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Abstract

Quantum chromodynamics (QCD) is the fundamental theory describing the strong
interactions between quarks and gluons. Its distinctive properties, asymptotic
freedom at high energies and confinement at low energies, make it a paradigmatic
example of a theory whose ultraviolet and infrared regimes require qualitatively
different tools. While perturbation theory and lattice simulations have provided
powerful insights, many questions remain unsolved in regimes of strong coupling,
finite temperature and density, and real-time dynamics. In this context, holography
offers a complementary approach: by mapping certain strongly coupled field theories
to weakly coupled gravitational descriptions, it provides a controlled framework to
explore non-perturbative dynamics.

This thesis addresses two problems at the intersection of QCD and holography.
The first concerns the description of baryons in one-flavored QCD. Unlike the multi-
flavor case, where baryons emerge as solitons of the chiral Lagrangian, the single-flavor
theory lacks the symmetry structure required for this construction. Building on
proposals that interpret baryons as quantum Hall droplets, i.e. (2+1)-dimensional
excitations of the η′ meson charged under the baryonic symmetry, we provide an
explicit realization within the Witten-Sakai-Sugimoto (WSS) model. These extended
objects, namely Hall droplet sheets, are constructed as D6-branes embedded in
the WSS model. Their charged configurations yield a holographic description of
single-flavor baryons, whose masses, radii, and spin-baryon number relations can
be computed. We further extend this framework to related topological defects
such as axionic strings, domain walls, vortons, and exotic composite configurations,
some of which have potential cosmological implications, including novel dark matter
candidates.

The second problem addressed in this thesis concerns weak interaction rates in
dense, strongly coupled quark matter, which is expected to be present in neutron star
cores. These rates determine how quickly dense quark matter restores equilibrium
and dissipates energy, which is crucial for the damping of stellar oscillations and
for the long-term stability of rapidly rotating stars. Conventional perturbative
estimates are restricted to weak coupling and uncertain in astrophysical regimes.
We derive a non-perturbative expression for the weak rates in terms of correlators
of gauge-invariant operators. Within a bottom-up holographic model of massless
quark matter, we compute their leading low-temperature behavior at large density,
uncovering qualitative deviations from perturbative predictions, including logarithmic
suppression at high chemical potential.

In summary, this thesis demonstrates how holography can shed new light on
open problems in QCD. On the one hand, it provides a framework for the low-
energy description of baryons in one-flavor QCD and their potential dark sector
relatives. On the other hand, it provides a first step toward non-perturbative
determinations of weak interaction rates in dense quark matter, relevant for neutron
star phenomenology. Together, these results highlight the versatility of holographic
methods in addressing strongly coupled phenomena beyond the reach of traditional
approaches.
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Introduction

This thesis is based on the original research results obtained in [1, 2, 3, 4, 5, 6].
Before focusing on the latter, we will provide the reader with an introduction to
the related scientific context and tools, with the further aim to situate our research
works in the modern landscape of high-energy theory. We begin from first principles
and progressively move towards the specific problems that motivated our research.
The two problems treated in the original papers collected in this thesis are

• the low-energy description of baryons in single-flavor quantum chromodynamics
(QCD),

• the computation of weak interaction rates in strongly coupled cold quark
matter.

In order to motivate these problems and explain the methods used in our works,
it is necessary to recall several central ideas in QCD, the physics of matter at finite
temperature and baryon density, and several core ideas from string theory and
gauge/gravity duality.

Quantum chromodynamics is the quantum field theory describing the strong
interactions between quarks and gluons. The theory is asymptotically free [7, 8, 9, 10]:
at high energies, the gauge coupling becomes small and perturbative techniques
are applicable. The same theory is, however, confining at low energies [11, 12]:
asymptotic states are always color singlets. As a consequence, quarks and gluons
cannot exist freely but are confined into color singlets: hadrons (mesons and baryons).
Asymptotic freedom and confinement together make QCD an example of a theory
whose ultraviolet (UV) and infrared (IR) behaviors are qualitatively different, and
which therefore requires very different theoretical tools in the two regimes. Moreover,
many of the most interesting phenomena of QCD, like mass gaps, chiral symmetry
breaking, hadron structure, and bound states, are inherently non-perturbative and
require methods beyond perturbation theory.

In the last decades, several non-perturbative methods were developed to study
QCD at low energies, where it becomes strongly coupled. Lattice gauge theory, i.e.
Wilson’s formulation of gauge theories on an Euclidean spacetime lattice [11], provides
a first-principles, systematically improvable tool to compute the static properties
of QCD and its equilibrium thermodynamics using Monte Carlo simulations; it
has been extremely successful at computing hadron spectra, the QCD equation of
state at vanishing baryon density, and many thermodynamic observables. Effective
field theories and model approaches, e.g. chiral perturbation theory, capture the
low-energy and symmetry aspects of QCD and provide analytic control in particular
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regimes [13, 14]. Large-N methods provide a systematic framework to study non-
perturbative aspects of QCD by considering a generalization of the theory in which
the number of colors, N , is treated as a (large) free parameter [15]. In the large-N
limit, one can identify a natural organization of hadronic spectra and interactions
in powers of 1/N , providing both qualitative and quantitative insights into the
spectrum of mesons and baryons, and the emergence of topological structures, e.g.
solitons. For instance, baryons can be interpreted as solitonic objects in the large-N
limit, and meson couplings scale with definite powers of 1/N (for instance, meson
decay amplitudes scale as 1/

√
N and meson–meson scattering amplitudes as 1/N),

giving a controlled approximation scheme for otherwise strongly coupled dynamics
[16, 17].

Despite these successes, several serious limitations remain. Perturbation theory
breaks down (well) above the QCD dynamical scale ΛQCD ≈ 200 MeV since the gauge
coupling constant becomes large. Lattice techniques are very powerful for Euclidean
(imaginary-time) observables at zero chemical potential, but they confront severe
obstacles when one attempts to simulate QCD at non-zero baryon chemical potential
due to the infamous sign problem [18]. The sign problem is not merely a technicality,
but a fundamental obstruction to Monte Carlo approaches, and no general solution
is currently known. Effective models can capture aspects of the QCD phase diagram
and hadronic physics, but they necessarily involve model-dependent assumptions
and parameters that cannot be systematically improved from first principles.

String theory was first introduced in the late 1960s as an attempt to describe
the strong interactions, inspired by the pattern of hadronic resonances observed
experimentally. In particular, the masses and spins of mesons and baryons were found
to approximately lie on linear Regge trajectories, hence indicating the occurrence
of a linear relation between the angular momentum and the squared mass of these
particles. The Veneziano amplitude [19] provided an explicit analytic expression for
a four-point scattering amplitude that exhibited crossing symmetry and the expected
Regge behavior, effectively reproducing the spectrum of observed resonances. This
success led to the interpretation of hadrons as excitations of one-dimensional extended
objects, i.e. strings, and to the development of the bosonic string model.

In spite of these initial successes, bosonic string theory encountered severe
theoretical problems. The spectrum included an unphysical tachyon, signaling
an instability, and the consistency of the quantum theory required 26 spacetime
dimensions. Moreover, the subsequent formulation of QCD as the fundamental theory
of strong interactions in the early 1970s provided a more accurate and predictive
description of hadronic physics. As a result, string theory was no longer pursued
as a model of hadrons, but the mathematical structures developed in this context
became the foundation of modern string theory, which includes gravity and gauge
interactions in a unified quantum-consistent framework; see e.g. [20, 21].

In its modern formulation, string theory is a consistent quantum theory of
one-dimensional extended objects (strings) whose vibrational modes correspond to
particles of different spins and charges. Remarkably, the spectrum automatically
contains a massless spin-2 excitation, which can be interpreted as the graviton,
thereby providing a quantum-consistent framework for gravity. Together with the
other modes corresponding to gauge fields and matter fields, this makes string theory
a candidate for a unified theory of all fundamental interactions.
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Holography emerged from this string-theoretic framework as a realization of the
idea that a quantum field theory in flat spacetime can be equivalently described
in terms of a quantum gravity theory in at least one higher dimension. This
correspondence is perhaps one of the strongest realizations of the holographic principle,
first proposed in [22, 23], which states that the information about the spectrum and
dynamics of a theory of quantum gravity inside a volume V is encoded in the degrees
of freedom residing on the boundary ∂V . The first (and best understood) concrete
example of holography is provided by the AdS/CFT correspondence first proposed by
Maldacena in [24], and further elucidated in [25, 26]. This correspondence establishes
a duality between (a certain version of) string theory on Anti-de Sitter spacetime
(AdS) and a Conformal Field Theory (CFT) on the boundary of the AdS spacetime.
Subsequent works established the explicit dictionary between boundary field theory
operators and bulk fields, relating correlation functions, symmetries, and a variety
of non-perturbative phenomena to corresponding objects on the gravity side.

The holographic correspondence realizes a strong-weak duality: certain strongly
coupled regimes in the quantum field theory side turn out to be mapped into weakly
interacting, low-energy regimes of the dual string description, where the latter effec-
tively reduces to a classical theory of gravity. This makes holography particularly
appropriate to attack the problems outlined at the beginning of this introduction.
On the one hand, holographic models provide a framework in which strongly coupled
phenomena of quantum field theories, like hadronic physics, can be studied using
geometric and semiclassical tools. In particular, baryons appear as localized topolog-
ical configurations whose properties, such as masses and couplings, can be computed
within the holographic setup [27, 28]. On the other hand, holography gives direct
access to e.g. spectral functions and real-time response, at finite temperature and
finite density, by solving linearized fluctuation equations in a black hole geometry,
which is often much simpler than analytically continuing noisy Euclidean lattice
data [29, 30].

The original AdS/CFT correspondence applies strictly to supersymmetric and
conformal theories, which differ substantially from QCD. The latter is neither su-
persymmetric nor conformal, and instead displays phenomena such as confinement,
chiral symmetry breaking, and the emergence of a rich hadronic spectrum. To
approach such a theory holographically, various extensions of the original correspon-
dence have been developed. On the one hand, “top-down” constructions [31, 32, 33]
are derived from explicit string theory backgrounds and can incorporate ingredients
such as flavor degrees of freedom or deformations that break conformal invariance,
producing models with confinement and chiral symmetry breaking. On the other
hand, “bottom-up” approaches [34, 35, 36, 37] adopt a more phenomenological
perspective, in which effective gravitational actions are engineered to reproduce the
salient features of QCD, such as confinement, phase diagram, or hadronic spectra.
Generally, one considers holographic theories dual to “QCD-like theories” intended
as non-Abelian gauge theories with fundamental flavors that share non-perturbative
features with QCD, even if they do not reproduce all of its quantitative details. In
both top-down and bottom-up frameworks, the large N (with N being the rank of
the non-Abelian gauge group of the dual QCD-like theory) and large gauge coupling
limits play a central role, allowing for the validity of the classical gravitational dual
and providing a natural organizing principle for the strongly coupled dynamics.
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Through these developments, holography has evolved into a powerful toolkit for
investigating QCD-like theories beyond the reach of perturbation theory or lattice
simulations.

The first part of the thesis collects the original contributions from [1, 2, 3, 5, 6].
These research works are motivated by the following puzzle in low-energy QCD.
In the standard low-energy description valid for Nf light flavors, baryons can be
described as topological solitons (Skyrmions) of the chiral Lagrangian. However, in
the case of one flavor, Nf = 1, this description fails: there are no pionic SU(Nf )
degrees of freedom to support a Skyrmion, and it is not possible to write down a
conserved baryon current. Therefore, an alternative low-energy description of the
baryon is required.

At low energies, in the large-N limit, one-flavored QCD is not a trivial theory:
there is a light particle, namely the η′ meson. It is a periodic field, being the phase of
the chiral condensate, and its physics is described by the chiral Lagrangian. In [38], it
has been shown that in the infrared of one-flavored QCD, there are extended, (2+1)
dimensional excitations of the η′ particle, charged under a topological generalized
symmetry. These objects are called sheets and they are metastable in the large-N
limit, so it makes sense to study the effective field theory living on their worldvolume.
In [38], following the ideas of [39], it has been argued that the effective field theory
living on their worldvolume is a U(1)N Chern-Simons (CS) theory. Remarkably, this
is the effective field theory that describes the bulk physics of a fractional quantum
Hall state. Then, the sheets (with finite radius) can be interpreted as baryons by
coupling the baryon gauge field to the CS theory on the sheet. Indeed, this coupling
is precisely like the coupling of the electromagnetic gauge field to the emergent gauge
field in the fractional quantum Hall effect (FQHE). This way, the so-called Hall
droplet sheets provide an alternative description of one-flavored baryons in low-energy
QCD at large N . Several expected properties of baryons have been derived from
these premises, yet precise quantitative statements are, as usual, difficult to achieve
from purely effective descriptions [40, 41, 42, 43, 44, 38, 45, 46, 47, 48, 49, 50, 51, 52].
In particular, the η′ potential arises non-perturbatively from gluon dynamics and
is generally non-analytic, which makes semiclassical approximations subtle and
potentially unreliable.

In this thesis, we provide an explicit realization of this idea within the Witten-
Sakai-Sugimoto (WSS) model [31, 32, 33], which is the top-down holographic model
that better resembles QCD in the planar limit and in the low-energy, strongly
coupled regime. It is constructed by compactifying type IIA string theory with N
D4-branes on a spatial circle with antiperiodic boundary conditions for fermions,
which breaks supersymmetry and generates confinement at low energies. Chiral quark
flavors are introduced via pairs of D8 and D8 branes, whose geometric embedding
in the background enforces spontaneous chiral symmetry breaking. The resulting
set-up provides a unified holographic framework that naturally incorporates mesons,
baryons, and glueballs, and has been widely used as a qualitative laboratory for
non-perturbative QCD phenomena. First, we constructed the Hall droplet sheets in
terms of D6-branes embedded in the one-flavored WSS model [1]. These are wrapped
on the background S4, and extended along (2+1) Minkowski directions. After the
reduction on the four-sphere, the expected U(1)N CS theory naturally arises on the
D6-brane worldvolume. We focused on two relatively simple configurations: the
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infinite sheet and the semi-infinite sheet with a straight boundary on the flavor
brane. The holographic framework allowed us to compute several properties of the
sheets, like their tension and thickness. Moreover, the spatial profile of the η′ meson,
associated with the flavor gauge field sourced by the D6-brane, has been determined
for both configurations.

In [6], we provided a first-principle construction of baryons as quantum Hall
droplets in the WSS model. These are described again in terms of a wrapped
D6-brane, which now has a circular boundary on the flavor brane and, therefore, has
a disk-like profile in the Minkowski directions. In order to describe a (meta)stable
baryon as a quantum Hall droplet, it is necessary to consider charged configurations
under the baryonic symmetry. This corresponds to considering a D6-brane with a
non-trivial electromagnetic field on its worldvolume. Such a configuration carries a
non-zero baryon number nB, and a non-zero spin J . In particular, we focused on
configurations such that J = N n2

B/2 (as in the standard FQHE), which reduces to
the expected relation J = N/2 for the elementary nB = 1 one-flavored baryon made
by N quarks with aligned spins. The baryon physical properties, like the energy
and the stability radius, were computed within the holographic model, revealing
agreement with the field theory expectations.

In [2, 5, 6], we employed a similar brane setup to describe models of so-called
cosmic topological defects. We considered the WSS model at high temperature as the
holographic dual of a completely hidden sector composed of an SU(N) gauge theory
coupled with a single massless flavor in a cosmological scenario. At low energies, the
effective theory is described by an axion-like particle resulting from the spontaneous
breaking of the axial U(1)A flavor symmetry. As the Universe cools below a critical
temperature, the chiral symmetry is broken, and non-trivial vacuum configurations
form, resulting in the creation of topological defects such as cosmic strings and
domain walls. In the above-mentioned works, we realized in terms of D6-branes
various topological defects: the straight axionic string, the string loop, and the
domain wall. In particular, we showed the presence of a first-order phase transition
separating the string loop from the domain wall solution. Then, we studied their
charged version by turning on an electromagnetic field on the D6-brane worldvolume,
and imposing the anyonic relation J = N n2

B/2. The charged string loop, i.e. the
vorton, has been studied in terms of fields living on the D6-brane worldvolume,
finding that there are no metastable vortons unless they carry a huge charge in
terms of the parameters of the theory (nB ∼ λ, with λ the ’t Hooft coupling). The
charged domain wall, described by a D6-brane with a circular boundary on the
flavor brane, corresponds to a dark Hall droplet baryon and in this cosmological
scenario represents a new candidate of dark matter recently predicted in [2] as the
axionic-baryon (a-baryon). In [6], we enriched the zoo of topological defects by
studying more exotic objects like the “sandwich vortons”, described by a D6-brane
ending, with a circular boundary, on two flavor branes; and the infinite domain walls
with a hole. In addition, in [2, 5], we provided an effective description in terms of
degrees of freedom living on the flavor brane, i.e. mesonic modes, of the charged
straight string and vorton.

The second part of the original content of the thesis is devoted to presenting the
original work [4]. The physical systems that motivated this study are the neutron
stars, which are the remnants of old massive stars that undergo a supernova explosion
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and a subsequent gravitational collapse [53]. They provide a unique laboratory to
study matter under extreme conditions. As a matter of fact, neutron stars probe
the high-density and low-temperature portion of the QCD phase diagram, as they
are made of cold nuclear matter and (perhaps), in the core, cold quark matter
[54, 55, 56]. Among all the interesting aspects to study, we focused on the role
played by the weak interactions.

Weak interactions are essential in shaping the physics of neutron stars and
their binary mergers. The stellar equation of state, which governs the mass–radius
relation, is constrained by the requirement of beta-equilibrium. This condition
fixes the balance among the abundances of different quark (or baryon) and lepton
species. If the density of the star is perturbed so that matter is driven out of
beta-equilibrium, weak processes act to restore equilibrium and, in doing so, damp
the perturbation. The associated dissipation manifests itself as an effective bulk
viscosity, which is strongly amplified when the oscillation period of the perturbation
matches the relaxation timescale set by the weak interaction rates at a given density
[57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67]; see [68] for a review of transport in neutron
stars. Oscillations of a rotating neutron star produce gravitational waves that cause
the star to lose angular momentum and spin down, a process that is more pronounced
for rapidly rotating stars. Despite this, fast-rotating pulsars with periods on the
order of milliseconds are observed within a limited range of temperatures. Bulk
viscosity induced by beta equilibration is a leading candidate to explain this “stability
window” [69, 70, 71]. Moreover, this viscosity influences not only the continuous
gravitational wave emission of isolated stars [72], but also the gravitational wave
signal from binary neutron star inspirals [73] and the complex post-merger dynamics
[74, 75, 76, 77, 78, 79, 80].

At the densities involved in the core of neutron stars, where quark matter is
expected to be present, QCD cannot be reliably treated within perturbation theory,
and lattice simulations are obstructed by the sign problem. This motivates the
use of alternative non-perturbative methods. Holographic approaches provide one
such framework and have been applied to the study of dense matter in neutron
stars (see [81, 82] for recent reviews). In particular, the bulk viscosity generated
by weak interactions was investigated holographically in [83]. However, the bulk
viscosity formula involves weak interaction rates, which so far have been computed
only perturbatively. As a result, the approach is not fully self-contained. Moreover,
existing perturbative formulas are based on tree-level scattering amplitudes of
quarks and leptons [84, 85, 86], and a key property of the bulk viscosity, that is its
temperature dependence, is especially sensitive to the microscopic behavior of these
rates. This introduces a significant source of uncertainty in current estimates. In [4],
we proposed a step toward reducing this uncertainty by providing a non-perturbative
expression for the weak rates in terms of correlators of gauge-invariant operators.
Using this formalism, we evaluated the temperature dependence of the rates in
a simple bottom-up holographic model of unpaired (massless) quark matter [34].
Within this framework, we obtained the leading-order low-temperature behavior of
the weak reaction rate in dense, strongly coupled matter at beta-equilibrium. A
comparison with perturbative results [84, 85, 86] revealed qualitative differences,
most notably a logarithmic suppression of the rate at large µq/T , where µq denotes
the quark chemical potential.
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The thesis is organized as follows. In the first part, we provide an introduction to
the relevant topics covered in this manuscript. In chapter 1, we discuss some aspects
of QCD in the non-perturbative regime. In particular, we show that at low energies,
in the large-N limit, the theory can be described in terms of weakly interacting
mesons, where baryons arise as topological solitons. Then, we briefly discuss the
phase diagram of QCD at finite temperature and finite baryon chemical potential.
Finally, we introduce neutron stars and their main characteristics, focusing on the
role played by weak interactions.

In chapter 2, we present in more detail the problem of finding a low-energy
description of baryons in one-flavored QCD. This chapter is mainly based on the
article [38].

Chapter 3 gives a short introduction to string theory and the holographic
correspondence, focusing on applications to large-N models of QCD. This is far from
being a comprehensive review of the topic, but rather a summary of the key points
we will use in the following.

The thesis is then divided into two parts associated with the two topics presented
at the beginning of this introduction. The first part, covered by the chapters 4, 5, 6,
and 7, addresses the problem of finding a holographic description of the one-flavored
baryon in terms of a Hall droplet sheet. The second part, which contains the chapters
8 and 9, focuses on the computation of the weak rates in strongly coupled cold quark
matter using a bottom-up holographic model.

Chapter 4 represents the first step of the quest for finding the holographic dual of
the Hall droplet baryon, and is based on [1]. The holographic construction of the Hall
droplet sheet in terms of a D6-brane is presented, and two explicit configurations (the
infinite sheet and the semi-infinite sheet with a straight boundary) are analyzed in
detail. Chapter 5 is based on [2, 5] and discusses the holographic realization, within
the WSS model, of topological defects such as cosmic strings and domain walls. This
part of the thesis ends with chapter 6, based on [6]. Here, we present the construction
of baryons as quantum Hall droplets as D6-branes in the single-flavor WSS model,
both in the confined and in the deconfined phase. The holographic description allows
us to calculate precisely their properties, such as mass and size. We also consider
other objects with baryonic charge, such as vortons, domain walls with holes, and
“sandwich vortons”. We conclude by discussing the relative (meta)stability of the
various configurations.

Chapter 7 provides a summary and some concluding remarks regarding the
original contributions collected in the chapters 4, 5, and 6. We conclude with some
future directions.

In chapter 8, based on [4], we derive the formulas for the weak equilibration
rate of quark flavor densities to leading order in the Fermi coupling. Then we use
the holographic model [34] to compute explicitly the leading order low-temperature
behavior of the weak reaction rate in a large-density state of strongly coupled
(massless) matter at beta-equilibrium.

Finally, in chapter 9, we summarize the results of chapter 8 and we compare
them with the perturbative result for weak rates already present in the literature.
We conclude with a few possible outlooks.

Supplementary material, together with technical details, can be found in the
appendices A, B, C, D, E, F, and G.
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Chapter 1

Some non-perturbative aspects
of QCD

In this chapter, we are going to briefly review some important aspects of Quantum
chromodynamics in its non-perturbative regime. After a short introduction to the
theory in section 1.1, we discuss the low-energy limit of QCD, showing that in the
large-N limit, it reduces effectively to a theory of weakly interacting mesons. This
is the content of section 1.2. Then, in section 1.3, we discuss the appearance of
baryons as solitons in the meson effective field theory. In section 1.4, we discuss the
role of axion particles in low-energy QCD and in QCD-like theories where they are
usually called axion-like particles (ALPs). We conclude with section 1.5 in which we
review the QCD phase diagram and explain the importance of neutron stars in this
context.

1.1 The theory of strong interactions
Quantum chromodynamics is the quantum field theory that describes the interaction,
mediated by particles known as gluons, between elementary particles called quarks.
At sufficiently low energies, it is responsible for the force that makes hadrons (baryons
and mesons) bound states of quarks.

QCD is a Yang-Mills theory, a SU(3) gauge theory, with fermionic matter fields,
Dirac fermions, transforming in the fundamental representation of the gauge group.
The gauge bosons of the theory are identified with the gluons, while the Dirac
fermions are known as the quarks, and they can be in Nf different species, called
flavors. In real-world QCD, there are Nf = 6 different flavors known as up, down,
charm, strange, top, and bottom.

The QCD Lagrangian, up to gauge fixing terms, reads

LQCD = − 1
2g2

YM
tr (FµνFµν) +

Nf∑
i=1

q̄i
(
i /D −mi

)
qi, (1.1)

where Fµν = ∂µAν − ∂νAµ + i[Aµ, Aν ] is the SU(3) field strength, Dµ = ∂µ + iAµ is
the covariant derivative in the fundamental representation of the gauge group, acting
on the quark fields qi, and /D = γµDµ, with γµ is the four-dimensional Dirac matrix.
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The SU(3) gauge connection A is the gluon field and, like a Lie algebra-valued one-
form, it transforms under the adjoint representation of the gauge group: Aµ = AaµT

a

where a = 1, . . . , 8 is the color index and T a are the generators of the group. The
QCD Lagrangian is invariant under the SU(3) color gauge transformations

qi → U(x)qi, Aµ → U(x)Aµ U†(x) + i gYM∂µU(x)U†(x), (1.2)

where U(x) ∈ SU(3).
The theory of strong interactions is renormalizable, and we can compute the

beta function of the theory at small coupling (one-loop)

β(gYM) = µ
d

dµ
gYM = − g3

YM
(4π)2

(
11− 2Nf

3

)
+O(g4

YM), (1.3)

where µ is the energy scale. This leads to the well-known running of the strong
coupling constant, defined as αs = g2

YM/(4π)

αs(µ) = αs(ΛUV)
1 + b0 αs(ΛUV) log

(
µ2/Λ2

UV
) , (1.4)

where ΛUV is the UV cutoff scale and b0 = 11− 2Nf/3, which is positive for Nf = 6.
This expression of the running coupling constant accounts for a key feature of QCD,
known as asymptotic freedom [7, 8, 9, 10]: the coupling constant approaches zero
at high energies (or short distances), implying that the theory is weakly coupled
in such a regime. Therefore, it is consistent to use perturbative methods to study
quantum corrections. On the contrary, it is much more difficult to study the theory
at large distances where the coupling constant becomes very large, since the beta
function (1.3) is valid only when the coupling constant is small compared to one.

We can estimate the energy scale at which αs(µ) diverges. This happens at a
finite energy, known as the QCD dynamical scale given by

ΛQCD = ΛUV exp
(
− 1

2b0 αs(ΛUV)

)
≈ 200MeV. (1.5)

We can interpret this scale as the energy at which QCD makes the transition between
the weakly coupled and the strongly coupled regime.

At low energies, where QCD is strongly coupled, it shows another key property
known as color confinement, meaning that asymptotic states are always color singlets.
As a consequence, quarks and gluons cannot exist freely but are confined into color
singlets: hadrons. These particles are classified into two families, depending on their
quark composition. The first family goes under the name of mesons: particles made
out of a quark and an antiquark, strongly interacting. Then, there are the baryons
which are made out of three interacting quarks. These are the only hadronic bound
states1 that respect color confinement, and their wavefunction is schematically given
by

Ψmesons ∼ qiq̄i, Ψbaryons ∼ ϵijkqiqjqk, i, j, k = 1, 2, 3. (1.6)
1We do not consider exotic hadrons like the tetraquarks, the pentaquarks or the hexaquarks.
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Wilson loops as a probe for confinement

In a gauge theory, a special role is played by non-local operators, like the Wilson loops.
These are non-local gauge-invariant operators that describe the parallel transport
for a quark field along a closed path. If the path is not closed, the operators are
referred to as Wilson lines. Let us consider a Yang-Mills theory with the quark as
an infinitely heavy (non-dynamical) test particle not sourcing the gauge field.

As first pointed out in [11], the vacuum expectation value of the Wilson loop oper-
ator, denoted as W , provides an order parameter for the confinement/deconfinement
phase transition in pure Yang-Mills. We can compute such an expectation value by
performing the path integral over the gauge connection configurations A:

⟨W(C)⟩ =
∫
DA tr

(
P exp

[
i

∮
C
dxµAµ

])
exp(i SYM), (1.7)

where C is the closed contour, SYM = −(2g2
YM)−1 tr (FµνFµν) is the Yang-Mills

action.
Consider, as an example, the contour C to be a R× T rectangular closed path in

the (t, x1)-plane as in figure 1.1. In the limit T ≫ R, this configuration corresponds
to a static quark-antiquark pair at a fixed spatial distance R where the temporal sides
of the rectangle can be interpreted as the worldlines of the two particles. Because of
the path orientation, one is a particle and the other, the one propagating backward
in time, is an antiparticle.

T

R

Figure 1.1. Rectangular-shaped Wilson loop in the (t, x1)-plane with sides T , and R. We
consider the limit T ≫ R.

One can show that, in this limit,

⟨W(C)⟩ = B(R) exp (−T V (R)) , (1.8)

with V (R) being the quark-antiquark potential and B(R) an R-dependent prefactor.
We can invert this formula to formally extract V (R) in terms of the Wilson loop
expectation value:

V (R) = − lim
T→∞

log⟨W(C)⟩
T

. (1.9)

For a confining theory, like Yang-Mills theory with probe quarks, the potential
scales linearly with the quark-antiquark spatial distance:

V (R) ∼ TtubeR, (1.10)
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where Ttube is the tension (energy per unit length) of the flux tube (or string) that
forms between the quark and the antiquark. In this case, the expectation value of
the Wilson loop behaves as

⟨W(C)⟩ ∼ exp (−TtubeArea(C)) , (1.11)

where Area(C) = T · R. The exponential decay of the Wilson loop expectation
value with the area enclosed by the loop C itself is known as area-law criterion to
determine if a quantum field theory is confining.

In QCD with dynamical quarks, the notion of confinement is more subtle than
in pure Yang-Mills theory [12, 87]. The Wilson loop no longer shows an exact area
law at large distances, since the string connecting static quarks can break through
the creation of light quark-antiquark pairs. Nevertheless, confinement manifests in
the absence of colored asymptotic states: only color-neutral hadrons are observed
experimentally. Effective order parameters, such as the Polyakov loop and the
behavior of chiral symmetry, are often used to study the confinement–deconfinement
transition. Thus, while the strict area law is lost, the physical principle of confinement
remains a defining feature of QCD with dynamical quarks.

The symmetries of QCD

The analysis of the symmetry pattern of QCD is a powerful tool to investigate how
the theory behaves at low energies, in the regime where it is strongly coupled. We
have already noticed that the QCD Lagrangian is invariant under the SU(3) color
gauge transformations.

Real-world QCD has 6 massive flavors (up, down, strange, charge, bottom, top)
whose masses are approximately mu ≈ 2 Mev, md ≈ 5 Mev, ms ≈ 95 Mev, mc ≈ 1.2
Gev, mb ≈ 4 Gev, and mt ≈ 173 Gev. Among them, it is possible to distinguish
between light quarks (up, down, and strange) and heavy quarks (charm, bottom,
and top), with respect to the QCD dynamical scale. The lightest hadrons are made
out of the lightest quarks, and therefore, we forget about the heavy ones if we want
to study the most stable bound states of QCD. Moreover, we know that the QCD
scale, at which QCD confines, is around 200 MeV, so a reasonable approximation is
to neglect also the mass of the light quarks since mu,d,s < ΛQCD.2

The massless limit for the quark fields is known as the chiral limit, because now
the QCD Lagrangian with Nf massless flavors enjoys chiral symmetry, with group

U(Nf )L ×UR(Nf )R. (1.12)

This is evident if we decompose the Dirac fermion into the left-handed and right-
handed parts qi = qLi + qRi , which transform as

qLi → ULijqLj , qRi → URij qRj , (1.13)

with UL,R ∈ U(Nf )L,R. The chiral symmetry group can be written in terms of its
vectorial subgroup U(Nf )V and the axial subgroup U(Nf )A:

U(Nf )L ×U(Nf )R ≃
SU(Nf )V ×U(1)V

ZNf
× SU(Nf )A ×U(1)A

ZNf
, (1.14)

2Clearly, this approximation is more reliable for the up and the down quark than the strange
quark.
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where ≃ indicates the isomorphism relation since we have used the well-known
mathematical result U(N) ≃ SU(N)×U(1)/ZN .

Every exact symmetry of the QCD Lagrangian corresponds to a conserved
quantity, as dictated by Noether’s theorem. In quantum mechanics, this implies
that physical states can be organized according to the irreducible representations
of these symmetry groups. In the case of chiral QCD, the SU(Nf )V symmetry is
an exact symmetry and leads to the conservation of isospin. Hadrons, the physical
states of the theory, can be classified by the irreducible representations of SU(Nf )V .
Although this classification arises from an approximate model, it agrees reasonably
well with experimental observations.

Another exact symmetry of QCD is the U(1)V symmetry, which corresponds to
the conservation of the baryon number. In contrast, the axial symmetry SU(Nf )A
is not an exact symmetry. It is spontaneously broken, meaning that while it is a
symmetry of the Lagrangian, it is not preserved by the vacuum state. This leads to
the emergence of N2

f − 1 massless particles known as Goldstone bosons, as predicted
by Goldstone’s theorem. In the real world, these correspond approximately to the
three pions (for Nf = 2) or the octet of light pseudoscalar mesons (for Nf = 3).
These particles are not exactly massless because the up, down, and strange quarks
have small but nonzero masses.

Finally, the axial U(1)A symmetry is anomalous, meaning it is a classical symme-
try of the Lagrangian but is broken at the quantum level due to the axial anomaly.
The presence of an anomaly explains why there is no light singlet (under SU(Nf )V )
pseudoscalar meson with mass comparable to that of pions. This has been known as
the η′ or U(1) problem because the measured experimental mass of the η′ meson was
incompatible with it being a Goldstone boson of the U(1)A spontaneous breaking.

θ term in QCD

In the Yang-Mills sector of the theory, there is a Lagrangian term consistent with
gauge symmetry, Lorentz invariance, and renormalizability that we did not mention.
It can be written as

Sθ = θ

32π2

∫
d4x ϵµνρσ tr(FµνFρσ). (1.15)

The parameter θ has to be an angular variable, θ ∈ [0, 2π) because the path integral
of the theory is invariant under θ → θ+2πk with k ∈ Z. The theta term is topological
and therefore it does not enter the equations of motion for the fields. However, it can
affect some physical quantities [88, 89]. For example, one can show that the vacuum
energy density of a Yang-Mills theory ε(θ) depends on θ. A relevant quantity in this
context is the topological susceptibility, defined as

χg = d2ε(θ)
dθ2

∣∣∣∣
θ=0

. (1.16)

This quantity can also be written as

χg =
∫
d4x ⟨Q(x)Q(0)⟩, (1.17)
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where Q = ϵµνρσ tr(FµνFρσ)/(32π2) is the topological charge density. This expression
shows that χg measures the fluctuation of the topological charge in the vacuum: a non-
zero χg implies that topologically non-trivial configurations contribute significantly
to the QCD vacuum energy.

The presence of quarks creates an interplay with the theta term. In particular, if
at least one quark is massless, a U(1)A transformation can rotate away the presence
of θ and therefore there are no physical quantities which depend on θ. However,
if all the quarks are massive, as in real-world QCD, then the theta angle cannot
be rotated away. Therefore, when quarks are taken into account, the full QCD
topological susceptibility is modified, and it goes to zero in the limit of massless
quarks since the theory does not depend on θ.

1.2 Large-N limit of low-energy QCD
As mentioned in the introduction, the perturbative approach to QCD works only at
energies much greater than ΛQCD. If we are interested in the low-energy limit of
QCD, we have to employ alternative approaches. A very useful tool in the low-energy
regime is the large-N expansion, with N number of colors, first introduced by Gerard
’t Hooft [15]. Now we will promote the number of colors N to be a large number,
even if real-world QCD has N = 3.

Let us go back to our definition of the QCD scale (1.5). If we directly take the
limit N →∞, b0 ∝ N , and there is no parametric separation between the physical
scale ΛQCD and the cutoff ΛUV. To rectify this, and not change the theory at the
QCD scale, we define the ’t Hooft coupling constant

λ ≡ g2
YMN, (1.18)

and require that in the limit, known as ’t Hooft limit, N → ∞ and g2
YM → 0, we

keep λ = constant.
In the large-N limit, there is a new coupling constant which is small and allows

for a perturbative expansion ∼ 1/N . It is a known result that Feynman diagrams in
the large-N limit can be ordered by relevance according to their 1/N dependence.
This expansion has a close connection with topology since one can show that the
N -dependence of a diagram goes like NχE , where χE is the Euler characteristic of
the diagram inscribed on the Riemann surface of a two-dimensional manifold of a
given topology.

In this work, we are mainly interested in the low-energy regime of QCD, where
the theory confines, and therefore, we focus on hadron degrees of freedom that we
have at large-N . The naive wave-function of baryons in this case is

Ψlarge−N
baryons ∼ ϵ

i1i2...iN qi1qi2 . . . qiN , i1, i2 . . . iN = 1, . . . , N. (1.19)

This means that baryons are made out of N quarks, and therefore it is reasonable
to deduce that the baryon mass scale linearly with N . Their radius is fixed by an
energy scale ∝ ΛQCD ∼ N0 (see [16]). This very specific behavior, where the mass
of a particle scales with the inverse of the coupling constant, and the size does not
scale with it, is the typical behavior of solitonic solutions. This strongly suggests
that baryons should emerge as solitons in the large-N effective field theory [16, 90].
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On the other side, the naive meson wave-function at large-N is

Ψlarge−N
mesons ∼ qiq̄i, i = 1, . . . , N. (1.20)

Their structure does not change with N and therefore their mass scales ∼ N0.
Also in this case, the only dimensionful energy scale that can set their radius is
ΛQCD ∼ N0.

In the limit of large-N , baryons cease to be dynamical degrees of freedom because
their mass diverges. Consequently, the low-energy QCD Lagrangian simplifies and
effectively describes only mesonic fields:3

Llarge−N
QCD = Lmesons. (1.21)

In this regime, the interactions among mesons are suppressed, since the interaction
coupling constant scales as ∼ 1/N . This implies that as N increases, mesons become
increasingly non-interacting. In this theory, baryons emerge as solitons as we will
see in section 1.3.

1.2.1 An effective field theory for mesons

We have seen how, in the large-N limit, low-energy QCD reduces to a theory of
weakly-interacting mesons. In this section, we review how the meson effective field
theory can be constructed. First of all, this is a low-energy theory, valid for energies
lower than some putative cutoff Λ, therefore, the fields of this theory will be hadrons
with m < Λ. Moreover, the symmetries of the Lagrangian have to be ones of the
QCD Lagrangian. The theory will come with some free parameters that have to be
fixed by comparing observables, derived within this theory, with experimental data.

For energies lower than Λ, the relevant degrees of freedom of QCD are the N2
f −1

Nambu-Goldstone bosons associated with chiral symmetry breaking. They can be
cast in the matrix-valued field

U(x) = exp

 i

fπ

N2
f−1∑
a=1

πa(x)T a
 , (1.22)

where T a are the generators of SU(Nf ), normalized so that Tr(T aT b) = δab/2. We
have not included a Nf

th generator matrix proportional to the identity, since the
corresponding field would be the Goldstone boson for the U(1)A symmetry, which
is eliminated by the chiral anomaly. We will come back to this point later in this
section. We have also introduced a dimensionful constant fπ. This ensures that
pion fields have canonical dimensions for scalar fields in four dimensions. It is called
the pion decay constant, although this name makes very little sense in our current
theory because the pions are stable excitations and do not decay. However, they
can decay when they are coupled to the electroweak sector. The scale fπ determines
the pion’s decay width, whence its name. In the large-N limit, it can be shown that
fπ ∼

√
N .

3The large-N is not necessary to study pions using the effective field theory. However, in the
large-N limit this becomes more reliable.
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The Lagrangian describing the meson effective field theory will be constructed
as an expansion in the derivatives of the meson field U . Moreover, in the massless
limit, the Lagrangian must be invariant under the global chiral symmetry group
U(1)V × SU(Nf )L × SU(Nf )R. Then, it is easy to show that the leading-order term
in the meson Lagrangian is

Lmesons = f2
π

4 Tr
(
∂µU ∂µU†

)
+O

(
(∂U)4

)
. (1.23)

This is known as the chiral Lagrangian and it describes the dynamics of the meson
field. The normalization constant has been fixed to reproduce the canonical form of
the kinetic term. In fact, we can expand in a power series of πa/fπ to get

Lmesons = 1
2∂µπ

a(x)∂µπa(x) +O(π4). (1.24)

Let us now consider the effect of including masses for the quarks. If the masses
are large compared to the QCD scale, then the quarks play no role in low-energy
physics. Here we will be interested in the situation where the masses are small,
compared to ΛQCD. In this case, we still have an approximate chiral symmetry.
We can incorporate the masses in the chiral Lagrangian by the Nf × Nf matrix
M = diag(m1, . . . ,mNf ) and adding to the chiral Lagrangian the term

Lmass = f2
π Y

2 Tr(M U + U†M †), (1.25)

where Y has the dimension of a mass, and it is related to the chiral condensate Σ by
Σ = f2

π NfY . This term breaks explicitly the chiral symmetry, but for small masses
it can be treated as a perturbation.

We conclude this section by discussing what happens to the chiral anomaly in the
large-N limit. Let us recall that the presence of the chiral anomaly can be expressed
in terms of the non-conservation of the U(1)A axial current at the quantum level

∂µJ
µ
A = g2

YMNf

8π2 ϵµνρσtr(FµνFρσ). (1.26)

In the large-N limit, the RHS of the above equation goes to zero, and U(1)A is
not anomalous anymore. As a consequence, the η′, which was very massive compared
to pions, appears as a Nambu-Goldstone boson. Therefore, the pion matrix U(x)
takes now values in U(Nf ), and the η′ meson is identified as its phase

det U = exp
(
iη′/fπ

)
, (1.27)

and it is said to be the phase of the chiral condensate.4
The chiral anomaly can be seen only going to the next leading order in 1/N and

it gives rise to a mass term for η′:

Lmesons ⊃ −
1
2f

2
πm

2
η′(−i log det U)2, (1.28)

4In the formula (1.27), we used that at leading order in 1/N , fη′ = fπ.
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where mη′ is the η′ mass which scales as N−1/2. A long time ago, Witten and
Veneziano [88, 89] found a relation between the topological susceptibility of pure
Yang-Mills and the η′ mass

m2
η′ = m2

WV = 4Nf

f2
π

χg . (1.29)

To stress the paternity of this formula, the η′ mass is often indicated as mWV.
This formula ends the famous U(1)A problem, as it gives a non-vanishing mass to
the η′ also in the chiral limit, thus confirming that it cannot be interpreted as a
Nambu-Goldstone boson.

1.3 The Skyrme model for baryons
We have presented an effective theory for the mesons, and we can ask which role
is played by U(1)V in this theory. This symmetry acts trivially on U → U . As a
consequence, there is no conserved charge coming from this vector symmetry. We
remind that charged objects under this symmetry are the baryons, and therefore
there is no reason to expect that the meson effective theory knows anything about
the baryons, since we intentionally threw out all but the lightest excitations.

It is therefore surprising to learn that the baryons do arise in the Skyrme model,
an extension of the chiral Lagrangian: they appear as solitonic objects in the meson
effective field theory. Let us first show that the chiral Lagrangian has a hidden
conserved current. The field U(x), at given time t, is a map from the space of
coordinates to the space of fields

U(x) : R3 → SU(Nf ). (1.30)

In order for this map to be physical, it must be continuous and with finite energy.
The latter request implies that

lim
|x|→∞

U(x) = Uvacuum, (1.31)

where Uvacuum is a constant value, and represents the minimum of the potential of
the chiral Lagrangian. This is necessary to avoid singularities on the boundary of R3.
Then, it follows from the stereographic projection that the R3 space with a single
point at infinity (associated with the boundary) is equivalent to the three-sphere S3.
Therefore, we can rewrite

U(x) : S3 → SU(Nf ). (1.32)

Such field configurations are characterized by their winding

π3(SU(Nf )) = Z. (1.33)

This winding number, which we denote by nB ∈ Z, can be computed by the integral

nB = 1
24π2

∫
d3x ϵijk Tr

(
U† (∂iU)U† (∂jU)U† (∂kU)

)
. (1.34)
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We can go further and write down a corresponding local conserved current

jµnB = 1
24π2 ϵ

µνρσ Tr
(
U† (∂νU)U† (∂ρU)U† (∂σU)

)
, (1.35)

which obeys ∂µjµnB = 0. The winding number is given, as usual, by nB =
∫
d3x j0

nB
.

It is natural to search for an interpretation of this conserved current jµnB , in terms
of the microscopic theory. The only symmetry group candidate for this symmetry is
U(1)V , strongly suggesting that we have to identify nB as the baryon number and,
correspondingly, these solitonic configurations with baryons.

However, even if the meson effective field theory with only two-derivative terms
has the topology to support solitons, no static solutions exist. This comes from
Derrick’s theorem [91], which in our case can be understood as follows. Taking into
account only two-derivative terms, the energy for a static configuration U is

E = f2
π

4

∫
d3xTr

(
∂iU†∂iU

)
. (1.36)

Solutions to the equations of motion are minima (or, more generally, saddle points)
of this energy functional. A simple scaling argument tells us that these do not
exist. To see this, consider a putative solution U∗(x) with energy E∗. Then, the
new configuration Uλ(x) = U∗(λx) has energy Eλ = E∗/λ so that we can always
lower the energy of any configuration just by rescaling its size. The reason for this is
that the classical theory is scale invariant, so there is nothing to set the size of the
soliton. Indeed, the only dimensionful quantity, fπ, multiplies the whole action and
so does not affect the classical equations of motion. The way out of this problem
is to introduce a higher derivative term so that the scale invariance is broken, and
the solution is stabilized. The effective Lagrangian, cured with the higher derivative
term, reads

LSkyrme = f2
π

4 Tr
(
∂µU ∂µU†

)
+ 1

32e2 Tr
(
[U†∂µU ,U†∂µU ]

)
, (1.37)

where e2 is a dimensionless coupling constant. This is known as the Skyrme model
[92].

We conclude this section by presenting a solution to the equations of motion that
carries a non-zero baryon number. We consider Nf = 2 in which case, a convenient
parametrization of U ∈ SU(2) is

U = ρ+ i σaπa, ρ2 + π2
a = 1, (1.38)

where σa are the Pauli matrices. The so-called hedgehog ansatz describes a single
Skyrmion wrapping around the target space S3

U = exp
(
i
f(r)
r
σaxa

)
= cos f(r) + iσaxa

r
sin f(r), (1.39)

where r here is the radius of the manifold where U is defined. The condition
U(r →∞) = 1 is achieved by f(r →∞) = 0. In order for U to be well-defined at
the origin r = 0, we have to require f(0) = πm, with m ∈ Z. It is a simple exercise
to show that

nB = m. (1.40)
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With our ansatz, the equation of motion becomes an ordinary differential equation
for f(r)(
r2 + 2 sin2 f(r)

)
f ′′(r) + 2rf ′(r) + sin(2f(r))(f ′(r))2 − sin2 f(r) sin(2f(r)) = 0,

(1.41)
which can be solved numerically. The solution corresponding to m = 1 is interpreted
as a classical baryon.

1.4 Axions and ALPs

The strong CP problem and the Peccei-Quinn mechanism

As we discussed in section 1.1, the QCD action admits the presence of a topological
term Sθ, see equation (1.15). This term breaks parity P and time reversal T since
under P or T transformation, θ → −θ, while the charge conjugation is a symmetry.
Thus, the transformation CP: θ → −θ is not a symmetry unless θ = 0, π. In the
presence of massive quarks, the physically relevant CP-violating parameter is not
simply θ, but the combination

θ̄ = θ + arg detM, (1.42)

with M the quark mass matrix. Since θ̄ cannot be rotated away through chiral field
redefinitions if all quarks are massive, it represents a genuine physical parameter of
QCD. Its presence violates both P and CP symmetries.

A particularly sensitive observable to θ̄ is the electric dipole moment (EDM) of
the neutron. Current experimental bounds on the neutron EDM constrain θ̄ to be
extraordinarily small:

|θ̄| ≲ 10−10, (1.43)

which corresponds to a level of CP violation in the strong sector that is many orders
of magnitude below the naive expectation. This extremely small value lacks a natural
explanation within the Standard Model and constitutes what is known as the strong
CP problem.

A compelling solution was proposed by Peccei and Quinn (PQ) [93], who intro-
duced a new global chiral symmetry U(1)PQ, which is anomalous when coupled to
QCD. When this symmetry is spontaneously broken at some high scale fa, it gives
rise to a pseudo-Nambu–Goldstone boson, the axion, which dynamically cancels the
effective θ̄ angle. The scale fa is known as the Peccei–Quinn symmetry-breaking
scale, and it sets the axion decay constant, which also governs the strength of
axion interactions with Standard Model fields. The axion field a(x) couples to
the QCD topological charge density Q(x) and shifts under PQ transformations as
a/fa → a/fa +α, allowing the QCD vacuum energy to be minimized dynamically at
θ̄ + a/fa = 0. As a result, the axion field relaxes to cancel any CP-violating effects
from the QCD θ-term, thus solving the strong CP problem naturally.

At energies well below the PQ symmetry-breaking scale fa, the axion can be
described within the framework of an effective field theory. Since it arises as
a pseudo-Nambu–Goldstone boson, its interactions are suppressed by fa, and it
couples derivatively to matter fields and anomalously to gauge bosons.



1.4 Axions and ALPs 12

The effective Lagrangian for the axion in the presence of QCD and electromagnetic
fields takes the form [94]

Laxion =1
2∂µa ∂

µa+ a

fa

g2
YM

32π2 ϵ
µνρσtr(FµνFρσ)+ (1.44)

+ Cγ
4
a

fa
ϵµνρσF em.

µν F
em.
ρσ +

∑
i

Ci
2fa

∂µa q̄iγ
µγ5qi,

where F em.
µν is the electromagnetic field strength tensor, and qi is the quark field.

The constants Cγ and Ci are model-dependent dimensionless coefficients that arise
from the details of the UV completion.

QCD instanton effects generate a potential for the axion:

V (a) ≈ m2
af

2
a

[
1− cos

(
a

fa

)]
, (1.45)

where the axion mass, in the two-flavored case, is approximately

ma ≈
√
mumd

mu +md

fπmπ

fa
≈ 5.7µeV

(
1012 GeV

fa

)
. (1.46)

Thus, the axion acquires a small mass from QCD effects, with its mass inversely
proportional to the PQ scale. For fa ≫ ΛQCD, the axion is extremely light and
weakly coupled, making it an excellent dark matter candidate and a prime target
for experimental searches.

Axion-like particles (ALPs)

Axion-like particles are hypothetical pseudoscalar bosons that arise in a broad class
of theories beyond the Standard Model. While the QCD axion is specifically tied
to the solution of the strong CP problem via the Peccei–Quinn mechanism, ALPs
generalize the concept by relaxing this connection. In particular, ALPs do not
necessarily couple to gluons or solve the strong CP problem. Still, they retain
the pseudo-Nambu–Goldstone boson character and share many properties with the
axion.

By definition, an ALP is typically a pseudoscalar particle that couples to Standard
Model fields via higher-dimensional operators, most notably through an anomalous
coupling to the photon field. The pseudoscalar nature ensures that its leading
interactions are derivative or involve dual field strengths, preserving shift symmetry
at the classical level. The low-energy effective Lagrangian takes a similar form to
(1.44). However, in this case, the ALP mass ma and the decay constants C are
largely independent. This decoupling from QCD dynamics allows for a wide range of
possible masses and interaction strengths, leading to a much richer phenomenology
and connection with dark matter.

As we will discuss in detail in chapter 5, in this work, we are going to use the
name ALPs for pseudoscalar particles that do not necessarily have a coupling with
the photon field.
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Composite axion models

Axion models can be broadly divided into two classes, depending on the ultraviolet
origin of the axion field. In elementary models, the axion arises as the phase of
a fundamental scalar field, whose vacuum expectation value spontaneously breaks
the PQ symmetry. In contrast, in composite models, the axion is realized as a
pseudo-Nambu-Goldstone boson of a new confining gauge theory, in close analogy
to the pions of QCD. In this case, the PQ symmetry is an approximate global
chiral symmetry of the strong dynamics, and its spontaneous breaking by fermion
condensation generates the axion without invoking a fundamental PQ scalar.

A well-known benchmark for elementary axions is the Kim-Shifman-Vainshtein-
Zakharov (KSVZ) model [95, 96]. In its minimal form, a new heavy vector-like
fermion Ψ is introduced, charged under QCD and under the global anomalous
U(1)PQ symmetry. The axion field arises as the phase of a complex scalar Φ whose
vacuum expectation value breaks the PQ symmetry spontaneously:

Φ = fa√
2

exp
(
i a

fa

)
, ⟨Φ⟩ = fa√

2
.

The fermion Ψ couples to Φ via a Yukawa interaction,

L ⊃ yΦ Ψ̄LΨR + h.c.,

acquiring a mass after PQ breaking. Upon integrating out Ψ, a one-loop triangle
anomaly generates the effective axion-gluon coupling, dynamically canceling the
QCD θ̄-term. Variants of this construction can also accommodate ALPs, in which
case the pseudoscalar does not necessarily couple to gluons.

While the minimal KSVZ axion is elementary, one can envision composite
realizations of the same idea, where the role of the PQ scalar Φ is played by a
fermion bilinear condensate in a new confining gauge theory. More generally, one
may construct models where both the PQ-charged fermions and the confining gauge
group belong to a hidden “dark” sector neutral under the Standard Model. In such
cases, an asymptotically free gauge group Gdark confines at a scale Λdark, generating
a condensate

⟨ψ̄ψ⟩ ∼ Λ3
dark, (1.47)

which spontaneously breaks the global PQ symmetry, U(1)PQ → ∅, and gives rise to
a composite axion. This is the situation we will consider in Chapter 5.

1.5 Phases of QCD
Quantum chromodynamics can be studied at finite temperature, finite baryon
chemical potential, and finite isospin chemical potential. These ingredients are
necessary to study QCD in a “real-world” scenario. Varying the values of the
temperature T , and the chemical potential µB (as well as the isospin chemical
potential µISO), one can construct the phase diagram of QCD. See e.g. [97] for
a review on the topic. For the purposes of our discussion, we can set the isospin
chemical potential to zero, and discuss the QCD phase diagram as a function of T
and µB, whose schematic representation is reported in figure 1.2. The reader should
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Figure 1.2. A schematic view of the QCD phase diagram as a function of the temperature
T and the baryon chemical potential µB .

keep in mind that there is broad consensus about the behavior of QCD matter
only in two limiting regimes: at vanishing baryon chemical potential (µB = 0),
where lattice QCD calculations are reliable, and at asymptotically large µB and
low temperature, where perturbative QCD provides guidance. In contrast, the
intermediate region of the QCD phase diagram, which is most relevant for the
physics of neutron stars and heavy-ion collisions, remains highly uncertain. Our
current understanding of this domain is largely conjectural, based on effective
models, phenomenological approaches, and indirect constraints from astrophysical
observations and experimental data from relativistic heavy-ion collisions.

At low densities and low temperatures, QCD is in the hadron gas phase. In this
phase, quarks (and gluons) are confined into color-neutral states.

At sufficiently high temperatures, quarks are no longer confined into color-neutral
hadrons, and the QCD matter enters a plasma state of quarks and gluons. There
is no net separation (i.e no first-order transition line) between the latter and the
hadron gas phase (at sufficiently low densities), but just a crossover. The quark-gluon
plasma can be studied using hydrodynamics as the temperature decreases, and since
it becomes strongly coupled, it cannot be described in terms of quasiparticles.

At high baryon density and low temperature, the situation is far less accessible.
Because of the sign problem, lattice QCD cannot directly address this regime.
Moreover, unless we consider asymptotically large densities, QCD cannot be treated
using perturbation theory. See [98, 99] for more details.

If the baryon chemical potential is less than the mass of a nucleon (≈ 939
MeV), it is not possible to create neutrons and protons at zero temperature. In
this regime, the ground state of QCD contains no baryons and corresponds to the
vacuum. However, when µB approaches the mass of a nucleon, the system undergoes
a transition to uniform nuclear matter, where baryons begin to populate the ground
state. Nuclear matter is a liquid with neutron and proton quasiparticles. They
are equal in number as long as µISO = 0. In contrast with the hadron gas phase,
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now protons and neutrons interact with each other via the strong force. There
are many attempts in the literature to construct models of nuclear matter, see e.g.
[100]. At sufficiently low temperatures, the motion of nucleons in nuclear matter is
governed primarily by the Pauli exclusion principle, since almost all states up to
the Fermi surface are occupied. In this regime, the excitations of the system can
be understood in terms of a relativistic Fermi liquid theory. This framework allows
us to treat neutrons and protons as long-lived quasiparticles with effective masses
and interactions. In addition to this quasiparticle picture, attractive components of
the nucleon–nucleon interaction lead to the formation of Cooper pairs, much like
in conventional superconductors where electrons pair due to an effective attraction
mediated by phonons. The onset of pairing implies that nuclear matter is not
just a Fermi liquid, but a superfluid at low temperatures. This superfluidity is
expected in regions of the QCD phase diagram where densities are comparable to
nuclear saturation density ns and temperatures are low compared to the pairing gap
(T ≈ (109 − 1010) K).

At higher densities, the common understanding is that quark matter becomes the
relevant phase of QCD, with quarks being the relevant degrees of freedom. Despite
little being known about the transition from hadronic to quark matter, we expect that
at high enough densities, quark matter is a Fermi liquid, with quark quasiparticles.
Increasing the density even more, the momentum transfer between quarks near the
Fermi surface leads to a weakly-interacting theory of quarks. Moreover, since the
interaction between quarks is attractive, below some critical temperature, quarks
will form Cooper pairs, creating a superconducting state called color superconductor.
Among the possible superconducting phases, one of the simplest is the Color-Flavor-
Locking (CFL) phase (where all quarks participate in Cooper pairing), which is
believed to dominate for asymptotically large values of µB [101].

As we will discuss in the next section, neutron stars probe the high-density
and low-temperature portion of the QCD phase diagram, as they are made of cold
nuclear matter and (perhaps), in the core, cold quark matter. Neutron stars, like
all astrophysical objects, are governed not only by the strong interaction but also
by the weak and electromagnetic interactions. Weak interactions work to maintain
the beta-equilibrium in the star, i.e. the condition that fixes the balance among the
abundances of different baryon (or quark) and lepton species, and are responsible
for various transport properties. This aspect plays a major role in this thesis, as we
are going to discuss in chapter 8.

1.5.1 Neutron stars in a nutshell

In this section, we introduce the physical system which will play a relevant role in
chapter 8: the neutron star. Neutron stars are the remnants of old massive stars
that undergo a supernova explosion and a subsequent gravitational collapse [53]. For
this to happen, the mass of the progenitor star, i.e. the original hydrogen-burning
star, has to be sufficiently large (M ≳ 10M⊙) for a supernova explosion to take
place, but not too large (M ≲ 25M⊙) so that its core does not collapse directly to a
black hole.5 As the stellar material collapses, its density increases and eventually it

5The symbol M⊙ refers to the mass of the Sun, which is measured to be approximately M⊙ =
(1.988475 ± 0.000092) × 1030 Kg.
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reaches a density comparable with the nuclear saturation density ns ≈ 0.16 fm−3.
This is the equilibrium density of nuclear matter, i.e. the density at which nucleons
(protons and neutrons) arrange themselves inside nuclei. At this stage, the nucleons
created during the collapse are packed as tightly as possible, leaving no room for
further compression. The short-range hard-core repulsion of the strong nuclear
force between nucleons, together with the neutron degeneracy pressure that arises
from the Pauli exclusion principle, makes the stellar matter stiff enough to stop the
gravitational collapse. The result of this process is a compact object with a mass
of approximately ≈ (1− 2)M⊙, and radius ≈ (11− 13) Km. The average density
is comparable with the nuclear saturation density ns ≈ 0.16 fm−3. However, the
density inside a neutron star is not uniform throughout its structure. In the outer
layers, or crust, the density is much lower, beginning at values comparable to those
of ordinary atomic nuclei and gradually decreasing toward zero at the surface. In
contrast, toward the inner core, the gravitational pressure becomes far more intense,
and in more massive neutron stars, the weight of the overlying layers compresses
the central region even further. As a result, the density at the core can exceed the
nuclear saturation density by several factors, typically reaching values in the range
of (2− 5)ns for stable neutron stars, and possibly even higher for the most massive
ones on the verge of collapsing into a black hole.

At the densities corresponding to neutron star cores, QCD is strongly coupled.
Modern chiral effective field theory [13] (based on perturbative treatment of nuclear
interactions via meson exchange) can describe quantitatively nuclear matter at
densities only slightly above ns, while perturbative QCD is accurate only around
40ns. Moreover, as we already said in the previous section, at high densities, lattice
QCD suffers from the sign problem and therefore cannot be trusted. In this scenario,
holography provides a powerful tool for tackling the strongly coupled nature of
matter inside neutron stars. See [102] for a comprehensive review on the application
of holography to compact objects.

In this thesis, we will focus on the role played by weak interactions, since they
affect many properties of neutron stars and their binary mergers.

Weak interactions and effective bulk viscosity

Weak interactions enforce beta-equilibrium in the star, i.e. the system is in chemical
equilibrium thanks to weak processes. For a compound of neutrons, protons, electrons,
and muons, one has

µn = µp + µl, µl = µe = µµ, (1.48)

where l stands for electrons e, and muons µ, so µn, µp, µe, and µµ are respectively
the neutron, proton, electron, and muon chemical potentials. We have assumed
that neutrinos are not trapped. As we have discussed, in the core of neutron stars,
matter is expected to be in the deconfined phase, and therefore, the beta-equilibrium
condition transferred to quark matter reads6

µu + µl = µs, µl = µe = µµ, (1.49)
6At the densities expected in the core of neutron stars, quark matter can exist only in terms of

the three lightest flavors: up, down, and strange.
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where µu and µs are respectively the up and strange quark chemical potentials. As
before, we assume that neutrinos are not trapped here.

A perturbation can drive the system out of equilibrium, and weak processes
will try to restore the balance and dampen the perturbation. This generates an
effective bulk viscosity ζ. We remember that in standard hydrodynamics, the bulk
viscosity is a transport coefficient associated with the ability of a fluid to counteract
a compression or an expansion. Bulk viscosity becomes important when a fluid’s
density is changing over time, such as in oscillations or waves within a star. When
a neutron star undergoes oscillations - say, due to rotation or stellar quakes - its
density fluctuates. This changes the relative abundances of neutrons, protons, (or
up, down, and strange quarks in the core), and electrons, pushing the system out of
chemical equilibrium. The weak interactions try to restore equilibrium, but they take
time. This delay between the change in density and the system’s chemical response
causes a phase lag in pressure. As a consequence, the pressure response is no longer
perfectly in sync with the volume change. This mismatch leads to dissipation of
mechanical energy into heat: this is exactly what bulk viscosity does.

Let us review the derivation of the bulk viscosity in the context of neutron
stars, as described in the review [68], where more details can be found. We indicate
with ω the angular frequency of the volume oscillation so that we can write the
volume as V (t) = V0[1 + δv(t)], with a dimensionless volume perturbation δv(t) =
δv0 cos(ωt)≪ 1. On the one hand, the dissipated energy density, averaged over one
oscillation period τ = 2π/ω, can be written as

⟨ε̇⟩τ = −ζ
τ

∫ τ

0
dt (∇ · v) ≈ −ζ ω

2δv2
0

2 , (1.50)

where the upper dot indicates the time derivative, and v is the velocity field of the
fluid. On the other hand, the dissipated energy density can be expressed in terms of
the mechanical work done by the induced pressure oscillation

⟨ε̇⟩τ = 1
τ

∫ τ

0
dt P (t)dδv

dt
, (1.51)

where the pressure is given by

P (t) = P0 + ∂P

∂V
V0 δv +

∑
x=species

∂P

∂nx
δnx. (1.52)

The oscillation in the pressure is, in general, out of phase compared to the volume
oscillation because of the microscopic re-equilibration processes which induce changes
in the number densities of the particle species nx. In the case of unpaired quark
matter, the oscillations in density occur for the three quark flavors and the electron,
δnu, δnd, δns, and δne.

From (1.50), and (1.51), it follows that

ζ = − 2
ω2δv2

0

1
τ

∫ τ

0
dt P (t)dδv

dt
. (1.53)

The weak processes responsible for restoring beta-equilibrium are produced by a
W -boson exchange or emission:

u+d⇌ u+s, u+ℓ− → d, s+νℓ, d, s→ u+ℓ−+ν̄ℓ, ℓ−1 → ℓ−2 +νℓ1 +ν̄ℓ2 , (1.54)
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where ℓ = e, µ. Among them, the non-leptonic process u+ d↔ u+ s will turn out
to be the dominant one. In chapter 8, we will give general expressions for the decay
rates of these processes, keeping the leptonic processes as well.

Referring to [68] for details, it turns out that the final result for the bulk viscosity
in the limit where leptonic processes can be neglected, is

ζ ≈ λdsB
2

λ2
dsB

2 + ω2 , (1.55)

where

B ≡ nd
∂µd
∂nd
− ns

∂µs
∂ns

, C ≡ ∂µd
∂nd

+ ∂µs
∂ns

. (1.56)

The parameter λds is the decay rate of the process u+ d↔ u+ s, in unpaired quark
matter [103]

λds ≈ G2
F sin2 θC cos2 θC

64
4π2µ

5
dT

2
(

1 + 4αs
9π log καsµd

T

)4
, (1.57)

where κ ≈ 0.28(2/3π)1/2 ≈ 0.13, GF is the Fermi’s constant, θC the Cabibbo angle
giving the change of basis between quark mass and flavor eigenstates. This result for
λds is obtained using perturbative QCD and therefore cannot be trusted completely
for the densities inside of a neutron star, where non-perturbative effects of QCD
can become important. In chapter 8, we will employ holography to perform a
non-perturbative computation of λds.

Bulk viscosity is particularly important for the stability of r-modes, global os-
cillations of rotating neutron stars that are driven unstable by gravitational wave
emission. The competition between this driving mechanism and viscous damping
determines the instability window in the plane of stellar rotation frequency and
core temperature. Observational data on spin distributions of young pulsars and of
accreting systems can therefore provide indirect information on the magnitude and
microphysical origin of bulk viscosity in dense matter, thus linking microscopic QCD
processes to astrophysical observations. In this sense, neutron stars act as unique
laboratories where the interplay between fundamental particle physics and macro-
scopic astrophysical dynamics can be explored. The study of bulk viscosity, together
with other transport coefficients such as shear viscosity and thermal conductivity,
remains central in bridging QCD-inspired microphysics with the phenomenology
of compact stars. Future observations with improved gravitational wave detectors
and X-ray telescopes are expected to provide further constraints on the damping
timescales of oscillation modes, thereby refining our knowledge of the properties of
dense QCD matter and its various phases.
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Chapter 2

Baryons as quantum Hall
droplets

In section 1.3, we have seen that baryons can be described as solitons of the chiral
Lagrangian called Skyrmions. However, in the special case of Nf = 1, the group
manifold SU(Nf ) trivializes, and it is not possible to write down a conserved baryon
current. It seems that a low-energy description of the one-flavored baryon is not
available, even if we know that the one-flavored baryon must exist: it is the bound
state of N quarks with total spin N/2. In this chapter, we present the idea, proposed
in [38], according to which one-flavored baryons can be described at low energy in
terms of another kind of solitons.

In section 2.1 we will review the one-flavored QCD theory showing that it does
not admit a low-energy description of baryons in terms of Skyrmions. In section
2.2, we will show that, in the IR of one-flavored QCD, there are extended, (2+1)-
dimensional excitations of the η′ particle, charged under a topological generalized
symmetry. We will call these objects sheets and discuss their features. As we will
see, these sheets are metastable and hence it makes sense to study the effective field
theory living on their worldvolume which we will present in section 2.3. Finally,
in section 2.4 we will explain how these sheets can be charged under the baryon
symmetry following a close analogy with the fractional quantum Hall effect. This
way, they provide an alternative description of one-flavored baryons in low-energy
QCD at large-N .

2.1 One-flavored QCD
It has been known for several decades that in the ’t Hooft limit, baryons should
be viewed as solitons [16, 90]. As we discussed in 1.2, this statement is explicitly
realized when we consider QCD at low energy in the large-N limit, since their mass
scales linearly with N , the inverse coupling constant 1/N of the effective field theory,
while their size does not scale with N .

At low energy, QCD is effectively described by a theory of weakly interacting
mesons described by the pion matrix U , which takes values in SU(Nf ). Within this
theory, baryons arise as solitonic objects known as Skyrmions constructed out of U .
The baryon number is identified with the winding (1.34) of the configuration and,
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as we have seen, it is classified by π3(SU(Nf )) = Z.
Let us comment on this general result. The baryon charge is identified with the

third homotopy group π3 of the entire space of fields. However, we have just seen
that it is enough to consider the π3 of mesons U , the (pseudo-) Nambu-Goldstone
boson of chiral symmetry breaking. It is not guaranteed that this prescription
correctly describes all the baryons.1 This is the central idea in [38]2: there are
situations where the baryons are not captured by the mesonic degrees of freedom
alone. One of these situations appears when we consider the case of Nf = 1. The
one-flavored QCD Lagrangian reads

LNf=1
QCD = − 1

2g2
YM

tr (FµνFµν) + θ

32π2 ϵ
µνρσ tr (FµνFρσ) + q̄(i /D −m)q, (2.1)

where m is the quark mass, and we will take it real and positive. In this chapter,
we will consider the limit where m ≪ ΛQCD, so that the chiral limit makes sense.
Moreover, we will work at θ = 0. See [39, 105] for a beautiful discussion about the
one-flavored QCD at θ = π and associated domain walls in this theory.

