a flexible
approach for modeling unobserved heterogeneity without
requiring strong parametric assumptions, it has some poten-
tial limitations. First, the method is sensitive to the choice of
the number of support points in the mixing distribution. Too
few points may lead to an oversimplified model that fails cap-
turing the underlying variability, while too many may result
in numerical instability. Second, model identifiability may be
problematic since different combinations of support points
and weights can yield similar likelihood values. These lim-
itations highlight the importance of model diagnostics and
careful interpretation of results.

From a methodological point of view, the proposed
approach can be extended to properly handle response vari-
ables with more than two categories, as well as in contexts of
more than two levels of clustering; concomitant variables at
each level may also be considered for a deeper understand-
ing of the phenomenon of interest. Furthermore, dealing with
missing data poses a number of challenges because of the
potential bias in parameter estimates due to incomplete infor-
mation. In our analysis, we assume that the data are missing at
random (MAR), meaning that the probability that responses
are missing depends on the set of observed measures, but it
is unrelated to unobserved values that, in principle, should
have been obtained (Rubin 1976). In this respect, the pro-
posed model can be extended to deal with missing not at
random (MNAR) data. To generalize the results obtained to
the entire population, a sensitivity analysis comparing the
models for MAR and MNAR data is required. Lastly, in the
multilevel LC model framework, a number of goodness-of-fit
statistics are available in the literature to assess the adequacy
of model assumptions (Nagelkerke et al. 2015). A further line
of research could involve the extension of such measures to
the present framework.
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