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Introduction

The study of algebraic curves X with numerous automorphisms in rela-
tion to their genus ¢g(X) is a classical and well-established area in Algebraic-
Geometric, and it continues to be an active field of research. The Hurwitz
bound on the order of the K-automorphism group Aut(X’) of an algebraic
curve X of genus g(X) > 2 defined over a field K with characteristic zero
states that |Aut(X)| < 84(¢g(X) — 1). When the characteristic p divides
|Aut(X)], the classical Hurwitz bound does not generally apply. Specifically,
if g(X) > 2, then |Aut(X)| < 8g(X)? except for four infinite families of curves;
see |29 or [32, Theorem 11.127]. These results, which strictly relate the ge-
ometric complexity of the curve to the size of its automorphism group, have
motivated a long line of studies aimed to determine classes of curves which
have an automorphism group that is close to the upper bounds, as well as to
classify curves whose automorphism group has a specific algebraic structure.
In fact, stronger bounds for subgroups G of Aut(X) under certain conditions
have been established.

For instance, back in 1995 Irokawa and Sasaki [36] gave a complete clas-
sification of curves over C with an automorphism of order N > 2¢(X) + 1.
The situation deeply changes when one considers the case of positive charac-
teristic: in this context, the possibility of wild ramification has presented a
few challenges to the investigation. On the other hand, if a subgroup G of
Aut(X) is dihedral, then in the complex case, |G| < 4¢(X) + 4, see [7]. More
recently it has been shown that a tighter bound holds for G a generalized
quasi-dihedral group ( [31, Theorem 6.1]).

A central aspect of this thesis is the extension of several results known
for the case of zero characteristic to the case of positive characteristic. In
particular, we provide a complete classification of curves X admitting a cyclic
automorphism group of size greater than 2¢g(X), as well as a complete classifi-
cation of curves X with an automorphism group admitting a cyclic subgroup
of index 2 and size greater than 2g(X’) + 1.
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Other results are obtained for abelian groups and for solvable groups, with
the additional hypothesis that the characteristic p does not divide the size
of the group. In this context, it should be noted that our proofs in the case
where p does not divide |G| use basically ramification theory, as well as the
theory of finite permutation groups. Although one could alternatively appeal
to the celebrated Abhyankar Conjecture, such proofs would not reflect the
perspective adopted in this dissertation (for a survey on Abhyankar Conjecture
and its consequences on the theory of automorphism groups of a curve see for
instance [28]).

Understanding the behavior of automorphism groups in positive character-
istic has not only a theoretical relevance, but also has important applications.
In fact curves with many automorphisms, defined over finite field, are closely
related to the construction of Algebraic-Geometric codes (AG-codes). It is
well-known that good AG-codes can be constructed from curves defined over
finite fields with many rational points with respect to their genus. Generally
speaking, if a curve possesses many rational points, than also its quotient
curve with respect to an automorphism group will do. This is certainly true
for curves attaining the Hasse-Weil uppoer bound on the number of rational
points, the so-called maximal curve. In fact, any quotient curve of a maximal
curve over a field with ¢ elements with respect to an automorphism group
defined over the same field is a maximal curve.

In particular, a problem of current interest, is to find explicit equations for
quotients of the maximal curve with the highest possible genus, namely the
Hermitian curve. This has been done so far ad hoc, in particular in the cases
where the Galois group has prime order and also when has order the square of
the characteristic. Within this framework lie some of the results presented in
this thesis, which aim to explicitly describe some families of maximal curves
related to the Hermitian curve, with possible applications to coding theory.

Chapter 1 is a collection of preliminary definitions and results that will be
used in the following chapters. The fundamental concepts of algebraic curves,
function fields, morphisms, automorphism groups and coverings of curves,
together with the notions of ramification, Hurwitz’s theorem and behavior of
extensions in positive characteristic are recalled. Furthermore, the notion of
maximal curve over a finite field is introduced, and the main links with the
theory of Algebraic-Geometric codes are presented.

In Chapter 2 curves with large automorphism group are investigated. In
the first part of the chapter, curves with a cyclic automorphism group of order
N at least 2g(&X') +1 in positive characteristic p # 2 are successfully classified,
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offering the positive characteristic counterpart to the Irokawa-Sasaki result.
Then curves with abelian, dihedral and non-perfect groups are studied. In the
final part it will be tackled the case of groups with a cyclic subgroup of index
2. This in particular includes dihedral and quasi-dihedral groups, but also
others more general structures. After recalling some known bounds, it will be
proved that an analogous bound holds for these groups. In particular, we show
that the upper bound for the size of a dihedral group of automorphisms holds
for curves defined over an algebraically closed field of characteristic p # 2.
Then we provide some classification results about (non-dihedral) groups of
size larger than 4¢(X) + 4 admitting a cyclic subgroup of index 2. This
part of the thesis thus broadens the understanding of the behavior of large
automorphism groups in positive characteristic, extending the picture known
in characteristic zero.

Finally, Chapter 3 is focused on the study of some Galois subcovers of the
Hermitian curve. The Hermitian curve represents a classical and well-known
example of a maximal curve. To find new maximal curves and explicit equa-
tions is a problem of great interest both under the theoretical and practical
side. In this chapter we obtain explicit equations of all Galois subcovers of the
Hermitian curve with Galois group of order dp where p is the characteristic
of F2 and d is a prime other than p. We also compute the generators of the
Weierstrass semigroup at a special F2-rational point of some of the curves,
and discuss some possible positive impacts on the minimum distance problems
of AG-codes.

Taken together the results presented in this thesis contribute to outlining
a larger picture of the relationship between the structure of the automorphism
group of a curve and its geometry, by extending several classical results to the
case of positive characteristic.

On one side, the classifications obtained in Chapter 2 broaden the under-
standing of possible bounds on the size of the automorphism groups in this
context; on the other side the study of Galois subcovers of the Hermitian
curve shows how these structures can be used in order to construct curves
with many symmetries and interesting properties.

VII



Chapter 1

Background and Preliminary
Results

1.1 Algebraic curves
In this first chapter all the definitions and preliminary results needed for

the following chapters will be introduced. In particular the focus will be on
algebraic curves and on all the objects that can be associated to them.

1.1.1 Affine varieties

Let K be an algebraically closed field and let A*(K) = {(a4,...,a,) | a; € K}
be the n-dimensional affine space over K.

Definition 1.1. Let I be an ideal of K[Xq,...,X,], that is the polynomial
ring in n indeterminates over K, the subset of A"(K) defined by

V() :={(a,...,a,) € A"(K) | f(ar,...,a,) =0Vfel}
is called affine algebraic set associated with I.

Since K [X7, ..., X,] is a Noetherian ring, each of its ideals is finitely gen-
erated. Hence, if I = (f1,..., fi), it trivially follows that

V(I):={(a1,...,a,) € A"(K) | fi(ar,...,a,) =0Vi=1,...,m}.

1



Algebraic curves

Definition 1.2. Let V' C A™(K) be an affine algebraic set, the ideal of
K[X1,...,X,] defined by

IV)={feK[Xy,...,.X,] | flas,...,;a,) =0V(ay,...,a,) €V}
is called ideal of V.

Definition 1.3. An affine algebraic set V' C A"(K) is called reducible if there
exist two affine algebraic sets V; and V5 such that Vi, Vo C Vand V = ViU V5.
Otherwise V' is called irreducible.

Definition 1.4. An affine algebraic set that is irreducible is called affine
variety.

The main properties of affine algebraic sets and their ideals are summarized
in the following proposition.

Proposition 1.5. 1 Let Vi and Vy be two affine algebraic sets, then Vi UV5
and Vi NV, are affine algebraic sets.

2 Let J be an ideal of K[Xy,...,X,], then J C I(V(J)).

3 (Hilbert’s Theorem) Let J be an ideal of K[X, ..., X,], then I(V(J)) =
V.J where

VI={feK[Xy,...,X,] | Im € Z,m > 1 such that f™ € J}.

4 Let V' be an affine algebraic set, then V =V (I(V)).

5 An affine algebraic set V' is irreducible if and only if 1(V') is a prime
ideal.

6 Fach affine algebraic set V' can be written as finite union of algebraic
varieties.

To each affine variety V' it is possible to associate a ring, denoted by K [V]
and that is called affine coordinate ring of V', defined as follows

K[V]:=K[X.,...,Xa] /I(V).
A generic element of K [V] is of the form o« = f+1(V) with f € K[X}, ..., X,].

Remark 1.6. Since V is irreducible, 1(V') is a prime ideal and then K[V] is
an integral domain.



Background and Preliminary Results

In a natural way, to each affine variety V', can also be associated a field,
that is the field of fractions of K [V]. It is called field of rational functions of
V and it is denoted by K (V'), hence

K (V)= {m | f,geK[Xl,...,Xn},ggéI(V)}.

Remark 1.7. K(V) =K(zy,...,T,) where T; :== z; + I(V).

Definition 1.8. Let V be an affine variety and let P = (ai,...,a,) be
an element of V. A rational function o € K (V) is called regular (or de-

(v
fined) at P if there exist f,g € K[X7,...,X,] such that a = m and
glay,...,a,) #0.

If a rational function « is defined at P, then it is well defined the value
a(P) = flay, ... an)
g(ala v 7an>

Definition 1.9. Let V' be an affine variety, the dimension of V' is the degree
of transcendence of K (V') over K, and it is denoted by dim(V').

Definition 1.10. An affine curve is an affine variety of dimension one.

Proposition 1.11. Let V C A*(K), if V = V((f)), with f an irreducible
polynomial, then V' is an affine variety and dim(V') = 1.

After the definition of regular functions, it is possible to associate a local
ring to each affine variety V. Recall that a local ring R is a commutative ring
with unity which satisfies one of the following equivalent conditions

1 the set of non-invertible elements of R is an ideal

2 there exists a unique proper maximal ideal of R which contains each
other proper ideal of R

and the ideal of non-invertible elements is exactly the unique proper maximal
ideal.

Definition 1.12. Let V' C A™(K) be an affine variety and let P be a point of
V. The local ring of V in P is

K[V]p:={a e K(V) | ais regular at P}.

3



Algebraic curves

Proposition 1.13. K[V], is a local Noetherian domain and its ideal of non
invertible elements, denoted by Mp(V'), is

Mp(V) ={a € K[V]p | a(P) = 0}.

Definition 1.14. Let V' be an affine variety and let P = (ai,...,a,) be a
point of V.

1 The tangent space to V at P, denoted by Tp(V), is defined as the linear
subspace

TV = ) (3 (P - ) =0).

fer(vy \i=1

2 The cotangent space to V at P is defined as the linear subspace
Mp(V)/M3(V) where M3(V) is the ideal generated by {fg | f,g € Mp}.

Definition 1.15. A point P of an affine variety V is called singular if
dim(Tp(V)) > dim(V') and non-singular (or simple) if dim(Tp(V')) = dim (V).

From now on an affine curve will be denoted by X.

Proposition 1.16. Let P be a non-singular point of an affine curve X, then
Mp(X) is a principal ideal.

Definition 1.17. Let P be a non-singular point of an affine curve X. A local
parameter of X at P is a generator of Mp(X).

Recall that a discrete valuation ring A is an integral domain such that
1 A is not a field,

2 A is local,

3 A is Noetherian,

4 the maximal ideal of A is principal.

Proposition 1.18. Let P be a non-singular point of an affine curve X, then
K [V]p is a discrete valuation ring.

To each non singular point of an affine curve it is possible to associate a
valuation function in the following way:.

4



Background and Preliminary Results

Proposition 1.19. Let P be a non singular point of an affine curve X and

let t be a local parameter of X at P. Then for all « € K[X]p, o # 0, there
ezists a unique m € Z, m > 0, and a unique u € (K[X]|p\ Mp(X)) such that
a = ut™. Furthermore for all o € K(X), o # 0, there exists a unique m € 7Z,
and a unique v € (K[X]p \ Mp(X)) such that a = ut™.

Definition 1.20. Let P be a non-singular point of an affine curve X and let
a € K(X), a #0. The order of a at P, denoted by ordp(«), is defined as the
unique integer m such that a = ut™, where u € (K[X], \ Mp(X)) and t is a
local parameter of X at P. For v = 0 assume ordp(a) = 00.

It can be noticed that
K[X]p ={aeK(X) | ordp(e) > 0} and Mp = {a € K(&X) | ordp(cr) > 0} .

In the next proposition there are the main properties of the order of functions
at a point.

Proposition 1.21. Let X be an affine curve and let P be a non-singular point
of X. Then

1 ordp(af) = ordp(a) + ordp(f) for all o, B € K(X);

2 ordp(a+p) > min {ordp(a),ordp(5)} foralla, B € K(X), if ordp(a) #
ordp(B) then the equality holds;

3 ordp(a) =0 for all a € K.

Definition 1.22. Let P be a point of a non-singular (that is there are no
singular point) affine curve X and let o € K(X). P is called zero of multiplicity
m for « if ordp(a) = m > 0, whereas it is called pole of multiplicity m for o
if ordp(a) =m < 0.

At this point the Proposition [I.16] can be reversed.
Proposition 1.23. Let X be an affine curve and let P be a point of X. If

K [X]p is a discrete valuation ring, that is if Mp(X') is principal, then P is a
non-singular point.



Algebraic curves

1.1.2 Projective varieties

Let P"(K) be the n-dimensional projective space over K.

Definition 1.24. Let I be a homogeneous ideal of K [Xj, ..., X,], the subset
of P*(K) defined by

V(I):={P eP"K) | F(P)=0VYF € I such that F' is homogeneous}

is called projective algebraic set associated with I.

Definition 1.25. Let V' C P"(K) be a projective algebraic set, the homoge-
neous ideal of K[Xy, ..., X,] denoted by I(V') and generated by

{F € K[Xy,...,X,] | Fis homogeneous and F(P) =0VP eV}

is called homogeneous ideal of V.

Definition 1.26. A projective algebraic set V' C P"(K) is called reducible if
there exists two projective algebraic sets V; and V5 such that V;, Vo C V and
V =V, UV, Otherwise V' is called irreducible.

Definition 1.27. A projective algebraic set that is irreducible is called pro-
jective variety.

Proposition 1.28. A projective algebraic set V is irreducible if and only if
I(V') is a prime ideal.

As in the previous subsection, for each projective variety V it can be
defined the projective coordinate ring of V as

K[V]=KI[Xo,..., Xa] /I(V)

and the field K (V') of rational functions of V as

{m | F,G € K[Xy,...,X,] are homogeneous, degF’ = degG, G ¢ I(V)} :
Definition 1.29. Let V be a projective variety and let P be an element of V.
A rational function a € K (V) is called defined (or regular) at P if there exist
F,G € K[Xy,...,X,], two homogeneous polynomials of the same degree, such

FAIV) d ap) £0

that « = ———=
BTG



Background and Preliminary Results

Hence, in the same way as in the previous subsection, it can be defined
the local ring of a projective variety V' at a point P, still denoted by K [V],
and, as in the affine case, it is a local Noetherian domain and its ideal of
non-invertible elements is denoted by Mp(V).

Remark 1.30. The affine space A"(K) can be seen as a subset of the projective
space P*"(K) via the maps ¢; : A"(K) — U; where

U; .= {(Xo,..., X,) € PK) | X; =0},
defined by
vilar,...,an) = (ar,...,a;-1,1,a;, ..., a,)

(For simplicity of the notation it will be fired i =0).

The next definition clarifies the connection between affine and projective
algebraic sets.

Definition 1.31. Let V' C A"(K) be an affine variety. The projective al-
gebraic set V' := V/(I) where I is the homogeneous ideal of K [Xj, ..., X,]
generated by {F* | F' € I(V)}, where F™* is the homogenization of F' | is called
projective closure of V.

The correspondence
ViV
defines a bijection between the set of the affine varieties of A"(K) and the

set of the projective varieties of P"(K) that are not contained in H, :=
{(Xo,...,X,) | Xo=0}.

Proposition 1.32. Let V' be an affine variety. Then
1V is irreducible;

2V =VnA"(K);

— F+1(V) F,+1(V)
3 Th K(V K(V), d db — | =
where F, and G, are the dehomogenizations of F' and G, is well defined.
Furthermore, ¢ is an isomorphism that induces a ring isomorphism be-

tween K [V}P and K[V]p if Pe V.

Definition 1.33. Let V be a projective variety, the dimension of V is the
transcendence degree of K (V') over K, and it is denoted by dim(V).

7



Algebraic curves

Definition 1.34. A projective curve is a projective variety of dimension one.
Definition 1.35. A point P of a projective variety V' is called singular (re-
spectively non-singular) if and only if it is singular (respectively non-singular)
for any of its affine parts.

As in the previous subsection, the following result holds.
Proposition 1.36. A point P of a projective curve X is non-singular if and

only if Mp(X) is a principal ideal.

1.1.3 Rational maps

Definition 1.37. Let V; C P*(K) be a projective variety. A rational map
from V; to P™(K) is an element ¢ = (ag : -+ - : ap,) € P™(K(17)).

Let us notice that a rational map of V; in P™(K) is not necessarily defined
on each point of Vj. Furthermore, sometimes, it is possible to evaluate p(P)

at points P of V} where certain «; are not regular by replacing «; with A\q;
for a suitable A € K (V4).

Definition 1.38. A rational map ¢ : V; — P™(K), ¢ = (ag,..., Q) is
called regular (or defined) at P € V; if there exists A € K(V}) such that

1 each A\q; is regular in P;

2 for some iy € {0,...,m} (Aay,)(P) # 0.
If such a A exists, then p(P) := ((Aa)(P) : -+ : (Aam)(P)).

Note that for different points it may be necessarily to consider different \.
Definition 1.39. Given two projective varieties V; C P*(K) and V5 C P™(K),
a rational map from Vi to Vy (¢ : Vi — V4) is a rational map ¢ of V; in P™(K)

such that, for each P where ¢ is regular, o(P) € V5.

Definition 1.40. A rational map ¢ : V; — V5 that is regular at each P € V)
is called morphism from V; to V5.

In a natural way it can be defined the composition of rational maps.

8



Background and Preliminary Results

Definition 1.41. Let V3, V; and V3 be three projective varieties, let ¢ = (o :

-1 @yy) be a rational map of Vi in V, and let ¢ = (5 : -+ : 3,) be a rational
F; + 1(Vs) .
Gi+1(V2)’
Gi(ag s -+ ) 0 foreachi =0,...,7,set Yoy = (y: ) where

N Fi<0507 ce ,Oém)
Vi = Gi(Cko, RN ,Ckm>'
defined.

map of V5 in V3. Let F;,G; be polynomials such that g; =

If Giy(a, ..., ) = 0 for some iy, then ¥ o ¢ is not

Definition 1.42. Let V; and V5 be two projective varieties, a rational map
¢ : Vi — V4 is called birational if there exists a rational map ¢ : Vo — V}
such that o¢ = idy, and ¢por) = idy,. A birational map is called isomorphism
if both ¢ and ¢~! := 4 are morphisms.

Definition 1.43. Two varieties V; and V5 are said to be birationally equiv-
alent (respectively isomorphic) if there exists a birational map (respectively
an isomorphism) of V; in V5.

Definition 1.44. A rational map ¢ : Vi — V5 is called dominant if there
does not exist a proper algebraic subset of V5, that contains the image set of

o.

Proposition 1.45. The composition of two dominant rational maps is still a
dominant rational map.

To a dominant rational map between two projective varieties Vi and V5 it
can be related a field homomorphism of K (V5) in K (V7).

First of all, note that, for a given projective variety V', there exists a
bijection

hy :K(V) — {gp : V — PY(K) | ¢ is a rational map and ¢ # (0 : 1)}
defined by hy(a) = (0: a).

Definition 1.46. Let ¢ : V; — V5 be a dominant rational map and let
p € K(Vy). The pull-back of § by ¢, denoted by ¢*(f3), is defined as ¢*(5) =

hy, (hv, (B) © ).

Note that ¢*(5) is an element of K (V}), in particular, if ¢ = (ag, ..., amn)

P+ 1(Va) wim  Flag,... )
and f= =Ty e o ) = G )

9



Algebraic curves

Proposition 1.47. Let ¢ : Vi — V5 be a dominant rational map, the pull-
back ¢* : K (Vo) — K (V1) is a non-trivial field homomorphism. Furthermore,

if Vo is not contained in the hyperplane Hy, then ¢ = (1 :aq : -+ : auy) and ¢*

is the unique field homomorphism of K (V4) into K (V}) that fizes K element
_ . _ Xy +I(V)

by el t and such that ¢*(T;) = a; Yi=1,...,m, wh = .

y element and such that ¢*(T;) = a; Vi m, where T Xot I(V)

Conversely, to a given field homomorphism v : K (V2) — K (V7) that fixes
K element by element it can be related a dominant rational map ¢ : Vi — V5
such that v = ¢*; indeed, suppose for simplicity that V5 is not contained in
Hy, so K(V3) = K(Zy,...,Ty), then, as ¢, it can be considered the rational

map (L :y(z1) - y(2a).
Proposition 1.48. Let idy be the identity of a projective variety V and let
¢: Vi — Vo and ¢ : Vo — V3 be two dominant rational maps.

1 (idy)* is the identity automorphism of K (V);
2 (Yod) =g oy

Proposition 1.49. Two varieties Vi and Vs are birationally equivalent if and
only if the related function field K (V1) and K (V4) are K-isomorphic.

Proposition 1.50. Let ¢ : Vi — Vs, ¢ = (g : -+ = uy), be a dominant ra-
tional map. Given P € V| and Q) € Vy the following conditions are equivalent:

1 ¢ is defined at P and ¢(P) = Q;
2KMWlp 2 ¢7(K [VZ]Q) and Mp 2 ¢*(Mg).

Proposition 1.51. Let ¢ : Vi — V5 be an isomorphism between two pro-
jective varieties. For each P € Vi it holds that ¢*(K[Va]yp)) = K[Vi]p and
¢*(Mgcpy) = Mp. In particular the local rings at P and at ¢(P) are isomor-
phic.

1.1.4 DVR of an algebraic curve

From now on, given an algebraic curve X', a DVR (discrete valuation ring)
of K(X) will be a DVR contained in K (X), that contains K and such that
its field of fractions is K (X). From Proposition it is known that for each
non-singular point of X there exists a DVR of K (X'), in general these are not
all the possible DVR of the rational function field of a curve, more precisely
the following theorem holds.

10



Background and Preliminary Results

Theorem 1.52. Let O be a DVR of K(X) and let M be the mazimal ideal
of O. Then

1 there exists a unique point P € X such that K[X], C O, K[X],NM =
Mp and the point P is called the center of the DVR O;

2 if P is a non singular point of X, then K[X|, is the unique DVR of
K (X) that is centered at P.

Therefore for each O DVR of K (X) there exists a point that is its center,
on the other hand, each point of a projective curve X is a center of at least
one DVR of K (X), in particular it can be proved that a point P is the center
of the DVR K [X],. Furthermore it can be proved that the number of DVR
that are centered at a fixed point P is finite.

An important consequence of the previous theorem is that if X is a non-
singular curve then the correspondence

P—K[X],

defines a bijection between the set of points of X and the DVR of K (&X).
The following results show how the pull-back of a rational map works on
DVR of function fields of curves.

Proposition 1.53. Let X and Y be two projective curves and let ¢ : X — Y
be a non-constant dominant rational map. Then K (X') : ¢*(K(Y)) is a finite
field extension.

Proposition 1.54. Let ¢ : X — Y be a dominant rational map. Then for
each O DVR of K(X) the ring $(O) := (¢*)" (O N ¢*(K (V) CK () is a
DVR of K(Y) whose mazimal ideal My, is such that My, = (¢*) 1 (Mo N
¢*(K(Y))) where Me is the mazimal ideal of O.

Proposition 1.55. Let ¢ : X — Y be a dominant rational map, then, ¢ is
reqular at each non-singular point P of X .

Proposition 1.56. Let P be a non-singular point of X and let Q be a point
of Y. Then ¢(P) = Q if and only if ¢ (K[X],) is a DVR of K(Y) centered
at Q.

Proposition 1.57. Let X' be a projective curve and let ¢ : X — P™(K) be

a non-constant rational map, then there exists a projective curve Y C P™(K)
such that ¢ is a dominant rational map of X in ).

11
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1.1.5 Divisors, genus and Weierstrass semigroup of an
algebraic curve

Throughout this subsection it will be considered a non-singular algebraic
curve X, hence the points of X and the DVR of K (&X') will be identified. P
will denote the set of DVR of K (&) and, based on what was said before, P
will denote both a point of X or a DVR of K (X).

Definition 1.58. A divisor D of X is a finite formal sum of elements of P,

that is D = > npP, where np € N for all P € P and np # 0 just for a finite
Pep

number of P. The set supp(D) := {P € P |, np # 0} is called support of D
and the degree of D is defined as deg(D) := > np.
PeP

Let D= Y npP and D' = Y n/»P it can be defined the sum D + D’ as
Pep =

D+ D := Y (np+np)P.

peP
Proposition 1.59. The divisors of X form a group, that will be denoted by
Div(X), where the identity element is the divisor with all coefficients equal to
zero.

It is possible to define a partial order relation on the group of divisors,
that is, given two divisors D = > npP and D' = > nl,P
PEp PEpP
D <D <= np<npVPeP.

Definition 1.60. A divisor D = ) npP is called positive or effective if
pPeP
np > 0 for all P € P and it will be denoted as D > 0.