From a microscopic point of view, this theory admits only one baryonic object,
whose naive wavefunction is given by

(ΨNf=1 baryon)s1... sN = ϵa1... aN q
a1
s1 . . . q

aN
sN
, (2.2)

where the indices ai, with i = 1 . . . N , are the color indices and si are the spin
indices, taking two values. Due to the anti-symmetrization over color indices, and
the fermionic nature of the quark fields qas , the spin indices must be symmetrized
over to get a non-zero combination. Therefore, there exists only one Nf = 1 baryon,
and its spin is N/2. However, the Skyrme model fails to describe this one-flavored
baryon. This is because the group manifold SU(Nf ) trivializes for Nf = 1 and the
baryon charge can no longer be identified with the π3 of mesons. It seems that there
is no longer a low-energy description of this baryon. This opens a puzzle since the
baryon does exist in one-flavored QCD and therefore we should be able to describe
it also from the IR point of view.

It is now that things get interesting! Remember that, if m≪ ΛQCD, at large N ,
there is a light particle: the η′ meson. We have seen in section 1.2 how this particle
arises in the chiral Lagrangian: the one-flavored QCD at finite N is gapped but if
we take the large-N limit, U(1)A becomes an exact symmetry and its spontaneous
breaking leads to the (pseudo-) Nambu-Goldstone boson η′. The meson η′ is a
periodic scalar η′ ≃ η′ + 2π, being the value of the phase of the chiral condensate
(1.27). The effective Lagrangian for the η′ field at large N , including the 1/N
correction reads

Lη′ = f2
π

2
(
∂η′)2 − 1

2mf2
πΛQCD cos

(
η′)− 1

2f
2
πm

2
η′min

(
η′ + 2πk

)2
, (2.3)

where we recall that mη′ = mWV. The first and the second terms of the Lagrangian
are respectively the kinetic and mass terms for η′. They both scale with N in

1See [104] for a recent demonstration that enlarging the space of mesons may improve upon the
predictions of the Skyrme model.

2This work develops some ideas already present in the literuature [40, 41, 42, 43, 44].
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the large-N limit, since fπ ∼
√
N . The third term is the first 1/N correction to

the chiral Lagrangian coming from the ABJ anomaly, and mη′ ∼ 1/
√
N is the

Witten-Veneziano mass (1.29). Let us put it on the bench for the moment; we will
go back to it in section 2.3. There is a unique trivially gapped ground state of the
theory, which is η′ = 0 mod 2π.

2.2 Extended configurations of the η′ meson: the sheets
Let us study the symmetries of the Lagrangian (2.3). We have already observed
that η′ takes values on a circle S1 and therefore the Lagrangian is invariant under
η′ → η′ + 2π. Moreover, if we set m = 0 we restore the exact chiral symmetry.

This model enjoys another symmetry which lies in a class of symmetries that go
by the name of generalized symmetries. For the purposes of our discussion, we can
limit ourselves to the basic definition of these symmetries following [106, 107]. We
are accustomed to understanding global and gauge symmetries as acting on fields
or, more generally, on local operators in a quantum field theory. These symmetries
may be either discrete or continuous. Continuous symmetries are associated with
conserved currents Jµ, satisfying the conservation equation ∂µJ

µ = 0. In the
language of differential forms, J is a one-form, and conservation law translates to
d ⋆ J = 0. Given such a current, one can define a conserved charge by integrating J
over a codimension-one sub-manifold X ⊂M of the whole spacetime M:

Q =
∫
X
⋆J. (2.4)

This charge acts on local operators Oi defined at a point x ∈ X via

eiQOi(x) = RijOj(x), (2.5)

where Rij represents the group action. In the case of a discrete symmetry, there is no
associated conserved current, yet the generator can still be linked to a codimension-
one manifold. We refer to both continuous and discrete symmetries of this sort as
zero-form symmetries. These are the standard symmetries commonly encountered
in quantum field theory.

The notion of generalized symmetries extends this framework to include higher-
form symmetries. A q-form symmetry is defined such that its generator is associated
with a co-dimension (q+1) submanifold X ⊂M. For a continuous q-form symmetry,
there exists a conserved (q + 1)-form current J , and the corresponding conserved
charge is given again by Q =

∫
X ⋆J . For q > 0, these generalized symmetries

are necessarily Abelian. This property arises from the structure of the group
multiplication, Qg1(X)Qg2(X), for group elements g1 and g2. In the q = 0 case,
the associated manifolds are codimension-one, and we can define this product via
time-ordering. However, for q > 0, such an ordering is not possible, implying that
the symmetry generators must commute. A q-form symmetry acts on operators
defined on q-dimensional manifolds C. For instance, one-form symmetries act on line
operators, such as Wilson lines.

Let us go back to the Lagrangian (2.3). As we anticipated, this model enjoys a
generalized symmetry. This is a topological U(1) two-form symmetry, associated
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with the current
Jµνρ = 1

2πϵ
µνρσ∂ση

′. (2.6)

In the language of differential forms, J is a (2+1)-form current, and it is topologically
conserved, as one can easily see from

∂µJ
µνρ = 1

2πϵ
µνρσ∂µ∂ση

′ = 0. (2.7)

The associated conserved number is classified by the fundamental group of U(1):
π1(U(1)) = π1(S1), where we used U(1) ∼ S1. Charged objects under this symmetry
are infinitely extended, (2 + 1)-dimensional objects that interpolate from η′ = 0 on
one side to η′ = 2π on the other. Through this work, we will call these objects sheets.
In order to visualize an infinite sheet, consider the simple configuration

η′ = f(x3), lim
x3→−∞

f(x3) = 0, lim
x3→+∞

f(x3) = 2π, (2.8)

in the Minkowski spacetime spanned by the coordinate (t, x1, x2, x3), where η′ is
some function f of the spatial coordinate orthogonal to the sheet solely, which we
called x3. This configuration satisfies

Q =
∫
d3xJt x1 x2 = 1 (2.9)

An issue concerning these sheets is that they are not finite energy configurations
because they have a divergent mass. However, things may change if the sheet has a
boundary preventing it from being extended infinitely. Around the boundary, the η′

field has the monodromy η′ → η + 2π and as a consequence, the field η′ cannot be
smooth everywhere: it has to be singular somewhere in spacetime. It is easiest if we
take advantage of figure 2.1. As one can see, the field can interpolate continuously
between the two vacua η′ = 0 and η′ = 2π through the sheet placed at η′ = π. But
what happens outside the sheet? We would like that η′ = 0 mod 2π outside the
sheet in order to construct finite energy configurations. However, this requirement
violates the monodromy of η′, because the field η′ can stay in the 0-vacuum while
avoiding the sheet, ending in a region where η′ = 2π. Thus, we conclude that the η′

field must be singular, and the minimal singularity that must exist is of the form of
the boundary. One can interpret this monodromy violation with the presence of a
higher-dimensional Dirac string through which η′ has a jump discontinuity from 0
to 2π. We will call this object Dirac sheet and it will be investigated in detail in
chapter 4.

Within the effective Lagrangian (2.3), the tension of these boundaries is incalcu-
lable. It diverges logarithmically in the ultraviolet, as one can see from a qualitative
analysis [38]:

Tbdry ∼ NΛ2
QCD log Λcutoff (2.10)

where Tbdry denotes the tension of the string-like boundary and it is of order N just
because the effective Lagrangian (2.3) is of order N .

Before we study the effective field theory on the sheet and its boundary, we must
pause for a moment and ask ourselves if this makes sense. Indeed, it seems that we
have found a paradox: from the point of view of the infrared theory, there are objects,
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Figure 2.1. The figure shows schematically a sheet living in the field space at η′ = π, with
a circular boundary. The η′ field has a η′ → η′ + 2π monodromy around the boundary.

the sheets, which carry a conserved charge and hence cannot decay, but there are no
such unbreakable objects in the full QCD theory. Thus, these sheets must decay
because they do not separate two distinct vacua and do not carry a conserved charge
in the full theory. We said that the mass of the strings is incalculable in the infrared
theory. This is why, from the point of view of the infrared observer, the sheets seem
stable. Hence, we argue that the divergence in the energy will be regulated in the
full theory.

We need to estimate the lifetime of the sheet. Since the tension of the boundary
scales like N , and since the tension of the sheet itself also scales like N (both follow
simply from the fact that the Lagrangian (2.3) is of order N), it immediately follows
that the decay probability per unit volume and per unit time, Γ, obeys:

log Γ ∼ −N. (2.11)

Thus, the sheet is metastable in the large N limit, and the question of finding the
effective field theory on it makes sense.

2.3 The effective field theory on the sheets
So far, we have discussed some features of these new objects, the sheets, and yet
there is no sign of baryons. The turning point in this discussion is the observation
that the η′ effective theory is incomplete: there is a cusp singularity in the potential,
and it is because of this that we can reinterpret some excitations of the theory as
baryons.

The cusp singularity appears when we include the 1/N correction through the
potential term

f2
πm

2
η′

2 min
k∈Z

(η′ + 2πk)2, (2.12)

which is a perfectly smooth and 2π-periodic function except for η′ = π mod 2π.
Such a cusp singularity in an effective theory is quite mild. It does not signal the
appearance of new light particles in (3 + 1)-dimensions, usually associated with
branch cuts in the effective potential. The physical interpretation of the cusp is that
at η′ = π some heavy fields jump from one vacuum to the other. These heavy fields
are the glueballs, which are not taken into account in the chiral Lagrangian.
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Before proceeding to study the effects of this cusp singularity on the effective
theory on the sheet, we must make some cautionary remarks. Within an effective
theory such as (2.3), for sufficiently small m, the sheet is guaranteed to be a
metastable configuration in the theory, decaying through non-perturbative effects
that scale like (2.11). However, due to the cusp singularity at the core of the sheet
and the fact that some heavy fields are rearranged at the core of the sheet, we
cannot prove that the sheet is a metastable configuration in the effective theory.
It might disappear altogether. While one can give several qualitative arguments
supporting the existence of the sheet despite the mild singularity that makes the
effective field theory break down, at present, this is not proven and should be viewed
as an assumption.

The effective field theory on the sheet always includes the center-of-mass degrees
of freedom, typically described by the Dirac–Born–Infeld (DBI) action. This action
captures the low-energy dynamics of the transverse fluctuations of the sheet. However,
since we are primarily interested in the internal dynamics on the sheet, we will omit
this term for the moment. The effective field theory that lives on the η′-sheet can
be motivated using arguments presented in [39, 105, 38]. These arguments rely on
sophisticated tools involving ’t Hooft anomalies, especially mixed anomalies involving
discrete symmetries. While a full account would require these advanced techniques,
which are beyond the scope of this work, we aim to give a physical intuition for the
emergence of the effective field theory.

To illustrate these ideas, let us begin with an instructive (though not minimal)
example [108, 39, 105]. Pure SU(N) Yang-Mills theory admits multiple global
formulations that differ in the global structure of the gauge group. Since the gauge
bosons transform in the adjoint representation, they are invariant under the center
symmetry ZN ⊂ SU(N):

ZN =
{
e2πik/N · IN , k = 0, 1, . . . , N − 1

}
. (2.13)

This suggests that the gauge group could be taken to be either SU(N) or the quotient
SU(N)/ZN . However, this choice is not merely a matter of convenience: it defines
distinct quantum field theories. More generally, for any subgroup Zp ⊂ ZN , one
can consider a gauge group Gp = SU(N)/Zp. The key point is that although these
theories share the same Lie algebra su(N), and hence the same local operator content
and Lagrangian density, their global properties differ. In particular, they differ in
their spectrum of non-local operators, such as Wilson and ’t Hooft lines, and in how
they respond to background gauge fields for global symmetries.

For instance, Wilson lines are labeled by representations of the gauge group.
The representations of G = SU(N)/ZN form a strict subset of those of SU(N), as
some representations, such as the fundamental, are not well-defined in the quotient
group. Consequently, the theory with gauge group GN = SU(N)/ZN does not allow
Wilson lines in the fundamental representation. Only those representations invariant
under the action of the center are permitted. Similarly, matter fields transforming in
representations that are not center-invariant (such as fundamental matter) cannot
be coupled to such a theory. Only adjoint or other center-blind representations are
allowed.

Another crucial difference between the two theories arises in their behavior under
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shifts of the θ-angle. For G = SU(N), the theory is invariant under θ → θ+2π, owing
to the fact that the instanton number is quantized in integers. However, when the
gauge group is GN = SU(N)/ZN , the instanton number becomes fractional, taking
values in 1

NZ, due to the presence of non-trivial bundles with a non-trivial second
Stiefel–Whitney class. As a result, the theory is invariant only under θ → θ + 2πN .

G = SU(N) : θ ∈ [0, 2π), GN = SU(N)/ZN : θ ∈ [0, 2πN). (2.14)

Let us now focus on discrete symmetries, in particular CP (or equivalently,
time-reversal symmetry), under which θ → −θ. Time-reversal invariant points then
correspond to fixed points under this transformation:

θ = 0, π for G = SU(N), (2.15)
θ = 0, πN for GN = SU(N)/ZN . (2.16)

These fixed points do not generally align across the two theories. For example,
suppose we start with the SU(N) Yang–Mills theory at θ = π, which is time-reversal
invariant. Now consider gauging the ZN one-form global symmetry: this effectively
promotes the center symmetry to a gauge symmetry and transforms the theory into
one with gauge group GN = SU(N)/ZN .

However, under this procedure, the θ-angle must be reinterpreted. In the new
theory, the angle becomes

θSU(N)/ZN = (2p+ 1)π, for some p ∈ Z, (2.17)

which is not a time-reversal invariant point when N is even.3 Indeed, for even N ,
there exists no integer p for which θSU(N)/ZN = 0 or πN . This implies that the
gauging of the one-form symmetry explicitly breaks time-reversal invariance.

This phenomenon reflects the presence of a mixed ’t Hooft anomaly between
the ZN one-form symmetry and time-reversal symmetry. In essence, these two
symmetries cannot be simultaneously preserved: gauging one necessarily breaks
the other. Due to anomaly matching, this anomaly must manifest in the infrared
effective theory.

At θ = π, time-reversal is spontaneously broken, leading to two degenerate vacua
related by CP. Domain walls can then interpolate between these vacua. Since the
two vacua differ by a discrete symmetry transformation, the theory on the domain
wall must itself encode the anomaly. Remarkably, it can be shown [39] that the
anomaly is saturated by a (2 + 1)-dimensional topological quantum field theory
(TQFT) living on the domain wall. An appropriate theory turns out to be an SU(N)1
Chern–Simons theory:

1
4π

∫
M3

tr
(
ã ∧ dã+ 2

3 ã ∧ ã ∧ ã
)
, (2.18)

where M3 denotes the (2+1)-dimensional worldvolume of the domain wall and ã is
an su(N)-valued gauge connection. This theory correctly reproduces the anomaly
structure and hence provides the effective field theory on the domain wall.

3We can end up with the same conclusion also for N odd. In order to prove it, we would have to
invoke a whole bunch of new machinery, and therefore we restrict ourselves to even N .
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It is natural to conjecture that also for Nf = 1 QCD, the configuration that
interpolates between η′ = 0 to η′ = 2π carries a SU(N)1 Chern–Simons theory on the
sheet at η′ = π. Let us explain the heuristic reason for the appearance of this TFT
in the one-flavored case, but please note that this is far from being a demonstration.
If we perform an axial transformation with parameter α, this leads to θ → θ + 2α,
accompanied by q → eiαγ5q. Taking α = π, the shift θ → θ + 2π implements the
transformation described in the example above. Thus, the sheet of the one-flavored
QCD, and so the η′ configuration, plays the role of a domain wall in pure Yang–Mills
theory.

In summary, we have found that the Lagrangian (2.3) admits some extended
excitations of the η′ field, known as sheets. They are very long-lived in the large-N
limit, so studying the effective field theory that lives on their world volume makes
sense. It turns out that due to the rearrangement of some glueballs, the η′ = π sheet
carries a non-trivial topological field theory.

Non-Abelian Chern–Simons theories are quite difficult to deal with, so we
make use of the level-rank dualities [109], which are known exact dualities between
Chern–Simons theories. In our case, we can use the following level-rank duality:

SU(N)1 ←→ U(1)N . (2.19)

Finally, we can write the theory on the sheet (again, we are omitting the DBI term)
by the introduction of an Abelian connection a:

Ssheet = N

4π

∫
M3

a ∧ da, (2.20)

where now M3 is the (2 + 1)-dimensional space spanned by the sheet worldvolume.

2.4 Baryons as quantum Hall droplets
We have all the ingredients to show how baryons arise in this framework. The theory
on the sheet (2.20) is a U(1)N Chern-Simons theory defined on a three-dimensional
manifoldM3. As discussed in appendix A, this theory is intimately connected with the
physics of the fractional quantum Hall effect (FQHE). In condensed matter physics,
the FQHE describes a strongly correlated phase of electrons in two dimensions under
a strong magnetic field, and at low temperature, characterized by a quantized Hall
conductance:

σH = e2

h
ν, (2.21)

where e is the electron charge, h is the Planck constant and ν is a rational number
known as the filling fraction. For certain values of ν, such as ν = 1/N with N odd,
the low-energy effective field theory is given by a U(1)N CS theory [110, 111].

This connection was first formalized by Zhang, Hansson, and Kivelson [110]
in the context of the effective field theory for the FQHE. The electrons form an
incompressible quantum fluid with topological order, where individual particle
identities are lost and only collective excitations (anyons) survive at low energies.
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The emergent gauge field a in the CS theory encodes the dynamics of these collective
modes. Coupling a to an external electromagnetic field A via the term

Sint = 1
2π

∫
a ∧ dA, (2.22)

yields a total action
S = N

4π

∫
a ∧ da+ 1

2π

∫
a ∧ dA. (2.23)

Integrating out a leads to the Hall response with filling fraction ν = 1/N , reproducing
the correct Hall conductance.

Let us go back to the theory on the sheet. We want to couple it with the U(1)B
baryonic background gauge field, namely AB, which plays the role of the external
electromagnetic field in the standard FQHE. The minimal coupling is

1
2π

∫
M3

a ∧ dAB, (2.24)

as in the FQHE with A → AB. In the language of level-rank duality, the baryon
symmetry is now a magnetic symmetry in the description based on the U(1)N theory.
The effective field theory on the sheet (without the DBI term) is

Ssheet = N

4π

∫
M3

a ∧ da+ 1
2π

∫
M3

a ∧ dAB. (2.25)

We can go on with the parallelism between our model and the fractional quantum
Hall physics. Our sheet is, in fact, a droplet realizing the fractional quantum Hall
effect. It is an Abelian quantum Hall state, and for this reason, we refer to the sheet
as a Hall droplet. The presence of the boundary is crucial to claim the stability of
these objects, even at finite N . It can be shown that, if the action (2.25) is defined
on a manifold with boundary, the gauge degrees of freedom become dynamical at
the edge. This is the bulk-boundary correspondence, briefly discussed in appendix A:
the universal physics of the bulk, including the electromagnetic (baryonic) response,
is encoded in the edge theory. For a circular boundary of radius R, the edge physics
is described by the Floreanini-Jackiw [112] action:

Sedge = N

4π

∫
dtdx (∂tχ+ v ∂xχ) ∂xχ, (2.26)

where x = Rφ is the coordinate along the boundary, and R is the radius of the
circular boundary. The field χ, related to the gauge connection a through a = dχ, is
the chiral edge mode moving at a velocity v along the compact boundary, and hence
χ is called the compactified chiral boson.4 It is a periodic field χ ∼ χ+ 2πn with
n ∈ Z. The total baryon charge is given by the winding of the chiral boson along
the boundary

nB = 1
2π

∫
dχ. (2.28)

4The chirality of the field χ, can be read from the Floreanini-Jackiw action, and the associated
Euler-Lagrange equation, which reads

(∂t + v ∂x)∂xχ = 0. (2.27)
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Thus, the operator carrying one unit of baryon charge is the vertex operator

V1 =: eiNχ : , (2.29)

where the subscript indicates the baryon number of the operator V.
The energy of the state corresponding to the operator V1 over the ground state

is ∼ N/R. The scaling with N follows from the fact that the action is proportional
to N , while the 1/R follows from the energy dependence on the geometry of a chiral
edge state. The spin of this operator is N/2 (see formula (A.19) of the appendix
A), which is the spin of the one-flavored baryon. This construction bridges the gap
between the UV baryons and the IR effective theory: we now have a description of
the baryons in terms of objects in the IR field theory.

The configuration presented above can be argued to be dynamically stable.
There are various contributions to the energy of this configuration. As we already
mentioned, the Hall droplet prefers to shrink due to its tension and the tension of
the physical boundary. Both these contributions are positive and scale linearly with
N , so it is preferable for the droplet to simply disappear. However, as soon as the
vertex operator (2.29) is excited, the natural tendency of the droplet to shrink due
to its tension cannot eliminate this configuration. The final product is a baryon
with size that does not scale with N , as we expect.

One can understand qualitatively why the excitation corresponding to the baryon
vertex operator (2.29) may stop the droplet from shrinking altogether. In the
presence of the baryon vertex operator, there is a force that counteracts the tension
of the droplet and its boundary. Qualitatively, the energy of a droplet of size R is
(omitting numerical factors)

E(R) ≃ TR2 + TbdryR+ N

R
, (2.30)

where T is the tension of the droplet and Tbdry is the tension of the boundary. The
first two terms scale like N and simply prefer to shrink the droplet altogether. But
the last term, which is associated with the baryon vertex energy, counteracts the
tension forces and may lead to a stable droplet of size (up to numerical factors)

R ∼ 1
ΛQCD

. (2.31)

This size follows simply from dimensional arguments: ΛQCD is the only dimensional
quantity of the theory. Of course, any computation in the effective theory breaks
down at the QCD scale, but it is encouraging to see that one can understand
qualitatively why the droplet may be stable in the full theory in the presence of the
vertex operator.

Interestingly, in addition to V1, the theory also contains V1/N =: eiχ : that
carries fractional 1/N baryon charge. This is the basic anyon of FQHE and can be
identified with the microscopic quark. We can dress the operator (2.29) with these
anyonic-quark excitations, which do not change the baryon charge. For instance, we
can consider the state corresponding to the vertex operator:

: ∂χ eiNχ : (2.32)
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This would be an excitation of the baryon, like we have excited one of the quarks
that form the baryon, where the energy is greater by ∼ 1/R (∼ ΛQCD) and the spin
is one unit higher.

Hall droplet baryons in the Nf > 1 case.

Let us now consider the SU(N) gauge theory coupled to Nf light Dirac quarks in
the fundamental representation of the gauge group. We take θ = 0 as previously. In
this setup, the analog of the conserved current discussed in equation (2.6) becomes

J = Tr(U−1dU), (2.33)

where U is a U(Nf )-valued field parameterizing the low-energy degrees of freedom.
This current corresponds to a two-form U(1) symmetry, generalizing the Abelian
case considered previously. In the confined phase, the theory admits a unique
vacuum, realized at U = INf . Nevertheless, the existence of the conserved two-
form symmetry implies the presence of codimension-one objects, the sheets, which
interpolate between topologically distinct configurations. Specifically, the sheet
induces a jump in the phase of U from U = INf to U = ei2πINf , and must carry
nontrivial degrees of freedom to match the anomaly associated with the two-form
symmetry.

It can be argued that the infrared theory on the sheet supports an SU(N)−Nf
Chern-Simons topological field theory. This follows from anomaly inflow arguments
and can be understood as a generalization of the single-flavor case. Recalling the
standard level-rank duality,

SU(N)−Nf ←→ U(Nf )N , (2.34)

we can interpret the sheet as hosting a U(Nf )N theory in dual variables, with a
background u(Nf ) connection a living on its worldvolume. The baryon number
symmetry, as before, couples to the U(1) part of a via the coupling

1
2π

∫
M3

Tr(a ∧ dAB), (2.35)

where AB is a background gauge field for the global U(1)B symmetry. This coupling
captures the baryon number carried by the edge modes of the Hall droplet.

There are many interesting features and open questions associated with this
multi-flavor generalization. While we do not explore them in full detail here, let
us highlight a few reasons why this construction is physically significant. One
particularly intriguing aspect is its potential connection to the Skyrme model. It is
tempting to conjecture that the dynamics of the η′ field, the associated Hall droplet,
and the chiral edge states provide a useful description for high-spin baryons. In
contrast, low-spin baryons may be better captured by the conventional Skyrmion
picture. Importantly, the baryon number symmetry is unique and universal; thus,
the same background field AB couples both to the Skyrmion current in the bulk and
to the Hall droplet degrees of freedom on the sheet. This suggests that transitions
between Skyrmions and Hall droplets should be possible, and understanding such
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transitions remains an important direction for future work. We will return to these
ideas in Chapter 7.

In the real world, with N = 3, extrapolations to large N can be subtle and
potentially ambiguous. Take, for example, the ∆++ or Ω− baryons, which both have
spin 3/2. At large N , one can interpret such states in two qualitatively different ways.
In one approach, we hold the spin fixed and consider baryons built from multiple
quark flavors, maintaining spin 3/2 even as N grows. This perspective aligns well
with the Skyrmion description, where the baryon is a topological soliton of the chiral
Lagrangian. Alternatively, we can consider baryons composed predominantly of a
single quark flavor, such that the total spin scales with N , typically as J ∼ N/2.
This matches the structure of the quantum Hall droplet picture, which naturally
accommodates such high-spin states through collective edge excitations. Both
extrapolations are valid and may capture complementary aspects of the same physical
baryons. Notably, the Hall droplet model appears to reproduce key quantum numbers
and structural features of the ∆++ and Ω−, suggesting it provides a useful dual
perspective, especially in the high-spin, single-flavor regime.
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Chapter 3

Holographic QCD

The holographic correspondence provides a robust framework for investigating
the non-perturbative dynamics of quantum field theories. A key focus within this
approach has been the study of large-N models of QCD in the strongly coupled regime,
where traditional methods face significant challenges. Over the years, significant
progress has been made in developing holographic models of QCD, leading to the
so called holographic QCD framework [31, 113, 32, 34, 35, 36, 37]. The original
contributions of the present thesis focus on some applications of holography to
QCD-like theories, and therefore, in this chapter, we review the foundations of
holographic QCD.

This chapter is organized as follows. In section 3.1, we recall the basics of the
holographic correspondence. We will focus on how confinement and the breaking of
conformality can be achieved in holography. We will also show how flavors can be
introduced in the holographic dual of gauge theories. In section 3.2, we present the
WSS model, which is the top-down holographic model that better resembles QCD
in the planar limit and in the low-energy, strongly coupled regime, while in section
3.3, we discuss the finite-temperature version of the WSS model.

3.1 Basics of the gauge/gravity correspondence

3.1.1 Strings and branes

The basic object of string theory is the string, a one-dimensional object with
characteristic size ls, referred to as string length. The classical description of a
relativistic bosonic string is inspired by that of a point-particle with mass m in
special relativity, whose action is proportional to the integral of the line element ds
along the trajectory in (flat) spacetime Xµ(s), namely

S = −m
∫
ds = −m

∫
ds

√
ηµν

dXµ(s)
ds

dXν(s)
ds

, (3.1)

where s is the affine parameter. From a geometrical point of view, this is just the
length of the worldline. A string moving in spacetime describes a surface Σ known
as the worldsheet, whose area element is dΣ. Then, the immediate generalization of
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(3.1) for a string is given by the Nambu-Goto action

SNG = −Tf
∫

Σ
dΣ = −Tf

∫
Σ
d2s

√
detP [gab] , (3.2)

where
P [gab] = gµν

dXµ

dsa
dXν

dsb
, (3.3)

is the pullback of the background curved spacetime metric gµν , and Tf is the tension
of the fundamental string, which can be expressed in terms of the string length as

Tf = 1
2πl2s

. (3.4)

There is an equivalent description of the string dynamics, known as the Polyakov
action

SP = −Tf2

∫
Σ
d2s
√
−hhαβgµν

dXµ

dsα
dXν

dsβ
. (3.5)

The price we pay is the introduction of an auxiliary field h, which is the intrinsic
metric on the worldsheet Σ. The action enjoys the Weyl invariance

Xµ(s)→ X ′µ(s) = Xµ(s), (3.6)
hαβ(s)→ h′

αβ(s) = Ω2(s)hαβ(s), (3.7)

for some arbitrary positive function Ω. Weyl invariance can be used, together with
the reparameterization invariance, to make the intrinsic metric flat h = η.

The quantization of the bosonic string in flat spacetime leads to a spectrum
which includes tachyons, i.e particles with m2 < 0, signalling an instability of the
theory. To overcome this problem, the theory must include fermionic coordinates
for the string and require the theory to be supersymmetric. This is realized, with
h = η, by

SP → SP −
Tf
2

∫
Σ
d2sΨ µγα∂βΨ νηαβηµν , (3.8)

where γα is the two-dimensional gamma matrix and Ψµ is a two-dimensional Majorana
spinor. Such a theory, called superstring theory, is anomalous at the quantum level
unless it lives in ten spacetime dimensions.

A string can be open or closed. The spectrum of open strings contains massless
particles of spin one whose dynamic is effectively described by the action of gauge
bosons. The closed string spectrum contains massless spin two particles, which
satisfy the Einstein equations. They are therefore identified with the gravitons.
Therefore, the spectrum of strings contains the fundamental fields of particle physics
(gauge bosons) and gravity (gravitons), living in the same target space, providing an
important step towards a unifying theory.

Several string theories can be built out of string quantization. Here, we focus on
the so-called type IIA and type IIB string theory, living in ten dimensions, which in
the low-energy limit and perturbative regime reduce to type IIA and IIB supergravity
theories whose degrees of freedom arise from the massless excitations of the closed
string spectrum. The bosonic part of the spectrum is

Type IIA: ϕ, B2, gµν , C1, C3, (3.9)
Type IIB: ϕ, B2, gµν , C0, C2 C4, (3.10)
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where ϕ is a scalar field known as dilaton, B2 is the Kalb-Ramond two-form, g is
the metric, and Cn are the Ramond-Ramond n-forms. The expectation value of the
dilaton determines the string coupling constant

gs = e⟨ϕ⟩, (3.11)

which controls the perturbative expansion of string theory. In particular, string
perturbation theory is organized as a sum over (string) worldsheet topologies: a
genus-g worldsheet corresponds to a g-loop contribution, and each additional handle
is weighted by a factor of g2g−2

s . Hence, perturbation theory is reliable only in
the regime gs ≪ 1. Crucially, gs is not an independent parameter, but is instead
determined dynamically by the expectation value of the dilaton field.

The bosonic part of the type IIA and type IIB supergravity actions reads

SIIA = 1
2κ2

10

∫
d10x

√
−g

[
e−2ϕ

(
R+ 4(∂ϕ)2 − 1

2 |H3|2
)
− 1

2 |F2|2

− 1
2 |F̃4|2

]
− 1

4κ2
10

∫
B2 ∧ F4 ∧ F4, (3.12)

SIIB = 1
2κ2

10

∫
d10x

√
−g

[
e−2ϕ

(
R+ 4(∂ϕ)2 − 1

2 |H3|2
)
− 1

2 |F1|2

− 1
2 |F̃3|2 −

1
2 |F̃5|2

]
− 1

4κ2
10

∫
C4 ∧H3 ∧ F3, (3.13)

where
2κ2

10 = (2π)7l8s . (3.14)

The forms appearing in the action are defined as

Fp = dCp−1, H3 = dB2, F̃3 = F3 − C0 F3,

F̃4 = F4 − C1 ∧ F3, F̃5 = F5 −
1
2C2 ∧H3 + 1

2B2 ∧ F3.

We stress that these actions are valid in the low-energy limit and in the perturbative
regime

energy≪ l−1
s , gs ≪ 1. (3.15)

The effective actions above are written in the so-called string frame, in which the
dilaton couples explicitly as an overall factor e−2ϕ in front of the Einstein-Hilbert
term. In this frame, the metric gµν corresponds directly to the one seen by the
fundamental string. One can alternatively define the Einstein frame by performing
a Weyl rescaling of the metric, so that the Einstein-Hilbert term takes the canonical
form without a dilaton prefactor. Unless otherwise stated, we will work in the string
frame.

The equations of motion derived from the above actions admit a particular class
of solutions charged under the RR potentials Cp+1. These solutions are known
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as extremal p-branes [114, 115, 116]. Requiring Poincaré symmetry in (p + 1)-
dimensions and rotational symmetry along the (9− p) remaining dimensions, the
metric associated with these solutions reads

ds2 = H−1/2(r)ηαβdxαdxβ +H1/2(r)
(
dr2 + r2dΩ2

8−p

)
, (3.16)

where α, β = 0, 1, ..., p, the coordinate r is the radius of the transverse space to the
(p+ 1)-dimensional worldvolume, and

H(r) = 1 +
(
Rp
r

)7−p
, R7−p

p = gsN(2πls)7−p

(7− p)V (S8−p) , V (Sn) = 2π
n+1

2

Γ(n+1
2 )

. (3.17)

In the formulas above, we have defined the warp factor H(r), Rp as the characteristic
length of the spacetime, and given their expressions in terms of gs and N , an integer
number which denotes the units of RR flux on the S8−p sphere. The other (bosonic)
fields in the extremal p-brane solution are

eϕ(r) = gs|H(r)|(3−p)/4, Cp+1 = g−1
s (H−1(r)− 1)dx0 ∧ · · · ∧ dxp. (3.18)

The supergravity approximation is consistent if we can neglect the O(ls) correc-
tions. Therefore, the solution is reliable only if its curvature is small in string length
units, namely Rp/ls ≫ 1. In terms of gs and N :

gsN ≫ 1. (3.19)

Since the perturbative regime requires that gs ≪ 1, the above relation translates to
N ≫ 1. This means that the solution is reliable only in the large-N limit.

The seminal paper of Polchinski [117] shows that these extremal p-brane solutions
can be identified with the backreaction of extended objects in string theory placed
at r = 0, known as Dp-branes. In particular, the flux of the RR form on S8−p is
related to the charge of N coincident Dp-branes through the following formula

1
2κ2

10

∫
S8−p

⋆Fp+2 = N µp, (3.20)

where µp is the Dp-brane charge whose expression is given a few lines below in
(3.22).

From a microscopic point of view, Dp-branes are (p+ 1)-dimensional objects in
string theory, on which open strings can end. Dp-branes are not just geometrical
objects but also have their own dynamics. In particular, since the open string
spectrum contains a U(1) gauge field, we can interpret the corresponding field
strength as an internal excitation, living on the Dp-brane worldvolume. Moreover,
the embedding of the brane in the ambient spacetime can be parametrized by (9− p)
coordinates ΦI (I = 1, . . . , 9 − p) transverse to the brane, which behave as scalar
fields. When two branes are separated, the low-energy states in the open strings
stretching between them acquire mass proportional to their separation, leading to a
Higgs-like mechanism. If the branes coincide, the lightest states are massless gauge
vectors, scalars, and their superpartners. Introducing Chan-Paton factors adds
global labels to string endpoints, promoting global symmetries on the worldsheet to
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local gauge symmetries in spacetime. For N Dp-branes, assigning each Chan-Paton
index to a different brane yields a U(1)N gauge group, enhanced to U(k)×U(1)N−k

when k branes coincide. Fields Vij represent strings between branes i and j, with
massless states for coinciding branes and massive states for separated ones. Massless
vectors Aij transform non-trivially under SO(1, p) on the brane, while scalars Φij

transform non-trivially under internal SO(d−p−1). Massive vectors Wij and scalars
Φij arise from symmetry breaking, with the scalar acquiring a vacuum expectation
value, restoring the correct degree of freedom count via the Higgs mechanism.

The action for a single Dp-brane is given by the Dirac-Born-Infeld (DBI) action
plus a Chern-Simons term for the non-zero Ramond-Ramond forms, which couple to
the brane. In the string frame, the action is given by1

SDp =− Tp
∫
dp+1x e−ϕ

√
−det(P [g +B]ab + 2πα′F ) +

+ µp

∫ p+1∑
q=0

P [CqeB] ∧ e2πα′F , (3.21)

where α′ = l2s is the inverse string tension, F is the field strength of the gauge field
living on the Dp-brane, and

Tp = 1
(2π)plp+1

s

, µp = gs Tp. (3.22)

The quantity Tp is the Dp-brane tension, and is in an extremality relation with
the brane charge. The effective tension scales with 1/gs (due to the presence of
the dilaton, see equation (3.11)), and it is a manifestation of the non-perturbative
nature of the D-branes.

3.1.2 The holographic correspondence

The fundamental ideas behind the holographic correspondence have their roots in
what is known as the holographic principle, proposed by ’t Hooft [22] and Susskind
[23]. In a few words, it states that given a quantum gravity theory in a volume V ,
the information about its spectrum and dynamics are encoded in a non-gravitational
theory living on the boundary ∂V . Therefore, the holographic correspondence
describes dualities between two theories, one of quantum gravity and the other
without dynamical gravity. Here, duality means that the two theories describe the
very same physics. One of the most interesting aspects of these dualities is that
they are weak/strong dualities, meaning that a computation in the non-perturbative
regime of a theory can be mapped into a relatively simple perturbative computation
of the other theory.

The first and most famous explicit realization of such a duality was proposed by
Juan Maldacena in [24], where he conjectured the duality between the conformal
N = 4 U(N) Super-Yang-Mills (SYM) theory and Type IIB string theory on
asymptotically AdS5 × S5 spacetime. This example is a realization of the famous
AdS/CFT correspondence, a well-known realization of the holographic principle

1We stress that this action is valid in the limit gs ≪ 1.
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where a CFT is thought to live on the boundary of an asymptotically AdS spacetime
where a quantum gravity theory lives.

In the case of [24], the duality arises from considering two complementary
descriptions of a stack of N coincident D3-branes. On the one hand, taking the low-
energy limit of open strings ending on the branes, only the massless excitations survive.
These degrees of freedom are associated with a four-dimensional N = 4 U(N) SYM
theory, which is conformal. The gauge group factorizes as U(N) ≃ SU(N)×U(1),
where the U(1) factor corresponds to the center-of-mass motion of the branes and
decouples. The resulting N = 4 SU(N) SYM theory is a conformal field theory with
global SO(4, 2) superconformal symmetry and SU(4) ≃ SO(6) R-symmetry.

On the other hand, from the closed string (supergravity) perspective, the stack
of N D3-branes is described as an extremal solution of type IIB supergravity given
by (3.16), (3.17), and (3.18) with p = 3. The corresponding metric reads

ds2 = H−1/2(r)ηαβdxαdxβ +H1/2(r)
(
dr2 + r2dΩ2

5

)
, (3.23)

where now H(r) = 1 +R4
3/r

4, α, β = 0, 1, 2, 3, and R3 is the characteristic length of
the geometry. For r ≫ R3, the metric approaches flat ten-dimensional Minkowski
space, while in the near-horizon region r ≪ R3 one obtains the AdS5 × S5 metric

ds2 = R2
3

(
1
z2 ηαβdx

αdxβ + dz2

z2 + dΩ2
5

)
, (3.24)

where z = R2
3/r is the so-called holographic coordinate, and R3 is interpreted as

the radius of both the AdS5 and the S5 factors. The limit r → 0 is known as
near-horizon limit of the solution. The isometry group of AdS5 is SO(4, 2) and
that of the five-sphere is SO(6), precisely matching the global symmetries of N = 4
SU(N) SYM.

In this case, the dilaton field reads exp(2ϕ) = g2
s , and it is constant in r. This

fact is related to the property of conformal invariance of the dual field theory. There
is also a non-trivial RR form C4 with the associated field strength F5 = dC4. In
particular, the flux of F5 over the five-sphere is non-zero, and it is related to the
number of colors N of the dual gauge theory∫

S5
F5 = (2π)4N. (3.25)

An important feature of the holographic setup is the so-called radius/energy
relation, or UV/IR correspondence. It can be understood as follows: the time
component of the AdS5 × S5 metric in the near-horizon region reads

ds2 ⊃ − r
2

R2
3
dt2, (3.26)

so that the proper energy of a bulk excitation located at a radial position r is
redshifted with respect to the energy measured at the boundary (r → ∞, or
equivalently z → 0). A mode of local energy Elocal at radius r is seen by a boundary
observer with energy

E ∼ r

R2
3
Elocal. (3.27)
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Taking Elocal to be of order 1, we obtain the identification of the radial coordinate
with an energy scale in the boundary field theory:

E ∼ r

R2
3
∼ 1
z
. (3.28)

Large values of r (small z) correspond to ultraviolet scales in the field theory,
while small values of r (large z) correspond to infrared scales. This is the essence
of the UV/IR correspondence, which provides a geometric interpretation of the
renormalization group scale of the boundary theory in terms of radial motion in the
bulk spacetime.

Maldacena’s conjecture thus relies on the identification of the two low-energy
limits: the open-string description yields the N = 4 SU(N) SYM theory, while the
closed-string near-horizon geometry corresponds to string theory on AdS5 × S5. In
the large-N and large-’t Hooft coupling limit λ = g2

YMN ≫ 1, the string background
reduces to weakly coupled type IIB supergravity on AdS5×S5, establishing a duality
between strongly coupled N = 4 SU(N) SYM theory and classical supergravity.

Once the duality between two theories is stated, we have to understand how the
correspondence works and how it can be used to perform computations. The two
sides of the duality talk to each other through the so-called holographic dictionary
[25, 26]. In particular, every gauge-invariant operator O(x) in the boundary field
theory is associated with a field in the bulk ϕ(x, z) that has the same quantum
numbers under the symmetries of the theory. On the bulk field ϕ, some boundary
conditions have to be imposed, and the restriction ϕ0 ≡ ϕ|bdry of the field to the
boundary acts as a source for the dual operator2

SQFT → SQFT +
∫

bdry
ddxϕ0(x)O(x). (3.29)

The bulk theory partition function will depend on the boundary condition
ϕ0 ≡ ϕ|bdry, which, from the boundary field theory, is interpreted as a deformation of
the bare Lagrangian. At the same time, the boundary field theory partition function,
since it will depend on the source ϕ0 - it is a generating functional ZQFT[ϕ0]. At
the same time, the bulk theory partition function will depend on the boundary
conditions imposed on the field ϕ. The holographic duality states that the partition
functions of the two theories coincide

ZQFT[ϕ0] =
〈

exp
(
i

∫
ϕ0O

)〉
QFT

= Zbulk[ϕ0]. (3.30)

Then, correlation functions of boundary operators O can be computed by taking
functional derivatives of the bulk theory partition function with respect to ϕ0:

⟨O(x1) . . .O(xn)⟩QFT = 1
in

δ

δϕ0(x1) . . .
δ

δϕ0(xn) logZbulk[ϕ0]. (3.31)

2To be more precise, ϕ0 is the restriction of the field ϕ on the boundary only after extracting a
factor of the holographic coordinate to some power. For example, in pure AdS written in Poincarè
coordinates, for z → 0 (AdS boundary), ϕ ∼ zd−∆ϕ0. For a massive field ϕ, d ≠ ∆ and therefore,
strictly speaking, ϕ0 is not the boundary value of ϕ.
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In general, Zbulk[ϕ0] is a very complicated object, but in the large-N and large-λ
limit, we can use the classical supergravity approximation such that

Zbulk[ϕ0] =
〈

exp
(
i

∫
ϕ0O

)〉
QFT
≈ exp

(
i Son-shell

class. [ϕ0]
)
, (3.32)

where Son-shell
class. [ϕ0] is the classical supergravity action computed on a solution of the

field equation of motion with appropriate boundary conditions.3
In many cases, the right-hand side of (3.32) is relatively tractable from a com-

putational standpoint. The efficacy of the holographic approach is then evident:
the computation of correlation functions in the strongly coupled dual gauge theory
can be obtained by taking functional derivatives of a classical on-shell action. Nev-
ertheless, the on-shell action generally exhibits divergences, primarily originating
from infrared divergences in the bulk gravitational theory. Owing to the holographic
correspondence, these IR divergences in the bulk are mapped into UV divergences
in the boundary gauge theory. To render the theory finite, one must introduce
carefully constructed boundary counterterms to cancel these divergences. This
renormalization procedure is known as holographic renormalization [118, 119] and
can be implemented in a systematic manner.

Another interesting aspect of the correspondence is that by analyzing the near-
boundary behavior of fields, one finds that the mass m of a bulk field is dual to the
scaling dimension ∆ of the dual boundary operator:

mass ↔ ∆. (3.33)

For instance, in a (d+ 1)-dimensional AdS spacetime with radius L, the relation
for a free scalar field ϕ, dual to a boundary operator O, reads

∆ = d

2 +

√
d2

4 +m2L2 . (3.34)

As a consequence,

• if m2 > 0, the ∆ > d and O is an irrelevant operator,

• if m2 = 0, the ∆ = d and O is a marginal operator,

• if m2 < 0, the ∆ < d and O is a relevant operator.

A peculiarity of AdS spacetime is that scalar fields can have negative mass as
long as they obey the Breitenlohner-Freedman bound [120, 121]

m2L2 ≥ −d
2

4 . (3.35)

While equation (3.32) was initially presented for a specific scalar operator, its
validity extends more generally to all single-trace operators4. In such cases, the source

3Multiple saddle points can be present, and the right-hand side of the holographic expression
becomes a sum over all relevant saddle point contributions.

4One can also include multi-trace operators with appropriate modification in the identification
of the source from the boundary behavior of the field.
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term ϕ0 should be interpreted as the boundary value of the bulk field corresponding
to the operator in question. A particularly significant aspect of the holographic
dictionary concerns the dual description of conserved currents. When the boundary
theory exhibits a global symmetry associated with a conserved current Jµ, the dual
bulk theory contains a corresponding vector field AM . The conservation of the current
implies invariance of the bulk action under gauge transformations of AM , thereby
identifying AM as a gauge field. The associated bulk gauge group corresponds to
the continuous extension of the global symmetry group of the boundary theory, now
embedded in one higher spacetime dimension.

A paradigmatic example arises from the current associated with translation
invariance, namely, the stress-energy tensor Tµν . Applying the holographic corre-
spondence to Tµν implies that its dual in the bulk is a spin-2 gauge field whose gauge
symmetry consists of diffeomorphisms. In other words, the stress-energy tensor is
holographically dual to the bulk metric itself. This leads to a central conclusion
of holography: any boundary theory that is invariant under spacetime translations
must be dual to a bulk theory that includes a metric field.

3.1.3 Confinement in holography

In the introductory chapter 1, we have seen that one of the crucial aspects of QCD
at low energies is the confinement of gluons and quarks within hadrons. Since the
formulation of the holographic correspondence, there has been interest in trying to
incorporate confinement in this framework. We have seen that the natural object to
probe confinement is the Wilson loop. Holography provides a simple prescription to
compute it within the holographic description of a quantum field theory [122].

The Wilson loop expectation value can be computed holographically in the
low-energy gravity regime as

⟨W(C = ∂Σ)⟩ = exp
(
−Son-shell

NG (Σ)
)
, (3.36)

where C is the closed path present in the field theory definition. In the gravitational
dual, C is a curve on the boundary of the bulk spacetime at which a string is attached.
The string worldsheet is a surface Σ such that ∂Σ = C. The dynamics of the string is
given just by the Nambu-Goto action SNG, hence the surface Σ prefers to minimize
its area, and therefore C is the boundary of the minimal area Σ. The on-shell action
Son-shell

NG (Σ) in (3.36) is evaluated on the surface Σ that extremizes the action. With
such a prescription, we can investigate the confining nature of bulk geometries, dual
to field theories.

Let us consider a rectangular Wilson loop with sides T and R, as the one
represented in figure 1.1 of chapter 1, in an AdS spacetime with radius L. After the
renormalization of the divergences, we get the following result

Son-shell
NG (Σ)|renormalized = T V (R) = T

4π2L2

(Γ(1/4))4α′
1
R
. (3.37)

The behavior ∼ 1/R is typical of a Coulomb-like potential due to the absence of an
explicit scale in a CFT (dual to a pure AdS solution).

The general paradigm in holography to have a confining background is for the
geometry to end at some finite value z0 of the holographic coordinate (where the
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metric along the Minkowski time direction gtt ̸= 0). This value sets the confining
scale of the boundary theory. In other words, a key feature of CFT is the existence
of excitations at arbitrary low energies, and this corresponds to the fact that the
spacetime geometry extends throughout the full range of AdS itself. On the contrary,
a mass gap in a quantum field theory corresponds to a geometry that ends at some
point in the bulk. In these cases, one can compute holographically the Wilson loop
by computing the on-shell Nambu-Goto action, which goes like

Son-shell
NG (Σ)|renormalized ∼ T R. (3.38)

A way to describe the breaking of conformal symmetry in the framework of
gauge/gravity duality is to consider an AdSd+1 black hole with an event horizon at
z = zh. Its metric is given by

ds2 = L2

z2

(
−f(z)dt2 + dxidxi + dz2

f(z)

)
, (3.39)

where i = 1, ..., d and the blackening factor is given by

f(z) = 1−
(
z

zh

)d
. (3.40)

In Euclidean signature, this gravitational theory is dual to an Euclidean QFT at
finite temperature T , given by the Bekenstein-Hawking black hole temperature

T = |f
′(zh)|
4π . (3.41)

This is another aspect of the AdS/CFT correspondence: the geometry of an
AdSd+1 black hole is dual to a quantum theory in d-dimensions at finite temperature
T . The finite temperature correlation functions are computed as already explained
following the holographic dictionary, but in the black hole metric.

A way to describe a non-conformal confining theory at zero temperature is
through the compactification of one spatial coordinate.5 This way, the inverse
length scale arising from the compactification will be interpreted as the dynamically
generated energy scale of the non-conformal field theory. In the dual field theory
description, this corresponds to the renormalization group IR scale emerging in
quantum field theories with a non-vanishing beta-function. One of the most famous
examples is the AdS soliton geometry

ds2 = L2

z2

(
−dt2 + dxidxi + f(z)dτ2 + dz2

f(z)

)
, (3.42)

with i = 1, ..., d − 2 and f(z) is given in (3.40). This geometry ends smoothly at
z = zh and does not have an event horizon. The compactified coordinate here is
referred to as τ .

5We mention that, among several approaches to achieve confinement, a successful bottum-up
approach is to end the AdS space at some IR cutoff. See [123, 124, 34, 125, 126] for explicit
realizations.
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This spatial compactification also has the consequence of breaking supersymmetry
and follows from the Kaluza-Klein reduction on S1. Choosing anti-periodic boundary
conditions for fermions, one can show that they acquire a mass proportional to z−1

h .
This breaks supersymmetry since bosons acquire mass only due to quantum effects.
At low energies, we are left with the gauge fields since they remain massless. These
observations set the basis for the construction of a top-down holographic model for
large-N QCD-like theories, as we will see in 3.2.

3.1.4 Flavors in holography

The formulation of AdS/CFT we discussed so far only involves fields in the adjoint
representation of the CFT gauge group. In order to describe holographically QCD-
like theories, we have to introduce quark degrees of freedom, which are fermions in
the fundamental representation of the gauge group. Let us review how this is done
in the gravitational dual of N = 4 SYM.

Open strings attached to the background D3-branes generate degrees of freedom
in the adjoint representation of the gauge group. However, if a string has only one
end on the D3-branes and the other end on a different brane, it generates matter
in the fundamental representation. In this context, the natural candidate6 for the
other brane is a D7-brane [128, 129, 113]. Table 3.1 shows the embedding of the
D3/D7 system of branes in the spacetime.

0 1 2 3 4 5 6 7 8 9
D3 • • • • ◦ ◦ ◦ ◦ ◦ ◦
D7 • • • • • • • • ◦ ◦

Table 3.1. D3/D7 intersection. A bullet indicates a direction where the branes are extended,
and an empty dot indicates a direction where the branes are localized.

We consider a number Nf of D7-branes that probe the geometry generated by the
D3-branes. The backreaction of the D7-brane on the background geometry can be
neglected only if, roughly, their number is small compared to N , the number of D3-
branes. From the dual field theory perspective, this limit corresponds to a scenario
in which quarks propagate within a fixed gauge background, represented by the
geometry. Ignoring the influence of the D7-branes is equivalent to neglecting quark-
loop contributions, effectively placing the theory in the quenched approximation. In
the supergravity dual, the low-energy degrees of freedom of a single D7-brane are
described by the DBI action, and they correspond to open string fluctuations on the
probe D7-brane. In the case of multiple, coincident D7-branes, one has to consider
the non-Abelian generalization of the DBI action [130].

The D3/D7 brane configuration preserves one-quarter of the total supersymmetry
of type IIB string theory, corresponding to eight supercharges. It exhibits an
SO(4) × SO(2) isometry in the directions transverse to the D3-branes. Given

6The new stack of branes has to be separated from the background stack of D3-branes. This
request excludes D9-branes as probes. It can be shown that D3-branes and D5-brane probes lead to
defect field theories, if supersymmetry has to be preserved (see [127] for more details). This leaves
D7-brane probes as a candidate for adding flavors to the theory.
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XI , with I = 0, ...9, the spacetime coordinates, the SO(4) symmetry acts on the
X4, X5, X6, X7 coordinates, while the SO(2) symmetry rotates the X8, X9 plane.
Introducing a separation L between the D3 and D7-branes along the X8-X9 directions
explicitly breaks the SO(2) symmetry. These geometric symmetries are reflected in
the global symmetries of the dual field theory.

The presence of the D7-branes leads to a N = 2 supersymmetric U(N) gauge the-
ory which contains Nf hypermultiplets in the fundamental representation associated
with the light modes coming from strings stretching from D3-branes and D7-branes.
If the D7-branes are separated from the D3-branes in the transverse space (X8, X9),
then the hypermultiplets acquire a mass mq ∝ L, and breaks the SO(2) ∼ U(1),
where U(1) is a field theory R-symmetry. Note that the hypermultiplets also enjoy
a baryonic symmetry U(1)B, which is a subgroup of the U(Nf ) flavor group.

3.2 The Witten-Sakai-Sugimoto model
In this section, we review the Witten-Sakai-Sugimoto model [31, 32, 33], which is
the top-down holographic model that better resembles QCD in the planar limit and
in the strongly coupled regime. It describes a non-supersymmetric Yang-Mills theory
in (3+1) dimensions with gauge group SU(N), interacting with Nf quark flavors as
well as with (an infinite tower of) massive Kaluza Klein (KK) modes transforming
in the adjoint representation of SU(N). The model emerges in the low-energy limit
of a string theory construction based on N D4-branes compactified on a circle S1

x4 ,
where the coordinate x4 satisfies the periodicity condition

x4 ∼ x4 + 2π/MKK , (3.43)

with MKK , the inverse radius of S1
x4 being the KK mass scale. In order to break

supersymmetry, we choose periodic boundary conditions for the fermionic fields and
anti-periodic boundary conditions for bosonic fields. This way, the fermions take a
mass ∼MKK at tree level, whereas the traceless components of the bosonic scalar
take mass ∼ λMKK at one-loop level.

At zero temperature, the large-N strong coupling regime λ≫ 1 of the unflavored
model, where λ is the ’t Hooft coupling at the KK mass scale MKK , is holographically
described by a type IIA supergravity background sourced by the N D4-branes [31]:

ds2 =
(
u

R

)3/2
(dxµdxµ + f(u)dx2

4) +
(
R

u

)3/2 du2

f(u) +R3/2u1/2dΩ2
4, (3.44)

f(u) = 1− u3
0
u3 , eϕ = gs

(
u

R

)3/2
, F4 = 2πN

V4
ω4, R3 = πgsl

3
sN,

where xµ spans the four-dimensional Minkowski directions, u ∈ [u0,+∞) is the radial
coordinate holographically related to the renormalization group energy scale of the
dual field theory, and ω4 is the volume form of the unit S4, with volume V4 = 8π2/3.
The field ϕ is the (running) dilaton, and F4 is the Ramond-Ramond four-form field
strength. The above background holographically accounts for confinement and mass
gap formation in the dual SU(N) gauge theory. The mass scale of the glueballs is
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set by MKK , which thus essentially also accounts for the dynamical scale Λ of the
dual quantum field theory

MKK ↔ Λ. (3.45)

To avoid conical singularities in the (u, x4) subspace, the KK mass scale is related
to the background parameters through

MKK = 3
2

√
u0
R3 . (3.46)

Moreover, the ’t Hooft coupling λ is related to the string theory parameters through

R3

l2s
= 1

2
λ

MKK
. (3.47)

The supergravity approximation works as long as the background’s curvature
is small in string units, namely when the curvature radius is large. The smallest
value of the curvature radius is of order ∼ (u0R

3)1/4 and it is reached at u = u0.
Therefore

(u0R
3)1/2

l2s
∼ λ, (3.48)

so the supergravity description is reliable as long as λ ≫ 1. However, we should
mention that, in this limit, the extra fields that make the Witten theory differ from
the YM theory, namely the adjoint scalars and fermions, do not decouple from the
dynamics. Their mass is of order ∼MKK . As a consequence, there is no asymptotic
freedom in the supergravity approximation. Moreover, in the UV limit u→∞, the
dilaton diverges. This reflects the non-renormalizability of the five-dimensional YM
theory living on the D4-brane worldvolume. The supergravity description is thus
reliable as long as the dilaton does not become too large. We can define a critical
value of the holographic coordinate ucrit such that exp(ϕcrit) = 1, demanding that
ucrit ≫ u0:

ucrit ≫ u0 −→ N3/2 ≫ λ. (3.49)

We conclude this section by showing that it is possible to introduce the YM
θ-term in the holographic dual and to compute the topological susceptibility. The
D4-brane dynamics is regulated by its DBI+CS action. Let us consider the following
term of the total action

SD4 ⊃
1

2(2π)2

∫
C1 ∧ tr(F ∧ F ), (3.50)

where we have used the conventions of [32] for the RR forms. Here F is the field
strength whose dimensional reduction on S1

x4 yields the gluon field. Assuming that
F is along the Minkowski directions and does not depend on x4, we can reduce the
above term to the four-dimensional YM θ-term

θ

8π2 tr(F ∧ F ), (3.51)

with the identification ∫
S1
x4

C1 = θ + 2πk, (3.52)
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where k ∈ Z. In order not to change the background, we have to neglect the
backreaction of dC1, meaning that [131]

λ

4π2
θ

N
≪ 1 for k = 0. (3.53)

Solving the supergravity equation of motion for C1, we get the on-shell field strength

F2 = dC1 = 4λ3M4
KK l

6
s

35π

θ + 2πk
u4 du ∧ dx4. (3.54)

We can compute the vacuum energy density7 ε(θ), which is given holographically by

ε(θ)− ε(0) = min
k∈Z

1
2κ2

0

l2s
2

∫
dC1 ∧ ⋆dC1

∣∣∣∣
on-shell

= min
k∈Z

λ3M4
KK

8(3π)6 (θ + 2πk)2. (3.55)

The associated topological susceptibility reads

χg = d2ε(θ)
dθ2

∣∣∣∣
θ=0

= λ3M4
KK

4(3π)6 , (3.56)

which is non-zero as expected in a YM-like theory.

3.2.1 Introducing flavors

In [32], flavors were added to the Witten background. These are realized holographi-
cally in terms of a stack of Nf D8/D8-branes transverse to the S1

x4 circle, treated in
the probe approximation. The embedding of the branes in the model is described in
the following table.

0 1 2 3 4 5 6 7 8 9
D4 • • • • • ◦ ◦ ◦ ◦ ◦
D8 • • • • ◦ • • • • •

Table 3.2. D4/D8 intersection. A bullet indicates a direction where the branes are extended,
and an empty dot indicates a direction where the branes are localized.

As explained in [132], the parameter that accounts for the backreaction of the
D8-branes on the Witten background is

ϵf = λ2

12π2
Nf

N
, (3.57)

which is smaller than 1 as long as Nf is not too big. Throughout this work, we
neglect O(ϵf ) corrections to the background so that we can still use (3.44).

According to the holographic dictionary, the gauge group U(Nf )D8 ×U(Nf )D8
living on the D8/D8 worldvolume is dual to the global chiral group rotating the
quark degrees of freedom. Thus, the analysis of the low-energy spectrum (which we

7We remember that, at zero temperature, the free energy of the dual QFT coincides with its
vacuum energy (or generating functional at fixed sources), which in holography is computed by
evaluating the renormalized on-shell Euclidean gravitational action.
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omit here for brevity) of strings connecting the D4-branes to the D8 (D8) branes
shows the presence of left (right) quarks, with one color index and one flavor index.
Since there is no room for the D8-branes to be separated from the D4-branes, these
excitations are necessarily massless. Therefore, the WSS model at low energy reduces
to a large-N QCD-like theory with massless chiral quarks.

Now, we are going to show that the embedding of the D8/D8-branes with minimal
energy is such that the branes join at some value of the holographic coordinate u.
This has a very compelling interpretation in terms of the boundary theory: if the
branes are separated, the flavor symmetry group is U(Nf )L × U(Nf )R, however,
when they are joined the flavor group is broken to its diagonal part U(Nf ). This is
precisely the spontaneous symmetry-breaking pattern of flavor symmetry, which is
then realized geometrically by minimizing the energy of the D8-brane configuration.

We start by writing the induced metric on the D8-brane worldvolume in terms
of the embedding inverse function u = u(x4)

ds2
D8 =

(
u

R

)3/2
dxµdxµ +

((
u

R

)3/2
f(u) +

(
R

u

)3/2 u′(x4)2

f(u)

)
dx2

4 +R3/2u1/2dΩ2
4,

(3.58)
where u′(x4) = du/dx4. The DBI action (with no gauge fields) for the D8-brane
reads

SDBI
D8 = −TD8V3+1VS4

∫
dx4 u

4

√
f(u) +

(
R

u

)3/2 u′(x4)2

f(u) , (3.59)

where TD8 = (2π)−8l−9
s is the D8-brane tension, V3+1 is the volume of the Minkowski

space and VS4 the volume of the four-sphere. The action has a first integral

u′ ∂L
∂u′ − L = − u4f(u)√

f(u) +
(
R

u

)3 u′(x4)2

f(u)

= constant, (3.60)

with L proportional to LDBI
D8 , the Lagrangian associated with the action (3.59).

The D8-brane profile can be found by imposing the following boundary conditions:
u(x4 = 0) = uJ and u′(x4 = 0) = 0. As a result one gets:

x±
4 (u) = ±

∫ u

uJ

du

(
R

u

)3/2 u4
J

√
f(uJ)

f(u)
√
u8f(u)− u8

Jf(uJ)
, (3.61)

where the ± holds for the D8/D8-branes. These two solutions coincide at u = uJ ,
meaning that the two stacks of branes join at uJ to form a single component of
the D8-branes stack, on which only a single factor of U(Nf ) survives as a gauge
symmetry. From the boundary theory point of view, this accounts for the breaking
of the chiral group U(Nf )L×U(Nf )R to its vector component U(Nf ). Therefore, we
interpret this mechanism as the holographic realization of the pattern of spontaneous
symmetry breaking of chiral symmetry.

We can now integrate the equation (3.61) to get the asymptotic brane separation
L

L =
∫
dx4 = 2

∫
du

u′ = J(b)R
3/2

u
1/2
J

, (3.62)
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where
b ≡ u0

uJ
, (3.63)

and
J(b) = 2

3
√

1− b3
∫ 1

0
dv

√
v

(1− b3 v)
√

1− b3 v − (1− b3)v8/3
. (3.64)

The case uJ = u0 is known as antipodal embedding because the two staks of
D8/D8-branes are asymptotically placed at antipodal points on S1

x4 . In this case,
x′(u) = 0 ∀u, which is solved by

x±
4 (u) = ± π

2MKK
⇒ |∆x4| = πMKK . (3.65)

For the antipodal embedding, it is useful to introduce new coordinates on the
(u, x4) subspace, known as cigar subspace

y = r cos(x4MKK), z = r sin(x4MKK), u3 = u3
0 + u0r

2. (3.66)

Then, the metric on the cigar subspace (x4, u) reads

ds2
cigar = 4

9

(
R

u

)3/2 [
(1− h(r)z2)dz2 + (1− h(r)y2)dy2 − 2h(r)yz dydz

]
, (3.67)

h(r) = 1
r2

(
1− u0

u

)
, (3.68)

where u = u0 and u = ∞ correspond respectively to z = 0 and z = ±∞. The
antipodal embedding is realized by setting y = 0 so that u = u(z) = (u3

0 + u0z
2)1/3

is only a function of z.

The D8-brane theory

Now, we study the effective theory living on the D8-branes worldvolume in the
presence of a U(Nf ) connection A. We set to zero all the components along the
four-sphere since we are interested in the SO(5) singlet states. Moreover, we assume
that the other components do not depend on the four-sphere coordinates. It is
convenient to decompose the U(Nf ) connection in its U(1) part Â, and SU(Nf ) part
A, as

A = Â√
2Nf

INf +AaT a, Tr
(
T aT b

)
= δab

2 , (3.69)

where a = 1, . . . , N2
f − 1. The associated field strength is defined as F = dA+ i dA∧

dA, and can be decomposed as above.
The total D8-brane action is given by the sum of the DBI term plus the Chern-

Simons term for the Ramond-Ramond p-forms Cp (being p an odd number) and the
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associated kinetic terms:8

SD8 =− TD8

∫
d9x StrNf

[
e−ϕ

√
−det(P [gab] + 2πl2sF)

]
+ (3.70)∫ 4∑

k=1
C9−2k ∧

1
k!(2π)k Tr Fk − 1

4π
∑
p odd

(2πls)2(p−4)
∫
dCp+1 ∧ ⋆dCp+1 .

Here, we use the notation of [32] for the RR forms. The RR field strengths will also
be indicated by dCp+1 = Fp+2 in the following. Moreover, the notation Fk stands
for the wedge product of F with itself k times. We can work out each term on
the Witten background and expand the DBI action to quadratic order in the field
strength. The only Wess-Zumino term that survives is the one involving the RR
potentials C3, and C7. In fact, the Wess-Zumino term with C1 reads

1
4!(2π)4

∫
C1 ∧ TrF4, (3.71)

which is zero if we assume, as we did, that the field strength F has no components
along S4. For the same reason, the term involving C5 is zero. Moreover, the Wess-
Zumino term that involves C3 is integrated by parts to have F4 in the action, whose
flux is quantized as

∫
S4 F4 = 2πN .

All in all, we have

SD8 =− κ
∫
d4x dz

(1
2h(z) Tr(FµνFµν) + k(z) Tr(FµzFµ z)

)
+ (3.72)

N

3!(2π)2

∫
M5

ω
U(Nf )
5 (A)− (2πls)6

4π

∫
dC7 ∧ ⋆dC7 + 1

2π

∫
C7 ∧ Tr F ∧ ω1,

where

κ = N MKK

54π3l2s
= N λMKK

216π3 , k(z) = 1 + z2, h(z) = 1
(1 + z2)1/3 , (3.73)

ω
U(Nf )
5 = Tr

(
A ∧ F2 − i

2A
3 ∧ F − 1

10A
5
)
, dω

U(Nf )
5 (A) = Tr F3. (3.74)

Moreover, ω1 is a one-form, representing the D8-brane embedding in order to
extend the CS integral to the whole spacetime. M5 is the sub-space spanned by
(t, x1, x2, x3, z) where the theory effectively lives.

The first term of (3.72) is the five-dimensional YM action of the D8-branes gauge
field, while the second term is the five-dimensional CS term for A. The last two
terms of (3.72) involve the Ramond-Ramond potential C7 and, in particular, the
last term indicates that the presence of the D8-branes acts as a source term in the
equation of motion for C7, resulting in a violation of the Bianchi identity for its
Hodge dual form. The equation of motion for C7 is

d ⋆ dC7 = 1
(2πls)6 Tr F ∧ ω1. (3.75)

8Formally, the kinetic terms for the RR form comes form the Type IIA supergravity action and
not from the brane action.
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However, the presence of flavor branes spoils the gauge invariance of the RR form
F2 = dC1, therefore, an anomaly arises [133]. We can still define the dC7 Hodge-dual
two-form

⋆F̃2 = (2πls)6dC7, (3.76)

with the notation F̃2 ≠ dC1. The equation of motion for C7 translates into the
following Bianchi identity

dF̃2 = Tr F ∧ ω1 =

√
Nf

2 F̂ ∧ ω1, (3.77)

where we used the decomposition (3.69). One can solve the above equation formally
to get

F̃2 = dC1 +

√
Nf

2 Â ∧ ω1. (3.78)

It has been shown that the C7 action

SC7 = −(2πls)6

4π

∫
dC7 ∧ ⋆dC7 + 1

2π

∫
C7 ∧ Tr F ∧ ω1, (3.79)

supported with the equation of motion (3.75) is equivalent to the following action
for F̃2

9

S
F̃2

= − 1
4π(2πls)6

∫
F̃2 ∧ ⋆F̃2, (3.80)

and has to be supplemented with the modified Bianchi identity (3.77). We can
use the formal solution of the modified Bianchi identity (3.78) and the holographic
definition of the θ-angle (3.52), to get

S
F̃2

= −χg2

∫
d4x

θ +

√
Nf

2

∫ +∞

−∞
dz Âz

2

. (3.81)

Mesons

Mesonic degrees of freedom arise in the WSS model as excitations of the D8-branes
gauge field. We will focus on the antipodal embedding for the flavor branes; however,
the same results can be obtained for non-antipodal embeddings. The former case
describes a dual theory in which chiral symmetry breaking occurs at the same scale
as the mass gap of the glue. Since there is chiral symmetry breaking, there should
be Nambu-Goldstone bosons at low energy. In the case of Nf = 1, this should play
the role of the η′ meson in QCD. Remember that we are working at large-N where
the chiral anomaly is suppressed.

