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Coprime action and principal blocks
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Abstract. In the situation where a finite group A acts coprimely by auto-
morphisms on another finite group G, we characterize when the principal
p-block of G contains a unique A-invariant irreducible character, in terms
of the subgroup C¢(A) of fixed points under such action.
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1. Introduction. Let A and G be finite groups. Suppose that A acts coprimely
by automorphisms on G. Then there exists a canonical bijection p(G, A) from
the set Irr 4 (G) of irreducible A-invariant characters of G onto Irr(Cg(A4)),
known as the Glauberman-Isaacs correspondence (see [5,11,26]). The impor-
tance of the Glauberman—Isaacs correspondence in group representation theory
cannot be overestimated. It implies that the actions of A on irreducible char-
acters and conjugacy classes of G are permutation isomorphic. Moreover, its
properties when A is a p-group are key for proving the p-solvable case, and
therefore also the reduction theorems, of the McKay conjecture and its many
refinements, as well as the Alperin weight conjecture (see [20] for more informa-
tion). One immediate consequence of the Glauberman—Isaacs correspondence
is that the group G contains a unique A-invariant character, namely 1 the
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trivial one, if and only if A acts without fixed points on G. These equivalent
conditions imply the solvability of G by [1, Thm. B].

Let p be a prime divisor of the order of G and let B be a Brauer p-block of
G. [20, Prob. 6] asked whether an A-invariant block B would always contain A-
invariant characters, both modular and ordinary. This problem was positively
solved in [17, Thm. A]. However, the Glauberman-TIsaacs correspondence does
not exhibit a good behavior with respect to block theory (outside the case
where the action of A fixes a defect group pointwise [9,25]). For instance, the
images under the Glauberman-Isaacs correspondence of A-invariant characters
in a p-block of G do not generally belong to the same p-block of Cg(A). It
is easy to find examples of this misbehavior. One is G = Dy4 the dihedral
group of 14 elements, A of order 3 acting faithfully on G, and p = 7. In this
case, G has a unique p-block while C(A) has two. Whether it is true that
irreducible characters of Cg(A) lying in the same p-block correspond to A-
invariant irreducible characters in the same p-block of G seems more difficult
to understand, as noted by Gabriel Navarro in private communication with the
authors of this note. For instance, it is not hard to show that counterexamples
cannot arise when G is a p-solvable group.

Given that every A-invariant block contains at least one A-invariant irre-
ducible character, it is natural to study those blocks B that contain exactly
one A-invariant irreducible character. In this note, we make progress on this
problem by characterizing when the principal p-block of G contains a unique
A-invariant irreducible character in group-theoretical terms. In the following,
O, (G) denotes the largest normal subgroup of order coprime to p of G.

Theorem A. Let A and G be finite groups. Suppose that A acts coprimely by
automorphisms on G. Let p be a prime and denote by By the principal p-block
of G. Then the only A-invariant irreducible character in By is 1¢ if and only
if Cq(A) € Oy (G).

Our proof of Theorem A depends on the fact that both conditions imply
the p-solvability of GG, and we use the classification of finite simple groups to
prove it.

It remains a challenge to understand whether it is possible to characterize
the groups G that possess a unique A-invariant irreducible Brauer character in
the principal block. Unlike in the ordinary case, there are simple non-abelian
groups of order divisible by p that satisfy this property. For instance, if G =
2B5(8) and A < Aut(G) has order 3, then Cg(A) is a Frobenius group of order
20 [6, Thm. 2.2.7 (a)]. In this case, for p = 2, there are only two A-invariant
Brauer characters of G, the trivial one 14 and a defect zero character; hence
the set IBr4(By(G)) of A-invariant Brauer characters in the principal 2-block
of G contains only one character. For every other prime p dividing the order of
G, we see that [IBra(Bo(G))| > 2. In fact, one could be tempted to conjecture
that a necessary condition for |IBra(Bo(G))| =1 is that Cs(A) has a normal
p-complement. However, we refrain from making such a conjecture here due
to a lack of evidence. We note that it is easy to find examples where Cg(A)



Vol. 126 (2026) Coprime action and principal blocks 5

has a normal p-complement but for which [IBra(Bo(G))| > 2, for instance
G=DyuxCs;y, A=C3,and p=171.