Furthermore it is possible to relate a divisor to each rational function
f € K(X) that is
(f) = >_ ordp(f)P

pPeP

and this result to be the zero divisor if and only if f is a constant. The divisors
of this type are called principal divisors. If f is non constant then the divisor
(f) can be written as

where

(f)o = Y. ordp(f)P

PEP ordp(f)>0

12
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and

(Now:= > —ordp(f)P

PeP|ordp(f)<0

are two effective divisors respectively called zero divisor of f and pole divisor

of f.

Definition 1.61. Two divisors D and D’ are said to be linearly equivalent if
there exists a rational function f € K (X) such that D — D’ = (f).

Given a divisor D it can be defined a vector space related to D, denoted
by L(D), that is

LD)={feK(X) |(f)+D>0}u{0}.
L(D) is called Riemann-Roch space of D and the dimension of £(D) is denoted
by ¢(D).
The main properties of the divisors of a curve X' are summarized in the

next proposition.

Proposition 1.62. 1 If two divisors D and D' are linearly equivalent,
then the relative Riemann-Roch spaces L(D) and L(D') are isomorphic.

2 L(0) =K, where 0 denotes the divisor with all zero coefficients.
3 If D is an effective divisor, then £(D) < deg(D) + 1.

4 If a divisor D can be written as D = Dy — Dy, where Dy and Dy are
two effective divisors, then ((D) < deg(D) + 1.

5 Let f e K(X)\ K, then deg((f)o) = [K(&X) : K(z)].

6 For all principal divisors the degree is zero.

7 Two linearly equivalent divisors have the same degree.

8 Let D € Dy such that deg(D) < 0, then L(D) = {0}.

9 Let D € Dy such that deg(D) > 0, then ¢(D) < deg(D) + 1.

At this point, the most important birational invariant of algebraic curves
can be introduced, that is the genus of a curve.

13
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Theorem 1.63 (Riemann’s Theorem). There ezists a non-negative integer -y,
which depends only on X, such that for each D € Dy ¢(D) > deg(D)+1—1~
holds.

Definition 1.64. The genus g of a curve X is defined as
g = max {deg(D) — (D) + 1| D is a divisor of K(X)}.
It trivially follows that the genus of a curve is a non-negative integer.

Theorem 1.65. Let X be an algebraic curve of genus g, then there exists
an integer ¢ (X)), depending only on K (X)), such that for each D € Dy with
deg(D) > ¢ (X) (D) = deg(D) + 1 — g holds.

In the special case of non-singular plane curves, the genus is completely
determined by the order (that is the degree) of the curve.

Lemma 1.66. Let § € K(X), if B is defined at each point of X then [ is
polynomial.

Theorem 1.67. Let X = V ((F(Xo, X1, X2))) be a non-singular plane pro-
jective algebraic curve of order d and genus g. Then

(d—1)(d—-2)
= 5 _

To each point P of a non-singular curve X can be associated a semigroup
and in order to introduce it, a special class of divisors must be taken into
account, that is the class of one-point divisors. A one-point divisor D is a
divisor of the form D = mP where P is a point of X and m is a positive
integer. For this type of divisors the Riemann-Roch space can be written as
follows

LmP)={f € K(X) | (f)oo =P withl <m}.

Definition 1.68. The set of non-negative integers
H(P):={l|3feK(X) with (f)e = [P}

is trivially a semigroup with respect to the sum and it is called Weierstrass
semigroup at P. Furthermore the elements of H(P) are called non-gaps of P,
whereas the elements of N\ H(P) are called gaps of P.

The main results about the Weierstrass semigroups are summarized in the
next proposition.

14
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Proposition 1.69. Let P be a point of X. Then
1 An integer i is a non-gap at P if and only if L((i — 1)P) C L(iP).
2 An integer i is a non-gap at P if and only if £((i — 1)P) = £(iP) — 1.

3 The dimension of L(mP) coincides with the number of non-gaps at P
that are smaller than or equal to m.

4 Let ig = 0,4y,...,%4 be all the non-gaps at P that are smaller than or
equal to m and let fy,..., [, € K(X) be rational functions such that
(fi)oo =1;P. Then {fo,..., fr} is a basis of L(mP).

5 The number of gaps at each point of X coincides with the genus of X.

6 1If the genus of X is greater than or equal to 1 then there exists at least
one gap at each point P of X and 1 is a gap at each P.

7 If i is an integer greater than or equal to two times the genus of X then
1 18 a non-gap at each point P of X.

Corollary 1.70. Let D be a one-point divisor. If deg(D) > 2g — 1, then
(D) =deg(D)—g—+1.

In order to define another particular type of divisors it is useful to introduce
a new object: the differentials. Let R be a commutative ring which contains
K and let F' be the free R-module generated by the elements [z] with = € R,
where [x] is just a symbol associated to the element z; then an element of
F is of the type Y a; [z;] with a; € R. Let N be submodule of F' generated
by these sets: {[z +y] — [¢] — [y] |,y € R}, {[A\x] = A[y] | A € K,z € R} and
{lry] —x[y] —y[z] |z,y € R} and let Qk (R) be the quotient module F'/N.

Definition 1.71. Qk (R) is called module of differentials of R over K.

The image in F'/N of the element [z] € F' is denoted by dz and it can be
considered the map d : R — Qg (R) which maps z to dz. The differentials
can be also related to algebraic curves and their function fields. Assume
R =K]xy,...,x,], it can be proved that the R-module Qg (R) is generated
by the differentials dzy,...,dz,; furthermore if L = K(zy,...,x,) it can
be proved that Qf (L) is generated, as L-vector space, by the differentials
dxy,...,dx,.

Proposition 1.72. Let L = K(X), then Qg (L) is non trivial and

15
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(1) if v € K(X)\ K is such that K(X) : K(z) is separable then dx # 0;
(2) if t € K(X) is a local parameter then dt # 0.

Proposition 1.73. Let L = K(X), then Qg (L) is a vector space over L of
dimension 1.

From this proposition it follows that, if x is a separating element or a local
parameter, then for all @ € K(X') there exists a unique v € K(X') such that
da = vdx, such v is called derivative of a with respect to x and it will be
denoted by v = da/dz. By this way it is possible to define the order of a
differential at a DVR of K(X).

Definition 1.74. Let w € Qg (R), w # 0, let P be a DVR of X and let ¢
be a local parameter of P. Let a be the unique element of K(X') such that
w = adt, then the order of w at P is define as ordp(w) = ordp(«).

It can be trivially proved that this definition does not depend on the choice
of the local parameter t.

Proposition 1.75. Let O be a DVR of K(X') and let t be a local parameter

of O. If « € O thenccl;zEO.

Proposition 1.76. Each local parameter is separating in K(X).

Lemma 1.77. Let w € Qg (K(X)), w # 0, then ordp(w) # 0 at most for a
finite number of DVR P of K(X).

Also to a differential it can be associated a divisor, in particular, if w €
Q (K(X), w # 0, the divisor associated to w, denoted by div(w), is defined
as div(w) = Y ordp(w)P.

PEP

Definition 1.78. Let w € Qg (K(&X)), w # 0, then W = div(w) is called
canonical divisor of K(X').
Proposition 1.79. Two canonical divisors differ by a principal divisor.

Proposition 1.80. A divisor which differs from a canonical divisor by a prin-
cipal divisor is canonical.

Assume now that X is a non-singular plane curve and that it is not the
line Xo = 0. Let f(X,Y) = 0, with deg(f) = d > 3, be an equation of X.
Suppose that X + (f) # 0 is a separating element in K(z,y) and that the
points of X on the line Xy = 0 are d distinct points P, ..., Py.
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Proposition 1.81. The divisor W = (d — 3)(P, + --- + Py) is a canonical
divisor.

Theorem 1.82. Let X be a curve of genus g. The degree of a canonical
divisor W is 2g — 2 and {(W) > ¢

Theorem 1.83. Let X be a plane curve, let Py, ..., P, be the singular points
of X. If each P; is ordinary, then

2 : 2

=1

g:

where r; denotes the multiplicity of P;.

Theorem 1.84 (Riemann-Roch Theorem). Let D be a divisor of an algebraic
curve X,
(D) =deg(D)+1—g+ (W — D)

where W is an arbitrary canonical divisor.

In general, the computation of ¢(W — D) is non trivial, but, if the degree
of D is sufficiently large, then ¢(W — D) = 0.

Corollary 1.85. If D is a divisor such that deg(D) > 2g — 1, then ¢(D) =
deg(D)+1—g.
Lemma 1.86. If D is a divisor such that deg(D) = 0, then (D) < 1.

The genus and the automorphism group of a curve are two of the most
important birational invariants of a curve. Another birational invariant can
be defined through the group of divisors in the following way. Let

Div'(X) = {Z npP| > np:O},
Pex Pex

that is the group of divisors of X of degree zero; it can be proved that the
principal divisors

Prine(X) = {(f) | f € K(X)"}
form a subgroup of Div’(X).

Definition 1.87. The Picard group of X, denoted by Pic’(X), is the factor
group Pic’(X) = Div?(X)/ Princ(X).

17
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Definition 1.88. Let ¢ be a prime, then
Pic’(X)[(] := {x € Pic®(X) |tz = 0}.
Theorem 1.89. The following claims hold:
o Pic’(X)[(] is finite;
o if char(K) # ¢ then |Pic’(X)[{]| = 29 and Pic®(X)[{] is isomorphic to
the elementary abelian group Zzg;

o if char(K) = ¢ then |Pic®(X)[(]| = ¢ with v < g and Pic®(X)[(] is
isomorphic to the elementary abelian group 7).

Definition 1.90. The integer v of Theorem is called p-rank or Hasse-
Witt invariant of X.

1.1.6 Coverings

Let ® : X — ) be a non constant rational map and let ®* : K()) —
K(&X) be its pull-back.

Definition 1.91. Let O be a DVR of K(X) and let O’ be the DVR of K(Y)
such that ®*(0") = ON®*(K())), that is the unique DVR of K(X') such that
®*(0') C O (this will also denoted by O|0"). We will say that O" is covered
by O.

Remark 1.92. If O = K[X], and O" = K[V, with P and @ non-singular
points, then the condition O’ covered by O is equivalent to ®(P) = Q.

Lemma 1.93. Let O be a DVR of K(X') and let O' be the DVR of K(Y) such
that ®*(O") = O N ®*(K(Y)). There exists a positive integer, denoted by e,
such that, for each a € K (), ordp(®*(a)) = ep - ordor ().

Definition 1.94. The integer eg is called ramification index of O over O'. If
eo > 1 we will say that O|0’ is ramified.

Proposition 1.95. For each DVR O" of K(Y) there exists at least one, and
in any case a finite number of DVR O of K(X) such that ®*(O") C O.

Theorem 1.96 (Fundamental equality). Let n = [K(X) : &* (K (}))], let O
be a DVR of K(Y) and let Oy, ...,O,, be the DVR of K(X) such that O;|O’.
Then n = g €o; -

=1

1=
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Lemma 1.97. For each a,x € K(Y) with dz # 0 we have

do = udz in Qi (K(Y)) = d®* (o) = " (u)dP*(z) in Qi (K (X)) .
Corollary 1.98. Let & : X — Y be a separable rational map. If o € K ()
is such that da # 0 in Qg (K (Y)), then d (P*(a)) # 0 in Qi (K(X)).

Now we are ready to state and prove a key theorem about coverings, that
is the Riemann-Hurwitz theorem.

Theorem 1.99 (Riemann-Hurwitz Theorem). Let X and ) be two projective

algebraic curves. Let g be the genus of X and let g’ be the genus of Y. Let

®: X — Y be a non-constant, separable, rational map of degree n. Then
29 —2=mn(2¢' —2)+ Diff

where

dd*(t/
Diff = Z ordp (t)
O€eP dt
with t (respectively t') local parameter in O (respectively O').

Proof. Let x be a separating element for K ())) (then ®*(z) is a separating
element for K (X)). Then

29 — 2 = Z ordpd(®*(x)) = Z ordo <W> =

OeP OcP dto

d@*(to’))) _
d(®*(to))  dto

(z))
tor)
), (@ o))
- dO(d(q’*(tO/))>+Z do( dto )
(z))

OeP oeP
B . d(®*(x) ,
a oze;ao 4o <d(‘1’*(to’))> o

where to (respectively tor) is a local parameter of O (respectively O') in K (&)
(respectively K ())). Note that, since dtor # 0, then d(®*(to)) # 0. Recall

@*
that d(@"(z)) is the pull back of dz/dto. We have

d(®*(tor))
N UCHC) or (®*() \ _
o (o) - o (i)
= > > ordo < > eo = n - deg(div(dz)) = n(2g" — 2)
O'eP’ OcP
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where P’ is the set of DVR of K ()). Hence
29 —2=mn(2¢ —2)+ Diff.
[

When the characteristic of K is 0 or it does not divide any ramification
index, the integer Dif f has a simpler expression.

Proposition 1.100. Let t (respectively t') be a local parameter in O (respec-

@* /
tively O'), then ordo (d dt<t )> > eo — 1. Furthermore, if char(K) =0 or it
dd*(t'
does not divide ep for every O € P, then ordp < dif )> =eo — 1.

As a direct consequence, also the Riemann-Hurwitz formula has a simpler
expression.

Corollary 1.101. If char(K) = 0 or it does not divide eo for every O € P,
then
20—2=n(2¢' —2)+ > _(e0 —1).
OeP
Corollary 1.102. Let ® : X — Y be a non constant separable rational map.
Letn = [K(X) : ®* (K (X))]. Then for each O" DVR of K(Y), except possibly
finitely many, # {O DVR of K(X) | O|0’} = n holds.

Now, recall that, for each M : L finite and separable extension, it can be
defined the group

I'(M,L)={0: M — M | o is an automorphism, o(l) =1Vl € L}.

In general we have that |I'(M, L)| < [M : L], the extension is called Galois
extension if |[['(M, L)| = [M : L].

Let & : X — ) be a non constant rational map and let &* : K(Y) —
K (&) be its pull-back. We denote by I'(X,)) = I'(K (&), ®* (K ()))), that

is

r'X,Y)={c:K(X) — K(&) | o automorphism, o(a) = a Va € &* (K(Y))}.

Definition 1.103. A rational map ® : X — ) is called a Galois map if the
extension K (X) : &* (K ())) is a Galois extension, that is if K (X) : &* (K ()))
is separable and |I" (X', )) | is equal to the degree of ®. If ® is a Galois rational
map, Y is called quotient curve of X with respect to the group I' (X, )).
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On the other hand each finite group of automorphism of K (X') is I" (X, ))
for a suitable Galois map ® : X — ).

Theorem 1.104. Let G be a finite group of K-automorphism of K (X). Let
L = {aeK(X) |o(a)=a Vo€ G}. Then the extension K(X) : L is a
Galois extension and I' (K (X),L) = G.

Corollary 1.105. The quotient curves of X are in bijection with the finite
subgroups of automorphisms of K (X).

For a given finite group of automorphism of K (X'), say G, the quotient
curve of X with respect to the Galois covering induced by G will be denoted
by X/G.

Lemma 1.106. Let O be a DVR of K(X), let O' be a DVR of K(Y) such
that O|0" and let 0 € T'(X,Y). Then

(1) 0(O) is a DVR of K(X);
(2) ordy(0)(@) = ordo((0™")(a));
(3) o(0)|0;
(4) es0) = €o-
Lemma 1.107. Let K (X) : & (K ())) be a Galois extension. Then

* (K (V) = {a € K(X) | o(a) =a Vo e T (X,))}.

Theorem 1.108. Let & : X — Y be a Galois map. Let O’ be a DVR of
K (Y) and let Oy and Oy be DVR of K(X) such that O1|O" and O3|O’. Then
there exists o € I' (X,Y) such that Oy = o(Oy).

Corollary 1.109. Let ® : X — Y be a Galois map of degree n and let O
be a DVR of K(X). Then eo coincides with the size of the stabilizer of O in

(X, ).

Let us denote by I' (X,)),, the stabilizer of O in I' (X,)), by Corollary
and Corollary [I.I09] in the case where the characteristic of K does not
divide the order of the stabilizer of any point, the genus of the quotient curve
Y is completely determined by the action of the group I' (X, ))) on the set of
DVR of K (&'). Whereas, in the general case, the different depends on the so
called higher ramification subgroups of |I'(X, )|
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Definition 1.110. Let O|O’ and let t be a local parameter at O. Then, for
each integer ¢ > 0

I'(X,Y)i(0|0') = {o € T(X,Y) | ordo(o(t) — 1) > i+ 1}
is called i-th ramification subgroup of O|0’.

This definition does not depend on the choice of ¢.

Theorem 1.111 (Hilbert’s Different Theorem). Let ¢ : X — Y be a Galois
rational map. Let O|O' and let t (respectively t') be a local parameter at O
(respectively O'). Then

dcb*(

ordp = (I0(X,¥):(0|0")] —1).
i=0

1.2 Automorphism groups of algebraic curves

In this section we collect some useful results about the automorphism
groups of algebraic curves.

From now on we will denote by Aut(X) the automorphism group of X.
With a slight abuse of notation, automorphims of X will be identified with K-
automorphisms of the function field K(X). If G is a finite subgroup of Aut(X),
we will consider the Galois extension K(X') over the fixed field of G. If P is a
simple point of of X', then P will be identified with the DVR consisting of the
rational functions defined at P. When this point of view is adopted, we will
denote the i-th ramification group of X at P by Ggi); according to Definition
[I.T10] for ¢ a local parameter at P we have

G ={aeG|ordp(a(t)—t) >i+1}

Here, Gg())) = Gp. The structure of Gp is well understood; see, for example, |59,
Chapter 1V, Corollary 4] or |32, Theorem 11.49, Theorem 11.60].

Theorem 1.112. The stabilizer Gp of a point P € X in G has the following
properties:

(i) Gg) is the unique Sylow p-subgroup of Gp;

(i) For i > 1, GY is a normal subgroup of Gp and the quotient group
G /G s an elementary abelian p-group;
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(iii) Gp = G%) x U, where U s a cyclic group whose order is prime to p.

A subgroup of Aut(X) is a p’-group (or a prime-to-p group) if its order is
prime to p. A subgroup G of Aut(X) is tame if the stabilizer of any point in G
is a p/-group. Otherwise, G is non-tame (or wild). Whereas every p’-subgroup
of Aut(X) is tame, the converse is not always true.

If a curve has genus 0 it is called rational and its automorphism group is
isomorphic to PGL(2,K). The following result is a consequence of Dickson’s
classification of finite subgroups of PGL(2,K) (see |13]; also [32, Theorem
11.91)).

Proposition 1.113. Any non-trivial tame automorphism of a rational curve
that fizes a point has exactly two fived points.

We will also use additional information on automorphisms of elliptic curves,
i.e. curves of genus 1. Let £ be a non-singular plane cubic curve viewed as a
birational model of an elliptic curve. For an inflection point O of &, the set of
points of £ can be equipped by an operation & to form an abelian group Go
with zero-element O, which is isomorphic to the zero Picard group of £; see for
instance [32, Theorem 6.107]. The translation 7p associated with P € £ is the
permutation on the points of £ with equation 7p : X +— X & P. Since there
exists an automorphism in Aut(£) which acts on £ as 7p does, translations
of £ can be viewed as elements of Aut(£). They form the translation group
T of € which acts faithfully on £ as a sharply transitive permutation group.
For every prime r, the elements of order r in T are called r-torsion points.
They together with the identity form an elementary abelian r-group of rank
k. Here k = 2 for r # p, whereas k equals the p-rank of £ for r = p, that is,
k = 0,1 according as &£ is supersingular or ordinary.

Proposition 1.114. If £ is an elliptic curve, the translation group T is a
normal subgroup of Aut(€), and Aut(E) =T x Aut(E)p for every P € E.

Concerning automorphisms of elliptic curves fixing a point, the following
result holds.

Theorem 1.115 ( [61, Theorem 10.1], [32, Theorem 11.94]). Let £ be an
elliptic curve. If G is a subgroup of Aut(E) and P € &, then

2,4,6 when p # 2,3,
|Gp| =14 2,4,6,12 when p = 3, (1.1)
2,4,6,8,12,24 when p = 2.
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Proposition 1.116. Let £ be an elliptic curve defined over a field of charac-
teristic p > 2, and let a be an automorphism of € of finite order o(«).

(a) If o() = p", then either € is not ordinary, p" = 3, and o does not act

semireqularly on &, or € is ordinary and o acts semiregularly on &.

(b) If (o(),p) = 1 and « does not act semireqularly on £, then o has order

Proof.

in {2,3,4,6}. Specifically:

— If o(a) = 2, then « fizes 4 points and acts semiregqularly on the
other points of £.

— If o(a) = 3, then « fizes 3 points and acts semiregqularly on the
other points of £.

— If o(a) = 4, then « fizes 2 points, and the only other short orbit
has size 2.

— If o(a) = 6, then « fizes 1 point, and the only other short orbits
are two orbits of sizes 2 and 3.

(a) If £ is not ordinary, then () fixes a point and acts semiregularly
on the other points. By [32, Theorem 11.94], we have h = 1 and p = 3.

Assume now that £ is ordinary. Then, by Proposition (a)T)T =
(a)/({a) N'T) is either trivial or a p-group and is isomorphic to a sub-
group of the stabilizer of O. Note that p does not divide the size of the
stabilizer of Oj; this follows directly from [32, Theorem 11.94] for p > 3.
For p = 3, it can be checked that 3 divides the size of the stabilizer of
O only if the curve is not ordinary. Therefore, (o) = (o) N T and «
belongs to 7', acting semiregularly on &.

Let m = o(«). Since «a does not act semiregularly on £, the genus of the
quotient curve £ /() is 0. Applying the Riemann-Hurwitz genus formula
for the group generated by «, with €24, ..., €, denoting the short orbits
under the action of «, we have:

:—Qm—i-z — ) > 2m+§n
Thus, 3 < n <4. If n =3, then:
m =[] + [Qa] 4[],
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Considering the equation é + é + é = 1, where ¢; is the size of the
stabilizer of a point in €; and assuming e; < ey < e3, and using [32]
Theorem 11.94], the possible values for e; are {2,3,4,6}. If e, =3 or 6
for some i, then p > 3. The only possibilities are:

— €1 = 2, e = e3 = 4; hence, 4 | m, and an element of order 2 in (a)
fixes m points. By [32, Lemma 11.107], we get m = 4.

— €1 = e3 = e3 = 3; hence, 3 | m, and an element of order 3 in ()
fixes m points. By [32, Lemma 11.106], this implies m = 3.

— €1 = 2, e5 = 3, e3 = 6; hence, 6 | m, and the elements of orders 2, 3,

and 6 in « fix 2%”, T+ %, and 7 points respectively. By [32, Lemma

11.106], this implies m = 6.
If n =4, then:

The only possibility is |2;] = m/2 for each i, and hence the element of
order 2 in « fixes 2m points. By [32, Lemma 11.107], this implies m = 2.
O

We need the following corollary to Theorem 1.5 from [49]. Although stated
for the algebraic closure of a finite field, this result holds for every algebraically
closed field of positive characteristic p.

Proposition 1.117. Let X be a curve of genus g(X) = q — 1, where q is a
power of p. If Aut(X) contains an elementary abelian subgroup E, of order
q, then, up to birational equivalence over K, one of the following holds:

(a) X has an affine equation

1
Li(y) = -
() =0z +

where a € K* and L,(T) € K[T] is a separable p-linearized polynomial
of degree q. Furthermore, X is ordinary and | Aut(X)| = 4q.

(b) If p # 3, then X has an affine equation
Ly(y) = 2° + ba,

where b € K and Lo(T) € K[T] is a separable p-linearized polynomial of
degree q. Furthermore, the p-rank of X is equal to zero.
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We now prove a basic result on Kummer extensions that will be used
throughout the thesis.

Proposition 1.118. The number of branch points of a Kummer extension is
different from 1.

Proof. Let K(X)/K()) be a Kummer extension of degree N; that is K(&X') =
K (Y) (y) with
yV —a=0 and acK()).

From Kummer theory (see e.g. |64, Proposition 3.7.3 (b)]), the branch points
of this extension are the points P of ) for which GCD(ordp(ar), N) < N, i.e.,
N { ordp(er). Suppose by contradiction that there is a unique branch point
Po. Then,

0 = deg(div(a)) = ordp,(a) + > ordp(c).

P#Py
Thus,
—ordp,(a) = Y ordp(a), (1.2)
P#Py
which is a contradiction because N divides the right-hand side of (1.2)) but
not the left-hand side. m

From now on, X is a non-singular algebraic curve of genus g(X) > 2
defined over an algebraically closed field K of characteristic p # 2 and G is
a subgroup of the full automorphism group Aut(X) of X. It is a classical
result that Aut(X) is finite if the genus g(X) of X is at least two; see, for
example, |32, Chapter 11]

Theorem 1.119. Let G be a finite automorphism group of a curve of genus
g > 2. If char(K) =0 or if p = char(K) > 0 does not divide |G|, then

|G| < 84(¢g —1).

Theorem 1.120. Let G be such that the characteristic of K does not divide
|G|. Then |G| = 84(g — 1) if and only if G acts with 3 short orbits of size
G1/2, |G|/3 and |G|/7.

Theorem 1.121. [32, Theorem 11.60] If G is a subgroup of Aut(X) that
fizes a point and p 1 |G|, then

|G| < 4g(X) + 2.
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Theorem 1.122. (32, Theorem 11.79] If G is an abelian subgroup of Aut(X),
then

4g(X) +4, 1 2,
Gl < 9(X) f p#
49(X)+2, ifp=2.
We conclude this section with two preliminary results about ramification
points in the extension X over X' /G, for G a cyclic group.