For a single D8-brane, the DBI action expanded at quadratic order reads

SD8 = −κ2

∫
d4x dz

(1
2h(z)FµνFµν + k(z)FµzFµ z

)
. (3.82)

9See Appendix B of [134] for a derivation.
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We can expand the gauge field components as

Aµ(xµ, z) =
∑
n

B(n)
µ (xµ)ψn(z), Az(xµ, z) =

∑
n

φ(n)(xµ)ϕn(z). (3.83)

The functions ψn (n > 0) are the eigenfunctions satisfying

− 1
h(z)∂z(k(z)∂zψn) = λnψn, (3.84)

together with the normalization condition

κ

∫
dz h(z)ψnψm = δnm. (3.85)

Combining the above relations, we also have

κ

∫
dz k(z)∂zψn∂zψm = λnδnm. (3.86)

If we set φ(n) = 0, the action becomes

SD8 = −
∞∑
n=1

∫
d4x

[1
4F

(n)
µν Fµν (n) + 1

2λnM
2
KKB

(n)
µ Bµ (n)

]
, (3.87)

where F (n)
µν = ∂µB

(n)
ν − ∂νB(n)

µ . This is the Proca action for the fields B(n)
µ , with

masses m2
n = λnM

2
KK , and these fields are interpreted as the vector mesons of the

theory. Now, we include the fields φ(n). In order to have a canonically normalized
kinetic term for φ(n), we impose the orthonormality condition

κ

∫
dz k(z)ϕnϕm = δnm, (3.88)

for every n. From (3.86), it is natural to identify

ϕn = 1
mn

∂zψn, n ≥ 1. (3.89)

There exists only a function ϕ0 that is orthogonal to ψ′
n for all n ≥ 1. Imposing ϕ0

to be normalized to one, the zero mode reads

ϕ0 = 1√
πκ

1
k(z) . (3.90)

We throw away ψ0 ∝ arctan(z) since it is not normalizable according to our definition
(3.85). Then, the µz component of the field strength can be rewritten as

Fµz = ∂µφ
(0)ϕ0 +

∑
n≥1

(
m−1
n ∂µφ

(n) −B(n)
µ

)
∂zψn. (3.91)

The gauge transformation B(n)
µ → B

(n)
µ +m−1

n ∂µφ
(n) can be used to eliminate from

the theory the modes φ(n) with n ≥ 1. The zero mode φ(0) survives. All in all, we
get the following total action

SD8 = −
∫
d4x

1
2∂µφ

(0)∂µφ(0) +
∑
n≥1

(1
4F

(n)
µν Fµν (n) + 1

2m
2
nB

(n)
µ Bµ (n)

) . (3.92)
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Under a parity transformation (xµ, z)→ (−xµ,−z), we have Az → −Az, so since
ϕ0 is an even function of z, φ(0) has to be a pseudoscalar field which we interpret as
the Nambu-Goldstone boson of the spontaneous chiral symmetry breaking. A similar
analysis can be performed to include also the massive scalar mesons, by fluctuating
the embedding of the D8-brane in the Witten background.

This analysis can be generalized to the multi-flavored case Nf > 1. The pion
matrix is identified in the WSS model with the following quantity

U(xµ) = P exp
(
−i
∫
dzAz(xµ, z)

)
. (3.93)

In [32], it was shown that the effective action for pions reduces to the massless
Skyrme model in the limit λ→∞, where the constant coefficients are given by the
model’s parameters. In particular, the pion decay constant is given by

fπ = 2
√
κ

π
, (3.94)

which has the expected behavior in the large-N limit, fπ ∼
√
N . Finally, the Skyrme

parameter reads
e ≃ − 1

2.5κ. (3.95)

Quark masses

The WSS model offers an effective description of a QCD-like theory with massless
flavors. These flavors are introduced as codimension-one defects placed at (non-)
antipodal points along the S1

x4 . As a result, a local Dirac mass term for the quarks
is not allowed. The gauge-invariant boundary operator that better resembles the
Dirac mass term is an open Wilson line.

The mass term for flavors in the WSS model was originally introduced in [135, 136]
as an open string stretching from the D8-brane and the D8-brane, representing a
vertex that joins the left and right quark degrees of freedom. The worldsheet of long
open strings is holographically mapped into an open Wilson line operator, described
by the following action

Smass = c

∫
d4xTr

(
M exp

(
−i
∫ +∞

−∞
Azdz

)
+ c.c.

)
, (3.96)

where M = diag(m1, . . . ,mNf ) is the quark mass matrix and c is a constant which
reads

c = λ3/2M3
KK

39/2π3 . (3.97)

3.2.2 Holographic baryons

In section 1.3, we discussed how baryons arise as solitonic solutions of the Skyrme
model. In this section, we are going to show that baryons have a low-energy
description in terms of solitons, also in the WSS model.

The idea that baryons can be holographically described as Dp-branes on a
compact manifold was proposed by Witten in [27]. In string theory, a Dp-brane
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wrapped on a compact cycle can couple to background flux via a Chern–Simons term,
sourcing exactly N fundamental strings in an SU(N) gauge theory. This configuration
naturally represents the baryon vertex, since those N strings correspond to the N
quarks that form a color-singlet baryon. The WSS model makes no exception, and
the baryon vertex is identified with a D4-brane wrapped on the background internal
four-cycle. The baryon number is then defined as the charge of the D4-brane as
follows. In the presence of a D4-brane, the Ramond-Ramond forms C3 and C5 are
not related by Hodge duality, so we have to include in the total D8-brane action the
Chern-Simons term

1
8π2

∫
D8
C5 ∧ Tr (F ∧ F) . (3.98)

Assuming that F is the istantonic configuration satisfying
1

8π2

∫
M4

Tr (F ∧ F) = nB ∈ Z, (3.99)

where M4 is the sub-space spanned by (x1, x2, x3, z), then
1

8π2

∫
D8
C5 ∧ Tr F2 = nB

∫
x0×S4

C5, (3.100)

which is precisely the charge term for a D4-brane with charge nB. Therefore, an
instantonic gauge field configuration on the D8-brane is equivalent to a D4-brane
wrapped on S4 charged under C5. The charge is given by the instanton number of
the gauge configuration.

It is useful to briefly review the derivation in the holographic model. We
decompose the U(Nf ) gauge field A into its SU(Nf ) part A and its U(1) part Â
as in (3.69). The Yang-Mills-Chern-Simons action, up to total derivatives, is then
written as

SD8 =− κ
∫
d4x dz

(1
2h(z)Tr(FµνFµν + k(z)Tr(FµzFµ z)

)
+

− κ

2

∫
d4x dz

(1
2h(z)F̂µνF̂µν + k(z)F̂µzF̂µ z

)
+

+ N

24π2

∫
M5

(
ω

SU(Nf )
5 (A) + 3√

2Nf
ÂTr(F ∧ F ) + 1

2
√

2Nf
ÂF̂ 2

)
,

where M5 is the sub-space spanned by (x0, x1, x2, x3, z), and ω
SU(Nf )
5 is defined as

in (3.74) but now it depends only on the non-Abelian components.
Following [28], we consider the Nf = 2 where ωSU(2)

5 = 0. We define

a(x0) = Â

2 , (3.101)

and we treat it as a time-dependent perturbation over the instantonic solution with
baryon number nB. The

∫
Â Tr(F ∧ F ) term in the action becomes

N

8π2

∫
dx0a(x0)

∫
M4

Tr(F ∧ F ) = nB N

∫
dx0a(x0). (3.102)

This describes a point-like particle with U(1)B charge equal to N nB: it is precisely
the charge of a baryon (a bound state of N quarks) with baryon number nB. This
justifies the interpretation given above.
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The classical solution

Let us recall that in the WSS model, the parameter λ is taken to be large. Given that
the YM term of the total action (3.72) scales as ∼ O(λ) while the CS term scales as
∼ O(λ0), the dominant contribution to the soliton’s mass (or energy) is expected
to arise from the Yang-Mills action, SYM. Therefore, we can initially neglect the
Chern-Simons term. Under this approximation, the U(1) component of the gauge
field Â decouples from the SU(2) component, making it consistent to set Â = 0. Our
focus is then on finding energy-minimizing configurations that carry a unit baryon
number, nB = 1.

If the five-dimensional spacetime, effectively probed by the D8-branes after
the integration over S4, were flat with trivial metric functions h(z) and k(z), i.e.,
h(z) = k(z) = 1, the solution would correspond to the BPST instanton with arbitrary
size ρ and position in the four-dimensional Euclidean space M4 = (x1, x2, x3, z). The
explicit form of the BPST instanton can be found in the lectures [137]. However,
within the Witten background, the energy-minimizing configuration corresponds
to an instanton whose size shrinks to zero, ρ → 0. To make this point clear, we
begin by analyzing how the energy depends on the instanton size by substituting
the BPST instanton as a trial configuration. We assume that the instanton is placed
at the center of the four-dimensional space (x⃗, z) = (⃗0, 0), and compute the energy
of this configuration as a function of the instanton size ρ:

E(ρ) = κ

∫
d3x dz

(1
2h(z) Tr(FµνFµν) + k(z) Tr(FµzFµ z)

)
=

= 3π2κ

[√
π Γ(7/3)

Γ(17/6) 2F1(1/3, 1/2, 17/6; 1− ρ2) + 4
3 + 2

3ρ
2
]
. (3.103)

The energy E(ρ) increases monotonically with ρ, attaining its minimum value
E(ρ = 0) = 8π2κ when ρ = 0. This represents the absolute energy minimum within
the sector of configurations carrying a single instanton number. Such a minimum is
achieved exclusively by (anti-)self-dual instantons that are infinitesimally small and
localized at z = 0.

Now, we consider the contribution from the CS term. This term contains a
coupling between the instanton density and Â0, meaning that the instanton induces
an electric charge which couples to the Abelian part of the gauge field. Such coupling
leads to a contribution to the energy which, in five dimensions, goes like ∼ ρ−2 for
an object of size ρ and hence it stabilizes the instanton radius to a finite size.

We can work out a systematic expansion in 1/λ. Following [28], we rescale the
coordinates and the gauge field as

xM ∼ O(λ−1/2), x0 ∼ O(λ0), AM ∼ O(λ1/2), A0 ∼ O(λ0), (3.104)

and as a consequence ρ ∼ λ−1/2.
The equations of motion, up to O(λ−1) corrections, are

DNFNM = 0, ∂N F̂NM = 0,

DMF0M + N

64π2 ϵMNPQF̂MNFQP = 0,

∂M F̂0M + N

64π2 ϵMNPQ

[
Tr(FMNFPQ) + 1

2 F̂MN F̂PQ

]
= 0.
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At this order in λ, the BPST instanton is still a solution of the non-Abelian equation
of motion. It is consistent to set ÂM = A0 = 0, while Â0 is sourced by the instanton
density. The regular solution, which vanishes at spatial infinity for this gauge
component, is given by

Â0 = N

8π2κ

1
ξ2

[
1− ρ4

(ξ2 + ρ2)2

]
, (3.105)

where ξ =
√

(x⃗− X⃗)2 + (z − Z)2, and X⃗, Z are moduli in the four-dimensional
Euclidean space, i.e. the position of the instanton.

Then, the on-shell energy of the system, up to O(λ−2) is

E(ρ, Z) = 8π2κ

[
1 +

(
ρ2

6 + N

320π4κ2ρ2 + Z2

3

)]
. (3.106)

The instanton moduli ρ, Z appear explicitly in the action and therefore are not
genuine moduli, but are rather called pseudo-moduli. The minimization of the
on-shell energy over these two parameters gives

ρ = N

8π2κ

√
6
5 , Z = 0. (3.107)

The instanton is then located at the tip of the cigar geometry and its size scales
as ρ ∼ λ−1/2, consistently with the approximation we used. Finally, the energy
computed on these minimal values of the moduli gives the classical value of the
baryon mass

MB = 8π2κ+O(λ−2). (3.108)

Nf = 1 WSS baryon

In the picture we have presented, nothing forbids taking only one flavor brane,
namely Nf = 1. From the point of view of the underlying SU(N) QCD-like theory,
there is no reason why there will not exist baryonic states as color singlets composed
of N quarks. However, as we will see in a moment, the construction of baryons as
instantons is not consistent with taking Nf = 1. As we discussed in chapter 2, it
is not possible to construct a baryonic configuration using the mesonic fields alone
in the low-energy one-flavored QCD. This problem arises in the same way in the
holographic model because we can construct a baryon vertex with a single flavor
and still cannot identify the baryon number in such a theory with the procedure
outlined in [28].

The action describing the one-flavored theory takes the following form

SD8 =− κ

2

∫
d4x dz

(1
2h(z)F̂µνF̂µν + k(z)F̂µzF̂µ z

)
+ N

24π2

∫
M5

1
2
√

2
ÂF̂ 2.

(3.109)

The corresponding equations of motion are

− κ
[
h(z)∂νF̂µν + ∂z(k(z)F̂µ z)

]
+ N

128π2 ϵ
µαβγδF̂αβF̂γδ = 0, (3.110)

κ k(z)∂µF̂ zµ + N

128π2 ϵ
zµνρσF̂µνF̂ρσ = 0. (3.111)
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We assume that the U(1) gauge field is static and we analyze the leading behavior
in the λ−1 expansion under the rescaling (3.104). Then, the equations of motion are

∂N F̂
MN = 0, (3.112)

∂2
M Â0 + N

64π2κ
ϵMNPQF̂MN F̂PQ = 0. (3.113)

Now it is well known that this Abelian theory, without sources, does not admit a
non-singular instanton solution, and thus we are not able to identify the baryon in
such a theory, as it happens in low-energy QCD.

3.3 The WSS model at finite temperature
The WSS model exhibits a rich phase structure, featuring both a first-order con-
finement/deconfinement transition and a first-order transition for the restoration
of chiral symmetry. These two transitions can take place at distinct critical tem-
peratures, depending on the specific parameters of the model. Notably, within
the strongly coupled, planar regime λ,N →∞, these phenomena can be captured
and analyzed in a precise manner using the dual holographic description. The
confinement/deconfinement phase transition occurs at the critical temperature

Tc = MKK

2π . (3.114)

In the dual gravity picture, it corresponds to a Hawking-Page transition [138] between
the solitonic background (3.44), dual to the confining phase, and a black brane
solution dual to the deconfined one. If the flavor branes are placed at antipodal points
on the compactification circle, i.e. when LMKK = π, chiral symmetry breaking
and confinement occur at the same energy scale. In other words, when T < Tc
chiral symmetry is broken and the theory confines, while at T > Tc the theory
enters a deconfined phase with chiral symmetry restoration being realized by two
disconnected stacks of D8/D8 branes crossing the black hole horizon. However,
for non-antipodal configurations with LMKK ≲ 0.97, an intermediate phase with
deconfinement but broken chiral symmetry arises [139]. This is the scenario we will
be interested in.

The black brane background corresponding to the deconfined phase of the WSS
model is given, in the string frame, as

ds2 =
(
u

R

)3/2 [
−fT (u)dt2 + dxidxi + dx2

4

]
+
(
R

u

)3/2
[
du2

fT (u) + u2dΩ2
4

]
, (3.115)

fT (u) = 1− u3
T

u3 , eϕ = gs

(
u

R

)3/4
, F4 = 2πN

V4
ω4 , R3 = πgsNl

3
s ,

where t, xi (i = 1, 2, 3) and x4 span the worldvolume of D4-branes, u ∈ [uT ,∞) is
again the holographic coordinate. The parameter uT is related to the black brane
temperature T (which corresponds to the field theory temperature) through

9uT = 16π2R3T 2 . (3.116)

The definition of the other fields and parameters is the same as in the solitonic
background.
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3.3.1 Flavors in the deconfined phase of the WSS model

In this section, we present the flavor D8-brane embedding at finite temperature and
we review the holographic first-order phase transition, occurring in the deconfined
phase, between the chiral symmetry broken phase (corresponding to the connected
configuration) and the chirally symmetric one (corresponding to the disconnected
configuration). We consider Nf = 1 since it will be the case of interest in following
sections.

We start by writing the induced metric on the D8-brane’s world volume, in terms
of the inverse embedding u = u(x4)

ds2
D8 =

(
u

R

)3/2
[
−fT (u)dt2 + dxidxi +

(
1 +

(
R

u

)3 u′(x4)2

fT (u)

)
dx2

4

]
+
(
R

u

)3/2
u2dΩ2

4 ,

where u′(x4) = du/dx4. The DBI action (with no gauge fields) for the D8-branes
reads

SDBI
D8 = −T8V3+1V4

∫
dx4 u

4

√
fT (u) +

(
R

u

)3
u′(x4)2 .

The action has a first integral

∂L
∂u′u

′ − L = − u4fT (u)√
fT (u) +

(
R
u

)3
u′(x4)2

= constant .

The U-shaped connected configuration has a tip at u = uJ where u′ = 0. Thus, we
can derive the profile of the D8-brane as

x±
4 = ±

∫
du

(
R

u

)3/2 u4
J

√
fT (uJ)√

fT (u)
√
u8fT (u)− u8

JfT (uJ)
. (3.117)

We can now integrate the equation (3.117) to get the asymptotic brane separation
L, which reads

L =
∫
dx4 = 2

∫
du

u′ = JT (b̃)R
3/2

u
1/2
J

, (3.118)

where
b̃ ≡ uT

uJ
, (3.119)

and

JT (b̃) = 2
3

√
1− b̃3

∫ 1

0
dy

√
y√(

1− b̃3y
) (

1− b̃3y −
(
1− b̃3

)
y8/3

) . (3.120)

Using (3.116) we see that uJ becomes a non trivial function of T :

LT = 3
4πJT (b̃)

√
b̃ . (3.121)
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Figure 3.1. Schematic picture of the chirally broken (left) and chirally symmetric (right)
phases in the deconfined phase of the Witten-Sakai-Sugimoto model. The x4-direction is
compactified on a circle with radius 1/MKK , and u is the holographic coordinate with
u =∞ being the boundary where the dual field theory lives. If the asymptotic distance
L between the flavor branes is sufficiently small, a deconfined, chirally broken phase
(left figure) becomes possible. In this phase, the connected flavor branes are embedded
non-trivially in the background according to a definite function x4(u).

The connected configuration is not the only possible solution satisfying the
requirement that the asymptotic separation of the flavor brane branches is L. Another
solution exists with u′(x4) = ±∞, which describes two disconnected branches
extended along the radial direction u till the horizon. At

T = Ta ≃
0.154
L

, (3.122)

there is a first-order phase transition between the connected solution, holding at
T < Ta, and the disconnected one. Hence for T < Ta chiral symmetry is broken, while
for T > Ta chiral symmetry is restored. See figure 3.1 for a pictorial representation
of these two phases in the (x4, u) subspace.

Non-antipodally embedded D8-branes in the chirally-broken, deconfined phase
of WSS describe a dual theory that shares key properties with the theory we are
interested in: an SU(N)-like gauge theory coupled to a massless flavor at finite
temperature. At low energy, the physics is captured by D8-brane excitations whose
zero mode is the pion/axion10 associated with the pseudo-Goldstone boson of the
chiral symmetry breaking [140].

We conclude this section with some useful formulas. We can rewrite the D8-brane
induced metric as

ds2
D8 =

(
u

R

)3/2
[
−fT (u)dt2 + dxidxi +

(
R

u

)3 du2

γT (u)

]
+
(
R

u

)3/2
u2dΩ2

4 , (3.123)

√
−det gD8 =

(
R

u

)3/4
u4
√
fT (u)
γT (u) , (3.124)

10The distinction between these two terms relies on the interpretation of the theory. We can
consider a QCD flavor at finite temperature, and in that case, the Nambu-Goldstone boson will be
the pion. However, this scenario can describe an ALP, as discussed in section 1.4. In particular,
this is an example of a composite axion model.
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where we have introduced the function

γT (u) = u8fT (u)− u8
JfT (uJ)

u8 . (3.125)

Turning on the gauge field on the worldvolume of the (Nf = 1) D8-brane, we get
a DBI action which, up to quadratic order in α′, can be expanded as

SDBI
D8 = −T8

∫
d9x e−ϕ

√
−det(gD8 + (2πα′)F) ≈

≈ −T8
4
V4
gs

(2πα′)2R3/2
∫
d4x duu5/2

√
fT (u)
γT (u)

[
1
2

(
R

u

)3
F̂ 2
ij −

(
R

u

)3 F̂ 2
ti

fT (u)+

− γT (u)
fT (u) F̂

2
tu + γT (u)F̂ 2

iu

]
, (3.126)

where the indices M,N,P,Q run over (t, xi, u). Upon reduction on the four-sphere,
the Chern-Simons part of the action reads

SCS = N

24π2

∫
A ∧ F ∧ F = N

48π2
√

2

∫
Â ∧ F̂ ∧ F̂ =

= N

24π2
√

2
ϵtMNPQ

∫
d5x

(1
4ÂtF̂MN F̂PQ − ÂM F̂tN F̂PQ

)
, (3.127)

where the convention for the anti-symmetric tensor is that ϵt1234 = 1.
It is often convenient to work with a dimensionless holographic coordinate z,

defined as
u(z) = uJ(1 + z2)1/3 = uJk(z)1/3 , (3.128)

where we have used the definition (3.73) of k(z) = 1 + z2. Using this coordinate,
the action (3.126) becomes11

SDBI
D8 =− T8

4
V4
gs

(2πα′)2R3/2
∫
d4x dz u5/2

√
fT (u)
γT (u)

∣∣∣∣∂u∂z
∣∣∣∣
[

1
2

(
R

u

)3
F̂ 2
ij −

(
R

u

)3 F̂ 2
ti

fT (u)+

−
∣∣∣∣∂u∂z

∣∣∣∣−2γT (u)
fT (u) F̂

2
tz +

∣∣∣∣∂u∂z
∣∣∣∣−2

γT (u)F̂ 2
iz

]
. (3.129)

11Even if not specified, every u has to be intended as a function of z.



58

Part I

Original contributions



59

Chapter 4

Hall droplet sheets in
holographic QCD

In section 2, we discussed in detail the reasons why in the one-flavored QCD, the
standard Skyrmion mechanism for baryon construction is not applicable. In this
case, baryons may not be particle-like solitons, but rather extended two-dimensional
topological defects, termed Hall droplet sheets. These configurations are domain
walls of the η′ field that interpolate between distinct 2π-shifted vacua of the effective
potential. Although these vacua are physically equivalent due to the periodicity of
η′, the non-trivial topological winding across the sheet allows for a non-zero baryon
number to reside on its boundary. In this picture, the baryon can be seen as a Hall
droplet with gapless chiral edge modes localized on the boundary of the sheet, in
analogy with edge currents in fractional quantum Hall systems.

Unfortunately, the dynamical properties of such sheets, including their tension,
baryon number density, and interactions with other QCD states, remain challenging
to compute directly within the effective field theory framework. The η′ potential
is generated non-perturbatively via gluon dynamics and is typically non-analytic,
making semiclassical treatments subtle.

To address these limitations, we can employ a top-down holographic approach
to QCD, in particular, working within the WSS model. As we have seen in 3.2,
the WSS model naturally incorporates the η′ meson and includes the axial anomaly
through Chern–Simons terms, providing a controlled and calculable environment for
exploring the physics of Hall droplet sheets.

As a first step towards the construction of baryons as quantum Hall droplets
in holography, in this chapter, based on our original results presented in [1], we
will provide a concrete realization of the Hall droplet sheet in terms of D6-branes
wrapping the internal S4 of the geometry and extending along two spatial dimensions
and time. These D6-branes act as (2 + 1)-dimensional membranes embedded in the
bulk geometry, supporting the U(1)N CS theory, conjectured in [38]. In this picture,
the sheet can be viewed as a wall with a hard (gluonic) D6-brane core, corresponding
to the heavy fields associated with the singularity in the chiral Lagrangian, and
a soft shell (a mesonic cloud) coming from the non-trivial profile of the η′ meson.
Indeed, the D6-brane can be viewed as a source for the Maxwell gauge field living
on the D8-brane, whose excitations are identified with the meson. The holographic
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construction makes it transparent that the dynamical gauge field on the sheet is
not mesonic; rather, it sources some mesonic profiles through the boundary. See
[46, 48, 49] for related discussions.

In this chapter, to simplify our analysis, we will focus on two configurations: the
infinite and the semi-infinite sheet with a straight boundary. In the first case, as
expected, we find a regular profile for the η′-field both in the massless and the massive
quark case. We compute the tension and the thickness of the sheet considering
the contributions from the hard core and the mesonic cloud. In the second case,
the straight boundary can be viewed as a linear distribution of magnetic charge in
the D8-brane five-dimensional Maxwell-Chern-Simons effective theory on a curved
background. The corresponding gauge field can be found semi-analytically, through
a series expansion, and numerically. From this solution, we extract the effective
action for the transverse fluctuations of the boundary and the tension, which scales
parametrically as expected from [38]. Then, we can compute the profile of the η′

field, which now has two different features depending on the domain. In fact, it is
continuous (in analogy with the infinite sheet case) through the D6-brane, while it
is discontinuous outside the sheet, enforcing the monodromy of the η′ meson around
the wall. Finally, we will show that it is possible to turn on, with no energy cost, a
chiral component of the gauge field on the boundary of the sheet, possibly connected
to the chiral edge mode on the boundary of the Hall droplet.

This chapter is organized as follows. In section 4.1, we describe our proposal for
the holographic realization of the sheet in the WSS model. The explicit realization
of the infinite Hall droplet sheet, with massless and massive quarks, is presented
in section 4.2. The main results of the chapter are contained in section 4.3, where
we present the simplest example of a sheet with a boundary, that is, a straight
boundary.

4.1 The sheet in the WSS model
We propose that the holographic picture for the Nf = 1 baryons considered in [38]
is given, in the WSS model, in terms of a D6-brane wrapped on the background S4.
When the D8-branes are antipodally embedded, the D6-brane is localized at z = 0,
y = 0 (i.e. u = u0) and can be taken, say, at x3 = 0 in the Witten geometry at zero
temperature (3.44); see figure 4.1 for the displacement of the branes in the cigar of
the geometry. The following table shows the embedding of the various branes in the
model

0 1 2 3 4 5 6 7 8 9
D4 • • • • • ◦ ◦ ◦ ◦ ◦
D8 • • • • ◦ • • • • •
D6 • • • ◦ ◦ ◦ • • • •

Table 4.1. D4/D8/D6 intersection. A bullet indicates a direction where the branes are
extended, and an empty dot indicates a direction where the branes are localized.

The low-energy theory on the D6-brane world-volume is given by a U(1)N CS
theory (plus the center of mass degrees of freedom) just because it is wrapped on
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Figure 4.1. The displacement of the D-branes on the cigar of the geometry for antipodally
embedded D8-branes.

the S4 [141], which supports N units of flux of F4. In particular, from the CS term
of the D6-brane, we get

1
8π2

∫
C3 ∧ f ∧ f = 1

8π2

∫
F4 ∧ a ∧ f = N

4π

∫
a ∧ f , (4.1)

where we have used
∫
S4 F4 = 2πN and f = da. Remarkably, the above theory

precisely agrees with the expected CS theory proposed in [38] for the theory on the
bulk of the sheet.1

The DBI action of the D6-brane gives, upon integration on the four-sphere, the
effective theory for the Abelian gauge connection a which lives on the D6-brane
world-volume. The CS-DBI theory will be extensively discussed in the next chapters,
while here we will focus mostly on the effects on the flavor theory of the D6-brane
presence.

This picture resembles that of D6-branes as domain walls separating different
degenerate vacua in the WSS model at θ = π [142, 141].2 Across the domain wall,
there is a jump of the value of the gluon condensate, while in our case, there is
a monodromy of η′. In addition, note that the sheet now does not separate two
different vacua since the η′ = 0 and the η′ = 2π ones are the same. The story
goes in close analogy with the axion monodromy studied in [143], where interesting
comments on the metastability of the D6-brane configuration with a boundary on
the D8-brane can be found. In [143], in fact, it is argued that the D6-brane sheet
is at best metastable, since it can decay by developing holes with an exponentially
suppressed rate Γ ∼ e−λ2N .

As already mentioned in the introduction of this chapter, the holographic picture
of the sheet does not end with the D6-brane. The latter (which in the baryon case
is expected to have a finite, disk-like shaped extension) has to be thought of as the
hard core of the Hall droplet baryon. On top of this, there will be a soft mesonic

1The integration by parts of the D6-brane CS term has to be corrected in the presence of a
boundary for the D6-brane. We will come back to this point in chapter 6, since it does not play a
role in the present chapter.

2The world-volume theory for real QCD has been studied in [105].



4.1 The sheet in the WSS model 62

cloud due to the non-trivial configuration of the η′ field. The latter can be explicitly
found considering the whole structure of the D8-brane action in the presence of a
D6-brane source.

As we have seen in section 3.2, the flavor gauge field for Nf = 1 is just given
by the Abelian component A = Â/

√
2, so we can drop the hat without ambiguities.

The D8-brane action for Nf = 1 admits the CS term

1
2π

∫
C7 ∧

F√
2
. (4.2)

Note that, as we will see in the following, the D6-brane source induces a flux∫
Fx3zdx3dz = −2π

√
2 , (4.3)

which provides an D6-brane charge precisely canceling that of the source. Hence,
the total D6-brane charge in the setup is zero. The sheet, in fact, can decay, and
thus there cannot be a net D6-brane charge.

The condition (4.3) precisely accounts for a non-trivial profile of the η′ field,
i.e. a non-trivial profile for Az. The mesonic shell of the sheet can be seen as a
non-trivial solution for the Abelian gauge field on the D8-brane satisfying (4.3).

However, this is not enough to get the action for a point-like particle with
baryonic U(1)B charge on the D8-branes. Following the discussion around (3.101),
we can define a0(t) = A0/

√
2 and treat it as a time-dependent perturbation. Thus,

we can get such a point-particle action only if the other component Fx1x2 of the field
strength is turned on. It is easy to understand this by looking at the five-dimensional
CS term in the D8-brane action (3.109)

N

24π2

∫ 1
2
√

2
A ∧ F ∧ F = N

24π2

∫
dt a0(t)

∫
F√
2
∧ F√

2
, (4.4)

which implies that the baryon solution has to be some kind of “Abelian instanton”
with unit instanton number

1
48π2

∫
(F ∧ F )x1x2x3z dx1dx2dx3dz = 1. (4.5)

As observed in section 3.2.2, there is no such solution in R4. The conclusion
changes if the theory is sourced by some kind of non-trivial extended source or
if the theory is defined on a non-trivial manifold. See [144] for a discussion on
Abelian instantons. Having in mind the droplet, and therefore a disk geometry, if
the overlap between the sheet and the D8-branes in the (x1, x2) plane is a disk of
radius l, then the above condition has some hope of being satisfied. Analogously to
what happens for the standard baryons, due to the five-dimensional CS coupling,
the above condition induces an electric field. We expect that the related Coulomb
interaction is what stabilizes the sheet to some finite size lstable. We will tackle this
problem in the next chapters.

In this chapter, we will focus on infinitely extended sheets, and hence we will
not impose the condition (4.5).
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4.1.1 Comparison with QCD

In the WSS model, departure from the antipodal D8-brane configuration corresponds
to increasing quartic Nambu-Jona-Lasino (NJL) type couplings between the quarks
[145]. If this departure is large, i.e. the configuration is far from the antipodal one,
the effect of large NJL-type couplings is that the critical temperature for chiral
symmetry breaking is different (larger) than that for confinement [139]. Thus,
this scenario is different from what is expected to happen in QCD. Instead, if the
departure from the antipodal configuration is not large, the chiral symmetry breaking
and confinement temperatures are still coincident and there is no clear contradiction
with QCD expectations.

Thus, the configurations closer to QCD are the antipodal one and the moderately
non-antipodal ones. In the antipodal case, the holographic description of the sheet is
a D6-brane lying on top of the D8-branes at the tip of the cigar (as in figure 4.1). In
flat space, such a configuration is unstable towards the formation of a D8-D6 bound
state, where the D6 is melt in the D8 world-volume. This happens because the
spectrum of D8-D6 strings contains a scalar. The scalar is tachyonic if the branes
are on top of each other (and there are no fluxes turned on). The melting of the
D6-brane corresponds to the condensation of this scalar.3 This corresponds to a
complete Higgsing of the U(1) gauge group of the three-dimensional theory living
on the world-volume of the sheet (the D6-brane). In this scenario, it should again
be possible to describe finite-energy baryons. A very similar situation is found in
the case of the domain-wall at θ = π [141].

A small departure from the antipodal configuration is sufficient to give a positive
mass to the scalar, avoiding the Higgsing mechanism and so the melting of the
D6-brane. Thus, there is a family of moderately non-antipodal configurations whose
phase diagram is consistent with the QCD one, and for which the sheet is realized
with an actual D6-brane, which is not melted.4 The D6 melting could also be avoided
by introducing sufficiently large masses for the quarks [41, 141].

The condensed scalar scenario is not the one explored in [38]. While it would be
of obvious interest to explore the melted-D6 configuration, in this chapter we aim
at studying the original proposal in [38], corresponding to an actual D6-brane. In
order to simplify the computations, in this chapter, we will consider the antipodal
configuration without large quark masses, aiming at revealing some basic features of
the sheet. This is obviously an oversimplification, which eventually must be lifted in
future studies.

4.2 Infinite sheet
In this section, we study the infinitely extended wall corresponding to a sheet without
boundaries, introduced as an example in 2.8. The sheet has a “hard”, gluonic core
corresponding to the D6-brane, and a “soft” shell from the η′ profile, i.e. a meson
cloud, as advocated e.g. in [41].

3It is not immediately evident how to describe the three-dimensional scalar field on the world-
volume of the sheet in terms of the elementary fields of the four-dimensional theory.

4We thank Ofer Aharony for the exchange of ideas on this issue.
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4.2.1 The core

The “hard” gluonic core of the sheet is holographically given by the wrapped D6-
brane. Assuming the sheet to be extended along the x1, x2 directions, its tension
Thard can be extracted from the DBI term of the wrapped D6-brane action

SDBI
D6 = −T6

∫
d7x e−ϕ

√
−detP [g] ≡ −Thard

∫
dtdx1dx2 , (4.6)

where T6 = (2π)−6 l−7
s and

Thard = 1
π336λ

2NM3
KK . (4.7)

As expected, the tension scales as N , but is enhanced by the λ2 factor, as usual in
holographic theories.

Considering the thickness δ of a D-brane sitting at the tip of the background
cigar to be given by the effective local string length leff

s , one gets for the thickness of
the hard core of the wall (up to a numerical factor)

δhard ∼ leff
s ∼

1
λ1/2MKK

, (4.8)

which comes from the scaling of the effective Yang-Mills string tension ∼ (leff
s )−2 ∼

λM2
KK in the model.

4.2.2 The shell

A localized D6-brane is a source for the RR C7 field. This, in turn, will generate a
non-trivial profile for the D8-brane mode corresponding to the η′. The profile of the
η′, the meson cloud, constitutes the “soft shell” of the sheet.

In order to study the D6-D8 setup we have in mind, we should better consider the
total action with the contribution from SC7 . In the presence of an explicit D6-brane,
the action for the C7 form reads

SC7 = − 1
4π (2πls)6

∫
dC7 ∧ ⋆dC7 + 1

2π

∫
C7 ∧

F√
2
∧ ω1 +

∫
C7 ∧ ω3 . (4.9)

The first two terms are respectively the kinetic term coming from the type IIA
supergravity action, and the coupling to the flavor D8-brane, whose embedding,
in the antipodal case, is described by a delta-like one form ω1 = δ(y)dy. We
have discussed these two terms in detail in section 3.2.1. The third term arises
from the D6-brane source, whose embedding is described by the three-form ω3 =
δ(z)δ(y)δ(x3)dz ∧ dy ∧ dx3, since we have placed the D6-brane at z = y = x3 = 0.

Now, we compute the equation of motion for C7 as we did in (3.75). This time,
there will be an additional source term coming from the presence of the D6-brane.
Let us recall that ⋆F8 = (2πls)−6F̃2, and we derive

dF̃2 = F√
2
∧ δ(y)dy + 2πδ(z)δ(y)δ(x3)dz ∧ dy ∧ dx3 . (4.10)
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We can formally solve the above equation5 as

F̃2 = A√
2
∧ δ(y)dy + 2πΘ(x3)δ(z)δ(y)dz ∧ dy . (4.11)

As we mentioned in 3.2.1, the full action for C7 turns out to be equivalent to

S
F̃2

= − 1
4π(2πls)6

∫
F̃2 ∧ ⋆F̃2 , (4.12)

just as in the case with no explicit D6-brane source. At θ = 0, the above action can
be written as

S
F̃2

= −χg2

∫
d4x

(
2πΘ(x3) + 1√

2

∫ +∞

−∞
dz Az

)2
, (4.13)

where we recall that the topological susceptibility of the unflavored gauge theory, in
units of MKK , reads

χg = λ3

4(3π)6 . (4.14)

Moreover, we add the mass term as in equation (3.96), which in the one-flavored
case becomes

Smass = 2 cm
∫
d4x cos

( 1√
2

∫ +∞

−∞
dz Az

)
, c = λ3/2M3

KK

39/2π3 , (4.15)

where m is the quark mass.
From the full action, we can obtain an effective four-dimensional Lagrangian for

the η′ field, after integrating over the four-sphere and the holographic coordinate,
using the following ansatz for the flavor gauge field

Az(z, x3) = −
√

2
π k(z)φ(x3) , (4.16)

where k(z) = 1 + z2, and φ is a function of x3 alone. Integrating the gauge field over
z we get ∫

Azdz = −
√

2φ ≡ 2 η
′

fπ
, fπ = 2

√
κ

π
, (4.17)

where we have written the precise relation between the meson field η′ and the bulk
field A.

Therefore, the effective Lagrangian reads

L = −κ
π

(∂µφ)(∂µφ) + 2 cm cosφ− χg
2 min

k∈Z
(φ− 2πΘ(x3) + 2πk)2 . (4.18)

From the above Lagrangian, we can derive the equation of motion for the field
φ = φ(x3). We are going to search for a configuration interpolating from 0 for
x3 → −∞ to 2π for x3 → +∞ and such that φ(0) = π. In this case, the potential is
minimized for k = 0, and the equation of motion reads

∂2φ(x3)−m2
WV (φ(x3)− 2πΘ(x3))−m2

π sin(φ(x3)) = 0, (4.19)
5We set dC1 = 0, which corresponds to treating the theory at zero θ-angle.
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where
m2

WV ≡
χgπ

2κ = λ2

27π2N
(4.20)

is the Witten-Veneziano mass, introduced in (1.29). Treating the D8-brane in the
probe approximation amounts to taking mWV ≪ 1. The other parameter in the
equation of motion above is

m2
π = 4cm

f2
π

, (4.21)

which represents the quark mass contribution to the η′ mass. As observed in [141], the
parameter mπ has to be small, mπ ≪ 1, in order to neglect higher-order corrections
to the mass term of the WSS model.

Massless quark

In the massless case m = 0 the equation of motion for φ (4.19) has an analytic
solution

φ(x3) = πemWV x3 − πe−mWV x3 (emWV x3 − 1)2 Θ(x3) , (4.22)

where we have imposed the boundary conditions φ(x3 → +∞) = 2π, and φ(x3 →
−∞) = 0. This solution has been derived in the presence of an explicit gluonic
source. Similar solutions without explicit sources, with regular or singular potentials,
have a very long history, see e.g. [41, 42].

The thickness of the “soft” part of the wall (the one given by the η′ profile) is
clearly linear in 1/mWV, as it can be seen from (4.22), so up to a numerical factor,

δsoft ∼
1

mWV
∼
√
N

λMKK
. (4.23)

The φ ∼ η′ solution (4.22) interpolates between zero (for x3 → −∞) and 2π
(x3 →∞) and it takes the value φ(0) = π in x3 = 0. See figure 4.2 (left panel).
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Figure 4.2. Left: the profile of φ = −
√

2η′/fπ for mWV/MKK = 0.1, 0.3, 0.5 (green,
yellow and blue lines). Right: the profile of φ for mWV/MKK = 0.3 and m2

π/M
2
KK =

0, 0.05, 0.1, 0.2 (blue, yellow, green and red lines).

Correspondingly, the Abelian field strength on the D8-brane reads

Fx3z = −
√

2mWV
k(z) (emWV x3 − 2Θ(x3) sinh(mWV x3)) , (4.24)
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where we have reinserted the z-dependent factor. This satisfies∫
dx3 dz Fx3z = −2

√
2π , (4.25)

hence, as anticipated in equation (4.3) the η′ profile effectively induces a unit of
D6-brane charge.

Due to the field strength (4.24), the D8-brane has an excess of energy, providing
the tension of the soft shell of the sheet. This can be deduced from the on-shell value
of the D8-brane DBI action, expanded at the quadratic order in the field strength

SD8 = −κ2

∫
dt dx1 dx2

∫
dz dx3(1 + z2)F 2

x3z . (4.26)

Inserting the solution (4.24) and performing the integration in z, x3 we get the
tension

Tsoft = 1
3323π2λNmWVM

2
KK = 1

39/223π3λ
2N1/2M3

KK . (4.27)

Note that considering the expression of fπ in (4.17), one has Tsoft ∼ f2
πmWV.

Massive quark

In the massive-quark case, one can integrate numerically the equation (4.19) with
k = 0. As can be seen from figure 4.2 (right panel), the solution shows a similar
behavior to that in the massless case. Also in this case, the solution corresponds to
a unit D6-brane charge.

The thickness of the soft part of the wall now depends on the quark mass m (and
hence on mπ) as well and roughly behaves as (at small φ this comes from (4.18))

δsoft ∼
1√

m2
WV +m2

π

. (4.28)

In order to estimate the tension, we have to insert the numerical solution for
Fx3z in formula (4.26), which gives

Tsoft = 1
3323π2λNmWVΨ(mπ/mWV)M2

KK . (4.29)

The result is exactly as in (4.27) but for the substitution

mWV −→ mWVΨ
(
mπ

mWV

)
, (4.30)

where Ψ(q) is a function reported in figure 4.3, going as
√

1 + q2 at small q.
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Figure 4.3. The function Ψ(mπ/mWV) providing the quark-mass dependence of the soft
part of the tension of the sheet.

Resume

Table 4.2 contains the parametric dependence of tension and thickness of the core
and shell parts of the sheet discussed above.

Massless quark Massive quark
Core tension Thard λ2NΛ3 λ2NΛ3

Core thickness δhard λ−1/2Λ−1 λ−1/2Λ−1

Shell tension Tsoft λNmWVΛ2 ∼ λ2N1/2Λ3 λNmWVΨ(mπ/mWV)Λ2

Shell thickness δsoft m−1
WV ∼ λ−1N1/2Λ−1 (m2

WV +m2
π)−1/2

Table 4.2. Summary of parametric dependence of tension and thickness of the core and
shell parts of the sheet. For the reader’s convenience, we used the dynamical scale
notation Λ instead of MKK .

4.3 Semi-infinite sheet: the vortex string
In this section, we present the holographic description of the semi-infinite sheet,
whose boundary is a straight infinite vortex string.6 The sheet is dual to a D6-brane,
which for convenience is placed at x3 = z = y = 0 and extended along x2 ≥ 0. The
string is its boundary, which we take at x2 = 0, attached to the D8-brane, see figure
4.4. As it will be clear soon, the boundary is a magnetic source on the D8-brane

6The manifold defined by the D6-brane worldvolume has now a boundary. The CS theory for
the D6-brane gauge field is now given by (4.1) plus a six-dimensional boundary term. This will be
discussed in the next chapter and does not play a role in this discussion since we are interested in
the D8-brane’s description of the Hall droplet sheet.
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Figure 4.4. D6-brane dual to the semi-infinite sheet. It is taken to be extended along
the x1-axis and along the positive values of the x2-axis. The directions x3 and z are
orthogonal to the sheet. Every point is also extended in time and along the other four
dimensions, which are wrapped on S4.

worldvolume. In this case the action terms (4.9) take the form

SC7 = − 1
4π (2πls)6

∫
dC7 ∧ ⋆dC7 (4.31)

+ 1
2π

∫
C7 ∧

[
F√
2
∧ δ(y)dy + 2πΘ(x2)δ(x3)dx3 ∧ δ(z)dz ∧ δ(y)dy

]
,

where we used ω3 = Θ(x2)δ(x3)dx3 ∧ δ(z)dz ∧ δ(y)dy. The corresponding equation
for C7 can be transformed into the anomalous Bianchi identity for F̃2,

dF̃2 = F√
2
∧ δ(y)dy + 2πΘ(x2)δ(x3)dx3 ∧ δ(z)dz ∧ δ(y)dy . (4.32)

Taking the exterior derivative of the above equation, we have to require that the
RHS vanishes. This provides the violation of the Bianchi identity for A due to the
presence of a magnetic source, which is the boundary of the D6-brane

dF = −2
√

2π δ(x2)δ(x3)δ(z)dx2 ∧ dx3 ∧ dz . (4.33)

Thus, we are led to consider the problem of finding the fields generated by a
uniform linear distribution of magnetic charge in five-dimensional electromagnetism
with CS and F̃2 source terms on the effective curved background

ds2 = k2/3(z)dxµdxµ + dz2

k2/3(z)
, (4.34)

as can be deduced by rewriting the Maxwell action for F in general covariant form.
We have not found such type of solution, or part of it, in the literature, so we derive
it in this section. The strategy will be the following.

1. We will first find a configuration Fm satisfying the Bianchi equation (4.33)
and d⋆Fm = 0. This corresponds to a kind of magnetic monopole-like solution
for a source extended along the x1 axis.
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2. The complete field can be written as

F = Fm + dAc , (4.35)

being Ac the gauge connection associated to a closed field strength. If we
consider a potential Am for Fm, we have

dAm = Fm + S , (4.36)

where S is the Dirac sheet (a higher-dimensional version of the Dirac string)
field strength. A particular gauge choice of the Dirac sheet allows us to solve
equation (4.32) as

F̃2 =
(
Ac +Am√

2

)
∧ δ(y)dy + 2πΘ(x3)δ(z)dz ∧ δ(y)dy . (4.37)

Such a gauge choice corresponds to writing

S = −Θ(−x2)δ(x3)dx3 ∧ δ(z)dz, (4.38)

meaning that the Dirac sheet is placed at x3 = z = 0 and extended along
x1 and x2 < 0. Following section 4.2, the integral of the field F̃2 along the
(z, y)-cigar ∫

cigar
F̃2 =

∫ (
Acz +Amz√

2

)
dz + 2πΘ(x3) , (4.39)

enters, through the supergravity term (4.12), the equation for Acz. If there
are no CS terms (as will be the case), and considering that d⋆Fm = 0, the
equation reads schematically

d⋆dAcz =
∫

(Acz +Amz ) dz + 2π
√

2 Θ(x3) . (4.40)

Given that Amz is known from step 1, we can solve this equation for Acz.

3. We can consider the charged case by switching on the componentsA±(x±, x2, x3, z)
of the gauge field, where x± = (x1 ± t)/2 are the light cone coordinates in
the (t, x1)-space. One can easily realize that A± do not enter the previous
equations, but on the contrary, the field Az = Acz +Amz generates a CS term
for their equations, which schematically read

d⋆dA± = F±x2 ∧ Fx3z + ... . (4.41)

The latter can be solved independently after steps 1 and 2 are completed, since
the only unknowns are A±.

In order to illustrate this procedure, in the next section we consider as a warm-up
the flat space case. Then, in section 4.3.2 we will provide the solution on the curved
space (4.34). The procedure does not depend on the explicit form of the metric
function k(z) and can in principle be applied to a generic metric of the form (4.34).
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4.3.1 Solution in flat space

In this section, we consider the case of five-dimensional flat spacetime, i.e. k(z) = 1.
In this case, the configuration has spherical symmetry in the directions x2, x3, z
transverse to t, x1 where the line source is placed, so we employ spherical coordinates

x2 = ρ cos θ , x3 = ρ sin θ cosϕ , z = ρ sin θ sinϕ . (4.42)

where θ ∈ [0, π], and ϕ ∈ [0, 2π). It is also convenient to parameterize the (t, x1)-part
of spacetime with light-cone coordinates

x± = x1 ± t
2 , (4.43)

such that the effective five-dimensional spacetime where the Maxwell-Chern-Simons
theory lives reduces, in the flat limit, to

ds2 = 4dx+dx− + dρ2 + ρ2dΩ2 , (4.44)

with the two-sphere parameterized by angles θ, ϕ.
We consider an ansatz where:

• all the fields just depend on the radial direction ρ;

• the magnetic charge from equation (4.33) is

−2
√

2πδ(ρ)ρ2dρ ∧ ω2 , (4.45)

with ω2 = sin θdθ ∧ dϕ being the two-sphere volume form;

• the field strength has just two components

Fθϕω2 , F±ρdx± ∧ dρ , (4.46)

where either A+ or A− are turned on. This implies that we have (only) one
non-vanishing term in F ∧ F , entering the equation for A±.

It is readily verified that the ansatz is consistent with the equations of motion and
Bianchi identity.

Step 1: monopole-like solution

We start by searching for a solution Fm to the Bianchi equation dFm = −2
√

2πδ(ρ)ρ2dρ∧
ω2 and the equation of motion (without CS term, as explained above) d⋆Fm = 0.

Considering translation invariance along x1 and spherical symmetry, the problem
is very similar to that of finding the field strength generated by the standard Dirac
monopole in four dimensions. Thus, the solution is quite similar

Fm = Fmθϕω2 = − 1
2ρ2 ρ

2√2ω2 , (4.47)

where ω2 = sin θdθ ∧ dϕ and we have made explicit the singular behavior at the
origin ρ = 0. It is straightforward to check that (4.47) solves the equations of motion
and that ∫

M3
dFm =

∫
M2

Fm = −2
√

2π , (4.48)
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where M3,M2 are three- and two-dimensional closed surfaces containing the point
ρ = 0, M2 = ∂M3 being the boundary of M3.

A standard way of writing a potential Am for this field is

Am = Amϕ dϕ = −
√

2(1− cos θ)
2ρ sin θ ρ sin θdϕ . (4.49)

In this form, we can write a magnetic potential for the monopole solution as

dAm = Fm + S , (4.50)

where S is a Dirac sheet along θ = π, i.e. extended along x1 and the negative branch
of x2

S = −2
√

2πΘ(−x2)δ(x3)δ(z)dx3 ∧ dz . (4.51)

As usual, one could choose the position of the Dirac sheet to be along any other
direction, and glue the solutions up to gauge transformations.

The energy associated with the field strength (4.47) is readily checked to be
divergent, due to the small-ρ behavior. This can be interpreted as the usual divergence
close to the charges (electric or magnetic) in standard electromagnetism, and it is
a consequence of having expanded the DBI action at quadratic order. The very
same field strength (4.47) with opposite sign represents the solution corresponding
to an opposite sign of the charge distribution, dFm = 2

√
2π δ3(ρ)ρ2dρ ∧ ω2. This

corresponds to choosing an D6-brane instead of a D6-brane in the stringy setup.

Step 2: solution for Acz
In flat space, this step is trivial, since there is no (z, y)-cigar over which we can
integrate F̃2 with a finite result. However, our five-dimensional electromagnetic
problem is well-defined without the F̃2 source term. Since the CS term does not
enter the equations for Az, Ax2 , Ax3 , we can just consider (4.47) as a solution of the
equations (for those potentials), without the need to turn on further components in
directions x2, x3, z.

Step 3: solution for A±

Even if the equations do not force us to do it, we can switch on the components
A±(x±, ρ) of the gauge field. The equations read

1
g2

5
d⋆F = NF ∧ F , (4.52)

where the five-dimensional coupling constant is in this case g2
5 = 1/(8π2κ). Consider-

ing the solution for Fθϕ (4.47) in the CS term, the equations of motion for A±(x±, ρ)
reduce to

∂ρ(ρ2∂ρA±) = ∓g2
5N∂ρA± , (4.53)

with the solutions

∂ρA± = c(x±)e
±
g2

5N
ρ

ρ2 . (4.54)
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Here we have included a possible arbitrary function c(x±).7 Since g2
5N ∼ 1/(λMKK),

the exponential behavior of the solution, due to the CS term, sets in for radii smaller
than ρ ∼ 1/(λMKK), that is very close to the source (since λ≫ 1).

Now we can note two interesting facts. First, only one of the two modes, A−,8
is normalizable. Second, if we just keep the normalizable mode, i.e. as long as we
do not switch on both components Fρ− and Fρ+ in (4.54), it has zero energy: it
is tempting to read this as an indication that the mode c(x±) has zero potential.
These properties seem to suggest that the functions c(x±) could be related to the
chiral edge modes expected to be present on the boundary of the sheet: they are
only left or right moving and have zero Hamiltonian.

4.3.2 Solution on curved space

In this section, we report on the main result of this chapter, that is, the solution
for the semi-infinite sheet on the curved background (4.34). For simplicity, we just
consider the massless-quark case.

Let us recall that the boundary of the sheet extends along t, x1, while the sheet
itself is placed at z = x3 = 0 and extends along x2 ≥ 0 up to the boundary at x2 = 0,
see figure 4.4. The configuration without the sheet has translational invariance along
x1 and axial symmetry around the boundary, so we can use polar coordinates

x2 = r cosψ , x3 = r sinψ , (4.55)

where ψ ∈ [0, 2π). In terms of these coordinates, the effective five-dimensional
background metric reads

ds2 = k2/3(z)(4dx+dx− + dr2 + r2dψ2) + dz2

k2/3(z)
. (4.56)

The ansatz we put forward is such that:

• all the fields are independent on x± (eventually apart from the field A± which
can depend on x± through the function c(x±));

• the field strength has the components

Fx2z , Fx3z , Fx2x3 , F±z , F±x2 , F±x3 . (4.57)

Thus, the non-vanishing CS terms have components

Fx2zF±x3 , Fx3zF±x2 , Fx2x3F±z , (4.58)

and all of them enter just the equation for A±.

The ansatz is consistent with the equations of motion and Bianchi identity (4.33).
We proceed to solve them in three steps as explained above.

7Note that the component F+− of the gauge field strength would mix the equations among each
other, so we are keeping it off.

8The fact that A− is normalizable depends on the sign choice of the magnetic source, i.e. on
whether we consider a D6 or an D6-brane in the string setup.
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The vortex string

The goal of this section is to find a solution Fm of the Bianchi equation (4.33) such
that d⋆Fm = 0 on the background (4.56). In this section, the only non-zero field
strength components will be Fx2z, Fx3z, Fx2x3 . The configuration is less symmetric
than in flat space, so we are not able to write a compact solution. However, we can
expand the fields on an orthonormal basis of eigenfunctions depending only on z,
and find the corresponding modes.

We start by writing an ansatz which solves automatically the equation of motion
d⋆Fm = 0, which reads

Fmx2z = −∂x3H

k(z) , Fmx3z = ∂x2H

k(z) , Fmx2x3 = k1/3(z) ∂zH , (4.59)

where we recall that k(z) = 1 + z2. Employing the polar symmetry on the plane
transverse to the sheet, we can rewrite the monopole field strength as

Fm = dψ ∧
[
r
∂rH

k(z)dz − k
1/3(z) r ∂zHdr

]
. (4.60)

The function H = H(x2, x3, z) is determined by the Bianchi equation (4.33),
which, with the ansatz above, reads

k−1(z)(∂2
x2 + ∂2

x3)H + ∂z(k1/3(z) ∂zH) = −2
√

2πδ(x2)δ(x3)δ(z − Z) , (4.61)

where Z is a (possibly pseudo-) modulus for the position of the string in the z
direction. Here we consider just the classical configuration taking Z = 0 at the end,
but we should remind that, eventually, Z should become a time-dependent operator
at the quantum level [28]. Taking inspiration from similar equations in [28], we
search for a solution in the form

H(x2, x3, z) =
∞∑
n=0

Yn(r)ζn(z)ζn(Z) , (4.62)

where we employed polar symmetry, and we have set to zero, without loss of
generality, the modulus R9 in the argument of the modes Yn(r−R). Equation (4.61)
is equivalent to the infinite set of equations

(∂2
x2 + ∂2

x3 − λn)Yn = −2
√

2πδ(x2)δ(x3) , (4.63)
k(z)∂z(k1/3(z)∂zζn) + λnζn = 0 , (4.64)

supported by the completeness condition
∞∑
n=0

ζn(z)ζn(Z)
k(z) = δ(z − Z) , (4.65)

9The modulus R is defined as R =
√

X2
2 + X2

3 , where the moduli X2 and X3 together with the
pseudo-modulus Z represent the center of mass collective coordinates of the vortex string. We
expect X2 and X3 to be true moduli of the vortex string, unlike Z, since there is a potential term
depending on z due to the warp factor.
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satisfied by the functions ζn(z) with orthonormality condition given by∫ +∞

−∞
dz

ζn(z)ζm(z)
k(z) = δnm . (4.66)

As long as λn ̸= 0, the first set of equations (4.63) has solutions in terms of the
modified Bessel function of order zero of the second kind10

Yn(r) =
√

2K0(
√
λn r) , n > 0 . (4.67)

They behave as logarithms at small r, while they fall off exponentially fast at large
r. For λ0 ≡ 0 the solution of (4.63) is just the logarithm function

Y0(r) = −
√

2 log (r) , n = 0 . (4.68)

We have chosen to set to zero the constant solution, since the ansatz (4.59) only
contains derivatives of H.

We have numerically solved the second set of equations (4.64), determining the
eigenvalues λn, by requiring that the derivatives of the functions ζn(z) vanish at
z → ±∞ for n > 0, so that they are orthogonal to the even part of the zero-mode,
which is just a constant, ζ0 = 1/

√
π. The masses of the first even modes computed

from (4.64) are then

λn = 0, 1.6, 4.6, 9.2, 15.2, 22.8, 31.8, . . . (4.69)

We have checked that the numerical solutions form a complete set according to
(4.65).

Notice that since the functions ζn have definite parity, so that ζn(Z = 0) = 0 for
odd parity, classically the function H is even in z. A plot of the resulting solution
for H is reported in figure 4.5.

Figure 4.5. The function H(r, z) obtained from the first six (even) modes in (4.62).

It can be checked numerically that with such a solution in (4.60), one has the
correct magnetic charge coming from (4.33)∫

M3
dFm =

∫
M2

Fm = −2
√

2π , (4.70)

10Remember that we are working in units where MKK = 1. The correct dimensionalities can be
obtained by reinserting the appropriate powers of MKK in these formulas.
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where M3,M2 are three- and two-dimensional closed surfaces containing the point
r = z = 0, M2 = ∂M3 being the boundary of M3.11

We can choose to express the solution in terms of the potentials

Amz = ψ r
∂rH

k(z) , Amr = −ψ r k1/3(z)∂zH . (4.71)

This corresponds to choosing the Dirac sheet S, defined by the equation

dAm = Fm + S , (4.72)

to be placed along x1 and the negative x2 direction

S = −2
√

2πΘ(−x2)δ(x3)δ(z)dx3 ∧ dz . (4.73)

We can see explicitly the stringy nature of the solution by plugging formulas
(4.60), (4.62) into the quadratic D8-brane action and integrating in z, obtaining the
four-dimensional effective action for the vortex string

SD8 = −1
2

∞∑
n=0

∫
d4x

[
(∂rỸn(r, ψ))2 + λn(Ỹn(r, ψ))2

]
, (4.74)

where we defined
Ỹn ≡

√
κ ζn(0)Yn . (4.75)

As we can see, we have an infinite tower of massive modes depending only on the
two coordinates x2, x3 transverse to the string (with dynamics only in the radial
direction), plus a massless zero-mode.

Putting the Lagrangian density in (4.74) on-shell on the solutions (4.67) and
integrating in r, ψ, one can derive the tension of the vortex string (re-inserting the
MKK factors)

Tvortex = M2
KK

λN

108π3

∫ ∞

0
dr

{
1
r

+ πr
∞∑
n=1

ζn(0)2λn
[
K2

0 (
√
λnr) +K2

1 (
√
λnr)

]}
.

(4.76)
As expected [41, 42, 44, 38], this scales linearly with N and is divergent at the
location r = 0 of the string. One has to remember that the solution is derived under
the hypothesis that the field strength is small in order to consider only the first
term in the expansion of the square root of the DBI action. Thus, the solution we
found cannot be trusted close to the source, where the divergence is expected to be
avoided in the full DBI setup.

On the other hand, we do know that the core of the string is made by the
boundary of the D6-brane on the D8-brane, and that it has the width (4.8)

δvortex,hard ∼
1

λ1/2Λ
. (4.77)

This can thus be reasonably used to cut off the integral (4.76) at small r.
11Numerically, we used spheres of different radii to perform the check.
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There is also a divergence of (4.76) at large distances, due to the zero mode.
This divergence is typical of U(1) global strings in the context of topological defects
[146], as it will be explained in section 5.1, and it is expected that a natural cutoff
exists in the system. This analogy is one of the reasons that motivated the works
[1, 5], and they will be discussed in the chapter 5.

Calling Rc the long distance cut-off, one obtains the estimate for the tension of
the “soft” shell of the string as

Tvortex,soft ∼ Λ2λN log (Rc/δvortex,hard) ∼ Λ2λN log (λ1/2RcΛ) , (4.78)

while the “hard” core of the strings, coming from the D6-brane, has tension

Tvortex,hard ∼ Λ2λ3/2N . (4.79)

This corresponds to considering the boundary of the sheet to have radius δvortex,hard
(4.77), which is a reasonable definition in the antipodal D8-brane configuration we
are considering.

Finally, the logarithmic behavior of the zero mode means that the soft shell of
the string is very spread in space, so that it is not meaningful to identify a thickness
different from the above-mentioned large-distance cut-off and

δvortex,soft ∼ Rc . (4.80)

The above estimates are summarized in the table 4.3.

Core tension Tvortex,hard λ3/2NΛ2

Core thickness δvortex,hard λ−1/2Λ−1

Shell tension Tvortex,soft λ log (λ1/2ΛRc)NΛ2

Shell thickness δvortex,soft Rc

Table 4.3. Summary of parametric dependence of tension and thickness of the core and
shell parts of the vortex string. For the reader’s convenience, we used the dynamical
scale notation Λ instead of MKK . Rc is the large-distance cut-off.

The sheet

In this section, we work out the solution of the equation of motion for the closed
part Acz of Az, including the source from F̃2.

Let us begin by computing the term in F̃2. With the choice of Dirac sheet as in
(4.73) we can write

F̃2 =
[ 1√

2
(Am +Ac) + 2πΘ(x3)δ(z)dz

]
∧ δ(y)dy . (4.81)

The integral of F̃2 on the cigar gives∫
cigar

F̃2 = 2πΘ(x3) + 1√
2

∫
(Amz +Acz)dz . (4.82)
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As before, this gives a source term in the equation for Acz of the form

−χg2

[
2πΘ(x3) + 1√

2

∫
(Amz +Acz)dz

]2
. (4.83)

Note that we know the explicit form of Amz , and so its integral, from (4.71).
The z-dependence of the field Acz can be dealt with the ansatz (4.16)

Acz = −
√

2
π k(z)ϕ(x2, x3) . (4.84)

Its equation of motion reduces to an equation for ϕ(x2, x3)

(∂2
x2 + ∂2

x3)ϕ−m2
WV

(
ϕ− 1√

2

∫
Amz dz − 2πΘ(x3)

)
= 0 . (4.85)

It is straightforward to integrate numerically this equation. The sum of the solution
and the integral of Amz gives the profile of the η′ field

−
√

2
fπ
η′ =

(
ϕ(x2, x3)− 1√

2

∫
Amz dz

)
. (4.86)

We impose the boundary conditions η′(x2,−∞) = 0 (trivial vacuum on one side of
the sheet), η′(∞, x3) = η′

∞(x3), where η′
∞(x3) is the profile found in section 4.2.2

for the infinite sheet. We plot this field in figure 4.6. While for x2 > 0 the profile
resembles that of the infinite sheet by construction, for x2 < 0 it is visible the
discontinuity due to the Dirac sheet, enforcing the monodromy of the η′ field around
the D6-brane wall (whose boundary is at x2 = x3 = 0 in Minkowski).

Figure 4.6. The profile of −
√

2
fπ
η′ for mWV /MKK = 0.3.

As usual, the solution induces a D6-brane charge on the D8-brane, which we can
calculate in terms of the flux of Fx3z, obtaining∫

dx3dz Fx3z =
∫
dz Az|x3=+∞

x3=−∞ −
∫
dx3dz Sx3z = −2

√
2πΘ(x2) , (4.87)

where S is the Dirac sheet in formula (4.73). The result is that there is a unit
D6-brane charge induced only for x2 > 0, where the sheet is located. Once again,
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the condition (4.3) accounting for the cancellation of the total D6-brane charge in
the setup is satisfied. The parametric dependence of the tension and thickness of
the sheet are the same as in the infinite sheet case, see table 4.2.

The effective action for the system of the vortex string and the sheet can be
derived from the total D8-brane action (the Maxwell term plus the F̃2 action),
considering that the complete field strength reads

Fx2x3 = k1/3(z) ∂zH , (4.88)

Fx2z = −k−1(z)
[
∂x3H +

√
2
π
∂x2ϕ

]
, (4.89)

Fx3z = k−1(z)
[
∂x2H −

√
2
π
∂x3ϕ

]
. (4.90)

By means of formula (4.62) and integrating in z, the effective action is

Seff = −1
2

∫
d4x

{ ∞∑
n=0

[
(∂rỸn)2 + λn(Ỹn)2

]
+
[
(∂x2 ϕ̃)2 + (∂x3 ϕ̃)2

]

+ χg

[√
π

2κϕ̃−
1√
2

∫
Amz dz − 2πΘ(x3)

]2}
, (4.91)

where we defined
Ỹn ≡

√
κ ζn(0)Yn , ϕ̃ ≡

√
2κ
π
ϕ . (4.92)

The action (4.91) is that for a string configuration (the part in Ỹn) and a membrane
(the part in ϕ̃) with a non-trivial potential.

This action must be used with caution. In fact, while it gives the correct equation
of motion for ϕ̃, it does not provide the correct equations for the Ỹn. This is because
of the coupling term between the Ỹn in

∫
Amz and the ϕ̃ in the second line of (4.91),

which must be dropped by hand from the equations for the Ỹn. Ultimately, the
reason for this resides in the fact that the Ỹn and ϕ̃ are both modes of the same
gauge field in five dimensions. We chose to solve the equation of motion of the
latter by enforcing the extra constraint d⋆Fm = 0 on the monopole-like part of the
solution (which is written in terms of the Ỹn). The latter constraint is not included
in (4.91) and amounts to dropping the coupling term between the Ỹn and the ϕ̃ in
the equations of motion of the Ỹn, as stated above.

In any case, we made an extra check that the configuration we found in two steps,
first solving for Fm enforcing the constraint d⋆Fm = 0, and then solving for the rest
of F , satisfies the complete equation of motion for the five-dimensional gauge field.
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The charged mode

In this section, we solve for the components A± of the D8-brane gauge field. Their
equations of motion reduce to

∂z (k(z)∂zA±) + 1
k1/3(z)

(
∂2
x3 + ∂2

x2

)
A± ±

N

16π2κ

[
k1/3(z)∂zA±∂zH+

+ ∂x2A±
k(z)

(
∂x2H −

√
2
π
∂x3ϕ

)
+ ∂x3A±

k(z)

(
∂x3H +

√
2
π
∂x2ϕ

)]
= 0 . (4.93)

Since the only unknowns in these equations are A±, one can find them either
numerically or employing the basis ζn(z) to reduce them to a set of equations in
just the x2, x3 variables. In any case, the solutions can be multiplied by a generic
function c(x±), as in the flat space case. The associated energy is zero as long as
there is just one of the two components F±M turned on (M = x∓, x2, x3, z). Again,
this mode could be related to the chiral edge mode expected on the border of the
sheet.

In fact, one can argue without solving equation (4.93) that only one of the two
modes A± is normalizable. The reason is that the equation simplifies drastically close
to the string at z ∼ x2 ∼ x3 ∼ 0. It can be checked that it reduces to the flat space
one (4.53), with the two solutions (4.54), only one of which (A−) is normalizable at
the origin. Thus, there is only a left-moving or a right-moving normalizable mode.

One can derive an explicit numerical solution for this mode given particular
boundary conditions. The analysis of the equation in the asymptotic regions of
large z, x2, x3 shows that one can impose the solution to go to constant values. It
is natural to choose a zero constant at large |z|. Another boundary condition can
be imposed at z = 0, where equation (4.93) can be integrated numerically in x2, x3.
In this case, one can impose that close to the origin the solution is the flat space
one (a primitive of equation (4.54) at z = 0), and that at large |x2|, |x3| it goes to a
constant.12

With these boundary conditions, one can integrate numerically equation (4.93).
Plots representing two slices of the solution at z = 0 (the boundary condition) and
at a fixed z > 0 are reported in figure 4.7.