Structure of the paper. In Sect.2, we show that it is possible to find an
A-invariant character in the principal block lying over a fixed A-invariant char-
acter lying in the principal block of a normal subgroup. This is proven in further
generality in Theorem 2.1 following the proof [17, Thm. 6.1 (a)]. In Sect. 3,
we prove Theorem A by first reducing its statement to show that every simple
non-abelian group S of order divisible by p contains an A-invariant irreducible
character xy # 1g in the principal p-block whenever A acts coprimely on S, and
later showing this result by invoking the classification of finite simple groups.

2. Above an A-invariant character. In [17, Thm. A], it was shown that an
A-invariant block B of G does always contain some A-invariant x € Irr(B)
whenever A acts coprimely on G. In order to do so, Malle, Navarro, and Spéth
used Dade’s ramification group as in [19] and proved results on character triples
with good compatibility with A-action and blocks.

For proving Theorem A from the introduction, we will use a relative version
of the Malle-Navarro-Spath result mentioned above, where by relative we
mean that we will be interested in characters of G lying above a fixed character
of a normal subgroup of G. The precise statement we need is Theorem 2.1 below
in the case of principal p-blocks. We care to mention that techniques introduced
in [17] do suffice to prove such a relative statement, although it is not written
explicitly anywhere there. We include a proof here for completeness.

Our notation for characters and blocks is standard as in [12,21]. We recall
that whenever A acts coprimely on G by automorphisms and both groups act
compatibly on a non-empty set 2, if G acts transitively on €2, then A fixes
some element of Q) (and any two A-fixed elements are Cg(A)-conjugate). This
is Glauberman’s lemma [13, Lemma 3.24] that we shall frequently use in the
next proof. For the definition and properties of Dade’s ramification group, we
refer the reader to [17, §4]. For the definition and properties of character triple
isomorphisms, we refer the reader to [12, Ch. 11] or [22, Ch. 5].

Theorem 2.1. Let A and G be finite groups. Suppose that A acts coprimely by
automorphisms on G. Let N be a normal subgroup of G, and let 6 € Trr o(N).
Let p be a prime. Write b = Bl(0) € BI(N). If B € BI(GQ) is A-invariant and
covers b, then there is some A-invariant x € Irr(B|6).

Proof. We proceed by induction on |G : N]|.

Claim 1: We can assume that Gy = G.

Suppose that Gy, the stabilizer of the block b in G, is strictly contained
in G. Notice that Gy, is A-invariant. Let B’ € Bl(Gp|b) be the Fong—Reynolds
correspondent of B as in [21, Thm. 9.14]. By [21, Prob. 4.4], the block B’ is
A-invariant. By induction, let ¢» € Irr4(B’|0) be an irreducible A-invariant
character of B’ lying over 6. Then x = ¢¢ € Irr4(B|6), as wanted.

Claim 2: We can assume that G/N is a minimal normal subgroup of GA/N.

Let K <« GA. Suppose that N C K C G. Notice that A acts transitively
on the (non-empty) set of blocks in BI(K|b) covered by B. By Glauberman’s
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lemma, we can choose some A-invariant B’ € BI(K|b) covered by B. By using
induction twice, we first find ¢ € Irr4(B’|f) and then x € Irra(By). Since x
lies over #, we are also done in this case.

Claim 3: We can assume that G[b] = G where G[b] is Dade’s ramification
group as described in [17, Thm. 4.2.(a)].

Recall that N C G[b] <« G. We first prove that G[b] is A-invariant. In fact,
let D be an A-invariant defect group of b by Glauberman’s lemma. The blocks
of DCx (D) that induce b are called the roots of b (see the comment after the
proof of [21, Thm. 9.7]). Notice that Ny (D) acts transitively on the roots of b
by the extended Brauer’s first main theorem [21, Thm. 9.7]. By using Glauber-
man’s lemma again, we can choose an A-invariant root by € BI(DCy (D)) of
b. In particular, the corresponding canonical character 7, as in [21, p 204], is
A-invariant. Now, it is not difficult to prove that the group H+ N K as in [17,
Thm. 4.2 (a)] is A-invariant (where the bilinear form ((, )) is computed with
respect to 7). Hence, also G[b] = N(H+ N K) <G is A-invariant.