Proposition 1.123. Let G be a cyclic group of order N. If N > 2g(X) + 1,
the extension X over X /G ramifies.

Proof. Suppose by contradiction that the extension is unramified. Then, by
the Riemann-Hurwitz formula applied to G we have

29(X) — 2= N(2g0 — 2),

where g is the genus of X/G. If g9 > 1 then 2g(X) — 2 > 2N that is
N < g(X) — 1 against N > 2g(X) + 1; if go = 1 then 2¢g(X) — 2 = 0 that
is g(X) = 1 against g(X) > 2; if go = 0 then 2g(X) — 2 = —2N, again a
contradiction. O

Proposition 1.124. Let G be a cyclic group of order N. Let d be a divisor
of N and H be the subgroup of G of order d. Denote by Y and Z the quotient
curves X /H and X |G, respectively. For a point P € X, letQ € Y and R € Z
be the points lying under P with respect to the coverings X — Y and X — Z.
Then, R is a branch point for the covering Y — Z if and only if |Gp| 1t d.

Proof. Assume that ep = |Gp| | d. Then, H contains a unique subgroup of
order ep, and this subgroup is Gp. Therefore, Gp = Hp must hold, and hence
the covering ) — Z is not ramified over R. On the other hand, if ep 1 d,
H has no subgroups of order ep, thus Gp € H. Therefore, Hp is properly
contained in Gp, and so ) — Z ramifies over R. ]

1.3 Maximal curves
In the study of curves with many F,-rational points the main problem is to

determine the largest number of F -rational points of an irreducible I -rational
curve. A fundamental result in this sense is the next theorem.
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Theorem 1.125 (Hasse-Weil Bound). Let X' be an irreducible non-singular
algebraic curve of genus g defined over F, and let X (F,) be the set of the
F,-rational points of X. Then

q+1—29q<#X(F,) <qg+1+29/4.

Definition 1.126. If
#X(Fq) ZQ+1+29\/6

then X is called IFj-mazimal.

One of the most known examples of F2-maximal curve is the Hermitian
curve. The Hermitian curve H, is a non-singular plane curve of genus g =

1
3 (¢? — q) with exactly ¢>*+1 = ¢*+1+42gq points in PG(2, ¢?). Two equivalent
equations for H, are

Xt —Yyi—Yy =0

and
WX LYYy =0

with w € F, such that w?™! = —1.
Also, the automorphism group of the Hermitian curve is completely known,
indeed

Aut(H,) = PGU(3, q).

Now we collect some useful results about the function field of the Hermitian
curve and its Galois subcovers. For more details, the reader is referred to
[33,135].

Result 1.127. (32, Theorem 12.24(iv), Proposition 11.30] Aut(F(H,)) =
Aut(Fp(H,)) = PGU(3,q). Moreover, Aut(F(H,)) acts on the set of all F -
rational points of H, as PGU(3, q) in its natural doubly transitive permutation
representation of degree ¢ + 1 on the isotropic points of the unitary polarity
of the projective plane PG(2,F ;).

The maximal subgroups of PGU(3, ¢) were determined by Mitchell in 1911,
see Hoffer [33]. Let S, be a Sylow p-subgroup of Aut(F,.(#H,)) = PGU(3,¢).
From Result [I.127] it may be assumed up to conjugacy that the unique fixed
point of S, is the point at infinity Y, of H,. The following result describes
the structure of the stabilizer of Y, in Aut(F2(H,)).
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Result 1.128. Let the Hermitian function field be given by its canonical form
Fe2(z,y) with y? 4+ vy — 297 = 0. Then the stabilizer G of Yoo in Aut(F(H,))
consists of all maps

Vapr: (@,9) = Az + a,a’\x + Ny 4+ b) (1.3)

where
a€Fp, NeFp, b1+b=a" (1.4)

In particular, G = S, x C where S, = {ap1|b? +b = a?™' a,b € Fp2} and
C = {77/10707,\|>\ € ]FZQ}

A direct computation by induction on i shows that for 1 <i <p

Z,b,1 = wia,aq+1(127i)/2+ib,1~ (1.5)
For more about Result [1.128| see [23], Section 4.

Remark 1.129. Changes of the generators x, y of the Hermitian function field
Fe2(2,y),y? +y — 29t = 0 provide another canonical form. For our purpose,
a useful change is 7 : (x,y) — (wz, —wy) where w?! = —1, and the arising
canonical form is ¥ — y + wz? = 0. Then the elements in the stabilizer G

of Yoo in Aut(F(H,)) are of the form:
Capr: (T,y) = Az + a,a’D wx + ATy + D) (1.6)
where is replaced by
a€Fp, NeFL, b —b=—wa™".
A direct computation by induction on i shows that for 1 <i<p
903,1),1 = YPia,adt1w(i2—i)/2+ib,1- (1-7)
For more about Result[1.129 see [25], Section 4.

From Result [1.128] S, is the (unique) Sylow p-subgroup of the stabilizer of
Yoo in Aut(F,.2(H,)).

Result 1.130. S, has the following properties.

(I) The center Z(S,) of S, has order q and it consists of all maps 1o p1 with
b'+b=0,beFp. Also, Z(S,) is an elementary abelian group of order

p.
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(II) The non-trivial elements of S, form two conjugacy classes in the stabi-
lizer of Yoo in Aut(F2(H,)), one comprises all non-trivial elements of
Z(S,), the other does the remaining ¢°> — q elements.

(IIT) The elements of G other than those in Z(S,) have order p, or p* = 4
according as p > 2 orp = 2.

The following result follows from [57, Lemma 1].
Result 1.131. All F2-maximal curves have zero Hasse- Witt invariant.
The following result is commonly attributed to Serre.

Result 1.132. (52, Theorem 10.2] For every subgroup G of Auty ,(X), the
quotient curve X /G is also F2-mazimal.

1.4 Linear Codes

Definition 1.133. A linear code C' of length n is a vector subspace C' C Fy.
For a linear code C the dimension k is k = dimg, (C') and the minimum
distance d is d = min{d(a,b) |a,b € C, a # b} where, if a = (ay,...,a,) and
b= (bh...,bn), d(a,b) = #{z|a, 7é bz}

A linear code C' of length n, dimension k£ and minimum distance d over
[F, is called [n, k, d] -code. The minimum distance d can also be expressed as
d=min{||a|||a € C, a # 0}, where ||a|| = # {i| a; # 0}, that is the weight of
a.

Definition 1.134. A generator matriz of an [n, k, d]q—code C'is a k xn matrix
over [F, whose rows form a basis for C'.

Remark 1.135. If G is a generator matriz of an [n, k,d| -code C, then C =
{x -Glz e ]F’;}

Definition 1.136. Let C be an [n, k, d] -code. The dual code C+ of C is the

code of length n defined as C*+ = {a € Fy | =0Vzx e C’}, where (-, )
denotes the standard inner product.

Remark 1.137. If G is a generator matriz of an [n, k, d]q—code C, then C+ =
{xEFZ]G-xT:O}.
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It can be proved that dimg, (C*) =n — k and that (C+)* = C.

Definition 1.138. A parity-check matriz of an [n, k, d] -code C'is a (n—k) xn
matrix over F, that is a generator matrix of the dual code C*.

Remark 1.139. If H is a parity-check matriz of an [n,k,d] -code C, then
C={zeF;|H- a7 =0}

Proposition 1.140. Let H be a parity-check matriz of an [n, k,d]q—code C.
Then d is the minimum number of linearly dependent columns of H.

The next result shows the relationship between two generator matrices of
the same code.

Proposition 1.141. Let G = (g;;) and G’ = (g;]) be two generator matrices

of two [n,k,d| -codes C" and C'. Then C = C' if and only if there exists
N € GL(k,q) such that G' = NG.

An analogous result holds for the parity-check matrices.

Proposition 1.142. Let H = (h;;) and H' = (h;]> be two parity-check
matrices of two [n,k,d]q—codes C and C'. Then C = C" if and only if there
exists N € GL(n — k,q) such that H = NH.

Even though all the k-dimensional vector subspaces of [ are isomorphic,
the [n, k, d| ;-codes are not all equivalent, since, in general, a linear isomor-
phism does not preserve the weight of a vector. The isomorphisms that are
regarded as equivalences of [n, k, d] -codes are the restrictions of those auto-
morphisms of Fy represented by monomial matrices, which are the invertible
matrices containing exactly one nonzero entry in each row and in each column
or, equivalently, the matrices obtained as the product of a permutation matrix
and a diagonal matrix.

Note that, if M is a monomial matrix, then z € Fy and x - M have the
same weight and, if B is a matrix with n columns over F}, then the columns
of BM are proportional to those of B, possibly permuted.

Let A be the group of automorphisms of [y represented by monomial
matrices.

Definition 1.143. Two [n, k, d| ;codes C and (" are called equivalent if there
exists A € A such that C' = A(C).
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Lemma 1.144. Two [n,k,d] -codes C and C' are equivalent if and only if
their duals are equivalent.

Proposition 1.145. Let G and G’ be two generator matrices of two [n, k, d]q—
codes C' and C'. Then C and C" are equivalent if and only if there exist
an n X n monomial matrix M and an k X k invertible matriz N such that
G'=NGM.

Proposition 1.146. Let H and H' be two parity-check matrices of two [n, k, d]q—
codes C and C'. Then C and C" are equivalent if and only if there exist an
n X n - monomial matriz M and an (n — k) X (n — k) invertible matriz N such

that H = NHM.

Definition 1.147. Let C be a [n, k, d| -code. The automorphism group of C,
denoted by Aut(C), is the group of the elements A € A such that A(C) = C.

For fixed n and k, the best linear codes are those with the largest possible
minimum distance d. The next proposition provides an upper bound for d,
known as Singleton bound.

Proposition 1.148. Let C be an [n, k,d] -code. Then
d<n-—k+1.

Definition 1.149. An [n,k,d] -code which attains the Singleton bound is
called optimal or MDS (Mazimum Distance Separable).

Proposition 1.150. An [n,k,d] -code is MDS if and only if every set of k
columns of a generator matriz forms a set of linearly independent vectors of
-,

q

Proposition 1.151. The dual code of an |n, k,d]q—code that is MDS, is still
MDS.

Definition 1.152. Let C be an [n, k, d]q—code7 the integer Ac =n—k+1—d
is called Singleton defect. The codes with Ag = 1 are called Almost MDS
(AMDS).

For fixed n and k, the best codes are those with the lowest Singleton defect;
on the other hand, for a fixed Singleton defect, the codes generally considered
best are those with larger n.

We now define two particular classes of codes: cyclic codes and quasi-cyclic
codes.
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Definition 1.153. Let C be a linear code of length n over F,. Let

c=(c1,09,...,0)
denote a codeword in C. If
d = (cn,c1,02, ..., Cn 1)
also belongs to C, then C' is called a cyclic code over F, of length n.

Definition 1.154. Let C be a linear code of length Ing over F,. Let

C = (0171, C1,2,.---,C11,C21,C22,...,C20,...,Cng1,Cng,2--- 7Cn0,l)

denote a codeword in C. If

/
c = (Cl,la Ci1y---5,C11-1,C21,C215---,C20—-15-++,Cng,l,Cnp,1 -+ 7Cno,l—1)

belongs to C' then C' is called a quasi-cyclic (QC) code over F, of length iny,
index ng and co-index (.

1.4.1 Algebraic-Geometric Codes

Let X be an algebraic curve defined over F,, let Div(&X’) be the group of
divisors of X and, for G € Div(X), let deg(G) denote the degree of G, let
L(G) denote the Riemann-Roch space of G and ¢(G) = dim(L(G)).

Let Py,..., P, be n different F, -rational points of X and let D = P, +
-++4+ P, and G = Y npP € Div(X) such that np, = 0 for each i € {1,...,n}.

Let

€=¢€p,.. P, ﬁ(G) — FZ

note that ep, . p, is Fy-linear.

.....

Definition 1.155. The Goppa code associated with D and G is Cpo =
e(L(Q)).

Lemma 1.156. Let k = dim(Cp ) and let d be the minimum distance of
Cpg. Then

(1) k=UG)— UG — D);
(2) d>n—deg(G).
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Proposition 1.157. Let Cp g be an [n,k,d| -Goppa code and let g be the
genus of X. Then

(1) If n > deg(G), then k = ¢(G). In particular k > deg(G) + 1 — g.
Furthermore, a generator matriz of Cp g s

filP) o fi(B)
M= : , :

fe(Pr) oo fi(P)
where f1,..., fi form a basis of L(G) over Fy;
(2) If n > deg(G) > 2g — 2, then k = deg(G) +1 —g.

Note that the Singleton bound (Proposition [1.148)) together with Proposi-
tion |1.157) (1) imply, for a Goppa code Cp ¢ with n > deg(G), that

n+l—g<d+k<n+1

in particular, if the genus of X is 0, then Cp ¢ is MDS.

Actually the definition of Cp ¢ can be slightly generalized in order to omit
the condition vp, (G) = 0. Let P,..., P, be n distinct F,-rational points of
X and let G € Div,(X). Let

e"=¢ep, . p  LG) =T,
fe (8 (P, f(P),

where ¢; is a local parameter at P; and b; = —vp,(G). Set D = Pi+---+P,. Let
Che =€ (L(G)). Clearly if vp,(G) =0 foralli =1,...,n then Cpg = Cp 4.
The equations n = deg(D), k = ¢(G) — {(G — D) and d > n — deg(G) hold
for C}, o as well, see [66]. The definition of C}, ; depends on the choice of
the local parameters tq, ..., t,. Nevertheless, codes corresponding to different
local parameters are equivalent (one is obtained from the other via a mono-
mial transformation), and therefore their monomial automorphism groups are
isomorphic. The investigation of the automorphism groups of Goppa codes
was initiated by Stichtenoth [65]. Given a code Cp g, let Autp, p.c(X) be the
following automorphism group of the underlying curve X’:

Auts, po(X) = {0 € Autg,(X) : 0(D) =D, o(G) ~p G},
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where 0(G) ~p G if and only if there exists an element 0 # u € F (X)
such that G' — G = div(u) and u(P;) = 1 for ¢« = 1,...,n. Among other
results, Stichtenoth proved that any o € Autp, p,(X) induces a permutation
automorphism of Cp ¢; furthermore, if n > 2g + 2 then Autpqu,G(X) can
be identified with a subgroup of PAut(Cp ). The problem of establishing
whether the whole permutation automorphism group of a Goppa code coin-
cides with Autg, p ¢ has been investigated by several authors, especially for
the case of one-point Goppa codes, see [19,139,/67,68].
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Chapter 2

Algebraic curves with large
automorphism groups

The aim of this chapter is to investigate algebraic curves, defined over
algebraically closed field of arbitrary characteristic, through the properties of
their automorphism group.

In the case where the base field is the complex field, it is well known that
the concept of an algebraic curve corresponds to that of a compact and con-
nected Riemann surface. Generally speaking, numerous authors have studied
curves over the complex field (or, equivalently, Riemann surfaces) that admit
automorphism groups of specific type and of relatively large order compared
to their genus. These investigations often involve classifying such surfaces
and analyzing the structural conditions under which they can possess "large"
symmetry groups. This typically requires tools from group theory, complex
geometry, and topology. However, in the case of positive characteristic, the
available methods are more limited. When similar results are obtained in this
setting, the approach must rely entirely on algebraic techniques.

The goal of this chapter is to extend results that are somehow classical
for the theory of Riemann surfaces to the case of positive characteristic, the
difficulty is that topological methods cannot be used and a purely algebraic
approach is needed. Our notation and terminology are standard; see [32|
Chapter 11] for details. Let X denote a projective, geometrically irreducible,
nonsingular algebraic curve defined over an algebraically closed field K of
characteristic p of genus g > 2. Let G be a finite subgroup of Aut(X), let X
be a non-singular model of K(X)Y, that is, the quotient curve of X by G and
it will be also denoted by X' /G. The field extension K(X)|K(X)¢ is Galois of
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degree |G|. Let ® denote the associated rational map X — X.

We recall that a point P € X is called a ramification point of G if the
stabilizer Gp of P in G is non-trivial; the ramification index ep at P is given
by |Gp|. A point Q € X is a branch point of G if there is a ramification point
P € X such that ®(P) = Q.

The G-orbit of P € X is the subset of X

o={R|R=g(P), g€G},

and it is called long if |o|] = |G|; otherwise, o is short. For a point Q, the
G-orbit o lying over @ consists of all points P € X such that ®(P) = Q. If
P € o then |o| = |G|/|Gp| and hence Q is a branch point if and only if o is
a short G-orbit. Note that it is possible for G to have no short orbits, which
occurs if and only if every non-trivial element of G is fixed-point-free on X,
meaning the cover ® is unramified. On the other hand, X has a finite number
of short G-orbits.

If Qq, ..., Q denote the short orbits under the action of G and n; (suppose,
without loss of generality, ny < --- < mny ) denotes the size of the stabilizer in
G of an arbitrary point of 2;, then

(N1, ..., ng)
is called signature of the action of G on X.

Definition 2.1. Let G be a finite group of automorphisms of a curve X of
genus g > 2 defined over a field of characteristic p. Then G is called tame if
no element of order p fixes a point of X.

As mentioned in the introduction, when the characteristic p divides |Aut(X)],
the classical Hurwitz bound does not generally hold. Algebraic curves defined
over fields of positive characteristic can have many more automorphisms than
predicted by the Hurwitz bound, stronger bounds for subgroups G of Aut(X)
under certain conditions have been established. For instance,

« for solvable groups G and odd p, |G| < 34(g(X) + 1)*/%; see [42];

o for solvable groups G, even g(X), and p = 2, |G| < 35(g(X) + 1)%/2;
see [48];

o for abelian groups, |G| < 4g(X) + 4; see Theorem [1.122
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o for subgroups of prime power order d with d = p, |G| < 4(g(X) — 1);
see [H2;

o for subgroups of prime power order d, p odd, and d # p, |G| < 9(g(X) —
1); see [41];

. for groups G fixing a point, |G| < 4”;’ “?2 (29(X) + 1) see [62, Theorem
2.1]. See also [26,44] for other bounds on automorphism groups fixing a

point.

2.1 Automorphism groups of order greater than
Ag—1)

In [43] R. Kulkarni investigates Riemann surfaces which admit automor-
phism groups of large order with respect to their genus, in particular the
author studies the cases where the order of the group is near the Hurwitz
bound 84(¢g — 1). The paper provides a classification and a detailed analysis
of the structural conditions for which these surfaces can have 'large" sym-
metry groups, by using tools from both group theory and complex geometry.
In particular, Kulkarni analyzes compact Riemann surfaces of genus g > 2
admitting automorphism groups G of order

|G| > 4(g —1).

The proof can be easily extended to the case of curves defined over a field of
any characteristic p, under the assumption that the group is tame.

Theorem 2.2. Let G be a finite tame automorphism group of a curve X of
genus g > 2. If |G| > 4(g — 1) then G acts with 3 or 4 short orbits and the
quotient curve X /G is rational. Furthermore, one of the following possibilities
for the signature of the action of G on X holds:

e (2,2,2,n),n>3

e (2,2,3,n),3<n<5

e (2,m,n),n>m2>5
(

2,3,n),n>7
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e (2,4,n),n>5

e (3,3,n),n>4

e (3,4,n),n>4

e (3,5,n),n>5

e (3,6,n),n>6

e (3,7,n),41<n>7

e (3,8,n),23<n>8

e (3,9,n),17<n>9

e (3,10,n), 14 <n >10
e (3,11,n), 13<n > 11
e (4,4,n),n>4

e (4,5,n),19>n>5

e (4,6,n),11>n>6

e (4,7,n),9>n>T7

e (5,5,n),9>n

v

5

e (5,6,n),7>n

v

6.

Proof. Let r denote the number of short orbits under the action of G and let
e1 < ey < --- < e, be the sizes of the stabilizers of the points in such orbits.

Let ¢' be the genus of X'/G, form Corollary and Corollary |1.109| we
know that

29 —2=|G|(29' —2)+ >_(|Gol - 1)
oeP

where Go denotes the stabilizer of O in G. We can also write

29-2=1G|(2¢' —=2)+ > (Z(!Gd—l))-

FE orbitunder G \OeFE
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Hence

29-2=1G|(2¢' —=2)+ > (Z(!G\/\E\—1)>ZIG\(QQ/—ZH

Eorbitunder G \O€FE

> (GI-ED,

FE orbit under G

and so

2g—2=|G|<2g’—2+ > (—lg;))

E orbit under G

Let Ei, ..., E, be the orbits of DVR under the action of G of size smaller

than |G|. Let
& ( IG\>

29 —2=|G] (29’—2—1—2(&).

i=1

Thus

(If there are no short orbits assume Y./_, d; = 0).
1
Since |E;| properly divides |G|, we have that d; > —.

\)

1. If ¢ > 2 then |G| < g — 1, against |G| > 4(g — 1).
2. If ¢ =1 then 29 — 2 = |G| Zr: d;. Since g > 2 necessarily Xr: d; > 0 and
=1 i=1
r 1
so > d; > 3" Thus |G| < 4(g — 1) against |G| > 4(g — 1).
=1

3. If ¢ =0, then
29 — 2 = |G| (—2+Zd,~>. (2.1)
=1

,
Hence we must have ) d; > 2, and so, since d; < 1, necessarily r > 2.
i=1

If » > 5 then Zr: d; > 5/2 and so |G| < 4(g — 1), a contradiction. Then
i=1
r < 9.

Therefore we can conclude that X'/G is rational and that r € {3,4}.
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Thus, from |G| > 4g — 4 implies
4 )
2< > di < -,
i=1 2

Let us focus on the case r = 4.

Necessarily €4 > 2 and e; = 2; furthermore (2,2,2,n) is admissible for
each n > 3, while (2,2, 3,n) is admissible just for 3 <n < 5.

Let us now consider the case r = 3.

We have e; <5.

If e; = 2 then e5 > 2 and (2, m,n) with m > 5 and n > m is admissible,
while (2,3, n) is admissible just for n > 7 and (2,4, n) just for n > 5.

If e; = 3 then 3 < ey < 11, furthermore (3,3, n) and (3,4, n) are admissible
for n > 4, (3,5,m) for m > 5, (3,6,m) for m > 6, (3,7,m) for 7 < m < 41,
(3,8,m) for 8 <m < 23, (3,9,m) for 9 <m < 17, (3,10, m) for 10 < m < 14
and (3,11, m) for 11 <m < 13.

If e; = 4 then the admissible combinations are (4,4, m) for 4 < m, (4,5, m)
for 5 <m <19, (4,6,m) for 6 <m < 11 and (4,7, m) for 7 <m < 9.

If e; = 5 then the admissible combinations are (5,5, m) for 5 < m < 9 and
(5,6,m) for 6 <m < 7.

]

Note that the bound of Theorem [2.2]is sharp, in the sense that there exists
an infinite number of examples of groups of order 4g — 4 which act on curves
of genus g with 5 short orbits (see Example .

Let us now consider a classical result, valid in the complex case (cited, for
example, in |43]), whose extension to the case of positive characteristic will
be given in one of the next sections for the case where G is abelian.

Theorem 2.3. Let G be a finite automorphism group of a curve X of genus
g > 2 defined over C. Suppose that the quotient curve X /G is rational and
let Qq,...,Qy denote the short orbits under the action of G. Let G; be the
stabilizer in G of an arbitrary point of €); and let g; be a generator of the
cyclic group G;. Then G is generated by k — 1 elements arbitrarily chosen in

In the case of arbitrary characteristic we recall the next result (proved, for
example, in [60, Proposition 4.4.6]).
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Theorem 2.4. Let G be a finite tame automorphism group of an algebraic
curve X of genus g > 2 defined over an algebraically closed field of character-
istic p > 0. Suppose that the quotient curve X /G is rational. Let €y, ...,
denote the short orbits under the action of G. For a fixed integer iy between
1 and k, G is the group generated by the stabilizers of the points of €); with

L # 1.
Proof. For a fixed integer iy between 1 and k consider the subgroup H of G
generated by all the subgroups Gp (that is the stabilizer of P in G) with

rPe |
i=1,...,k
i
Note that H is normal in G: in fact, given ¢ € Gp with P € €);, every
conjugate of g belongs to the stabilizer of another point of §2;.

Suppose, by contradiction, that H is a proper subgroup of G and consider
the quotient curve X' /H. The factor group G/H acts on X'/H. The action of
G/H on the orbits under the action of H that are contained in ; for i # iq
is free: let I be an orbit under the action of H that is fixed by an element
g € G\ H; then, for the Stabilizer Index Theorem, the stabilizer in G' of a
point of I" strictly contains the stabilizer in H of the same point and this can
happen only for the points of €2;,.

Thus G/H acts on X'/H with at most one short orbit.

By recalling that X' /G is rational, the Riemann-Hurwitz formula for G/H
is

G| |G [€
20(X/H)—2=—-21—4+——m=———m
|H|  |H] |H|
A = . el
where m is a divisor of . This contradicts > 1. O
|H| |H|

By combining Theorem [2.2] and Theorem [2.3] we have that in the complex
case every automorphism group of size greater than 4(g — 1) is generated by
3 elements.