12This condition is the same as in flat space as well. The difference between the flat space case
and the curved one (4.93) at z = 0 is encoded in the two terms ∂x2,x3 ϕ. These are limited and
multiplied by derivatives ∂x2,x3 A±, so a constant boundary condition is still the most natural one.
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Figure 4.7. Slices of the solution for A− at z = 0 (left) and z = 5 (right). For these
plots we fixed N/16π2κ = 1 and A−(x2, x3, 0) = 1 at large |x2|, |x3|. The z = 0 slice is
almost the same as in flat space. As z increases, the solution reduces in amplitude and
eventually goes to zero at large z (as dictated by the boundary conditions).
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Chapter 5

Cosmic topological defects from
holography

In this chapter, we are going to pause our quest to find the holographic description
of the Hall droplet baryon. We will instead show how the brane setup presented in
the previous chapter, analyzed here in the deconfined phase of the WSS model (see
section 3.3), allows us to describe the so-called cosmic topological defects.

Topological defects in gauge theories often arise as remnants of phase transitions
in the early Universe [147, 148, 149, 150, 151, 146]. As a playground theory, consider
a hidden sector composed of an SU(N) gauge theory coupled with a single massless
flavor. At large-N and low energies, this theory can be effectively described by
an axion,1 which is the pseudo-Goldstone boson of the spontaneously broken axial
U(1)A flavor symmetry, as it happens in Kim-Shifman-Vainshtein-Zakharov-like
axionic models [95, 96]. This scenario, briefly introduced in section 1.4, and its
variants have been widely studied in cosmology due to their rich phenomenological
implications. In particular, the cosmological evolution of these theories often leads
to the formation of various topological defects, such as cosmic strings and domain
walls. A key feature of the model we consider is the presence of a residual vector
U(1)V symmetry, associated with the baryonic charge of the single massless flavor.

In holographic QCD models or their dark sector analogs, these defects typically
emerge from the spontaneous breaking of symmetries such as chiral or axial sym-
metries. In our context, the phase transition responsible for generating topological
defects is closely tied to the breaking of chiral symmetry. As the Universe cools
below a critical temperature, non-trivial vacuum configurations form, resulting in
the creation of the above-mentioned cosmic strings and domain walls.

The WSS model, presented in chapter 3, offers a concrete holographic framework
to study such topological defects. To mimic a single flavor SU(N) theory in a
cosmological scenario, in this chapter, we study the Nf = 1 WSS model at finite
temperature, in its deconfined phase (see section 3.3). This phase occurs at high
temperatures, analogously to the deconfinement transitions observed in Yang-Mills
theories. In this phase, the WSS model can be seen as effectively describing a

1This particle could also serve as a QCD axion or an ALP for the Standard Model, as explained
in section 1.4. Nevertheless, in our discussion, we do not take into account interactions with the
visible sector.



83

non-supersymmetric SU(N) dark gauge theory coupled with a dark flavor sector,
where the gauge fields and flavor degrees of freedom interact in a high-temperature
regime. This dark flavor sector plays a crucial role in the study of topological defects,
which form when the axial symmetry is spontaneously broken. In this model, the
scale of condensation of the extra flavor is set by the strongly coupled version of a
non-local quartic Nambu-Jona-Lasinio interaction [145]. Thus, it can have a chiral
symmetry-breaking phase in the deconfined regime. See, again, the discussion in
section 3.3.

We start from section 5.1, where we will give an overview of the cosmic defects
we are interested in: the axionic strings, the vortons, and the domain walls.

In [2], the straight axionic string of the WSS model in the deconfined phase
was described as a probe D6-brane wrapped on a four-cycle S4 of the background
geometry. The effective four-dimensional action for this string can be derived from
the DBI action of the D8-branes, whose gauge fields are sourced by the D6-brane.
This construction provides a physical interpretation for the otherwise problematic
short-distance divergence in the effective action of global cosmic strings: the D6-
brane, acting as a hard core, regularizes the small-distance behavior of the string.
We are going to show how these strings can be described from the D6-brane and the
D8-brane perspective.

In a realistic cosmological scenario, axionic strings can break and form string
loops. Moreover, when DWs are formed, they can end on cosmic strings. In this
chapter, based on [5], these objects are studied in detail as described as probe D6-
branes, wrapped on S4, with a circular boundary on the flavor branes. In particular,
it is shown that at fixed temperature, the string loop and the DW solutions are
separated by a first-order transition as their size is varied.2

Charged string loops with an angular momentum are commonly referred to as
vortons in the literature. In the scenario we are considering, the conserved charge
is associated with the baryon symmetry U(1)V , and a crucial role is played by
the Chern-Simons theory that lives on the world-volume of the wrapped D6-brane,
introduced in chapter 4 in formula (4.1). We have already seen that this is effectively
a (2+1)-dimensional U(1)N CS theory, which is famously the theory that describes
the bulk physics of the fractional quantum Hall effect. We postpone to chapter 6 the
D6-brane description of these charged objects since it can be done systematically for
various D6-brane embeddings.

Section 5.2 is devoted to studying the embeddings of the probe (uncharged)
D6-brane representing axionic topological defects. First, we focus on the straight
axionic string. Then, we study the string loop and DW embeddings considering
a D6-brane with a circular boundary on the flavor branes. We show that these
two embeddings, which are both unstable, cannot be realized for every value of the
D6-brane boundary radius but are separated by a first-order phase transition. The
critical radius for the transition depends on the temperature.

We also provide the effective, low-energy description of straight string, string
loops, and vortons, in terms of the degrees of freedom living on the flavor branes, i.e.
mesonic modes. We provide the four-dimensional effective action for the uncharged

2As we will see, these are not equilibrium configurations, so the transition is not the usual
first-order phase transition between two equilibrium phases.
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straight string and string loop. Then we turn on the electric potential on the flavor
branes. In the case of vortons, we study the stability of the defect when charged
under the baryon symmetry. The role of the vectorial U(1)V symmetry, associated
with baryonic charge, is essential for the stability properties of these defects. In
particular, the baryonic charge could prevent some decay mechanisms that would
typically collapse the defects. This will be the content of section 5.3.

5.1 Cosmic topological defects in a nutshell
Phase transitions in the early universe are expected to lead to the spontaneous
breaking of fundamental symmetries. The order parameter field responsible for
the symmetry breaking (typically a scalar field acquiring a vacuum expectation
value) takes values in the vacuum manifold of the theory. According to the Kibble
mechanism [147], after the transition, different causally disconnected regions of space
randomly settle into different vacuum states. Since the choices in separated regions
are uncorrelated, when these domains meet, the order parameter cannot, in general,
be smoothly interpolated between the different vacua. This mismatch implies that
the field configuration is forced to remain away from the vacuum manifold along
certain regions, giving rise to the so-called topological defects. The stability of these
configurations is guaranteed by the non-trivial topology of the vacuum manifold
M = G/H, with G the symmetry group and H its unbroken subgroup.
The type of defect depends on the homotopy group πn(M):

π0(M) ̸= ∅ ⇒ domain walls,
π1(M) ̸= ∅ ⇒ cosmic strings,
π2(M) ̸= ∅ ⇒ monopoles,
π3(M) ̸= ∅ ⇒ textures.

Of particular importance in cosmology are axionic strings, their charged closed
loop configurations known as vortons, and the domain walls which can be attached
to strings. These defects arise naturally in theories with an axion or an axion-like
particle and are of great interest for cosmology and dark matter phenomenology.
In the following, we will focus on the above-mentioned topological defects. The
interested reader can find out more about topological defects by looking at [146].

5.1.1 Global strings

Global strings are line-like topological defects that arise when a continuous global
U(1) symmetry is spontaneously broken. A prototypical model involves a single
complex scalar field ϕ with Lagrangian density

L = ∂µϕ
∗∂µϕ− λ

4
(
|ϕ|2 − η2

)2
, (5.1)

where η denotes the symmetry-breaking scale. Minimization of the potential shows
that the vacuum manifold is given by |ϕ| = η, which is topologically equivalent to S1.
Since π1(S1) ≃ Z is non-trivial, one expects the existence of stable string solutions
classified by an integer winding number n ∈ Z.
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To construct such a solution, it is convenient to use cylindrical coordinates
(r, φ, z) centered on the string axis. A static configuration with winding number n
may be written in the form

ϕ(r, φ) = f(r) einφ, (5.2)

where the real function f(r) represents the radial profile of the scalar condensate.
The boundary conditions are determined by regularity and finite energy requirements:
the field must vanish at the core, f(0) = 0, and approach the vacuum manifold far
from the string, f(r)→ η as r →∞. The characteristic size of the core is set by the
inverse mass of radial fluctuations, δ ∼ m−1

ϕ , with mϕ =
√
λ η.

The energy per unit length µ of the configuration (5.2) can be obtained by
integrating the energy density over the transverse plane. Far from the core, the
energy density is dominated by gradients of the Goldstone phase θ = nφ. In this
region one has |∇θ|2 = n2/r2, so that

µ ≃
∫ Rc

δ
2πr dr 1

2η
2
(
n

r

)2
= πn2η2 ln

(
Rc
δ

)
, (5.3)

where Rc is an infrared cutoff, in cosmology identified with the correlation length or
the horizon size.3 Thus, the tension of a global string diverges logarithmically with
system size, in contrast with local (gauge) strings whose energy is confined by gauge
fields [146]. This infrared divergence is the manifestation of a long-range Goldstone
boson field that mediates interactions between strings. Note that this is the behavior
we found for the vortex string tension of the holographic Hall droplet sheet (4.78).

In the early universe, global strings are formed via the Kibble mechanism during
the symmetry-breaking transition. Causally disconnected regions choose random
values of the vacuum phase, and at their intersections, stable string configurations
appear. Numerical simulations indicate that once formed, the string network evolves
toward a scaling regime in which the density of long strings per Hubble volume re-
mains approximately constant (see [152] for a recent discussion on this phenomenon).
As the network evolves, long uncharged straight strings frequently intersect and
reconnect, a process known as intercommutation. Each intercommutation event
typically leads to the formation of closed loops, which then detach from the long-
string network. These loops oscillate under their own tension and gradually lose
energy, predominantly by emitting Goldstone bosons in the case of global strings.
The continual production and decay of loops is an essential mechanism driving the
network toward the scaling regime.

In the specific case of ALP models, these Goldstone quanta are ALPs themselves,
and their emission from the string network represents a significant contribution to
the cosmic axion population.

Vortons

A particularly interesting class of string configurations arises when charge/currents
are trapped on cosmic strings. In theories where additional fermionic or bosonic

3Note that the small distance cutoff can only be defined inside the effective field theory (5.1),
and it does not know anything about the UV completion of that theory. This limitation is overcome
in the holographic model, as we have already seen in chapter 4, since the small distance cutoff is
associated with the presence of an “hard core”, i.e. the D6-brane.
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fields couple to the string-forming scalar, massless modes may localize along the
string core. These modes can carry conserved charges and currents, endowing the
string with additional degrees of freedom. If a closed loop of superconducting string
is formed, the presence of such currents can stabilize the loop against collapse, giving
rise to non-trivial objects known as vortons.

The simplest way to see this is to consider a circular string loop of radius l
carrying a conserved charge Q and current I. The energy of the loop receives two
competing contributions: on the one hand, the string tension µ tends to contract
the loop, producing an energy ∼ µ l; on the other hand, the momentum of charge
carriers trapped on the string generates a centrifugal effect, which resists contraction.
The total energy of the loop can be schematically written as

E(l) ≃ µ l + Q2

l
. (5.4)

The first term decreases with decreasing l, while the second term grows as the loop
shrinks. As a consequence, the energy has a minimum at a finite equilibrium radius

lstable ∼
Q
√
µ
, (5.5)

indicating the possibility of a stable configuration. Such an equilibrium loop is what
is called a vorton in the literature.

The existence and stability of vortons depend on the microphysics of the un-
derlying theory, and it has been the focus of extensive literature, with renewed
interest in recent years (see e.g. [151, 153, 154, 155, 156, 157, 158, 159]). These
studies argue that charged fermions present on the string can exert pressure to
counteract shrinking, potentially leading to stable configurations. Typically, vortons
are considered charged under electromagnetic symmetry, and their decay into Stan-
dard Model particles often destabilizes them. From a cosmological perspective, the
possible survival of a significant vorton population has important implications. A
stable population of macroscopic4 vortons behave like non-relativistic matter and
can easily dominate the energy density of the universe if produced abundantly in
the early phases of string network evolution. This can lead to stringent cosmological
constraints: the absence of vorton observations today excludes large regions of
parameter space in models predicting vortons. On the other hand, if vortons are
only metastable, their eventual decay provides a potential source of high-energy
particles or radiation, which could also be constrained observationally.

5.1.2 Domain walls

Domain walls are sheet-like topological defects that arise when a discrete symmetry
is spontaneously broken. Consider a real scalar field ϕ with potential

V (ϕ) = λ

4
(
ϕ2 − η2

)2
, (5.6)

4Macroscopic vortons are intended as string loops with a radius which is not parametrically
small with respect to the parameters of the theory. However, the vorton stability radius can be
set to be very small. In such a case, they behave like point particles, and there is no associated
cosmological problem.
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which is invariant under ϕ→ −ϕ. The vacuum manifold in this case consists of two
disconnected points, ϕ = ±η. Since the zeroth homotopy group of this manifold is
non-trivial, i.e. π0({±η}) ≃ Z2, stable domain wall solutions exist that interpolate
between the two vacua.

The field configuration of a static planar wall, lying for instance in the xy-plane,
depends only on the coordinate z transverse to the wall. Solving the Euler–Lagrange
equation for ϕ(z) yields the kink solution

ϕ(z) = η tanh
(
m√

2
z

)
, (5.7)

where m =
√
λ η is the scalar mass. This profile smoothly interpolates from ϕ = −η

at z → −∞ to ϕ = +η at z → +∞, with characteristic thickness δ ∼ m−1. The
surface energy density (or tension) of the wall σ is obtained by integrating the energy
density across the profile,

σ =
∫ ∞

−∞
dz

[
1
2

(
dϕ

dz

)2
+ V (ϕ)

]
= 2
√

2
3 λ1/2 η3. (5.8)

In cosmology, domain walls are produced when a discrete symmetry is broken in
the early universe. Different Hubble patches choose different vacuum states, and the
boundaries between regions of opposite sign of ϕ become domain walls. Networks of
walls are therefore a generic outcome of such transitions. However, domain walls
present a serious cosmological problem: their energy density redshifts much more
slowly than radiation or matter. A frustrated domain wall network quickly comes to
dominate the energy density of the universe, leading to an unacceptable cosmology
unless the walls are somehow destabilized or inflated away. This is the well-known
“domain wall problem” [160, 161, 148].

In the QCD axion case, the Peccei–Quinn mechanism breaks a global U(1)PQ sym-
metry, leading initially to axionic strings. At lower temperatures, non-perturbative
QCD effects generate a periodic potential for the axion, as we have seen in (1.45),

V (a) ≈ m2
af

2
a

[
1− cos

(
a

fa

)]
, (5.9)

which selects discrete vacua a = 2πkfa/NDW, where k is an integer, and NDW is
the domain wall number determined by the color anomaly of the PQ symmetry.
Each string in the network then becomes attached to NDW domain walls, forming a
string-wall system. The cosmological consequences depend crucially on the value
of NDW. For NDW = 1, each string is attached to a single wall, and the wall
bounded by string quickly collapses and decays, producing axions. For NDW > 1,
however, strings are attached to multiple walls, leading to a stable and long-lived
network which inevitably dominates the universe, unless explicitly broken by small
PQ-violating operators. Thus, viable QCD axion models typically require NDW = 1
or an equivalent mechanism to avoid the domain wall problem.

As we have seen in 1.4, axion-like particles are pseudo-Nambu-Goldstone bosons
arising from the breaking of global U(1) symmetries not tied to QCD. Their potential
behaves as the QCD one (5.9), and is generated by higher-energy explicit breaking
effects. The vacuum structure is then a = 2πkfa/NDW, with NDW determined by
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the structure of the breaking operator. As for the QCD axion, phenomenological
ALP scenarios typically enforce NDW = 1 to remain cosmologically viable.

Domain walls therefore occupy a central role in the cosmology of axions and
other theories with discrete symmetry breaking. They not only constrain model
building through the requirement of a consistent late-time cosmology, but also act
as efficient sources of axion radiation during their decay, contributing significantly
to the relic axion abundance.

In our holographic construction, the condition NDW = 1 is automatically realized
as it happens in Kim-Shifman-Vainshtein-Zakharov-like ALP models. The extra
flavor condenses at a scale fa much bigger than the confinement scale due to e.g.
quartic Nambu-Jona-Lasinio-like interactions or some other mechanism preserving
NDW = 1.

5.2 D6-brane description of the defects
In this section, we study the various D6-brane embeddings that could holograph-
ically describe axionic topological defects, such as the straight axionic string, the
axionic string loop, and the axionic DW. In the usual cosmological scenarios, the
axionic DWs arise in the confined phase of a QCD-like theory, around the confine-
ment/deconfinement transition, and they are not present at higher temperatures. In
our model, DWs can be formed earlier, leading to a novel cosmological feature that
can have interesting phenomenological consequences. In particular, DWs charged
under the baryon symmetry can form in the early Universe and be (meta)stable,
leading to new candidates of dark matter, recently predicted in [2] as axionic-baryons
(a-baryons).

We will start by presenting the D6-brane embedding associated with the straight
axionic string [2]; then, we will study the D6-brane embeddings that describe the
axionic string loop and the axionic DW [5]. Surprisingly, these last two embeddings
cannot always be realized, but there is a first-order phase transition between the two
depending on the radius of the string loop/DW at the tip of the U-shaped D8-branes.
As far as we know, this phase transition has not been investigated in the literature.

We have already introduced in chapter 4 the presence of a D6-brane wrapped on
the background S4 of the Witten background. A key feature of this object is the
presence of a U(1)N Chern-Simons theory on its world-volume. This comes from
the CS term of the D6-brane, which does not depend on the specific background
metric we are considering

1
8π2

∫
C3 ∧ da ∧ da = 1

8π2

∫
F4 ∧ a ∧ da = N

4π

∫
a ∧ da , (5.10)

where a is the D6-brane gauge field and we have used
∫
S4 F4 = 2πN .5

In this section of the chapter, we will turn off the D6-brane gauge field. This
will correspond to describing uncharged topological defects. As already said in the
introduction to this chapter, the charged version of these topological defects will be
studied in detail in chapter 6.

5As in the previous chapter, we neglect the boundary term in the integration by parts.
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Figure 5.1. The D6-brane embedding for the straight axionic string is presented from the
Minkowski space point of view (left) and in the (x4, u) cylinder sub-space (right). The
D6-brane is attached to the D8-brane tip and it ends on the horizon.

5.2.1 Straight axionic string embedding

The straight axionic string can be described holographically by a D6-brane wrapping
S4, attached to the tip of the U-shaped D8-brane, ending on the black-hole horizon.
In analogy with the Hall droplet sheet, this represents the “hard core” of the axionic
string. The D6-brane is also extended along, say, the x1-coordinate of Minkowski
space. See figure 5.1 for a pictorial representation. The D6-brane, in general,
could have a non-trivial profile say in the (x2, u)-plane6 and it is described by the
embedding function x2 = x = x(u). The induced metric on the D6-brane reads

ds2
D6 =

(
u

R

)3/2
[
−fT (u)dt2 + dx2

1 +
(
x′(u)2 +

(
R

u

)3 1
fT (u)

)
du2

]
+R3/2u1/2dΩ2

4 ,

where x′(u) = dx/du. The DBI action for the D6-brane with the world-volume
gauge field switched off is

SDBI
D6 = −T6V4R

3Vx1

gs

∫
dtdu u

√
1 +

(
u

R

)3
fT (u)x′(u)2 = V4Vx1

∫
dtduL ,

where L = −T6R
3

gs
u

√
1 +

(
u

R

)3
fT (u)x′(u)2 . (5.11)

The Euler-Lagrange equation for the profile x(u) reads

x′′(u) + 5u3 − 2u3
T

2R3u
x′(u)3 + 4u3 − u3

T

u(u3 − u3
T )
x′(u) = 0 , (5.12)

and admits x′ = 0 as a solution. This is referred to as the straight axionic string
configuration (saxs).

The tension of the straight axionic string can be easily computed as

SDBI
D6 = Tsaxs

∫
dt dx1,

6Of course, one could equivalently consider the x3 direction or both.
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In the language of chapter 4, this is the tension of the hard core of the axionic string
Thard. Explicitly, it reads

Tsaxs = T6V4R
3

gs

u2
J − u2

T

2 ≃ λ2N

3 · 26π3
T 4
a

M2
KKc

4
a

[
1− 28π4c4

a

34
T 4

T 4
a

]
, (5.13)

where
ca ≃

0.154
JT (b̃)

. (5.14)

The tension grows as the temperature T drops towards Tc and it reaches its
maximum in the supercooling regime T → 0. The thickness δhard of this core is
provided by the brane thickness, which is roughly the local string length scale and
has its largest value at uT , giving

δhard ∼
T

1/2
c

λ1/2T 3/2 . (5.15)

Note that the (inverse) thickness is naturally set by the temperature scale T , rather
than the scale of symmetry breaking Ta as commonly assumed in the literature
for axionic strings. This is because the transverse size of the D6-brane, as seen by
the theory on the boundary (where it represents the axionic string), depends on
the holographic direction. Objects localized at uJ have a smaller size than objects
localized at uT . Since the string is really a brane stretched from uJ to uT (see
figure 5.1), its maximal transverse size is set at uT , giving formula (5.15). Only its
portion close to the D8-brane would have size set by uJ , giving a thickness set by
the symmetry breaking scale as δ ∼ T 1/2

c λ−1/2T
−3/2
a .

5.2.2 Axionic string loop & axionic domain wall embeddings

The axionic string loop and the axionic domain wall configurations correspond
to two different profiles of a D6-brane, wrapped on S4, ending with a circular
boundary of radius l (say in the (x1, x2) plane) at the tip of the U-shaped D8-brane.
The two profiles correspond to two different solutions for the embedding function
ρ =

√
x2

1 + x2
2 = ρ(u) satisfying the boundary condition l = ρ(uJ). The induced

metric on the D6-brane now reads

ds2
D6 =

(
u

R

)3/2
[
−fT (u)dt2 + ρ2(u)dψ2 +

(
ρ′(u)2 +

(
R

u

)3 1
fT (u)

)
du2

]
+R3/2u1/2dΩ2

4 ,

where ρ′(u) = dρ/du and the (x1, x2) plane has been expressed in terms of polar
coordinates (ρ, ψ). The DBI action then reads

SDBI
D6 = −C

∫
dtdu ρ(u)u

√
1 + u3

R3 fT (u)ρ′(u)2 = −C
∫
dtdu ρ(u)uD0(u) , (5.16)

where

D0(u) =

√
1 + u3

R3 fT (u)ρ′(u)2 , (5.17)
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and
C ≡ T6

gs
R32πV4 = N

3(2πα′)2 = 1
3 · 24π2

λ2N

M2
KKR

6 . (5.18)

The Euler-Lagrange equation for ρ(u) derived from the action above

∂u

(
u ρ(u)
D0(u)

(
u

R

)3
fT (u)ρ′(u)

)
= uD0(u) , (5.19)

has to be solved numerically and turns out to admit (at least) two solutions: one
which describes a D6-brane that extends from u = uJ to the horizon u = uT (see
figure 5.2); another which gives a D6-brane profile going from uJ to some intermediate
coordinate uE(> uT ) at which the configuration shrinks to zero size (see figure 5.3).
The first possibility corresponds to an uncharged axionic string loop while the second
one describes an uncharged axionic domain wall ending on a string loop. It is
important to notice that, due to the absence of a charge which might counterbalance
the tension of these objects, both configurations are, not unexpectedly, unstable. In
fact, for both of them, it turns out that

ρ′(uJ) ̸= 0 , (5.20)

which means that the D6-brane does not end orthogonally to the D8, as it would be
required by the zero-force condition.7

As we will see, at any fixed value of b̃ = uT /uJ in the chiral symmetry broken
phase, the string loop configuration exists only for some l ≥ lMIN, while the domain
wall exists only for l ≤ lMAX, where lMIN, lMAX are critical values for the D6-brane
radii at the tip of the U-shaped D8-brane. This suggests the possible occurrence of a
“phase transition” between the two configurations.8 As we will see, this is the case.

In order to find a numerical solution of (5.19) we adopt dimensionless coordinates,
rescaling

ρ = Lρ̂ , u = uJ û . (5.21)

Dropping the hats for simplicity and using (3.118) the action can be rewritten as

SDBI
D6 = −Cu2

JL
∫
dtdu ρ(u)u D̂0(u) ,

D̂0(u) ≡
√

1 + JT (b̃)2fT (u)u3ρ′(u)2 , fT (u) = 1− b̃3

u3 , (5.22)

and the equation for ρ(u) reads

JT (b̃)2∂u

(
u4 ρ(u)
D̂0(u)

fT (u)ρ′(u)
)
− u D̂0(u) = 0 . (5.23)

7From equation (5.19) it follows that if we impose ρ′(uJ) = 0, we get ρ′′(uJ) > 0 which implies
that uJ is a local minimum for the radius ρ(u). This is opposite to the behavior of the unstable
solutions shown in figures 5.2 and 5.3.

8Here and in the following we will loosely use the term “phase transition” although, properly
speaking, this should be referred to transitions between phases that are stable on certain domains
at equilibrium, while our uncharged configurations are unstable.
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Figure 5.2. Pictorial representation of the D6-brane embedding describing holographically
the axionic string loop. The D6-brane has a radius l at u = uJ where it is attached to
the D8-brane, while it ends on the horizon with a non-trivial profile.

Figure 5.3. Pictorial representation of the D6-brane embedding describing the axionic
domain wall ending on a string loop. The domain wall has a radius l at u = uJ where it
is attached to the D8-brane, and it shrinks to zero size at u = uE , with uT < uE < uJ .
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The free energy of a D6-brane configuration solving the above equation reads

ED6 = Cu2
JL

∫ 1

u∗
du ρ(u)u D̂0(u) = λ2N

3 · 26π2
JT (b̃)4T 3

a

(0.154)3M2
KK

∫ 1

u∗
du ρ(u)u D̃0(u) .

(5.24)
The integral over u runs from u∗ = b̃ for the string loop solution and from u∗ = uE/uJ
for the domain wall one.

String loop solution

Examining equation (5.23), we can immediately notice that a cylindrical-shaped
string loop solution, satisfying ρ′(u) = 0 for every u, does not exist. This does not
mean that the D6-brane cannot end at the horizon. It does, but with a non-trivial
shape that we are going to determine. Since the D6-brane ends at the horizon, we
must carefully choose the boundary conditions there. We use a series expansion to
give initial values for the solution and its first derivative at the horizon.9 We insert
in equation (5.23) the regular expansion

ρ(u) =
Nb∑
n=0

cn(u− b̃)n , (5.25)

with Nb = 6 and we expand it around u = b̃. All the coefficients cn are determined
given c0, which is the non-zero radius at the horizon. For example, the first coefficients
of the expansion are

c1 = 1
3b̃JT (b̃)2c0

, c2 = −1 + 18b̃JT (b̃)2c2
0

72b̃4JT (b̃)4c3
0

, ...

This series expansion is consistent with the D6-brane entering orthogonally at the
horizon. This can be better seen switching to Euclidean space: regularity of the finite
temperature WSS background metric (3.115) around u = uT is immediately realized,
after the condition (3.116) is imposed, by introducing the coordinate v ∼

√
u− uT ,

which renders the metric in the sub-space (tE , v) explicitly flat. In terms of this
coordinate, the near-horizon equation for the embedding reads

(v − ρ(v)ρ′(v))(1 + ρ′(v)2) = vρ(v)ρ′′(v) . (5.26)

The orthogonality condition

ρ(v = 0) ̸= 0 , ρ′(v = 0) = 0 , (5.27)

is consistently realized by the series expansion (5.25).
The corresponding solution describes the string loop configuration that ends at

the horizon, realizing the axionic string loop in the (3+1)-dimensional Minkowski
space. A particular numerical solution with c0 = 1 and b̃ = 0.1 is presented in
figure 5.4. A numerical study of the solutions leads us to observe that for each
value of b̃, we cannot reach an arbitrarily small radius l at uJ . Therefore, the string
loop configuration, at fixed b̃, does not exist for arbitrarily small radii l. Another
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Figure 5.4. Revolution plot around the û axis of the non-trivial embedding ρ(u) describing
the string loop configuration, for b̃ = 0.1 and c0 = 1. The u variable runs from the
horizon b̃ = 0.1 to the D8-brane tip at û = 1.
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(a) Plot of the D6-brane free energy in
the string loop phase for b̃ = 0.1.
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(b) The red points represent values of
the D6-brane free energy for b̃ = 0.1,
while the blue line is a fit with a linear
function.

Figure 5.5. Plots of the D6-brane free energy in the string loop phase as a function of l
and the fit with a linear function for b̃ = 0.1.

observation is that for large values of the radius at the horizon (c0), the radius l is
almost equal to c0, so we have a quasi-cylinder configuration.

The free energy (5.24) of the string loop configurations at fixed b̃ turns out to
be linear in l, as expected by the scaling of their tension with the length. This can
be seen, for instance, from the plots in figures 5.5a and 5.5b, where the free energy
at b̃ = 0.1 is given in units of Cu2

JL. Figure 5.5b shows the fit of the energy with a
linear function of l. Several values of the energy as a function of l (the red dots) are
well approximated by the linear function y(l) = c l with c ≈ 0.7 for b̃ = 0.1 (the blue
line). We have checked that this linear behavior persists also for other values of b̃.

Sandwich defects

Before discussing the DW solution, we mention another possibility for the axionic
string and string loop solutions. We have seen that the D6-brane in figures 5.1 and
5.2 has a boundary on the D8-brane and terminates at the horizon. However, the
D6-brane can extend from two different flavor branes as in figure 5.6. The second

9In our numerics, we employ a cutoff at the horizon of ϵ = 10−4.
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Figure 5.6. Straight axionic string and string loop configurations between two types of
D8-branes. The D6-brane does not terminate at the horizon but has two boundaries
attached to the two flavor branes.

flavor brane can be thought of as another dark flavor that condenses at a temperature
T ′
a set by uK (the radial variable of the tip of the corresponding D8-brane), distinct

from Ta. Analogously, if we consider the confined phase of the theory, the second
flavor brane can represent a QCD flavor. We have such a possibility because the
asymptotic separation between a D8-brane and a D8-brane L, of a given flavor, is
a free parameter in the model, and hence we can tune L to get the desired Ta at
which the chiral symmetry is broken. This “sandwich” structure has been studied in
the literature [41, 42, 162, 163], in particular between topological defects composed
of the axion and the η′ field, realizing composite objects of dark excitations and
Standard Model excitations, leading to interactions between the two sectors.

We will come back to these sandwich defects in chapter 6 where their charged
(under the baryonic U(1)) version will be investigated in detail in both phases of the
WSS model.

Domain wall solution

The domain wall configuration is a solution of the equation of motion (5.23) with
boundary conditions: ρ(uE/uJ) = 0 and ρ′(uE/uJ) =∞, i.e. the wall closes smoothly
at uE . Notice that the equation depends only on b̃ so, once we have fixed it, by
choosing the value of the holographic coordinate uE , the value of the radius l = ρ(uJ)
is determined. A particular solution for b̃ = 0.1 is presented in figure 5.7. For a
given value of b̃, no matter which value of uE we pick, the radius l will be limited
from above. We cannot get arbitrarily big radii l if we want the configuration not to
reach the horizon.

The free energy (5.24) of the domain wall configuration shows the following



5.2 D6-brane description of the defects 96

Figure 5.7. Revolution plot around the û axis of the non-trivial embedding ρ̂(û) describing
the domain wall configuration for b̃ = 0.1. The û coordinate runs from uE/uJ = 0.35,
where the D6-brane has its tip, to the D8-brane tip at û = 1.
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Figure 5.8. The D6-brane free energy of the domain wall configuration as a function of l is
plotted for b̃ = 0.1.

features. In figure 5.8 we examine it (in units of Cu2
JL) for b̃ = 0.1. For large values

of l, the energy scales linearly with l (as the energy of the string loop configuration),
while for small l, the energy scales quadratically with l. Figure 5.9a shows the
analysis of the D6-brane energy for small radii l. A fit of the energy with a second-
degree polynomial is shown in figure 5.9b. We see that a set of values of the energy
at a given l (the red dots) are well-approximated by the parabolic curve p(l) = a l2

with a ≈ 0.5 for b̃ = 0.1 (blue line).
The reason for this behavior is that at small radii the D6-brane is close to the

D8-brane and very flattened, so the energy is coming from a disk shape of almost
constant tension. Instead, for large radii the D6-brane has a region where the
embedding is almost vertical in the u direction (resembling a string configuration)
before turning inside to close near to the horizon, where its tension is small; so its
energy is dominated by its string-like portion. In other words, from the holographic
QFT dual point of view, the tension of the domain wall is reduced in the region far
from the string at its boundary. So at large radii, the string dominates the energy,
while at small radii the DW world volume is never far from the string, the tension is
never small and the whole world volume contributes to the energy.
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(a) Plot of the D6-brane free energy in
the domain wall phase for small l and
b̃ = 0.1.
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(b) The red points represent values of
the D6-brane free energy for b̃ = 0.1,
while the blue line is a fit with a
parabolic function.

Figure 5.9. Plots of the D6-brane free energy in the domain wall phase as a function of l
and the fit with a parabolic function for small l and b̃ = 0.1.

Analysis of the first-order phase transition

In this section, we analyze the competition between the two configurations studied
above. As we said, for the string loop solution, the asymptotic radius l is limited
from below, while for the domain wall, l is limited from above. We can therefore
compute the minimal allowed radius for the string loop phase and the maximal
allowed radius for the domain wall phase as functions of b̃ and compare them. The
result is shown in figure 5.10 where the blue line is the minimal allowed radius for
the string loop configuration lMIN, while the red line is lMAX, the maximal radius
allowed for the domain wall configuration. At a given value of b̃, for l < lMIN only
the DW phase exists, while for l > lMAX only the string loop one is present. Inside
the yellow region, lMIN < l < lMAX, both phases coexist.

In the small region where the two phases compete, we can compare the free
energies of the associated configurations using (5.24). The results are shown in figure
5.11. The plot in figure 5.11a shows the energy of the DW solution (in blue) and the
string loop (in red) configurations. For small l the DW phase is less energetic, while
for bigger values of l, the string loop phase is less energetic. Despite the difference in
energy (see figure 5.11b) being very small, it shows the characteristic behavior of a
first-order phase transition, whose occurrence is ubiquitous in holographic scenarios
like the one presented in this work. Even if this analysis refers to the model at
temperature b̃ = 0.4, the results apply to every value of b̃.10

All in all, in the yellow region of figure 5.10 where both phases are allowed, we
find that there is a critical radius lcritical such that for l < lcritical the DW phase
dominates while for l > lcritical the string loop phase dominates over the DW one.
The value of lcritical depends on b̃, and it is the critical value at which the system
exhibits a first-order phase transition. We can compute numerically lcritical as a
function of b̃ and the result is shown in figure 5.12a and in figure 5.12b where the
critical radius is plotted together with lMIN and lMAX.

10The behavior of this energy difference with the temperature is not trivial, but instead grows if
b̃ grows.
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Figure 5.10. The blue line is the minimal allowed radius lMIN for string loop configuration,
while the red line is lMAX, the maximal radius allowed for the domain wall configuration.
Both are functions of b̃. At a given value of b̃, for l < lMIN only the DW phase
exists, while for l > lMAX only the string loop one is present. Inside the yellow region,
lMIN < l < lMAX, both phases coexist.
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Figure 5.11. Analysis and comparison of the free energy balance in the string loop and
DW phases for b̃ = 0.4.
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(a) Plot of lcritical as a function of b̃ with
b̃ ∈ (0.05, 0.7).
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(b) Plot of lcritical, lMAX and lMIN as a
function of b̃ with b̃ ∈ (0.05, 0.7).

Figure 5.12. Plot of the critical radius as a function of b̃ with the comparison with lMAX
and lMIN.

We can also describe the evolution of the system by varying b̃, or in other words,
the temperature of the background. Given an intermediate value of l, looking at
figure 5.12b, we can start, for example, at a very high temperature (we are thinking
about the thermal evolution of an expanding Universe), corresponding to very high b̃,
where only the string loop phase exists. The D6-brane cannot close off, realizing the
DW configuration, because the horizon is very close to the D8-brane tip. Then, as
the temperature is reduced, we enter the yellow region, where the DW configuration
exists but the string loop phase still prevails until we reach lcritical. A first-order phase
transition occurs, and the DW phase starts to dominate because it is energetically
favored. Eventually, by lowering the temperature further, we exit the competing
region, and only the DW configuration remains from now on. That is, in the thermal
history of this theory, string loops produced during the chiral symmetry-breaking
phase transition can survive up to the confinement phase transition only if they are
very large and do not have the time to decay significantly (a phenomenon which
reduces their size); in the other cases, reached a certain temperature they undergo a
transition where a DW forms inside the loop.

5.3 D8-brane description of the defects
In this section, we study the charged axionic string and the charged string loop
configurations, i.e. the vorton, from the point of view of the D8-brane world-volume
theory. The latter provides the description of the strings in terms of mesonic degrees
of freedom, which are dominated by the (light) axion. Using the vocabulary of the
previous chapter, i.e. chapter 4, this constitutes the soft shell description of these
cosmic defects as it was for the vortex string.

The analysis of the D8-D6 setup in the WSS model involves the action (3.126)
and (3.127) for the U-shaped D8-branes and the action SC7 for the C7 RR form in
the presence of a localized D6-brane source. We recall that the latter reads

SC7 = − 1
4π (2πls)6

∫
dC7 ∧ ⋆dC7 + 1

2π

∫
C7 ∧

F√
2
∧ ω1 +

∫
C7 ∧ ω3 , (5.28)
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where F is the U(1) gauge field on the D8-brane and ω1 and ω3 are, respectively,
the differential forms representing the D8-brane and the D6-brane embeddings in
the ten-dimensional spacetime.11

As in the previous sections of this chapter, we consider a D6-brane which wraps
the internal background S4 and is extended along the holographic coordinate u and
one Minkowski coordinate.

The equation of motion for C7 deduced from (5.28) leads to a violation of the
Bianchi identity for the D8-brane gauge field. The computation of the Bianchi
identity reads the same as the one we have seen in section 4.3, so we just give the
result depending on the D6-brane embedding we are considering. In particular, if, as
in section 5.2.1, the boundary of the D6-brane attached to the tip of the U-shaped
D8-brane is a straight line along, say, the x1 direction, then the non-trivial Bianchi
identity reads

dF = −2π
√

2 δ(x2)δ(x3)δ(z)dx2 ∧ dx3 ∧ dz , (5.29)

being z the holographic coordinate as defined in the finite temperature WSS back-
ground in (3.128). This setup will be investigated in section 5.3.1. First, we will
find a full solution for the uncharged axionic string following what has been done
for the vortex string in 4.3. Then, we turn on an U(1)V charge on the string. This
corresponds to turning on an electric potential At on the flavor brane. In this case,
we will find solutions to the equations of motion for the gauge field A in various
regions of the spacetime, and then we glue them together following [165].

If the boundary of the D6-brane is, as in section 5.2.2, a circular loop of radius l
in the Minkowski subspace (x1, x2), then the Bianchi identity becomes

dF = −2π
√

2 δ(ρ− l)δ(x3)δ(z)dρ ∧ dx3 ∧ dz , (5.30)

where ρ =
√
x2

1 + x2
2 . We are going to focus on this setup in sections 5.3.2 and 5.3.3.

For this configuration, we will study the solutions of the Maxwell-Bianchi problem
for the D8-brane gauge field in various steps. First of all, we will look for a solution
near the tip of the D8-brane, where the induced metric, in the subspace transverse
to S4, behaves effectively as a five-dimensional flat metric. This analysis aims to
study the system with a non-zero baryon charge and to extract the stability radius
lstable due to Coulomb repulsion mediated by the CS term. Then we will move to
the asymptotic region where we can solve exactly the equations of motion if the
electric potential is turned off; in the presence of the electric potential, we will find
linearized solutions following the procedure outlined in [165].

5.3.1 The straight axionic string solution

In this section, we analyze the equations of motion for the D8-brane gauge field on
the curved background (3.115). The D6-brane represents a magnetic source

dF = −2π
√

2 δ(x2)δ(x3)δ(z)dx2 ∧ dx3 ∧ dz , (5.31)
11In the deconfined phase, the contribution from the on-shell action of the C7 RR form is zero.

See [164] for details. In the confined phase, this term is not zero, and the authors considered its
contribution in [1] to study a similar D6-D8-brane system.
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associated with the presence of a straight axionic string in the dual QFT picture. We
start by turning off the electric potential and solving exactly the Maxwell-Bianchi
system in the curved background.

The symmetries of the string configuration allow us to turn on only three field
strength components: Fx2x3 , Fx3z, and Fx3z. The associated action for this field
configuration can be easily read from (3.129)

SDBI
D8 =− 3T8V4R

3/2u
3/2
J (2πα′)2

8gs

∫
d4x dz

{
k3/2(z)
|z|

√
γT (z)fT (z)

[
F 2
x2z + F 2

x3z

]
+ 4R3

9uJ
|z|

k5/6(z)

√
fT (z)
γT (z) F

2
x2x3

}
,

where we have used the equation (3.128).
Following the computations of chapter 4, can employ the following ansatz for

the field strength components

Fx2x3 = 9uJ
4R3

k5/6(z)
|z|

√
γT (z)
fT (z) ∂zHT , (5.32)

Fx3z = |z|
k3/2(z)

∂x2HT√
fT (z)γT (z)

, (5.33)

Fx2z = − |z|
k3/2(z)

∂x3HT√
fT (z)γT (z)

. (5.34)

This ansatz solves automatically the equation of motion coming from the brane
action. The Bianchi identity leads to the following differential equation for HT

− 2π
√

2 δ(x2)δ(x3)δ(z) = ∂x2Fx3z + ∂zFx2x3 − ∂x3Fx2z =

= |z|
k3/2(z)

√
fT (z)γT (z)

[
∂2
x2HT + ∂2

x3HT

]
+ 9uJ

4R3∂z

(
k5/6(z)
|z|

√
γT (z)
fT (z)∂zHT

)
.

HT is an unknown function which we are going to determine by imposing the Bianchi
identity (5.31). This is the finite-temperature analog of the function H defined in
(4.62). Following the definition (4.62) of H, we look for a solution by series such as

H(T )(x2, x3, z) =
∞∑
n=0

ζ(T )
n (0)ζ(T )

n (z)Y (T )
n (x2, x3) , (5.35)

where the center of mass moduli (X2, X3, Z) are taken to be zero for simplicity.
Then, the Bianchi identity becomes

∞∑
n=0

ζ(T )
n (0)

[ 9uJ
4R3

Y
(T )
n

ρ
∂z

(
k5/6(z)
|z|

√
γT (z)
fT (z)∂zζ

(T )
n (z)

)
+

+ |z|ζ(T )
n (z)

k3/2(z)
√
fT (z)γT (z)

(
∂2
x2 + ∂2

x3

)
Y (T )
n

]
= −2π

√
2 δ(x2)δ(x3)δ(z) .
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This is solved by the following infinite set of equations

∂z

(
k5/6(z)
|z|

√
γT (z)
fT (z)∂zζ

(T )
n (z)

)
+ |z|
k3/2(z)

√
fT (z)γT (z)

λ(T )
n ζ(T )

n (z) = 0 , (5.36)

(
∂2
x2 + ∂2

x3

)
Y (T )
n − 9uJ

4R3Y
(T )
n = −2π

√
2 δ(x2)δ(x3) , (5.37)

supported by the completeness condition
∞∑
n=0

|z|
k3/2(z)

√
fT (z)γT (z)

ζ(T )
n (0)ζ(T )

n (z) = δ(z) , (5.38)

satisfied by the functions ζn with orthonormality condition given by

∫ +∞

−∞
dz

|z|
k(z)3/2

ζ
(T )
n (z)ζ(T )

m (z)√
fT (z)γT (z)

= δnm . (5.39)

We have numerically solved the first set of equations (5.36), determining the eigen-
values λ(T )

n , by requiring that the derivatives of the functions ζ(T )
n vanish at z → ±∞

for n > 0, so that they are orthogonal to the even part of the zero-mode ζ(T )
0 , which

is just a constant given by

ζ
(T )
0 =

(∫ +∞

−∞
dz

|z|
k(z)3/2

1√
fT (z)γT (z)

)−1/2

. (5.40)

The eigenvalues of the first even modes computed at b̃ = 0.1 from (5.36) are

λ(T )
n = 0, 2.11, 6.20, 12.31, 20.43, 30.59, ... (5.41)

In general, the eigenvalues λ(T )
n and the solutions ζ(T )

n are the finite-temperature
version of λn and ζn found in the previous chapter for the vortex string. They
depend on the temperature, which is encoded in b̃. However, this dependence is very
weak and hence the λ(T )

n ’s and the ζ(T )
n ’s profile are approximately constant with b̃.

We have checked that the numerical solutions form a complete set according to
(5.38). Notice that since the functions ζ(T )

n have definite parity, so that ζ(T )
n (Z =

0) = 0 for odd parity, the function H(T ) is even in z.
The solution for the modes Y (T )

n looks formally identical to the one for the modes
Yn at zero temperature: the differential equation for Y (T )

n (5.37) is the same as the
differential equation for Yn (4.63) with the replacement λn → λ

(T )
n 9uJ/(4R3). As

long as λ(T )
n ̸= 0, the equation (5.37) is solved by

Y (T )
n (r) =

√
2K0

(√
9uJ
4R3λ

(T )
n r

)
, n > 0 , (5.42)

where we have introduced the radius r =
√
x2

2 + x2
3, as in chapter 4. For λ(T )

0 ≡ 0,
the solution is again the logarithm function (4.68), where the constant solution has
been set to zero.
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We can now write the on-shell D8-brane action

SDBI
D8 = −κJ2

∫
d4x dz

{
k3/2(z)
|z|

√
γT (z)fT (z)

[
F 2
x2z + F 2

x3z

]
+

+ 4R3

9uJ
|z|

k5/6(z)

√
fT (z)
γT (z) F

2
x2x3

}
=

= −κJ2

∞∑
n=0

∞∑
m=0

ζ(T )
n (0)ζ(T )

m (0)
∫
d4x dz

{ |z|
k3/2(z)

ζ
(T )
n (z)ζ(T )

m (z)√
γT (z)fT (z)

(
∂rY

(T )
n

)2
+

+ 9uJ
4R3

√
γT (z)
fT (z)

k5/6(z)
|z|

∂zζ
(T )
n (z)∂zζ(T )

m (z)Y (T )
n Y (T )

m

}
=

= −κJ2

∞∑
n=0

(
ζ(T )
n (0)

)2 ∫
d4x

{(
∂rY

(T )
n

)2
+ 9uJ

4R3λ
(T )
n

(
Y (T )
n

)2
}
,

where we have introduced the constant

κJ = λN

26π3MKK

(
uJ
R3

)3/2
. (5.43)

We define
Ỹ (T )
n (r) =

√
κJ ζ

(T )
n (0)Y (T )

n (r) , (5.44)

and we get the canonically normalized action

SDBI
D8 = −1

2

∞∑
n=0

∫
d4x

{(
∂rỸ

(T )
n

)2
+ 9uJ

4R3λ
(T )
n

(
Ỹ (T )
n

)2
}
.

Note that this global string effective action is rigorously derived from the fundamental
theory; it is not postulated. It can be seen as the global string analog of the chiral
Lagrangian coupled to an infinite tower of massive mesonic modes.

We can extract the tension of the soft part of the axionic string from the action
evaluated on-shell on the solution

Tsoft = λN

26π3MKK

(
uJ
R3

)3/2 ∫ ∞

0
dr

{(
ζ

(T )
0 (0)

)2 1
r

+ (5.45)

+ r
9uJ
4R3

∞∑
n=1

(
ζ(T )
n (0)

)2
λ(T )
n

[
K2

0

(√
9uJ
4R3λn r

)
+K2

1

(√
9uJ
4R3λn r

)]}
.

The divergence of the tension at the location of the string (r = 0) should be cut off
by the hard core scale δhard in (5.15). In fact, the quadratic effective theory on the
world-volume of the D8-brane is not suitable to describe the string core. For example,
the field strength diverges in that region, so that the employed approximation breaks
down. However, the brane construction gives a precise description of the string core:
it is the boundary of the D6-brane. It has a gluonic nature and has a thickness given
in (5.15), which is thus the natural cut-off in the effective “soft” description. This is
the very same behavior of the vortex string studied in chapter 4. However, in this
context, it is associated with a cosmic string in a cosmological scenario described by
the deconfined phase of the WSS model.
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The large distance divergence is the usual one of cosmic global strings discussed
in section 5.1.1. Omitting unimportant numerical factors, we get

Tsoft ∼ λNM2
KK log (Rc/δhard) , (5.46)

where Rc is the large distance cut-off associated with the horizon size, while δhard is
given in equation (5.15).

The charged mode

The straight axionic string can have a U(1)V charged mode, described again by
the D8-brane gauge field. As we already observed in chapter 4, this topological
configuration for the D6-brane boundary does not allow for an Abelian instanton
configuration. See discussion around formula (4.5). It is however instructive to
derive an approximate solution for the gauge field components At (associated with
the U(1)V charge, i.e. the baryon number) and Ax1 that does not change the
monopole-like solution found in the previous section, following the same kind of
approximation employed for the baryons in [136]. First, we find a solution very close
to the source, where we can neglect the curvature of the spacetime. In this region,
we are able to solve the full equations of motion derived from the five-dimensional
Maxwell-Chern-Simons action. As we will show, the solution is localized around the
string position in the large λ-limit. As we move away from the string, we can neglect
the Chern-Simons term since it is sub-leading in the 1/λ expansion. The solution in
this intermediate (again flat) region matches with the expansion of the full flat-space
solution far from the source. Finally, we connect the solution to the large-z region
of five-dimensional space-time, where we study the linearized equations of motion.

In the flat space limit we employ the ansatz At(ϱ), Ax1(ϱ), where

ϱ =
√
x2

2 + x2
3 + ω2, (5.47)

is the radius of the two-sphere around the axionic string, and the coordinate ω is
related to the holographic coordinate z through the rescaling

ω(z) =

√
4R3

3uJ
z√

5− 8b̃3
. (5.48)

Then, the induced flat metric reads

ds2 =
(
uJ
R3

)3/2 (
−
(
1− b̃

)3
dt2 + dx2

1 + dϱ2 + ϱ2dΩ2
2

)
+R3/2u

1/2
J dΩ2

4, (5.49)

where dΩ2
2 is the line element of a two-sphere. Then, we can compute the equations

of motion for At, and Ax1 from the total D8-brane action, which now has a non-zero
CS term (3.127)

∂ϱ(ϱ2∂ϱAt)− σ
√

1− b̃3 ∂ϱAx1 = 0 , (5.50)

∂ϱ(ϱ2∂ϱAx1)− σ√
1− b̃3

∂ϱAt = 0 , (5.51)
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where
σ ≡ 3πMKK√

2λ
R3

uJ
. (5.52)

They can be integrated analytically, neglecting the divergent solution in ϱ = 0
and a constant term, to get

At(ϱ) = c
√

1− b̃3 e−σ/ϱ , (5.53)
Ax1(ϱ) = c e−σ/ϱ , (5.54)

with an arbitrary constant c. Note that σ ∼ 1/λ≪ 1, and therefore the maximum
of the corresponding field strength is much greater than one, and it occurs very close
to ϱ = 0.

We can employ a 1/λ expansion and look for a solution in this limit, called
the scaling limit. Since, as we have just seen, the solution is very localized around
ϱ = 0, in the (still flat) intermediate region 1/λ≪ ϱ≪ 1, the Chern-Simons term is
sub-leading and does not enter the equations of motion for At, and Ax1 , which have
solutions in terms of the flat three-dimensional Green function

At,x1(ϱ) ∼ 1
ϱ
, (5.55)

with different proportionality constants for the two modes. These solutions can be
interpreted as the exponential ones (5.53), (5.54) for ϱ≫ σ, up to a constant.

Now we look at the system at large distances from the flat region z = 0, in order
to find the solution in the curved background. In this region, the ansatz is slightly
modified to At(r, z), Ax1(r, z), where r is again given by r =

√
x2

2 + x2
3, since the

curvature of the background breaks the spherical symmetry around the string. As it
is clear from formula (5.55) in the flat space limit, the solutions become smaller as
one moves away from the source. Thus, it makes sense to linearize the equations of
motion at large distances (considering also the suppression with λ of the CS term).
A-posteriori, one can check that indeed the solutions at large distances are actually
small. The linearized equations read

|z|
k5/6(z)

1√
fT (z)γT (z)

(∂2
x2 + ∂2

x3)At + 9uJ
4R3∂z

(
k3/2(z)
|z|

√
γT (z)
fT (z)∂zAt

)
= 0,

|z|
k5/6(z)

√
fT (z)
γT (z)(∂2

x2 + ∂2
x3)Ax1 + 9uJ

4R3∂z

(
k3/2(z)
|z|

√
fT (z)γT (z)∂zAx1

)
= 0.

The solutions can be written in terms of a series expansion

At(r, z) =
∞∑
n=1

αn(0)αn(z)Y (T )
n (r), (5.56)

Ax1(r, z) =
∞∑
n=1

βn(0)βn(z)Y (T )
n (r). (5.57)
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The functions αn and βn are solutions of the eigenvalue equations

∂z

(
k3/2(z)
|z|

√
γT (z)
fT (z) ∂zαn(z)

)
+ |z|
k5/6(z)

1√
fT (z)γT (z)

anαn(z) = 0 , (5.58)

∂z

(
k3/2(z)
|z|

√
fT (z)γT (z) ∂zβn(z)

)
+ |z|
k5/6(z)

√
fT (z)
γT (z)bnβn(z) = 0 , (5.59)

supported by the completeness conditions

∑
n=1

|z|
k5/6(z)

αn(0)αn(z)√
fT (z)γT (z)

= δ(z) , (5.60)

∑
n=1

|z|
k5/6(z)

√
fT (z)
γT (z)βn(0)βn(z) = δ(z) , (5.61)

and the orthonormality conditions given by∫ +∞

−∞
dz

|z|
k5/6(z)

αn(z)αm(z)√
fT (z)γT (z)

= δnm , (5.62)

∫ +∞

−∞
dz

|z|
k5/6(z)

√
fT (z)
γT (z)βn(z)βm(z) = δnm . (5.63)

We have numerically solved the equations (5.58) and (5.59), determining the eigen-
values an and bn, by requiring that the functions αn and βn vanish at z → ±∞. The
first even eigenvalues an and bn are:

an = 0.92, 1.96, 3.74, 5.84, 8.59, 11.79, 15.58, ... (5.64)
bn = 0.92, 1.96, 3.74, 5.84, 8.59, 11.79, 15.59, ... (5.65)

The two sets of eigenvalues appear equal only because we truncated their values
to two significant digits. In reality, they differ, albeit slightly. Notice that the
eigenvalue equations (5.58) and (5.59) do not admit a normalizable zero mode.

The functions Y (T )
n are again the Bessel functions K0 (5.42) with the eigenvalue

replacement

At : λ(T )
n → an, Ax1 : λ(T )

n → bn. (5.66)

They are exponentially small at large r. The equations of motion are homogeneous,
so the solutions are defined up to an overall constant. Thus, the charge and current
densities in the dual theory at the boundary are arbitrary parameters in the straight
string configuration.

5.3.2 Vorton solution near the D8-brane tip

In this section, we focus on the string loop configuration. Let us start by considering
the D8-D6 setup in the region close to the tip of the U-shaped D8-brane. This
is where the circular boundary of the D6-brane, acting as a monopole source for
the magnetic field on the D8-brane according to (5.30), lies. The near-tip region
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is thus close to the source and it is expected to capture the main contribution to
the full solution. As it will be clear in a moment, the DBI action for the D8-brane
in this region effectively reduces to that of a D4-brane in a flat five-dimensional
spacetime. In this effective description, the wrapped D6-brane source can be seen as
a D2-brane with the same circular boundary. Hence the whole setup, in this limit,
resembles that examined in [166] in the context of the supersymmetric supertubes,
with the crucial difference being the occurrence, in our case, of a CS term in the
five-dimensional effective action.

The induced metric (3.123) on the U-shaped D8-brane near the tip u = uJ , hence
using (3.128) near z = 0, reads

ds2 =
(
uJ
R

)3/2
(
−
(
1− b̃3

)
dt2 + dρ2 + ρ2dψ2 + dx2

3 + 4R3

3uJ
1

(8− 5b̃3)
dz2

)
+R3/2u

1/2
J dΩ2

4 =

=
(
uJ
R

)3/2 (
−
(
1− b̃3

)
dt2 + dρ2 + ρ2dψ2 + dr2 + r2dθ2

)
+R3/2u

1/2
J dΩ2

4 ,

(5.67)

where we have introduced the polar coordinates ρ, ψ in the (x1, x2) plane, where the
circular source lies, and the polar coordinates r, θ in the orthogonal plane (x3, ω)
with12

x3 = r cos θ , ω = r sin θ , (5.68)

where ω is given by (5.48).
Let us now assume that the gauge field on the D8-brane only depends on the

two radial directions r and ρ. The non-zero field strength components can be chosen
to be Ftρ, Ftr, Fρψ, Fρθ, Frψ and Frθ. Hence, the low-energy D8-brane DBI action
(3.126) in the near-tip region reduces to

SDBI
D8 =− λN

MKK

uJ
√

1− b̃3

3 · 26π3R3

∫
dt ρ dρ dψ r dr dθ

[
−

(
F 2
tρ + F 2

tr

)
1− b̃3 +

F 2
ρψ

ρ2 +

+
F 2
ψr

ρ2 +
F 2
ρθ

r2 + F 2
rθ

r2

]
. (5.69)

The CS part of the D8-brane action reads as in (3.127)

SCS = N

24π2
√

2
ϵtMNPQ

∫
d5x

(1
4AtFMNFPQ −AMFtNFPQ

)
, (5.70)

with M,N = t, ρ, ψ, r, θ. If the gauge field is not time-dependent as in our ansatz,
then we can integrate by parts the second term in the above integral to get

SCS = N

32π2
√

2
ϵtMNPQ

∫
d5xAtFMNFPQ . (5.71)

12The letters used for the radii ρ, and r are used for other radius definitions. The meaning should
be clear from the context, and there is no ambiguity within a single section.
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The equations of motion for the gauge field A resulting from the sum of the
above DBI and CS action terms read

ρ∂r (rFrt) + r∂ρ (ρFρt)− τ (FρψFrθ − FrψFρθ) = 0 , (5.72)

r∂ρ

(1
ρ
Fρψ

)
+ 1
ρ
∂r (rFrψ) + τ

1− b̃3 (FtρFrθ − FtrFρθ) = 0 , (5.73)

1
r
∂ρ (ρFρθ) + ρ∂r

(1
r
Frθ

)
+ τ

1− b̃3 (FtrFρψ − FtρFrψ) = 0 , (5.74)

where

τ ≡ 24πMKK

√
1− b̃3

λ
√

2
R3

uJ
. (5.75)

These equations have to be supplemented by the modified Bianchi identity (5.30),
with the magnetically charged loop of radius l acting as a source. In polar coordinates
it reads

dF = −2π
√

2 δ(ρ− l)δ(r)2πr dρ ∧ dr ∧ rdθ . (5.76)

A similar system of equations dealing with five-dimensional CS terms has been
studied in the literature, see for example [167, 168, 169, 170].

We have not found an analytic solution to the above set of differential equations.
To simplify the problem, we consider the parametric dependence on λ of the gauge
field. As we discussed in chapter 4, in analogy with the standard Hata-Sakai-
Sugimoto-Yamato baryon [28], we want to get an action for a particle with baryonic
charge on the D8-branes. This corresponds to the charge of a D4-brane wrapped on
S4. We will see in detail in the next chapter that this D4-brane charge can be carried
by the D6-brane with a non-trivial magnetic flux. Now, defining at(t) = At/

√
2 and

treating it as a time-dependent perturbation, the CS action (5.70) reduces to

N

12π2

∫
dt at(t)

∫
d4x (FρψFrθ − FrψFρθ) , (5.77)

from which we realize that a baryonic solution, as anticipated in section 4.1, has to
be some kind of “Abelian instanton” with baryon number nB equal to the instanton
number

nB = 1
12π2

∫
d4x (FρψFrθ − FrψFρθ) = 1

3

∫
dr dρ I(r, ρ; l) , (5.78)

where

I(r, ρ; l) = FρψFrθ − FrψFρθ . (5.79)

We are looking for a solution with a baryon number of order λ0 supported by the
Abelian instanton density I(r, ρ; l), so the magnetic components of the gauge field
do not have to scale with λ at leading order:

Frθ, Fρθ, Frψ, Fρψ ∼ O
(
λ0
)
. (5.80)

With this observation in mind, let us look at the equation of motion (5.72) for
the electric potential At, taking into account that τ as defined in (5.75) scales like
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λ−1. This equation tells us that the electric potential should scale as λ−1 at leading
order.13 As a consequence, the CS term in the equations of motion for the magnetic
components of the field strength is negligible due to the 1/λ suppression. Therefore,
the equations of motion for the gauge field A in the flat limit can be approximated
as

1
r
∂ρ (ρFρθ) + ρ ∂r

(
Frθ
r

)
+O

(
λ−2

)
= 0 , (5.81)

1
ρ
∂r (r Frψ) + r ∂ρ

(
Fρψ
ρ

)
+O

(
λ−2

)
= 0 , (5.82)

ρ ∂r (r Ftr) + r ∂ρ (ρFtρ) + τ(FρψFrθ − FrψFρθ) +O
(
λ−3

)
= 0 , (5.83)

ignoring O
(
λ−2) and further subleading terms. It can be checked that a correction

to the solution from these terms gives a correction of the same order to the action.
As a matter of fact, at leading order, the CS term enters only in the equation of
motion for At. The Bianchi identity (5.76) is topological and it contains only the
magnetic components of the field strength so there is no 1/λ expansion to perform.

The equation (5.81) is automatically solved by the ansatz

Frθ = r

ρ
∂ρHloop , Fρθ = −r

ρ
∂rHloop , (5.84)

where Hloop = Hloop(r, ρ; l) is a function that has to be determined by solving the
Bianchi identity (5.76), which becomes

1
ρ

1
r
∂r(r ∂rHloop) + ∂ρ

(1
ρ
∂ρHloop

)
= −2π

√
2 δ(ρ− l)δ(r)2πr . (5.85)

To solve the differential equation for Hloop we use the machinery of the two-
dimensional Fourier transform in polar coordinates. Let us define the Fourier
transform of Hloop, namely H̃loop, as

Hloop(r, ρ; l) = 1
2π

∫ ∞

0
k dk H̃loop(k, ρ; l)J0(kr), (5.86)

H̃loop(k, ρ; l) = 2π
∫ ∞

0
r dr Hloop(r, ρ; l)J0(kr) , (5.87)

where we have used the radial symmetry of the problem. J0 is the 0th order Bessel
function. The equation (5.85) can be Fourier transformed to get

∂ρ

(1
ρ
∂ρH̃loop

)
− k2 H̃loop

ρ
= −2π

√
2 δ(ρ− l) . (5.88)

This differential equation can be solved with the Green function method and the
solution reads14

H̃loop(k, ρ; l) =
{

2π
√

2 lρ I1 (lk)K1 (ρk) ρ > l ,

2π
√

2 l ρK1 (lk) I1 (ρk) ρ < l .
(5.89)

13As we will see, also the zero mode of the equation of motion will scale as λ−1, and this
observation is consistent with a solution with angular momentum of order λ0. In particular, we will
look for a solution with baryon number nB = 1 and angular momentum J = N/2.

14We have to impose the continuity of H̃loop at ρ = l and the discontinuity, coming from the δ

source, of the ρ-derivative ∂ρH̃loop at ρ = l.
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Using the results from [171], we can perform the Hankel transform to get

Hloop(r, ρ; l) = π
√

2

 ρ2 + l2 + r2√
(l2 + ρ2 + r2)2 − 4ρ2l2

− 1

 . (5.90)

The corresponding field strength components, from (5.84), are thus

Frθ = 4π
√

2 l2r
(
l2 − ρ2 + r2)(

(l2 + ρ2 + r2)2 − 4ρ2l2
)3/2 , (5.91)

Fρθ = 8π
√

2 l2r2ρ(
(l2 + ρ2 + r2)2 − 4ρ2l2

)3/2 . (5.92)

Now we have to solve the equation of motion (5.82) for Aψ. This equation is
homogeneous in Aψ, and this field does not enter the Bianchi identity; therefore,
the solution will be defined up to a constant pre-factor. Remember that the full
equation of motion for Aψ (5.73) has a source term due to the CS contribution, but
this is suppressed in the large λ expansion we are considering. To leading order, one
can, however, argue that Aψ is sourced by a current jψ ∼ δ(ρ− l)δ(r), flowing along
the circular loop, which is (proportional to) the spatial four-dimensional Hodge dual
of the three-form magnetic current entering the modified Bianchi identity (5.76). In
the supersymmetric supertubes context [166], the proportionality constant is fixed
since the magnetic gauge field is taken to be self-dual w.r.t. the four-dimensional
Hodge transform. In our non-supersymmetric setup with CS terms, we will stay
agnostic and leave the proportionality constant undetermined. The equation of
motion with such a source term looks like (5.85), the differential equation for Hloop,
hence the solution reads

Aψ = N

 ρ2 + l2 + r2√
(l2 + ρ2 + r2)2 − 4ρ2l2

− 1

 , (5.93)

where N is a constant. The corresponding field strength components are

Fρψ = 4N l2ρ
(
l2 − ρ2 + r2)(

(l2 + ρ2 + r2)2 − 4ρ2l2
)3/2 , (5.94)

Frψ = −8N l2rρ2(
(l2 + ρ2 + r2)2 − 4ρ2l2

)3/2 . (5.95)

The overall factor N can be fixed by requiring that the above configuration supports
baryon number nB = 1. However, it is easy to realize, using the above solutions, that
the integral of I(r, ρ; l) in (5.78), giving nB, diverges close to the circular source, and
hence it has to be regularized. We can parametrize the divergence by introducing a
small-distance cutoff ϵ along the r integration.

Before going on, let us mention that up to this point, we have overlooked another
crucial ingredient that is necessary for the D8-brane description to fully capture the
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attached D6-brane setup. It is well-known that magnetic charges on a D(p+2)-brane
correspond to the endpoints of a Dp-brane [172, 173, 174, 175, 176], and the D8-D6
system studied in this thesis is just a particular example within this class. Given
this correspondence, we should be able to read off the D6-brane energy from the
energy of the monopole configuration on the D8-branes by turning on a scalar field
fluctuation which pulls the D8-branes towards the horizon. Let us thus consider a
scalar field X = πα′ Φ, representing the fluctuation along the u direction transverse
to the brane at z ∼ 0. The factor πα′ is the required normalization for the scalar
field to be of the same order as the gauge field A. Within the quadratic low-energy
approximation of the DBI action we are considering in this section,15 the action for
the scalar field near the D8-brane tip reads

SX = − λN

MKK

uJ
R3

1
3 · 27π3

√
1− b̃3

∫
dt ρ dρ dψ r dr dθ

[
(∂rΦ)2 + (∂ρΦ)2

]
. (5.96)

The equation of motion for Φ, sourced by the charge distribution corresponding to
the local density of strings ending on the circle of radius l [166] at the tip of the
D8-branes is

1
r
∂r (r ∂rΦ) + 1

ρ
∂ρ (ρ ∂ρΦ) ∼ δ(ρ− l)δ(r)2πr . (5.97)

The solution reads
Φ = l c√

(l2 + ρ2 + r2)2 − 4ρ2l2
, (5.98)

where we leave the constant c unfixed. In the supersymmetric case of the supertube,
the proportionality constant is given in terms of the total charge of the fundamental
strings ending on the loop, which in our case would be N . This is because our brane
is constructed to support baryon number 1, and therefore, as for the standard WSS
baryon, it can be thought of as made out of N · 1 fundamental strings. As it will
be clear in the following, the scalar field given in (5.98) is proportional to the zero
mode of the electric potential At (i.e. to the solution of the related equation of
motion obtained neglecting the CS term contribution), as pointed out in [166]. We
will return to this point in a moment.