By the second claim, we have that G[b] is either N or G. In the case where
G[b] = N, we have that b = B by [19, Thm. 3.5]. In particular, B is the only
block of G covering b. By [12, Thm. 13.28 and Cor. 13.30], we can find some
X € Irr 4 (GJt)). Then x lies in B and above 6, and the statement follows. We
can therefore assume that G[b] = G.

Thanks to the second claim, we know that G/N is a chief factor of GA.
There are three mutually exclusive options for the structure of G/N: either (i)
G/N is a p-group, (ii) G/N is a group of order not divisible by p, or (iii) G/N
is semisimple of order divisible by p.

In case (i), there is a unique block of G covering b by [21, Cor. 9.6]. In
particular, Irr4(B|6) = Irra(G|f). In this case, the result follows from [12,
Thm. 13.28 and Cor. 13.30].

In order to deal with cases (ii) and (iii), we use character triple isomor-
phisms as in [17, §5]. By [17, Prop. 5.1 and 5.2], and using the third claim,
there exists a character triple (G*, N*,0*) and an action of A on G* stabilizing
both N* and #* and an isomorphism of character triples

(1,0): (G,N,0) — (G*,N*,0")
such that N* C Z(G*) and both 1 and o are A-equivariant maps. Moreover,

there exists a block B* of G* which is A-invariant and covers the block b* of
N* to which 6* belongs such that

oq(Irra(B|0)) = Irr o(B*[607).

By working in G*, we may assume without loss of generality that N C
Z(@G).

In case (ii), we have that B has a central defect D C N. Then Irr(B) =
{ne | € € Irr(D)} as in [21, Thm. 9.12], where 7 is the canonical character of B.
Since 1° is the only irreducible Brauer character in B and B is A-invariant, we
deduce that 7 is A-invariant. Now 6 lies under some x = 7¢, where £ € Irr(D).
By the definition of 7¢, we see that 6 extends £, and therefore & is A-invariant
because 6 also is. By the definition of 7¢, we gather that 7¢ is A-invariant and
we are done in this case. (Actually, in this case, Irr(B|6) = {x}.)
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In case (iii), we notice that N = Z(G). We let Z € Syl (N) and write
v = 0z. By [17, Cor. 2.6], there is some A-invariant x € Irr(B|v). Write
N =ZxX,and A = 0x. Let ¢ = BI(\). Since B covers ¢, and ¢ is G-invariant,
we have that ¢ is the only block covered by B by [21, Cor. 9.3]. Then xx has
an irreducible constituent in ¢ by [21, Thm. 9.2]. As Irr(c) = {\}, we get that
X lies over A. Since x lies over a unique irreducible character of NV, we get that
x lies over 8 = v x A\, and we are also done in this case. O

3. Proof of Theorem A. Our aim is to prove Theorem A from the introduction,
which we restate here for the reader’s convenience.

Theorem 3.1. Let A and G be finite groups. Suppose that A acts coprimely by
automorphisms on G. Let p be a prime and denote by By the principal p-block
of G. Then |Irra(Bo)| = 1 if and only if Ca(A) C Oy (G).

We first prove that the statement of Theorem 3.1 holds for all groups pro-
vided it does hold for the finite simple non-abelian groups.

Theorem 3.2. The statement of Theorem 3.1 holds for every finite group G if
whenever S is a finite simple non-abelian group of order divisible by p and A
acts coprimely by automorphisms on S, there exists some A-invariant 1g #
x € Irr(S), lying in the principal p-block of S.

Proof. Write N = O,/ (G). By [13, Cor. 3.8], Cq/n(A) = Co(A)N/N.

First suppose that C5(A) € N. Then Cg/y(A) = 1. By [1, Thm. BJ, this
implies that G/N is solvable, and therefore G is p-solvable.