2.2 Cyclic groups
The aim of this section is to characterize projective, geometrically irre-

ducible, non singular algebraic curves defined over an algebraically closed field
of positive and odd characteristic p, admitting a cyclic automorphism group G
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of order N > 2¢g+1, the results presented in this section are the subject of the
paper [17]. In the complex case, if G is a cyclic group, then |G| < 4¢g(X) + 2.
A complete characterization of algebraic curves over C with an automorphism
of order at least 2g(X) + 1 was given by Irokawa and Sasaki [36]. They proved
that if X is a curve of genus at least 2 and its automorphism group contains
a cyclic subgroup G of order N > 2¢g(X’) + 1, then X is either isomorphic to
the curve
y" =" (1 - ),

for some r,s > 1, with r + s < N — 1 and GCD(r, s, N) = 1, or to the curve
= (@O 1)@ O ),

where A € K\ {0,1}. In the first case, X is a quotient of the Fermat curve of
degree N, whereas in the second case, it is a hyperelliptic curve.

As a matter of terminology, we say that X is an N-curve if it admits an
automorphism group of size N. In arbitrary characteristic, so far only the
prime order case has been thoroughly investigated: Homma [34] proved that
if N = ¢ is a prime, then either ¢ < g(X) + 1 or ¢ = 2g(X) + 1 and provided
a classification for the latter case; more recently, Arakelian and Speziali [3]
classified (g(&X') + 1)-curves, and fully characterized the automorphism groups
of g-curves for ¢ = 2g(X) + 1 and for ¢ = g(X) + 1.

In this section, we tackle the problem of classifying N-curves with N >
2¢g(X)+1 in positive characteristic. The challenge in this context, compared to
the complex case, arises from the potential for wild ramification, particularly
due to the presence of p-elements in G that fix a point on X. We achieve
success for p # 2, and our main result is as follows.

Theorem 2.5. Let p > 3, and let X be a curve of genus g(X) > 2 with a
cyclic automorphism group G of order N > 2g(X)+ 1. Then, up to birational
equivalence, one of the following holds:

(I) pt N, and either
Xy =2"(1 - 2),

for some natural numbers r and s such that r+s < N—1 and GCD(r, s, N) =
1, or X is a hyperelliptic curve

Xy = (mg—l)(x%—/\),
where A € K\ {0,1} and N =2 (mod 4);

44



Algebraic curves with large automorphism groups

(II) N = pm with m > 1, (p,m) = 1, and p # 3; also, either g(X) =
(p-)(m=1) 0
2
Xy —y=a(z™—0b)
for some a,b € K, or g(X)=p—1 and

1
X by +cy=axr+ —
x
for some a,b,c € K.

(IlIlI) N = p, and
2

Xy —y=2".

Due to the possible occurrence of wild ramification, we will divide the

proof into two subsections: Subection [2.2.1| and Subection [2.2.2] according to
whether |G| is divisible by p or not.

2.2.1 Proof of Theorem when p divides N

In this subsection X is a non-singular algebraic curve of genus g(X) > 2
defined over an algebraically closed field K of characteristic p # 2. Also, o is
an automorphism of X of order N and G = (o) is the subgroup of Aut(X)
generated by o.

We assume that N > 2¢(X) 4+ 1 and that p divides N. Our goal in this
Subsection is to prove that either (II) or (III) of Theorem [2.5| holds. To this
end, we distinguish the cases N = p" and N = p"m with (p,m) =1, m > 1.

The case N = p"

First, we show that that A < 2 holds under the weaker condition N >
2g(X) — 1.
Proposition 2.6. If N = p" with p > 3 and N > 2g(X) — 1, then h < 2.
Proof. If p > 3 then the p-rank v(X) of X is equal to zero by [32, Theorem
11.84]. Actually, we may assume y(X) = 0 also for p = 3. In fact, by [25,
Proposition 3.3], if v(X) > 0 and 3" > 2¢g(X) — 2 then h = 1.

Therefore, by [32, Lemma 11.129] and [32, Remark 11.128] G fixes one

point Py € X and acts semiregularly on the other points of the curve. By the
Riemann-Hurwitz formula applied to G,

29(X) — 2 =p"(2g0 — 2) + i(ngl — 1),

1=0
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where gg is the genus of X/G. Since G = G O G (L) is cyclic, by (iii)
of [32, Theorem 11.74] we have that the factor group G / G’(Hl is either
trivial or a cyclic group of order p. Also, by (v) of 32, Lemma 11.75] the

integers k for which Ggfo) / GE;ZH) is non-trivial are all congruent modulo p.
Assume that h > 3. Then

S (GR - 1)
1=0

is at least

20" =) +p(p" ' = 1) +p@" P =1+ ... +p(p—1)

that is
ot — 24" " P = (h—1)p.

As pt > 2g(X) — 1
29(X)=2 > p4p" 4. A = (h—1)p—2 > 29(X)—14+p" 1. 4p*—(h—1)p—2

which implies
P P —(h—1)p—1<0,

a contradiction.

]

Now, the case N = p? is considered. We are going to show that it is not
possible that p? > 2¢(X) + 1. Our first step is to rule out all possibilities but

p* =29(X) +p.

Proposition 2.7. If N = p? with p > 3 and N > 29(X) + 1, then p* =
2g(X)+p. Also, there is a unique short orbit Q = {Py} of X under the action
of G, and

0 1 2 1 )
Moreover, the quotient curve X/Ggo) is rational.

Proof. By the proof of Proposition [2.6] G fixes one point Py € X and acts
semiregularly on the other points of the curve. Also, there exist two positive
integers v > 2 and w such that |G§§0_1)| = p? and

|G | ’G(’U+1’ ‘Gprrv 1|7£‘Gwp+v)|_1'
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Let T = Gg;;). Clearly TI(D? = T for each i < wp + v — 1. Write the
Riemann-Hurwitz genus formula for 7"

2g(X) —2=p(29(X/T) = 2) + (wp +v)(p — 1).

Then
p*—3>29(X) =2 =p(2g(X/T) —2) + (wp+v)(p — 1)

implies g(X/T") = 0, and hence
P =322g9(X) —2==2p+ (wp+v)(p— 1),
which can be read
p*=1>2(=p+1)+ (wp+ov)(p—1),

and hence
p+1>wp+v—2.

Then w = 1 and either v = 2 or v = 3. Actually, the latter case cannot
occur. Indeed, the Riemann-Hurwitz formula for G gives

P’ =32>29(X) —2=-2p" +3(p° — 1) +p(p — 1)
and hence p(p — 1) < 0, a contradiction. ]
Theorem 2.8. If N = p" > 2g(X)+ 1, then h =1 and X : y*> = 2P — x.

Proof. By Proposition 2.6 h < 2 holds. Assume by contradiction that h = 2.
By Proposition [2.7] the subgroup of G of order p fixes a point Fy, coincides
with GEDQO), and acts semiregularly on the other points of X'. Also, the quotient

curve X/ Ggo) is rational.
By [32, Theorem 12.5], an equation for X is

with B a polynomial of degree d coprime to p. By [32, Lemma 12.1(b)] the
genus of X is (p — 1)(d — 1)/2. Then, by Proposition d =p—+1 holds.
This means that X is a non-singular plane curve and therefore the group
G consists of linear transformations fixing the points of X’; see [32, Theorem
11.29]. Clearly G must fix the point at infinity of the Y-axis and the tangent
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line of X at that point, namely the ideal line. It was noticed in [1] that for a
p-element in the projective linear group PGL(3,K) represented by a matrix

1 00
Awpe=10 1 0},
c a 1
with a, b, c € K, the equation
AP = Apa,pb,p%ab-i—pc = 13 )

holds for p > 2. Then, there cannot exist an element of G of order p?. Thus
h =1 and by [34] an equation of X is y* = 2F — . O

Remark 2.9. In [47] it is shown that 2g(X)p/(p — 1) is an upper bound for
the size of an abelian p-group of automorphisms of a curve X. By the result
of the present section, the bound can be improved in the cyclic case whenever

g(X) > B

The case N = p"m with m > 1 and (p,m) = 1

Let M be the subgroup of G of order m and let S be the subgroup of G
of order p". Also, let H be the factor group G/M. Then H is a cyclic group
of order p" acting on the quotient curve X /M.

Proposition 2.10. Assume that N = phm > 29(X) + 1 with p > 3, m > 1,
and (p,m) = 1. If X/M is elliptic, then p = 3, h = 1, the p-rank of X /M is
zero, and H does not act semireqularly on X /M.

Proof. By Proposition it is enough to show that X' /M is not ordinary.
Assume by contradiction that the p-rank of X'/M is equal to 1. Then by
Proposition [I.116], H acts semiregularly on X /M. Therefore, also X/G is
elliptic and the Riemann-Hurwitz genus formula applied to G gives

29(X) — 2= 3 (N — ),

i=1

where 7 is the number of short orbits under G and ¢; denote their sizes. As
N —{; > N/2 we have that if r > 2 then

2g(X)—2> N,

48



Algebraic curves with large automorphism groups

a contradiction. Therefore, » = 1 holds. Moreover, no p-element of G fixes a
point in X and therefore ¢; = p"m/ with m’ < m a divisor of m.

Note that X/S is a cyclic extension of X' /G of order m, and hence it is a
Kummer extension with Galois group G/S. However, there is only one short
orbit of X'/S under the action of G/S. This is impossible by Proposition
LII8 O

Proposition 2.11. Assume that N = p"m withp > 3, m > 1, and (p,m) = 1.
If N >2¢g(X)+ 1, then h < 2.

Proof. Recall that H is a cyclic group of order p” acting on the quotient curve
X /M. Let g be the genus of X'/M. Three cases are distinguished.

e § = 0. By the classification of subgroups of PGL(2,K) it follows that
h =1 holds in this case.
e g = 1. By Proposition [2.10| we have h = 1.

e § > 2. By the Riemann-Hurwitz genus formula applied to M we have

that is

29(X)—2 29(X)+1-3 3

and hence

which implies
|H| > 2§ - 1;

finally, Proposition [2.6] applies.
L]

Proposition 2.12. Assume that N = p"m > 29(X) + 1 with p > 3, m > 1,
and (p,m) = 1. Let S be the subgroup of G of order p*. Then h =1 and one
of the following holds:

(i) v(X/M) =0 and g(X/S) < 1; also, the only non-tame orbit Q0 under
the action of G has size |Q| < 3 for g(X/S) = 1 and |Q < 2 for
g(X/S)=0. If g(X/S) =1, then m € {2,3,4,6}.
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(ii) (X /M) = g(X/M) =2 and p = 3; the group G/M of order 3 fizes two
points on X /M and acts semireqularly on the other points. Also, up to
birational equivalence X /M has affine equation

by® 4+ cy = ax + 1/,
where a,b,c € K*, H consists of the maps
Y=Y+, T x,
where v Tuns over the roots of bY?® + ¢V, and |Aut(X /M)| = 12.

Proof. By the proof of Proposition , the quotient curve X' = X /M of
genus § admits a cyclic automorphism group H of size p" with p* > 2§ — 1.

Assume that the p-rank of X’ is greater than zero. From p" > 2§ — 1 it
follows by [52, Theorem 1] that either g =1 or § > 2 and p = 3. The former
case is ruled out by Proposition In the latter case, it has already been
noticed in the proof of Proposition that p" = 3 holds and therefore § = 2.
Then, (ii) holds by Proposition [I.117]

Assume now that the p-rank of X’ is zero. Then H fixes one point P of
X’ and acts semiregularly on the other points. Let Q be the orbit of X under
the action of M corresponding to the point P of X’. Clearly € is the only
non-tame orbit under the action of G.

Moreover, §2 is both an M-orbit and a G-orbit, as s(P) = P for each s € S.
This means that for each point P € {2 we have

p'm m
ol = 2=
P

h
Gp| [ Mp
which implies that p" | |Gp| and p" = |Gg>1)|, that is, Gp = H x Mp. Let
m’ = % = |Mp|

We apply the Riemann-Hurwitz genus formula to H and we denote by g
the genus of X'/S.

First, we show that the case h = 2 cannot actually occur. Assume that
S| = |H| = p?. Since Gp is abelian and Gp/G%) has order m/, by [32, Lemma
11.75 (iv)] we have that there exist positive integers v and w such that

S=GY =69 =...=a¢\",

and
gvm’Jrl € v+w)m’
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and |GiUTeIm D) —

Taking into account [32, Lemma 11.75 (v)], we have
vm’ = (v+w)m’  (mod p)

and since (m’,p) = 1 we have that p divides w. Therefore, w > p yields

29(X) —2 > p*(29 — 2) + |Q/(mp* —m' + p* — 1+ p*m — pm')
and hence

p'm =3 > =2p”+2mp® —m(p+ 1)+ Q|(p° - 1)

whence

20" =3>m(p* —p-1D+Q(p*-1)>2p* —p—1)+p* -1

and
P’ —2p<0

a contradiction.
Therefore, h = 1 can be assumed. By the Riemann-Hurwitz genus formula
applied to S, taking into account (iv) of [32, Lemma 11.75] we have

mp —3 2 29(X) =2 > p(25 — 2) + |Q((m" + 1)(p — 1))

and hence
m > p(2g —2) +3+[Q(p—1).

Note that this is a contradiction with the bound on the size of an abelian
subgroup of the automorphism group of X'/S (see [32, Theorem 11.79]), unless
g<lorp=3,g=2 and |2 = 1. However, by [32, Theorem 11.60], the
latter case cannot actually occur taking into account that M fixes a point.

Therefore, either g =0 or g = 1.

Observe that m > || holds with the only exception m = |Q| = 2 for
g=0.

To investigate |€2| we first assume that g = 0. Then G/S is a cyclic group
of order m coprime with p acting on the projective line on an algebraically
closed field of characteristic p. Therefore, if a non-trivial element of G/ S fixes
a point, then it has precisely two fixed points on X'/S and acts semiregularly
on the other points. It has already been noticed that either m > |Q] or
m = |Q| = 2. Assume that m > |Q2|. As each point in 2 is fixed by S, there
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exist || points on the projective line fixed by some elements in G/S; therefore
Q| < 2.

If g = 1, then m > |Q] and hence G/S admits a non-trivial (cyclic)
subgroup of size m’ = m/|Q| > 1 fixing each point of X'/S corresponding to a
point in Q. Then G/S does not act semiregularly on X'/S and by Proposition
we have m € {2,3,4,6}. As m = m/|| one of the following holds:

(el) m=m'=2,|Q|=1;

(€2) m=m'=3, Q| =1;

(e3) m=m'=4,[Q| =1,

(ed) m=4,m' =2, |Q| = 2;
(e5) m=m'=6, |Q =1;

(e6) m =6,m' =2, |Q] = 3;
(e7)

]

Proposition 2.13. Assume that N = pm > 2g(X) + 1 with p > 3, m > 1,
and (p,m) = 1. Let S be the subgroup of G of order p and M the subgroup of
G of order m. If X /M is not rational then p = 3 and g(X /M) € {1,2}.

Proof. Let § denote g(X /M) and let H = G/M. By Proposition [2.12] either
X /M has p-rank equal to zero, or p = 3, § = 2, and we are in case (ii) of
Proposition Assume that the former case holds, and as in the proof of
Proposition let €2 be the only non-tame orbit under the action of G. First,
we prove that the extension X' over X'/M ramifies. Assume by contradiction
that the extension is unramified; then, in particular, m = || holds. From the
proof of Proposition , we have that m = 2 and X'/S is rational. Also,

2p—3>29(X)—2=4j—4.

Then p > 25— % As g(X') > 2 we have that § > 2 as well. By [34], p =27 +1
and hence 2¢(X) —2 = 2(p—3). This yields g(X') +2 = p which is impossible
by [34].

Since the extension is a Kummer extension, by Proposition [1.118§]it is not
possible that €2 is the only short orbit of X under the action of M. Therefore,
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there exists a short orbit {2’ # 2 under the action of M. If § > 2 or § = 2 and
p > 3 then ' is not fixed by S (see the proof of Proposition . A proper
subgroup M’ of M fixes each point in €. On the other hand, S acts on the
set of fixed points by M’ semiregularly, since S(§2') # €Y. Therefore, M has
at least p short orbits of size €Y, other than (.

Hence,

pm =3 = 29(X) =2 2 m(2§ — 2) +m — [Qf + p(m — [2]).

Therefore,
m+ 3 —|Q]

m
> —(29—2
N 7h e 1]

Note that mﬁ?ﬂml is strictly greater than 1 as, for m > |{2| we have

m+3—10 _m+3-%
I

2

m+3—[Q| __
o] = 3.

whereas m = |Q| yields m = 2 and hence
Then,

pz&(Qg—2)+2z4g—2>2g+1.

By [34], § < 1 holds and by Proposition we have that § = 1 implies
p=3. O

Proposition 2.14. Let p > 3. Let G be a cyclic group of automorphisms
acting on a curve X of genus g(X) > 2 of order N greater than or equal to
29(X) + 1. If |G| = p"m with h > 1, m > 1, and (p,m) = 1 then |G| = pm.
Also, for S the subgroup of G of order p and M the subrgoup of G of order
m, one of the following holds:

(Ia) g(X/M) = g(X/S) =0, g(X) =1(p—1)(m —1), and S fizes exactly
one point;

(Ib) g(X/M) =g(X/S) =0, m=2,g(X)=p—1, and S fizes exactly two
points.

Proof. Recall that G/S is cyclic group of order m = N/p acting on X/S.
Also, points of X' /S are either fully ramified or unramified with respect to the
covering X — X/S.
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We first prove that the p-rank v(X /M) of X /M is equal to 0. Assume
on the contrary that v(X /M) > 0. Then, by Proposition [2.12] we are in the
following setting: p = 3 and X' /M is an ordinary curve of genus 2; the group
G /M of order 3 fixes two points on X' /M and acts semiregularly on the other
points.

We are going to show that actually such situation cannot occur. As
g(X/M) = 2 and 3m > 2¢(X) + 1, the Riemann-Hurwitz formula applied
to M gives

3m—3>2g(X)—2=2m+ > (m— [ 22m+n%,
i=1

where q,...,Q, are the short orbits of M on X. Therefore, n < 1 holds.
However, by Proposition we have n = 0, and hence g(X) = m + 1.
Now, let Py, P, be the two points on X' /M fixed by G/M. Then, S fixes each
point from the two (long) M-orbits, say Q; and €, lying over P, and P,. This
means that S fixes at least 2m points of X. However, by [32, Lemma 11.106]
the maximum number of fixed points of S is

29(X)

2 —
s

m+ 3,

which yields m = 2. However, for m = 2, p = 3, and g(X) = 3, we have that
pm > 2g(X) + 1 does not hold.

So, from now on we assume that the p-rank of X'/M is zero. Then, by
Propositions 2.10], 2.12] and 2.13] we have the following information:

e g(X/M) < 1. Moreover, g(X/M) =1 implies p = 3;
« g(X/5) <L
« there exists a unique non-tame orbit {2 under the action of G on X.

Clearly, fully ramified points of X'/S correspond to the points of 2, and with
a slight abuse of notation they will be identified with the points of €. If a
point P € X'/S not in Q is fixed by an element & in /S, then the element of
M of the same order, say «, fixes all the p points over P with respect to the
covering X — X' /S. On the other hand, if P € Q then « fixes the only point
over P. Now, let v be the number of points fixed by M in X. We distinguish
two cases according to whether g(X/S) =0 or g(X/S) = 1.
CASE 1: g(X/S) =0.
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In this case, either G/S doesn’t fix any point of X'/.S, or it fixes two points
and acts semiregularly on the other points of X'/S. Note also that in the
latter case these two points cannot be both in , as 2 is an M-orbit (see the
proof of Proposition [2.12). Taking into account that when g(X/S) = 0 then
2] < 2, by the discussion above we have

ve{0,p+1,2p},

and v = 2p can occur only when [Q =m = 2.
We now show that g(X/M) = 0. If on the contrary g(X /M) = 1, then
p = 3, and by the Riemann-Hurwitz formula applied to M we have

2g(X) —2=v(m—1) € {0,4(m — 1),6},

a contradiction.
Then g(X /M) = 0 and by the Riemann-Hurwitz formula applied to M we
have
29(X)—2==2m+v(m—1) = (v—2)m —v;
hence,
29(X)—2€e{-2m,(p—1)(m—1)—2,2p—4}.
As 2g(X) — 2 = —2m cannot occur, we have that either (Ia) or (Ib) holds.
CASE 2: g(X/S)=1.
By Proposition and its proof, we know that m > ||, G/S admits a
(non-trivial) cyclic subgroup of order m’ = m/|Q?| fixing each point of X' /S
corresponding to a point in 2, and one of the cases (el)-(e7) holds. We will

prove that each of these cases cannot actually occur. To do so, first note that
by the Riemann-Hurwitz formula we have

29(X)—2=m(29(X/M)-2)+ > N(a)>-2m+ >  N(a), (2.2)

aeM,a#id aeM,a#id

where N(«) is the number of points of X’ fixed by a. We show that provides
a contradiction with N = pm > 2¢(X) + 1 in each of the cases (el)-(e7).

(el) m = 2, || = 1, G/S fixes 4 points, and one of such points is in €.
Then, Equation (2.2) yields

29(X) —2> —2(2) + 1+ 3p,

a contradiction.
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(e2) m = 3, |2] = 1, G/S fixes 3 points, and one of such points is in €.
Then, Equation (2.2) yields

2g(X) —2>—-2(3)+2(1 +2p),
a contradiction.

(e3) m = 4, |Q] = 1, G/S fixes the point in  and one point not in €,
whereas its subgroup of order 2 fixes the point in €2 and two points not

in . Then, Equation (2.2)) yields
20(X)—2>=24)+(p+1+p+1+3p+1),
a contradiction.

(ed) m =4, |Q] =2, G/S fixes two points not in 2, whereas its subgroup of
order 2 fixes two points in €2 and two points not in 2. Then, Equation

(2.2)) yields
29(X) =22 -2(4)+ (2p+2p+2p+2),

a contradiction.

(e5) m =6, | =1, G/S fixes the point in €, its subgroup of order 3 fixes
two more points not in €2, and its subgroup of order 2 fixes 3 more points

not in 2. Then, Equation (2.2) yields
2g(X)—2>-206)+(1+1+1+4+2p+1+2p+1+3p),

a contradiction, unless p = 3. However, in this case p = 3 is not possible
as p = 3 divides m = 6.

(e6) m = 6, || = 3, G/S fixes one point not in €2, its subgroup of order 3
fixes three points not in €2, and its subgroup of order 2 fixes the three
points in 2 and one point not in €. Then, Equation ({2.2)) yields

29(X) —22> =2(6)+(p+p+3p+3p+3+p),
a contradiction.

(e7) m = 6, |Q = 2, G/S fixes one point not in 2, its subgroup of order 3
fixes two points in {2 and one point not in {2, and its subgroup of order
2 fixes four points not in . Then, Equation (2.2) yields

29(X)—2>-2(6)+(p+p+p+2+p+2+4p),

a contradiction.
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]

Proposition 2.15. In Case (la) of Proposition up to birational equiv-
alence X is the curve of affine equation

y'—y=alz™ =),
with a,b € K.

Proof. By [32, Theorem 12.5], an equation for X is

y’ —y = B(x),

where B is a polynomial of degree d. Since the genus of this curve is (p —
1)(d —1)/2 we have that m = d. Also, the fixed field of S is K(z). Two orbits
under the action of S are fixed by G/S, one of size p, say 4, and the other
consisting of the single point in . Clearly the only pole of z in X'/S, namely
the ideal point of the projective line, corresponds to 2. Let P; be the point
lying under ©; and let a € K coincide with z(P;). Without loss of generality
we can assume that @ = 0. Then the divisor of x on & is preserved by every
element in G.

Let o be a generator of G. Then div(c*(z)) = div(z) and therefore,
o*(x) = px for some p € K. By 0P = 1 we deduce that ™ = 1.

Consider (¢?)*(x); clearly, (o?)*(x) = va holds for some m-th root of unity
v. We claim that v is primitive. In fact, if 2" = 1 for a proper divisor of m,
then x would be fixed by ¢”", which is not in H and this would contradict
that K(x) is the fixed field of S. As 2™ is fixed by G, and the degree of the
extension K(X) over K (z™) coincides with pm = |G|, we have that K(z™)
is the fixed field of G. Note that K(y) and the fixed field of M are both
intermediate fields between K(X) and K(2™) such that the degrees K(X) :
K(y) and K(&X) : Fix(M) are both equal to m. Since G has a unique subgroup
of order m, we have that K(y) is the fixed field of M and hence M fixes y.

Therefore, taking into account that M = (o), we have that for each
j=1,....m—1,

(@) (") = (67)"(y) = B((0”)" (),

which implies

and hence
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holds for each j =1,...,m — 1.
Since v is a primitive m-th root of unity, we have B(z) = a(2™ — 2p) for
some zg € K. ]

Proposition 2.16. In Case (Ib) of Proposition up to birational equiv-
alence X 1is the curve of affine equation

m

1
by’ + cy = ax + —
x
with a, b, c € K.

Proof. For m = 2 and g(X') = p— 1 Proposition [L.117|applies. Then an affine
equation for X is either

1
by’ 4+ cy = ax + —,
x
or
by + cy = a® + ba.

In the former case, clearly X admits a cyclic automorphism group of size 2p
consisting of the maps

y—y+, v 1/(ax),

and
y—=y+, T =z,

where v runs over the roots of bY? 4 cY. In the latter case, the group of order
p fixes only one point, contradicting || = 2. ]

The following statement summarizes the results obtained in this subsec-
tion.

Theorem 2.17. If |G| = p"m with h > 1 and (p,m) = 1 then |G| = pm with
m>1,p+#3 and

9(X) e{lp—1)(m—1)/2,p—1}

also, X is an Artin-Schreier extension of the projective line. Specifically, up
to birational equivalence, if g(X) = (p —1)(m — 1)/2, then

Xy —y=alx™—0),
with a,b € K, whereas if g(X) =p— 1 then
1
X by +cy=ax+ —,
x

with a,b, c € K.
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2.2.2 Proof of Theorem when p does not divide N

In [36] a classification of curves admitting a large cyclic automorphism
group was given for the case K = C. Here we prove that an analogue result
holds when the characteristic p does not divide the size of the cyclic group.
Most of the steps in the proof presented in [36] hold with little modifications;
however, some exceptions arise for implications that depend on topological
results (see, for example, theorems from references [2] and [3] in [36]).