Let us observe that if we go close to the source, ρ = l and r = ϵ with ϵ→ 0, the
scalar field behaves as the usual transverse field representing a magnetic source on a
D(p+2)-brane [172] where now ϵ is the distance from the source

X = πα′Φ = πα′c

2
1
ϵ

+O(ϵ). (5.99)

In the quadratic approximation of the DBI action, the action for the scalar field
sums to the Maxwell action for the monopole gauge field A. Therefore, the total

15As stated in [172] in the non-BPS case, the quadratic limit of the DBI action necessarily leads
to quantitatively incorrect results and we should make use of the full non-linear action. However,
we will use it to study qualitatively the D8-brane embedding around the tip.
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energy of the D8-D6 brane system from the D8-brane perspective is

ED8 = Emonopole + Escalar = λN

MKK

uJ
R3

√
1− b3

3 · 24π

∫
dr dρ

{
r

ρ

[
(∂ρH)2 + (∂rH)2

]
+

+ r ρ

2(1− b̃3)

[
(∂ρΦ)2 + (∂rΦ)2

]}
=

= λN

MKK

uJ
R3

π
√

1− b3

96 (χ+ χ3)

{(
1 + c2

16π2(1− b̃3)

)
·

·
(
πχ2 + 2

(
χ2 + 1

)
arccot

( 2χ
1− χ2

)
+ π

)
− 4χ

(
1− c2

16π2(1− b̃3)

)}
=

= λN

MKK

uJ
R3

g(c, b̃, χ)
3 · 24 , (5.100)

where we have introduced the dimensionless quantity χ = ϵ/l and we have defined
the function

g(c, b̃, χ) =
{(

1 + c2

16π2(1− b̃3)

)(
πχ2 + 2

(
χ2 + 1

)
arccot

( 2χ
1− χ2

)
+ π

)
+

− 4χ
(

1− c2

16π2(1− b̃3)

)}
π
√

1− b3

2 (χ+ χ3) . (5.101)

In the limit χ = ϵ/l→ 0 with ϵ→ 0, we can expand the energy to get

ED8 = λN

MKK

uJ
R3

π2
√

1− b̃3

48

1 + c2

16π2
(
1− b̃3

)
 l

ϵ
+ ... (5.102)

From this expansion, we can retrieve the usual formula for the energy for the D(p+2)-
Dp system of branes [172], using the expansion of the transverse scalar close to the
source

ED8 ∼
λ2N

M2
KK

uJ
R6

π
√

1− b̃3

48c

1 + c2

16π2
(
1− b̃3

)
 l X(ϵ)

∣∣
div., (5.103)

with X(ϵ)
∣∣
div. = πα′c

2
1
ϵ
, (5.104)

where the prefactor reproduces the tension, in a flat spacetime, of a D6-brane with
radius l extending from the D8-brane’s tip along the u direction. We stress that
this result becomes increasingly reliable as the D6-brane extends further along the u
direction. In other words, it is the limiting scenario of a BIon in flat space which
is infinitely extended along the transverse direction to the D(p+2)-brane. We also
remember that when ϵ→ 0, higher-order terms in the full DBI Lagrangian that we
dropped become important, and one has to replace the Maxwell action with the
Born-Infeld action. We will not investigate these corrections in this thesis.

Now we are going to compute the baryon number, the angular momentum, and
the energy of our system giving the results as functions of the parameter χ and
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b̃. Then we will analyze them carefully from various perspectives to extract the
parametric dependence of the stability radius of the string loop.

We start by performing the integration of the Abelian instanton density to get
the baryon charge (5.78). The result reads

nB = 1
3

∫
dr dρ I(r, ρ; l) =

N π
(
πχ2 + 2

(
χ2 + 1

)
arccot

(
2χ

1−χ2

)
− 4χ+ π

)
6
√

2 (χ3 + χ)
.

Hence, if we want to focus on solutions with baryon number nB = 1, the normalization
of the gauge field component Aψ has to be fixed as

N = 6
√

2
(
χ3 + χ

)
π
(
πχ2 + 2 (χ2 + 1) arccot

(
2χ

1−χ2

)
− 4χ+ π

) . (5.105)

The equation of motion (5.83) for the electric potential At can be solved since
we know explicitly the source term (see appendix B), and the solution is

At = d√
(l2 + ρ2 + r2)2 − 4ρ2l2

+ 2
√

2πN τ
(
ρ2 + r2)

(l2 + ρ2 + r2)2 − 4ρ2l2
, (5.106)

where the first term is the zero mode of the differential operator applied to At
and,16 as anticipated, it is proportional to the scalar field Φ as given in (5.98). This
relation is to be expected from the supersymmetric configuration first studied in
[172] and then in [166] in the context of supertubes. In this picture, the presence
of At accounts for the fundamental strings as constituents of the D6-brane, which
sources the D8-brane gauge field. This interpretation will be clearer when, in chapter
6, we will investigate in detail the charged D6-brane, which can be thought of as
made out of a D4-brane baryon vertex and a bunch of fundamental strings. More
precisely, the charge density sourcing the scalar field equation of motion, which has
support on the loop, corresponds to the local density of strings ending on the loop.
Note that, in our system, the presence of the CS term prevents a direct identification
of the scalar field with At. In the supersymmetric case, the constant d would be
fixed in terms of c.

The coefficient d in our case can be fixed by requiring that our solution with
baryon number nB = 1 has angular momentum

J = λN

MKK

uJ
R3

1
3 · 25π3

√
1− b̃3

∫
ρ dρ dψ r dr dθ [FtρFρψ + FtrFrψ] , (5.107)

equal to N/2. In chapter 2, we have seen that this is the only possibility for the one-
flavored nB = 1 baryon (ground state) due to the antisymmetry of the wavefunction.

16As shown in appendix B, the Laplacian operator in duo-polar coordinates has two zero modes.
We set one of them to zero because it leads to unphysical solutions.
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The above request fixes the coefficient d to be

d =− 8
√

2R3MKK

√
1− b̃3

λuJ

[
− 8π2

(
χ3 + χ

)
+ π3

(
χ2 + 1

)2
+ 96

(
χ2 + 1

)2
+

+ 16πχ2 + 4π
(
χ2 + 1

)
arccot

( 2χ
1− χ2

)(
πχ2 +

(
χ2 + 1

)
arccot

( 2χ
1− χ2

)
+

− 4χ+ π

)][ (
χ2 + 1

)(
πχ2 + 2

(
χ2 + 1

)
arccot

( 2χ
1− χ2

)
− 4χ+ π

)2 ]−1
.

(5.108)

Using these results, we can verify that the solution we have found has the desired
scaling with λ that we assumed at the beginning of this section.

Now that we have found the solution that solves the leading-order equations of
motion for the gauge field, we can compute the total free energy of the configuration,
defined as STOT = −

∫
dtETOT. It can be written as

ETOT = Emagn. + Escalar + Eel. ,

where Emag. and Escalar are of order λ while Eel. scales as λ−1 and they are associated
respectively with the magnetic, scalar, and electric energy of the configuration. They
read

Emagn. = λN

MKK

uJ
√

1− b̃3

3 · 26π3R3

∫
ρ dρ dψ r dr dθ

[
F 2
ρψ

ρ2 +
F 2
ψr

ρ2 +
F 2
ρθ

r2 + F 2
rθ

r2

]
, (5.109)

Escalar = λN

MKK

uJ

3 · 27π3R3
√

1− b̃3

∫
ρ dρ dψ r dr dθ

[
(∂ρΦ)2 + (∂rΦ)2

]
, (5.110)

Eel. = − λN

MKK

uJ

3 · 26π3R3
√

1− b̃3

∫
ρ dρ dψ r dr dθ

[
F 2
tρ + F 2

tr

]
− N

4π2
√

2

∫
d5xAt [FρψFrθ − FρθFrψ] . (5.111)

Using the solutions to the equations of motion, we find

Emagn. = λN

MKK

uJ
R3 m(b̃, χ) ,

where

m(b̃, χ) =
√

1− b̃3

48π

[
π3

2χ −
2π2

χ2 + 1 +
π2 arccot

(
2χ

1−χ2

)
χ

+

+ 18
(
χ3 + χ

)
π2
(
πχ2 + 2 (χ2 + 1) arccot

(
2χ

1−χ2

)
− 4χ+ π

)] , (5.112)

is a function of b̃ and χ. The plot of the function m(b̃, χ) is shown in figure 5.13a.
It encodes the dependence of the magnetic energy on b̃ and χ.

Then, the contribution coming from the transverse scalar field is

Escalar = λN

MKK

uJ
R3 c

2 n(b̃, χ) ,
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(a) Plot of m(b̃, χ). (b) Plot of n(b̃, χ).

(c) Plot of j(b̃, χ).

Figure 5.13. Plots of the energy contributions as functions of b̃ and χ. b̃ spans the whole
range of values for which chiral symmetry is broken, while the variable χ spans the range
from 0.1 to 1.

where

n(b̃, χ) = 1
1536π (χ+ χ3)

√
1− b̃3

(
πχ2 − 2

(
χ2 + 1

)
arccot

( 2χ
χ2 − 1

)
+ 4χ+ π

)
,

(5.113)
is a function of b̃ and χ whose plot is shown in figure 5.13b.

Finally, the electric contribution to the energy Eel. reads

Eel. = N MKKR
3

λuJ

j(b̃, χ)
l2

,

with

j(b̃, χ) =
{
− 2

(
χ2 + 1

)3
arccot

( 2χ
1− χ2

)(
d̂ 2χ2 + 1152π4

(
1− b̃3

)
N 2

(
χ2 + 1

))
− 256π2d̂N χ

√
1− b̃3

(
3χ6 + 6χ4 + 5χ2 + 2

)
− 384π4N 2

(
1− b̃3

) (
3π
(
χ2 + 1

)4
+

+ 4χ
(
9x6 + 9χ4 + 11χ2 + 3

))
− d̂ 2χ2

(
πχ2 + 4χ+ π

) (
χ2 + 1

)2
}
·

·
[
768π

√
1− b̃3

(
χ3 + χ

)3
]−1

,
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a function of b̃ and χ. We remember that N is also a function of χ and here we have
defined d̂ = dR3MKK/uJ which is again a function of b̃ and χ. See figure 5.13c for
a plot of j(b̃, χ).

At this point, we can analyze the total energy in the limit of a very long spike,
which is χ = ϵ/l→ 0 with ϵ→ 0. The total energy expanded at leading order reads

Eon-shell
TOT = λN

MKKR3

√
1− b̃3

πc
X(ϵ)

∣∣
div.

{
λ

MKK

uJ
R3

π

48

1 + c2

16π2
(
1− b̃3

)
 l+

+ MKK

λ

R3

uJ

1728− π2(162− 48π + π4)
3π2

1
l

}
+ ... (5.114)

The dependence on the transverse scalar field factorizes and hence we can minimize
the action over the free parameter l, representing the loop size. The minimization
gives

lstable = MKK

λ

uJ
R3

16
π

√√√√√
(
1− b̃3

)
(1728− π2(162− 48π + π4))

c2 + 16π2
(
1− b̃3

) . (5.115)

From the above result, we can deduce that the stability radius scales like λ−1. Hence
the string loop radius in the flat region is suppressed similarly to the instanton size
of the standard baryon in the WSS model but with a different power of λ.

It is useful to give the result for the stability radius also in terms of the chiral
symmetry breaking critical temperature Ta

lstable = MKK

λT 2
a

16(0.154)2

π J2
T (b̃)

√√√√√
(
1− b̃3

)
(1728− π2(162− 48π + π4))

c2 + 16π2
(
1− b̃3

) . (5.116)

It is also interesting to write the stability radius in terms of the more common
phenomenological quantity fa, the axion decay constant. Remembering the relation
between fa and Ta (see e.g. [140])

f2
a = Nλ

16π3
J3
T (b̃)

(0.154)3 IT (b̃)
T 3
a

MKK
, (5.117)

where

IT (b̃) =
∫ 1

0
dy

√
1− b̃3y√

y
(
1− b̃3y −

(
1− b̃3

)
y8/3

) , (5.118)

we get

lstable = N Ta
f2
a

JT (b̃)
0.154π4IT (b̃)

√√√√√
(
1− b̃3

)
(1728− π2(162− 48π + π4))

c2 + 16π2
(
1− b̃3

) . (5.119)

The analysis can be repeated by considering an object with baryon number nB
(of order λ0). This leads to the following redefinition of the integration constants N
and d as

N → nB N , d→ nB d . (5.120)
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This propagates to the energy, leading to the following result for its minimization
with respect to l:

lstable = nB l
nB=1
stable , (5.121)

where lnB=1
stable is the result written in equation (5.115) or equivalently in (5.119). As

we will see in section 6.3, the D8-brane analysis in flat space is consistent with the
charged D6-brane result for the stability radius

lstable ∼
nB
λ
. (5.122)

This confirms that the flat limit gives the correct result for the stability radius scaling,
even if it is not able to capture whether the solution exists in the full spacetime. We
will come back to this comparison in section 6.3.

Let us make some observations about the cutoff ϵ. The result lstable ∼ λ−1 leads
to observe that in order to have nB ∼ λ0 and the scaling (5.80) for the magnetic
fields, it follows that ϵ ∼ λ−1. Therefore, the ratio χ = ϵ/l does not scale with λ.
This statement is expected to be true also from other perspectives. Going back to
the transverse scalar, this represents the extension of the D6-brane along u, and we
know from the D6-brane perspective that this length is of order (α′)0 in the vorton
case. This is because the D6-brane, even if it is charged, is extended from uJ to the
horizon radius uT , and uJ − uT ∼ (α′)0. Since X = πα′Φ ∼ πα′c/(2ϵ) has to go like
(α′)0, we get ϵ ∼ α′ ∼ λ−1. This identification can be written qualitatively as

ϵ = y(b̃, c) R
3

uJ

MKK

λ
, (5.123)

where y(b̃, c) is some function of b̃ and c which cannot be fixed at this level.
Another argument that leads to the same qualitative result comes from equating

the energy of the transverse scalar plus the energy of the monopole with the energy
of the D6-brane. According to our results in section 5.2.2, the energy of the D6-brane
that describes the uncharged string loop can be written as

ED6 = λ2N

3 · 24π2
J5
T (b̃)T 4

a

(0.15)4M2
KK

α(b̃)l , (5.124)

where α(b̃) is the slope of the linear dependence of the energy with l, which can be
found numerically as a function of b̃ and it is shown in figure 5.14.
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Figure 5.14. Plot of the slope α(b̃) of the D6-brane energy for the string loop configuration
as a function of l.
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Then, an estimate for the cutoff is obtained by equating the two energies (5.124)
and (5.100):

ϵ = y(c, b̃, χ)R
3

uJ

MKK

λ
, (5.125)

where
y(c, b̃, χ) ∼ π2

JT (b̃)α(b̃)
χ g(c, b̃, χ) . (5.126)

Once again assuming that the quantity χ does not scale with λ, we get ϵ ∼ λ−1.
The coefficient y(c, b̃, χ) is a function of b̃ and χ, and its exact value cannot be fixed
within our approximations since we cannot compare the flat D8-brane result with
the D6-brane result valid in the whole spacetime. This function is more involved
than the one defined in (5.123) but since we are not able to fix either of them we
will keep generically the cutoff ϵ depending on a function y. The important result
relies on the parametric dependence of ϵ with λ.

We are going to show that also in this case we will obtain the same qualitative
result for the stability radius. We can express l in terms of χ, using the expression
(5.125) for ϵ,

l = MKK

λ

R3

uJ

y(c, b̃, χ)
χ

. (5.127)

We can substitute the above relation in the electric contribution to the energy Eel.
to give

Eel. = λN

MKK

uJ
R3

χ2

y2(c, b̃, χ)
j(b̃, χ). (5.128)

Remarkably, this term becomes of the same order in the parameters as Emagn.
and Escalar. Eventually, the total energy depends only on χ, which has not yet been
fixed, and all the dimensionful parameters, together with λ and N , factorize

Eon-shell
TOT = λN

MKK

uJ
R3

(
m(b̃, χ) + c2 n(b̃, χ) + χ2

y2(c, b̃, χ)
j(b̃, χ)

)
. (5.129)

We have to minimize the above action with respect to χ. This procedure will return
a function for χstable(b̃, c) that does not scale with λ. The result of the minimization

∂χm(b̃, χ) + c2 ∂χn(b̃, χ) + ∂χ

(
χ2 j(b̃, χ)
y2(c, b̃, χ)

)
= 0 , (5.130)

depends on c and on the explicit expression for y(c, b̃, χ) and it is in general a
function of the temperature b̃.

We can conclude, from the relation (5.127), that lstable scales like λ−1. More
precisely

lstable = MKK

λT 2
a

(0.154)2e(c, b̃, χstable)
J2
T (b̃)χstable(b̃, c)

= p(b̃, c, χstable)
MKK

λT 2
a

=

= p(b̃, c, χstable) J3
T (b̃)

16π3(0.15)3IT (b̃)
N Ta
f2
a

, (5.131)
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where
p(b̃, c, χstable) = (0.154)2y(c, b̃, χstable)

J2
T (b̃)χstable(b̃, c)

. (5.132)

As we are going to show in section 6.3, the local D8-brane analysis around the
tip at u = uJ , provides a result on the stability radius which is perfectly consistent
with what can be found from the D6-brane perspective. In that case, in fact, any
(meta)stable vorton solution would have a radius l scaling as nBλ−1. However, we
will see that the actual existence of such a solution can be eventually confirmed
only by a global analysis of the full equations of motion. In particular, we will show
that if nB ∼ λ0, as in the case considered in the present section, no (meta)stable
vorton solution actually exists. In order for the same conclusion to be drawn from
the D8-brane perspective, we should go far beyond the near tip limit and consider
the full equations of motion of the D8 on the whole curved background, something
which, for the moment, we are not able to do. In other words, the flat limit in the D8-
brane perspective captures only the local result near u = uJ of the complementary
D6-brane description.

5.3.3 Analysis of the vorton solution in the asymptotic region

In this section, we analyze the equations of motion for the D8-brane gauge field on
the curved background (3.115), sourced by the string loop configuration. First, we
switch off the electric potential and we solve exactly the Maxwell-Bianchi system
in the curved background. Then, we solve the linearized equations of motion with
non-zero At and Aψ, following [165]. Such solutions are written in terms of the
curved metric Green functions that can be smoothly connected with the flat space
solutions. Finally, we compute the one-point function of flavor currents in the
deconfined phase of the WSS and we use the result to compute the baryon number
of the solution to the linearized equations of motion.

The D6-brane-monopole source for the D8-brane gauge field leads to the modified
Bianchi identity (5.30), which complements the equations of motion for the D8-
branes gauge field. Turning off for a moment the potentials At and Aψ, the only
field strength components that we need to consider are Fρx3 , Fρz and Fx3z. With
this gauge choice, there is no contribution from the five-dimensional CS term of
flavor brane.

The action (3.129) in the present case reduces to

SDBI
D8 =− 3T8V4R

3/2u
3/2
J (2πα′)2

8gs

∫
d4x dz

{
k3/2(z)
|z|

√
γT (z)fT (z)

[
F 2
ρz + F 2

x3z

]
+ 4R3

9uJ
|z|

k5/6(z)

√
fT (z)
γT (z) F

2
ρx3

}
,

where, again, ρ =
√
x2

1 + x2
2 and we have used the equation (3.128). Moreover,
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d4x = dtρdρdψdx3. The resulting equations of motion

∂ρ (ρFρz) + ρ ∂x3Fx3z = 0 , (5.133)

4R3

9uJ
|z|

k(z)5/6

√
fT (z)
γT (z) ∂x3Fρx3 + ∂z

(
k3/2(z)
|z|

√
γT (z)fT (z)Fρz

)
= 0 , (5.134)

4R3

9uJ
|z|

k5/6(z)

√
fT (z)
γT (z) ∂ρ (ρFρx3)− ρ ∂z

(
k3/2(z)
|z|

√
γT (z)fT (z)Fx3z

)
= 0 , (5.135)

can be solved by the following ansatz

Fρx3 = 9uJ
4R3

k5/6(z)
|z|

√
γT (z)
fT (z)

∂zH
(C)
loop
ρ

, (5.136)

Fx3z = |z|
k3/2(z)

∂ρH
(C)
loop

ρ
√
fT (z)γT (z)

, (5.137)

Fρz = − |z|
k3/2(z)

∂x3H
(C)
loop

ρ
√
fT (z)γT (z)

, (5.138)

where H(C)
loop is an unknown function that has to be determined by requiring that

the above components of the field strength satisfy the Bianchi identity (5.30),

− 2π
√

2 δ(ρ− l)δ(x3)δ(z) = ∂ρFx3z + ∂zFρx3 − ∂x3Fρz =

= |z|
k3/2(z)

√
fT (z)γT (z)

∂ρ
∂ρH(C)

loop
ρ

+
∂2
x3H

(C)
loop
ρ

+

+ 9uJ
4R3

1
ρ
∂z

(
k5/6(z)
|z|

√
γT (z)
fT (z)∂zH

(C)
loop

)
.

The function H(C)
loop is the curved space generalization of the function Hloop introduced

in the formula (5.90). We look for a solution by series, such as

H
(C)
loop(ρ, x3, z; l) =

∞∑
n=0

ζ(T )
n (0)ζ(T )

n (z)Jn (ρ, x3; l) , (5.139)

where the center of mass moduli (X3, Z) are taken to be zero for simplicity. The
Bianchi identity becomes

∞∑
n=0

ζ(T )
n (0)

[ 9uJ
4R3

Jn
ρ
∂z

(
k5/6(z)
|z|

√
γT (z)
fT (z)∂zζ

(T )
n (z)

)
+

+ |z|ζ(T )
n (z)

k3/2(z)
√
fT (z)γT (z)

(
∂ρ

(
∂ρJn
r

)
+
∂2
x3Jn

ρ

)]
= −2π

√
2 δ(ρ− l)δ(x3)δ(z) .

The eigenfunctions ζ(T )
n are the same defined for the straight axionic string in

formulas (5.36)

∂z

(
k5/6(z)
|z|

√
γT (z)
fT (z)∂zζn(z)

)
+ |z|
k3/2(z)

√
fT (z)γT (z)

λn ζn(z) = 0 , (5.140)
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with the associated completeness and orthonormality conditions.
Then, the Bianchi identity is solved if the modes Jn satisfy the following equation

∂ρ

(
∂ρJn
ρ

)
+
∂2
x3Jn

ρ
− 9uJ

4R3λ
(T )
n

Jn
ρ

= −2π
√

2 δ(ρ− l)δ(x3) . (5.141)

The solution to (5.141) can be found by performing the Fourier transform along
the coordinate x3

Jn(ρ, x3; l) =
∫
dk

2πe
ikx3 Ĵn(ρ, k; l) , (5.142)

and then by solving the following equation for Ĵn through the Green function method

∂ρ

(
∂ρĴn(ρ, k; l)

ρ

)
−
(
k2 + 9uJ

4R3λ
(T )
n

)
Ĵn(ρ, k; l)

ρ
= −2π

√
2 δ(ρ− l) . (5.143)

Using the Green’s theorem, we can write the solutions as

Ĵn(ρ, k; l) =


2π
√

2 lI1

(
l

√
k2 + 9uJ

4R3λ
(T )
n

)
ρK1

(
ρ

√
k2 + 9uJ

4R3λ
(T )
n

)
ρ > l ,

2π
√

2 lK1

(
l

√
k2 + 9uJ

4R3λ
(T )
n

)
ρI1

(
ρ

√
k2 + 9uJ

4R3λ
(T )
n

)
ρ < l .

(5.144)
In order to obtain the solutions Jn(ρ, x3; l) we have to perform the Fourier transform
(5.142) numerically. The first modes J0, J2, J4 and J6 are shown in figure 5.15, for
l = 1, 9uJ/(4R3) = 1 and b̃ = 0.1.

Figure 5.15. The first modes of Jn(ρ, x3; l) for l = 1, 9uJ/(4R3) = 1 and b̃ = 0.1.
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We can now evaluate the on-shell D8-branes action,

SDBI
D8 = −κJ2

∫
d4x dz

{
k3/2(z)
|z|

√
γT (z)fT (z)

[
F 2
ρz + F 2

x3z

]
+ 4R3

9uJ
|z|

k5/6(z)

√
fT (z)
γT (z) F

2
ρx3

}
=

= −κJ2

∞∑
n=0

∞∑
m=0

ζ(T )
n (0)ζ(T )

m (0)
∫
d4x

ρ2 dz

{ |z|
k3/2(z)

ζ
(T )
n (z)ζ(T )

m (z)√
γT (z)fT (z)

·+

·
[
(∂ρJn)2 + (∂x3Jn)2

]
+ 9uJ

4R3

√
γT (z)
fT (z)

k5/6(z)
|z|

∂zζ
(T )
n (z)∂zζ(T )

m (z)JnJm
}

=

= −κJ2

∞∑
n=0

(
ζ(T )
n (0)

)2 ∫ d4x

ρ2

{
(∂ρJn)2 + (∂x3Jn)2 + 9uJ

4R3λ
(T )
n J2

n

}
,

where κJ is defined in (5.43). We define

ϕn(ρ, x3; l) =
√
κJ ζ

(T )
n (0)Jn(ρ, x3; l)

ρ
, (5.145)

to get the canonically normalized action

SDBI
D8 = −1

2

∞∑
n=0

∫
d4x

{
(∂ρϕn)2 + (∂x3ϕn)2 + ϕ2

n

ρ2 + 2ϕn
ρ
∂ρϕn + 9uJ

4R3λ
(T )
n ϕ2

n

}
.

The interaction term ϕ∂ϕ can be eliminated by integrating by parts so that finally
we get

SDBI
D8 = −1

2

∞∑
n=0

∫
d4x

{
(∂ρϕn)2 + (∂x3ϕn)2 +

( 1
ρ2 + 9uJ

4R3λ
(T )
n

)
ϕ2
n

}
. (5.146)

Upon extending the derivatives to the four coordinates and adding the source term

Ssource =
∫
d4x 2π

√
2 δ(ρ− l)δ(x3) ρ

√
κJ ζ

(T )
n (0)

ϕn , (5.147)

this can be read as the four-dimensional effective action for the uncharged string
loop, with the eigenvalues λ(T )

n being related to mass parameters. The fields in this
action come from the mesonic modes at finite temperature, the lightest one being
the axion (the zero-mode with λ

(T )
0 = 0). More precisely, the fields ϕn come from

the D8 gauge field modes “transverse” to the circular source, i.e. Az (including the
axion) and Aρ, Ax3 (two components of the (tower of) vector mesons), with a specific
identification, coming from the five-dimensional equations of motion, reducing to
the single tower ϕn the number of independent fields.

The free energy of the string loop, defined as SDBI
D8 = −

∫
dtEloop, scales linearly

with N . The energy is divergent at the location x3 = 0, ρ = l of the string while it
does not diverge at large distances, i.e. for x3 → ±∞ and ρ→∞, as expected from
the literature [147, 148]. One must remember that the solution is derived under
the hypothesis that the field strength is small (compared to l−1

s ) so to consider the
quadratic expansion of the DBI action. Thus, the solution we found cannot be
trusted close to the source, where the divergence is expected to be resolved in the
full DBI analysis.
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The charged mode

If we turn on the gauge field components At and Aψ we also have contributions from
the CS term in the action. The equations of motion, in this case, are17

• κJρ
{4R3

9uJ
|z|

k5/6(z)

√
fT (z)
γT (z) ∂x3Fρx3 + ∂z

(
k3/2(z)
|z|

√
γT (z)fT (z)Fρz

)}
+

+ N
√

2
68π2 ϵ

ρMNPQFMNFPQ = 0 . (5.148)

• −κJ
{4R3

9uJ
|z|

k5/6(z)

√
fT (z)
γT (z) ∂ρ (ρFρx3)− ρ ∂z

(
k3/2(z)
|z|

√
γT (z)fT (z)Fx3z

)}
+

+ N
√

2
68π2 ϵ

3MNPQFMNFPQ = 0 . (5.149)

• −κJ
k3/2(z)
|z|

√
γT (z)fT (z)

{
∂ρ (ρFρz) + ρ ∂x3Fx3z

}
+ N

√
2

68π2 ϵ
zMNPQFMNFPQ = 0 .

(5.150)

• −κJ
{4R3

9uJ
|z|

k5/6(z)

√
1

fT (z)γT (z) [∂ρ (ρFtρ) + ρ ∂x3Ftx3 ] +

+ ρ ∂z

(
k3/2(z)
|z|

√
γT (z)
fT (z) Ftz

)}
+ N

√
2

68π2 ϵ
tMNPQFMNFPQ = 0 . (5.151)

• −κJ
{4R3

9uJ
|z|

k5/6(z)

√
fT (z)
γT (z)

[
∂ρ

(1
ρ
Fρψ

)
− 1
ρ
∂x3Fψx3

]
+

− 1
ρ
∂z

(
k3/2(z)
|z|

√
γT (z)fT (z)Fψz

)}
+ N

√
2

68π2 ϵ
ψMNPQFMNFPQ = 0 . (5.152)

This system of equations is very hard to solve in general. Following [165],
and what we have done for the straight string configuration, we can linearize the
equations of motion, neglecting the non-linear terms since they are small for large λ
and because we look for solutions in the large-z region. In this regime, the monopole
solution found in the previous section is not spoiled. We can thus study the linearized
equations of motion for At and Aψ (5.151), (5.152), searching for curved space Green

17Under the reasonable assumption that the gauge field still depends only on (ρ, x3, z) and the
parameter l.
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functions sourced by a circular loop distribution

4R3

9uJ
|z|

k5/6(z)

√
1

fT (z)γT (z)
[
∂ρ (ρ ∂ρAt) + ρ ∂2

x3At
]

+

ρ ∂z

(
k3/2(z)
|z|

√
γT (z)
fT (z) ∂zAt

)
∼ δ(x3)δ(ρ− l)δ(z) , (5.153)

4R3

9uJ
|z|

k5/6(z)

√
fT (z)
γT (z)

[
∂ρ

(1
ρ
∂ρAψ

)
+ 1
ρ
∂2
x3Aψ

]
+

1
ρ
∂z

(
k3/2(z)
|z|

√
γT (z)fT (z) ∂zAψ

)
∼ δ(x3)δ(ρ− l)δ(z) . (5.154)

To solve these equations we define At and Aψ as Green’s functions in curved space,18

At(ρ, x3, z; l) ∼
∞∑
n=1

αn(0)αn(z)En(ρ, x3; l) , (5.155)

Aψ(ρ, x3, z; l) ∼
∞∑
n=1

βn(0)βn(z)Fn(ρ, x3; l) , (5.156)

where functions αn and βn are defined in (5.58), (5.59), and the formulas below
them.

The modes En and Fn are the solutions of the infinite set of equations

1
ρ
∂ρ (ρ ∂ρEn(ρ, x3; l)) + ∂2

x3En(ρ, x3; l)− 9uJ
4R3anEn(ρ, x3; l) = δ(ρ− l)δ(x3) ,

(5.157)

ρ ∂ρ

(1
ρ
∂ρFn(ρ, x3; l)

)
+ ∂2

x3Fn(ρ, x3; l)− 9uJ
4R3 bnFn(ρ, x3; l) = δ(ρ− l)δ(x3) .

(5.158)

In order to solve these equations we have to perform the Fourier transform and use
the Green theorem

En(ρ, x3; l) =
∫ +∞

−∞

dk

2πe
ikx3Ên(ρ, k; l) , (5.159)

Fn(ρ, x3; l) =
∫ +∞

−∞

dk

2πe
ikx3F̂n(ρ, k; l) . (5.160)

Following the same computations we have done for the monopole solution we get

1
ρ
∂ρ
(
ρ ∂ρÊn

)
−
(
k2 + 9uJ

4R3an

)
Ên = δ(ρ− l) , (5.161)

ρ ∂ρ

(1
ρ
∂ρF̂n

)
−
(
k2 + 9uJ

4R3 bn

)
F̂n = δ(ρ− l) , (5.162)

18We set to zero the center of mass moduli (X3, Z), as we did previously in this chapter.
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Figure 5.16. The first modes of En(ρ, x3; l) and Fn(ρ, x3; l) for l = 1, 9uJ/(4R3) = 1 and
b̃ = 0.1.

whose solutions are

Ên(ρ, k, l) =


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√
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)
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4R3an

)
ρ < l .

(5.163)

F̂n(ρ, k, l) =


−lρI1
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l

√
k2 + 9uJ

4R3 bn

)
K1

(
ρ

√
k2 + 9uJ

4R3 bn

)
ρ > l ,

−lρK1

(
l

√
k2 + 9uJ

4R3 bn

)
I1

(
ρ

√
k2 + 9uJ

4R3 bn

)
ρ < l .

(5.164)

Figure 5.16 shows the plots of the first modes En and Fn for l = 1, 9uJ/(4R3) = 1
and b̃ = 0.1. They are obtained by numerically performing the Fourier transforms
(5.159) and (5.160). Physically, they are the excitation modes of the t and ψ
components of the field theory vector mesons, whose non-trivial profiles encompass
the charge of the string loop.

We conclude this section by writing the effective action arising from the on-shell
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Maxwellian DBI action. For At we have

SDBI
At ∼

λN

9 · 25π3MKK

√
uJ
R3

∫
d4x dz

{ |z|
k5/6(z)

√
γT (z)fT (z)

[
F 2
tx3 + F 2

tρ

]
+

+ 9uJ
4R3

k3/2(z)
|z|

√
γT (z)
fT (z) F

2
tz

}
=

= λN

9 · 25π3MKK

√
uJ
R3

∞∑
n=1

∞∑
m=1

αn(0)αm(0)
∫
d4x dz

{ |z|αn(z)αm(z)
k5/6(z)

√
γT (z)fT (z)

·

·
[
(∂x3En)2 + (∂ρEn)2]+ 9uJ

4R3
k3/2(z)
|z|

√
γT (z)
fT (z) ∂zαn(z)∂zαm(z)EnEm

}
=

= λN

9 · 25π3MKK

√
uJ
R3

∞∑
n=1

α2
n(0)

∫
d4x

{
(∂x3En)2 + (∂ρEn)2 + 9uJ

4R3anE
2
n

}
.

(5.165)

We can define

εn(ρ, x3; l) =
√

λN

9 · 24π3MKK

√
uJ
R3 αn(0)En(ρ, x3; l), (5.166)

to get

SDBI
At ∼

1
2

∞∑
n=1

∫
d4x

{
(∂x3εn)2 + (∂ρεn)2 + 9uJ

4R3anε
2
n

}
. (5.167)

We can do the same thing for Aψ:

SDBI
Aψ
∼ − λN

9 · 25π3MKK

√
uJ
R3

∫
d4x

ρ2 dz

{ |z|
k5/6(z)

√
fT (z)
γT (z)

[
F 2
ψx3 + F 2

ψρ

]
+

+ 9uJ
4R3

k3/2(z)
|z|

√
γT (z)fT (z)F 2

ψz

}
=

= − λN

9 · 25π3MKK

√
uJ
R3

∞∑
n=1

∞∑
m=1

αn(0)αm(0)·

·
∫
d4x

ρ2 dz

{ |z|
k5/6(z)

√
fT (z)
γT (z) βn(z)βm(z)

[
(∂x3Fn)2 + (∂ρFn)2]+

+ 9uJ
4R3

k3/2(z)
|z|

√
γT (z)fT (z) ∂zβn(z)∂zβm(z)FnFm

}
=

= − λN

9 · 25π3MKK

√
uJ
R3

∞∑
n=1

β2
n(0)

∫
d4x

ρ2

{
(∂x3Fn)2 + (∂ρFn)2 + 9uJ

4R3 bnF
2
n

}
,

(5.168)

and define

ςn(ρ, x3; l) =
√

λN

9 · 24π3MKK

√
uJ
R3 βn(0)Fn(ρ, x3; l)

ρ
, (5.169)
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so that we can write

SDBI
Aψ
∼ −1

2

∞∑
n=1

∫
d4x

{
(∂x3ςn)2 + (∂ρςn)2 +

( 1
ρ2 + 9uJ

4R3 bn

)
ς2
n

}
. (5.170)

Promoting the derivatives to the four coordinates, the actions (5.167), (5.170)
represent the four-dimensional effective actions for the charged modes of the vortons.
They are nothing else than the reduced actions, in cylindrical coordinates, for the
D8 gauge field components “longitudinal” to the circular source, i.e. At and Aψ,
corresponding to two components of the (tower of) vector mesons.19

Currents in the deconfined phase of the WSS model

In this section, we compute the currents associated with the WSS flavor symmetry
in the deconfined phase. The procedure is analogous to the computation of the chiral
currents in the confined phase of the WSS model [165]. In order to study the flavor
currents, it is useful to introduce external gauge fields ALµ, ARµ, associated to the
chiral symmetry U(Nf )L × U(Nf )R in Minkowski space. The chiral currents J µL ,
J µR can be read off from the action term that is linear in the external gauge fields:

Seff
[
AL,AR

]
= −2

∫
d4x tr (ALµJ µL +ARµJ µR) . (5.171)

We can trade the left and right components for the vectorial and axial components
of the current

Seff
[
AL,AR

]
= −2

∫
d4x tr

(
V(+)
µ J

µ
V + V(−)

µ J
µ
A

)
, (5.172)

where

J µV = J µL + J µR , J µA = J µL − J
µ
R , V(±)

µ = Aµ,L ±Aµ,R2 . (5.173)

In the WSS model the chiral symmetry is identified with the constant gauge trans-
formation at z = ±∞, and the external gauge fields ALµ, ARµ can be introduced
by the following boundary conditions for the five-dimensional fields

Aµ(xµ, z → +∞) = Aµ,L(xµ) , Aµ(xµ, z → −∞) = Aµ,R(xµ) . (5.174)

In order to write down an expression for the current, we need to compute the first
variation of the action. Let us consider the connection

AM (xµ, z) = Acl
M (xµ, z) + δAM (xµ, z) , (5.175)

such that Acl
M (xµ, z) is a classical solution to the equations of motion with boundary

conditions Acl
M (xµ, z → ±∞) = 0 while δAM (xµ, z) is a small deviation from the

classical solution such that

δAµ(xµ, z → +∞) = ALµ(xµ), δAµ(xµ, z → −∞) = ARµ(xµ) . (5.176)
19The masses appearing in the four-dimensional effective actions are different for the various

components due to the breaking of Lorentz invariance by the temperature and the choice of
cylindrical coordinates.
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Remember that for the one-flavored case A = A/
√

2, with A the U(1) gauge field.
The background metric in the deconfined phase breaks the covariance in the

Minkowski space but it is straightforward to find the currents as in the confined
background. The DBI action for the D8-brane expanded at quadratic order is

SDBI
D8 =− T8V4R

3/2(2πα′)2

4gs

∫
d4x dz u5/2

√
fT (u)
γT (u)

∣∣∣∣∂u∂z
∣∣∣∣[1

2

(
R

u

)3
F 2
ij+

−
(
R

u

)3 F 2
ti

fT (u)

∣∣∣∣∂u∂z
∣∣∣∣−2γT (u)

fT (u)F
2
tz +

∣∣∣∣∂u∂z
∣∣∣∣−2

γT (u)F 2
iz

]
.

The CS term leads to a vanishing boundary term (at z → ±∞) and hence it does
not contribute to the current computation. This is why we will not consider the CS
term in this section even if it does contribute to the bulk action and hence to the
equations of motion for the gauge field.

We consider a small deviation δAM from the classical solution to the equation
of motion obeying the boundary conditions (5.176). The field strength components
can be written as

F 2
ij =

(
F cl
ij

)2
+ 2ηikηjlF cl

kl (∂iδAj − ∂jδAi) ,

F 2
ti =

(
F cl
ti

)2
+ 2F cl

ti (∂tδAi − ∂iδAt) ,

F 2
tz =

(
F cl
tz

)2
+ 2F cl

tz (∂tδAz − ∂zδAt) ,

F 2
iz =

(
F cl
iz

)2
+ 2F cl

iz (∂iδAz − ∂zδAi) ,

where the coefficients ηMN (M,N = t, x1, x2, x3, z) refer to the five-dimensional flat
metric.

In order to read off the flavor currents we look at the terms with derivatives
w.r.t. the holographic direction z since they give the boundary terms of the action:

Sbdry = T8V4R
3/2(2πα′)2

2gs

∫
d4x dz ∂z

[
u5/2

∣∣∣∣∂u∂z
∣∣∣∣−1(√γT (u)

fT (u) η
ttF cltzδAt+

+
√
γT (u)fT (u) ηijF cliz δAj

)]
=

= T8V4R
3/2(2πα′)2

2gs

∫
d4x

[
u5/2

∣∣∣∣∂u∂z
∣∣∣∣−1(√γT (u)

fT (u) η
ttF cltzδAt+

+
√
γT (u)fT (u) ηijF cliz δAj

)]∣∣∣∣∣
z=+∞

z=−∞

.
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Following the prescription (5.171), the chiral currents can be written as

J tL = −κJ
[
k(z)3/2

|z|

√
γT (z)
fT (z) η

ttF cl
tz

]∣∣∣∣
z=+∞

, (5.177)

J tR = κJ

[
k(z)3/2

|z|

√
γT (z)
fT (z) η

ttF cl
tz

]∣∣∣∣
z=−∞

, (5.178)

J iL = −κJ
[
k(z)3/2

|z|

√
γT (z)fT (z) ηijF cl

jz

]∣∣∣∣
z=+∞

, (5.179)

J iR = κJ

[
k(z)3/2

|z|

√
γT (z)fT (z) ηijF cl

jz

]∣∣∣∣
z=−∞

, (5.180)

where κJ has been defined in (5.43).
From these expressions, we can extract the vectorial and axial components of

the currents:

J tV = −κJ
[
k(z)3/2

|z|

√
γT (z)
fT (z) η

ttF cl
tz

]∣∣∣∣z=+∞

z=−∞
, (5.181)

J tA = −κJ
[
ψ0(z)k(z)3/2

|z|

√
γT (z)
fT (z) η

ttF cl
tz

]∣∣∣∣z=+∞

z=−∞
, (5.182)

J iV = −κJ
[
k(z)3/2

|z|

√
γT (z)fT (z) ηijF cl

jz

]∣∣∣∣z=+∞

z=−∞
, (5.183)

J iA = −κJ
[
ψ0(z)k(z)3/2

|z|

√
γT (z)fT (z) ηijF cl

jz

]∣∣∣∣z=+∞

z=−∞
, (5.184)

where ψ0(z) = 2
π arctan(z). We will drop the apex “cl.” from now on.

We can use these results to compute the baryon number current (and in general
all the other components of the currents JR and JL) associated with the electric
potential At. This fixes the proportionality constant in front of the solution (5.155)
for At to K = −(3223π3R3/2)/(u1/2

J MKKλ):

J tB = 2
N
J tV = − 2

N
κJ

[
k3/2(z)
|z|

√
γT (z)
fT (z)η

ttFtz

] ∣∣∣∣z=+∞

z=−∞

= KκJ

∞∑
n=1

αn(0)En(ρ, x3; l)
[
k3/2(z)
|z|

√
γT (z)
fT (z)∂zαn(z)

] ∣∣∣∣z=+∞

z=−∞
=

= KκJ

∞∑
n=1

gαV nα2n−1(0)E2n−1(ρ, x3; l) , (5.185)

where we have defined the decay constants associated with the eigenfunctions αn(z)
as

gαV n = a2n−1

∫
dz

|z|
k5/6(z)

α2n−1(z)√
γT (z)fT (z)

, gαAn = a2n

∫
dz

|z|
k5/6(z)

α2n(z)ψ0(z)√
γT (z)fT (z)

.
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A direct application of this formula is to compute the baryon number charge

nB =
∫ +∞

−∞
dx3

∫ ∞

0
ρ dψ dρ ⟨J tB⟩ = 2π

∫ +∞

−∞
dx3

∫ ∞

0
ρ dρ ⟨J tB⟩

= 2π 9uJ
4R3

∞∑
n=1

gαV n⟨α2n−1(0)⟩
∫ +∞

−∞
dx3

∫ ∞

0
ρ dρE2n−1(ρ, x3; l) =

=
∞∑
n=1

gαV n

a2n−1
⟨α2n−1(0)⟩ = 1 , (5.186)

where we used the properties of the Fourier transform and the addition sum rule of
Bessel functions. Note that this definition of baryon number is equivalent to the one
given in terms of the CS term in equation (5.78) (plus total derivatives) by using
the equations of motion.
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Chapter 6

Holographic baryons as quantum
Hall droplets

In this chapter, we finally provide a first-principle construction of baryons as quantum
Hall droplets in a QCD-like theory admitting a holographic dual. We observed
at the beginning of chapter 2 that in QCD-like theories with gauge group SU(N)
and a single massless flavor (Nf = 1), the low-energy description of baryons as
solitonic Skyrmions is not available. This puzzle can be overcome by following the
ideas of [40, 41, 42, 43, 44], and recently carried on by Komargodski in [38]. In the
planar limit of these theories, baryons at low energy should correspond to some kind
of “brane-like” objects related to the singular locus of the low-energy η′ potential
defined by η′ = π. Moreover, on the worldvolume of these objects, there should live
a (2+1)-dimensional U(1)N Chern-Simons theory [38]. In this respect, the baryons
would be analogous to the quantum Hall droplets of the fractional Hall system.

Several expected properties of the baryons have been derived from these premises,
yet precise quantitative statements are, as usual, difficult to achieve from purely
effective descriptions [40, 41, 42, 43, 44, 38, 45, 46, 47, 48, 49, 50, 51, 52].

In this chapter, based on [6], we adopt the WSS model as a playground theory
to construct the one-flavored baryon. We will focus on its D6-brane description,
corresponding to the gluonic core of the baryons. In the language introduced in
chapter 4, we do not consider here its mesonic description given in terms of the
flavor brane gauge field. We also construct related configurations, such as vortons,
“sandwich vortons” and domain walls with holes, study their stability, and (some of)
their possible decay channels.

In section 6.1, which constitutes the core of this chapter, we set up the study
of various configurations, including the baryons, as D6-branes ending on the flavor
D8-brane with a circular boundary, in both confined and deconfined phases. Indeed,
as we have seen in the previous chapters, the D6-brane is the object realizing the
correct monodromy of the field dual to the η′ [1], and after reduction on the four-
sphere of the background, it naturally hosts on its worldvolume the U(1)N CS theory
advocated in [38]. In order to describe a (meta)stable baryon as a quantum Hall
droplet, as well as other baryonic configurations, it is necessary to consider charged
configurations under the baryonic symmetry. This corresponds to switching on an
electromagnetic field on the D6-branes.
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We thus describe in detail the equations of motion, variational principle, boundary
conditions, and the relations between the baryon charge nB, the quark charge qs,
and the spin J associated with the D6-brane. In particular, we study configurations
such that J = n2

BN/2 (as in the standard Fractional Quantum Hall Effect) - this
reduces to the expected relation J = N/2 for the elementary nB = 1 baryon made
by N quarks with aligned spins. By analyzing the topology of the configuration, we
are able to identify the solitonic mode living on the boundary of the droplet and
carrying integer baryonic charge, in close analogy to the description of the electron
in the FQHE. Perhaps not surprisingly, the solitonic mode is a would-be gauge mode
of the gauge connection on the D6-brane worldvolume.

Section 6.2 is devoted to the presentation of the (numerical) solution correspond-
ing to the baryon, i.e. the embedding profile and the electromagnetic field of the
D6-brane. The solution allows to compute precisely, from first principles, the baryon
properties, such as its mass and radius. As envisaged in [38], while the mass scales
linearly with the number of colors N , as customary for baryons in the planar limit
[16], the radius is N -independent. Instead, both these observables depend on the ’t
Hooft coupling λ, the chiral symmetry breaking scale f(T ),η′ , and the temperature
(in the deconfined phase). In particular, it turns out that these baryons are small
particles in the holographic regime, with size suppressed by the large value of λ, as
in the case of the standard Nf ≥ 2 baryons in the WSS model [28, 165] (but with a
different power law suppression).

The charged string loops, i.e. the vortons, are studied in detail in section 6.3.
As we have seen in the previous chapter, they correspond to a D6-brane extended
from the flavor brane tip, where it has a circular boundary, to the horizon of the
finite temperature WSS background. We will find that stable vortons with baryon
number nB ∼ λ0 do not exist. The only way to find metastable vortons is if they
carry a very large charge nB ∼ λ. Then, we will connect these findings with the
results coming from the D8-brane analysis presented in section 5.3.

In section 6.4, we study two different but related configurations: a domain
wall with a hole and a “sandwich vorton”, briefly introduced in section 5.2. Both
correspond to a D6-brane with a circular boundary at the D8-brane tip (as the
baryon). The former is expected to play a role in the decay of infinite domain walls,
which develop holes that eventually eat up all their worldvolume. We concentrate on
metastable configurations with baryonic charge, but analogous metastable uncharged
solutions and unstable solutions exist as well.

The “sandwich vorton” is a charged string loop whose structure depends on two
different fields. A prototype example is the “axionic-η′ string” (or the “axionic-pionic”
string) [41]. In the holographic model, it corresponds to a cylindrical D6-brane
terminating on two D8-branes whose tips are at different holographic radial positions.
In the WSS model, it can carry baryonic charge, which makes it (meta)stable.

Section 6.5 discusses possible decay channels between various configurations:
baryons, “sandwich vortons”, ordinary vortons, quarks (in the deconfined phase).
The discussion is based on energy and charge considerations. The results are non-
trivial “phase diagrams” highlighting the most stable configurations depending on
the theory parameters (e.g. fη′,a, temperature, λ).

Finally, Appendix C provides more details on the topology of the solutions, while
appendix D describes the numerical integration procedure followed to solve the
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equations in the main body of this chapter.

6.1 The D6-brane system
In this section, we present a detailed analysis of the Euler-Lagrange equations and
the related variational problem for a D6-brane wrapped on the background S4,
extended along the holographic coordinate u with a circular boundary at the tip of
a U-shaped D8-brane. We find a zoo of solutions associated with different D6-brane
profiles. We present the analysis in both the confined and deconfined phases of the
WSS model.1

The worldvolume action for the D6-brane is composed of two parts: the Dirac-
Born-Infeld action and the Chern-Simons one. We remind the reader that this
reads

SDBI
D6 = −T6

∫
d7x e−ϕ

√
−det (g + (2πl2s) f +B) , (6.1)

where T6 = (2π)−6l−7
s is the D6-brane tension and f is the field strength associated

to the U(1) gauge connection a living on the D6-brane worldvolume. Locally, we
can write f = da. The Kalb-Ramond field B appearing in the DBI action will be
set to zero, as always in this thesis. Integrating out the four-sphere, the above
action reduces effectively to the DBI action of a membrane with a three-dimensional
worldvolume M3. The worldvolume coordinates of the manifold M3 are identified
with t, ψ, u, where ψ is the polar angular variable of a circle in Minkowski, whose
radius ρ(u) (which we take to be (t, ψ)-independent) has to be determined by
solving the Euler-Lagrange equation. The manifold M3 has a boundary ∂M3, which
has in general a non-trivial topology. It has one connected circular component in
uJ , and depending on the nature of the solution for ρ(u), it might have a second
connected component at the position where the D6-brane ends, which we denote
by u∗. In the following, we use the convention ϵtψu = +1 which is equivalent to
dt ∧ dψ ∧ du = dt dψ du. Note that this induces an orientation on ∂M3, spanned by
ψ, t.

The Chern-Simons action for the D6-brane is given by

SCS
D6 = 1

8π2

∫
C3 ∧ f ∧ f =

= N

4π

∫
M3

a ∧ f − 1
8π2

∫
∂D6

C3 ∧ a ∧ f , (6.2)

where in the last equality, we have integrated by parts and used
∫
S4 F4 = 2πN .

We have also used that d2a = 0, and we denoted with ∂D6 the boundary of the
seven-dimensional D6-brane worldvolume. The effective theory on the D6-brane is
thus described by a three-dimensional DBI-CS action with U(1)N CS term [179, 141].
In the case of a D6-brane with a boundary ∂D6 = ∂M3 × S4, there is also a six-
dimensional boundary term. Since in the previous sections we were not interested in
the charged D6-brane, we always forgot about such a boundary term.

1Let us remind that the physics of fractional quantum Hall effects has been studied widely in
the literature. See, for example [177, 178] and related works.
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Let us comment on this result. The authors of [32], following the results presented
in the seminal paper [133], observe that the standard Wess-Zumino term, involving a
RR form C, for a wrapped brane in the presence of a non-trivial flux on the compact
manifold, has to be traded (integrating by parts) with the term involving the field
strength of C. This is the case whenever C is not single-valued. Looking at (6.2),
the first line has to be traded with the first term of the second line. However, our
configuration is more complicated than the one described in [133, 32], since we have
a physical boundary. This leads to the presence of a boundary term in the second
line of (6.2), involving explicitly C3, which could be problematic as well. Anyway,
we are going to impose that the gauge connection vanishes at the boundary of the
D6-brane worldvolume ∂D6:2

f =
∂D6

0 . (6.3)

This way, the CS theory on the D6-brane worldvolume reduces effectively to three-
dimensional U(1)N CS theory, ubiquitous in this thesis.

Let us comment now on the gauge invariance of the theory. Consider the first
line of (6.2), since the action depends only on the gauge curvature f , it is manifestly
gauge invariant. However, after the integration by parts, performed in the second
line of (6.2), the two terms are not independently gauge invariant. In particular, the
U(1)N CS theory alone is not gauge invariant if the manifold M3 has a boundary
(see e.g. [180]). We study this issue by allowing for a general variation of the
gauge connection a → a + δa, and then by specializing this variation to a gauge
transformation. The corresponding variation of the CS action to first order in the
fluctuations reads

δSCS = N

4π

∫
M3

d(δa ∧ a) + 2δa ∧ da . (6.4)

In the specific case of a pure gauge transformation, we have δa = −ig−1dg = dφ,
where g = eiφ is an element of U(1). With these definitions, the phase φ is a periodic
scalar field with period 2π. We can use Stokes’s theorem to rewrite (6.4) for pure
gauge transformations:

δSCS = N

4π

∫
M3

dφ ∧ f = N

4π

∫
∂M3

φf . (6.5)

Therefore, the condition for gauge invariance is that the curvature of the connection
a identically vanishes at the boundary:

f =
∂M3

0 . (6.6)

One can realize that this condition is nothing but the reduction on M3, of the
condition (6.3) that we imposed to get rid of the six-dimensional boundary term in
the Wess-Zumino action. Note that we are considering a gauge connection a which
does not depend on the four-sphere coordinates, and with null components along
S4. Therefore, imposing (6.3), we get for free the gauge invariance of the effective
theory after the integration by parts.

2This condition preserves the gauge invariance of the RR form C3 in the seven-dimensional
D6-brane worldvolume with a boundary. This is not the only choice that preserves this gauge
invariance.
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A simple way to guarantee that (6.6) vanishes is to make an ansatz for the gauge
connection corresponding to time-independent axisymmetric solutions, i.e. such
that its components depend on the holographic coordinate u alone.3 In addition,
to simplify our study, in the following we will work in the radial gauge au = 0.
Therefore, our gauge connection configuration will be given by

at(u) , aψ(u) . (6.7)

Let us now derive the equations of motion both in the confined and deconfined
phases for the D6-brane embedding and its gauge connection. We do this assuming
to have a well-posed variational problem, and then we will discuss how, imposing
particular boundary conditions, this analysis is consistent.

Confining phase

We start with the Witten confining background (3.44). The induced metric on the
D6-brane is

ds2
D6 =

(
u

R

)3/2
(
−dt2 + ρ2(u)dψ2 +

(
ρ′(u)2 +

(
R

u

)3 1
f(u)

)
du2

)
+R3/2u1/2dΩ2

4 .

(6.8)
After some algebra, the full action can be written as

SD6 = −N
∫
dt

∫ uJ

u∗
du

{(at ∂uaψ − aψ ∂uat)
2 + u ρ(u)D(u)

3(2πl2s)2

}
, (6.9)

where we have introduced the function

D(u) =

√√√√ρ′(u)2
(
u

R

)3
+ 1
f(u) + (2πl2s)2

(
(∂uaψ)2

ρ2 − (∂uat)2

)
. (6.10)

Let us now write the Euler-Lagrange equations for ρ(u), at(u), and aψ(u), defining
a Lagrangian density LD6 from the action by

S =
∫
dt dψ duLD6. (6.11)

The equations of motion read:

• Equation of motion for ρ(u)

∂u

(
u4ρ′(u)ρ(u)

D(u)

)
= R3u

D(u)

(
ρ′(u)2

(
u

R

)3
+ 1
f(u) − (2πl2s)2(∂uat)2

)
. (6.12)

• Equation of motion for at(u)

3 ∂uaψ + ∂u

(
u ρ(u)∂uat
D(u)

)
= 0 . (6.13)

3Note that, with our choice of coordinates and orientation, the equation (6.6) can be written in
components and reads ftψ =

∂M3
0. By choosing a time-independent axisymmetric configuration, this

is automatically satisfied.
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• Equation of motion for aψ(u)

3 ∂uat + ∂u

(
u ∂uaψ
ρ(u)D(u)

)
= 0 . (6.14)

We can rescale the gauge connection by a factor (2πl2s) in such a way that there
is no more explicit dependence on ls in the equations:

ā = (2πl2s)a . (6.15)

The equations of motion (6.13) and (6.14) for the gauge connection components are
total derivatives, so from them we get

u ρ(u)
D(u) ∂uāt + 3āψ = k̄t , (6.16)

u

ρ(u)D(u)∂uāψ + 3āt = k̄ψ , (6.17)

where k̄t and k̄ψ are two constants of motion to be fixed. As for the gauge connection,
the barred constants are related to unbarred ones through k̄t,ψ ≡ 2πl2s kt,ψ. Defining

ãψ = āψ −
k̄t
3 , ãt = āt −

k̄ψ
3 , (6.18)

the equations of motion can be rewritten as

∂

∂u

(
u4ρ′(u)ρ(u)

D(u)

)
−R3uD(u)

(
1− 9

u2 ã
2
t

)
= 0 ,

∂uãψ + 3
u
ρ(u)D(u) ãt = 0 ,

∂uãt + 3
u

D(u)
ρ(u) ãψ = 0 . (6.19)

Using the latter we can write D(u) as

D(u) =

√√√√√√√√√
ρ′(u)2

(
u

R

)3
+ 1
f(u)

1 + 9
u2

(
ã2
ψ

ρ2(u) − ã
2
t

) . (6.20)

This on-shell expression for D(u) will be helpful in the numerical resolution of the
differential equations.

Deconfined phase

In the deconfined phase, where the background metric is given by (3.115), a similar
approach can be followed. The D6-brane induced metric reads

ds2
T, D6 =

(
u

R

)3/2
(
−fT (u)dt2 + ρ2(u)dψ2 +

(
ρ′(u)2 +

(
R

u

)3 1
fT (u)

)
du2

)
+

+R3/2u1/2dΩ2
4 . (6.21)



6.1 The D6-brane system 137

The full D6-brane action is

SD6 = −N
∫
dt

∫ uJ

u∗
du

{(at ∂uaψ − aψ ∂uat)
2 + u ρ(u)DT (u)

3(2πl2s)2

}
, (6.22)

where we have defined DT (u) as

DT (u) =
√

1 + ρ′(u)2
(
u

R

)3
fT (u) + (2πl2s)2

(
fT (u)(∂uaψ)2

ρ2(u) − (∂uat)2
)
. (6.23)

Using the rescaling (6.15) the equations of motion read

∂u

(
u ρ(u)
DT (u)

(
u

R

)3
fT (u)ρ′(u)

)
− uDT (u) + u fT (u)

DT (u)
(∂uāψ)2

ρ2(u) = 0 , (6.24)

u ρ(u)
DT (u)∂uāt + 3āψ = k̄t , (6.25)

u

DT (u)
fT (u)
ρ(u) ∂uāψ + 3āt = k̄ψ , (6.26)

where k̄t and k̄ψ are two constants of motion which, despite we adopt the same
notations, are a priori different from their counterparts in the confined phase.

Using the analogous redefinition as in (6.18), the complete set of equations of
motion in the deconfined phase can be written as

∂u

(
u4ρ′(u)ρ(u)fT (u)

DT (u)

)
−R3uDT (u)

(
1− 9ã2

t

u2fT (u)

)
= 0 ,

∂uãψ + 3
u fT (u)ρ(u)DT (u) ãt = 0 ,

∂uãt + 3
u

DT (u)
ρ(u) ãψ = 0 . (6.27)

Using the latter we can rewrite DT (u) as

DT (u) =

√√√√√√√√√
1 + ρ′(u)2

(
u

R

)3
fT (u)

1 + 9
u2

(
ã2
ψ

ρ2(u) −
ã2
t

fT (u)

) . (6.28)

In both phases, we verified that imposing the gauge au = 0 does not impose
a constraint on the non-zero fields. This can be done, as usual, by deriving the
equations of motion with au ̸= 0 for all the fields (also au) and then setting au = 0.
The equation of motion of au could, in principle, give rise to a constraint. This is
not the case for our system since it leads to a trivial identity.

Baryon number, fundamental string charge and angular momentum

In the WSS model, the baryon vertex is associated with a D4-brane wrapped on
the background four-sphere S4. The presence of nB D4-branes sources the C5
Ramond-Ramond field through the Wess-Zumino term

nB

∫
S4×Rt

C5 . (6.29)
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If the gauge connection on the wrapped D6-brane is turned on, the D6-brane can
carry a wrapped (on S4) D4-brane charge, hence a baryon charge nB . The D6-brane
can also carry a fundamental string charge, which corresponds in the field theory
picture to the number of quarks building up the baryonic configuration. These
features recall those of a charged cylindrical D2-brane (eventually ending on a
D4-brane) in flat spacetime, known as supertube, which supports both fundamental
string charge and D0-brane charge [181, 166].

The induced baryon charge can be read from the D6-brane CS coupling. Let
us write the D6-brane worldvolume as M3 × S4 = Rt × Σ × S4, where Σ is a
surface extended along ψ and ρ(u), or equivalently along ψ and u with u ∈ [u∗, uJ ].
Therefore, the D6-brane CS term reads

1
2π

∫
D6
C5 ∧ f = 1

2π

∫
Σ
f ·

∫
S4×Rt

C5 , (6.30)

so that
nB = 1

2π

∫
Σ
f = − 1

2π

∫
Σ
du dψ ∂uaψ = aψ(u∗)− aψ(uJ) , (6.31)

where in the last equality, we used the axisymmetry of the gauge connection. Notably,
nB appears as an integrated magnetic flux for the U(1) gauge connection on the
D6-brane, and it is related to the boundary values of the connection. We will return
to the topological interpretation of the baryon number in section 6.1.3. If we define
the shifted gauge connection as

âψ = aψ −
kt
3 , ât = at −

kψ
3 , (6.32)

we can rewrite (6.31) as
nB = âψ(u∗)− âψ(uJ) . (6.33)

Fixing the baryon number thus gives a boundary condition on a or, equivalently,
on â. As we will see shortly, the solutions to the equations of motion have to satisfy
appropriate boundary conditions to describe metastable objects with baryon number.

The induced fundamental string charge on the D6-brane can be computed by
doing the variation of the total action with respect to f4

qs = ∂

∂(∂uat)

∫
dψLD6 = N

kt
3 , (6.34)

where in the last identity, we used the equations of motion. We stress that the above
formula holds both in the confined and in the deconfined phases since the equation
of motion for at has the same expression in both phases (up to replacing D by DT ).

4The identification of the string charge qs with the variation with respect to f comes from
considering that the latter appears in the fundamental string action as

Sf-string ⊃ − qs
2πl2

s

∫ (
B + 2πl2

sf
)

.

Then, we can write
qs = −2πl2

s
δSf-string

δB
= −δSf-string

δf
.
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As we have already shown in equation (6.2), on the D6-brane worldvolume, there
is also the term

N

4π

∫
M3

a ∧ f , (6.35)

which in the presence of the non-trivial magnetic flux in (6.31) becomes

N nB

∫
Rt
at(t)dt ⇒ qs = NnB , (6.36)

where at(t) is now a gauge connection fluctuation.5 The result qs = N nB comes
from the identification of the D6-brane CS Lagrangian (6.36) with the fundamental
string Lagrangian; and it is physically expected to hold in the presence of baryonic
objects.6 From this result and the definition (6.32), it also follows that

âψ = aψ − nB . (6.37)

Because of the matching condition we enforced gave qs = N kt/3 = NnB, we have to
impose kt/3 = nB when we solve the equations of motion for the gauge connection.

Another property of the charged D6-brane configurations we are focusing on is
that they carry angular momentum [5, 6]. Following Noether’s theorem, the angular
momentum along the u axis is

J =
∫

Σ×S4
d6x
√
−g gψψ T tψ. (6.38)

The Chern-Simons term is topological, and hence its contribution to the stress-energy
tensor vanishes. We are thus left with the stress-energy tensor contribution from
the DBI action

TMN = − 2√
−g

δLD6
δgMN

= T6 e
−ϕ
(
− gMN

√
1 + 1

2g
ABgCDf̄AC f̄BD+

+ gAB f̄MAf̄NB√
1 + 1

2g
ABgCDf̄AC f̄BD

)
, (6.39)

where g is the induced D6-brane metric and the indices M,N,A,B,C,D run over
the D6-brane worldvolume coordinates. In particular

T tψ = T6 e
−ϕ

√−gttgψψguu
∂uāt∂uāψ√

−[gtt(gψψguu + (∂uāψ)2) + gψψ(∂uāt)2]
. (6.40)

Using the above expression and the equations of motion, we get, from (6.38)

J = N

2

∫
du ∂u

[(
aψ −

kt
3

)2
]
. (6.41)

5It can be shown that our time-independent axisymmetric gauge connection can be gauge trans-
formed into this new gauge configuration. This can be done by performing a gauge transformation
aµ → aµ+∂µΛ with the gauge parameter Λ = −at(u)t+

∫ t
at(t′)dt′. The field strength f is trivially

gauge invariant, so equation (6.36) is not spoiled. We have to mention that, this way we exit the
radial gauge since the component au is turned on.

6This relation holds only for confined baryonic objects, and it has to be modified in the presence
of free quarks.
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This formula holds for every D6-brane embedding and in both the confined and the
deconfined phases. We can integrate it in u between the generic endpoint in u∗ and
uJ to get

J = N

2

[(
aψ(uJ)− kt

3

)2
−
(
aψ(u∗)− kt

3

)2 ]
=

= N

2
[
(âψ(uJ))2 − (âψ(u∗))2

]
= −N2 (âψ(u∗) + âψ(uJ))nB. (6.42)

6.1.1 Zoology of (meta)stable solutions

For a given value of kt and kψ, the space of solutions of the system of differential
equations derived in (6.19) and (6.27) is a four-parameter space whose general
structure is challenging to determine.

We focus on the zoology of time-independent axisymmetric solutions, which can
be interpreted from the field theory point of view:

• Baryons. They correspond to D6-brane configurations that shrink to zero
size at some value of the holographic coordinate u∗ = uE so that ρ(uE) = 0.
See figure 6.1.

Figure 6.1. Pictorial representation of the D6-brane embedding describing holographically
the Hall droplet baryon. The D6-brane has a radius l at u = uJ where it is attached to
the D8-brane, and it shrinks to zero size at u = uE . We present the embedding both in
the deconfined (cylinder) phase and the confined (cigar) phase of the WSS model.

• Vortons. They are solutions in the deconfined phase for which ρ(u) ̸= 0 for
all u, and they extend from uJ to the horizon u∗ = uT (see the discussion in
section 5.2). See figure 6.2.
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Figure 6.2. Pictorial representation of the D6-brane embedding describing holographically
the vorton. The D6-brane has a radius l at u = uJ where it is attached to the D8-brane,
while it ends on the horizon with a non-trivial profile.

• Sandwich vortons. These are solutions such that ρ(u) ̸= 0 for all u, and they
extend from uJ to u∗ = uK , which corresponds to the tip of another U-shaped
flavor D8-brane.7 These topological defects can be interpreted as excitations
of two different flavors leading to a “sandwich” structure. We will return to
the interpretation of these objects in section 6.4. 8. See figure 6.3.

Figure 6.3. Pictorial representation of the D6-brane embedding describing holographically
the sandwich vorton. The D6-brane has a radius l at u = uJ where it is attached to
the first D8-brane, while it ends on a second D8-brane at u = uK . The embedding is
presented in the deconfined (cylinder) and the confined (cigar) phase of the WSS model.

• Punctured domain walls. They are domain wall solutions attached to a
circle of radius l at uJ that extend to ρ→∞ at some u∗ ⩾ u0 in the confined
phase and u∗ ⩾ uT in the deconfined phase. See figure 6.4.

7Thus, since uK ̸= uJ , the two flavors condense at different scales.
8We can also think of sandwich defects with a straight boundary on the two D8-branes. In this

case, the composite objects are straight global strings associated with two different flavors. See
figure 5.6
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Figure 6.4. Pictorial representation of the D6-brane embedding describing holographically
the punctured domain wall. The D6-brane has a radius l at u = uJ where it is attached
to the first D8-brane. It extends to ρ → ∞ for a finite u = u∗. The embedding is
presented in the deconfined (cylinder) phase and the confined (cigar) phase of the WSS
model.

These configurations are not necessarily metastable. Time-independent stable or
metastable solutions are generally a very restricted subclass of solutions for which
we need to impose other constraints.

The first necessary criterion for (meta)stability comes from a no-force condition
for intersecting branes, which is achieved when the intersection is orthogonal. This,
in our case, will result in a first boundary condition

ρ′(uJ) = 0 . (6.43)

For D6-brane embeddings associated with baryon solutions, we also have to require
that the embedding is a smooth manifold. For example, a conical shape at u∗ will
result in tension, causing the brane to shrink. As a result, in the baryon case, we
must have

ρ′(uE)→∞ , (6.44)

where u∗ = uE is the value of the holographic coordinate such that ρ(uE) = 0.
For vortons in the deconfined phase, together with ρ′(uJ) = 0, the orthogonality

requirement at the horizon is discussed in section 5.2. Expanding the metric in the
near-horizon region, it is possible to show that orthogonality is guaranteed if and
only if the embedding ρ(u) admits a (regular) Taylor expansion in uT .