We claim that, under our hypotheses, the condition |Irr4(By(G))| = 1 also
implies the p-solvability of G. In order to prove our claim, we proceed by
induction on |G|. Let N be a minimal normal subgroup of GA contained in
G. Then both Irr4(Bo(G/N)) and Irr o (Bo(NN)) have cardinality one, where
we are using that Irr(Bo(G/N) C Irr(Bo(G))) by block domination [21, p.
199] and Theorem 2.1. If N < G, by induction, we get that G/N and N are
p-solvable groups, then so is G.

Hence we can assume that G is a direct product of copies of some simple
group S transitively permuted by A. If G is a p-group or has order not divisible
by p, then there is nothing to prove. In particular, we may assume that S is
non-abelian simple of order divisible by p. Write G = S; X --- X S;, where
S; = S, and A permutes the S;’s transitively. Consider B = N 4(S1). Then 1 =
[Irr 4 (Bo(G))| = [Irrp(Bo(S1))| by [24, Lemma 6.6(a)—(b)], which contradicts
our hypotheses.

Now we know that both our conditions imply the p-solvability of G. By
Fong’s theorem [21, Thm. 10.20], the sets Irr(Bo(G)) and Irr(G/N) can be
identified. Hence, the Glauberman—Isaacs correspondence for G/N tells us that
[Irr 4 (Bo(G))| = |Irra(G/N)| = [Irr(Ci (A)N/N)|, and the statement follows.

O

In order to complete the proof of Theorem 3.1, it remains to show that,
whenever a group A acts coprimely by automorphisms on a non-abelian simple
group S, and for any prime p dividing the order of .S, there exists a non-trivial
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A-invariant character lying in the principal p-block of S. Since the alternating
and sporadic simple groups do not admit non-trivial coprime actions, and by
the classification of finite simple groups, the remainder of this note will focus
on the representation theory of finite groups of Lie type.

Theorem 3.3. Let G be a simple algebraic group of simply connected type over
an algebraic closure of a finite field of characteristic v, and F : G — G be a
Steinberg endomorphism some power of which is a Frobenius endomorphism
defining a rational structure on G over Fy, where q is a power of the prime .
Assume that GT' /Z(GT') is an abstract simple group. Let p be a prime dividing
the order of GT'. Then there is a non-trivial unipotent character lying in the
principal p-block of G unless when G = SLy(q) (with ¢ > 3) and p | q.

Proof. First let p | ¢. Then by [10, §8], except for the Steinberg character, all
the other unipotent characters lie in the principal p-block of G¥'. So there is
a non-trivial unipotent character lying in the principal p-block of G¥' if and
only if G possesses at least three unipotent characters. If G has exactly
two unipotent characters, then case by case calculation (see for example [3,
Chapter 13] for the lists of unipotent characters of groups of Lie type) shows
that G = SLy(q) (with ¢ > 3) and p | ¢.

Now we assume that p { ¢. Hiss [8, Thm.] presented the list of groups, whose
Steinberg character lies in the principal p-block for all primes p t ¢. From this,
we assume that (G, F) is of classical type or of the exceptional type Eg, 2Eg,
E;, or Eg, and F'is a Frobenius endomorphism.

Let e be the multiplicative order of ¢ modulo p or 4 according to p being
odd or p = 2. Let L be a Sylow e-split Levi subgroup of G. Recall from [4,
Cor. 7.3.4] that *RE(1gr) = lpr, so lgr is an irreducible constituent of
RE (1y,r). By [15, Thm. 3.4], all the irreducible constituents of R (1y,r) lie in
the principal p-block of G¥'. Moreover, by [2, Thm. 3.2], the number of the
irreducible constituents of RS(].LF) is equal to the number of the irreducible
characters of the relative Weyl group Wgr (L, 1p,r) = Ngr(L)/L¥. Thus to
finish the proof of this theorem, it suffices to show LY < Ngr(L).