Throughout the Section, p > 2 and (p, N) = 1 are assumed. We will show
that if N > 2¢(X) + 1 then (I) in Theorem [2.5| holds.

Let G = (o) and {\1,...,\,} be the set of points of X'/G where the
covering 7 : X — X /G ramifies. Using the same terminology and notation
as in [36], the automorphism o is called of kind (go; e, €9, . .., €,) if the genus
of X/G is gp and the ramification index at P; is e;, where P; is any point in
X such that 7(P;) = ;.

Proposition 2.18. Let M be the l.c.m. of {e1,...,e,}. Then the following
hold:

i) n>2 and if go =0 then n > 3;
it) M divides N, and, if go =0, M = N;

iir) the l.eem. of {e1,..., &, ...e,} is M for each i, where é; denotes the
omission of e;.

Proof. i) By Proposition |[1.118 and Proposition [1.123| n > 2 holds. As-
suming go = 0 and n = 2, the Riemann-Hurwitz formula gives

N N

€1 €9
that is N N
29(X) —2= -
€1 €9

which contradicts g(X') > 2.

ii) As each e; divides N, the same holds for M. Moreover, by Proposi-
tion , the covering X' /(cV/M) — X /G is unramified, and hence
the Riemann-Hurwitz formula for the covering X /(c™¥/™) — X /G,
together with gy = 0, reads

2g — 2 = 2N
g - M’

29



Cyclic groups

where g is the genus of X' /{c™/M). This implies § = 0 and N = M.

iii) Let M; be the l.c.m. of {ey,...,&;, ..., ey} . If there exists j # i such that

e;j = e; then clearly M; = M. So, assume e; # ¢; for each j # i. Then,

by Proposition with d = M;, the covering X /(™M) — X/G

can be ramified only over );. As this is not possible by Proposition

, X [{oNM:y gver X /G is unramified and hence e; divides M;, which
concludes the proof.

O

Throughout this section, we denote by Ay the set
AN:{(’/’,S)EZ2:T’SZ landr—i-sgN—l},

and, according to [36], we refer to an element (r,s) € Ay as a primitive pair
if GCD(r,s,N) = 1.

We denote by F(r, s) the non-singular model of equation ¢y~ = 2" (1 — z)?,
with function field K(z,y) and genus g(r, s). Let o(r, s) be the automorphism
of F(r,s) defined by

/! __
o(r,s): {x -

Y = (NY,

where (y is a primitive N-th root of unity. Since p{ N, F(r,s) is a Kummer
extension of the projective line P*(K). We denote by

w(r,s): F(r,s) — PY(K)

the morphism induced by K(z) C K(z,y). As (r,s) is a primitive pair, Kum-
mer theory implies that 7(r,s) ramifies exactly at the three points (0 : 1),
(1:1),and (1:0).

Theorem 2.19. If (r,s) € Ay is a primitive pair, then N > 2g(r,s) + 1.

Proof. From Kummer theory and the Riemann-Hurwitz formula, we have

2g(r,s) —2 = —2N + GCD(N,r) (GCD(N?") — 1) +

GCD(N, s) (GCD]E]N,s) — 1) +

N
+GCD(N,r + s) (GCD(N 19 —1),
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which simplifies to
1
g(r,s) = 5 (N +2—GCD(N,r) — GCD(N, s) — GCD(N,r + s)).

This clearly implies that
N >2g(r,s) + 1.

]

Another family of curves will play an important role in this section. For
A € K\ {0,1}, let Hy be the hyperelliptic curve of genus g defined by the
equation y? = (297! — 1)(29™ — \) and let 7, be an automorphism of H)
defined by
T;: : (Iay) — (Cg—&-lx; _y>’

where (411 is a primitive (g + 1)-th root of unity.

Theorem 2.20. Let X be a curve of genus g(X) > 2 admitting an auto-
morphism of X of order N > 2¢g(X) + 1, with (p, N) = 1 . Then X is
isomorphic to either F(r,s) for some primitive pair (r,s) € Ay or to Hy for
some A € K\ {0,1} with N = 2¢g(X) + 2 and g(X) even.

Proof. Let o be an automorphism of X’ of order N. Let (go;e1,€a,...,6€,) be
its type. We can assume that e; < ey < --- < ¢, holds. By the Riemann-
Hurwitz formula applied to G = (o) we have

W]\VZQQO_2+i(1—1>. (2.3)

i=1 €i
We first prove the following three claims.

1. go=0. As N > 2¢(X) + 1, the left side of is smaller than 1.
Moreover, by Propositions [1.123] and [T.118] n > 2. This, together with
go > 1, would imply that the right side of ) is greater then or equal
to 1, a contradiction. So, go = 0 holds.

2. If N is odd, then n = 3. Since gy = 0, we have n > 3 by Proposition
Observe that as N is odd, each e; is odd. This together with (2.3))
yields n < 5. We will now rule out the case n = 4. The possibilities for
n =4 are:

e n=4ande; > 5. In this case the right-hand side of ({2.3]) is greater
than 1, a contradiction.
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e n=4¢e; =3 and e; > 5. As above, the right-hand side of is
greater than 1.

e n=4 e =3, e =3 and e3 > 7. Again, the right-hand side of
(2.3) is greater than 1.

en =14,¢e = e = 3 and e3 = 5. By Proposition 2.18, 15 =
lem(ey, €9, €3) = lem(eq, e, e3,€4), so either e, = 5 or ¢4 = 15.
Moreover, as go = 0, again by Proposition [2.18 we have N =
lem(ey, e, €3,64) = 15. By we obtain that either g(X') = 8 or
g(X) =9, but this contradicts N > 2¢(X) + 1.

e n =4, e = ey = e3 = 3. By Proposition [2.18 we have 3 =
lem(eq, e9,e3) = lem(eq, es,e3,e4), from which e, = 3; again by
Proposition N = lem(ey, €9, €3, €4) holds. By replacing e; =
e = e3 =e, =N =3 and gy = 0 in (2.3) we have g(X) = 2.
Whence N = 2¢(X) — 1, against N > 2¢g(&X’) + 1.

3. If N is even, then either n = 3 or n = 4 and ¢ is of type (0;2,2, g(X)+
1,g(X)+1) with g(X) even. Arguing as above we want to prove that
eithern =3 o0rn=4,e; =€ =2,e3 =e4 = g(X)+1 and g(X) is even.
With the same arguments of the previous item,
the unique possibility for n > 3 isn =4, e; = e; = 2, and e3 > 3. Since
from Proposition we have lem(eq, eq, €3,¢4) = lem(eq, e, €3), then
either e, = e3 or e = 2e3 holds. In the latter case, by Proposition [2.18
N =lem(2, e3, 2e3) = 2e3, and from (2.3]) we have

29(X)-2 _ 1 1 1 1
263 N 2 2 €3 263
hence
29(X)=2e3—1=N —1,
a contradiction as N is even.
If, instead, e4 = e3, then (2.3)) reads

2g(X) — 2 1 1 1 1
ST, S —. 2.4
N 2 2 €3 €3 ( )

For N there are two possibilities: if e3 is even, then N = lem(2, e3) = eg,
whereas if e3 is odd, then N = lem(2, e3) = 2es.
Assume first that ez is even; then (2.4) reads
29X)-2 1 1 1 1
€3 B 2 2 €3 €3
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N
which implies g(X) = % =5 against N > 2¢g(X) + 1.

Finally, if e3 is odd, then from ([2.4)) we have

20(X)—-2 1 1 1 1
263 n 2 2 €3 €3

which yields e3 = g(X) + 1 and hence N = 2¢g(X) + 2. In particular,
g(X) is even in this case.

We will continue the proof by showing that if n = 3 then X is birationally
equivalent to F(r,s) for some primitive pair (r,s) € Ay, whereas if o is of
type (0;2,2,9(X)+1,9(X)+1) and ¢g(X) is even then X is isomorphic to H)
for some A € K\ {0,1} with N = 2¢(X) + 2.

Recall that X — X'/ is a cyclic covering of degree N with n ramification
points and that X' /G is the projective line P!(K). Let x denote a generator of
the function field of X'/G. For an element 3 in K let Sz € P*(K) denote the
point such that z(S3) = 3; also, let S, denote the only pole of z.

Assume first that n = 3 holds. Without loss of generality assume that the
three ramification points of X — X' /G are Sy, S; Su. Since X is a Kummer
extension of degree N of K(z), by ( [64], Prop. 3.7.3 (b)) an equation for X
is yV = a(x), with

GCD(ordg,(a), N) < N, GCD(ordg,(a), N) < N, GCD(ords_(a), N) < N

and GCD(ordp(a), N) = N for any other point P € P1(K), P ¢ {Sy, S}, S }.
Now,

0= Z ordp(a) = ordg,(a) + ordg, (o) + ords, (a)+
PeP(K), ordp (a)#0

> ordp(a).

PeP!(K), P#50,51,500, ordp(a)#£0

(2.5)

Let Ry,..., Ry be the points of P!(K) where the order of « is different from 0
and it is a multiple of N, and put §; = x(R;). Therefore,

ordgr,(a) = Nhy,...,ordg, (o) = Nhy
for suitable integers hy, ..., hg. Then (2.5) becomes
k
0 = ords,(a) + ords, (o) + ords__ (o) + Y ordpg, ().
i=0
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Since ordg, (o) = Nhy, a will be of the form a(z) = (z — 81)""ay(z) with
ordg, (a1) = 0.

Consider

y =

(@—p)m | (2.6)

=z

then
N y" /
(W)™ = W = ay ().
Therefore, (2.6) defines an isomorphism between the curves y™ = «a(z) and
N

Yy = ().

Moreover, for each P € P!(K) we have
ordp(a)) = Nhy - ordp(x — 81) + ordp(ay),
(

whence ordp(a) = ordp(ay) for any P different from Ry and S... So, up to
replacing a(z) with aq(x), we may assume ordg, (o) = 0. By repeating this
process for any ¢ = 1,...,k, we obtain that, up to birational equivalence, a
defining equation for X is y¥ = a(z) with ordp(a) # 0 just in {Sp, S1, Sec }-
Also, either o has two zeros and one pole, or it has two poles and one zero.

1
Actually, if o has two poles and one zero we can replace y with ¢y = — and X
)

1
with the curve defined by (y')Y = —. So, we can assume that « has Sy and S;
a
as zeros, and S, as the unique pole, whence a(z) = f(x) with f(z) € K[z].
Now, if r := ords,(f(x)) and s := ordgs, (f(z)), then f(x) = z"(x — 1)* can be
assumed. This proves our claim for n = 3, as GCD(r, s, N) = 1 follows from
the irreducibility of the equation.
Suppose now that n = 4, o is of type (0;2,2,9(X)+1,g(X)+1) and g(X)
even. The Riemann-Hurwitz genus formula reads
N N N N
29(X) —2=-2N+ —+ —+ ———9(X) + ———
which implies
N =2¢g(X)+2.

We can assume that 7 : X — X'/G ramifies at Sy, Sy, S1, 5o with 0 €
K\ {0,1} and that

7(S0) = {P,a(P),...,0"(P)}, 77(S) = {Q.0(Q),...,0" (@)},
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7 (S0) = {Po,0(PR)}, 7 (Sx) = {Px,0(Px)}-

(X)

Now, if we let 7 := 09(¥)*! then 7 fixes exactly the set of points

{Po(P),....,c"™)(P),Q,0(Q),...,0"M(Q)}

and the Riemann-Hurwitz formula for the covering X — X'/(7) reads
29(X) —2=2(2¢' — 2) + (29(X) + 2),

where ¢ is the genus of X'/(7). Hence ¢’ = 0 holds and K(&X' /(7)) = K(¢) for
some t € K(X) and X is hyperelliptic. Also,

div(t) = Py + 0(Py) — Py — 0(Px).

By [64, Proposition 6.2.3 (c)], X has equation y* = f(t), for a suitable
f € K][t] whose zeros are exactly the 2g(X)+2 places of K(¢) that are ramified
in the extension K(¢,y) | K(¢). So, for a; = t(o'(P)) and b; = t(c'(Q)) we
have that {ao, o Gg(xy, bo, - ,bg(X)} are the zeros of f and X has equation

g(X)

Yy’ = H (t = a;)(t — by). (2.7)

i=0
Note that since

div(o*(t)) = div(t) and (o9 FH)*(t) =t
we have that o*(t) = (t where ( is a primitive (g(X’)+1)-th root of unity. Also,
div(o*(t —a;)) = o(div(t — a;)) = div(t — @(i11 (mod g(x))) and div(c™(t —b;)) =

O'(dIV(t—bZ» = dlv(t_b(lJrl (mod g(X))) Then, 0*(t_ai) = g(t_a(iJrl (mod g(X)))
and o*(t — b;) = n(t — b(i+1 (mod g(x))) for some &, € K. On the other hand,

a*(t—ai)zgt—ai:§<t—?>
and

U*(t—bi):Ct—bz'ZC(t—%)
Thus

E(t — agi41 (mod g(x))) = ¢ (t - ?)
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and ;
77(t - b(i+1 (mod g(X))) = C <t - g) )

a; b;
whence £ =1 = (, G341 (mod g(x)) = Z and (41 (mod g(x)) = Z

b
So, we obtain a; = Z? and b; = Z?, and hence (2.7)) reads

9(X)
2 _ _ @) [, _bo
y‘E)(t cz’)(’f c)

Finally, without loss of generality we can assume ay = 1 and by = A, so that

(2.7) becomes

y2 _ (tg(X)Jrl - 1>(tg(X)+1 _ )\)

which proves the claim. O

Y

2.3 Abelian groups

For the case of abelian automorphism groups known results for Riemann
surfaces are proved in [45] and [53]. The paper [45] deals with compact Rie-
mann surfaces of genus ¢ > 2 admitting an abelian automorphism group G
which is large with respect to the genus; in particular, the author relates the
order of G with the genus ¢ and, if |G| exceeds a certain threshold, then the
structure of the surface X and the form of the quotient X/G are strongly
determined.

By considering the Riemann-Hurwitz genus formula for the covering X —
X/G:

2 —2 =G| (290—2+ii1<1_1->>

1

where gq is the genus of X/G and n; are the orders of the stabilizers of the
ramification points, it follows that, when G is large, in general, go = 0 and
r<3.

The fact that G is abelian imposes additional conditions on the n;, these
conditions make the classification more restrictive than in the general case.
The author C. Lomuto, under the size hypothesis, lists all the possibilities
for the signature and determines which abelian groups can compare as auto-
morphism groups. In many cases it can be proved that the quotient X/G is
rational with three ramification points.
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In [53] R. Pignatelli and C. Raso studied compact Riemann surfaces of
genus g > 2 admitting an abelian automorphism group not properly "large" in
the classical sense, but close to this condition in fact, the group is called quasi-
large with res respect to ¢ — 1. The authors provided a detailed classification
of Riemann surfaces admitting a quasi-large abelian group, together with a
complete list of the possible signatures and determined the admissible ramified
configurations depending on the order of the group; the explicit examples
constructed in the paper proved the effective existence of these surfaces.

In this section we will try to extend the known results by Lomuto and
Pignatelli-Raso to the case of positive characteristic, but in the case of groups
whose order is not divisible by p. By considering Theorem [[.122] we will focus
on the case 2g — 1 < |G| < 4g + 4.

First of all note that, differently from the complex case, in positive char-
acteristic can exist abelian automorphism groups of algebraic curves acting
with a unique short orbit; in fact, in the complex case, this possibility is
ruled out in the proof of [53, Proposition 4.1]. While for the case of positive
characteristic it is sufficient to consider the Hermitian curve (nonsingular and
plane) of equation XP™! = Y? +Y defined over an algebraically closed field of
characteristic p, the traslations X — X, Y —— Y 4 for each i € Z, form a
cyclic group, and so an abelian group, which fixes a unique point (that is the
unique point at infinity) and acts semiregularly on the others. Thanks to the
fact that this doesen’t happen in the complex case, Pignatelli and Raso were
able to prove that if G is an abelian group of order |G| > 2g — 1, then the
quotient is rational, we will see how this claim can be generalized to the case
of positive characteristic.

Theorem 2.21. /30, Section 2.14] Each non-trivial finite abelian group is a
direct product of cyclic groups of prime-power order.

Not every subgroup of a finite abelian group has a complement; an example
is any subgroup of order d of a cyclic group of order a power of d, where d is
a prime. The claim is true when the subgroup is a maximal cyclic subgroup.

Corollary 2.22. Let G be a finite abelian group and let C' be a cyclic subgroup.
If C' is not properly contained in any other cyclic subgroup of G, then there
exists a subgroup H of G such that G = C x H.

Proof. Suppose that G is a d-group, where d is a prime. Then by Theorem
227

GgZdhl X“‘XZdhk
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with hy < --- < hg. Since C' is cyclic, it must be contained in one of the
factors, otherwise it would contain two different cyclic subgroups of order
d. Then, by maximality, C coincides with one of the factors, hence, we can
consider H as the product of the others. Suppose now that GG is not a d-group
for no prime d, then it is sufficient to consider that any finite abelian group
is the direct product of its Sylow subgroups. We proceed by induction on the
number of distinct primes which divide the order of G. Let G = S; x K,
where Sy is a Sylow d-subgroup and K is the direct product of the others
Sylow. Then C = Cy x €', with Cy and C” being maximal cyclic of S; and
K, respectively. By induction, the statement follows. O

The next theorem extend to the general case the aforementioned known
result of the complex case, the proof is characterized by the absence of topo-
logical arguments.

Theorem 2.23. Let X be a curve of genus g > 2 defined over an algebraically
closed field of characteristic p. If G is an abelian automorphism group of size
not divisible by p, then G cannot act with exactly one short orbit.

Proof. Suppose by contradiction that G acts with a unique short orbit, say
2. Let P be a point belonging to €2, and let Gp be the stabilizer of G' in P.
Since G is tame and P is a ramification point, Gp is cyclic. For any other
Q) € Q1 the stabilizers Gp and G are conjugate, but since G is abelian, it
follows that Gg = Gp for all @) € Q. Let L be a maximal cyclic subgroup
of G containing Gp, then, by Corollary [2.22] there exists a subgroup M of G
such that G = L x M. Note that, since Gp C L and (2 is the only one short
orbit under the action of GG, then M acts semiregularly on the points of X,
we denote by X’ the quotient curve X' /M. By the Riemann-Hurwitz formula
for M we have that
29 — 2 = [M](29(X") - 2)

and g > 2 implies g(X’) > 2. Furthermore, X’ admits a cyclic automorphism
group isomorphic to L, we call it L. Let Q the set of the points of X’ which
correspond to the orbits of X under the action of M which are contained in
Q, note that |Q| = |L|/|Gp|. We have that L acts transitively on the points
of Q and it acts semiregularly on the points of X\ . Then X’ results to be a
curve of genus greater than or equal to 2, with a cyclic automorphism group
acting with only one short orbit, against Proposition [L.118] O]

Theorem 2.24. Let X be a curve of genus g > 2 defined over an algebraically
closed field of characteristic p. If G is an abelian automorphism group of order
greater than 2g — 2 and not divisible by p, then X /G is rational.

68



Algebraic curves with large automorphism groups

Proof. Let 1, ...,€ be the short orbits under the action of G. If ¢’ denotes
the genus of X'/G then, by the Riemann-Hurwitz formula we have

k
/ / G
G| > 29 —2=1G|(29' = 2) + >_(IG] = |[u]) = |G|(29" - 2) +k|2|~

i=1

k
It follows that 2¢' — 2 + 5 < 1, it is possible just in three cases: ¢’ = 1 and

k=0, =1landk=1org =0. If ¢ =1 and k = 1 we have a contradiction
with the Theorem [2.23} if ¢ = 1 and k& = 0 then g = 1 against g > 2; hence
g =0. O

We now present a result that can be deduced from [51] and for the sake of
completeness, we include the proof.

Theorem 2.25. Let G be a finite abelian automorphism group of a curve
X of genus g > 2 defined over a field of characteristic p > 0 where p does
not divide |G|. Suppose that the quotient curve X /G is rational and denote by
Qq,...,Q the short orbits of X under the action of G. Let G; be the stabilizer
in G of an arbitrary point of ); (note that the definition is well-defined since
G is abelian). Finally let g; be a generator of the cyclic group G; (G; is cyclic
since p does not divide |G|). Then

(1) G is generated by k — 1 elements arbitrarily chosen in {g;|i =1,...,k}.

(2) The size of G divides the product of the orders of k — 1 elements arbi-
trarily chosen in {g;|i=1,... k}.

(8) If G is cyclic, then |G| is equal to the least common multiple of the orders
of k — 1 elements arbitrarily chosen in {g;|i =1,... k}.

Proof. (1) This is a direct consequence of Theorem .
(2) This follows from the hypothesis that G is abelian.

(3) This was already proved in Proposition [2.18|
[

Corollary 2.26. Let G be a finite abelian automorphism group of a curve X
of genus g > 2 defined over a field of characteristic p > 0 where p does not
divide |G|. Suppose that the quotient curve X /G is rational and let Qy, ..., Q
denote the short orbits under the action of G. Let G; be the stabilizer in G of
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an arbitrary point of ; and let g; be a generator of the cyclic group G;. Then
|Gi,| divides the least common multiple of the orders of the k — 1 elements

Proof. From Theorem follows that g¢;, belongs to the group generated by
{g:]11=1,...,k;i+#1ip}. Since G is abelian then
lig— 4; V4
Gio = 91" G0 G g

for suitable exponents /1, ... .¢;. Now, if £ is the least common multiple of the
orders of {g;|i =1,...,k; i # iy}, we have gfo = 1d, hence the claim. ]

Corollary 2.27. Let G be a finite abelian automorphism group of a curve X
of genus g > 2 defined over a field of characteristic p > 0 where p does not
divide |G|. Suppose that the quotient curve X /G is rational and let Qq, ..., Q
denote the short orbits under the action of G. Let G; be the stabilizer in G of
an arbitrary point of ); and let n; be the order of G;. Then for every iy such
that 1 <ig < k the group G is isomorphic to a quotient of the external direct
product

Liny X -+ X Ly X L X oo X Ly,

-1 Nig+1

Proof. Let g; denote a generator of G; and let ¢ be the function

G Lipy X X Ly X Ly X X Ly —> G
such that
xr1 Q?i071 Tig+1 T
(3717 ey Tig—15 Lig41y - -+ 7351:) 01 " Gip—1 " Gig+1 9k -

Since G is abelian ¢ is a group homomorphism. Furthermore, from Theorem
follows that ¢ is surjective. n

Theorem 2.28. Let G be a finite abelian automorphism group of a curve X
of genus g > 2 defined over a field of characteristic p > 0 where p does not
divide |G|. Suppose that the quotient curve X /G is elliptic and let Qy, ..., Q
denote the short orbits under the action of G. Let G; be the stabilizer in
G of an arbitrary point of Q; and let g; be a generator of the cyclic group
G;. Then, if H is a group generated by k — 1 elements arbitrarily chosen in
{gi|i=1,...,k}, one of the following claims hold:

(1) G=H;
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(2) the factor group G/H is abelian but not cyclic;
(3) X/H is elliptic and the extension X /H over X /G is unramified.

Proof. Suppose that H is properly contained in G. From the proof of Theorem
2.25|we have that G/H acts on X'/H with at most one short orbit. Since X'/G
is elliptic, the Riemann-Horwitz formula for G/H reads

29(X/H) — 2 = \‘le\ -

Gl

where m is a divisor of T Hence X' /H is elliptic and the covering X' /H
over X' /G is unramified, or G/H it is not cyclic since the cyclic extensions
cannot have exactly one short orbit. O]

In view of Theorem and Theorem [2.25] it is possible to extend to the
case of arbitrary characteristic the following result, which is proved for the
complex case in [45, Theorem 3.1].

Theorem 2.29. Let G be an abelian finite non-cyclic automorphism group of
a curve X of genus g > 2 defined over a field of characteristic p > 0 where p
does not divide |G|. Let |G| > 4g — 4. Let Qy,...,Q, denote the short orbits
under the action of G and let ny < --- < n, be the sizes of the stabilizers
of the points of such orbits. Then either r = 4, (ny,n2,n3,ny) = (2,2,3,3)
and G = Zo X Z3, or r = 3 and one of the following possibilities for G and
(ny,n9,m3) holds:

(a) an infinite family
(Z) G= ZQ X Zgg+2 (2,29 + 2,29 + 2)
(b) exceptional cases

(ii) G = T3 x Zy (3,9,9)
(iii) G = 73 x Zg (3,6, 6)
(iv) G = 75 x Zs (5,5,5)
(v) G Ty x Ly (4,4,4).
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Proof. By Theorem we have r € {3,4}. The only possibilities for r = 4
are (2,2,2,n) with n > 3 and (2,2, 3,n) with 3 <n < 5. Corollary [2.26 rules
out this cases except for (2,2,3,3). We recall that Theorem implies that
any two stabilizers generate the whole group. For every ¢ = 1,2,3 let GG; be
the stabilizer of an arbitrary point of €2;.