The sandwich vortons have to be supported also with the orthogonality condition
at uK

ρ′(uK) = 0 . (6.45)

6.1.2 Variational principle for a DBI-CS action

In this section, we address the variational problem for a DBI-CS action in the
presence of a boundary. Let us recall that M3 = Σ× Rt (and ∂M3 = ∂Σ× Rt) with
Rt the time axis and Σ a surface extended along ψ, ρ(u), or equivalently along ψ, u,
with u ∈ [u∗, uJ ] and with some profile ρ(u).

In our setup, both the DBI action and CS action produce a boundary variation
under a→ a+ δa, and therefore, it has to be taken into account. As a consequence
of the presence of the DBI action, unlike in the pure CS case [180], the variables
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δat and δaψ are not conjugate to each other, and we can safely choose Dirichlet
boundary conditions for both of them to work out the variational problem. See e.g.
[182] for a recent discussion on this topic. Therefore, we set9

δat

∣∣∣∣uJ
u∗

= 0, δaψ

∣∣∣∣uJ
u∗

= 0, (6.46)

and the variational problem is automatically well-posed.

Boundary conditions for the gauge connection

We are now ready to discuss the boundary conditions, consistent with the variational
principle, that we will impose to solve the equations of motion. In the baryon
setup, and in both phases, assuming that the electric field is finite at the tip of the
D6-brane, the equation of motion for at implies that, at the tip where ρ(uE) = 0
and ρ′(uE) → ∞, we have aψ(uE) = nB. This, together with the baryon number
definition nB = aψ(uE)− aψ(uJ), implies aψ(uJ) = 0 for the baryon.

In both phases and for all the other solutions with baryon number nB, we will
impose the same conditions, aψ(uJ) = 0 and aψ(u∗) = nB. As a consequence for all
solutions we have âψ(u∗) = 0 and âψ(uJ) = −nB using (6.37). Let us summarize
the boundary conditions of each configuration presented in section 6.1.1 separately:

Baryons: aψ(uE) = nB at(uE) = 0 aψ(uJ) = 0 . (6.47)
Vortons: aψ(uT ) = nB at(uT ) = 0 aψ(uJ) = 0 . (6.48)
Sandwich vortons: aψ(uK) = nB at(uK) = 0 aψ(uJ) = 0 . (6.49)
Punctured domain walls: aψ(u∗) = nB at(u∗) = 0 aψ(uJ) = 0 . (6.50)

Imposing the above conditions and recalling equation (6.42), we find

J = N

2 n
2
B , (6.51)

for every configuration. We insist that in the baryon case this is derived, while it is
a consequence of our choice of boundary conditions for the other solutions. This
quadratic dependence of the angular momentum on the charge is a typical feature of
anyonic systems, and it is consistent with the observation that the charged D6-brane
configurations we are focusing on are excitations of a topological phase of a U(1)N
CS theory.10

6.1.3 Topological interpretation of the baryon number

In this section, we classify the principal U(1)-bundles that can be defined on the
D6-brane worldvolume. We show that these bundles are precisely classified by the
baryon number. We identify the topological data at the intersection of the D6-brane

9Let us recall that u = uJ , and u = u∗ represent the location of the boundary.
10The state with opposite spin J = −(N/2)n2

B can be obtained by considering a D6-brane for
which the CS term changes sign.
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and the D8-brane, we connect this boundary data to the baryon number, and show
the similarities with the well-known Yang-Mills instanton description of baryons.
Then, we provide a physical interpretation of the shifted gauge connection â, which,
as we shall see, describes in the baryon case a vortex living on the D6-brane. Finally,
we outline some similarities and differences between the well-known Nielsen-Olesen
vortex [183] and the one we study throughout this chapter, which we will refer to as
DBI-CS vortex.

Topological properties of the D6-brane

In this section, we do not consider the S4 on which the D6-brane and the D8-brane
are wrapped. Moreover, for our purpose, the time axis will be neglected; therefore,
the manifold of interest is the above-defined Σ. All the D6-brane configurations
considered in this chapter (and the previous chapters) have an intersection with the
D8-brane in u = uJ , which has the topology of a circle S1. This circle is a connected
component of ∂Σ. For baryon solutions, it is a priori the only one, but the other
solutions may have other connected components. Hence, we discuss separately the
solutions for which ρ(u) ̸= 0 for all u and the baryon.

In the ρ(u) ̸= 0 case, which corresponds to the sandwich vorton, the vorton and
the punctured domain wall cases presented in section 6.1.1, the boundary has two
circular connected components. One is the circle in uJ , and the other is in u∗. This
last circle is either the intersection with another U-shaped D8-brane (for sandwich
vortons), the intersection with the horizon (for vortons), or a circle at infinity (for
the punctured domain walls). In all these cases, Σ has the global topology of a
cylinder between two circles, which we will denote S1

J,∗.
In the baryon case, Σ has a priori the topology of a disk. However, as we have

seen in equation (6.47), a has a vortex-like singularity in uE . We will interpret
this aψ(uE) ̸= 0 as a topological defect at the tip of the D6-brane. A common
workaround procedure to study these defects is to consider instead the manifold
Σ with a small neighborhood of the defect excised. This has multiple topological
and physical consequences. Firstly, it adds another circular boundary component
in u∗ = uE , which allows for a non-trivial value of the gauge connection at the tip
without a singularity. Moreover, this implies that the discussion of baryons and
the other D6-brane configurations can be conducted simultaneously, as both can be
treated by considering a cylinder between two circles.

Classification of the principal U(1)-bundles

We now want to work out a classification of the principal U(1)-bundles defined on
the manifold Σ, which, as we have shown, can be reduced to the study of a cylinder.
Note that, because of (6.6), the curvature f has to vanish on both bounding circles
of the cylinder. Therefore, f restricts to a map on the one-point compactification of
Σ \ ∂Σ. This corresponds to identifying the entire boundary ∂Σ as a single point.
Doing so, we obtain a pinched torus, noted PT, illustrated in figure 6.5.
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(a) (b)

Figure 6.5. Cylinder configuration (a) and its one-point compactification PT (b). The
boundary is indicated in blue.

It has been shown that U(1)-principal bundles are classified up to gauge transfor-
mations by the second cohomology group of this manifold, with integer coefficients
(see appendix C for a more detailed explanation of this statement). This is a crucial
difference with the baryons constructed usually with more flavors, which rely on
non-trivial SU(Nf )-principal bundles, classified by the fourth cohomology group.
The cohomology of the pinched torus is

H∗(PT;Z) = (H0(PT;Z), H1(PT;Z), H2(PT;Z), 0 . . . ) = (Z,Z,Z, 0 . . . ), (6.52)

and all the higher cohomology groups vanish because of dim(PT) = 2. H0 = Z is
a direct consequence of the connectedness of PT. The coefficient of H1 describes
a winding number.11 The last integer classifies U(1)-principal bundles up to gauge
transformations. It can be extracted by computing the first Chern number over the
pinched torus:

1
2π

∫
PT
f ∈ Z . (6.53)

This quantity is a quantized magnetic flux over PT. The compactification we used
mapped Σ to PT and therefore the above integral is exactly the baryon number
previously defined on Σ in equation (6.31). Therefore, the baryon number classifies
the U(1)-principal bundles on M3 up to gauge transformations.

It is useful to consider the link between this construction and SU(2) instantons in
four-dimensional Euclidean space, which share many similarities. The mathematical
objects we used and the analogous ones appearing in the instanton study are reported
in table 6.1.

Manifold Boundary Compactification Group Classification
Baryon S1 × [u∗, uJ ] S1

∗ ∪ S1
J PT U(1) H2(PT;Z)

Instanton R 4 S3
∞ S4 SU(2) H4(S4;Z)

Table 6.1. Relevant groups and manifolds to the topology of the baryon and instanton
case.

11Though in this case it comes from the “gluing” operation we performed and is not physical.
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Though there are many similarities between these constructions, there is an
additional element in our setup. The structure of the large gauge transformations on
Σ is non-trivial. The entire cylinder has a non-trivial first cohomology group, equal
to Z. Moreover, as is well known [180], the allowed holonomies around circles for an
Abelian Chern-Simons theory at level N like the one we consider are given in units
of 1/N . Therefore, for every integer (divided by N), we can define a unique large
gauge transformation12 over the manifold. We denote the fraction associated with
such a transformation as nG. As an example, in the particular case of an integer
nG = nB, we can define a scalar χ as

χ = kψ
3 t+ kt

3 ψ = kψ
3 t+ nB ψ , (6.54)

where we used the result kt = 3nB coming from (6.36), such that we can send a to
the shifted gauge connection â through the following large gauge transformation

a = â+ dχ . (6.55)

Importantly, after this transformation, â is always a regular field, i.e. â(uE) = 0
in the baryon case. This was already known from the boundary conditions (6.47),
though in the baryon case, connecting them by a large gauge transformation was
only possible because of this excision of the defect.

We will now connect the bulk data (the baryon number) to the topological
data of the boundary. As we have seen, the latter consists of two disconnected
circles on which f = 0, therefore, locally a = dφ but not globally, as a can wind
around circles. This winding is classified by π1(U(1)) = Z. The possible pure
gauge configurations are therefore split into topological sectors, labeled by their
holonomies. We define two fractional topological numbers from the holonomy of
â (the regularized gauge connection) over the bounding circle. The orientation we
chose for M3, dt ∧ dψ ∧ du = +dt dψ du, induces an orientation on the bounding
circles, which results in an opposite sign for the uJ circle and the u∗ one:13

nJ = − 1
2π

∫
S1
J

â(uJ) , n∗ = 1
2π

∫
S1

∗

â(u∗) . (6.56)

Recall that for baryon configurations u∗ = uE and therefore n∗ = nE = 0, while for
sandwich solutions u∗ = uK and hence n∗ = nK . These numbers are connected to
the winding numbers n(W )

J,∗ by the following relations:

n
(W )
J ≡ −N2π

∫
S1
J

â(uJ) = NnJ , n
(W )
∗ ≡ N

2π

∫
S1

∗

â(u∗) = Nn∗ . (6.57)

The gauge connection â can then be interpreted as a topological soliton interpo-
lating between two topological sectors, one at u = uJ characterized by nJ and the

12A large gauge transformation is a gauge transformation that is not homotopic to the identity.
As we will see, it acts non-trivially on the boundary and has to be viewed as a global symmetry
of the theory. The argued uniqueness is assuming it does not spoil the axisymmetry and time
invariance of our ansatz.

13Subtleties might arise when u∗ = uT is the event horizon of the spacetime.
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other u = u∗ by n∗. Using Stokes’ theorem, we can then rewrite the baryon number
nB as

nB = n∗ + nJ , (6.58)

where we stress that, even though n∗ and nJ are fractional, their sum has to be an
integer in virtue of (6.52). Importantly, these two fractional numbers are not invariant
under a global action nG, which can, for the same reason, take fractional values
nG = n

(W )
G /N, with n

(W )
G ∈ Z. One can check that the large gauge transformation

nG transforms nJ → nJ − nG and n∗ → n∗ + nG, which confirms that even though
these numbers are not invariant, their sum nB is. Moreover, equation (6.58) implies
that for a D6-brane solution to have a non-zero baryon number, it has to have at
least one non-trivial winding over one of the circles at the boundary. With the
choice of conventions that we made, the winding number on an intersection with
a U-shaped flavor D8-brane counts exactly the net number of fundamental strings
coming out from the aforementioned flavor brane. This number corresponds in the
field theory to the number of quarks associated with the corresponding flavor.

We can rewrite the formula for the angular momentum (6.42) in terms of the
holonomies of a (6.56)

J = N

2 (n2
J − n2

∗) = N nB
2 (nJ − n∗). (6.59)

Then we can change the topological sectors defined by the two holonomies by
nJ → nJ − nG and n∗ → n∗ + nG. As we have seen before, this transformation
associated with nG does not change the baryon number nB, however, it affects the
total spin of the D6-brane:

J → J −N nB nG = J − nB n(W )
G . (6.60)

Therefore, the spin is shifted by an integer number −nB n(W )
G .14

It is instructive to visualize the gauge connection component aψ for a baryon
solution to illustrate the singularity we discussed. We have not yet illustrated the
strategy to solve the equations of motion, but for the purposes of this section, we can
present directly the result for the gauge connection component aψ, and its shifted
version âψ. Figure 6.6 shows the revolution plot around u of aψ(u) (left panel)
and âψ(u) (right panel) projected into a plane of fixed u. The solid circumference
corresponds to the value of the field at u = uJ , while the center corresponds to
u = uE . The color represents the strength of the field, going from 0 in blue to |nB| in
yellow. As explained previously, the gauge connection aψ is singular at the D6-brane
tip while it is zero in u = uJ , as imposed by the boundary conditions discussed in
the previous section. The shifted gauge connection âψ is regularized, but becomes
nonzero at the boundary u = uJ due to the action of the large gauge transformation.

14We want to outline a connection between formulas (6.33), (6.42) or equivalently (6.58), (6.59)
and the results presented in [184] where they study an Abelian Chern-Simons theory coupled with
a charged scalar field in (2+1)-dimensions. They find the very same formula for the magnetic flux,
and the anyonic-like angular momentum for solitons in this theory. See also [185] for more recent
investigation of Chern-Simons solitons.
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(a) Singular connection aψ.
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(b) Regular connection âψ.

Figure 6.6. Projection of the revolution plot of aψ (left panel) and âψ (right panel). This
solution is computed for λ = 100 and b = 0.4 in the confined phase.

Summarizing the discussion of this section, in all the cases under study, we can
define a global baryon number, which is shown to be given by the first Chern number,
and classifies the possible U(1)-principal bundles up to gauge transformations. Up
to removing (in the baryon case) from the manifold a small circle around the point
where the defect is located, one can define a global topological number nG around
the D6-brane profile. χ, a large gauge transformation connecting a and â, has a
non-trivial nG = nB. For the baryon, â appears as a regularized connection, in
the sense that the singularity is removed from the tip of the D6-brane in uE . This
regular field is then used to define two boundary holonomies, n∗ and nJ , that are
directly related to the baryon number, counting the number of field theory quarks
(divided by N) that form the baryonic state.

The DBI-CS vortex

We shall now point out an interesting interpretation of â in the baryon case, which has
a single non-zero integer holonomy in uJ . The baryon solution we are studying shares
many similarities with the Nielsen-Olesen vortex [183] (see also [186] for a review).
Most importantly, both of them arise from a similar topological construction: as we
discussed, the shifted gauge connection â is regular in uE , so that the non-trivial
topological number is given just by nJ (since nE = 0, this is an integer), which is
associated with the homotopy group

π1(U(1)) = Z , (6.61)

as for the Nielsen-Olesen vortex. Additionally, both configurations carry a magnetic
flux, quantized for topological reasons. However, there are two significant differences
with respect to the Nielsen-Olesen case. Nielsen-Olesen vortex solutions are con-
structed by starting with a non-trivial singular solution with non-zero winding at
the boundary at infinity, and then allowing it to depend on a radial coordinate to
regularize it at the origin. Instead, we first obtained the gauge connection a, which
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did not have winding around the boundary uJ , and it was singular in uE (see left
panel of figure 6.6). Then, the singularity is resolved by applying a non-trivial gauge
transformation χ, which gives it a winding at the boundary in uJ .

The second difference is that Nielsen-Olesen vortices are often introduced for
theories with another scalar field charged under the U(1), typically a Higgs field,
which is absent here. In these Maxwell-Higgs models, the scalar vacuum expectation
value connects at and ∂uaψ as well as aψ and ∂uat, see [187]. In our system, by
looking at the equations of motion in the confined and the deconfined phase (6.19)
and (6.27), we observe that the quantity that connects them comes from the DBI
Lagrangian and it is mediated by the quantity D(T )(u). We can interpret this
observation as if the role of the scalar field is played by geometrical degrees of
freedom in our system.

Comments on the interpretation of baryons as quantum Hall droplets

The D6-brane configurations presented in this work correspond to non-trivial ex-
citations of a topological phase of matter given by the U(1)N CS theory living on
their worldvolume (after the reduction on the four-sphere). Such excitations are
also commonly studied from the boundary point of view, after adding a dynamical
term living on the boundary for phenomenological reasons. For comprehensive
reviews on the topic, see e.g. [188, 189, 190]. This famously known edge dynamics is
then described by the Floreanini-Jackiw action [112], and is the one governing the
boundary physics of quantum Hall states. In our setup, we do not have access to
the standard Floreanini-Jackiw action, since there is no explicit boundary term in
the effective three-dimensional theory. However, we can identify the solitonic mode
of the gauge configuration a with χ, being a = dχ.

With this observation in mind, we can discuss the topological sectors of the edge
theory, which on the field theory side allow us to define the “electron operators” of
integer charge in the FQHE. They are used to define the baryon charge and the
corresponding charged operator. See, for example, [38]. In our holographic model,
such an operator can be formulated as

OB = eiNχ . (6.62)

This is the minimal local operator that carries a baryon charge. See the discussion
in section 2.4 of chapter 2, and the appendix A.

For the field χ, it is easy to verify that

nB = 1
2π

∫
uJ

dχ . (6.63)

Therefore, as in the standard FQHE, the solitonic part of the edge mode gives the
charge of the droplet configuration.

6.1.4 Analysis of the D6-brane energy

In this section, we derive the formula for the energy of the D6-brane configuration.
The total D6-brane energy can also be derived from Noether’s theorem by means of
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the stress-energy tensor (6.39)15

E = −
∫
du dψ dΩ4

√
−g Tt t , (6.64)

with

Tt
t = gttTtt = −

(
R

u

)3/4 1
gs(2π)6l7s

(
u7/4R9/4ρ(u)D(u) + u7/4R9/4ρ(u)(∂uãt)2

D(u)

)
.

(6.65)
After some algebra, we get

E = N

3(2πl2s)2

∫ uJ

u∗
duu ρ(u)

(
D(u) + (∂uãt)2

D(u)

)
. (6.66)

Using the equations of motion for ãψ in (6.19) and the definitions in (6.18) we get

E = N

3(2πl2s)2

∫ uJ

u∗
du (u ρ(u)D(u)− 3ãψ∂uãt)

= N

3(2πl2s)2

∫ uJ

u∗
du (u ρ(u)D(u)− 3āψ∂uāt) +N nB µ , (6.67)

where we have introduced a would-be chemical potential µ conjugate to nB

µ ≡
∫ uJ

u∗
du ∂uat = at(uJ). (6.68)

In the deconfined phase, the result looks formally the same

E = N

3(2πl2s)2

∫ uJ

u∗
du (u ρ(u)DT (u)− 3āψ∂uāt) +N nB µ . (6.69)

Let us observe that the final form of the energy is the non-supersymmetric version
of the BPS result present in [181, 191, 192, 166] where the sum of the charges (with
appropriate coefficients) gives the energy. In fact, in our case, the energy can be
rewritten as a free-energy bulk term

Fbulk = N

∫ uJ

u∗
du

{(at ∂uaψ − aψ ∂uat)
2 + u ρ(u)D(u)

3(2πl2s)2

}
, (6.70)

where we have defined the free energy associated with a generic action as

S = −
∫
dt F, (6.71)

plus the sum of charges:

E = Fbulk + µ
qs +N nB

2 , (6.72)

with qs = NnB. The Fbulk term (as well as the presence of a chemical potential
factor) makes the difference with respect to the BPS case.

15Just as the CS term, the boundary action does not contribute to the stress-energy tensor.
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The energy of the D6-brane configurations we are focusing on, is bounded from
below by a Bogomol’nyi bound that arises because of the topological nature of the
solutions we are considering. The derivation of the bound is very similar in both
phases, though the result differs. We show the derivation in the confined phase, and
we indicate the result in the deconfined phase at the end. Let us start from the total
energy of the configuration

E = N

3(2πl2s)2

∫ uJ

uE

du
u ρ(u)
D(u)

(
1

f(u) + ρ′(u)2
(
u

R

)3
+ (∂uãψ)2

ρ2(u)

)
. (6.73)

The first two terms can be combined to give the Lagrangian in the uncharged (a = 0)
case, and we can use the usual Bogomol’nyi trick of completing the square to get

E = N

3(2πl2s)2

∫ uJ

uE

{
du
u ρ(u)
D(u)

√ 1
f(u) + ρ′(u)2

(
u

R

)3
+ ∂uãψ
ρ(u)

2

− 2∂uãψ

√√√√u2 + 9
(

ã2
ψ

ρ2(u) − ã
2
t

)}
. (6.74)

Now, we can easily derive the Bogomol’nyi bound

E ⩾ Econf.
B ≡ − 2N

3(2πl2s)2

∫ uJ

uE

duu ∂uãψ

√√√√1 + 9
u2

(
ã2
ψ

ρ2(u) − ã
2
t

)
, (6.75)

with the associated Bogomol’nyi equation

∂uãψ = −ρ(u)
√
ρ′(u)2

(
u

R

)3
+ 1
f(u) , (6.76)

which has to hold if the bound is saturated.
In the deconfined phase, the Bogomol’nyi bound reads

E ⩾ Edeconf.
B ≡ − 2N

3(2πl2s)2

∫ uJ

u∗
duu ∂uãψ

√
fT (u)

√√√√1 + 9
u2

(
ã2
ψ

ρ2(u) −
ã2
t

fT (u)

)
,

(6.77)
and the associated Bogomol’nyi equation

∂uãψ = −ρ(u)
√
ρ′(u)2

(
u

R

)3
+ 1
fT (u) , (6.78)

We do not expect a solution to the full problem satisfying (6.78) or (6.76) to exist.
However, if it were possible to saturate the bound, we would get an energy formally
given by the same expression in the two phases

E = Edeconf.
B = Econf.

B = − 2N
3(2πl2s)2

∫ uJ

u∗
du ãt∂uãψ ⩾ Cλ,b|nB|, (6.79)

where Cλ,b is a strictly positive constant, depending on the value of λ and b.



6.2 The Hall droplet baryon 152

6.2 The Hall droplet baryon
In this section, with the aim of providing a D6-brane realization, within the WSS
model, of the Hall droplet baryon discussed in [38], we present the numerical solutions
of the Euler-Lagrange equations for the baryon configuration. We remind that the
baryon solution corresponds to a charged D6-brane configuration, which is attached
at the D8-branes’ tip at u = uJ , and it smoothly shrinks to zero size at u = uE < uJ .
The details on the numerical methods used to solve the equations of motion can be
found in the appendix D. We will present the results separately for the confined and
deconfined phases of the WSS model. For both phases, we have checked analytically
that the boundary conditions for the fields ρ(u), ãt(u), and ãψ(u) are consistent
with the equations of motion by employing a series expansion around uE and uJ .

6.2.1 Excursus: rigid rotor estimates

Before we present the numerical results, we approximate the D6-brane as a disk-like
rigid rotor in order to extract analytic estimates for the stability radius and the
energy. We will then compare these estimates with the numerical results and show
that the rigid rotor is a good approximation for the baryonic D6-brane’s size.

For a rigid rotor with mass M , moment of inertia I, spinning with angular
momentum of modulus J , the total energy in the non-relativistic limit can be
approximated as

E = M + J2

2I . (6.80)

For a disk-like rigid rotor of radius l, I = 1
2M l2. Approximating the D6-brane

baryon with such an object is justified since, as we will show, the extension of
the D6-brane along the holographic coordinate u, compared to its radius on the
D8-brane, is found to be parametrically small in λ. This means that the D6-brane is
squeezed at u = uJ for which l = ρ(uJ) ∼ constant, making the disk approximation
consistent.

Let us consider solutions that satisfy the relation J = N n2
B/2. The mass M can

be estimated from the D6-brane DBI action by setting the gauge connection a to
zero. Let us proceed in the confining phase for which M , defined as SD6 = −

∫
dtM ,

reads
M = N

3(2πl2s)2

∫
duu ρ(u)D(u)a=0 . (6.81)

In the disk approximation, the first derivative of the embedding, ρ′(u), tends
to infinity throughout the D6-brane extension, and hence D (defined in equation
(6.10)) at a = 0 can be approximated as

D(u)a=0 =
√(

u

R

)3
ρ′(u)2 + 1

f(u) =
(
u

R

)3/2
ρ′(u) + ... (6.82)

Therefore, after some algebra, the mass M can be written as

M = 2Nλ2

36π2 b5/2 M
3
KK l

2 . (6.83)
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We can replace this value of M in the equation for the total energy (6.80) and
minimize it as a function of l = ρ(uJ). As a result, we get an analytical, approximate
estimate of the corresponding stability radius lstable, given by

lstableMKK = 32π2/3 b5/6
√

2

(
nB
λ

)2/3
. (6.84)

Therefore, the stability radius in the confined phase scales with the dimensional
parameter MKK ↔ Λ as lstable ∼ Λ−1, and is independent of N , in agreement with
field theory expectations [38]. Moreover, lstable ∼ (nB/λ)2/3 and therefore if nB = 1
we find lstable ∼ λ−2/3. We can introduce the parameter

ξ = nB
λ
, (6.85)

to write the stability radius as

lstableMKK = 32π2/3 b5/6
√

2
ξ2/3 . (6.86)

The parameter ξ is parametrically small whenever we consider a baryon with
nB ∼ O(λ0) while it becomes of order one when nB ∼ λ. We can also derive an
analytical estimate for the on-shell energy of the stable configuration as

E = N n
4/3
B λ2/3

6π2/3b5/6 MKK = N λ2

6π2/3b5/6 ξ
4/3MKK . (6.87)

Therefore, if we consider a solution with baryon number nB ∼ O(λ0), the energy
scales with λ as E ∼ λ2/3.

In the deconfined phase, similar formulas can be worked out, starting from the
a = 0 limit of eqns. (6.22) and (6.23). The mass of the rigid rotor now reads

M = 2Nλ2
T

36π2 b̃5/2

(
1− b̃3

)( T
Tc

)3
M3
KK l

2 , (6.88)

where we have defined the temperature-dependent ’t Hooft coupling

λT = T

Tc
λ , (6.89)

with Tc being the critical temperature for deconfinement (3.114). The stability
radius and the corresponding energy now read

lstableMKK = 32π2/3 b̃5/6(
1− b̃3

)1/3√
2

Tc
T

(
nB
λT

)2/3
= 32π2/3 b̃5/6(

1− b̃3
)1/3√

2

Tc
T
ξ

2/3
T , (6.90)

E = N n
4/3
B λ

2/3
T

6π2/3b̃5/6

(
1− b̃3

)1/3 T

Tc
MKK = N λ2

T

6π2/3b̃5/6

(
1− b̃3

)1/3
ξ

4/3
T

T

Tc
MKK ,

(6.91)

where
ξT = nB

λT
. (6.92)
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In the following, we will present the actual numerical results for the D6-brane
baryon solutions in both the confined and the deconfined phases and compare them
with the above analytical estimates. We will see that the rigid rotor approximation
correctly captures the behavior of the stability radius as a function of b (or b̃) and λ
(or λT ) while the energy fails to be reproduced by this approximation.

6.2.2 Confined phase

We present the baryon solution with nB = 1 in the confined phase in figures 6.7
and 6.8 for λ = 100 and b = 0.1. The integration of the differential equations stops
when ρ′(u) → ∞, and this happens at u = uE , which for the present solution is
numerically found to be uE ≈ 0.92uJ . The details of the numerical methods used
to solve the set of differential equations can be found in appendix D; let us simply
mention that to simplify the numerics, we performed the following coordinate and
field redefinitions

u→ uJ û, ρ→ L ρ̌, aψ → LuJ ǎψ, at → uJ ǎt . (6.93)

We will specify whenever we are dealing with rescaled fields in the following. The
plots of the solutions to the equations of motion are shown as a function of the
rescaled coordinate û.
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Figure 6.7. Numerical solution of ρ (times MKK) for b = 0.1 and λ = 100 as a function
of the rescaled holographic coordinate û = u/uJ ∈ [0.92, 1], describing a stable baryon
with baryon number nB = 1. The profile’s derivative at û = 1 is zero, indicating the
(meta)stability of this embedding, while it goes to ∞ at û = uE/uJ , enforcing the
smoothness of the manifold.
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Figure 6.8. Numerical solutions for u−1
J ãt (left panel) (uJL)−1ãψ (right panel) as a function

of the rescaled holographic coordinate û for b = 0.1 and λ = 100.

We can compute the extension along u of the D6-brane embedding with baryon
number nB = 1. This is shown in figure 6.9. The left panel shows the behavior of
the relative extension (uJ − uE)/(uJ − u0) for fixed λ = 100 as a function of b. The
right one shows (uJ − uE)/(uJ − u0) for fixed b = 0.1 as a function of λ. Moreover,
in red, we present a fit for a fixed b = 0.1 (The result does not depend on the specific
value of b), for which we have

uJ − uE
uJ − u0

∣∣∣∣
b fixed

∼ λ−γ with γ ≈ 0.8 . (6.94)

Since λ≫ 1 for the reliability of the holographic model at hand, the extension of
the D6-brane along u is parametrically small in λ for every value of b.
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Figure 6.9. In these plots, we show the behavior of the extension of the D6-brane along
the u coordinate (uJ − uE)/(uJ − u0). In the left panel, we fix λ = 100 and we show
the dependence on b. In the right panel, we fix b = 0.1 and we show the behavior of
(uJ − uE)/(uJ − u0) as a function of λ.
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Figure 6.10. The plot of lstableMKK is shown (in blue) for fixed λ = 100 as a function of b
(left panel) and for fixed b = 0.1 as a function of λ (right panel). The red lines are the
analytical estimates coming from the rigid rotor.

The rigid rotor approximation perfectly fits the behavior of the stability radius
lstable, computed as the on-shell value of ρ(uJ), as a function of (large) λ. In the
left panel of figure 6.10, the plot of lstable as a function of b for fixed λ = 100 is
shown in blue, together with the analytical result in red coming from the rigid rotor
(6.84). The right panel shows the plot of lstable for b = 0.1 as a function of λ (in blue)
together with the analytic prediction at fixed b = 0.1 coming from the rigid rotor
(in red). The analytic prediction is very reliable for large λ, while it starts to fail at
very small λ, where in any case the holographic approximation is not expected to be
reliable.

We can observe that the approximation of the D6-brane as a rotating disk seems
reasonable since the extension along u of the D6-brane (∼ λ−0.8) is parametrically
smaller than the radius of the D6-brane (∼ λ−2/3).

Then, we can compute the energy numerically from the following formula (see
equation (6.66))

E = N λ2

2 · 34π2
J(b)
b3/2 MKK

∫ 1

uE/uJ

dû û ρ(û)
(
D(û) + (∂uãt)2

D(û)

)
, (6.95)

where ρ(û), and D(û) are computed for the rescaled fields. In figure 6.11 we plot
the on-shell energy for a fixed value of b = 0.1 as a function of λ and show that for
this observable, the rigid rotor approximation (6.87) is not reliable. We suspect that
dropping the gauge connection in the mass term of the rigid rotor energy might be
too drastic, and it spoils the λ-dependence of the energy.
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Figure 6.11. The plot shows the energy of the baryon solution with nB = 1 in blue for
b = 0.1 as a function of λ ∈ [5, 200]. The red curve is the corresponding analytical
prediction from the rigid rotor.

Figure 6.12. The figure shows the plot the energy for a D6-brane solution with nB = 1
in orange as a function of b and λ ∈ [5, 200]. We plot it together with the associated
Bogomol’nyi bound (6.79) in red.

In figure 6.12, we plot the energy of a D6-brane solution with nB = 1 in orange
as a function of b and λ. We plot it together with the associated Bogomol’nyi bound
(6.79) in red.

It is also interesting to shed light on the picture of the D6-brane as composed of
a D4-brane vertex and a bunch of fundamental strings. This interpretation has been
made precise in the supersymmetric case [192] also at the level of the energy. We
would like to see the emergence of this structure even in our non-supersymmetric
case. Therefore, we can compare the energy of the D6-brane baryon solution with
the energy of a wrapped D4-brane placed at uE plus the energy of N fundamental
strings hanging from uJ to uE giving

ED4+f-strings = N

6πl2s
uE + N

2πl2s
(uJ − uE). (6.96)

As it can be seen from figure 6.13, the actual energy of the D6-brane baryon solution
(in violet) and that given in equation (6.96) (in orange) are, remarkably, almost equal,
especially in the large-λ limit, reinforcing the reliability of the above-mentioned
picture.
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Figure 6.13. The plot shows the energy of the D6-brane baryon solution in violet and the
energy of the D4-brane vertex plus the energy of N fundamental strings in orange. The
range of parameters is λ ∈ [5, 200] and b ∈ [0, 1].

We remind that the equations of motion together with the associated boundary
conditions depend on the ratio ξ = nB/λ and not on λ alone. We also observe that
if nB ∼ λ0, the large-λ limit corresponds to the ξ → 0 limit. Moreover, we can
have ξ of order one in the large-λ limit if nB ∼ λ.16 In the confined phase, baryons
are found for every value of b in the regime where ξ is less than some critical value
ξcr.. In the regime where ξ is close to ξcr., the solutions are typically parametrically
larger, and tend to occupy a larger fraction of the space between u0 and uJ until
they become almost space-filling, and eventually, we do not find any solution.

6.2.3 Deconfined phase

In this section, we present the baryon solution with nB = 1 in the deconfined
phase for λT = 100 and b̃ = 0.1, in figures 6.14 and 6.15. For these values of the
parameters, the integration stops at uE ≈ 0.92. The plots show functions of the
rescaled holographic coordinate û = u/uJ .
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Figure 6.14. Numerical solution of ρ (times 2πT ) for b̃ = 0.1 and λT = 100 as a function
of the rescaled holographic coordinate û = u/uJ ∈ [0.92, 1], describing a (meta)stable
baryon with baryon number nB = 1. The profile’s derivative at û = 1 is zero, indicating
the (meta)stability of this embedding, while it goes to ∞ at û = uE/uJ .

16Note that ξ can be of order one also if nB ∼ λ0 and λ ∼ O(1), but in this case the holographic
model is not reliable.
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Figure 6.15. Numerical solutions for u−1
J ãt (left panel) and (uJL)−1ãψ (right panel) as a

function of the rescaled holographic coordinate û for b̃ = 0.1 and λT = 100.

We can compute the extension along u of the D6-brane embedding with baryon
number nB = 1 also in this case. The left panel of figure 6.16 shows the plot of
(uJ − uE)/(uJ − uT ) as a function of b̃ for fixed λT = 100. In the right panel of
figure 6.16, we show the plot of the same quantity for fixed b̃ = 0.1 as a function of
λT (in blue). We also show a fit (in red) with a power function of λT

uJ − uE
uJ − uT

∣∣∣∣
b̃ fixed

∼ λ−γ
T with γ ≈ 0.8 . (6.97)

In all the plots for the deconfined phase, we remind that b̃ ≃ 0.75 is the value for
which we have chiral symmetry restoration, after which the D6-brane configurations
do not make sense anymore. Therefore, we stop all the deconfined phase plots at
b̃ = 0.7.
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Figure 6.16. In these plots, we show the behavior of the extension of the D6-brane along
the u coordinate (uJ − uE)/(uJ − uT ). In the left panel, we fix λT = 100 and we show
the behavior as a function of b̃. In the right panel, we fix b̃ = 0.1 and we show the
behavior of (uJ − uE)/(uJ − uT ) as a function of λT . A fit with a function of λT is
indicated in red and goes like ∼ λ−0.8

T .

Also in the deconfined phase, the rigid rotor approximation perfectly fits the
behavior of the stability radius lstable as a function of λ. In the left panel of figure
6.17, it is shown the plot of lstable as a function of b̃ for fixed λT = 100 in blue,
together with the analytical result in red coming from the rigid rotor approximation
(6.90). In the right panel of figure 6.17, it is shown the plot of lstable for b̃ = 0.1
as a function of λT (in blue) together with the analytic prediction at fixed b̃ = 0.1
coming from the rigid rotor. The analytic prediction is very reliable for large λT ,
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while it starts to fail at very small λT where, anyway, the holographic results are
not reliable.

Therefore, also in the deconfined phase, the approximation of the D6-brane as a
rotating disk looks reasonable since the extension along u of the D6-brane (∼ λ−0.8)
is parametrically smaller than the radius of the D6-brane (∼ λ−2/3).
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Figure 6.17. The plot of lstable2πT is shown (in blue) for fixed λT = 100 as a function of b̃
(left panel) and for fixed b̃ = 0.1 as a function of λT (right panel). The red lines are the
analytical estimates coming from the rigid rotor.

The energy of the solution in the deconfined phase can be computed numerically
starting from the following formula (see also equation (6.73))

E = N λ2 22π JT (b̃)
34 b̃3/2

T 3

M2
KK

∫ 1

uE/uJ

dû û ρ(û)
(
DT (û) + (∂uãt)2

DT (û)

)
, (6.98)

where ρ(û) and DT (û) are computed for the rescaled fields. In figure 6.18 we plot
the energy for b̃ = 0.1 as a function of λT and show that for this observable, the
rigid rotor approximation (6.91) is not reliable. Again, we suspect that dropping the
gauge connection in the mass term of the rigid rotor energy might be too drastic,
and it spoils the λT -dependence of the energy.
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Figure 6.18. The plot shows the energy of the baryon solution with nB = 1 in blue for
b̃ = 0.1 as a function of λT ∈ [5, 200]. The red curve is the corresponding analytical
prediction from the rigid rotor.

In figure 6.19, we plot the energy for a D6-brane solution with nB = 1 in orange
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as a function of b̃ and λT . We plot it together with the associated Bogomol’nyi
bound (6.79) in red.

Figure 6.19. The figure shows the plot the energy for a D6-brane solution with nB = 1
in orange as a function of b̃ and λT ∈ [5, 200]. We plot it together with the associated
Bogomol’nyi bound (6.79) in red.

We conclude by noting that for small enough ξT (≲ 0.01), we find baryon solutions
in the deconfined phase for every value of b̃. However, for small ξT such that the
holographic model is still reliable in the nB ∼ λ0 case, baryon solutions exist only
for b̃ less than a critical value b̃(ξT ), which decreases as a function of ξT . This means
that for sufficiently large temperatures, the baryons cease to exist, since they melt
in the plasma. The existence region of baryons in parameter space is shown in figure
6.20.
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Figure 6.20. In blue the region, in the parameter space 0 < b̃ < 0.7 and ξT ∈ [0.005, 0.2],
where D6 baryons exist in the deconfined phase.
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6.2.4 Summary of the baryon’s properties

We conclude the analysis of the D6-brane baryon solution by collecting the results
about its physical properties, namely its mass (i.e. the on-shell energy E) and
its radius. We list them for both the confined and the deconfined phases. In
table 6.2, they are shown as functions of the string theory parameters (neglecting
multiplicative constants) while in table 6.3 we give their full expressions in terms of
“phenomenological” parameters, like the η′ decay constant fη′ . The definition of the
latter in the confined phase, for generic non-antipodal branes, reads

f2
η′ = N λ

54π3
M2
KK

I(b)b3/2 with I(b) =
∫ 1

0
dy

y−1/2√
1− b3y − (1− b3)y8/3

. (6.99)

The decay constant at finite temperature is17

f2
T,η′ = N λT (2πT )2

54π3IT (b̃)b̃3/2 with IT (b̃) =
∫ 1

0
dy

y−1/2
√

1− b̃3y√
1− b̃3y − (1− b̃3)y8/3

. (6.100)

See e.g. [140] for a review on the derivation of the above expressions. Note that they
have a non-trivial N -dependence. In the following, we will use the approximations
I(b) ≈ I(0) = I = 2.48, and IT (b̃) ≈ IT (0) = I = 2.48.18.

The results are given in the large-λ limit for a baryon with nB = 1:

Confined phase Deconfined phase
Radius lstable ∼ λ−2/3Λ−1b5/6 lstable ∼ λ

−2/3
T T−1b̃5/6(1− b̃3)−1/3

Mass E ∼ NλΛb−1 E ∼ NλTT b̃−1

Table 6.2. Summary of parametric scaling properties of the baryon solution’s radius and
mass. For the reader’s convenience, we used the dynamical scale notation Λ instead of
MKK .

Confined phase Deconfined phase
Radius lstable ≈ ClN5/9(Λ/λ)1/9f

−10/9
η′ lstable ≈ ClN5/9(Λ/λ)1/9f

−10/9
T,η′

Mass E ≈ CE N1/3(λ/Λ)1/3f
4/3
η′ E ≈ CE N1/3(λ/Λ)1/3f

4/3
T,η′

Table 6.3. Summary of the main properties of the baryon.

To obtain the radius estimation, we can use the rigid rotor values, which give

Cl = 2−19/1831/3π−1I−5/9 ≈ 0.221 . (6.101)
17The expression for fT,η′ reads the same as the one for fa introduced in chapter 5 in equation

(5.117).
18This is a fairly good approximation since I(b) and I(b̃) are monotonic functions, with I(b =

1) = π, I(b̃ = 1) = 2
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For the mass estimation, we use a power law fit for b and λ. CE is a constant
obtained by a fit of the energy scaling law obtained numerically. Notably, the same
value is obtained in both phases

CE ≈ 0.129 I2/3 ≈ 0.236 . (6.102)

6.3 Vortons
In section 5.2.2, we studied the uncharged axionic loop by analyzing the D6-brane
embedding with no gauge field. The fact that the embedding does not end orthogo-
nally at the D8-brane tip is a signal that the D6-brane is going to shrink in size due
to its tension. In fact, both the string loops and the (uncharged) DWs can decay
at least by emitting mesons (mostly axions) on the D8-brane. In this section, we
consider the charged version of the D6-brane representing the string loop, i.e. the
vorton, and we discuss its stability.

The main difference between the vorton embedding and the baryon one is that for
the vorton, the extension along the u-coordinate does not scale with λ (or equivalently
α′), uJ −uT ∼ λ0, while for the baryon we have seen that uJ −uE ∼ λ0.8. This leads
to important consequences for the vorton stability. Let us analyze the λ-dependence
of the fields in the vorton case. Since in this case the integration domain in (6.31) is
of order zero in λ, we need to have aψ ∼ nBλ0. Moreover, in order for the angular
momentum J not to scale with λ, the fields ρ and at have to scale as

ρ ∼ λ−υ , at ∼ λυ , (6.103)

for some υ ≥ 0. We rule out immediately the case υ > 1 because it leads to an
imaginary action.19 Moreover, for υ ∈ [0, 1), in the large-λ limit, the equations of
motion do not admit solutions.

Actually, from the equations of motion (6.27) for the fields, the condition ρ′(uJ) =
0, the relations α′ ∼ λ−1 and kt/3 = nB, and the above observation concerning the
scaling of aψ, it follows that a′

t(uJ) ∼ λ and

l ≡ ρ(uJ) ∼ nB
λ
. (6.104)

Thus, if a (meta)stable vorton solution exists, the vorton radius l is expected to scale
as above. Note that this result, as anticipated, is consistent with the findings of
section 5.3.2 where the vorton stability radius has been computed from the D8-brane
perspective in the flat approximation.

It is interesting to notice that the above result also agrees with the following
estimates. Let us approximate the vorton as a rigid non-relativistic cylindrical rotor
of radius l, with mass M , moment of inertia I = Ml2, and angular momentum
J = N n2

B/2. We will do the same thing for the sandwich vortons in the next section.
The total energy is given by

E = M + J2

2I . (6.105)

19Remember that we are working in the large-λ limit.
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We approximate ρ(u) to a constant ρ(u) ≈ l throughout the whole u-range and
therefore ρ′(u) = 0. Setting a = 0 in the action (6.22), the mass of the rigid rotor
reads

M = N λ2
T

352π2b̃2

(
T

Tc

)2
(

1− 28π4

34c2
a

T 2

T 2
a

)
. (6.106)

Then, we can minimize the total energy with respect to l, and extract the stability
radius, which reads

MKK lstable = 311/4 π b̃

23/4

(
1− 28π4

34c2
a

T 2

T 2
a

)−1/2 (
Tc
T

)
ξT . (6.107)

Since ξT = nB/λT , the minimization over l gives lstable ∼ nB/λ consistently with eq.
(6.104).

It is easy to realize that if nB = O(λ0), the equations of motion for the embedding
and the gauge field on the D6-brane do not admit (meta)stable vorton solutions. In
fact, in this case, we would need to have ρ(u) ∼ λ−1 for any u: in the large-λ limit,
this would lead to a solution to the equations of motion with a constant radius that
is inconsistent with the other equations of motion.

Actually, if nB = O(λ0), it turns out that the gauge field is subleading w.r.t. the
profile ρ(u), and as such it can be treated in a probe approximation. But such an
approximation does not change the embedding solution found in section 5.2.2 and
thus, in particular, the charged string loop remains unstable: it is not possible to
find a solution with ρ′(uJ) = 0, which is the condition for stability at the tip of the
D8-branes.

The instability of the charged string loop solution with order-one baryon charge
is easily seen also by looking at the free energy in the probe approximation. The
expansion up to quadratic order in the gauge field of the free energy reads

ED6 ≈ Nλ2C̃

∫
dt du ρ(u)uD0(u) + N

2

∫
dt du

ρ(u)u
D0(u)

[
− (∂uat)2 + fT (u)

ρ(u)2 (∂uaψ)2
]

− N

2

∫
dt du (aψ∂uat − at∂uaψ) , (6.108)

where D0(u) is given in equation (5.17), and

C̃ ≡ 1
3 · 24π2R6M2

KK

. (6.109)

From the above expression of the free energy, we can deduce that no stability radius
l can exist with scaling λ0. The Maxwell-Chern-Simons free energy is of order λ0

if l ∼ λ0, so it cannot counter-balance the energy due to the tension from the first
term (which scales as λ2), and no (meta)stable solution can be found. In order to
be stable, the vorton radius should be suppressed with a power of λ, which is not
possible as we have seen when we studied the string loop embedding in section 5.2.2
(the minimal radius of the string loop was of order λ0). Thus, if a string loop of
radius of order λ0 has an order-one baryon charge, it is still unstable. It will evolve in
a smaller configuration with the same charge by emitting axions, eventually decaying
completely (for example in a charged DW) before its size can become parametrically
small in λ. Phenomenologically, this defect is expected to decay producing axions
and gravitational waves (if one adds gravitational interactions to the story).
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(a) Plot of the solution ρ̂ for b̃ = 0.45.
(b) Revolution plot around the û axis of

the embedding ρ̂ for b̃ = 0.45.

Figure 6.21. Numerical solution of ρ̂ for b̃ = 0.45 as function of the holographic coordinate û,
describing the metastable vorton configuration with large charge. The profile derivative
at û = 1 is zero, indicating the (meta)stability of this embedding. The û variable runs
from the horizon b̃ = 0.45 to the D8-brane tip.

6.3.1 Vortons with large baryon charge

The conclusions about the instability of the vorton come from the requirement that
such a solution should have baryon number and angular momentum of order λ0. As
a consequence, the gauge field can be treated in the probe approximation, and the
vorton cannot be stabilized by the D6-brane spin or the Coulomb repulsion due to
the electric field.

However, there is the case where the vorton solution can be at least metastable
if we allow it to carry a large baryon charge of order λ. It can be shown, by a
parametric analysis, that this is the only possible choice. Let us then consider

nB = −
∫ uJ

uT

du ∂uaψ ∼ λ , (6.110)

which, according to (6.104), would correspond to a vorton radius l of order λ0. In
this case, aψ ∼ nB ∼ λ. Then, if we want a vorton with ρ ∼ λ0 we must also have
at ∼ λ. These scalings for the fields completely factorize the λ dependence out of the
action. The equations of motion for the fields are formally identical to the ones we
derived in (6.27). However, in the present case, the gauge field a is not the barred
one ā, since the λ-dependence has factorized out. With this in mind, we solved the
equations of motion numerically, following again the procedure outlined in appendix
D.

Examples of the related numerical solutions for the intermediate temperature
corresponding to b̃ = 0.45 are shown in figures 6.21, 6.22. Remember that these plots
refer to the hatted fields, as indicated in the plots’ labels. The plot of the profile ρ(u)
and its revolution plot around the u axis of the profile are shown in figures 6.21a and
6.21b respectively. Figure 6.22a shows the plot of at(u), which goes to zero at the
horizon consistently with regularity. The plot of the gauge field component aψ(u) is
shown in figure 6.22b. In a sentence, these big vortons are stabilized by their huge
charge, which balances their tension.
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(a) Numerical solution for ât for b̃ = 0.45.
The gauge field component ât goes to
zero to enforce regularity at the horizon.
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(b) Numerical solution for âψ for b̃ = 0.45.
This solution has the right boundary
conditions to give baryon number λ.

Figure 6.22. Numerical solutions for ât and âψ for b̃ = 0.45 as function of the holographic
coordinate û.

6.4 Punctured domain walls and sandwich defects
In this section, we present more exotic solutions to the D6-brane equations of motion,
which are not baryons but have non-zero baryon number: sandwich defects (see
figure 6.3) and punctured domain walls (see figure 6.4). Before we present the
associated numerical solutions of the equations of motion, let us describe in more
detail the dual interpretation of these D6-brane configurations.

Punctured domain walls are infinitely extended domain walls with a hole inside.
They could form either from the chiral symmetry breaking phase transition, or by
tunneling transitions which open up a hole in an infinite DW. The latter is actually
a standard decay channel of infinite DWs (see e.g. [42]): holes can form on the
worldvolume, then they start to expand, and eventually eat up all of the defect;
collisions of the hole boundaries, i.e. global strings, can produce gravitational waves
[193].

An amusing feature of these configurations is that the D6-brane can end or-
thogonally to the D8-brane, signaling a force balance, even in the uncharged case.
Indeed, there is a specific value of the radius ρ(uJ) for which we get the necessary
metastability condition ρ′(uJ) = 0. We can interpret this behavior by commenting
on what happens if we vary the hole radius. If we increase the radius of the hole, the
energy of the DW is reduced, as we are decreasing its worldvolume.20 At the same
time, the energy of the bounding string is increased, since its length increases.21

Thus, there can be a critical radius for which the two opposite forces are exactly
balanced.

In this chapter, we can also consider their charged version under the baryonic
symmetry. Holographically, these are charged D6-brane solutions. The charge just
adds a force component to the picture described above, with the only result that
the critical radius of the hole for which there is orthogonality is different w.r.t. the
uncharged case. In the following, we are going to show only the results for the

20Note that this behavior is opposite w.r.t. all the other configurations we consider in this chapter.
21Holographically, this is seen as an increase of the area of the “vertical portion” (in u) of the

D6-brane.
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charged critical (orthogonal) case.
Sandwich defects are even more exotic objects. We introduced them in section

5.2.2 in the deconfined phase of the WSS model. From the holographic point of
view, these are described by D6-branes ending on two different flavor branes. These
objects can be studied in the confined and deconfined phases. The two flavor branes
can be interpreted as both dark (for the Standard Model interactions) flavors in
the dual QFT, or one of the two flavor branes (the one that condenses at a lower
scale), or both, can be associated with QCD flavors. We have such a possibility
because the asymptotic separation between a D8-brane and a D8-brane L, of a
given flavor, is a free parameter in the model and hence we can tune L to get the
desired Ta (see equation (3.122)) at which the chiral symmetry is broken. In the
framework of SU(N) Yang-Mills theories with flavors, the interplay between a dark
and the η′ meson (or any other dark meson) leads to the formation of rich topological
structures. These arise due to a sequence of symmetry-breaking patterns, each
introducing different types of defects, which can ultimately combine into composite
structures carrying both axion (for example) and η′ excitations (see e.g. [41, 42]).
The formation of these defects is a natural consequence of the non-trivial vacuum
structure of the theory, and their evolution depends on the dynamics of spontaneous
and explicit symmetry breaking. The presence of both η′ and dark topological
defects (or two dark topological defects) in the same system means that, in certain
regions, these structures can overlap or interact. This is where the idea of sandwich
structures emerges: a layered configuration where the presence of one field influences
the stability and interactions of the other. We can think of these objects both at zero
and at finite temperature. In a realistic cosmological scenario at finite temperature,
the evolution of these defects depends on their stability and interactions with the
surrounding plasma.

Sandwich solutions, if not charged, are not stable and will decay. They can be
stabilized, like the other kinds of configurations, by turning on the gauge connection
on the D6-brane worldvolume. In this case, these objects will have a baryon number
given by (see equation (6.31))

nB = −
∫ uJ

uK

du ∂uaψ = nJ + nK , (6.111)

where uK and uJ (with uK < uJ without loss of generality) are the positions of the
tip, respectively, of the less and more energetic flavor branes. Importantly, in the
deconfined phase, the value of uK (as the value of uJ) is bounded from below by
the quantity ∼ 0.75uT , to ensure that also the second set of branes is in the chirally
broken phase. As discussed in section 6.1, nJ and nK are physically associated
with two different flavor degrees of freedom, counting the number of quarks of each
flavor (divided by N). These sandwiches are therefore prototypes of multi-flavored
configurations that support a baryon number, and we expect them to be enclosed in
a more general theory that describes Nf ≥ 2 Hall droplet baryons.22

In the following, we will present the numerical solution for the punctured domain
walls and for the sandwich defects with non-zero baryon number nB and angular
momentum J = N n2

B/2, obtained from nK = 0 and nJ = 1. We first check if the
22Let us mention that these sandwich configurations resemble the construction presented in [194].
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expansion around u = uK allows for ãψ(uK) = 0 and regularity (ρ′(uK) = 0). We
demand that the fields have a regular expansion around uK

ρ(u) =
∞∑
n=0

cn(u− uK)n, ãt(u) =
∞∑
n=0

bn(u− uK)n, ãψ(u) =
∞∑
n=0

dn(u− uK)n,

(6.112)

and we impose c1 = 0 for orthogonality and d0 = 0 to enforce the relation between
the angular momentum and the baryon number. We checked that both in the
confined and the deconfined phase we get a consistent series expansion in terms of
c0 = ρ(uK) and b0. An analogous consistency check for the boundary condition with
the equations of motion has been done for the punctured domain wall configuration.

Rotor estimates

We end this introduction by giving a numerical estimate of the stability radius
and the energy of the sandwich solution, which can be approximated by a rotating
cylinder, as for the vorton (see section 6.3). As we have seen previously, for a rotating
cylinder with mass M , radius l, and angular momentum J , the total energy in the
non-relativistic limit can be approximated by

E = M + J2

2I , (6.113)

where I = Ml2 is the moment of inertia, and J = N n2
B/2. For this type of solution,

we can approximate ρ(u) as a constant ρ(u) ≈ l throughout the whole u-range and
therefore ρ′(u) = 0. Let us start from the confined phase. The mass M of the
rotating circle is obtained, with the above assumption, from the DBI action in (6.9),
setting the gauge field a = 0

M = N λ2

35π2b2αM
2
KK l , (6.114)

with

α =1
2

(√
uK
uJ

√
u3
K

u3
J

− b3

(
2F1

(
2
3 , 1; 7

6; u3
K

u3
J b

3

)
− 1

)
+

−
√

1− b3
(

2F1

(2
3 , 1; 7

6; 1
b3

)
− 1

))
. (6.115)

Analogously, in the deconfined phase, setting a = 0 in (6.22), the mass of the rotating
cylinder is approximated by

M = N λ2
T

35π2 b̃2 αT

(
T

Tc

)2
M2
KK l , with αT = 1

2

(
1− u2

K

u2
J

)
. (6.116)

Minimizing the total energy of the rotor w.r.t. the radius, we find the following
results:
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• Confined phase:23

MKK lstable = 311/4π b

23/4α1/2 ξ , (6.117)

E = 25/4N λ2

313/4π b
α1/2MKK ξ . (6.118)

• Deconfined phase:

MKK lstable = 311/4 π b̃

23/4 α
1/2
T

(
Tc
T

)
ξT , (6.119)

E = 25/4N λ2
T

313/4π b̃
α

1/2
T

(
T

Tc

)
MKK ξT . (6.120)

In both phases, the stability radius and the on-shell energy scale linearly with ξ(T ).
We checked that these analytical estimates correctly reproduce the sandwich

stability radius and energy in the large-λ limit, up to numerical factors.24

6.4.1 Confined phase

We start by presenting the punctured domain wall solutions. These are infinitely
energetic configurations with non-zero baryon number. We are free to choose the
value of the holographic coordinate u∗ at which the D6-brane profile has infinite
radius. This value fixes the stability radius of the hole. In figures 6.23 and 6.24 we
show the solutions to the equations of motion for nB = 1, b = 0.1, λ = 100, and for
which we have chosen u∗/uJ = 0.6.
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Figure 6.23. Numerical solution of ρ (times MKK/
√
b) for b = 0.1 and λ = 100 as a

function of the rescaled holographic coordinate û = u/uJ ∈ [0.6, 1], describing a stable
punctured domain wall with baryon number nB = 1. The profile’s derivative at û = 1
is zero, indicating the (meta)stability of this embedding. At û = u∗/uJ , the profile’s
radius goes to infinity while in the plot we cut it for clarity at some finite value.

23Remember that ξ(T ) = nB
λ(T )

.
24This marks a difference with the baryon case, where the energy scaling with λ(T ) is not well

reconstructed. This can be attributed to the less stringent approximation that we did in the rigid
rotor analysis for the sandwiches, for which the integration region stays finite.
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Figure 6.24. Numerical solutions for u−1
J ãt (left panel) and (uJL)−1ãψ (right panel) as a

function of the rescaled holographic coordinate û for b = 0.1 and λ = 100.

Then, we present the sandwich solution for λ = 20 and b = 0.1 associated with
the choice of holonomies nK = 0 and nJ = 1. We are a priori free to set the position
of the tip of the second (set of) D8-brane(s), which we will fix to uK/uJ = 0.6 in
the plots. The profile ρ of the sandwich, as a function of the rescaled holographic
coordinate û, is shown in figure 6.25, while the associated gauge connection is shown
in figure 6.26.
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Figure 6.25. Numerical solution of ρ (times MKK/
√
b) for λ = 20, b = 0.1 and ûK =

uK/uJ = 0.6, as a function of the rescaled holographic coordinate û = u/uJ ∈ [0.6, 1],
describing a stable sandwich defect with baryon number nB = 1. The profile’s derivative
at both ûK and û = 1 is zero, indicating the (meta)stability of this embedding.

The sandwich defect solutions exist only if the two D8-branes are close enough
to each other. That is, for every b and λ, there is a minimum value of u, denoted as
ûmin(b, λ), such that the sandwich solutions are found for every ûmin(b, λ) < ûK < 1.
As in the baryon case, these solutions are more and more extended along u and
larger in ρ as we consider smaller values of λ. We find numerically that ûmin is a
monotonously increasing function of b and λ.
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Figure 6.26. Numerical solutions for u−1
J ãt (left panel) and (uJL)−1ãψ (right panel) as a

function of the rescaled holographic coordinate û for λ = 20, b = 0.1 and ûK = 0.6.

We conclude by mentioning that we can find a sandwich solution with nK and
nJ interchanged, that is, nK = 1 and nJ = 0. This solution shows the opposite
behavior for the profile ρ(u), meaning that for all u, ρ′(u) < 0.

6.4.2 Deconfined phase

Let us now present the punctured domain wall solutions in the deconfined phase. In
figures 6.27 and 6.28 we show the solutions to the equations of motion for b̃ = 0.1,
λT = 100, and for which we have chosen to end the integration at u∗/uJ = 0.6.
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Figure 6.27. Numerical solution of ρ (times 2πT/
√
b̃) for λT = 20, b̃ = 0.1 and û∗ = 0.6,

as a function of the rescaled holographic coordinate û = u/uJ ∈ [0.6, 1], describing a
stable punctured domain wall with baryon number nB = 1. The profile’s derivative
û = 1 is zero, indicating the (meta)stability of this embedding. At û∗ = u∗/uJ = 0.6 the
profile’s radius goes to infinity while in the plot we cut it for clarity at some finite value.
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Figure 6.28. Numerical solutions for u−1
J ãt (left panel) and (uJL)−1ãψ (right panel) as

a function of the rescaled holographic coordinate û for b̃ = 0.1 and λ = 100, with the
singularity in û∗ = 0.6.

In figures 6.29 and 6.30, we present sandwich solutions in the deconfined phase.
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Figure 6.29. Numerical solution of ρ (times 2πT/
√
b̃) for b̃ = 0.1 and λT = 100 as a

function of the rescaled holographic coordinate û = u/uJ ∈ [0.6, 1], describing a stable
baryon with baryon number nB = 1. The profile’s derivative at both ûK and û = 1
is zero, indicating the (meta)stability of this embedding. At û = u∗/uJ , the profile’s
radius goes to infinity while in the plot we cut it for clarity at some finite value.
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Figure 6.30. Numerical solutions for u−1
J ãt (left panel) and (uJL)−1ãψ (right panel) as a

function of the rescaled holographic coordinate û for b̃ = 0.1 and λT = 100.

Much like in the confined phase, we obtain these solutions for every value of
ûK above a minimal value ûmin. This function is once again an increasing function
of both b̃ and λT . As mentioned previously, both b̃ = uT /uJ and b̃K = uT /uK are
bounded from above by a fixed value (∼ 0.75) if we want the D8-branes to be in the
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U-shaped configuration corresponding to the chirally broken phase. The region of
existence of physical sandwich domain walls with nB = 1 for b̃ = 0.2 is shown in red
in figure 6.31.
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Figure 6.31. Region of existence (red) of sandwich domain walls solution in the deconfined
phase between ûK = 0.27 and ûK = 1, for values of λT ∈ [1, 100].

Also in the deconfined phase, we can find sandwich solutions with nK = 1 and
nJ = 0 with an associated profile ρ(u) for which for all u, ρ′(u) < 0.

We conclude by mentioning a connection of the sandwich solutions with the
simple vortons studied in section 6.3. Let us ignore for a moment the chiral symmetry
restoration mechanism and consider the family of sandwich solutions as it could
be defined in a larger interval of values of u. Then, if we take the limit uK → uT
at fixed value of b̃ and λT , that is, if the tip of the lower D8-brane approaches the
horizon, we observe that the limiting solution is precisely the vorton solution at the
same b̃ and λT and with the same baryon number as the sandwich. This family of
sandwich solutions transitioning to the limiting vorton solution is shown in figure
6.32.
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Figure 6.32. Family of sandwich domain walls for uK → uT in the deconfined phase (blue)
and vorton solution (red). The black vertical line shows the position of the horizon.
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6.5 Instabilities and decay channels
In this section, we will examine in detail the energy balance of all the solutions
presented in this chapter. All the solutions are either stable (for the baryon in
the confined phase) or metastable, meaning that they can decay into less energetic
configurations. Let us mention that at finite temperature, the possible instabilities
of the D6-brane configuration can be thought of as driven by changing the value of
the temperature, mimicking what happens in a cosmological scenario.

In both phases, we will focus on the fate of the baryon solution, considering all
the other solutions as possible decay channels that conserve the baryon number.

6.5.1 Confined phase

In the confined phase, it is interesting to analyze whether the baryon solution is
unstable, meaning in this context that it is more energetic than another configuration
with the same baryon number.

In the case of a single flavor, the nB = 1 baryon is completely stable in the
confined phase, being the lightest charged particle. An interesting instability can
arise if the model features at least two non-coincident U-shaped D8-branes, when
considering sandwich solutions in the confined phase. These objects, as discussed
in section 6.4, have to be interpreted from the dual field theory point of view as
composite objects of two global strings charged under different (flavor) U(1)s living on
two separated flavor branes. We can therefore think of a decay of these sandwiches in
two different channels corresponding to the two different baryon solutions associated
with the two flavors. Our theory only features flavor-conserving interactions, so the
flavor numbers must be conserved quantities in these decays. The flavor numbers
associated with D6-brane sandwich configurations are directly given by n(W )

K and
n

(W )
J and they count the net number of fundamental strings coming out of the

flavor brane, i.e. the quarks. In addition to this, we associated with every actual
fundamental string coming out from a D8-brane a charge contributing 1/N to nK
or nJ , depending on the flavor brane. Let us also recall that the baryon number is
given by the first Chern class nB associated with the manifold we are considering,
and is also conserved. We start from a sandwich solution with baryon number nB.

We consider the possibility of a decay of this sandwich vorton into two charged
D6-brane configurations, one attached at uJ and the other at uK . These decay
products have respectively baryon numbers n(J)

B and n
(K)
B

n
(J)
B = nJ + p , n

(K)
B = nK − p , (6.121)

compatible with the total baryon number conservation. Here p is an integer divided
by N , which will be determined by the total angular momentum conservation and
flavor conservation.25

These decay products are associated in the holographic model with the splitting
of the D6-brane sandwich solution into baryon-like solutions anchored respectively
at uJ and uK . In general, they have to be complemented by fundamental strings

25Recall that a non-zero p corresponds to shifting the flavor number by a global holonomy
p = −nG.
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linking the two sets of D8-branes to conserve flavor number. We first enforce the
total angular momentum conservation. We study decays starting from sandwich
domain walls that satisfy the anyonic relation J = n2

BN/2, this choice is restrictive
and enforces nK = 0.26 From this, it follows

n2
J = p2 + (nJ + p)2 ⇒ p2 + p nJ = 0 , (6.122)

which is solved by p = {0,−nJ}. There are then two possibilities:

• p = 0. In this case, we have

n
(J)
B = nJ , n

(K)
B = 0 , (6.123)

which means that in uJ there is a D6-brane baryon solution with baryon
number nB while in uK the D6-brane has zero baryon number and thus it is
unstable under mesonic radiation. Therefore, this competing solution consists
of a baryon on the D8-brane with tip in uJ , plus some mesonic radiation due
to the decay of the unstable decay product.

• p = −nJ . In this case, we have

n
(J)
B = 0, n

(K)
B = nJ . (6.124)

As before, we can think of this as the decay of the same sandwich solution
into a baryon, now hanging from uK , NnJ fundamental strings linking the
two sets of D8-branes oriented from uJ to uK , plus some mesonic radiation
due to the decay of the uncharged decay product at uJ .

We thus conclude that the baryon number on one of the two U-shaped D8-branes
is zero, leaving only two interesting competing solutions. We also showed that, as
a consequence of flavor number conservation, the allowed solutions must have a
number N |p| of strings, corresponding to multi-flavored mesons, stretched between
the two flavor branes. Considering the example that we studied in section 6.4 of a
sandwich with nK = 0 and nJ = 1, the possible decays are therefore to a baryon in
uJ with no extra strings linking the D8 branes, or to a baryon in uK , with N strings
going from uJ to uK , i.e. N multi-flavored mesons. Therefore, we are interested
in comparing the energies of these decay products in the large-λ limit. Their free
energies are given, for fixed bK = u0

uK
= 0.6 and λ = 50, in figure 6.33. The numerical

analysis shown in this figure reveals the presence of a first-order phase transition
between the sandwich solution and the baryon solution (hanging from uJ). For the
above-mentioned values of the parameters, this happens at b ≈ 0.38. In the limit
where the D8-branes are stacked together, the energy of the sandwich is the smallest,
and hence the sandwich is the stable configuration. Then, increasing the distance
between the D8-branes (i.e. decreasing b), the first-order transition occurs, and the
baryons hanging from uJ begin to be stable under this decay.

26One can also consider more generally decays of sandwiches with generic nK , and so they do not
satisfy the anyonic relation. These configurations can decay into baryons (plus mesons) if and only
if n2

B − 4nKnB is a perfect square.
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Figure 6.33. The plot shows the energy of the sandwich solution (with nK = 0 and nJ = 1)
in grey and the energy of its possible decay products: a baryon solution hanging from
uK plus N fundamental strings going from uJ to uK , shown in blue; or a baryon solution
hanging from uJ , shown in orange. We present this plot for fixed bK = 0.6 and λ = 50.

In terms of the baryon stability, we have found that, for some range of parameters,
the one-flavored baryon solution can decay into a sandwich connecting two different
flavor branes. Moreover, the baryon solution hanging from uK plus strings is found
to be always more energetic than the other configurations.

We could also have considered a sandwich solution with nK = 1 and nJ = 0.
In this case, the decay products are: a baryon solution with nB = 1 (plus mesonic
radiation) hanging from uK , or a baryon solution with nB = 1 hanging from uJ ,
plus N fundamental strings connecting the two flavor branes with direction from
uK to uJ . As for the previous decay, the sandwich solution is almost always less
energetic than its competing solutions.

6.5.2 Deconfined phase

As discussed in the introduction of this section, the instabilities in the deconfined
phase can be interpreted as “dynamical” instabilities driven by the temperature.
The first instability to study for the baryon D6-brane solution is the melting of the
baryon vertex into the horizon, which leaves qs fundamental strings terminating
at the horizon. Therefore, focusing on the nB = 1 case for simplicity, we compare
the energy of the D6-brane baryon solution (see equation (6.98)) with the energy of
qs = N strings extended from u = uJ to the horizon:

Ef-strings = N

2πl2s
(uJ − uT ) = 4π

9 Nλ
T 2

MKK

1− b̃
b̃

. (6.125)

We plot the two energies in figure 6.34. We can see that the energy of the
baryons is almost always lower than the energy of a bunch of fundamental strings
terminating at the horizon, apart from a small region in parameter space, when λ
and b̃ take large values (i.e. the temperature is large), for which baryons are more
energetic than the strings, so that they are unstable. Let us mention that the same
energy comparison for the case of a standard WSS baryon in the deconfined phase
has been performed in [195].
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Figure 6.34. The plot shows the energy of baryons (in orange) and the energy of strings
connecting the D8-brane to the horizon (in green) as a function of b̃ and λT .