We claim that LT = Ngr (L) occurs only when L = G, which is equivalent
to the statement that the Sylow e-tori of G are trivial. If (G, F') is of classical
type, then the structure of the relative Weyl groups Wgr (L, 1y,r) are given
in the proof of [2, Thm. 3.2], and we can check this claim directly. If L is a
maximal torus, then Ng(L)/L is a Weyl group, and thus [18, Lemma 23.3]
yields that Ngr(L)/LY = (Ng(L)/L)¥ # 1. If (G, F) is of the exceptional
type Eg, 2Eg, E7, or Eg and L is not a torus, then the groups Ngr (L) /LT are
listed in [23, Table 3], whence LY < Ngr (L) holds for the situation that the
Sylow e-tori of G are not trivial. So the claim holds.

If p = 2, then G has a non-trivial Sylow 1-torus and a non-trivial Sy-
low 2-torus by checking the generic order of (G, F) (see, for example, [18,
Table 24.1]). According to [16, Cor. 5.4], if p is odd, then the assumption
p dividing the order of G implies that G has a non-trivial Sylow e-torus.
Therefore, we get LI < Ngr (L), which completes the proof. O
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Theorem 3.4. Let S be a finite simple non-abelian group of order divisible by
p. Let A act on S coprimely by automorphisms. Then |Irr4(By))| > 1, where
By is the principal p-block of S.

Proof. We assume that A > 1, as otherwise this assertion holds automatically.
Without loss of generality, we may assume that the action of A on S is faithful,
that is, A < Aut(S).

According to the classification of finite simple groups and the structure
of automorphism groups of simple groups (see, e.g., [6, §2.5, §5.2, §5.3]), S
has to be a simple group of Lie type and A is Aut(S)-conjugate to some
group of field automorphisms of S (see also [7, p. 192]). In particular, A is
cyclic. As the Tits group 2F4(2)" does not possess coprime automorphisms,
one has that S = GI'/Z(GT), where G is a simple algebraic group of simply
connected type over an algebraic closure of a finite field of characteristic r, and
F : G — G is a Steinberg endomorphism some power of which is a Frobenius
endomorphism defining a rational structure on G over IFy, where ¢ is a power
of the prime r. The irreducible characters in the principal p-block By of S
are just the irreducible characters in the principal p-block of G whose kernel
contains Z(GF).

We claim that |Irr4(Bp))| > 1 if there is a non-trivial unipotent character
of G¥' lying in the principal block. Note that Z(G*') is contained in the kernel
of any unipotent character of G¥', and every unipotent character is invariant
under the action of field automorphisms (see [16, Prop. 3.7 and 3.9]). Let
A = (aFya!) where F} is a field automorphism and a € Aut(GF"). Then for
any unipotent character y, we have xy® ot
character. Thus this claim holds.

Thanks to Theorem 3.3, we are left to deal with the case that G = SLy(q)
(with ¢ > 3) and p | ¢. An irreducible character of G different from the Stein-
berg character belongs to the principle block if and only if the center Z(GT")
is contained in its kernel. We will make use of the notation for the irreducible
characters of G¥' as in [14, Table 1]. First let 4 | (¢ + 1). Then the charac-
ters x; and x lie in the principal p-block of G. By [14, Lemma 15.1], the
characters x and x, are both invariant under the action of field automor-
phisms, and the set {xF,x; } is Aut(G*)-stable. Thus both x} and y are
A-invariant. The proof for the case 4 | (¢ — 1) is completely analogous, with
X+ replaced by X;:,t~ Finally we let ¢ = 2/ be a power of 2, in which case we
have S = GT'. Tt follows from, for example, [14, Table 1] that | Irr(S)| = ¢+ 1.
Let Fy denote the field automorphism of G such that (a;;) — (af;). Then
Aut(S) = S x (Fy). Let B = (F¥) be the subgroup of (Fy) which is Aut(S)-
conjugate to A, whence Cg(A) = Cg(B). Recall that, except for the Steinberg
character, all the other irreducible characters lie in the principal p-block of S.
So by the Glauberman—Isaacs correspondence,

|Irr A (Bo)| = [ Irra(S)| — 1 = | Irr(Cg(A))| — 1 = | Irr(Cs(B))| — 1.

= x since x® is also a unipotent

Now Cg(B) = G = SLy(qq) for some qq | ¢, which implies that | Irr(C(B))]
=qo+1>3asqy>2 Thus |Irrs(By)| > 2, which completes the proof. [
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