From a deep study of the Riemann-Hurwitz genus formula for G it follows
that the only possibilities for (n;,ng, n3), in addition to those listed, are the
following and for each of these the group G must clearly be cyclic:

(2,29 + 1,49 + 2);

(2,4g,49);

(3,4,12), with genus 3;

(3,5,15), with genus 4;

(3,7,21), with genus 6.

For the structure of the group in the cases listed in the statement, we now
examine the different possibilities for G in the non-cyclic case:

e (29,29+2,29+2),(3,9,9),(3,6,6,),(5,5,5): the group generated by G,
and G5 cannot coincides with G3; furthermore, since G; has prime order,
G and Gj have trivial intersection. Thus G = Gy X G = Zy,, X Ly,

e (4,4,4): the group generated by G; and G3 cannot be G3. Furthermore
such group cannot have order equal to 8 since, in that case, we will have

29 —2=—16+4+4+4<0

that is a contradiction. Thus the group has order 16 and it coincides
with Z4 X Z4.

]

In the case i) there is still a cyclic group of size at lest 2g + 2 and this
case is classified in [17]. In the exceptional cases with r = 3 we present some
equations:
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# G ramification indices | genus equations

(ii) | Zs x Zg 3,9,9 7 |3+ +1=0
(iii) | Zs x Zg 3,6,6 4 |23+ y5+1=0
(iv) | Zs x Zs 5,5,5 6 |[2°4+¢y°+1=0
(V) | Zy x Zy 4,4,4 3 |2t+yt+1=0

Table 2.1: Equations for the considered cases
Note the relevance of diagonal curves like ™ 4+ y™ + 1 = 0, we recall that,
if m and n are coprime, then the genus is

mn+1l—m-—n
2

and so, in any case
mn=|G|>2g—2=mn—m—n—1.

In this case the group is cyclic. If instead m and n have a common factor,
from [40] we know that

2g—2=mn—m —n— GCD(m,n)

thus the inequality |G| > 2g—2 still holds. Furthermore note that if m divides
n (or viceversa) the group is greater and it is described in [40] also if it is not
abelian. In particular if m is odd the group is the direct product of a cyclic
group of order m by a dihedral group of order 2n. For instance the curve of
equation 22 + 3% + 1 = 0 has genus equal to 4 and its automorphism group
has order 36 that is 12(¢g — 1), Note that the group is solvable. Furthermore
this curve gives an example of a curve which admits a dihedral group of size
4(g—1).

Now we proceed to the study of the case of curves of genus g > 2 admitting
an abelian tame automorphism group of order greater than 2g — 2.

Theorem 2.30. Let G be a finite abelian automorphism group of a curve X of
genus g > 2 defined over a field of characteristic p > 0 where p does not divide
|G|. Let |G| > 2g — 2. Let §y,...,Q, be the short orbits under the action of
G and let ny < --- < n, be the sizes of the stabilizers of the points of such
orbits. Then r < 5 and one of the following possibilities for (ny,na,...,n,)
holds:
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2,2,2,2,2);
2,2,2,3,3);
2,2,t+1,t+ 1), t even;
2,2,2t + 1,4t + 2);
2,2,2t,2t);

,3,3,6);

13,4,12);

,3,6,0);

)
,4,4,4);

3,3,3,3);

3,3,4,4);

3,3,5,5,);

2,m,n),3<m<n;ifm=3thenn>7;if m=4thenn>5;

3,m,n), 3<m<n;if m=3thenn>4;

(
(
2,
(
(
(2
(2
. (2,3,5,30);
(2
(2
(
(
(
(2,
(
(

lym,n), 4 <m <n.

Proof. From Theorem We know that the genus of the quotient curve X' /G
is zero. Furthermore, from Corollary 2.26] we know that every n; divides the
lest common multiple of the others orders of the stabilizers. Form a deep study
of the Riemann-Hurwitz genus formula follows that the only possibilities are
those listed. The details are similar to those developed in [53]. ]

In the different cases of Theorem we determine the possible structure
of G and the corresponding genus of the curve. We examine separated the
different cases. Note how not all the results obtained in [53] have been gen-
eralized to the case of arbitrary characteristic, and also when it was possible
the proof necessarily differs form that in [53].

We preliminary recall that form (2) of Theorem we know that the size
of G divides the product of » — 1 values arbitrarily chosen between nq,...,n,
and so |G| divides GCD(ny, ..., n,). We examine the different possibilities.
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s = 1 is ruled out since it implies 2g —2 = —4 4+ 5. If s =2 g = 2, if
s=3g=3andif s=4g=>5.

e (2,2,2,2,2); the group is the product of s < 4 copies of Zy. The case

e (2,2,2,3,3); from Theorem the size of the group divides both 36
and 24, then |G| divides 12. The group generated by G3 and Gy is a
cyclic group of order 6. If G = G3 x G4 we have

29 —2=—12+3(6—3) +2(6 — 2) = 5,
that is a contradiction. Thus |G| = 12 and
29— 2= —24 +3(12 — 6) + 2(12 — 4) = 10,

that implies ¢ = 6. The group G cannot be cyclic since, otherwise,
Lemma [[.124] is not satisfied.

e (2,2,t+1,t4+1), t even; since t+ 1 is odd G is isomorphic to a quotient
of Zy X Zy+1) and G contains a subgroup isomorphic to Zsgg41).

Hence the only possibilities are

— G is isomorphic to Zy41) and
20—2 = —4(t+1)+2(2(t+1)—(t+1))+2(2(t+1)—2) =2(t+1)—4
and so g = t; thus an example is the curve of equation

g2 = (21 = 1)@t — 1),

— (' is isomorphic to Zg X Zy;41) and
29—2 = =8(t+1)+2(4(t+1)—2(t+1))+2(4(t+1)—4) = 4(t+1)-8
and so g = 2t — 1.

o (2,2,2t+4 1,4t 4 2); the order of the group can only be 4t + 2 or 8t + 4.
If |G| = 4t 4 2 we have
20—2=(—8t—4)+2(4t+2—-2t—1)+ (4t +2—-2)+ (4t+2—-1) =4t -1
that is a contradiction.

If |G| = 8t + 4 we have
29—2=—16t —8+2(8t+4—4t—2)+ (8t +4—4)+ (8t +4—-2) =8t -2

and so g = 4t, furthermore G is a quotient of Zy X Zy X Zg11 and so it
must coincides with such products (that is isomorphic to Zg X Zys12).
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e (2,2,2t,2t); the order of the group divides 8t and it is a multiple of 2t.
Furthermore it is a quotient of Zg; X Zo X Zo.

If |G| = 8t we have
29 — 2 = —16t + 2(8t — 4t) + 2(8t — 4) = 8 — 8

and so g = 4t — 3. Furthermore, the only possibility is that G coincides
with th X ZQ X ZQ.

If |G| = 4t we have
929 — 2 = —8t +2(4t — 2t) + 2(4t — 2) = 4t — 4

and so g = 2t — 1. Then the structure of G must necessarily be Zg; X Zs.
If |G| = 2t we have

20—2=—4t+2(2t —t)+ 22t —1) =2t -2
and so g = t. Then G is necessarily cyclic.

e (2,3,3,6); the order of G can only be 6 or 18.
If |G| =6 G is isomorphic to Zg and the genus is 3.
If |G| = 18 we have

29 —2=—36+ (18— 9) + 2(18 — 6) + (18 — 3) = 12

and so g = 7, furthermore G is isomorphic to a quotient of Zy X Z3 X Zs,
then it follows that G = Zy X Zg X Zs3.

e (2,3,4,12); the order of G divides 24 and it is divisible by 12.
If |G| = 12 we have

20—2=-24+(12-6)+(12—4)+(12—-3)+(12—-1) =10

then g = 6, furthermore the group is cyclic and then G = Z,.
If |G| = 24 we have

29— 2 =—48+ (24 — 12) + (24 — 8) + (24 — 6) + (24 — 2) = 20

and so g = 11, furthermore G is a quotient of Zs x Zsz X Z,4, then it
follows that G = Zgy X Zs X Zy.
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e (2,3,5,30); the order of G can only be 30, the genus is 15, furthermore
G is a quotient of Zy X Zs X Zs, the it follows that G = Zy X Zs X Zs.

e (2,3,6,6); the order of G can only be 6,12, 18 or 36.
If |G| = 6 we have

29—2=—124(6-3)+(6—-2)+206—-1)=5

that is a contradiction.

If |G| = 12 we have
29 —2=—24+ (12— 6) + (12— 4) + 2(12 — 2) = 10

and so g = 6, furthermore G is a quotient of Zs x Zg X Zg, then it follows
that G = ZQ X Zﬁ.

If |G| = 18 we have
20—2=-36+(18-9)+ (18 = 6) +2(18 — 3) =15

that is a contradiction.
If |G| = 36 we have

29 — 2= —72+ (36 — 18) + (36 — 12) + 2(36 — 6) = 30

and so g = 16, furthermore G is a quotient of Zy X Z3 x Zg, then it
follows that G = Zo X Z3 X Zsg.

e (2,4,4,4): the order of G can only be 4,8,16 or 32.
If |G| = 4 we have

20—2=-84+(4-2)+34—-1)=3

that is a contradiction.

If |G| = 8 then the genus is 4 and G is isomorphic to Zg X Z4. In this
case there are exactly two cyclic subgroups of G of order 4 and their
intersection has order 2. Since one of these two, say H, must coincide
with at least two of the stabilizers of order 4, and since it has a non-
trivial intersection with the third, by the Riemann-Hurwitz formula,
with respect to the extension X over (X' /H), we have

6> 4(29(X/H) — 2) + 8
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and so g(X/H) = 0. But, on the other hand, it also holds that
6<-8+9+2+2

that is a contradiction.
If |G| = 16 we have

29 —2 = =32+ (16 — 8) 4 3(16 — 4) = 12

and so g = 7, furthermore G is a quotient of Zo X Z4 X Z4, hence
G =7y xXZogxZyor G=17~y XLy It G="7gy X7y x7Zy G has a unique
cyclic subgroup C' of order 4, which would therefore coincide with the
three stabilizers. But, in this case, G would be generated by C together
with an involution, and then |G| = 8 that is a contradiction.

If |G| = 32 we have
29 — 2= —64+ (32— 16) + 3(32 — 8) = 24

and so g = 13, furthermore G is a quotient of Zs x Z4 X Z4, then it
follows that G = Zy X Zy4 X Z4.

(3,3,3,3); the order of G can only be 3,9 or 27, furthermore G is a
quotient of Zs X Zs X Zs.

If |G| = 3 we have
29—2=—6+4(3—1)=2

and so g = 2, furthermore the only possibility for G is |G| = Zs.
If |G| =9 we have

29 —2=—18+4(9—3)=6

and so g = 4, furthermore the only possibility for G is G = Z3 X Zs.
If |G| = 27 we have

20—2=—-54+4(27-9)=18
and so g = 10, furthermore the only possibility for G is G = Zg X Z3 X Zs.

(3,3,4,4); the order of G can only be 12 and the genus is 6. Furthermore
G is a quotient of Zz X Z3z X Z,4, then it follows that G = Z3 X Zj4.
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e (3,3,5,5); the order of G can only be 15, thus the group is isomorphic
to Zi5 and the genus is 8.

e (2,m,n), 3 <m <n;if m=3thenn >7;if m =4 thenn > 5. We
recall that |G| divides 2n,2m and mn. Since 2 divides l.c.m.(m,n) we
have that at least one between m and n is even; furthermore m divides
l.em.(2,n) and n divides l.c.m.(2,m).

Hence, if m is even, since n divides l.c.m.(2,m) = m we have n = m;
whereas if m is odd n is even and m divides l.c.m.(2,n) = n and n
divides 2m.

Thus we are in one of the following situations

— (2,2¢,2¢) with £ > 3; then G is cyclic of order 2¢ or G is isomorphic
to ZQ X Zgg.

In the first case
2g—2=—A0+0+20—1+20—1

and g = (/2. Hence X admits a cyclic automorphism group of
order 4g. An example is given by

Y = 2% (z + 1).
In the second case
20—2=—-80+20+40—2+40—2

and ¢ = ¢ — 1. Hence X admits a cyclic automorphism group of
order 2g + 2 and an abelian automorphism group of order 4g + 4.
An example is given by

Yy =% — 1.
— (2,4,2¢) with ¢ odd; then G is cyclic of order 2¢. Furthermore
2 — 2= A0+ 0+2—24+20—1

and g = (¢ — 1)/2. Hence X admits a cyclic automorphism group
of order 49 + 2. An example is given by

y4g+2 — Q?2g+1<£lj' + 1).
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e (3,m,n),3<m<mn;if m=3thenn>4.

If GCD(3,m) =1, 3 divides n since 3 divides mn. Write n = 3s. Since
m divides 3n = 9s and GCD(3,m) = 1 we have that m divides s. Write
s = tm, so that n = 3tm. Clearly, since n divides 3m, we have t = 1 and
n = 3m. Then |G| = 3m and G is isomorphic to Zg X Z,,. Furthermore,

2g—2=—6m+ (3m—m)+ (3m—3)+ (3m —1)
hence g = m + 1. An example is the curve

yI =28 1.

If GCD(3,m) > 1 we have m = 3t with 3 € N, we know that n divides
l.c.om.(3,3t) = 3t, on the other hand n > m, then it follows that n = 3t.
Hence we are in the situation (3, 3t,3t). The only possibility for |G| is
|G| = 3t, whence G is cyclic. Furthermore

29— 2=—6t+ (3t —t)+ (3t —1)+ (3t —1)
and so g =t.
A curve that verifies these conditions for ¢ # 2 (mod 3) is
y*? = af(z + 1),
whereas for ¢ = 2 (mod 3) an example is

Y2 =¥z +1).

e (I,m,n),4 <1< m <n. By the Riemann-Hurwitz formula immediately

follows that
SRR

9= 9 :
If two of the three parameters are coprime, then the two corresponding
stabilizer have trivial intersection and coprime orders and generate a
cyclic group which coincides with G. Let G’ be the stabilizers of a point
of the orbit of length |G|/n and let ¢’ be the genus of the quotient curve
X /G'. Since G/G" acts on X /G’ with at most two short orbits, by the
Riemann-Hurwitz genus formula we have

2¢' =2 = 22|G|/|I&'| + (IGI/1G'] = 6) + (IGI/|G'| = £2).
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Then ¢’ = 0 holds and either G = G’, so G is cyclic, or /; = {5 = 1.
In the latter case, the factor group G/G’ acts on the projective line
with two fixed point, and thus it is cyclic. Let C' be the largest cyclic
subgroup which contains G’. Then, by Corollary 2.22] G is the direct
product of C' by another subgroup F, so that G/G’ is cyclic. If C has
order na, since

G/G'=(CxE)/G'=(C/G') x E,
and so C'/G’ x E is cyclic, we can say that:
G = Lo x L

with GCD(«, ) = 1. Furthermore, af divides GCD(I,m), since G is
isomorphic both to a quotient of Z,, x Z,, and to a quotient of Z,, x Z,.
It also holds that the product v = af coincides with the quotient of m
by the order of the stabilizer of two points, one taken from the second
orbit and the other from the third, and also with the quotient of [ by
the order of the stabilizer of two points, one taken from the first orbit
and the other from the third.

Then it follows that

ny ny
QQ—QZW’Y—V—T—E,

where
l|ny, m|ny, v|GCD(l,m).

Summarizing, we have the following possibilities:

— GCD(l,m) = 1, G = Zyy,, n|lm. Since [|mn it also holds [|n
and, similarly, since m|in it also holds m|n. Hence n = Im.
Furthermore

1
g:1+§(n—m—l—1).
A curve which verifies these conditions is
o+ y™+1=0.

— GCD(l,n) =1, G = Zy,, m|In. Since n|lm it also holds n |m,

that is n = m, against Proposition [2.18 since we would have

In=1l.cm..(l,n) =lecm..(m,n) =n.
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— GCD(m,n) =1, G = Zpy, l|mn. Since n|lm it also holds n |,
that is n = m = [, against GCD(m,n) = 1.

- |G| =n, G = Z,, l|n, m|n. By Proposition it follows that
n = [m. Furthermore, still by Proposition [2.18] we have that
GCD(l,m) = 1 and so we are in one of the previous cases.

— |G| =nap, G = Zyy X Zg; let v = af,
B

2g—2=ny—~y— 1",
{ m
where

L ny, m|ny, v|GCD(l,m).

Note 2.31. As it can be seen, in the case of even characteristic the possibilities
are very limited. Nakajima has already proved that if the genus is greater than
6 the bound is 3g + 6 and he provided the example y* = ™ — 1 (classical
generalized Fermat curve, signature (3, m,m), group of order 3m where m is
a multiple of 3, g =m — 2).

2.4 Dihedral groups

Let H = Dy be a dihedral automorphism group of X', an algebraic curve
of genus greater than or equal to 2 defined over an algebraically closed field
of odd characteristic p. Suppose that |H| = 2N and that (p, N) = 1. Let G
be the cyclic subgroup of index 2 in H. In order to exclude the case where H
is abelian, that was studied in the previous section, we suppose that N > 2.

Let us recall some general facts on dihedral groups and their subgroups.

First of all we recall that for N > 3 we have

Dy = {1,r,r2, N s s r?s, L ,TN_ls}

where ¥ = s? = (rs)? = 1, while D; = (r,s), where r = 1 and s have order
2 and Dy = (r, s), where both r and s has order 2 and they commute.

It follows a complete list of the subgroups of Dy.

Theorem 2.32 ( [9]). Every subgroup of Dy is either cyclic or dihedral. A
complete list of the subgroups is the following:

(1) (r?), where d| N, with index 2d, (r's), where 0 < i < N — 1, with index
N.

)
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(2) (rd ris), where d| N and 0 <i < d— 1, with index d.
Fvery subgroup of Dy appears exactly one time in this list.

In this theorem the groups of the first type are cyclic weather those of the
second type are dihedral:

(r?) == Zn/q and (rt ris) = Dyq.
Now we classify the normal subgroups of Dy .

Theorem 2.33 ( [9]). In Dy, every subgroup of (r) is a normal subgroup of
Dy (these are the subgroups (r?), for d| N, and they have index 2d). These
are the only proper normal subgroups of Dy in the case where N is odd. In
the case where N is even the only other proper normal subgroups are:

<7"2,s> and <7"2,7“s>
both of index 2.

In particular, there is at most one normal subgroup in Dy for each index,
except for three normal subgroups:

(ry, <r2, s) and (7’2, )
which are all of index 2 when N is even.
Proposition 2.34. If N > g(X)—1, then the extension X over X /G ramifies.

Proof. Suppose by contradiction that the extension is unramified. Then, by
the Riemann-Hurwitw genus formula for G we have:

29(X) —2 = N(2g0 — 2)
where go denotes the genus of X' /G.

o if go > 1, then 2¢g(X — 2) > 2N, it follows that N < g(X) — 1, that is a
contradition.

o If go =1, then 2g(X) — 2 = 0, that is g(X') = 1, against the hypothesis
9(X) = 2.

o If go = 0, then 2g(X) — 2 = —2N, that is 2g(X — 2) < 0, against the
hypothesis g(X') > 2.
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O
Proposition 2.35. If N > g(X) — 1 the extension X over X /H ramifies.
Proof. This is a direct corollary of Proposition [2.34] O]

The next remark will be useful for many proofs.

Lemma 2.36. Let I' be an orbit of X under the action of the subgroup G of
H. Then, for a point P of I,

(a) the orbit of P under the action of H coincides with ', or

(b) the orbit of P under the action of H is the (disjoint) union of T together
with a different orbit under the action of G, say I, of the same length
of I.

Furthermore, if T is a short orbit under the action of G, then (a) necessarily

holds.

Proof. Let P € I'. We recall that H is generated by G and the involution s.
If s(P) € I' then (a) holds, since every element of H send P in a point of I'.
If, instead s(P) ¢ I', then the orbit of P under the action of H coincides with
the union of I with the orbit of s(P) under the action of G.

Suppose now that I' is a short orbit under the action of G. It follows
that the size of the stabilizer Gp in G of a point P of I is greater than 1. If
the stabilizer Hp of P in H properly contain Gp, than Hp would be a cyclic
subgroup of H of size greater than or equal to 4 not contained in G, but such
a group doesn’t exist. O

Proposition 2.37. If N > g(X) — 1, the number of the short orbits of X
under the action of G is at least 2.

Proof. By Proposition n > 0. Since the extension X over X'/G is a
Kummer extension, then n # 1. O]

Proposition 2.38. If N > g(X) — 1 then X /H is either rational or elliptic.
In the second case either N is odd and H acts with only one short orbit of
length 2, or N is odd and H acts with only one short orbit of length 4.

Proof. By the Riemann-Hurwitz genus formula for H it follows that
29(X) =22 2NQ29(X/H) = 2) > 2(g(X) — 1)(29(X/H) — 2)
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which implies 2¢g(X/H) —2 < 1 and so g(X/H) € {0, 1}.
Suppose g(X/H) = 1. Then

T

29(X) —2= Z(QN —{;)
i=1
where ¢ ..., ¢, are the sizes of the short orbits of X under the action of H.
Since 2N — ¢; > N > g(X) — 1, and by recalling that the extension X over
X /H ramifies from Proposition necessarily 7 = 1 and

29(X) —2=2N — ¢

where ¢ is the length of the only short orbit under the action of H, say (2.
The stabilizer Hp of a point P of ) is a cyclic subgroup of H. Since by
Proposition G has at least two short orbits, then (b) of Lemma
holds and so |H/Hp| = 2|G/Gp|, thus Hp = Gp.

Hence Hp is the only one cyclic subgroup of G of size 2N/{. In particular
Hp is normal in H and then the covering X /Hp over X/ H is a Galois covering
with respect to the group H/Hp and it is unramified. Thus also X/Hp is
elliptic.

Let £ = 2 and let N be even. In this case H has a normal subgroup M of
index 2 not contained in Hp (see [9, Theorem 3.3]). Hence M acts transitively
on 2 and the factor group H/M acts on X /M with only one short orbit, but
this is a contradiction since H/M is cyclic of order 2.

Let ¢ > 2. The factor group H/Hp is a dihedral group of size ¢ and it
acts semiregularly as automorphism group of an elliptic curve. Hence H/Hp
is a translation group of size ¢, but this is a contradiction for ¢ # 4 since the
translation group of an elliptic curve is abelian, weather the dihedral group of
order ¢ > 4 is not. Note that in this case N = g(X) + 1. O

From the proof of the previous Proposition it easily follows the next result.
Proposition 2.39. If N > g(X) + 1 then X /H is rational.

Proof. By Proposition it follows that if X'/ H is not rational, then H acts
with only one short orbit of length either 2 or 4 and so

2g(X)—2=2N -2 or 2g(X)—2=2N —4
that is a contradiction with N > g(X’) + 1. O

We now deal with the case where X'/H is rational.
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Theorem 2.40. Let H = Dy be a dihedral automorphism group of a curve
X of genus g > 2 defined over a field of characteristic p > 0 where p does not
divide |H|. Suppose N > g(X) + 1. Let Qi,...,Qy denote the short orbits

under the

action of H of size smaller than N and let Aq,...,A; denote the

short orbits under the action of H of size N. Let k> 1. Then

(a) for alli =1,... k and for all P € Q;, the stabilizer of P in H is the
only one cyclic subgroup of H (r!%) of size m; = 2N/|Q];

(b) t>2;

(c) if N is odd then t is even;

(d) if t =2 then N = l.c.m.(mq,...,mg);

(e) if t =3 then N = l.e.m.(my, ..., my,2).

Proof.  (a) The stabilizer of P is a cyclic subgroup of H of size greater than
2. The claim follows form Theorem 2.32]

(b) In order to prove that ¢ > 2 we denote by H; the stabilizer of an arbitrary
point of €2; and by L the group generated by Hiy,..., Hy. Clearly L is
contained in G = (r) and then it is a proper normal (cyclic) subgroup
of H. Thus, the factor group H/L acts on the curve X'/L such that

the quotient curve of X'/ L with respect to H/L is rational (since it
is isomorphic to X' /H);

the short orbits of X'/L under the action of H/L can only consists
of points corresponding to orbits under the action of L contained in
A1, ..., A; indeed, for each point P of X which doesn’t belong to
the union of the orbits Ay, ..., A, the stabilizer of P in H coincides
with the stabilizer of P in L;

if |[Lg| = 1 for a point @ of A;, then the points of X' /L which
correspond to orbits under the action of L that are contained in
(2;, form an orbit under the action of H/L of size |H|/2|L|:

if |Lg| = 2 for a point @ of A;, then the points of X' /L which
correspond to orbits under the action of L that are contained in

(2;, form a long orbit under the action of H/L. This case can occur
only if Hy = G = (r’¥/2); in particular N must be even.
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Then, by the Riemann-Hurwitz genus formula, it follows that

29(X/L) =2 < =2[H|/|L| + t(|H[/|L] - [H|/(2|L])) = (/2 —2)\H\(/2|[é!)-
Since |H|/|L| > 2, then t > 2. '

Let L be as in the previous point. Since N is odd, as noted above,
we have that for all ¢ = 1,...,¢ the points of X'/L which correspond
to orbits under the action of L that are contained in {);, form an orbit
under the action of H/L of size |H|/(2|L|); then the inequality in [2.8]is
actually an equality and so

29(X/L) —2=(t/2 = 2)[H|/|L] = (t = 4)N/|L|.
Since N is odd then it follows that ¢ is even.

Ift =2, reads
29(X/L) —2 < —2N/|L].

The only possibility is that g(X'/L) = 0 and L = G. Furthermore no
element of L fixes a point of some A;. Thus it is possible to apply
Proposition [2.18|to the covering defined by G, which has as ramification
indices exactly the values m;, each of them is repeated more than one
time since for all Q; holds (b) of Lemma [2.36, Then the claim holds.