The presence of the horizon allows for stable charged string loops, i.e. vortons.
We have seen that these objects are (meta)stable only if they carry a very large
charge nB ∼ λ; otherwise, they are unstable. At the level of decay channels, they
could decay into a bunch of fundamental strings extended from uJ to the horizon uT ,
preserving the baryon charge. We checked that the energy of large-charged vortons
is always lower than that of fundamental strings (6.125), and therefore these loops
are stable under this decay. However, we find that energetically the large-charge
vortons are in fact only metastable, since they can decay into a large number (of
order λ) of baryons with baryon number nB ∼ λ0, conserving the baryon number in
the process. Instead, a single large charge (of order λ) baryon could decay into a
large charge vorton.

We can also study the decay of sandwich solutions into baryons in the deconfined
phase. The derivation of the decay products performed in the confined phase is
also applicable to the deconfined phase, and therefore, we are again interested in
comparing the energies of a sandwich solution extended between uJ and uK with the
energies of baryon solutions hanging from uJ or uK (with the addition of the same
number of fundamental strings to conserve flavor). We show the energy comparison in
figure 6.35. We observe numerically the same pattern as in the confined phase, with
the same first-order phase transition and energy comparison between the competing
solutions. We can also have a sandwich solution with nK = 1 and nJ = 0 (instead
of nK = 0, nJ = 1), with the same decay products as in the confined phase.
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Figure 6.35. The plot shows the energy of the sandwich solution (with nK = 0 and nJ = 1)
in grey and the energy of its possible decay products: a baryon solution hanging from
uK plus the energy of N fundamental strings going from uJ to uK , shown in blue; or
a baryon solution hanging from uJ , shown in orange. We present this plot for fixed
b̃K = uT /uK = 0.6 and λ = 50.
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Chapter 7

Summary and conclusions

In this first part of the thesis, we have put forward a proposal for the string dual, in
the context of the WSS model of holographic QCD, of the quantum Hall droplet,
or sheet, that should describe the one-flavored baryon at low energies [38]. This
object consists of a D6-brane wrapped on the four-sphere of the ten-dimensional
background, attached to the flavor D8-brane, with a non-trivial D8-brane gauge
field sourced by the D6-brane. Such a construction manifests many of the expected
features of the “baryon as quantum Hall droplet” proposal put forward in [38], most
importantly the emergence of a U(1)N Chern-Simons theory on their worldvolume
and the appearance of topological edge modes carrying baryon number. Such a
structure emerges naturally in the holographic setup, which lends support for the
idea that planar QCD with one flavor admits such pancake-like baryons, despite
the absence of a traditional Skyrmion picture. The D6-brane constitutes the hard,
gluonic core of the sheet, responsible for the non-analyticity of the η′ low-energy
action. The D8-brane gauge field provides the soft, mesonic part of the sheet.

We started our journey in chapter 4, in which we constructed two explicit
configurations of the sheet. The first configuration corresponds to an infinitely
extended sheet without boundaries. The profile of the η′, interpolating from 0 to 2π
on the two sides of the sheet, has been derived. The holographic construction allows
us to calculate precisely the tension and thickness of the sheet, both in the massless
and massive-quark cases.

The second configuration we have considered is semi-infinite, with a straight
infinite boundary (where the D6-brane terminates on the D8). The boundary
constitutes a continuous distribution of magnetic charge for the five-dimensional
Maxwell-CS theory (on curved space) on the D8-brane. We solved this interesting
problem both in flat space, where an analytic form for the gauge field can be
provided, and on the curved Witten background. In the latter case, we have
provided a semi-analytic solution. We have derived a four-dimensional effective
action for the fluctuating modes and calculated the tension and thickness of the
hard and soft parts of the string-like boundary of the sheet.

Finally, we have observed that one can switch on a chiral component of the gauge
field on the boundary having zero energy, which is possibly connected to the chiral
edge mode one could consider on the boundary of the Hall droplet.

In chapter 5, we adapted the D6/D8-brane system to the deconfined phase of the
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WSS model to provide a detailed description of cosmic topological defects within the
holographic dual of an SU(N) gauge theory coupled to one massless fundamental
flavor at large-N and finite temperature. As we observed in the introduction of
chapter 5, at low energies, the effective theory is governed by an axion, which emerges
as a pseudo-Goldstone boson associated with the breaking of the global U(1)A flavor
symmetry. The cosmological evolution of this system can lead to the spontaneous
formation of topological defects. These defects arise as non-trivial configurations
of the axion field and other mesons, and their properties depend on the specific
symmetry-breaking pattern and the thermal history of the Universe.

We examined various topological defects, including straight axionic strings,
axionic string loops, axionic vortons, and axionic DWs, through (wrapped) D6-
branes in the WSS model. As for a wrapped D6-brane in the confined phase of the
WSS model (see chapter 4), a notable feature of this construction is the emergence
of a Chern-Simons theory on the (reduced) (2+1)-dimensional world volume of the
D6-branes. The interplay between topological field theories like the CS one and
axionic defects has been recently explored in [196]. Hereby, our research positions
itself at the intersection of recent studies that explore the topological aspects of
theories involving an SU(N) gauge group coupled with fundamental flavors.

Our analysis first focused on the D6-brane description of the defects, followed
by a description in terms of the flavor degrees of freedom living on the D8-brane.
Initially, we studied the straight axionic string configuration, with the D6-brane
being the “hard core” of the string. We computed the thickness and the tension
of this hard core. Subsequently, we analyzed the D6-brane embedding for string
loops and DWs. The embedding of the D6-brane with a circular boundary on the
D8-brane revealed the existence of a first-order phase transition1 between the string
loop embedding and the DW embedding. We computed the critical radius (of the
D6-brane boundary on the D8-brane) at which this transition occurs, finding that it
is a non-trivial function of the background temperature. The WSS model is well
known for its rich phase structure, with recent studies addressing phase transitions
and bubble nucleation in this model (see, for example, [197, 198, 199]). However,
this phase transition has not been considered previously in the literature, as DWs
are absent in the deconfined phase of conventional SU(N) gauge theory. The reason
can be found in the behavior of the WSS at high temperatures. In this regime,
the deconfined phase of the WSS model starts to exhibit properties reflecting the
nature of the underlying string theory setup diverging from standard SU(N) gauge
theories.2 This behavior has consequences for axion physics, for example, the axion
mass does not go to zero for large temperatures but grows instead [140]. Since in
standard phenomenological axion models the appearance of axionic DWs is tied
to the emergence of an effective axion mass, one can argue for the presence of
axionic DWs in the deconfined phase of WSS to be related to these high-temperature
features.

Recent works have also highlighted the relevance of phase transitions seeded by
cosmic topological defects [201, 202, 203]. It would be interesting to investigate if

1As discussed in chapter 5, this transition is not the typical first-order phase transition between
two equilibrium phases.

2It has been argued in [200] that the deconfined phase of WSS is not in the same universality
class as that of SU(N) Yang-Mills since some discrete symmetries do not match.
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and how the D6-brane defects influence the first-order phase transition associated
with chiral symmetry breaking in the WSS model.

We further explored uncharged string loops and charged (under the baryon
symmetry) string loops, i.e. vortons, through the D8-brane gauge field, i.e., through
the mesonic modes. Following the results of chapter 4, the D6-brane boundary on
the D8-brane acts as a source for the D8-brane gauge field, leading to a non-trivial
profile for low-energy mesonic modes. In particular, we derived the mesonic profile
and the four-dimensional effective action for the string loop. Then, we turned on the
electric potential on the D8-branes, associated with the baryon charge, which gives
rise to a Coulomb repulsion mediated by the CS term that can stabilize the loop. A
non-trivial electric potential corresponds to non-trivial profiles for the vector mesons.
Analyzing the system locally around the D8-brane tip at u = uJ , i.e. in a flat limit of
the WSS background, we found that the stability radius of string loops with baryon
charge nB = 1 and spin J = N/2, should be parametrically small in λ. However,
the existence of such meta(stable) solutions cannot be verified in the flat space limit.
Actually, the analysis of the D6-brane embedding, presented in chapter 6, suggests
that vortons with the above quantum numbers cannot be stable. Unfortunately, we
are not able to attach the full problem from the D8-brane perspective in curved
spacetime.

Finally, in chapter 6, we have provided a concrete, first-principle realization of
baryons in single-flavor QCD-like theories as compact, solitonic objects holographi-
cally realized as D6-branes ending on flavor D8-branes in the WSS model. Their
physical properties, like the energy and the stability radius, computed within the
holographic model, are collected in the tables 6.2 and 6.3. The spin-charge relation
J = Nn2

B/2, satisfied by these configurations, hints at a deeper underlying struc-
ture. It suggests the presence of collective excitations with non-trivial statistics and
provides a concrete bridge between solitonic baryons and effective anyonic behavior.

From the string-theory point of view, these charged D6-brane configurations
can be seen as formed by a D4-brane, wrapped on the background S4, representing
the baryon vertex in the dual field theory, and by a bunch of fundamental strings
attached to it, representing the quark degrees of freedom. Then, the strings are
blown up to a D6-brane (with D4 charge) by the angular momentum, as in the
standard supertube case [181, 192].

A central element of our construction is the detailed analysis of the DBI-CS theory
living on the worldvolume of a D6-brane, which in our setup describes effectively
a three-dimensional manifold with boundary. The analysis of this theory reveals
a rich topological structure supported on the D6-brane, governed by the global
properties of the gauge principal bundle. In particular, the D6-brane worldvolume
theory supports a non-trivial topological structure encoded in the first Chern number,∫
f/(2π), which serves as a genuine topological invariant and directly quantifies the

baryon number of the configuration. The bulk flux
∫
f/(2π) is closely related to

the boundary holonomies
∫
â/(2π), defined along the circular edges of the D6-brane,

which are sensitive to large gauge transformations in contrast with the baryon number.
Physically, these holonomies are associated with winding numbers n(W ) = N

∫
â/(2π)

which precisely count the net number of fundamental strings coming out of the flavor
brane. In the field theory interpretation, this is the number of quarks associated
with the flavor brane.
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The generality of the techniques we made use of allows us to classify and analyze
a broad spectrum of solitonic objects, which we refer to as a zoo of configurations,
including baryons, vortons, punctured domain walls, and sandwich vortons. Vortons,
first presented in chapter 5, correspond to charged D6-branes with a circular bound-
ary on the flavor brane and ending in the horizon. The punctured domain walls
correspond to D6-branes ending on the D8-brane along a circular boundary, forming
metastable domain walls with holes; these holes can grow and contribute to the decay
of extended domain walls, as anticipated in previous studies of defect dynamics in
QCD-like theories [41, 43]. Sandwich vortons, on the other hand, are ring-shaped
objects corresponding to D6-branes stretched between two D8-branes, whose tips are
located at distinct holographic positions. These loops carry both baryon charge and
angular momentum and provide a controlled realization of metastable string-like
bound states, analogous in spirit to axionic-η′ or axionic-pionic vortons discussed in
[41], and introduced in chapter 5 in the context of the WSS model.

We have provided explicit numerical solutions for the D6-brane embeddings and
gauge connections corresponding to each of these configurations, computing their
key physical observables such as mass, size, and charge-to-spin ratio. These solutions
are constructed both in the confined and deconfined phases of the WSS model. We
mention that the results for the vorton configuration agree with the stability radius
and the energy computed in chapter 5 within the D8-brane theory in the flat limit.

Finally, we have explored the possible decay channels of the baryon configuration
in both phases. The decay modes are constrained by charge, angular momentum,
flavor conservation, and energy considerations. Our analysis suggests the existence
of non-trivial phase diagrams in the space of theory parameters in which different
solitonic configurations dominate. In particular, focusing on the confined phase,
the sandwich solution connecting two different flavor branes can be the decay
product of, or it can decay into a baryon solution with some radiated mesons and
fundamental strings (i.e. multi-flavored mesons). In the deconfined phase, other
than the aforementioned decay, the baryon solution can also melt into the horizon
and decay into fundamental strings ending at the horizon, i.e. deconfined quarks.
Finally, the baryon solution, whenever it has a large charge nB ∼ λ, can decay into
large-charged vortons, which themselves can decay into small charge baryons but
are stable under the decay into fundamental strings.

There are many extensions that we have left for the future. In chapter 5, we
investigated, within the holographic model, the low-energy description of the vorton
in terms of the mesonic degrees of freedom that live on the D8-brane worldvolume.
However, the holographic Hall droplet baryon is presented from the D6-brane
perspective alone (see chapter 6). We plan to explore its description in terms
of mesonic degrees of freedom in the near future. Such a description would not
only enrich our understanding of baryons as topologically protected excitations,
but also extend the holographic picture of these objects to scenarios reminiscent
of Hall droplets in Chern-Simons theories. This analogy draws on the idea that
baryons, viewed as solitonic objects, could emerge as collective excitations within
a topologically non-trivial phase of the gauge theory. This would complete the
holographic picture of baryons as quantum Hall droplets initiated in [1] and inspired
by the seminal ideas in [38].

A delicate issue concerns the stability of the nB ∼ O(1) baryon solutions we have
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found in chapter 6. In fact, we found that the size of these particles is parametrically
small in λ, both in the Minkowski directions and the holographic direction. As such,
the distance of (the center of) the D6-brane from the D8-brane is small in units of√
α′. In flat space, the system of parallel D6 and D8 branes on top of each other

has a tachyonic mode in the spectrum, with mass squared of order 1/α′, signaling
the tendency of the D6-brane to melt into the D8-brane worldvolume. Even if we
are considering a non-trivial background, with non-parallel, separated branes, the
distance of the D6 and D8 branes could be too small, and keep this mode tachyonic.
We plan to investigate this issue in the near future.

Another issue we want to clarify is the emergence of a chiral edge mode, largely
studied in the context of FQHE, and its dynamics. We would like to investigate
whether the edge dynamics could come from the interactions between the D6-brane
and the flavor branes and hence be already present in the model.

A further interesting question to answer is whether it is possible to realize the
Nf ≥ 2 holographic Hall droplet baryon, and how this construction is connected
to the standard instantonic baryons in the WSS model, which are the holographic
realizations of baryons as Skyrmions. From [38], we expect that on the worldvolume
of the Nf ≥ 2 Hall droplet sheet should live a U(Nf )N Chern-Simons theory and
this can be realized in the holographic model by considering a stack of Nf D6-branes
attached to the stack of Nf flavor branes.

Finally, there has been interest lately [45, 47, 52] in the role played by the Hall
droplet sheets and their charged versions at finite density to connect them to physical
systems as neutron stars. Therefore, it would be interesting to use holographic
methods to investigate these scenarios.
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Original contributions
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Chapter 8

Weak rates in strongly coupled
cold quark matter

This chapter is devoted to an application of the holographic correspondence to the
study of weak reaction rates in strongly coupled, unpaired quark matter, which
represents a playground model for the core of neutron stars.

As we have discussed in section 1.5.1, weak interactions play a crucial role
in determining the properties of neutron stars and their binary mergers. The
equation of state, which dictates the mass and radius of the star, is constrained by
the condition of beta-equilibrium. This condition establishes relationships among
the relative amounts of different quark (or baryon) and lepton species. When a
perturbation in the density drives the matter of the star out of beta-equilibrium,
weak processes work to restore it and dampen the perturbation. This results in an
effective bulk viscosity that is significantly enhanced when the characteristic time
of the perturbation resonates with the timescale determined by the rate of weak
processes and the density in the star [57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67] (see
[68] for a review of transport in neutron stars).

Oscillations of a rotating neutron star produce gravitational waves that cause the
star to lose angular momentum and spin down, a process that is more pronounced
for rapidly rotating stars. Despite this, fast-rotating pulsars with periods of the
order of milliseconds are observed within a limited range of temperatures. The
effective bulk viscosity induced by beta equilibration is likely necessary to explain
the existence and location of this stability window [69, 70, 71]. This viscosity also
affects the continuous emission of gravitational waves by a quiescent star [72] and
could impact the gravitational wave signal produced during the inspiral [73] and
post-merger evolution of a neutron star collision [74, 75, 76, 77, 78, 79, 80].

Although most matter in a neutron star and the remnant of a merger is expected
to be primarily composed of hadrons, there are indirect hints of quark matter in
the core of heavy neutron stars [54, 55, 56]. Simulations of binary mergers suggest
that pockets of quark matter may be produced just after the collision [204, 205].
Therefore, it is interesting to evaluate the bulk viscosity of quark matter induced by
weak processes. At the densities involved, QCD cannot be treated perturbatively,
and lattice QCD suffers from the sign problem, necessitating other non-perturbative
approaches. Holographic models can circumvent these issues and have been applied
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to the study of dense matter in neutron stars (see [81, 82] for comprehensive reviews).
Specifically, the bulk viscosity induced by weak processes was computed using
holographic models in [83]1. However, the bulk viscosity formula involves weak
reaction rates that have been computed only perturbatively, so it is not a completely
self-contained approach. Furthermore, the existing formulas for weak rates (see
section 1.5.1) are obtained through tree-level scattering matrix elements of quarks
and leptons [84, 85, 86]. Since the observables obtained from gauge/gravity duality
are correlators of gauge-invariant operators, there is no straightforward way to obtain
the rates by extrapolating the tree-level formulas. Unfortunately, a main feature
of the bulk viscosity, namely its temperature dependence, is highly sensitive to the
behavior of the rate. Thus, the present estimation of the bulk viscosity is hindered
by significant uncertainty in this respect.

As a step towards improving the bulk viscosity estimates, we will provide a non-
perturbative formula for the rates based on correlators of gauge-invariant operators.
We will then use it to obtain the temperature dependence of the rates in a simple
holographic model of unpaired quark matter. The model, a phenomenological
(bottom-up) holographic dual description of QCD [34], has been used extensively,
with recent related works including the description of nuclear matter in neutron stars
and mergers [208] and the calculation of neutrino emissivities from flavor current
correlators [209]. Our goal is not to obtain completely realistic values for the rates,
for which more refined models would be needed, but to ascertain possible qualitative
changes in the temperature dependence at strong coupling.

We remind the reader that holographic models, despite their utility, come with
inherent limitations. They are typically constructed as approximations that capture
certain features of QCD, but they do not encompass all the complexities of the
theory. One significant limitation is the lack of a first-principles derivation from QCD,
leading to uncertainties in their applicability to specific phenomena. Furthermore,
these models often rely on large-N , i.e. the number of colors, approximations, which
may not accurately reflect the behavior of QCD at the finite N relevant to real-world
scenarios. The models also face challenges in accurately representing the dynamics
at low temperatures and densities, where confinement and chiral symmetry breaking
are essential. Therefore, while holographic models provide valuable insights and a
non-perturbative framework, their predictions should be interpreted with caution
and validated against other approaches and experimental data.

Keeping the above limitations in mind, for direct application to the description
of neutron stars and their binary mergers, the rate should be computed in the
model used to describe matter in the star. The most employed holographic models
so far have been those inspired by top-down brane intersections, namely the D3-
D7 [113] and WSS (already introduced in the first part of this thesis work, see
sections 3.2, 3.3 of this thesis) models, and a bottom-up model designed to fit
lattice QCD data and other known observables, the V-QCD model [37]. The D3-
D7 model is the simplest but is limited to describing quark matter in the star
[210, 211, 212, 213, 214] and must be combined with other nuclear matter models
to construct hybrid equations of state for the matter inside the neutron star. The

1The holographic estimate of the QCD contribution to the bulk viscosity was computed previously
and found to be much smaller than the expected weak contribution [206, 102, 207].
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V-QCD model can describe confined matter but is used primarily at large densities,
requiring a hybrid approach to describe matter at lower densities outside the core
of the star [215, 216, 217, 218, 219]. Hybrid equations of state have also been
constructed with the WSS model [220, 221, 222, 223], but there are proposals to
describe nuclear matter in neutron stars at all densities purely holographically
[224, 225, 226]. The WSS model has also been used to describe more exotic quark
stars [227]. Other proposals to describe dense matter in neutron stars include
Einstein-Maxwell-Dilaton theories and other holographic phenomenological models
[228, 229, 230]. Computing the weak rate and bulk viscosity to estimate the location
of the stability window of rotating pulsars would serve as an additional constraint
on these models, as well as on any other phenomenological model for which such a
calculation is possible.

This chapter is organized as follows. In Section 8.1, we introduce the weak
reaction rates for beta-equilibrium of quark matter and derive a non-perturbative
formula in terms of correlators of flavor currents. Next, in Section 8.2, we use a
simple holographic model to compute flavor current correlators in a high-density
state and study their dependence on frequency and spatial momentum. Finally, in
Section 8.3, we combine the results of the previous sections to produce analytical
and numerical estimates of the weak rates at low temperatures. We refer to chapter
9 for a comparison of our results with the perturbative results presented in 1.5.1.
Technical details regarding the calculation of correlators in the holographic model
are provided in the appendices E, F, and G.

8.1 Weak reaction rates
In this section, we derive non-perturbative formulas in the coupling of the strong
interactions for the weak reaction rates of quark matter. The formulas correspond
to the leading contribution of the electroweak interactions, whose corrections could
in principle be computed perturbatively. We also assume that the times and length
scales involved are much larger than the scale set by the inverse of the W boson
mass.

For the densities expected in the interior of neutron stars and mergers, one
should be able to restrict to three quark flavors (q = u, d, s) and two lepton flavors
(ℓ = e, µ). As we have seen in section 1.5.1, the relevant weak processes, or reactions,
are produced by a W -boson exchange or emission:

u+d⇌ u+s, u+ℓ− → d, s+νℓ, d, s→ u+ℓ− + ν̄ℓ, ℓ−1 → ℓ−2 +νℓ1 + ν̄ℓ2 . (8.1)

Assuming neutrinos are not trapped, the beta-equilibrium conditions in quark matter
implied by these reactions are

µu + µℓ = µd = µs, µℓ = µe = µµ . (8.2)

These relations assume that the different fermion species are at thermal equilibrium.
However, that is not the case for neutrinos and for large enough temperatures, the
relations among different chemical potentials might be shifted. This was analyzed
for baryonic matter in [231, 232, 66].
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Even if quarks are confined into hadrons, the same reactions will change their
type among protons, neutrons, and hyperons. In this situation, the beta-equilibrium
conditions should be given in terms of baryon chemical potentials. See section 1.5.1.
Note that in order for any of the species of fermions to be present, it is necessary
that the chemical potential is larger than the mass of the corresponding particle.

If a perturbation takes the chemical potentials out of their equilibrium values,
the weak reactions will not be in balance, and the densities will change according to
the weak rates Γ:2

dnu
dt

=
∑
ℓ=e,µ

(Γd→uℓν̄ − Γuℓ→dν + Γs→uℓν̄ − Γuℓ→sν) , (8.3a)

dnd
dt

= Γsu→ud − Γud→su +
∑
ℓ=e,µ

(Γuℓ→dν − Γd→uℓν̄) , (8.3b)

dns
dt

= Γud→su − Γsu→ud +
∑
ℓ=e,µ

(Γuℓ→sν − Γs→uℓν̄) , (8.3c)

dnℓ1
dt

= Γd→uℓ1ν̄ − Γuℓ1→dν + Γs→uℓ1ν̄ − Γuℓ1→sν + Γℓ2→ℓ1ν2ν̄1 − Γℓ1→ℓ2ν1ν̄2 . (8.3d)

It is easy to confirm that the total baryon number and electric charge are conserved
by these processes

nB = 1
3(nu + nd + ns), nQ = 2

3nu −
1
3nd −

1
3ns − ne − nµ,

dnB
dt

= dnQ
dt

= 0 .
(8.4)

Assuming the deviation of the chemical potentials from their beta-equilibrium
values δµfa is small compared to the baryon chemical potential µB = µu + µd + µs,
we can expand the rates to linear order in the differences

Γud→su − Γsu→ud ≈ λds(δµs − δµd), (8.5a)
Γuℓ→dν − Γd→uℓν̄ ≈ λℓud(δµd − δµu − δµℓ), (8.5b)
Γuℓ→sν − Γs→uℓν̄ ≈ λℓus(δµs − δµu − δµℓ), (8.5c)

Γe→µν2ν̄1 − Γµ→eν1ν̄2 ≈ λeµ(δµµ − δµe). (8.5d)

In some cases, for instance when quark matter is close to being symmetric, the
lepton chemical potential could be below the muon mass µℓ < mµ. When this
happens, muons quickly decay, and the only leptons present are electrons. The
equilibration equations simplify somewhat

dnu
dt

= Γd→ueν̄ − Γue→dν + Γs→ueν̄ − Γue→sν , (8.6a)

dnd
dt

= Γsu→ud − Γud→su + Γue→dν − Γd→ueν̄ , (8.6b)

dns
dt

= Γud→su − Γsu→ud + Γue→sν − Γs→ueν̄ , (8.6c)

dne
dt

= Γd→ueν̄ − Γue→dν + Γs→ueν̄ − Γue→sν . (8.6d)

2We have omitted the label on the neutrinos when there is just one lepton involved and put the
same numerical sub-index as the corresponding lepton when there are two.
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For small deviations from beta-equilibrium, the rates are expanded as (8.5), but
taking into account only the electron contribution. Moreover, the coefficient λeµ
does not involve strong coupling physics, so we will ignore it in the following, as
it can be computed using the standard methods. Our strategy to derive the other
coefficients is to arrive at an expression like (8.3) from Ward identities capturing
the non-conservation of flavor currents due to the coupling to the weak sector.

8.1.1 Flavor Ward identities

The theory of strong interactions, QCD, respects flavor symmetries, ensuring that
there are no flavor-changing processes. Weak interactions, on the other hand, are
not flavor symmetric, and processes such as those in (8.1) are possible. At energy
scales much below the W mass, the flavor-changing processes are captured by adding
Fermi’s interaction term to the effective action

LFermi = −2
√

2GF (Jµch)†Jchµ, (8.7)

where the Jµch is the left-charged current

Jµch = νeLγ
µeL + νµLγ

µµL + cos θC uLγµdL + sin θC uLγµsL, (8.8)

with GF Fermi’s constant and θC the Cabibbo angle giving the change of basis
between quark mass and flavor eigenstates. In addition to Fermi’s term, flavor
symmetry can also be broken by flavor-preserving mass terms and electromagnetic
and weak neutral interactions.

In the absence of any flavor-breaking terms, there would be a SU(3)L × SU(3)R
global symmetry for flavor rotations among quarks and a SU(4)L × SU(4)R flavor
global symmetry for leptons. To each of these symmetries, we can associate a
conserved current Jµf χ, where f = l, q for leptons or quarks and χ = L,R for left or
right chirality. Since the symmetry is non-Abelian, the current components transform
under flavor rotations. Denoting by TAf χ the generators of the flavor symmetry, the
transformation of the current is

δθf χJ
µ
f χ = iθAf χ[Jµf χ, T

A
f χ] . (8.9)

We will take the usual normalization for the generators tr(TAf χTBf χ) = 1
2δ
AB.

A vector flavor transformation corresponds to a transformation with equal angles
for both chiralities θAf L = θAf R = θAf . In the following, vector currents and generators
will be denoted as Jµf and TAf . If there are flavor-symmetry breaking terms in the
action Lbr, the Ward identity associated with a vector transformation becomes

2θAf tr
(
∂µJ

µ
f T

A
f

)
= −δθA

f L
Lbr − δθA

f R
Lbr

∣∣∣
θA
f L

=θA
f R

=θA
f

. (8.10)

In the following, it will be convenient to introduce the notation for the currents

(Jµf χ)ab = f̄χ bγ
µfaχ , fa = qa, la; qa = u, d, s; la = νe, e, νµ, µ. (8.11)

We are interested in the flavor-changing contributions introduced by Fermi’s
interaction. We can simplify the analysis by noticing that since Fermi’s interaction
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is symmetric under a rotation between the two lepton generations (νe, e)↔ (νµ, µ),
we can actually restrict lepton transformations to SU(2) × SU(2) ⊂ SU(4), with
each SU(2) rotating a charged lepton and its corresponding neutrino within each
generation. We leave details of the calculation, which is straightforward but tedious,
to Appendix E. The Ward identities for the diagonal components of the vector flavor
currents are

∂µ ⟨0|(Jµq )uu|0⟩ = i
√

2GF ηµν
∑
ℓ=e,µ

[
cos θC ⟨0|(Jµq L)ud(Jνl L)du − (Jµq L)du(Jνl L)νℓℓ |0⟩

+ sin θC ⟨0|(Jµq L)us(Jνl L)ℓνℓ − (Jµq L)su(Jνl L)νℓℓ |0⟩
]
, (8.12a)

∂µ ⟨0|(Jµq )dd|0⟩ = i
√

2GF ηµν [cos θC sin θCηµν ·
· ⟨0|(Jµq L)us(Jνq L)du − (Jµq L)su(Jνq L)ud|0⟩

− cos θC
∑
ℓ=e,µ

⟨0|(Jµq L)ud(Jνl L)ℓνℓ − (Jµq L)du(Jνl L)νℓℓ |0⟩

 ,(8.12b)

∂µ ⟨0|(Jµq )ss|0⟩ = i
√

2GF ηµν [− cos θC sin θCηµν ·
· ⟨0|(Jµq L)us(Jνq L)du − (Jµq L)su(Jνq L)ud|0⟩

− sin θC
∑
ℓ=e,µ

⟨0|(Jµq L)us(Jνl L)ℓνℓ − (Jµq L)su(Jνl L)νℓℓ |0⟩

 , (8.12c)

∂µ ⟨0|(Jµl )νℓνℓ |0⟩ = i
√

2GF ηµν
[
− cos θC ⟨0|(Jµq L)ud(Jνl L)ℓνℓ − (Jµq L)du(Jνl L)ℓνℓ |0⟩

− sin θC ⟨0|(Jµq L)us(Jνl L)ℓνℓ − (Jµq L)su(Jνl L)νℓℓ |0⟩

− ⟨0|(Jµl L)νℓ′ℓ′ (J
ν
l L)ℓνℓ − (Jµl L)ℓ′νℓ′ (J

ν
l L)ℓνℓ |0⟩

]
, (8.12d)

∂µ ⟨0|(Jµl )ℓℓ|0⟩ = i
√

2GF ηµν
[
cos θC ⟨0|(Jµq L)ud(Jνl L)ℓνℓ − (Jµq L)du(Jνl L)νℓℓ |0⟩

+ sin θC ⟨0|(Jµq L)us(Jνl L)ℓνℓ − (Jµq L)su(Jνl L)νℓℓ |0⟩

+ ⟨0|(Jµl L)νℓ′ℓ′ (J
ν
l L)ℓνℓ − (Jµl L)ℓ′νℓ′ (J

ν
l L)νℓℓ |0⟩

]
. (8.12e)

Where (ℓ, ℓ′) = (e, µ) or (µ, e). Note that other terms that break the non-Abelian
flavor symmetry, but are diagonal in flavor, do not contribute to the Ward identities
of the diagonal components. One can easily confirm that the expressions above are
consistent with the conservation of baryon and lepton numbers as well as the electric
charge:

∂µ ⟨0|(Jµq )uu + (Jµq )dd + (Jµq )ss|0⟩ = 0, ∂µ ⟨0|(Jµl )νℓνℓ + (Jµl )ℓℓ|0⟩ = 0,

∂µ ⟨0|
2
3(Jµq )uu −

1
3(Jµq )dd −

1
3(Jµq )ss −

∑
ℓ=e,µ

(Jµl )ℓℓ|0⟩ = 0. (8.13)

The time components of the diagonal components of the flavor vector currents equal
the corresponding quark or lepton densities

nu = (J0
q )uu, nd = (J0

q )dd, ns = (J0
q )ss, nℓ = (J0

l )ℓℓ. (8.14)

Compared with (8.3) for homogeneous configurations, the rates are determined by
the expectation value of a non-diagonal operator quadratic in the flavor currents
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appearing on the right-hand side of the Ward identities. We can think of such
a quadratic operator as obtained from a two-point correlator in the (properly
regularized) limit of coincident points. In the absence of flavor-breaking terms, the
most general form of the flavor current correlators would be

⟨0|(Jµf L)ab(Jνf L)cd|0⟩ = G1δ
a
b δ
c
d +G2δ

a
dδ
c
b . (8.15)

If there are mass terms in the action of the form Lm = f̄aM
a
f bf

b, or chemical
potentials introduced through a background flavor gauge field Aaf b, there could
also be terms where we replace some or all of the deltas in (8.15) by Mf or Af , or
contractions like Ma

f cM
c
f b, Ma

f cA
c
f b, etc. This potentially can produce many new

terms, however, for diagonal mass matrices and chemical potentials, the non-diagonal
current correlators appearing on the right-hand side of the Ward identities would
still vanish, and similarly for contributions originating from interactions that are
diagonal in flavor. Therefore, the non-diagonal current correlators contributing to
the Ward identities must be proportional to the flavor-changing coupling GF . We
will derive in the following a closed expression for the O(G2

F ) contribution to the
rates in thermal field theory.

8.1.2 Leading contribution in the Fermi coupling

We will assume that the theory is at finite temperature T = 1/β and use the real-time
formalism to compute the current correlators. See [233] for an introduction to the
topic. In general, thermal correlation functions are computed by insertions in a path
integral defined along a contour C in complex time. The path-ordered two-point
function of two operators O1 and O2 is

⟨0|TC [O1(x1)O2(x2)]|0⟩ . (8.16)

The complex time path, or Schwinger-Keldysh path, extends along C = (ti, tf ) ∪
(tf , tf − iσ)∪ (tf − iσ, ti− iσ)∪ (ti− iσ, ti− iβ), with σ > 0 and ti → −∞, tf → +∞.
We take the point x1 to be at the first leg of the complex time path on the real
axis. Then we have two possible contributions, depending on where the point x2 is
located. If x2 is on the same leg as x1, then the thermal correlator coincides with
the usual time-ordered Feynman correlator

⟨0|TC [O1(x1)O2(x2)]|0⟩ = ⟨0|T [O1(x1)O2(x2)]|0⟩ = GFO1O2(t1 − t2,x1 − x2).
(8.17)

If, on the other hand, x2 is on the third leg of the contour C (Im t′ = −σ), the
correlator is the Wightman correlator

⟨0|TC [O1(x1)O2(x2)]|0⟩ = ⟨0|O2(x2)O1(x1)|0⟩ = G<O1O2
(t1 − t2 + iσ,x1 − x2).

(8.18)
With this in mind, let us find the effect of Fermi’s interaction (8.7) when we treat it
perturbatively. The thermal expectation value of an operator O will be, to leading
order in the Fermi coupling,

⟨0|O(x)|0⟩GF = ⟨0|TC
[
O(x)ei

∫
C

LFermi

]
|0⟩0 ≈ ⟨0|O(x)|0⟩0 +

+ i

∫
C
d4x′ ⟨0|TC

[
O(x)LFermi(x′)

]
|0⟩0 . (8.19)
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In the expression above ⟨0|X|0⟩0 indicates that the expectation value of X is
computed in the absence of Fermi’s interaction. Since x is in the first leg of the
complex time contour and x′ runs over its full extent, we have contributions from
both the first and third leg of C, which translate into Feynman and Wightman
correlators of the operator with the Fermi interaction, respectively∫

C
d4x′ ⟨0|TC

[
O(x)LFermi(x′)

]
|0⟩0 =

=
∫
d4x′

[
GFOLFermi(t− t

′,x− x′) +G<OLFermi
(t− t′ + iσ,x− x′)

]
. (8.20)

In the evaluation of the right-hand side of the Ward identities (8.12), O is quadratic
in the flavor currents, as well as LFermi. Therefore, the leading O(G2

F ) contribution
is proportional to correlators of the form

⟨0|
[
(Jµf )ab(x)(Jνf )cd(x)

] [
(Jαf ′)a

′
b′(x′)(Jβf ′)c

′
d′(x′)

]
|0⟩0 ≈

δff ′

[
⟨0|(Jµf )ab(x)(Jαf )a′

b′(x′)|0⟩0 ⟨0|(J
ν
f )cd(x)(Jβf )c′

d′(x′)|0⟩0 +

+ ⟨0|(Jµf )ab(x)(Jβf )c′
d′(x′)|0⟩0 ⟨0|(J

ν
f )cd(x)(Jαf )a′

b′(x′)|0⟩0
]
. (8.21)

The factorization above is an approximation. For holographic models dual to a
large-N theory, it will happen naturally as part of the large-N expansion. More
generally, the non-factorizable contributions would originate from effective eight-
fermion interactions, so it is perhaps not unreasonable to assume that they would
introduce relatively small corrections even in the finite-N strongly coupled theory.

As we discussed before, in the absence of the Fermi interaction, non-vanishing
current correlators should be diagonal in flavor, thus

Gµαf ;ab,a′b′(x− x′) ≡ ⟨0|(Jµf )ab(x)(Jαf )a′
b′(x′)|0⟩0 ̸= 0,

⇒ (a = b ∧ a′ = b′) ∨ (a = b′ ∧ a′ = b).

This limits the number of non-zero contributions to the four-current thermal correla-
tors. We will now write the leading contributions in the Fermi coupling to the Ward
identities (8.12) in terms of the Fourier transforms of the Feynman and Wightman
correlators of the flavor currents

GK µα
f ;ab,a′b′(x− x′) =

∫
d4k

(2π)4 e
ik·(x−x′)GK µα

f ;ab,a′b′(k), K = F,< . (8.22)

It will be convenient to define

γ
fa1 f

b
2→fc1f

d
2

= γF
fa1 f

b
2→fc1f

d
2

+ γ<
fa1 f

b
2→fc1f

d
2
, (8.23)

with (K = F,<)

γK
fa1 f

b
2 →fc1f

d
2

= ηµνηαβ

∫
d4k

(2π)4

[
GK µα
f1;ac,ca(k)GK νβ

f2;bd,db(−k)−GK µα
f1;ca,ac(k)GK νβ

f2;db,bd(−k)
]
.

(8.24)
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In terms of these quantities, the leading order contributions in the Fermi coupling
to the flavor Ward identities are

∂µ ⟨0|(Jµq )uu|0⟩ ≈ −4G2
F

∑
ℓ=e,µ

(
cos2 θCγuℓ→dν + sin2 θCγuℓ→sν

)
, (8.25a)

∂µ ⟨0|(Jµq )dd|0⟩ ≈ 4G2
F

(
− sin θ2

C cos2 θCγud→su + cos2 θC
∑
ℓ=e,µ γuℓ→dν

)
,(8.25b)

∂µ ⟨0|(Jµq )ss|0⟩ ≈ 4G2
F

(
sin θ2

C cos2 θCγud→su + sin2 θC
∑
ℓ=e,µ γuℓ→sν

)
, (8.25c)

∂µ ⟨0|(Jµl )νℓνℓ |0⟩ ≈ 4G2
F

(
cos2 θCγuℓ→dν + sin2 θCγuℓ→sν + γℓν′→νℓ′

)
, (8.25d)

∂µ ⟨0|(Jµl )ℓℓ|0⟩ ≈ −4G2
F

(
cos2 θCγuℓ→dν + sin2 θCγuℓ→sν + γℓν′→νℓ′

)
. (8.25e)

Where in the last two rows (ℓ, ℓ′) = (e, µ) or (µ, ℓ) and ν, ν ′ are the neutrinos
corresponding to ℓ, ℓ′ respectively.

8.1.3 Formulas for the rates

A direct comparison of the equilibration equations (8.5) and the Ward identities
(8.25) results in the identification of the leading order contribution in the Fermi
coupling to the rates as

Γuℓ→dν − Γd→uℓν̄ ≈ 4G2
F cos2 θCγuℓ→dν , (8.26a)

Γuℓ→sν − Γs→uℓν̄ ≈ 4G2
F sin2 θCγuℓ→sν , (8.26b)

Γud→su − Γsu→ud ≈ 4G2
F sin θ2

C cos2 θCγud→su , (8.26c)
Γℓ1→ℓ2ν1ν̄2 − Γℓ2→ℓ1ν2ν̄1 ≈ 4G2

Fγℓ1ν2→ν1ℓ2 . (8.26d)

With the factors γ defined in (8.23) and (8.24) in terms of thermal correlation
functions. We can further simplify the expressions by first noting that, if the system
has parity and time reversal invariance, the Feynman correlator satisfies

GF µνf ;ab,ba(−k0,−k) = GF νµf ;ba,ab(k0,k). (8.27)

A straightforward calculation then shows that γF
fa1 f

b
2→fc1f

d
2

= 0 in this case. The
Wightman correlator on the other hand is proportional to the spectral function,
defined as the imaginary part of the retarded correlator:

G<µνf ;ab,ba(k0,k) = nf ;ab(k0)ρµνf ;ab(k0,k), ρµνf ;ab = −2 Im
(
GRµνf ;ab,ba

)
, (8.28)

where the factor multiplying the spectral function is the thermal distribution

nf ;ab(k0) = 1
e
β(k0+µfa−µ

fb
) − 1

, (8.29)

with µfa the chemical potential for the fermion species fa. We now introduce (8.28)
in (8.24), and use that

nf ;ab(−k0) = −(1 + nf ;ba(k0)), ρµαf ;ab(−k0,−k) = −ραµf ;ba(k0,k) , (8.30)
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where the last identity follows from time-reversal invariance and parity. After this,
one arrives at

γ
fa1 f

b
2→fc1f

d
2

= γ<
fa1 f

b
2→fc1f

d
2

=

= ηµνηαβ

∫
d4k

(2π)4

[
(nf1;ac(k0)− nf2;db(k0))ρµαf1;ac(k0,k)ρβνf2;db(k0,k)

]
. (8.31)

This quantity will vanish when the chemical potentials satisfy the relations

µfa1 − µfc1 = µfd2
− µfb2 . (8.32)

Then, demanding that each of the rates in (8.26) vanish gives the conditions

µu − µd = µνℓ − µℓ, (8.33)
µu − µs = µνℓ − µℓ, (8.34)
µu − µs = µu − µd, (8.35)

µνℓ1 − µℓ1 = µνℓ2 − µℓ2 . (8.36)

Setting µνℓ = 0, it is easy to check that this coincides with the beta-equilibrium
conditions in (8.2).

We will now expand (8.24) to the lowest order around the equilibrium values,
µfa = µeqfa + δµfa . The thermal distributions have a pole at small frequencies,
that we need to deal with. Let us introduce an arbitrary frequency ω0 such that
δµfa1 − δµfc1 ∼ δµfd2

− δµfb2 ≪ ω0 ≪ T . Then, there is a contribution that we can
expand to linear order in the chemical potentials plus a correction from the poles

γ
fa1 f

b
2→fc1f

d
2
≈
(
δµfd2

− δµfb2 − (δµfa1 − δµfc1 )
)

Λ0
fa1 f

b
2 →fc1f

d
2

+ δγ
fa1 f

b
2→fc1f

d
2
, (8.37)

where, after defining ∆µeq = µeqfa1
− µeqfc1 = µeq

fd2
− µeqfv2 , the coefficient Λ is

Λ0
fa1 f

b
2→fc1f

d
2

= ηµνηαβ

∫
d4k

(2π)4 ρ
µα
f1;ac(k0,k)ρβνf2;db(k0,k)

×

 1
4T sinh2

(
k0+∆µeq

2T

) − T

(k0 + ∆µeq)2 Θ(ω2
0 − (k0 + ∆µeq)2)

 .
(8.38)

We remind the reader that in this formula the fermion species are f1, f2 = q
(quarks) or l (leptons) and the possible flavors are qa = u, d, s, la = νe, e, νµ, µ. For
k0 + ∆µeq ≳ T the function decays exponentially ∼ e−(k0+∆µeq)/T , thus most of the
contributions in the frequency integral will come from an interval of width ∼ T
around k0 + ∆µeq.

The correction to the rate originating from the poles is approximately

δγ
fa1 f

b
2→fc1f

d
2

=ηµνηαβ
∫

|k0+∆µeq |<ω0

d4k

(2π)4 ρ
eq µα
f1;ac (k0,k)ρeq βνf2;db (k0,k)

×
[

T

k0 + ∆µeq + δµfa1 − δµfc1
− T

k0 + ∆µeq + δµfd2
− δµfb2

]
.

(8.39)
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We will use the principal value integral∫ ω0−∆µeq

−ω0−∆µeq

dk0
2π

T

k0 + ∆µeq + δµ
S(k0) ≈ T

2πS(−∆µeq) log ω0 + δµ

ω0 − δµ
≈

≈ T

πω0
S(−∆µeq)δµ. (8.40)

Thus, we can write

γ
fa1 f

b
2→fc1f

d
2
≈
(
δµfd2

− δµfb2 − (δµfa1 − δµfc1 )
)

Λfa1 fb2 →fc1f
d
2
, (8.41)

with

Λ
fa1 f

b
2→fc1f

d
2
≈ Λ0

fa1 f
b
2→fc1f

d
2

+ ηµνηαβ
T

πω0

∫
d3k

(2π)3 ρ
eq µα
f1;ac (−∆µeq,k)ρeq βνf2;db (−∆µeq,k).

(8.42)
If the spectral function vanishes at k0 = −∆µeq the last term in (8.42) is zero and
one can take the ω0 → 0 limit, in which case the expression for the coefficient Λ
simplifies

Λ
fa1 f

b
2→fc1f

d
2
≈ ηµνηαβ

∫
d4k

(2π)4
ρeq µαf1;ac (−∆µeq,k)ρeq µαf2;db (−∆µeq,k)

4T sinh2
(
k0+∆µeq

2T

) . (8.43)

Combining the expression (8.41) with (8.26) and (8.5), we arrive at the following
formulas for the coefficients of the rates

λds ≈ 4G2
F sin2 θC cos2 θC Λud→su, (8.44a)

λℓud ≈ 4G2
F cos2 θC Λuℓ→dν , (8.44b)

λℓus ≈ 4G2
F sin2 θC Λuℓ→sν , (8.44c)

λeµ ≈ 4G2
F Λµνe→νµe. (8.44d)

When leptonic contributions can be neglected, as is usually the case in the evaluation
of the bulk viscosity in neutron stars, the only relevant coefficient is λ1 = λds,
following the conventions in [68]. In the rest of the chapter, we will give an estimate
of λ1 = λds at strong coupling using a holographic model.

8.2 Holographic model
We will use a holographic model dual to a SU(N) gauge theory with Nf flavors
to compute the rate. Differently form what we did in the previous parts of this
thesis, here we use a bottom-up approach, where we construct a gravitational action
with the necessary ingredients to capture the physics of interest, but that does not
correspond to a string theory construction where both sides of the duality are known.
The glue sector is given by an action consisting of just the Einstein-Hilbert action
plus a negative cosmological constant

Sc = 1
16πG5

∫
d5x
√
−g [R− 2Λ] , Λ = − 6

L2 . (8.45)
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In the absence of matter, the maximally symmetric solution is an AdS5 space with
radius L. Including the flavor sector will modify the geometry, but it will still
asymptote to the same AdS5, so we can apply the usual holographic dictionary
between the fields in the gravity theory and sources and operators in the gauge
theory dual (see section 3.1.2).

The flavor sector consists of U(Nf )L×U(Nf )R gauge fields, LM and RM , dual to
the flavor currents, and a complex scalar field X in the bifundamental representation
dual to a scalar quark bilinear. The action for the flavor fields is the one commonly
used for bottom-up holographic QCD models, originating with [34]

Sf =
∫
d5x
√
−gTr

[
g2
X

(
−|DX|2 + 3

L2 |X|
2
)
− 1

4g2
5

(
F 2

(R) + F 2
(L)

)]
. (8.46)

The field strength is defined as F(A)MN = ∂MAN − ∂NAM − i [AM , AN ]. The
covariant derivative of the scalar field is defined as follows

DNX = ∂NX − iLNX + iXRN , DNX
† = ∂NX

† + iX†LN − iRNX† . (8.47)

The mass of the scalar is fixed in such a way that the field is dual to a scalar operator
of scaling dimensions ∆ = 3, as corresponds to a quark bilinear.

The action is fixed up to an overall normalization of the scalar and gauge fields. In
[34, 234] (see also [235]) the normalization was fixed by matching the large Euclidean
momentum form of current correlators derived from the holographic model to the
OPE of QCD. Then, the matching to QCD in the UV fixes

1
g2

5
= N

12π2L
, g2

XL
3 = N

4π2 . (8.48)

The equations of motion for the metric are Einstein’s equations with a cosmolog-
ical constant and the energy-momentum tensor sourced by the gauge fields and the
scalars

RMN −
1
2gMNR+ gMNΛ = 8πG5TMN . (8.49)

The equations of motion for the gauge and scalar fields read

1√
−g

DM

[√
−gFMN

(R)

]
= g2

5g
2
X j

N
(R) , (8.50a)

1√
−g

DM

[√
−gFMN

(L)

]
= g2

5g
2
X j

N
(L) , (8.50b)

1√
−g

DM

[√
−gDMX

]
= − 3

L2 X . (8.50c)

where the bulk currents appearing in the equations of the gauge fields are

jM(R) = i

[(
DMX

)†
X −X†DMX

]
, (8.51a)

jM(L) = i

[(
DMX

)
X† −X

(
DMX

)†
]
. (8.51b)
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We will look for solutions dual to a deconfined state of the gauge theory at nonzero
temperature and baryon density, which are charged black brane geometries. In order
to simplify the analysis we will turn off the scalar field, which amounts to having zero
quark mass and condensate for all the flavors. In this case, imposing the condition
of beta-equilibrium fixes all quark chemical potentials to be equal, since deviations
from symmetric quark matter due to nonzero quark masses are absent. Since we
are ultimately interested in comparing with QCD results, we will fix the rank of the
flavor fields Nf = 3.

When the scalars vanish, the charged black brane geometry is the preferred state
of the system at large enough values of the chemical potential. There could also
be other competing states where the scalar fields or off-diagonal components of the
gauge fields acquire a non-trivial profile, corresponding to the spontaneous breaking
of flavor symmetries. Since we are interested in comparing with results of unpaired
quark matter we will neglect this possibility here.

8.2.1 Background solution

The metric of the charged black brane takes the general form, in Poincaré coordinates,

ds2 = L2

z2

(
−f(z)dt2 + dz2

f(z) + dx⃗ 2
)
, f(z) = 1−M z4

z4
h

+Q2 z
6

z6
h

. (8.52)

The AdS5 asymptotic boundary is at z = 0, and the horizon is at the value where
the black body factor vanishes f(zh) = 0. The values of M and Q depend on the
background scalar and gauge fields.

As we mentioned above, we will set all quark masses to zero, which allows to
have a trivial solution of the scalar Xbkg = 0. The background gauge fields dual to
the quark densities are

(Lbkg
0 )ab = (Rbkg

0 )ab = µq
2

(
1− z2

z2
h

)
δab . (8.53)

Where µq = µu = µd = µs is the quark chemical potential, which is the same for
all flavors at beta-equilibrium. Since in this case µe = 0, this implies that there is
no net electron density, but the processes in (8.1) involving electron absorption or
emission would still contribute, although we are neglecting them because they only
give subleading corrections in the range of temperatures where the bulk viscosity
is largest. The backreaction over the metric is limited to the gauge fields, so the
geometry is the AdS Reissner-Nordstrom charged black brane (8.52), with

M = 1 +Q2 , Q2 =
z2
hµ

2
q

2 . (8.54)

The temperature in the dual field theory is equal to the Hawking temperature, given
by

T = 1
πzh

(
1− Q2

2

)
. (8.55)
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One can use these formulas to obtain the position of the horizon as a function of the
temperature and quark chemical potential

zh = 2
µq


√√√√1 +

(
πT

µq

)2

− πT

µq

 . (8.56)

Later we will often use
T̄ = zhT ≈

2T
µq

. (8.57)

8.2.2 Two-point functions of flavor currents

The spectral function entering the formulas for the rates can be obtained from the
imaginary part of the retarded correlator of the left flavor currents. Following the
usual holographic dictionary [29, 30], we can extract the correlator from the solutions
to the linearized equations of fluctuations. We will impose the boundary conditions

lim
z→0

Lµ(x, z) = lµ(x), lim
z→0

Rµ(x, z) = 0, lim
z→0

1
z
X(x, z) = 0. (8.58)

This turns off the sources for the right flavor currents and the quark bilinears and sets
lµ(x) as the source for the left flavor currents. The boundary asymptotic expansion
of the Fourier transform of the left gauge fields is

(Lµ)ab(ω,k, z) ∼
(
δ ν
µ + (c νµ )abz2 log z

L
+ z2(g ν

µ )ab + · · ·
)

(lν)ab(ω,k), (8.59)

where, having set the quark masses to zero,

(c νµ )ab = 1
2
(
kαk

αδνµ − kµkν
)
. (8.60)

The two-point function of the left flavor current can be obtained from the one-
point function identifying the coefficient of the source lµ. The one-point function is
extracted from the boundary value of the regularized canonical momentum

⟨0|Jµq L|0⟩ =

= − lim
z→0

1
g2

5

[√
−gF zµL +

(
log z

L
+ log(LB)

)(
LDα

(√
−γFαµL

)
− g2

Xg
2
5
√
−γjα(L)

)]
,

(8.61)

where γµν = gµν is the induced metric on a radial slice and B is an energy scale of
the theory. The additional terms are obtained from the variation of the counterterm
action

Sc.t =
(

log z
L

+ log(LB)
)∫

d4x
√
−γ

[
L

4g2
5
FµνL FLµν + g2

XL(DµX)†DµX

]
. (8.62)

The energy scale B, which determines the coefficient of a finite counterterm, can be
chosen arbitrarily. Its value is scheme-dependent, depending on how the logarithmic
divergence is cancelled. However, as shown in the formulas below, it only enters in
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contact terms of the real part of the correlators, so it does not affect the calculation
of the spectral function. In addition to the terms shown here, one should also
introduce a counterterm proportional to a quadratic potential for the scalar that is
necessary to cancel further divergences when the quark masses are non-zero. In our
case, with massless quarks, it can be safely ignored.

Using the expansion (8.59), the one-point function to linear order in the fluctua-
tion is

⟨0|(Jµq L)ab|0⟩ = 2L
g2

5
Gµνab (lν)ab, Gµνab = −ηµα

(
(g ν
α )ab − (c να )ab log LB

e1/2

)
. (8.63)

Taking the variation with respect to the source gives the two-point function

⟨0|(Jµq L)ab(Jνq L)a′
b′ |0⟩ = 2L

g2
5
Gµνab δ

a
b′δa

′
b . (8.64)

The fit of the model to QCD at large Euclidean momentum (8.48) fixes the normal-
ization constant to the value

N = 2L
g2

5
= N

6π2 . (8.65)

The spectral function is obtained from the imaginary part of the retarded correlator,
which can only receive contributions from the coefficient of the O(z2) term in the
boundary expansion (8.59)

ρµνab,ba = 2NηµαIm (g ν
α )ab . (8.66)

In order to compute the correlators of flavor currents involved in the formulas for
the weak reaction rates, we must consider linearized fluctuations of the gauge fields
around the background solution. We can restrict to fluctuations that are off-diagonal
in flavor, and take into account that the background is diagonal. When the quark
masses are zero and the scalar profile is trivial, the energy-momentum tensor of the
gauge fields is at least quadratic in the fluctuations. Therefore, metric fluctuations
can be turned off. Furthermore, the fluctuations of the left gauge fields decouple
from the right gauge field and the scalar, so it is enough to restrict the analysis to
the left gauge fields.

8.2.3 Linearized fluctuations

We will work in the radial gauge Lz = 0 and expand the fluctuations in Fourier
modes

Lµ(x, z) =
∫
dω

2π

∫
d3k

(2π)3 e
−iωx0+ik·xLµ(ω,k, z) . (8.67)

Our fluctuations correspond to the off-diagonal flavor components Lµ ≡ (Lµ)ab, but
we will omit flavor indices unless there is some ambiguity.

It will be convenient to rescale coordinates by the horizon position

z = zhZ, xµ = zhX
µ , (8.68)
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and work with the dimensionless frequency and momentum

ω̄ = zhω, k̄ = zhk , (k̄ = |k̄|) . (8.69)

We will also define a dimensionless temperature T̄ = zhT . The equations of motion
for the linearized fluctuations of the gauge fields in these coordinates are collected
in Appendix F.

We are interested in temperatures much smaller than the chemical potential
T/µq ≪ 1. Since the integral over frequencies that determines the rates (8.42) is
concentrated on frequencies smaller or of the order of the temperature, we can use a
small frequency approximation ω/µq ≪ 1.

We will use the approach of [236] to compute low-frequency correlators. When
the temperature is zero, the background solution is an extremal black brane that
develops an AdS2 throat at the horizon. One can then divide the geometry into an
inner and outer region relative to this throat. When the temperature is non-zero,
but very small compared to the chemical potential, there is still a throat, but the
inner geometry is a non-extremal AdS2 with a horizon. From (8.55), we see that
the near-extremal solutions correspond to Q2 ≲ 2. Let us parametrize

Q2 = 2
Z6

∗
, Z∗ − 1 = |ω̄| Z

2
∗

12ζ0
, Z∗ − Z = |ω̄| Z

2
∗

12ζ . (8.70)

The temperature in units of the horizon position is πT̄ = 1− Z−6
∗ . This gives the

approximate relation
ζ0 ≈

|ω̄|
2πT̄

= |ω|
2πT . (8.71)

Expanding the metric (8.52) for |ω̄| → 0 and Z∗ ≈ 1 (since T̄ ≪ 1), one gets

ds2 ≈ L2

12ζ2

(
−F (ζ)dτ̄2 + dζ2

F (ζ)

)
+ L2dX⃗ 2 , (8.72)

where

F (ζ) = 1− ζ2

ζ2
0
, τ̄ = |ω̄|X0 = |ω|x0 . (8.73)

This is an AdS2 × R3 Schwarzschild geometry with an AdS2 radius L2
AdS2

= L2/12
and a horizon at ζ = ζ0. In the zero temperature limit Z∗ → 1, ζ0 →∞ the throat
extends to values ζ →∞.

The equations for linearized fluctuations can be solved in the inner region,
Lin
µ , imposing an ingoing boundary condition at the horizon ζ → ζ0, and in the

outer region, Lout
µ , taking the zero temperature limit where the geometry becomes

the extremal AdS5 Reissner-Nordstrom, (8.52) with Q =
√

2. The calculation of
the solutions and connection coefficients up to O(ω2/µ2

q) corrections is detailed in
Appendix G, we summarize here the main results.

In the region towards the end of the AdS2 throat, ζ → 0, the solutions have an
expansion

Lin
µ ∼ A−

µ ζ
∆− +A+

µ ζ
∆+ , ∆+ > ∆−. (8.74)
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This matches with the behaviour of solutions in the outer region close to the horizon
Z → 1

Lout
µ = C−

µ η−(Z) + C+
µ η+(Z), η±(Z) ∼ (1− Z)−∆± , (8.75)

which allows the identification

C±
µ = A±

µ

( |ω̄|
12

)∆±

. (8.76)

The ingoing condition fixes a relation between A+
µ and A−

µ that translates into a
relation between C+

µ and C−
µ :

C+
µ = GL(ω, k)C−

ν , (8.77)

with GL(ω, k) usually interpreted as an infrared (IR) Green’s function associated
with a 0+1 CFT dual to the AdS2 gravitational theory. This IR function determines
the Green’s function of the full theory. In order to see this, we need to translate the
above relation between coefficients to the outer normalizable and non-normalizable
solutions

Lout
µ = lµϕNN (Z) + gµϕN (Z), (8.78)

with expansions close to the boundary Z → 0

ϕNN (Z) ∼ 1 + k̄2

2 Z
2 logZ +O(Z4), ϕN (Z) = Z2 +O(Z4) . (8.79)

The two sets of outer solutions, {η+, η−} and {ϕNN , ϕN}, are related by the connec-
tion coefficients

η±(Z) = α±ϕNN (Z) + β±ϕN (Z) . (8.80)

Thus, the full solution is

Lout
µ = C−

µ (η−(Z) + GLη+(Z)) =
= C−

µ (α− + α+GL)ϕNN (Z) + C−
µ (β− + β+GL)ϕN (Z) . (8.81)

Fixing the coefficient of the non-normalizable solution to be the source lµ, we get
that the coefficient of the normalizable term is

gµ = β− + β+GL
α− + α+GL

lµ . (8.82)

More precisely, the connection coefficients and IR Green’s function depend on
whether the fluctuation is transverse or longitudinal. It turns out that at leading
order in ω/T the longitudinal components do not contribute.

8.2.4 Spectral function

Since only the transverse components of the left gauge fields are relevant at low
frequencies, the spectral function determined by (8.66) is (ρ00 ≈ 0, ρ0i ≈ 0),

ρijab,ba ≈ N
µ2
q

2

(
δij − kikj

k2

)
ρL

(
ω

2πT , k̄, T̄
)
, (8.83)
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where
ρL

(
ω

2πT , k̄, T̄
)

= β+α− − β−α+

(α− + α+ReGL)2 + (α+)2 (ImGL)2 ImGL . (8.84)

The IR Green’s function of the transverse modes of the left gauge fields is, up to
corrections suppressed by factors of T/µq,

GL(ω̄, k̄, T̄ ) ≈
Γ (−νk) Γ

(
1
2 − i

ω
2πT + νk

)
Γ (νk) Γ

(
1
2 − i

ω
2πT − νk

) (
πT̄

12

)2νk
. (8.85)

Where we have introduced νk for convenience, defined as

νk =

√
1
4 + k̄2

12 . (8.86)

At large spatial momentum the IR Greens’ function approaches

GL(ω̄, k̄, T̄ ) ∼ −
cos

(
πk̄√
12 + i ω2T

)
sin
(
πk̄√
12

) (
πT̄

12

) k̄√
3
. (8.87)

At low temperatures, there is a strong suppression due to the T̄ -dependent factor.
When T/µq → 0 (T̄ → 0), there is a strong suppression of the correlator already at
small momenta

GL ∼
(
πT̄

12

)
e− k̄2

12 log 12
πT̄ . (8.88)

The support of the Green’s function is concentrated on values k̄ ≲ | log(T/µq)|−1 ≪ 1.
In this case, we can approximate the Green’s function by

GL(ω̄, k̄, T̄ ) ≈
(
πT̄

12

)
e−(2νk−1) log 12

πT̄

(
i
ω

πT
+ (2νk − 1)

)
+O((2νk−1)2, iω̄(2νk−1)) .

(8.89)
The connection coefficients are real and only depend on the momentum. We have
computed them numerically and determined their asymptotic behaviour at large
spatial momentum (c.f. Appendix G)

α± ∼ ∓6∓ k̄√
12 k̄−1/2, (8.90)

β± ∼ ∓6∓ k̄√
12 k̄3/2 log k̄. (8.91)

Considering the large momentum asymptotic behaviour of the IR Green’s function
(8.87) and connection coefficients (8.90), we see that the spectral function vanishes
exponentially fast at large spatial momentum. A special point is k̄ = 3 (νk = 1),
where GL diverges and the spectral function has its first zero. For a numerical
estimate, one can thus restrict the momentum integral to smaller values.

When T/µq → 0 we can approximate the connection coefficients by their k̄ → 0
values, that we can compute analytically

α− ≈ 1 +O

(
νk −

1
2

)
, β− ≈ −

3
2(2νk − 1) +O

[(
νk −

1
2

)2
]
, (8.92)

α+ ≈
4

3(2νk − 1) +O(1), β+ ≈ 4 +O

(
νk −

1
2

)
. (8.93)
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Figure 8.1. Plot of the imaginary part of the full gL function (dashed) and its leading-order
approximation in ω/T (solid) for νk = 0.6, 0.7, 0.75, 0.8, 0.9 which correspond to colors
from blue to light purple.

Thus β+α− − β−α+ ≈ 6 and

ρL

(
ω

2πT , k̄, T̄
)
≈ 6(2νk − 1)2

(2νk − 1)2 +
(

4Ak(T̄ )ω
3πT

)2Ak(T̄ ) ω
πT
≈ 6Ak(T̄ ) ω

πT
. (8.94)

Here we have defined

Ak(T̄ ) =
(
πT̄

12

)
e−(2νk−1) log 12

πT̄ . (8.95)

Numerically, at low frequencies, the IR Green’s function is well approximated by

GL(ω̄, k̄, T̄ ) ≈
Γ (−νk) Γ

(
1
2 + νk

)
Γ (νk) Γ

(
1
2 − νk

) (
πT̄

12

)2νk (
1− i

2 tan(πνk)
ω

T
+ (8.96)

+
π2 tan2(πνk)− ψ(1)

(
1
2 − νk

)
+ ψ(1)

(
1
2 + νk

)
8π2

ω2

T 2

)
+O

(
ω3

T 3

)
,

where ψ(1) is a polygamma function. In order to see how good is the approximation
we plot the real and the imaginary part of the full IR Green function and its
approximated expression. We define a reduced IR Green function

gL(ω̄, k̄) = Γ (νk)
Γ (−νk)

( 12
πT̄

)2νk
GL(ω̄, k̄, T̄ ), (8.97)

so that the plots will be independent of T̄ . In Figure 8.1 we plot the full imaginary
part of gL (dashed lines) with the approximated formula (solid lines) for some values
of νk, as a function of ω/T ∈ (0, 2). Then, we plot the full real part of gL (dashed
lines) with the approximated formula (solid lines), as a function of ω/T ∈ (0, 2),
keeping just the first term in the expansion, Figure 8.2a, and then adding also the
quadratic correction, Figure 8.2b. The values of νk are 0.6, 0.7, 0.75, 0.8, 0.9 which
correspond to colors from blue to light purple. We observe that as k becomes smaller,
the real part becomes better approximated by the leading term.
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(a) Plot of the real part of the full gL
function (dashed) and its leading or-
der approximation in ω/T (solid) for
νk = 0.6, 0.7, 0.75, 0.8, 0.9 which cor-
respond to colors from blue to light
purple.
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(b) Plot of the real part of the full gL
function (dashed) and its second-order
approximation in ω/T (solid) for νk =
0.6, 0.7, 0.75, 0.8, 0.9 (colors from blue
to light purple).

Figure 8.2. Plots of the real part of the full gL (dashed lines) and its approximated
expressions up to second-order in ω/T (solid lines).

8.3 Estimate of weak reaction rates at strong coupling
We will proceed to estimate the weak rate. Since all the quark chemical potentials
are equal at beta-equilibrium and the spectral function (8.83), (8.84) vanishes at
zero frequency, we can use the simplified formula (8.43) to compute the rate. Taking
into account that only the transverse components contribute to leading order, and
rescaling the variables in the momentum integral ω = k0 = 2πTs, k = µqk̄/2,

Λud→us ≈ N 2 µ7
q

27π2

∫ ∞

−∞
ds

∫ ∞

0
dk̄ k̄2 ρ

2
L(s, k̄, T̄ )

sinh2(πs)
. (8.98)

Introducing (8.94), and changing variables to k̄2 = 3(4ν2 − 1),

Λud→us ≈ N 2 3
√

3µ5
qT

2

4

∫ ∞

0
ds

s2

sinh2(πs)

∫ ∞

1/2
dν ν

√
(4ν2 − 1) e−2(2ν−1) log 12

πT̄ .

(8.99)
We have ∫ ∞

0
ds

s2

sinh2(πs)
= 1

6π (8.100)

Changing variables ν = 1
2 + u,

Λud→us ≈ N 2
√

3µ5
qT

2

8π

∫ ∞

0
du (1 + 2u)

√
u(u+ 1) e−4u log 12

πT̄ . (8.101)

We use that the main contributions to the integral come from u≪ 1:∫ ∞

0
du (1 + 2u)

√
u(u+ 1) e−4u log 12

πT̄ ≈
∫ ∞

0
duu1/2 e−4u log 12

πT̄ =

= Γ(3/2)(
4 log 12

πT̄

)3/2 =
√
π

2
(
4 log 12

πT̄

)3/2 . (8.102)
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Figure 8.3. Log-log plot of the weak reaction rate multiplied by N−2µ−5
q T−2 as function

of log
(

6µq

πT

)
. The solid line described the approximated analytic results of Equation

(8.103). The symbols are the results of the numerical integration of the formula (8.98)
for T/µq = 10−1, 10−2, 10−3, 10−4, taking the leading order approximation of the IR
Green function (green dots), the second order approximation (red triangles) and the full
result (black diamonds).

Then,

Λud→us ≈
N 2

128

√
3
π
µ5
qT

2
(

log 6µq
πT

)−3/2
. (8.103)

We have computed numerically the rate for values of the temperature T/µq =
10−1, 10−2, 10−3, 10−4, considering the full dependence of the connection coefficients,
and several approximations for the IR Green’s function, namely the leading order
(8.89), the second order approximation (8.96), and the full result (8.85). In the
numerical integration over momentum, we cut the integral at νk = 1, where the
spectral function has its first zero. The exponential suppression already present
at this value of the spatial momentum makes higher momentum contributions to
be exceedingly small, so we believe this is a good approximation. We show our
numerical results together with the analytic approximation at low temperatures
(8.103) in Figure 8.3. We see that indeed the analytic formula approximates well the
numerical result at low temperatures, even up to T/µq ≲ 10−2, but for T/µq ∼ 10−1

the deviations are already sizeable, although the analytic formula still serves as an
estimate of the order of magnitude.
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Chapter 9

Summary and conclusions

Here we present a summary of the second part of the thesis, together with some
conclusive remarks and possible future directions. In this part of the thesis, we
addressed the problem of computing the weak rates in (unpaired) quark matter
using holography as a tool to overcome the difficulties faced by standard methods
in performing computations in finite-temperature and finite chemical potential
QCD-like theories.