If ¢t = 3 it follows that NN is even and so
29(X/L) —2 < —=N/|L|,

it follows that g(X /L) = 0. Furthermore either L is a subgroup of G of
index 2 or L = G.

In the first case the equality holds and thus no element of L fixes a point
of some A;. Then it is possible to apply Lemma to the covering
defined by L and the claim follows from the fact that the order of L
could be odd.

If instead L = G, then the element of order 2 in G is the stabilizer of
the points of an orbit A;. By Lemma [2.36] follows the claim.
O

The case k = 0 is studied in the next theorem.
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Theorem 2.41. Let H = Dy be a dihedral automorphism group of a curve
X of genus g > 2 defined over a field of characteristic p > 0 where p does not
divide |H|. Suppose that N > g(X) + 1. Suppose that the only short orbits
under the action of H have size N. Then

. H] = 49(2) 4
e N =0 (mod4)

o Fquations for X are

Y?2=X34+ AX?2+CX + B
{ f(Xa Y)ZN = g(X, Y)

where A, B,C € K are such that Y? = X? + AX? + CX + B defines a non-
9(X,Y)
fXY)
s not an i-th power for any divisor of N and for which there exist two points
Py and Py of € where the order of « is an odd multiple of N/2 weather at all
the other points of £ the order is an even multiple of N/2.

singular curve £ and « : represents a rational function of €, which

Proof. According with Theorem [2.40| we denote by Ay, ..., A, the short orbits
under the action of H.
By the Riemann-Huwitz genus formula it follows that

2<29(X)—2=—-4N+t(2N — N) = (t —4)N,

which implies ¢ > 5. Actually, from N > g(X) + 1 it follows that ¢ must be
exactly 5. Thus N = 2¢(X) — 2

Suppose that ¢’ is the number of the short orbits under the action of H that
are long orbits with respect to G. Obviously ¢ < 5, but from Proposition [2.34]
t' = 5 cannot actually occur. Hence, by the Riemann-Hurwitz genus formula
for G we have

N =2¢(X)—-2=N(29(X/G)—2)+2(5—1t)(N— N/2)
from which
1=(29(X/G)+3-1t)

and
t—2

2

9(X/G) =
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for some ¢’ € {2,4}.

If ' =2, then t — ¢’ = 3 and each point of these 3 short orbits is fixed by
the unique involution of G. This involution, say o, cannot fix other points.
Then, by the Riemann-Hurwitz formula for (o) we have

N =2g(X)—2=2(29(X/(c)) —2)+ 3N

that is
(29(X/(0)) =2) = =N
a contradiction.
Hence t' = 4. In this case the unique involution of G fixes exactly N
points, then g(X /(o)) = 1.
In order to prove that 4 divides N we consider the quotient curve X' /(s).

Note that s has 4 fixed point on X', this follows by an easy double counting
on the set

{(P,v)| P € X, vinvolution of H \ G such thatv(P) = P}.

The size is 4N since each point of the 4 short orbits of H that are long orbits
for G has stabilizer of order 2 consisting of the identity and an involution
of H\ G. Since any two arbitrary involutions of H \ G are conjugated, the
number of fixed points is constant and thus it is equal to 4. Hence we have

N =2(g(X) = 2) = 2(29(X/(s)) —2) +4

from which g(X/(s)) = N/4.

Whence X is a Kummer extension of degree N of an elliptic curve £ =
X /G, defined by an equation of type 2z = a, where o € K(€). Furthermore
the group G is defined by g +—— (3 for all § € K(€) and z — pz as p varies
among the N-th roots of unity. The involution ¢ is such that z — —2z and
so the quotient curve & = X /(0), still elliptic, is a Kummer extension of £
defined by zN/? = a.

Furthermore we know that the covering X — & ramifies exactly in two
points and the ramification index is 2. Moreover the covering & — & is
unramified since both £ and £ are curves of genus 1.

From Kummer theory we have the following informations on «:

« since the covering & — &, defined by 2V/? = «, is unramified, we have
that for each P € &£ holds GCD(ordp(a), N/2) = N/2 and so ordp(«)
is always a multiple of N/2;
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e since the covering X —+ &, defined by 2"V = «, ramifies in two points
with ramification index equal to 2, we have that there exist P, and P,
in € such that

GCD(ordp(a), N) = N/2

and for all the other points P € £ we have GCD(ordp(a), N) = N.

Hence there exist two points P; and P, of £ where the order of « is an odd
multiple of N/2 weather in all the other points the order is an even multiple
of N/2. Furthermore, in order for the extension to be a Kummer extension,
it is necessary that « is not a power with exponent a divisor of V. O

Example 2.42. There exist fields where Theorem holds. Suppose that

£ is defined by

v =2° —x.

1
T 1). Then div(a) = 2P, — 2P,

Let P, = (1,0), P, = (—1,0) and o = (

without o being a square. Hence we define

[ r=at—a
y'{ (x—1)2'=(x+1)

that is a Kummer extension of £ of degree 4 and genus 3. Then a dihedral
group of order 8 = (4 x 3) —4 acts on Y (this dihedral group is also contained
in a larger group). The involution of the dihedral group is the rational map
which maps a point P of X in P & (0,0), swaps P, and P,, has four fixed
points and maps z in 1/z.

Explicitly

S(I,y, Z) = (_1/1;7 —y/IQ, 1/2) r(x,y,z) = (x,y,)\z)

where A is a 4-th primitive root of unity. It is immediate to verify that
5?2 =r* =1 and that

(rosor)(z,y, z) = s(r,y,2),

that is (rs)> = 1. The group is larger since it also contains (z,y,z) —
(x,—y, z). Hence we have ha 2-group of order 16 = 8¢ — 8 which acts on a
curve of genus 3.

We recall |2, Lemma 4.1] (see also Theorem and its corollaries): given
an algebraic curve Xy defined over an algebraically closed field of character-
istic different from 2 and of genus g > 2 admitting an automorphism group
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L of order n, there exists a sequence of algebraic curves X, such that the
covering X, — X1/L is a Galois covering, the covering X,.1 — X, is an
unramified, elementary abelian, Galois covering, of degree 229¥») . Note that,
since X, — &, is unramified, we have g(&, 1) — 1 = 2%9¥)(g(X,) — 1)
and, moreover, since both the coverings &, .1 — X1 /L and &X,, — X} /L are
Galois coverings, X, 41 has an automorphism group of order 229(*») times the
order of the Galois group of the covering X,, — X3 /L.

Thus, if L = h(g(X;) — 1), where h is an integer, then X, admits an
automorphism group L,, of order h(g(X,,) — 1), furthermore if L is a 2-group,
then so is L,,.

Now we apply the previous remarks to the case X1 =) and L = H. Then
the curves X, constitute an infinite family of curves with genus that goes to
infinity admitting an automorphism group of order 4(¢g(X,,) — 4) and acting
with exactly 5 short orbits.

Let then X} = ) and let L be the group of order 8¢ — 8 constructed above.
Then the curves &, constitute an infinite family of curves attaining the bound
of [2, Theorem 3.2], that is disjoint from the family given in |2, Example 4.3].

Note 2.43. In the complex case there exist examples of curves for which
Theorem holds for each genus g, and are implicitly described in [56].

Suppose N > ¢g(X) + 1. Let t denote the number of short orbits under
the action of H of length N, let ¢ <t denote the number of such orbits that
are long orbits with respect to G and let k denote the number of short orbits
under the action of H of length smaller than N.

Lemma 2.44. Let k > 1. Then the possible pairs k,t are

(1,3),(1,4),(2,2),(2,3).

Proof. We have k+t short orbits under the action of H. For k+(t—t') of these
(b) of Lemma holds, while for the remaining (a) of Lemma holds.
We recall that t > 2. Let mq,..., m; denote the orders of the stabilizers of
the points of the k short orbits of length smaller than N.

The Riemann-Hurwitz genus formula for the three coverings reads

o the covering X — X /H of degree 2N

i—1 my

2() =2 = —AN £ 3 (23 - 2N )+ N (2.9)
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« the covering X — X' /G of degree N

@mg—zzN@mXKU—%+2§XW‘“N)+%“%UOV_N>

i=1 m; 2
(2.10)
« the covering X/G — X /H of degree 2
29(X/G) —2=2(=2)+ 1. (2.11)

On the other hand, from ¢ > 2 and 2.11} it follows that for N > ¢g(X) + 2

k
2N —1
mv—622m33—2:—4N+§j<mv— )+uvz_4N4¢N+kqu
i—1 m; q

where ¢ is the minimum divisor of N greater than 2. Then

2qg — 2
q

4
t+ gk <t+ k < 6. (2.12)

Furthermore, from 2¢(X) — 2 > 2 we have

k
2N
—4N + k(2N —2) +tN > —4N+Z(2N— ) +tN > 2,
i=1 m;
from which . 5
2%k t—4><2—)k F4> 20
+ N) TRy
that is
2%k +t > 4. (2.13)
Il

Note that £ = 2 and t = 2 imply N = l.c.m.(mq, msy), weather k = 2 and
t =3 imply N = l.c.m.(my, ms,2). Moreover (2,3) also implies ¢ = 3, that is
6| N.

2
Immediately £ =1 and ¢t = 4 imply |H| < 7q1(g(/\f) —1)<3(g—1).
q J—

Furthermore note that from Theorem we have ¢’ # 1. Indeed, ¢’ =1
implies that the stabilizers of the points of X not contained in the only orbit
corresponding to ¢ = 1 are subgroups of GG, thus these stabilizers generate a
proper subgroup of H, against Theorem [2.4]
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Theorem 2.45. Let X be a curve of genus g > 2 defined over an algebraically
closed field of characteristic p # 2. Let H be a dihedral automorphism group of
size 2N > 2(g+ 1), with (N,p) =1 if p > 0. Then either Theorem [2.41] holds
or X is a Kummer extension of degree N of the projective line with Galois
group G. In this second case one of the following possibilities holds:

o |H|=49+4, k=1,t=3. The stabilizer of a point in Qy has odd order.
The number of the short orbits under the action of G is 4. Furthermore
g is even, X 1is hyperelliptic and an example is given by the curve of

equation
y2 - (x9+1 _ u9+1)(x9+1 _ 1/Mg+1)

with p € K, p # 0.

e |H|=4g, k=1, t=23. The stabilizer of a point in Q0 has even order.
The number of short orbits under the action of G is 4. X is hyperelliptic
and an example is given by the curve of equation

y* = a2 — pf)(a? — 1/pf)
with p € K, p # 0.

e |H|=2(9—-1)/ (1 — é - i) where ey, e5 are divisors of |H|/2 such that

|H| = 2-l.com.(e1,e3). Furthermore k = 2, t = 2 and the number of
short orbits under the action of G is 4.

Proof. Let, as usual, G' be the cyclic subgroup of H of order N. We denote
by w (respectively n) the number of short orbits under the action of H (re-
spectively GG), and so w = k + t, and by m; (respectively e;) the ramification
indices of the short orbits under the action of H (respectively G). If k = 0
then Theorem holds. Otherwise, from Lemma it follows w € {4,5}.

Note that for the short orbits under the action of G (b) of Lemma
necessarily holds, and so n is even.

We denote by g the genus of the quotient curve X' /G, from Proposition
2.37] we know that n > 2, hence by the Riemann-Hurwitz genus formula for
G we have

29 — 2 - 1
=2¢g—2 1——
N g + ; < €i> ’
since the left-hand side is smaller than 2 and e; > 2 for all ¢« = 1,... n, it

follows that g € {0,1}.
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If g =1, from

on(-7)

i=1 i

it follows that n = 2; if instead § = 0, from

2g — 2

- 1
vl

it follows that n € {2,4,6}.
We also note that w > % holds.
We proceed by studying the cases separately.

Ow:4

—n =2 (and so k = 1 and ¢t = 3). By the Riemann-Hurwitz genus
formula for H we have

29 — 2 1 1
= -9 11— — 1—=
2N +< 61)+3( 2)7

weather by the Riemann-Hurwitz genus formula for G we have

2g — 2
N

1
:2§—Z+2<1—)
€1

by comparing the two we obtain
20=3

that is a contradiction.

—n =4 (and so either k =1, t =3 and t' =2 or k=2, ¢t =2 and
t" = 2). In this case g = 0. Suppose t = 3; by the Riemann-Hurwitz
genus formula for G we obtain

29 -2 _ 2+21+2<1 1)
N N 2 €3 .

Moreover, from (e) of Theorem we have that N = l.c.m.(2, e3).
If e3 is odd we obtain N = 2g + 2, e3 = g + 1. From [17, Theorem
27] X is hyperelliptic. An example is given by

y? = (29 — p ) (@9 = 1/
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in this case G is represented by the maps (z,y) — (ex,ty) as €
varies among the (g + 1)-th roots of unity, weather an involution
in H \ G is given by (z,y) — (1/z,w/z9). If instead e3 is even
we obtain N = e3 = 2¢g. Then, in the case where e3 is even, we

N
have that there are two orbits of length 5} and two fixed pints with

respect to GG and three orbits of length N and an orbit of length
2 with respect to H. By considering the Riemann-Hurwitz genus
formula with respect to the subgroup M of G generated by the
unique involution, we have

29 —2=229(X/M) —2)+2g+2

from which X' /M is rational and thus X is hyperelliptic. An ex-
ample is given by curves of equation

Yy’ = a(z? — pf)(2? — 1/p)

where G is represented by the maps (z,y) — (€, ex) as € varies
among the 2g-th root of unity, weather an involution in H \ G is
given by (z,y) — (1/x,y/x9%1).

Suppose t = 2. In this case the sequence of the orders of the stabiliz-
ers of the short orbits under the action of H is (e, €2, 2, 2), weather
for G we have (eq, eq, e, €e3). Moreover, from (d) of Theorem
we know that N = l.c.m.(e1, e3). By the Riemann-Hurwitz genus
formula for H (or equivalently for G') we have

2N 2N
2g—2=—-A4AN+2N—- —+2N—-—+ N+ N
€1 €9
from which
1 1
sen(i- i
€1 €9
and so

(2.14)

Form N = [l.c.m.(eq, e3), [2.14] reads

GCD(eq, €
M= e, <)1621) =
€1, €2 "N N
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— n = 6. Also in this case § = 0. By the Riemann-Hurwitz genus
formula for H we have, for e; > 2, e3 > 2 and e5 > 2,

292 _ 2+<1 1>+(1 1>+(1 1)+<1 1)
2N N €1 €3 €5 2 ’
weather by the Riemann-Hurwitz genus formula for G we have
2g — 2

——2+2<L—1>+2(L—1>+2<L—1>.
N €1 €3 €5

By comparing the two we obtain

—2=-3
that is a contradiction.
e wW=25

— n = 2. By the Riemann-Hurwitz genus formula for H we have, for
er > 2and es > 2

29— 2 1 1
— o4 (1- ) 4a(1-2=
IN +( e1)+ ( 2)’

weather by the Riemann-Hurwitz genus formula for G we have
202 _ o5 2+2<1 1)
N =9 (&)

by comparing the two we obtain g = 2 that is a contradiction.

— n = 4. In this case § = 0. Moreover, by the Riemann-Hurwitz
genus formula for H we have

29 — 2 1 1 1
=24 (1-— 1—— 1—=
v =2t (1-)+(1-5) + (1-3),

weather by the Riemann-Hurwitz genus formula for G we have

29 -2 _ 2+2(1 1>+2<1 1)
N €1 €3

by comparing the two we obtain
—2=-1

that is a contradiction.
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— n = 6. Also in this case § = 0. As noted above the only possibilities
in this case are k =1 andt =4 or k=2 and ¢t = 3.
Suppose t = 4, this implies e; = e3 = 2 and e5 > 2, by replacing in
the Riemann-hurwitz genus formula for G' we obtain
29 — 2 2
g —9

N 65.

From 3 of Theorem if e5 is even then N = e5, if instead ej
is odd N = 2e5. If N = e5, by replacing in the Riemann-Hurwitz
genus formula for G' we obtain

from which N = g, against the hypothesis N > g+ 1. If N = 2e;,
by replacing in the Riemann-Hurwitz genus formula for G we obtain

from which N = g + 1 against the hypothesis N > g + 1.
Suppose now t = 3, this implies e; = 2 and e3, e5 > 2, by replacing
in the Riemann-Hurwitz formula with respect to H we obtain
29—2 3 1 1
2N N 2 €3 65’

if e3 > 4 the right-hand side would be greater than or equal to 1
weather the left-hand side would be smaller than 1; then e3 = 3,
hence the Riemann-Hurwitz genus formula for H reads

2g—2 7 1

2N 6 e

from which e5 < 6. Whence e; € {3,4,5} and in each case, from
(e) of Theorem , we have N = l.c.m.(es, es5,2); so, if es = 3
then N = 6 and ¢ = N, if e5 = 4 then N = 12 and g = N,
finally if es = 5 then N = 30 and g = N. In every case there is a
contradiction with the hypothesis N > g + 1.

]
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Theorem 2.46. Let X be a curve of genus g > 2 defined over an algebraically
closed field of characteristic p # 2. Let H be a dihedral automorphism group
of X of size 2N > 2(g + 1), with (N,p) = 1 if p > 0. Then either |H| €
{49+ 4,4g,4g9 — 4} or |H| <2(g — 1)/ (1 — i) where q is the minimum
divisor of N greater than 2.

1_

q N
Proof. If |H| ¢ {4g + 4,49, 4g — 4}, then, from Theorem [2.41] (3) of Theorem
[2.45] holds. [

In the case where N is a prime we have the following corollary.

Corollary 2.47. Let X be a curve of genus g > 2 defined over an algebraically
closed field of characteristic p # 2. Let H be a dihedral automorphism group
of X of size 2N, with N a prime different from p if p > 0. Then |H| < 2g+2.

Proof. Since N > g + 1, from [34] it necessarily follows that N = 2¢g + 1 and
thus |H| = 4g + 2, against Theorem [2.46] O

2.5 Nilpotent groups

Zomorrodian [69] showed that
|G| < 16(g — 1),

when K = C and G is a nilpotent automorphism subgroup of a curve X'. The
author also proved that, if the equality holds, then g — 1 is a power of 2.
Conversely, if g — 1 is a power of 2, then there exists a function field of genus ¢
admitting an automorphism group of order 16(g — 1); hence a nilpotent group
of order a power of 2. Note that his approach is also based on the method of
Fuchsian groups.

In [2] the case of arbitrary characteristic was studied. More precisely it
was obtained a similar bound on the order of an arbitrary nilpotent subgroup
of the authomorphism group of a curve in positive characteristic, except for
one case. More precisely, the main result of [2] is the following.

Theorem 2.48. Let K be an algebraically closed field of characteristic p > 0
and let F'/K be a function field of genus g > 2. Suppose that G < Aut(F/K)
is a nilpotent subgroup of order

G| > 16(g — 1).

Then the following properties hold:
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(i) G is a p-group.
(i) The fized field Fy of G is rational.

(iii) There exists only one place Py of Fy, which ramifies in F/Fy. Further-
more, Py is totally ramified and

< .
Gl < - 12’

Here we highlight further examples than those in [2] of curves X admitting
a nilpotent automorphism group of size 16(g(X) — 1) and such that the size
is coprime with p.

Example 2.49. For p # 2, the Fermat curve z* + y* + 2* = 0 of genus 3
has a nilpotent 2-group with 16(g — 1) = 32 elements. By proceeding as
in |2, Example 4.2] we obtain an infinite family, disjoint from that in [2].

Finally we note that in the Example m, we show that the bound of [2,
Theorem 3.2] is attained for a genus tower which start from 3.

2.6 Non-perfect groups

In this chapter we prove some results on algebraic curves which have an
automorphism group that is non perfect; this includes the case of solvable
groups, thus extending to positive characteristic the known limitation for Rie-
mann surfaces [§].

First of all we recall the definitions of non-perfect groups and solvable
groups and some preliminary results.

Definition 2.50. Let G be a group and let a,b € G, the element a='b~tab is
called commutator of a and b and it is denoted by [a,b]. The subgroup of G
generated by the commutators of each pair of elements of G is called derived
subgroup of G and it is denoted by G’, that is

G = {[a,b]|a,b e G).

Definition 2.51. A group G is called perfect (respectively non-perfect) if
G’ = G (respectively if G' C G).

Theorem 2.52. Let G be a group and let G’ be the derived subgroup.
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(i) G' is a characteristic subgroup;
(ii) The factor group G/G' is abelian;

(iii) If N is a subgroup of G such that N < G and G/N is abelian, then
G' C N;

(iv) If H < G and G' C H then H is normal in G.

Theorem 2.53. Let X be a curve of genus g > 2 defined over a field of
characteristic p. Let G be a non-perfect automorphism group of X, whose
order is coprime with p, then

|G| < 48(g — 1).

Proof. Suppose by contradiction that |G| > 48(g — 1), by the Riemann-
Hurwitz genus formula follows that |G| = 84(¢g—1) and that G acts on X with
exactly three short orbits, say €21, 2y and Q3 of size, respectively, |G|/2,|G|/3
and |G|/7.

Note that for each point P in the union of such orbits, since the stabilizer
Gp of P in G has prime order, either (G')p = Gp or (G')p is trivial. For two
given points P and P’ belonging to the same short orbit 2;, we have that the
stabilizers of P and P’ in G are conjugate and thus, since G’ is normal, it
follows that (G/)p = Gp if and only if (Gl)p/ = Gp/.

Finally, we recall that

29 —2=|G"(29(X/G") —2) + €
where

=3 (G~ 1))

Pex

We examine eight possibilities separately, with respect to which € is computed,
from which a contradiction easily follows.

o G’ = {id} for each P. In this case ¢ = 0. Furthermore G/G’ is an
abelian group acting on a curve of genus ¢’ such that

g —1=(g—-1/IG] =|Gl/(8N)|C'| = |G/C"] /84,

but this is a contradiction since ¢’ > 1 and G/G" abelian imply |G/G’| <
4q' + 4.
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G’» = Gp # {id} if and only if P € Q. In this case

e:|2G|(2—1):42(g—1)

20
and so ¢ = 0 and |G| = @|G|, against the fact that |G|/|G'| is an
integer.

o G =Gp # {id} if and only if P € Q. In this case

1l
3

27
and so ¢’ =0 and |G| = 8—4|G|, that is a contradiction.

(3 1) =56(g - 1)

o G =Gp # {id} if and only if P € Q3. In this case

6:|(7;|(7—1):72(g—1)

35
and so ¢’ =0 and |G| = 8—4|G|7 that is a contradiction.

o G =Gp # {id} if and only if P € Oy U y. In this case

e:|(2;|(2—1)—|§|(3—1):98(g—1)

48
and so ¢ =0 and |G'| = 8—4|G|7 that is a contradiction.

o G =Gp # {id} if and only if P € Oy U Q3. In this case

€:|C2;|(2—1)—’C7;|(7—1):114(g—1)

56
and so ¢ =0 and |G'| = 8—4|G|, that is a contradiction.

o G =Gp # {id} if and only if P € Qy U Q3. In this case

161,y el

5 (3-1) - (T-1)=128(9 - 1)

63
and so ¢ =0 and |G'| = 8—4|G|, that is a contradiction.
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o« G =Gp # {id} if and only if P € Oy Uy U Q3. In this case

Gl |G| Gl
oy Elag o - Ehr 1y =109 -1
=1~ e -7 1y <m0 - )
and so ¢’ = 0 and |G'| = |G/, that is a contradiction since G’ is a proper
subgroup.

Il
Note that there exist curves which attain the bound of Theorem 2.53]

Note 2.54. Let p > 3 and let F; be the plane curve of equation x*+y*+1 = 0.
Then F4 has genus equal to 3 and admits a solvable automorphism group of
size 96.

Proof. The curve is non-singular, thus the genus is W = 3. It is well
known that the Fermat curves F,, of equation 2" + ¢y” + 1 = 0 admit an
automorphism group G of size 6n?. Furthermore G has as normal subgroup
N a group isomorphic to Z, X Z, and the factor group G/N is isomorphic
to S3. Since both N and G/N are solvable, it follows that also G is solvable.
Furthermore in the case n = 4 we have 6n* = 96 = 48(3 — 1). O

Note 2.55. The curve Z of equation y* = x(x* — 1) presented in [2] has
genus g = 2 and it has a solvable automorphism group of order 48 = 48(g — 1)
isomorphic to GL(2,3). In the complex case this curve is known as Bolza
surface and it has the maximum number of automorphisms that a curve of
genus 2 can have in the complex case. The subgroup of order 16 is explicitly
constructed in (2] as the group generated by o and T where

o(z) =&, a(y) =&y

and

(@) =1/z, 7(y) =y/a’
where £ is a primitive 8-th root of unity. A further automorphism 6 is instead
given by

0(z) = —(z+&)/(x = &), 0(y) = ay/(x — &)’

where o is such that o = —8¢2. The group generated by o, 7 and 0 turns out
to be isomorphic to GL(2,3). The quotient with respect to the hyperelliptic
involution © — x, y — —y is the symmetric group over 4 elements which
acts on the 6 Weierstrass points of the curve.

Note that a Riemann surface of genus 2 with an automorphism group iso-
morphic to GL(2,3) is presented in [27] without providing explicit equations.
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Note 2.56. If we consider for p > 5 the Fermat curve Fs : 25 +9°> +1 =0
we can notice that this admits a solvable group with 150 elements weather the
genus is 6. In this case we have a solvable group with 15(g — 1) elements.
Note that from the proof of the Hurwitz bound it follows that 15(g — 1) is the
mazimum order of an automorphism group with odd order coprime with the
characteristic p, for curves of genus greater than 1.