In particular, in chapter 8, we derived the formulas (8.26) and (8.31) for the
weak equilibration rate of quark flavor densities na (a = u, d, s). These formulas
describe the equilibration rates near thermal equilibrium in terms of the spectral
function of left-handed currents, to leading order in the Fermi coupling. The result,
derived purely through field theory techniques, stems from the modification of Ward
identities for flavor currents by symmetry-breaking terms induced by the weak
interaction. Up to possible corrections by effective eight-fermion interactions, it
is exact in the QCD coupling, with all non-perturbative dynamics of the strongly
coupled theory encapsulated in the spectral function. Although we have focused on
quark matter, the formulas are derived in an explicitly gauge-invariant way and rely
solely on symmetry arguments. Thus, they should be valid for any state of QCD at
nonzero temperature, including hadronic (confined) phases. In a confined phase, the
natural degrees of freedom are baryons rather than quarks. Baryons are composed
of three quarks and can be grouped according to their flavor composition. Therefore,
the chemical potential for a baryon Babc ∼ qaqbqc would be µBabc = µa + µb + µc,
with µa,b,c being the quark chemical potentials corresponding to each flavor. The
associated baryon densities should satisfy the conditions

na = 3nBaaa + 2
∑
b̸=a

nBaab +
∑
b,c ̸=a

nBabc , (9.1)

where the order of the flavor labels is immaterial, and nBabc would, in principle,
include all contributions from baryon resonances with the same flavor composition
and with a mass below the value of the baryon chemical potential, assuming the
decay channels to lower resonances become closed. With these identifications, one
can combine the expressions in (8.26) to obtain the rates for the evolution of the
density of different baryon species, or rather for the evolution of some combinations
of them.
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Returning to our analysis, we have used the general formulas for the rates in
a particular model of unpaired quark matter with a holographic dual description.
Using the holographic dual, we have obtained the leading order low-temperature
behavior of the weak reaction rate in a large-density state of strongly coupled matter
at beta-equilibrium. For simplicity, we have only considered massless quarks, from
which we were able to extract an analytic expression (8.103) for the rate coefficient
as defined in (8.5) and (8.44), resulting in

λds ≈ G2
F sin2 θC cos2 θC

N 2

32

√
3
π
µ5
qT

2
(

log 6µq
πT

)−3/2
. (9.2)

A fit to the large momentum behavior of QCD correlators fixes the normalization
constant to N = N/(6π2), Eq. (8.65). We can compare this with the perturbative
result [84, 85, 86] including the leading QCD correction [103]

λds ≈ G2
F sin2 θC cos2 θC

64
4π2µ

5
qT

2
(

1 + 4αs
9π log καsµq

T

)4
, (9.3)

where κ ≈ 0.28(2/3π)1/2 ≈ 0.13. The logarithmic enhancement of the rate at low
temperatures originates from a non-Fermi-liquid behavior of quark matter due to
long-range interactions (see also [237, 238]). Although the logarithm should not be
too large in order for the perturbative expansion to be valid, the fourth power with
which it appears can produce a significant effect on the rate. Considering the strong
coupling result, the holographic dual geometry has also been conjectured to describe
a non-Fermi (“marginal”) liquid [236]. However, the logarithmic factor operates in
the opposite way, suppressing the rate. Furthermore, compared to the perturbative
result, the logarithm will be much larger, as there are no coupling-dependent factors
in the argument suppressing the ratio µq/T . As shown in figure 8.3, the analytic
formula (9.2) (proportional to (8.103) derived in the previous chapter) provides a
good approximation for temperatures T/µq below 10−2, but at higher temperatures,
corrections to this formula start to become significant. However, their effect is to
further suppress the rate.

Several improvements could be applied to the model, with perhaps the most
significant being the inclusion of non-zero quark masses [239]. In the perturbative
calculation of the rate, the mass enters the dispersion relation of the fermions in the
scattering amplitude and removes the low-energy contributions from the massive
quarks. In the holographic model, the scalar field dual to the quark bilinears would be
non-zero, and its backreaction can change the near-horizon geometry, thus affecting
the rate behavior. A generic expectation is that the AdS2 throat in the near-horizon
geometry would be replaced by a hyperscaling Lifshitz geometry (see [240] and
references therein), which would probably result in the rate becoming proportional
to a different power of the temperature depending on the dynamical exponent and
the hyperscaling parameters.

Another extension of the model would be to study phases of paired quark
matter, as quark pairing can affect transport properties [60, 62, 63]. A paired state
would have a quark condensate with a non-trivial flavor structure, which could be
captured by turning on a profile of the scalar field, in the holographic model we
used, reproducing the same structure.
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In conclusion, our study provides a framework for understanding weak inter-
action rates in strongly coupled quark matter and highlights the importance of
non-perturbative methods in studying dense QCD phases. Future works should focus
on refining these models, incorporating more realistic features such as non-zero quark
masses and quark pairing, to enhance our understanding of neutron star interiors
and their observational signatures.
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Appendices
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Appendix A

Fractional quantum Hall effect
in a nutshell

The quantum Hall effect is one of the best-known examples of a topological phase of
matter. It arises in a two-dimensional electron system, e.g. Gallium Arsenide, under
a strong perpendicular magnetic field B. At very low temperatures (T ∼ 10 mK)
and high magnetic field (B ∼ 10 Tesla), the transverse (Hall) conductivity, as a
function of magnetic field, shows constant plateaux at the values

σH = e2

h
ν, (A.1)

where e is the electron charge, and h is the Planck constant. The quantity ν is called
filling fraction, and it can be an integer number or a rational number. The latter
case is known as the Fractional Quantum Hall Effect (FQHE). At the same time,
the longitudinal conductivity vanishes, and the system is insulating in the bulk. See
[188, 189, 190] for complete reviews on the topic.

The most compelling interpretation of the quantum Hall effect, originally pro-
posed by Laughlin [241], envisions the electron system as an incompressible quantum
liquid. In this phase, the electron density remains uniform throughout the bulk,
and the system exhibits a finite energy gap that suppresses low-energy density
fluctuations. This behavior is particularly transparent in the case of non-interacting
electrons occupying a full Landau level, where electron–electron interactions can be
safely ignored. The energy gap in such a setting is simply the separation between
Landau levels, given by the cyclotron energy, which ensures the stability of the
incompressible state.

A.1 Chern–Simons bulk effective theory
The low-energy degrees of freedom of a Hall state can be described by a conserved
matter current jµ, which is dual to a gauge field aµ,

jµ = 1
2πϵ

µνρ∂νaρ. (A.2)
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This current is topologically conserved, ∂µjµ = 0, and the U(1) gauge field a is
usually referred to as a hydrodynamic field, arising from the collective behavior of
many underlying electrons.

The effective hydrodynamic action is given by

Seff = N

4π

∫
a ∧ da+ 1

2π

∫
a ∧ dA+

∫
a ∧ J . (A.3)

The first term is the Chern-Simons action for a and dominates the low-energy physics.
The coupling N in this context is called level of the CS theory, and it takes integer
values in order for the path integral of the theory to be well-defined. This theory is
usually referred to as the U(1)N CS theory. Such action is topological and it does not
describe any propagating degrees of freedom, but rather it describes global effects
occurring at energies below the bulk gap. The CS action violates time reversal and
parity symmetry, reproducing what happens in a quantum Hall state in the presence
of an external magnetic field.

The second term of (A.3) describes the minimal coupling of the hydrodynamic
degrees of freedom with an external electromagnetic field A. Neglecting the third
term, or equivalently, setting J = 0, we can integrate out a using the equation of
motion to get

Seff = 1
4πN

∫
A ∧ dA. (A.4)

By taking functional derivatives with respect to A, we compute the induced current

Jµind = 1
2πN ϵµνρ∂νAρ, (A.5)

from which we can read the quantized Hall conductivity (with e2/h = 2π)

σH = 1
2πN ⇒ ν = 1

N
. (A.6)

It is well-known that the CS theory describes the existence of fractional charge
and statistics in the system. These are low-energy excitations of the incompressible
fluid, known as anyons, and their coupling to the hydrodynamic field is described by
the third term of (A.3). To see the fractional features of these excitations, let us
consider a static source J µ(x) = n δ(2)(x)δ0µ, where n is U(1) charge coupled to a.
Setting A = 0, the equations of motion for a are

1
2πϵ

0ij∂iaj = n

N
δ(2)(x), (A.7)

from which we can see that each excitation is equipped with n/N units of flux. We
can compute the electromagnetic response

J0
ind(x) = n

N
δ(2)(x), (A.8)

which shows that the electromagnetic charge of these static excitations is the rational
number n/N . As anticipated, these quasi-particles have fractional statistics. Recall
that the wavefunction of a particle of charge q moving around a flux Φ picks up a
phase exp(i qΦ). In the present case, the Aharonov-Bohm phase 2θ of an excitation
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with charge n1 for a moving around a flux Φ = n2/N generated by another excitation
of charge n2 is

2θ = 2πn1 n2
N

. (A.9)

This is also known as braiding phase, and it is twice the exchange phase that
determines the quantum statistics. Among the excitations, the electron has n = N ,
so that for two electrons θ/π = N , which is consistent with the Fermi statistics if N
is odd.

A.2 The bulk-boundary correspondence
In a finite quantum Hall system, gapless modes necessarily arise at the edge of the
sample. These edge modes are a direct consequence of the non-trivial topological
structure of the bulk. The presence of such edge states can be understood even
at the classical level. Consider a charged particle in a uniform magnetic field: the
particle undergoes circular motion (e.g., anticlockwise) due to the Lorentz force.
Near the boundary of a finite sample, these orbits are truncated, resulting in a
skipping motion along the edge. Because the motion is unidirectional, these edge
states are said to be chiral.

Quantum mechanically, edge states also emerge due to the breaking of Landau
level degeneracy near the boundary. For example, in a disc-shaped droplet of radius
R, a confining potential near the edge lifts the degeneracy, filling the states up to
a Fermi energy. The density profile reveals a Fermi point at the edge, as the bulk
remains incompressible. The low-energy excitations around this Fermi point are
particle-hole pairs that behave as massless fermions with an approximately linear
dispersion relation:

E(k) ≈ vF (k − kF ),

where k = m/R is the one-dimensional momentum (kF is the one associated with
the Fermi energy), m is the angular momentum, and vF is the Fermi velocity. These
excitations correspond to a (1+1)-dimensional chiral relativistic fermion, known as
a Weyl fermion. For a detailed derivation of these results, see [190].

The (1+1)-dimensional theory of the edge modes can arise from the (2+1)-
dimensional CS theory as follows. In the absence of an external electromagnetic
field, A = 0, the equations of motion for a reduce to a = dχ, with χ a scalar field.
For a disk geometry D, the action reduces to a boundary term

Sbdry = N

4π

∫
dtdx ∂tχ∂xχ, (A.10)

with x = Rθ. This is just a symplectic term and leads to a vanishing Hamiltonian.
To introduce a dynamic for the edge mode χ, we add a quadratic term in the
momenta [190]

Sbdry = N

4π

∫
dtdx ∂xχ (∂tχ+ v ∂xχ), (A.11)

with v an external parameter. This action is also known as the Floreanini-Jackiw
action [112]. The equation of motion for χ is

(∂t + v ∂x)∂xχ = 0, (A.12)
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which shows that the edge modes are gapless and chiral.
The chiral boson χ on ∂D is a periodic field, being the phase of the U(1) gauge

field, with period 2π. For the disk geometry, the general solution of the equations of
motion is

χ(t, θ) = χ0 − (θ − v t)α0 + i
∑
n=0

αn
n
ein(θ−v t), α∗

n = α−n . (A.13)

As a consequence of the periodicity of the scalar field χ, the coefficient α0 = m/N
is quantized for some integer m ∈ Z. Upon quantization, the coefficients χ0, α0, and
αn become operators acting on a bosonic Fock space, whose vacuum is defined by

αn |Ω⟩ = 0, n > 0. (A.14)

Imposing the canonical commutation relations between χ and the conjugate momen-
tum π = δL/δ(∂tχ), one can get

[α0, χ0] = 1
iN

, [αn, αm] = n

N
δn+m,0 . (A.15)

In terms of these operators, we can rewrite the Hamiltonian L0 and its moments
Ln as

L0 = N

2 α
2
0 +N

∑
n>0

α−nαn , Ln = N

2

+∞∑
m=−∞

αn−mαm , (A.16)

satisfying the following commutation rules

[Ln, αm] = −mαn+m, [Ln, Lm] = (n−m)Ln+m + c

12(n3 − n)δn+m,0, (A.17)

with c = 1. Thus, the chiral boson theory is a conformal field theory with central
charge c = 1.

We conclude by connecting these results to the bulk physics. The definition of
the edge charge should correspond to the bulk expression

Q = − 1
2π

∫
dθ aθ = α0 = m

N
. (A.18)

The edge spectrum reproduces the charges of Laughlin quasiparticles. In the bulk,
fractional excitations with charge Q = m/N correspond to edge states |α0 = m/N⟩.
This is another aspect of the bulk-boundary correspondence: anyonic excitations
in the bulk map to solitonic configurations in the edge conformal field theory. The
conformal dimensions of these excitations are determined by the action of the
Virasoro generator L0:

L0

∣∣∣∣α0 = m

N

〉
= hm

∣∣∣∣α0 = m

N

〉
, hm = m2

2N . (A.19)

In this CFT framework, the eigenstate of α0 is a highest weight state satisfying
αn |α0⟩ = 0 for n > 0, representing the ground state in a solitonic sector. Excited
(descendant) states are generated by the action of the creation operators α−n for
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n > 0, and have conformal dimensions n + m2/(2N). Furthermore, the edge
excitation with charge Q = m/N and conformal dimension hm is created by the
Fubini-Veneziano vertex operator:

Vm = : eimχ : , (A.20)

where m ∈ Z and Vm inserts a charge Q = m/N at point z on the boundary. This
formalism underpins the consistency of the edge CFT with the bulk fractionalized
excitations and reflects the deep structure of the quantum Hall state through the
lens of conformal field theory.
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Appendix B

Green function in duo-polar
coordinates

In this appendix, we analyze a more general version of the equation of motion for
At in flat space which is

1
r
∂r (r ∂rAt) + 1

ρ
∂ρ (ρ ∂ρAt) + τ I(r, ρ) = 0 , (B.1)

where I(r, ρ) is a generic instanton density and τ is a constant. We use the Green
function method which consists in finding the Green function associated with the
operator that acts on At and then calculating the convolution with I(r, ρ). In other
words, the solution can be written as

At = τ

∫
d4x′G(r, ρ, r′, ρ′) I(r, ρ) , (B.2)

where G is the Green function satisfying the equation
1
r
∂r (r ∂rG) + 1

ρ
∂ρ (ρ ∂ρG) = δ(ρ− ρ′)

2πρ′
δ(r − r′)

2πr′ . (B.3)

One way to solve the above equation is to interpret G as the potential generated by
a charge distribution located at ρ = ρ′, r = r′:

G =
∫ 2π

0

∫ 2π

0

dψ dθ

ρ2 + ρ′2 + r2 + r′2 − 2ρρ′ cos(ψ)− 2rr′ cos(θ) =

= 2π
∫ 2π

0

dθ√
(ρ2 + ρ′2 + r2 + r′2 − 2rr′ cos(θ))2 − 4ρ2ρ′2 .

We use the following trigonometric substitution in the integral:

t = tan
(
θ

2

)
, dθ = 2

1 + t2
dt , cos(θ) = 1− t2

1 + t2
,

that is defined for θ ∈ (−π, π). Therefore, we have to shift the angular variable, and
then use the trigonometric substitution. After some calculations, we end up with

G = 4π
√
mp

∫ +∞

−∞

dt√(
t2 + n

m

)(
t2 + q

p

) , (B.4)



216

where

m = (ρ− ρ′)2 + (r − r′)2, n = (ρ− ρ′)2 + (r + r′)2 ,

p = (ρ+ ρ′)2 + (r − r′)2, q = (ρ+ ρ′)2 + (r + r′)2 .

We can go to the complex plane and solve the integral using the Jordan Lemma
taking care of the four simple poles and the two branch cuts. The integral admits
an analytic solution in terms of the Elliptic integral of the first kind, which we will
indicate as K(x):

G = 4π
√
mp

∫ +∞

−∞

dt√(
t2 + n

m

)(
t2 + q

p

) = 4π
√
mp

2√
q/p

K
(

1− n

m

p

q

)
=

= 8π√
((ρ− ρ′)2 + (r − r′)2)((ρ+ ρ′)2 + (r + r′)2)

·

·K
(

1− (ρ− ρ′)2 + (r + r′)2

(ρ− ρ′)2 + (r − r′)2 ·
(ρ+ ρ′)2 + (r − r′)2

(ρ+ ρ′)2 + (r + r′)2

)
. (B.5)

One can check that this is indeed a solution of (B.3). To get the solution for At we
have to perform the convolution (B.2) with I(r, ρ; l). In general, the convolution will
not have an analytic result and the integration has to be performed only numerically.
In this work, we have found an analytic solution for the convolution with the
instanton density

I(r, ρ) = 16π
√

2N rρ l4

[(l2 + ρ2 + r2)2 − 4ρ2l2]2
, (B.6)

coming from the definition (5.79). The result of the convolution reads

At = 2π
√

2N τ(ρ2 + r2)
(l2 + ρ2 + r2)2 − 4ρ2l2

+A
(0)
t , (B.7)

where we have the freedom to add the zero modes of the Laplacian operator in
duo-polar coordinates:

A
(0)
t = c0√

(l2 + ρ2 + r2)2 − 4ρ2l2
+ c1 l

2(ρ2 − r2 − l2)
[(l2 + ρ2 + r2)2 − 4ρ2l2]3/2 . (B.8)
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Appendix C

Details on the topology of the
D6-brane system

In this appendix, we collect the details of the topological properties and theorems
used in section 6.1.3. The results exposed here are extracted from [242, 243, 244].

Recall that we are considering a two-dimensional manifold Σ such that M3 =
Rt × Σ, that is, topologically equivalent to a cylinder with its two bounding circles
S1.

We now justify the statement regarding the classification of principal U(1)-
bundles used for the baryon number. In the following, we shall work with a general
smooth manifold, which we will denote as M . There exists a classifying space named
BU(1) such that principal U(1)-bundles over M (up to gauge transformations) are
isomorphic to the maps from M to BU(1) (up to homotopy):

{Principal U(1)− bundle on M}/gauge ∼= {M → BU(1)}/homotopy . (C.1)

The classifying space BU(1) is by definition (see [243] for more details) the infinite-
dimensional complex projective space CP∞ ≡ S∞/U(1). This corresponds to the
fibering:

S1 ↪→ S∞ ↠ CP∞ . (C.2)
Using the long exact homotopy sequence of this fibering (see section 4 of [243] or 17
in [242]), one can show that π2(CP∞) = π1(U(1)) = Z, and also that every other
homotopy group of CP∞ vanishes. Path-connected topological spaces that have only
one non-trivial homotopy group, like this one, have very useful properties. They are
called Eilenberg-Maclane spaces K(G,n) for a group G if:

πn(K(G,n)) = G , (C.3)

and all their other homotopy groups are trivial. Therefore BU(1) verifies:

BU(1) ∼= K(Z, 2) . (C.4)

As a consequence of a powerful theorem (Brown’s representability theorem),1 the
1We are assuming here that M is endowed with a cellular complex (CW-complex) that respects

nice enough properties, which can always be done for closed manifolds. Remember that a cellular
complex is a topological space that is built by gluing together topological balls (so-called cells) of
different dimensions in specific ways. See [244] as a useful reference.
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maps from M to Eilenberg-Maclane spaces K(G,n) are classified by the nth coho-
mology group with coefficients in G, therefore in our case, where we have G = Z
and n = 2, we get:

{M → BU(1)}/homotopy ∼= {M → K(Z, 2)}/homotopy ∼= H2(M ;Z) , (C.5)

i.e. the maps from M to BU(1) up to homotopy, or equivalently the principal
U(1)-bundles over M up to gauge transformations, are classified by the second
cohomology group of M with coefficients in Z.

Recall now that given that f vanishes on the two bounding circles, we showed
that the relevant manifold to study our setup is in fact the pinched torus M = PT.
There, we are using the one-point compactification of the cylinder. In this case, it
is equivalent to performing a relative cohomology calculation of the cylinder with
respect to the two bounding circles. We proceed by computing its cohomology, which
can be done using the long exact sequence:

H∗(PT;Z) = (Z,Z,Z, 0 . . . ) . (C.6)

Then, using the definition of the first Chern class, we get that the integer in
H2(PT;Z) = Z corresponds to the first Chern number of the U(1)-bundle. This last
definition also corresponds to our definition of the baryon number.

We now wish to confront this result with the topology of the usual Yang-Mills
SU(2) instanton setup. To reconstruct the statements used in section 6.1.3, the steps
are very similar to what we just did. A similar classifying space can be constructed
for SU(2):

{M → BSU(2)}/homotopy ∼= {Principal SU(2)− bundle}/gauge , (C.7)

which, this time, can be seen to be linked with the infinite quaternionic projective
group:

BSU(2) = HP∞ ≡ S∞/SU(2) . (C.8)

SU(2) ↪→ S∞ ↠ HP∞ . (C.9)

This, using the homotopy exact sequence, yields that π4(HP∞) = π3(SU(2)) = Z, and
every other homotopy group of this space vanishes. Therefore, BSU(2) = K(Z, 4),
which yields by the same theorem the classification of principal SU(2)-bundles by
H4(M ;Z). Applying this to M = S4 which is the manifold on which f is defined in
the instanton case we have (C.10):

H4(S4;Z) = Z . (C.10)

The last step is to use the properties of the second Chern class instead of the
first one, which takes its values in H4(S4;Z) = Z, and corresponds to the instanton
number.
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Appendix D

Numerical analysis of the
D6-brane equations of motion

In this appendix, we present the methods used to numerically solve the equations
of motion. We first identify and exploit relations between the physical parameters
in order to reduce the parameter space of the numerical study. Then we recall the
boundary conditions derived in section 6.1.2 and describe the methods used to solve
the differential equations. We start by performing the following coordinate and field
redefinition

u→ uJ u, ρ→ Lρ, aψ → LuJ aψ, at → uJ at . (D.1)

Let us recall that L has a different expression for the confined and the deconfined
phases

Confining phase: L = R3/2

u
1/2
J

J(b),

J(b) = 2
3

∫ 1

0
dv

√
1− b3 √v

(1− b3v)
√

1− b3v − (1− b3)v8/3
,

Deconfined phase: L = R3/2

u
1/2
J

JT (b̃),

JT (b̃) = 2
3

∫ 1

0
dv

√
1− b̃3 √v√

1− b̃3v
√

1− b̃3v − (1− b̃3)v8/3
,

where we have used the standard notation of the WSS model, b = u0/uJ and
b̃ = uT /uJ . In the following, all the fields and the coordinate u have to be intended
as the rescaled ones. With these transformations, the equations of motion become
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• Confining phase

J2(b) ∂u

(
u4ρ′(u)ρ(u)

D(u)

)
− uD(u)

(
1− 9

u2 ã
2
t

)
= 0 , (D.2)

∂uãψ + 3
u
ρ(u)D(u) ãt = 0 , (D.3)

∂uãt + 3
u

D(u)
ρ(u) ãψ = 0 , (D.4)

where

f(u) = 1− b3

u3 , D(u) =

√√√√√√√√
J2(b) ρ′(u)2 u3 + 1

f(u)

1 + 9
u2

(
ã2
ψ

ρ2 − ã
2
t

) . (D.5)

• Deconfined phase

J2(b̃) ∂u

(
u4ρ′(u)ρ(u)fT (u)

DT (u)

)
− uDT (u)

(
1− 9ã2

t

u2fT (u)

)
= 0 , (D.6)

∂uãψ + 3
u fT (u)ρ(u)DT (u) ãt = 0 , (D.7)

∂uãt + 3
u

DT (u)
ρ(u) ãψ = 0 , (D.8)

where

fT (u) = 1− b̃3

u3 , DT (u) =

√√√√√√√
1 + ρ′(u)2 u3fT (u) J2(b̃)

1 + 9
u2

(
ã2
ψ

ρ2(u) −
ã2
t

fT (u)

) . (D.9)

We adapt the boundary conditions on a discussed in section 6.1.2 to study
configurations with generic spin. Recall that in the baryon case, J = Nn2

B/2 holds
and therefore the boundary conditions are those indicated in section 6.1.2. For the
other cases, we invert equation (6.33) and (6.42):

âψ(u∗) = nB
2 −

J

NnB
, âψ(uJ) = −nB2 −

J

NnB
. (D.10)

After the redefinitions in (D.1), using the holographic dictionary, we obtain

• Confining phase:

ãψ(1) = 2πl2s
LuJ

(
−nB2 −

J

NnB

)
= 6π

√
b

J(b)λ

(
−nB2 −

J

NnB

)
, (D.11)

ãψ(u∗/uJ) = 2πl2s
LuJ

(
nB
2 −

J

NnB

)
= 6π

√
b

J(b)λ

(
nB
2 −

J

NnB

)
. (D.12)
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• Deconfined phase:

ãψ(1) = 2πl2s
LuJ

(
−nB2 −

J

NnB

)
= 6π

√
b̃

JT (b̃)λT

(
−nB2 −

J

NnB

)
, (D.13)

ãψ(u∗/uJ) = 2πl2s
LuJ

(
nB
2 −

J

NnB

)
= 6π

√
b̃

JT (b̃)λT

(
nB
2 −

J

NnB

)
, (D.14)

where we have defined the effective ’t Hooft coupling constant

λT = 2π T
MKK

λ = T

Tc
λ . (D.15)

Notably, the deconfined phase expressions are the same as in the confined case,
up to replacing (λ, b, J(b))→ (λT , b̃, JT (b̃)). In general, the boundary value problem
we are considering depends, a priori, on four parameters: b (or b̃), λ(T ), nB, and the
angular momentum J .

In the following, we will focus on objects with J = Nn2
B/2. In this case, recall

that nB and λ(T ) appear only in the ratio

ξ(T ) ≡
nB
λ(T )

, (D.16)

effectively reducing the number of parameters by one. The baryon number can be
parametrically large in λ(T ), nB = λυ(T ) with 0 ≤ υ ≤ 1, and we are working in large
λ-limit. Therefore, the parameter ξ ranges from zero when nB ∼ λ0

(T ) to order 1
when nB ∼ λ(T ).

We will now describe the integration method for this differential problem. The
integration domain of the differential equations in the rescaled radial coordinate u is
[b, 1] for the confined phase and [b̃, 1] for the deconfined phase. In section 6.1.2, we
have defined two of our boundary conditions in u = 1 and two in u = u∗/uJ . To
find a numerical solution with the correct boundary conditions, we will free the two
boundary conditions in u = u∗/uJ and implement two more boundary conditions in
u = 1, which can be thought of as parameters, ãt(1) and ρ(1). The physical boundary
conditions in u = u∗/uJ will then be obtained by varying these two parameters.

These parameter-boundary conditions are not allowed to take any value. Ob-
viously, ρ(1) can only take positive values. A more interesting inequality can be
derived for ãt. Indeed, for the Lagrangian to be real, the quantity D2

(T ) has to
be positive or zero. In the confined phase, inside the integration region we are
considering, this implies

1 + 9
u2

(
ã2
ψ

ρ2 − ã
2
t

)
> 0 . (D.17)

A second constraint arises from the equilibrium condition for the D6-brane, which
requires that the D6-brane ends orthogonally at the D8-branes’ tip. This amounts
to having ρ′(1) = 0 and, for the lowest energy configuration, to having a concave
function. Replacing these values in (6.19) gives the concavity inequality:

u2

9 < ã2
t . (D.18)
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The value of the gauge connection component ãt for an equilibrium configuration
then has to lie in the window

u2

9 < ã2
t <

u2

9 +
ã2
ψ

ρ2 . (D.19)

One can think of exotic solutions, like punctured domain walls, whose profile
ρ(u) is a convex function (or there is some interval in which it is convex) for which

0 < ã2
t <

u2

9 . (D.20)

Similar results can be written in the deconfined case for concave solutions

fT (u) u
2

9 < ã2
t < fT (u)

(
u2

9 +
ã2
ψ

ρ2

)
, (D.21)

and convex ones
0 < ã2

t < fT (u) u
2

9 . (D.22)

In all the cases, we introduce a parameter α to span the window. Our boundary
conditions for a baryon become:

⋄ ãψ(1) = −6π nB
√
b

λJ(b) (Confined phase),

ãψ(1) = −6π nB
√
b̃

λTJT (b̃)
(Deconfined phase).

⋄ ρ′(1) = 0, which enforces the equilibrium condition by requiring that the
embedding ends orthogonally at u = uJ .

⋄ ρ(1) = l the radius of the D6-brane at the D8-branes’ tip is our first parameter-
boundary condition. The value of l, which gives the physical boundary condi-
tions in u∗/uJ will be named lstable, the stability radius.

⋄ ãt(1), our second parameter-boundary condition, which can be given in terms
of α as

Confined phase: ãt(1) =
√

1
9 + (1− α2)

( (6π)2b

λ2J2(b) l2
)
. (D.23)

Deconfined phase: ãt(1) =
√
fT (1)

√√√√1
9 + (1− α2)

(
(6π)2b̃

λ2
TJ

2
T (b̃) l2

)
. (D.24)

Let us observe that the same expression for ãt with a minus sign in front of it gives
rise to nonphysical solutions, and hence, we focus on ãt > 0. The function 1− α2

was chosen heuristically and found to give faster convergence results.
We integrate the equations of motion parametrically using Mathematica. The

process depends on the type of solution considered. For baryons specifically, we
interrupt the integration process when ρ reaches zero. For punctured domain wall
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solutions, we also interrupt the process if ρ diverges. This allows us to consider
solutions without a predetermined u∗, like domain walls and baryons. For solutions
which extend to a fixed u∗, like vortons or sandwich defects, the integration domain
is predetermined, so there is no interruption condition.

Specifying the boundary conditions on one side of the integration domain provides
the uniqueness of the solution, reducing the problem to finding the parameters lstable
and α such that the physical boundary conditions in u = u∗ are satisfied. This is
achieved by translating the boundary conditions in u = u∗ into constraints, finding
a Lagrangian functional L0 for these constraints, and numerically computing its
minima over the parameter space:

lstable > 0 , 0 < α < 1 . (D.25)

Since the different types of solutions we consider correspond to different boundary
conditions in u = u∗, we need to adjust L0 to each type of solution. Moreover, the
Lagrange multipliers of these constraints also have to be further adjusted to ensure
convergence to the desired solution. The constraint functions used for each type of
solution are listed in tables D.1, and D.2.

L0 Confined phase
Baryon ãψ(uE)2 + λρ(uE)2

Punctured domain wall ãψ(uK)2 + 1
λ(uK − u∗)2

Sandwich defect ãψ(uK)2 + 1
λ(uK − u∗)2 + λρ′(uK)2

Table D.1. Constraint functions used for each configuration in the confining phase of the
WSS model.

L0 Deconfined phase
Baryon ãψ(uE)2 + λTρ(uE)2

Vorton ãψ(u∗)2 + ãt(u∗)2 + 1
λT

(uT − u∗)2

Punctured domain wall ãψ(uK)2 + 1
λT

(uK − u∗)2

Sandwich defect ãψ(uK)2 + 1
λT

(uK − u∗)2 + λTρ
′(uK)2

Table D.2. Constraint functions used for each configuration in the deconfined phase of the
WSS model.

It is easy to verify that every solution to the physical boundary problem is at a
minimum of this function, and that they are realized for L0 = 0. We will say that
the solution is found when the value of L0 at the minimum is lower than

Min L0 < ε ≡ 10−10 (D.26)

For baryon solutions, the only choice lies in the Lagrange multiplier for each con-
figuration. For the explored range of λ(T ), this was found to give the best results.
For vortons and punctured domain walls, we add a (u∗ − uK)2 term, which controls
the coordinate u at which the solution ends, either by entering the horizon (then
uK = uT ) or by diverging (ρ→∞). For the sandwich vortons, we also add a ρ′(u∗)2

term to control the stability at the second D8-brane setup.
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Appendix E

Non-conservation equations of
flavor currents

With three massless flavors of quarks qi = (u, d, s) and one flavor of massless leptons
la = (νe, e) (with only left-handed component for the neutrino), the flavor symmetry
group is SU(3)qL × SU(3)qR × SU(2)lL ×U(1)eR . Unequal mass terms for the quarks
and the electron break explicitly the flavor group to U(1)5, where the quarks and
electron U(1)s are vector-like.

The EW sector, in particular, W-boson exchange introduces a term in the
effective action of the form (Fermi model)

∆LEW = −2
√

2GF (Jµch)†Jch µ, (E.1)

where the Jµch is the left-charged current

Jµch = νeLγ
µeL + cos θC uLγµdL + sin θC uLγµsL, (E.2)

with θC the Cabbibo angle, which gives the change of basis between mass and flavor
eigenstates. Let us introduce the notation

(Jµq )ij = q̄jγ
µqi, (Jµl )ab = l̄bγ

µla . (E.3)

Then, in terms of current components,

Jµch = (Jµl L)2
1 + cos θC(Jµq L)2

1 + sin θC(Jµq L)3
1, (E.4)

Where Jµl L is the current for the SU(2)L lepton symmetry and Jµq L is the current for
the SU(3)L flavor symmetry. The EW term becomes

∆LEW =− 2
√

2GF
[
cos2 θC(Jµq L)2

1(Jq Lµ)1
2 + sin2 θC(Jµq L)1

3(Jq Lµ)3
1

+ cos θC sin θC
(
(Jµq L)2

1(Jµq L)1
3 + (Jµq L)3

1(Jµq L)1
2

)
+ cos θC

(
(Jµl L)2

1(Jq Lµ)1
2 + (Jµl L)1

2(Jq Lµ)2
1

)
+ sin θC

(
(Jµl L)2

1(Jq Lµ)1
3 + (Jµl L)1

2(Jq Lµ)3
1

)]
.

(E.5)
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Let us neglect the terms coupling quarks and leptons. We can rewrite the remaining
terms in the following way

∆LEW =− 2
√

2GF
[
cos2 θC tr

(
P11J

µ
q LP22Jq Lµ

)
+ sin2 θC tr

(
P11J

µ
q LP33Jq Lµ

)
+ cos θC sin θC

(
tr
(
P11J

µ
q LP32Jq Lµ

)
+ tr

(
P11J

µ
q LP23Jq Lµ

))]
.

(E.6)

Where we have defined the projectors (Pkl)ij = δikδ
l
j .

By doing SU(3)L×SU(3)R rotations of equal angle, we can derive Ward identities
for the vector SU(3) flavor currents. The currents transform as

δθJ
µ
q = iθA[TA, Jµq ] (E.7)

Defining Jµq = Jµq L + Jµq R and Jµl = Jµl L + JµlR. The covariant derivative under a
background flavor gauge potential Afµ is

DµJ
µ
q = ∂µJ

µ
q − i[Afµ, Jµq ] . (E.8)

We will take the normalization for the gauge group generators to be tr(TATB) =
1
2δ
AB. Then, the Ward identities are

2tr
(
DµJ

µ
q T

A
)

=

2i
√

2GF
[
cos2 θC

(
tr
(
P11[TA, Jµq L]P22Jq Lµ

)
+ tr

(
P11J

µ
q LP22[TA, Jq Lµ]

))
+ sin2 θC

(
tr
(
P11[TA, Jµq L]P33Jq Lµ

)
+ tr

(
P11J

µ
q LP33[TA, Jq Lµ]

))
+ cos θC sin θC

(
tr
(
P11[TA, Jµq L]P23Jq Lµ

)
+ tr

(
P11J

µ
q LP23[TA, Jq Lµ]

)
+tr

(
P11[TA, Jµq L]P32Jq Lµ

)
+ tr

(
P11J

µ
q LP32[TA, Jq Lµ]

))]
.

(E.9)

Combining the traces and using the cyclic property, we have that

DµJ
µ
q =i

√
2GF

(
cos2 θC

[
Jq Lµ , P11J

µ
q LP22 + P22J

µ
q LP11

]
+

+ sin2 θC
[
Jq Lµ , P11J

µ
q LP33 + P33J

µ
q LP11

]
+

+ cos θC sin θC

([
Jq Lµ , P11J

µ
q LP23 + P23J

µ
q LP11

]
+

+
[
Jq Lµ , P11J

µ
q LP32 + P32J

µ
q LP11

]))
.

(E.10)

In general, there will also be contributions on the right-hand side depending on the
quark masses, but they should vanish for diagonal components.

We can do a similar derivation taking into account the leptons if we introduce
projectors

(P̃ai)bj = δbaδ
i
j , (P̃ Tia)jb = δab δ

j
i , (E.11)
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Then
P̃ Jµq P̃

T ∼ Jµl , P̃ TJµl P̃ ∼ J
µ
q . (E.12)

And introduce the SU(2)L × SU(2)R rotations of the leptons, such that the diagonal
rotations transform the vector currents as

δϕJ
µ
l = iϕα[τα, Jµl ]. (E.13)

With similar normalization for the generators tr(τατβ) = 1
2δ
αβ.
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Appendix F

Linearized equations of motion
of fluctuations

The transverse spatial components of the gauge fields kiLi = kiRi = 0 decouple
from the other fluctuations. Their equations are

0 = Li
′′ +

(
f ′

f
− 1
Z

)
Li

′ +
(
ω̄2

f2 −
k̄2

f

)
Li , (F.1a)

0 = Ri
′′ +

(
f ′

f
− 1
Z

)
Ri

′ +
(
ω̄2

f2 −
k̄2

f

)
Ri , (F.1b)

When the quark masses are nonzero, the time L0, R0, and longitudinal L∥ = ki

k Li,
R∥ = ki

k Ri components of the gauge fields are coupled to the scalar fluctuations, but
they decouple otherwise. The left gauge field equations are

0 = L∥
′′ +

(
f ′

f
− 1
Z

)
L∥

′ + ω̄2

f2L∥ + k̄ω̄

f2 L0, (F.2a)

0 = L0
′′ − 1

Z
L0

′ − k̄2

f
L0 −

k̄ω̄

f
L∥, (F.2b)

0 = ω̄L0
′ + k̄fL∥

′ . (F.2c)

The right gauge field equations are

0 = R∥
′′ +

(
f ′

f
− 1
Z

)
R∥

′ + ω̄2

f2R∥ + k̄ω̄

f2 R0, (F.3a)

0 = R0
′′ − 1

Z
R0

′ − k̄2

f
R0 −

k̄ω̄

f
R∥, (F.3b)

0 = ω̄R0
′ + k̄fR∥

′ . (F.3c)

The scalar equations are

0 = X ′′ +
(
f ′

f
− 3
Z

)
X ′ +

(
ω̄2

f2 −
k̄2

f
+ 3
Z2f

)
X . (F.4)
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We can simplify the equations in the longitudinal sector by introducing the electric
fields

EL = k̄L0 + ω̄L∥, ER = k̄R0 + ω̄R∥ . (F.5)

The constraints (F.2c) and (F.3c) fix the time and longitudinal components of the
gauge fields in terms of the electric fields and the scalars

L∥
′ = ω̄EL

′

ω̄2−k̄2f
, L0

′ = − k̄fEL
′

ω̄2 − k̄2f
, (F.6a)

R∥
′ = ω̄ER

′

ω̄2−k̄2f
, R0

′ = − k̄fER
′

ω̄2 − k̄2f
, (F.6b)

The combinations ω̄f/Z (F.2a) + k̄/Z (F.2b), and ω̄f/Z (F.3a) + k̄/Z (F.3b)
produce the equations for the left and right electric fields respectively

0 = ∂Z

(
f

Z

EL
′

ω̄2 − k̄2f

)
+ 1
fZ

EL, (F.7a)

0 = ∂Z

(
f

Z

ER
′

ω̄2 − k̄2f

)
+ 1
fZ

ER . (F.7b)



229

Appendix G

Solutions in AdS
Reissner-Norsdtrom

We want to solve (F.1a) and (F.7a) without the terms depending on the masses, in
the charged black brane geometry (8.52) with parameters (8.54). We can solve the
equations of motion in the near-extremal AdS2 throat (8.72) and in the asymptotically
AdS5 metric (8.52). When |ω̄| → 0 the two sets of solutions have an overlapping
region ζ → 0 in the throat and Z → 1 in the outer region. To leading order in
the small |ω̄| expansion, the equations of motion of the left gauge fields (F.1a) and
(F.7a) in the inner region are

0 = ∂2
ζLi + F ′

F
∂ζLi + 1

ζ2F 2

(
ζ2 − k̄2

12F
)
Li , (G.1a)

0 = ∂2
ζEL +

(
F ′

F
− 2
ζ

k̄2

12
1

ζ2 − k̄2

12F

)
∂ζEL + 1

ζ2F 2

(
ζ2 − k̄2

12F
)
EL. (G.1b)

Outside the AdS2 throat, we can approximate the geometry by the extremal (zero
temperature) Reissner-Norstrom solution, with f(Z) = 1−3Z4 +2Z6. The equations
in the outer region to leading order in the small frequency expansion are

0 = ∂Z

(
f(Z)
Z

∂ZLi

)
− k̄2

Z
Li +O(ω̄2) , (G.2a)

0 = ∂Z

(
∂ZEL
Z

)
− k̄2

Z f(Z)EL +O(ω̄2). (G.2b)

G.1 Inner solutions of the transverse components
Let us first find the solutions to the equations in the inner region (G.1). At T = 0
(F = 1), there is a simple solution to the equation of the transverse components

Li,I(ζ) =
√
ζ
(
C

(1)
i Θ(ω)H(1)

νk
(ζ) + C

(2)
i Θ(−ω)H(2)

νk
(ζ)
)
, (G.3)

where the coefficients have been chosen so that the solution satisfies ingoing boundary
conditions and we have defined

νk =

√
1
4 + k̄2

12 . (G.4)
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These solutions should match with the solutions of the outer region for ζ → 0. The
leading terms in the expansion are

Li,I(ζ) ∼ Aiζ
1
2 −νk +Biζ

1
2 +νk , (G.5)

where

Ai = −i2
νkΓ(νk)
π

(
C

(1)
i Θ(ω)− C(2)

i Θ(−ω)
)
, (G.6)

Bi = 1
2νkΓ(νk + 1)

(
C

(1)
i Θ(ω) + C

(2)
i Θ(−ω) + i cot(πνk)(C

(1)
i Θ(ω)− C(2)

i Θ(−ω))
)

(G.7)

In terms of the original coordinate Z, related to ζ through (8.70), the expansion
(G.5) is

Li,I(ζ) ∼ Ai

( |ω̄|
12

) 1
2 −νk [

(1− Z)− 1
2 +νk + GL(ω̄, k̄)(1− Z)− 1

2 −νk
)
, (G.8)

where the IR Green’s function is

GL(ω̄, k̄) = π

22νkΓ (νk) Γ (1 + νk)
(− cot(πνk) + i sign(ω))

( |ω̄|
12

)2νk
. (G.9)

At non-zero temperatures, it is still possible to find analytic solutions

Li,I(ζ) = Aiφ
−
νk

(ζ) +Biφ
+
νk

(ζ) , (G.10)

where

φ±
νk

(ζ) =
(

1− ζ2

ζ2
0

)− i
2 sign(ω)ζ0 (

ζ

ζ0

) 1
2 ±νk

· (G.11)

· 2F1

(
1
4 −

i

2sign(ω)ζ0 ±
νk
2 ,

3
4 −

i

2sign(ω)ζ0 ±
νk
2 , 1± νk ; ζ

2

ζ2
0

)
.

The condition that the solution is ingoing fixes

Bi =
Γ (−νk) Γ

(
1
2 − i sign(ω)ζ0 + νk

)
22νkΓ (νk) Γ

(
1
2 − i sign(ω)ζ0 − νk

)Ai . (G.12)

Using that Z∗ ≈ 1, we arrive at

Li,I(ζ) ∼ Ai

( |ω̄|
12ζ0

) 1
2 −νk [

(1− Z)− 1
2 +νk + GL(ω̄, k̄, ζ0)(1− Z)− 1

2 −νk
)
, (G.13)

where now

GL(ω̄, k̄, ζ0) =
Γ (−νk) Γ

(
1
2 − i sign(ω)ζ0 + νk

)
22νkΓ (νk) Γ

(
1
2 − i sign(ω)ζ0 − νk

) ( |ω̄|
12ζ0

)2νk
. (G.14)
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In terms of temperature the IR Green’s function is approximately

GL(ω̄, k̄, T̄ ) ≈
Γ (−νk) Γ

(
1
2 − i

ω
2πT + νk

)
22νkΓ (νk) Γ

(
1
2 − i

ω
2πT − νk

) (πT̄
6

)2νk
. (G.15)

For frequencies smaller than the temperature, we can expand the IR Green’s function
as

GL(ω̄, k̄, T̄ ) ≈
Γ (−νk) Γ

(
1
2 + νk

)
22νkΓ (νk) Γ

(
1
2 − νk

) (πT̄
6

)2νk (
1− i

2 tan(πνk)
ω

T

)
+O

(
ω2

T 2

)
.

(G.16)
The imaginary term produces the leading contribution to the spectral function. We
can obtain these first terms in the ω/T by first extracting the ingoing factor from
the solutions

Li,I(ζ) =
(

1− ζ2

ζ2
0

)− i
2 sign(ω)ζ0

ψi(ζ), (G.17)

and then expanding the equations in powers of ζ0 and solving order by order.
Changing variables to u = ζ2/ζ2

0 , the equations for the first two orders ψi =
ψ0
i + ζ0ψ

1
i + · · · are

0 = ∂u
(√

u(1− u)∂uψ0
i

)
+ 1− 4ν2

k

16u3/2 ψ
0
i , (G.18)

0 = ∂u
(√

u(1− u)∂uψ1
i

)
+ 1− 4ν2

k

16u3/2 ψ
1
i + i sign(ω)

√
u

(
∂uψ

0
i + 1

4uψ
0
i

)
. (G.19)

The solutions to zeroth order are

ψ0
i (u) = A0

iφ
0,−
νk

(u) +Biφ
0,+
νk

(u) , (G.20)

with
φ0,±
νk

(u) = u
1
4 (1±2νk)

2F1

(1
4 ±

νk
2 ,

3
4 ±

νk
2 , 1± νk ; u

)
. (G.21)

Imposing regularity of this solution when u→ 1 (ζ → ζ0), i.e. removing logarithmic
terms, fixes the relation between the coefficients

B0
i =

Γ (−νk) Γ
(

1
2 + νk

)
22νkΓ (νk) Γ

(
1
2 − νk

)A0
i . (G.22)

The next-order solution can be obtained using a Green’s function. First we identify
the subleading solution when u → 0 (ζ → 0), φ<, and the ingoing solution when
u→ 1, φ>,

φ<(u) = φ0,+
νk

(u) , φ>(ζ) = φ0,−
νk

(u) +
Γ (−νk) Γ

(
1
2 + νk

)
22νkΓ (νk) Γ

(
1
2 − νk

)φ0,+
νk

(u) . (G.23)
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With these and the Wronskian of the two subleading and ingoing functions we
construct a Green’s function that maintains the boundary conditions of the leading
order solution

G(u, u′) = − 1
νk

{
φ<(u)φ>(u′) , u < u′

φ>(u)φ<(u′) , u > u′ (G.24)

Then, taking into account that ψ0
i = A0

iφ
>(u), the subleading solution is

ψ1
i (u) = −i sign(ω)A0

i

∫ 1

0
du′G(u, u′)

√
u′
(
∂u′φ>(u′) + 1

4u′φ
>(u′)

)
. (G.25)

We can now expand the leading and subleading solutions for u → 0. One can
check that all contributions from ψ1

i are subleading compared to the leading term
∼ u

1
4 (1−2νk). Also, there is just one contribution to the term ∼ u

1
4 (1+2νk), from a

total derivative∫ 1

0
du′G(u, u′)

√
u′
(
∂u′φ>(u′) + 1

4u′φ
>(u′)

)
∼

∼ φ<(u) lim
u→0

∫ 1

u
du′∂u′

(
√
u′ (φ

>(u′))2

2

)
= φ<(u)(φ>(1))2

2 . (G.26)

Taking this into account, the relevant terms in the expansion are

ψ0
i ∼

u 1
4 (1−2νk) +

Γ (−νk) Γ
(

1
2 + νk

)
22νkΓ (νk) Γ

(
1
2 − νk

)u 1
4 (1+2νk)

A0
i , (G.27)

ψ1
i ∼ −i sign(ω)π tan(πνk)

Γ (−νk) Γ
(

1
2 + νk

)
22νkΓ (νk) Γ

(
1
2 − νk

)u 1
4 (1+2νk)A0

i . (G.28)

It is straightforward to check that this reproduces the first two terms in the ω/T
expansion of the IR Greens’ function (G.16).

G.2 Inner solutions of the longitudinal components
The equation for the electric field in (G.1) does not have a simple analytic solution,
but since we are interested in frequencies ω/T ≲ 1, we can apply the same expansion
as for the transverse components to find the leading contribution to the spectral
function.

We first extract the ingoing factor from the solutions

EL,I(ζ) =
(

1− ζ2

ζ2
0

)− i
2 sign(ω)ζ0

ψi(ζ), (G.29)

and then expand the equations in powers of ζ0 and solve them order by order.
Changing variables to u = ζ2/ζ2

0 , the equations for the first two orders ψi =
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ψ0
i + ζ0ψ

1
i + · · · are

0 = ∂u
(
u3/2∂uψ

0
i

)
+ 1− 4ν2

k

16u1/2(1− u)
ψ0
i , (G.30)

0 = ∂u
(
u3/2∂uψ

1
i

)
+ 1− 4ν2

k

16u1/2(1− u)
ψ1
i + i sign(ω) u

3/2

1− u

(
∂uψ

0
i + 3− u

4u(1− u)ψ
0
i

)
.

(G.31)
The solutions to zeroth order are

ψ0
i (u) = A0

iφ
0,−
νk

(u) +Biφ
0,+
νk

(u) , (G.32)

with
φ0,±
νk

(u) = u− 1
4 (1∓2νk)

2F1

(
−1

4 ±
νk
2 ,

1
4 ±

νk
2 , 1± νk ; u

)
. (G.33)

Imposing regularity of this solution when u→ 1 (ζ → ζ0), i.e. removing logarithmic
terms, fixes the relation between the coefficients

B0
i =

Γ (−νk) Γ
(

3
2 + νk

)
22νkΓ (νk) Γ

(
3
2 − νk

)A0
i . (G.34)

It turns out that this makes the solution vanish at the horizon, something that will
be relevant below.

The next-order solution can be obtained in terms of a Green’s function. First, we
identify the subleading solution when u→ 0 (ζ → 0), φ<, and the ingoing solution
when u→ 1, φ>,

φ<(u) = φ0,+
νk

(u) , φ>(ζ) = φ0,−
νk

(u) +
Γ (−νk) Γ

(
3
2 + νk

)
22νkΓ (νk) Γ

(
3
2 − νk

)φ0,+
νk

(u) . (G.35)

With these and the Wronskian of the two subleading and ingoing functions we
construct a Green’s function that maintains the boundary conditions of the leading
order solution

G(u, u′) = − 1
νk

{
φ<(u)φ>(u′) , u < u′

φ>(u)φ<(u′) , u > u′ (G.36)

Then, taking into account that ψ0
i = A0

iφ
>(u), the subleading solution is

ψ1
i (u) = −i sign(ω)A0

i

∫ 1

0
du′G(u, u′) u

′3/2

1− u′

(
∂u′φ>(u′) + 3− u′

4u′(1− u′)φ
>(u′)

)
.

(G.37)
We can now expand the leading and subleading solutions for u → 0. One can
check that all contributions from ψ1

i are subleading compared to the leading term
∼ u− 1

4 (1+2νk). Also, there is just one potential contribution to the term ∼ u− 1
4 (1−2νk),

from a total derivative∫ 1

0
du′G(u, u′) u

′3/2

1− u′

(
∂u′φ>(u′) + 3− u′

4u′(1− u′)φ
>(u′)

)

∼ φ<(u) lim
u→0

∫ 1

u
du′∂u′

(
u′3/2

1− u′
(φ>(u′))2

2

)
= φ<(u) lim

u′→1

(φ>(u′))2

2(1− u′) = 0 .

(G.38)
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Taking this into account, the relevant terms in the expansion are

ψ0
i ∼

u− 1
4 (1+2νk) +

Γ (−νk) Γ
(

3
2 + νk

)
22νkΓ (νk) Γ

(
3
2 − νk

)u− 1
4 (1−2νk)

A0
i , (G.39)

ψ1
i ∼ 0×A0

iu
− 1

4 (1−2νk) . (G.40)

Thus, the leading ω/T correction actually vanishes for the longitudinal components.
This implies that for the calculation of the spectral function, it is enough to compute
the transverse contribution.

G.3 Outer solutions of the longitudinal components
Although we will not need these solutions to compute the leading contributions to
the rates, it will be useful to study them as they can be found analytically.

We are looking for solutions of the electric field in (G.2). First we will change
coordinates u = Z2, so the equations takes the form of a Schroedinger equation

E′′
L,O(u)− k̄2

4u(2u+ 1)(u− 1)2EL,O = 0 . (G.41)

We can transform the above equation into a hypergeometric equation by the following
change of coordinate and field redefinition

EL,O(u) = (1 + 2u)c±(1− u)b±t±(u), (G.42)

c± = 1
2 ± νk, b± = 1− c± = 1

2 ∓ νk, (G.43)

x = 3u
1 + 2u, u = x

3− 2x. (G.44)

Then, we get the following hypergeometric equation

x(1− x)t′′±(x) + (±2νk − 1)x t′±(x)− k2

12 t±(x) = 0. (G.45)

We can compare the above equation to the standard form x(1 − x)t′′±(x) + (c± −
(a± + b± + 1)x)t′±(x)− a±b±t(x) = 0, to get

c± = 0, a± =
{

1
2 ∓ νk,−

1
2 ∓ νk

}
, b± =

{
− 1

2 ∓ νk,
1
2 ∓ νk

}
. (G.46)

A general solution can be written as a linear combination of a normalizable and a
non-normalizable mode at the boundary. In terms of the original radial variable,



G.3 Outer solutions of the longitudinal components 235

they have the form

E
(0)
O = αϕNN (Z) + β ϕN (Z), (G.47)

ϕNN (Z) = (1− Z2)
1
2 +νk(1 + 2Z2)

1
2 −νk

[((1
2 − 2ν2

k

)
H− 1

2 +νk − ν
2
k(−1 + log 3)+

+ 1
12(1 + 3 log 3)

) 3Z2

1 + 2Z2 2F1

(
1
2 + νk,

3
2 + νk, 2,

3Z2

1 + 2Z2

)
+

+ 1
Γ
(
−1

2 + νk
)

Γ
(

1
2 + νk

)G2,2
2,2

 3Z2

1 + 2Z2

∣∣∣∣∣∣
1
2 − νk,

3
2 − νk

0, 1

], (G.48)

ϕN (Z) = (1− Z2)
1
2 +νk(1 + 2Z2)

1
2 −νk 3Z2

1 + 2Z2 2F1

(
1
2 + νk,

3
2 + νk, 2,

3Z2

1 + 2Z2

)
,

(G.49)

where H− 1
2 +νk is the (−1

2 + νk)th harmonic number and G is the Meijer function.
The non-normalizable and normalizable solutions have been chosen so that their

near-boundary expansion is

ϕNN (Z) = 1 + 3
2(−1 + 4ν2

k)Z2 logZ +O(Z4 logZ), ϕN (Z) = Z2 +O(Z4) .
(G.50)

We want to determine the coefficients α and β for solutions with a selected behaviour
close to the horizon Z → 1. The expansion close to the horizon is

EL,O(Z) ∼ A (1− Z)
1
2 +νk +B (1− Z)

1
2 −νk + ... Z → 1, (G.51)

These match with the expansions of the φ0,±
νk

inner solutions (G.33) in the ζ → 0
limit. By requiring that A = 1 and B = 0, we then determine the value of α and β
for the minus mode, while, if we impose A = 0 and B = 1, we find the coefficients
for the plus mode. They turn out to be

α∓ = 6±νk− 1
2 Γ(±νk + 1)

√
π Γ

(
±νk + 3

2

) , (G.52)

β− = −
2νk− 5

2 3νk− 1
2 νkΓ(νk)

((
6− 24ν2

k

)
Hν− 1

2
− 12ν2

k(1 + log(3)) + 1 + log(27)
)

√
π Γ

(
νk + 3

2

) ,

(G.53)

β+ = − πνk

2−νk+ 3
2 3νk+ 1

2 Γ
(

1
2 − νk

)
Γ
(

3
2 − νk

)
Γ(2νk + 1)

·

·
[

csc(2πνk)
((

6− 24ν2
k

)
Hνk− 1

2
− 12ν2

k(log(3)− 1) + 1 + log(27)
)

+

+ 3π
(
4ν2
k − 1

)
sec2(πνk)

]
. (G.54)

Since, in order to compute the rates, we have to perform an integral over all
momentum, it is interesting to ascertain the behavior of the spectral function at
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large spatial momentum, which will be in part determined by the behavior of the
connection coefficients. From the analytic formulas above, one can see that, for
νk →∞, their asymptotic form is

α− ∼ 6νk− 1
2 (πνk)−1/2, α+ ∼ −6−νk− 1

2 (πνk)−1/2 cot(πνk), (G.55)

β− ∼ 6νk+ 1
2 ν

3/2
k log

(
31/2e−1/2eγEνk

)
, (G.56)

β+ ∼ 6−νk+ 1
2 ν

3/2
k

√
π

(
1− cot(πνk)

π
log

(
31/2e−1/2eγEνk

))
. (G.57)

We can recover this behaviour of the connection coefficients by using a WKB
approximation at large spatial momentum. The equation of motion (G.41) is already
in Schroedinger form with a potential

UE(u) = k̄2

4u(2u+ 1)(u− 1)2 . (G.58)

We expand the solutions as

EL,O(u) = C exp
(
k̄ S0(u) + S1(u) +O(1/k̄)

)
. (G.59)

The equation for the leading term in the 1/k̄ expansion is

S′
0(u)2 − 1

8u4 − 12u3 + 4u = 0, (G.60)

which has an analytical solution

S0(u) = ± 1√
3

tanh−1
(√

3u
2u+ 1

)
+ c0. (G.61)

Then, the subleading term is given by

S1(u) = log
(√

2
√

1− u 4
√
u(1 + 2u)

)
+ c1. (G.62)

Then the solution up to this order reads

EL,O(u) ≈ ψ(u) = C±
√

1− u 4
√
u(1 + 2u) exp

(
± k̄√

3
tanh−1

(√
3u

1 + 2u

))
.

(G.63)
The WKB solution near the boundary has the following expansion

ψ(u) ∼ C±u
1/4e±k

√
u u→ 0.

Note that the two terms in the solution directly correspond to the "plus" and "minus"
modes at the horizon

ψ(u) ∼ C̃±

( 1
1− u

)±k̄/
√

12
u→ 1.
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We have to fix the overall coefficient to properly normalize the WKB solutions in
the original coordinate z which are

E(z) = C±
√

1− z2√z (1 + 2z2)1/4 exp

± k̄√
3

tanh−1

√ 3z2

1 + 2z2

 . (G.64)

Then, the overall coefficients are found to be

C± = 6∓ k̄√
12 . (G.65)

Now we have to match these results with the solutions close to the boundary and
read the boundary coefficients. Close to the boundary, the potential is to leading
order

UE(u) ∼ k̄2

4u.

A solution for this approximated potential can be given in terms of modified Bessel
functions

ψ(u) ≈ c1
√
uK1

(
k̄
√
u
)

+ c2
√
u I1

(
k̄
√
u
)
. (G.66)

The expansion for large k̄ is

√
uK1

(
k̄
√
u
)
∼
√
π

2k̄
u1/4e−k̄

√
u,

√
u I1

(
k̄
√
u
)
∼ u1/4
√

2πk̄
ek̄

√
u,

which is consistent with the WKB solution. We fix the coefficient c1,2 with the
formulas for C± so that the WKB solution for z → 0 and the solution close to the
boundary for large k̄ coincide. Finally, we can read off from the z → 0 expansion the
coefficients α± and β± which are respectively the coefficients of the non-normalizable
and normalizable mode. In a compact form, they are

α± ∼ ∓6∓ k̄√
12 k̄−1/2, (G.67)

β± ∼ ∓6∓ k̄√
12 k̄3/2 log k̄. (G.68)

Comparing to (G.55), and taking into account νk ∼ k̄√
12 in this limit, the WKB

approximation captures the leading k̄ dependence up to the oscillatory factors.

G.4 Outer solutions of the transverse components
We are looking for solutions of the transverse components in (G.2). We do not have
a close analytic solution in this case, so we must resort to numerics. The general
solution is a linear combination of two modes ηL,∓(Z) which when Z → 1 match
with the inner solutions (G.11) for ζ → 0,

ηL,±(Z) ∼ (1− Z)− 1
2 ∓νk + ... Z → 1. (G.69)
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There is another basis of solutions we can use to write a general solution, consisting
of the normalizable and non-normalizable modes, with a boundary expansion at
Z → 0

ϕNN (Z) = 1 + 3
2(−1 + 4ν2

k)Z2 logZ +O(Z4 logZ), ϕN (Z) = Z2 +O(Z4)
(G.70)

The change of basis is determined by the connection coefficients α±, β±:

ηL,±(Z) = α±ϕNN (Z) + β±ϕN (Z). (G.71)

The connection coefficients can be determined from the solutions by matching the
ηL± solutions and their first derivative with a linear combination of the normalizable
and non-normalizable solutions at any intermediate point 0 < Ẑ < 1:(

α±
β±

)
= 1
W (Z)

(
−∂ZϕN (Z) ϕN (Z)
∂ZϕNN (Z) −ϕNN (Z)

)(
ηL,±(Z)
∂ZηL,±(Z)

) ∣∣∣∣
Z=Ẑ

, (G.72)

where W (Z) = ϕN (Z)∂ZϕNN (Z)−∂ZϕN (Z)ϕNN (Z). We will obtain the connection
coefficients using this formula, by finding numerically the ηL± solutions using
shooting from the horizon, and the ϕN , ϕNN solutions using shooting from the
boundary. We use Ẑ = 0.2 as the matching point, but we have checked that changing
this value through the interval of numerical integration does not affect the result
within our numerical precision.

For the shooting from the boundary, we introduce a cutoff at Z = 10−5 and use
a series expansion to give initial values for the solution and its first derivative at the
cutoff. The expansion is

ϕN (Z) =
Na∑
n=1

anZ
2n, (G.73)

ϕNN (Z) = b0 +
Nb∑
n=2

bnZ
2n + log(Z)

N∑
n=1

cnZ
2n. (G.74)

Where we take Na = 8, Nb = 6 and N = 7. The first coefficients of the expansion
given that a1 = b0 = 1 are

a2 = k̄2

8 , a3 = 1 + k̄4

192 , a4 = −1
2 + 5k̄2

24 + k̄6

9216 , ... (G.75)

b2 = −3k̄4

64 , b3 = k̄2

6 −
7k̄6

2304 ... c1 = k̄2

2 , c2 = k̄4

16 , . . . (G.76)

For the shooting from the horizon we introduce a cutoff at Z = 1− 10−5. We
extract the leading power in the horizon expansion from the solutions

ηL,∓(Z) = (1− Z)− 1
2 ±νk p∓(Z) . (G.77)

The equation of motion we solve is

∂2
Zp∓(Z) +

(1 + 2Z (−1± νk)
Z(−1 + Z) + f ′(Z)

f(Z)

)
∂Zp∓(Z) + ±νk − 1

4(Z − 1)2Zf(Z) · (G.78)

·
[
(2− 5Z ± 2Zνk)f(Z) + 2(1− Z)Z

(
6(−1 + Z)(1± 2νk)− f ′(Z)

)]
p∓(Z) = 0.
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To give initial values at the cutoff, we use the series expansion

p∓ =
Nj∑
n=0

j∓,n (1− Z)n , (G.79)

and shooting it from the horizon towards the boundary. We expand up to Nj = 8
terms, with the first coefficients in the expansion, given that j∓,0 = 1, are

j∓,1 = 8
√

3
√

3 + k̄2 ∓ 24± 7k̄2

12(
√

3
√

3 + k̄2 ± 3)
, (G.80)

j∓,2 =
k̄2
(
49
√

3
√
k̄2 + 3± 534

)
− 156

(√
3
√
k̄2 + 3∓ 3

)
864

(√
3
√
k̄2 + 3± 6

) , . . . (G.81)

Although we do not have an analytic formula for the connection coefficients,
we can obtain analytic expressions for their asymptotic behaviour at large spatial
momentum by applying the same WKB approximation we used for the coefficients
of the longitudinal components. First, we should put the equation of motion for Li
in (G.2) in Schroedinger form. This is achieved by the change of variables u = Z2

followed by the redefinition

Li(u) = (1− u) (1 + 2u)−1/2 ψLi(u) . (G.82)

The equation of motion is now

ψ′′
Li(u)− ULi(u)ψLi(u) = 0 , ULi(u) = k2

4(1− u)2u(2u+ 1) −
3(u+ 1)

(1− u)(2u+ 1)2 .

(G.83)
At large k̄ the potential is to leading order the same as for the longitudinal modes
(G.58)

ULi(u) ∼ k2

4(1− u)2u(2u+ 1) = UE(u) . (G.84)

Therefore, the large k̄ WKB analysis proceeds in the same way as for the longitudinal
components, and the connection coefficients have the save asymptotic behaviour
given in (G.67).

We have plotted the connection coefficients in Figures G.1a- G.2b. In Figures
G.1a and G.1b we plot α+ and α−. The coefficient of the non-normalizable mode,
α+, is multiplied by the factor 2(1− νk)(2νk − 1) in order to remove the divergences
in k̄ = 0, 3. We will examine the origin of this divergence in more detail below. In
Figures G.2a and G.2b are shown the plots of 2(1− νk)β+ and (2νk − 1)−1β−.

G.4.1 Low momentum behavior of connection coefficients

When k̄ = 0 (νk = 1/2) the solutions in the outer region are

η0
L,−(Z) = 1, η0

L,+(Z) = 2
1− Z2 + 4

3 log
[

1 + 2Z2

1− Z2

]
− 1

2 −
4
3 log 3

2 . (G.85)
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Figure G.1. Plots of coefficients α± associated to the non-normalizable mode as functions
of k̄.
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Figure G.2. Plots of coefficients β± associated to the normalizable mode as functions of k̄.
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The expansions at the boundary and the horizon of the η0
L,+ solution are

η0
L,+(Z) ∼ 3

2 −
4
3 log 3

2 + 6Z2 + · · · , (G.86)

η0
L,+(Z) ∼ (1− Z)−1 − 4

3 log(1− Z) + · · · . (G.87)

Therefore, the connection coefficients of these solutions are

α0
− = 1, β0

− = 0, α0
+ = 3

2 −
4
3 log 3

2 , β
0
+ = 6. (G.88)

We can relate these to the k̄ → 0 limit of the connection coefficients of the non-zero
momentum solutions. First, note that the coefficient j−,n in (G.80) go to zero in the
k̄ → 0 limit, so ηL,− → η0

L,−. On the other hand j+,1 in (G.80) is singular in this
limit, but the singularity does not propagate to other coefficients in the expansion,
one can already see that it is absent in j+,2. In order to remove the singular term
we can take the following combination of the solutions

η̃L,+(Z) = ηL,+(Z)− j1,+ηL,−(Z) . (G.89)

Expanding this solution at the horizon and for k̄ → 0 one can check that it coincides
with the expansion in (G.86). We then conclude that η̃L, → η0

L,+ in the k̄ → 0 limit.
This determines the k̄ → 0 behaviour of the connection coefficients

α− ∼ α0
−, β− ∼ β0

−, α+ ∼ α0
+ + j+,1α

0
−, β+ ∼ β0

+ + j+,1β
0
− . (G.90)

Since j+,1 →∞ and β− → 0, in order to completely determine β+ we need to find
the non-zero subleading contribution to β−. We expand

ηL,−(Z) = (1− Z)− 1
2 (1−2νk)

(
1 +

(
νk −

1
2

)
η1

−(Z) +O

[(
νk −

1
2

)2
])

. (G.91)

The solution for η1
−(Z) can be found explicitly

η1
−(Z) =1

9
(
log(1− Z)(9− 12 log(Z)) + 9 log(1 + Z) + π2 + 9− 9 log(2)− 6Li2(−2)

+6 log(Z)
(

2 log
(

1 + 2Z2

1 + Z

)
+ 3Z2

1− Z2

)
+ 6Li2(−Z2)− 6Li2(Z2)

)
.

(G.92)

The boundary and horizon expansions are

η1
L,−(Z) ∼ 1

9
(
9 + π2 − 9 log(2)− 6Li2(−2)

)
+ 3Z2(−1 + 2 logZ) + · · · ,(G.93)

η1
L,−(Z) ∼ log(1− Z) + 11

6 (1− Z) + · · · . (G.94)

Therefore
β− ∼ −

3
2(2νk − 1) . (G.95)
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Using now that to leading order

j+,1 ∼
4

3(2νk − 1) , (G.96)

We find that when k̄ → 0

α− ∼ 1 +O

(
νk −

1
2

)
, β− ∼ −

3
2(2νk − 1) +O

[(
νk −

1
2

)2
]
, (G.97a)

α+ ∼
4

3(2νk − 1) +O(1), β+ ∼ 4 +O

(
νk −

1
2

)
. (G.97b)
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