We will see that, by using to the following theorems, some abelian unram-
ified coverings of F,, F5 and Z give rise to further maximal example.

Theorem 2.57. Let X be a curve of genus g > 2 defined over a field of
characteristic p > 0. Let G be a non-perfect automorphism group of X. Then
for each prime d # p there exists a curve of genus ¢’ = d*9(g—1)+1 admitting
a non-perfect automorphism group of size d*9|G.

Proof. Let M = K(X) be the function field of X and let F' be the subfield
of M that is fixed by G. Then the extension M : F' is a Galois extension of
degree |G|.

In a fixed algebraic closure of M there exists only one elementary abelian
extension L of K(X) of degree d? such that the genus ¢’ of L satisfies

g —1=d*(g—1)

(see for instance [54, Section 4.7]). Let ) be the algebraic curve whose function
field is L and note that the condition on the genus coincides with the fact that
the extension K(Y) : K(X) is unramified.

Hence we consider the Galois closure L’ of the extension L : F in a fixed
algebraic closure of M. Note that, in theory, L’ could properly contain L. We
will show that actually L' = L.

Let I' = ['(L/, F'), the number of elements of I" is obviously equal to degree
of the extension L' : F', that is the product of the degree of L’ : L by the
degree of L : F. Hence [L' : L] = |T|/(d*|G]).

Since M : F'is a Galois extension, then, from a well known fact from Galois
Theory (see for instance |11, Theorem 7.2.5]), each element v of I' must map
to itself M and so, from the uniqueness of the unramified abelian extension
of degree d?9, it must map to itself also L. But this means that G’ = T'(L, F')
has at least [L : F'] elements, that is the extension L : F is a Galois extension.
Hence L' = L and G' =T.

Now we recall that, since M : F is a Galois extension, the Galois group
I'(L, M) is normal in I'(L, F') and I'(M, F') is isomorphic to I'(L, F') /T'(L, M).
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But I'(L, M) is abelian and I'(M : F') = G is non-perfect. Thus G' =I'(L, F)
is non-perfect. Since G’ is isomorphic to an automorphism group of ), the
claim is proved. O

Note 2.58. From the previous proof, dismissing the hypothesis that G is non-
perfect, the following result holds: if there exists a curve X of genus g > 2 with
an automorphism group of order h(g—1), then for each prime d different from
p there exists a curve of genus ¢ = d*(g — 1) + 1, that is an abelian covering
with exponent d of X, with an automorphism group of order h(g' —1). In the
complex case this result was obtained By Macbeath in 1961 in [46, Theorem 6]
for an arbitrary positive integer d, with different techniques using topological
properties of Riemann surfaces.

Corollary 2.59. Let X be a curve of genus g > 2 defined over a field of

characteristic p > 0. Let G be a non-perfect automorphism group of X and let
G|

0= Pt Then for every positive integer n there exists a curve Y of genus ¢’

greater than n admitting an automorphism group G’ such that |G'|/(¢'—1) = 6.

Corollary 2.60. For each characteristic p > 3, there exists an infinite num-
ber of curves, with genus that goes to infinity, admitting a non-perfect tame
automorphism group of order exactly 48(g — 1).

Proof. 1t sufficient to apply Corollary to the Fermat curve F; or to the
curve Z. O

Corollary 2.61. For each characteristic p > 5, there exists an infinite num-
ber of curves, with genus that goes to infinity, admitting a non-perfect tame
automorphism group of odd order exactly equal to 15(g — 1).

Proof. Tt sufficient to apply Corollary to the Fermat curve 5. [

2.7 Groups with a cyclic subgroup of index 2

In this section, we investigate curves having an automorphism group H
admitting a cyclic subgroup G of index 2, over fields of any characteristic, the
results presented in this section are the subject of the paper [16]. Admitting a
cyclic subgroup of index 2 might seem a strong condition, but actually there
are many possible structures for such groups. Apart from the cyclic, abelian,
dihedral, generalized quasi-dihedral cases, there are and several others and a
complete list can be found for instance in [12, Proposition 10.2].
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Clearly, if an automorphism group H admits a cyclic subgroup of index 2,
then |H| < 8¢+ 4. If H is abelian, then it is well-known that its size cannot
exceed 4g + 4 (see Theorem . Over the complex field, it is a classical
result that if H is dihedral, then |H| < 4g 4+ 4. Recently, it has been showed
( [31, Theorem 6.1]) that if H is a generalized quasi-dihedral group, then
a tighter bound holds; on the other hand, Reyes-Carocca and Speziali [55]
studied Riemann-Surfaces of genus g having an automorphism group of size
6g admitting a cyclic subgroup of index 2.

The present section is partly motivated by these recent results, trying to
ask the following questions:

« does the upper bound 4¢(X)+4 holds for dihedral automorphisms groups
of curves of genus g(X) > 2 defined over any algebraically closed field?

o for a given g > 2, what are the possible sizes of an automorphism group
H of a curve of genus ¢ admitting a cyclic subgroup of index 27

Since for any g > 2 there is a curve of genus ¢ admitting a dihedral group
of automorphism of order 4g + 4, with respect to the latter question we focus
on the case where |H| is strictly greater than 4g + 4.

In order to extend the upper bound 4¢g(X) + 4 for dihedral groups from
the complex case to that of any algebraically closed field, we first note that
by Abhyankar Lemma allow us to deduce that the bound also holds provided
that the characteristic does not divide the size of the group.

In subsection [2.7.1] we show that over a field of characteristic p # 2 there
cannot exists a dihedral group of size multiple of p and greater than 4¢g + 4.

Theorem 2.62. Let X be a curve of genus g(X) > 2 defined over a field of
positive characteristic p # 2. Let D be a dihedral group of automorphisms of
X. Then |D| < 4g+ 4.

In subsection [2.7.1| we also show that there exist precisely one case of group
H of order multiple of p.

Theorem 2.63. Let X' be a curve of genus g(X) > 2 defined over an alge-
braically closed field of characteristic p > 3. Then X has an automorphism
group H of size divisible by p and greater than 49(X) + 4 admitting a cyclic
subgroup of index 2 if and only if X is birationally equivalent to the curve with
equation
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for some m > 1 with GCD(m,p) = 1. In this case g(X) = W and
|H| = 2pm. Also H is generated by p and n where

plz) = vz, ply) =y+1

and
n(x) =vz, nly)=-y
with v € K a primitive 2m-th root of unity.

In the subsequent subsections we assume that p does not divide the size
of the group. In particular, throughout subection [2.7.2] we provide a num-
ber of necessary conditions, which will then allow us to answer the previous
questions. Such conditions are summarized as follows.

Theorem 2.64. Let X' be a curve of genus g > 2 with an automorphism
group H of order 2N > 4g + 4 admitting a cyclic subgroup of index 2. Let
GCD(|H|,p) = 1. Then, the value M = N — 2 — g is an integer divisor of N
and H has the following description as an abstract group:

H={po|p"N =0*=10p0c=pM")

Y

for some l € {1,..., % — 1}, where the possible values of | modulo M are

uniquely determined by N and M. An equation of X is
Xy =2(1 +2)

with

GCD(N,s+1) =1,
d:=GCD(N,s+2)>2,

e 29—2=N-2—-GCD(N,s), and
o either N divides ds or N —1—d < ds (mod N).

For p not dividing NV, it turns out that for each g > 2 there is precisely one
hyperelliptic curve of genus g with an automorphism group of size greater than
4g + 4 admitting a cyclic subgroup of index 2; see Theorem [2.104] The size
of the group in this case is 8¢g. For non-hyperelliptic curves it turns out that
an upper bound is 6g; Corollary Taking into account the possibility
m = 2 in Theorem for the case where p divides N, we have the following
result.
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Theorem 2.65. Let X be a curve of genus g > 2 defined over an algebraically
closed field of characteristic p # 2. Let H be an automorphism group of X
admitting a cyclic subgroup of index 2. Then

8 4. 4 0;
H| < g+4, ifp#0;
8g, if p=0.

The bound is sharp for p # 2. For p > 0, p # 2 it is attained by the hyperel-
liptic curve with equation y? —y = x2; for p = 0 by hyperelliptic curves with
equation y*9 = x(1 + z)%9.

It makes sense to define a(g) as the maximum size of an automorphism
group of a non-hyperelliptic curve of genus g > 2 admitting a cyclic subgroup
of index 2. Our main result about the value of a(g) is the following; see
Section 27.3

Theorem 2.66. Let a(g) be the maximum size of automorphism group of
size not divisible by p of a non-hyperelliptic algebraic curve of genus g which
admits a cyclic subgroup of index 2. Then

1. if e is the smallest divisor of 2g such that e+ 1 is coprime with 2g, then

e+1
a(g) > 49—

(2.15)

2. if g 20 (mod 210), then equality holds in . In particular,

(
. &g):6g when g Z 0 (mod 3);
9) = %29 when g =3 (mod 6);
) =
) =

(
o af
. alg 5g when g =0 (mod 6), g # 0 (mod 30);
e a(g) =+ when g =0 (mod 30), g # 0 (mod 210);

3. a(g) < %g, g =0 (mod 210).

Curves of genus g with a group of size a(g) admitting a subgroup of index
2 are completely classified for g Z 0 (mod 210)

Theorem 2.67. For g > 2, g # 0 (mod 210), curves of genus g admitting a
tame automorphism group of size a(g) containing a cyclic subgroup of index
2 are precisely the following:
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« X(g):y¥ =x(x+1)?, g=1 (mod 3)

« V(9):y¥ =w(e+1)%, g =2 (mod 3);

o« Alg) 1 y*? =z +1)*7, g =3 (mod 6);
« B(g): y*" =a(zx+1)*, g=3 (mod 6);

e Flg):y% =z(x+1)% g =6 (mod 30);

« E(g9):y39 =x(z+1)% g=12 (mod 30);

e C(g):y39 = x(x+1)7 g =18 (mod 30);

e D(g):y29 =z(z+1)% g =24 (mod 30);

« O(g):y39 = x(x+ 1)434 g =30 (mod 210);
« M(g):y39=az(z+1)F g =60 (mod 210);
e Qg): Y39 =x(z+1)% g =90 (mod 210);
« L(g):y™ =2z(x+1)% g =120 (mod 210);
e Plg):y3 = z(xz+1)% g =150 (mod 210);
e N(g9):y39 = z(z +1)7 g =180 (mod 210).
In every case, the group H has the following abstract form:

2

H={po|p"=0>=1, opo=p" ).

where N (resp. s) is the exponent of y (resp (x + 1)) in the equation of the
curve.

Other examples of curves satysfying the hypothesis of Theorem are
given in Propositon [2.98
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2.7.1 Groups of size a multiple of p

Throughout the subsection, N is a positive integer and H is a subgroup of
the automorphism group of a curve X of genus g = ¢g(X), admitting a cyclic
subgroup G of order N and index 2 in H. In the sequel, p is a generator of G
and o is an element in H \ G. In this subsection, we deal with the case where
N is a multiple of the characteristic p > 3.

The following statement can be deduced from the main result in [17].

Proposition 2.68. Let p > 3, and let X be a curve of genus g(X) > 2 defined
over a field of characteristic p with a cyclic automorphism group G of order
N > 2g(X)+2 and divisible by p. Then, up to birational equivalence, N = pm
with m > 1, (p,m) =1, and p # 3; also, g(X) = WI)QM and

Xy —y=a(z™ —0) (2.16)
for some a,b € K. Also, G = (p) with

p(r) = Az, ply) =y+1.
with A a primitive m-th root of unity.

Proposition 2.69. Up to birational equivalence, a = 1 and b = 0 can be
assumed in [2.16.

Proof. Let a and 3 be elements in K such that ™ = a and ? — § = —ab.
Also let x = ix’ and y =y + (. Then (y/)P + P —y/ — B = @O%m(lﬂl)m — ab,
whence (y )P — 1y = (2/)™. O

We first prove the following preliminary result.

Theorem 2.70. Let X be a curve of genus g(X) > 2 defined over a field
of positive characteristic p # 2, and G be a cyclic subgroup of Aut(X) of
order N > 2g(X) + 2. Assume p | N and that there exists an involution o
in Aut(X) \ G that normalizes G. Then, up to birational equivalence, X :
yP —y =2a", G is as in Proposition m is odd, and

o(x) = -z, oly)=-y+i

with i € Fy,. In particular, there are at most p involutions in Aut(X) \ G that
normalize G.
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Proof. As p > 3 divides the size of a cyclic group G of automorphisms of size
larger than 2¢ + 2, by Propositions [2.68 and [2.69] the only possibility is that
X is birationally equivalent to the curve with equation y» — y = 2™ and that
G is as in the statement of Proposition [2.68

The group G fixes the common pole P, of x and y and acts with just
another short orbit A, consisting of the p zeros of z.

As o normalizes G, it acts on the short orbits of G. As |A| = p > 1, we
have that o preserves both the point P,, and the set A. Let H = (G, o). Then
the factor group H/G acts on the quotient curve X' /G. Then oG € H/G fixes
the points Py, and P, in X /G lying under P, and A, respectively. Note that
the fixed field of G is K(2™); also, P, is the only pole of t = 2™ in X /G
and P, is the only zero of t in X/G. As there is just one involution of the
projective line X' /G fixing Py and P, we have (¢G)(t) = —t. This implies
o(x™) = —x™ and hence (o(z)/z)™ = —1. Then o(x) = vz for some v with
v™ = —1. As o is an involution, we have v? = 1. This can only happen when
m is odd and v = —1. Also, from o(y)? — o(y) = o(x)™ it follows that

0=cW)l+y"—oly) —y=(o(y) +y)* —(cy) +v),
that is o(y) = —y + ¢ for some i € {0,1,...,p— 1}. O

As a corollary of Theorem [2.70, we obtain that the bound 4¢+4 for dihedral
automorphisms groups holds also for orders divided by the characterstic p > 3.

Theorem 2.71. Let X be a curve of genus g(X) > 2 defined over a field of
positive characteristic p # 2. Let D be a dihedral group of automorphims of
X. Then

|D| < 4g(X) +4.

Proof. 1f the characteristic does not divide |D|, the result is a consequence

of Theorem and Theorem [2.45] If p > 3 divides |D|, then Theorem
[2.70] implies that there are at most p involutions in Aut(X) that normalize G.
Therefore, there are at most p involutions in D, which is a contradiction for
|D| > 2p. O

The aim of the final part of the subsection is to prove the following result.

Theorem 2.72. Let X be a curve of genus g(X') defined over an algebraically
closed field of characteristic p > 3. Then X has an automorphism group H of

110



Algebraic curves with large automorphism groups

size divisible by p and greater than 4g(X) + 4 admitting a cyclic subgroup of
index 2 if and only if X is birationally equivalent to the curve with equation

yv—y==x

for some m > 1 with GCD(m,p) = 1. In this case g(X) = W and
|H| = 2pm. Also, H is generated by p and n where

p(z) =v’z, ply)=y+1

and
n(z) =vz, nly)=-y

with v € K a primitive 2m-th root of unity.

Then the only if part in Theorem [2.72|is a Corollary to Propositions [2.68
and [2.69. To complete the proof of Theorem [2.72] we need the following
statement.

Proposition 2.73. Let X the curve defined over an algebraically closed field
of characteristic p > 3 by the following equation:

Xy —y=2a"
for some m > 1 with GCD(m,p) = 1. Let p and n be defined as follows:
plz) =v'z, ply)=y+1

and
n(x) =vz, nly)=-y
with v € K a primitive 2m-th root of unity. Then

(a) both p and n are automorphisms of X ;
(b) the order of p is equal to pm and the order of n is 2m;

(c) Let u be the integer between 1 and pm such that w = 1 (mod m) and
u=p—1 (mod p); then npn~! = p.

(d) the group generated by p and n has size 2pm.
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Proof. The fact that p(y)? —p(y) = p(x)™ depends on the fact that (v?)™ = 1;
on the other hand, v = —1 implies that 7 is an automorphism of X. This
proves (a). For a positive integer i we have p'(z) = v¥z, p'(y) = y + 1,
n'(z) = v'z, n'(y) = (—1)'y. Since v is a primitive 2m-th root of unity and
GCD(p,m) =1, we have that (b) holds.

To prove (c), we compute npn~'. It turns out that npn=!(z) = v?z whereas
non~t(y) = y—1. Now, let u be the integer between 1 and pm such that u = 1
(mod m) and u=p—1 (mod p). Then p*(z) = v’z and p*(y) =y +p—1=
y — 1, which implies npon—! = p*.

Let G = {p) and I = (n). Note that n° € G if and only if 7 is even, that is,
|GNI| =m. Then |GI| = 2pm. To prove (d) we only need to note that by
(c) we have GI = IG, that is, (G, I) coincides with GI.

O
2.7.2 Groups of size coprime to p
Throughout this subsection we assume
[H| > 4g + 4, (2.17)

and, if the characteristic of the ground field is p > 0, we assume that p does
not divide 2N.

Note that Condition implies that X admits a cyclic group of auto-
morphisms of size greater than 2g(X’) + 2. From the classification obtained
in [17], then X must be isomorphic to a curve of equation

X(N,r,s):yN =a"(1 +2)°
where 1 <r, s < N, GCD(N,r,s) = 1. Also, G is the subgroup generated by

p(x) =z, p(y) = &y, (2.18)

where £ is a primitive N-th root of unity. We recall some facts on curves of
type X(N,r,s) from [17].

Theorem 2.74. Let
X(N,r,s):yN =a"(1 +2)°

where 1 <r,s < N, GCD(N,r,s) =1, be defined over an algebraically closed
field K. If the characteristic p of K is p > 0, assume that p does not divide
N. Then the following holds:
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(i) The genus g of X(N,r,s) satisfies

29— 2= N —GCD(N,r) — GCD(N,s) — GCD(N,r +s).

(ii) There are exactly My == GCD(N,r) places of X(N,r,s), say Py, ..., Py
centered at the affine point (0,0).

1

(iii) There are exactly My := GCD(N, s) places of X(N,r,s), say Ry, ..., R
centered at the affine point (—1,0).

(iv) There are exactly Mz = GCD(N,r+s) places of X(N,r,s), say Q1, - .., Qs
centered at the only infinite point of X(N,r,s).

(v) the divisors of v, x + 1, and y are

N
div(iz) = — (P + ...+ Puy)

YA (Q1+ ...+ Qup),

_N
M3
. N N
div(z + 1) = M(R1+...+RM2)—M(Q1+...+QM3),
2 3

and

r+s
M;3

div(y) = AZI(PlJr. . .+PM1)+i(R1+. A+ Ry, — (Q1+. . .+Quns),

M>

(vi) The genus of the quotient curve X (N,r,s)/{p) is 0.

(vit) The only short orbits of the places of X(N,r,s) under the action of {p)
are Ql :{Pl,...,PMl}, QQZ{Rl,...,RM2}, QgZ{Ql,...,QM3}.

Before delving into the investigation of the group H, we prove a series of
results about the family of curves X' (N, r,s).

Lemma 2.75. Curves X(N,r,s), X(N,s,r), X(N,N—r—s,s), X(N,r, N —
r — ) are birationally equivalent.

Proof. Let y™ = 2"(x + 1)*. Then
o for x = 1/u, y = v/x we have vV = vV ""75(1 + u)*;

o forz=—u—1andy= (v with ¢V = (=1)""* we have v"¥ = u*(1 4+ u)";
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o forz = -2, y = (Y with ¢V = (=1)" we have vV = u"(u 4 1)V 7"

]

Let p be as in (2.18), and 7 be an element in H \ G. As G = (p) is
normal in H, the factor group H/G has order 2 and acts on the projective
line. By the Riemann-Hurwitz genus formula, H/G has exactly 2 fixed points
on the projective line. This action is isomorphic to that of (n) on the orbits of
X = X(N,r,s) under G. As G acts exactly with three short orbits, we deduce
that one of them is fixed and the other two are swapped. Moreover, there is
also a long orbit A under G which is fixed by n. From now on, we denote
with o the non-trivial element in the stabilizer of any point in A. Then o is
an involution not belonging to G.

Proposition 2.76. Let M; > 1,1 =1,2,3, as in Theorem|2.74. Then without
loss of generality we may assume that My = M3 =1 and My > 2.

Proof. Note that (i) together with Condition implies that at least one
integer among M7, My, Mj is greater than 1. Without loss of generality, by
Lemma 2.75, we may assume that My > 1. We next show that M; = M3 =1
and M, > 2.

From the above discussion, for a n € H \ G we can distinguish three cases:

(A) n(Q3) = Q3. Here ©; and Q5 are swapped. If 7 is the non-trivial element
in H/G, then we have

77(0) - _1777(_1) - 0777((30) =0

Therefore the action of  on K(x) is determined; in particular
() = —(z+1)

(B) n(€22) = Q5 Here 2 and 3 are swapped. Arguing as in case (A) we

have
n(x) =1/
(C) n(€21) = 2y Here 2y and 3 are swapped. Arguing as in case (A) we
have .
nw) = 1
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In order to investigate the possible values of 7(y), note that

n(y)™ =n(2)"(1+n(2))".

Therefore,

<77(y)>N _ @) (L (@)

Yy (14 x)

The computation of the divisor of ( " ) will provide the statement will provide
a contradiction in Cases (A) and (C).

e if (A) holds, then

(" N(s—r)  N(s—r)
le(( Y ) )_Ml <P1+...+PM1) 7]\42 (R1+...+RM2)

Then % must be an integer multiple of N and M; is a divisor of
s—r. As M, divides r but GCD(Mj,s) = 1, the only possibility is
M; = 1. Then || = 1 and hence Q23| = My = 1, a contradiction.

« if (B) holds, then

) M N _ N(2r +5s) _N(2r+s)
div (( y ) ) Y (Qi+. . . +Qus,) Y (Py+.. 4Py,

Then N(QHS) must be an integer multiple of N and M is a divisor of

2r + s. As M, divides r but GCD(M;,s) = 1, the only possibility is
M; = 1. Then || = 1 and hence [Q3] = M3 = 1 and

div (’@”) = (2r +5)(Q1 — P1).

Also, 2g —2 = N — 2+ M, together with Condition (2.17)) gives My > 2.
« if (C) holds, then

A (nw\") NG +2s) N(r+2s)
d1v(< » ) )M3 (Q1+. . +Qus) M, (R1+...+Ru,)

Arguing as in case (B) we have My = M3 = 1, a contradiction.
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]

From now on, we let M = M, as in Proposition [2.76] and 2 will denote
the short orbit of G of size M.
We now show that r = 1 can be assumed in X'(V,r,s).

Lemma 2.77. The curve X(N,r,s) is birationally equivalent to X (N, 1,w)
for some w. Also, GCD(N,s) =1 if and only if GCD(N,w) = 1.

Proof. As M; = 1 there exists an integer h such that rh = 1 + N/ for some
¢ € Z. Let w e {0,...,N — 1} be such that sh = w (mod N), that is,
sh = w + Nz. Consider the following rational functions on X(N,r,s): u =z

and v = . Then

yh
zt(1+z)*

N _ th _ $rh<1+x)sh _ . w
- x£N<1 _{_J:)ZN o xéN(l +x)zN - x( +$)

Corollary 2.78. Up to birational equivalence, r =1 can be assumed.

Two classes of curves X' (N, r, s) for which Condition (2.17)) holds are de-
scribed as follows.

Example 2.79. Let m > 3 be an integer such that p{m? — 1. Let
H(m) :y™ " = z(z+ 1) (2.19)

be defined over an algebraically closed field K. For a primitive (m? — 1)-th
root of unity £ € K, let p and ¢ be the automorphisms of H(m) defined as
follows:

« plr) =z, ply) =&y
« o(x) =, 0(y) =25
It is straightforward to check that

pmz_1 =1,02=1,0p0 = pm2_

m—1
Then, for N = m? — 1, the group H generated by p and ¢ has order 2N. The

genus of X is W, which is clearly less than A= as m > 3.

4

116



Algebraic curves with large automorphism groups

Example 2.80. Let m > 2 be an integer such that p{m? — 1. Let
Lm):y™ ' =z(z+1)" (2.20)

Let p be defined as in Example[2.79] Then o(z) = —(z+1),0(y) = —y™/(z+
1) is an automorphism which normalizes G, since opo~! = p™. Also o2 € G,

so the group generated by G' and o has order 2N = 2(m? — 1). Note that the

order of ¢ is 2 if m is even, 4 if m is odd. The genus of X is W,

which is clearly less than % as m > 2.

By Lemma [2.75, Example [2.80] is isomorphic to
ymzfl — SL’(LU 4 1)m27m72
In the following statements we determine some properties of the group H.

Lemma 2.81. Let L be the (unique cyclic) subgroup of G of order N/M.
Then the factor group H/L is the dihedral group of order 2M.

Proof. First, observe that L is a characteristic subgroup of G, hence it is
normal in H. Moreover, L fixes the two points fixed by G and also each point
in the orbit ) of size M under the action of G. By the Riemann-Hurwitz
genus formula, together with (i) of Theorem m,

N — M —2=29(X) — 2 = |L|(2g(X/L) — 2) + 2(|L| - 1) + M(|L| - 1),

which implies that X'/L is rational. The factor group H/L acts on the pro-
jective line as follows:

e has a short orbit of order 2;

o has two short orbits of order M, namely the images of {2 and A under
the projection X — X'/ L;

 every point in these two short orbits is fixed by some involution in H/L.
Then the claim follows from [32, Theorem 11.91]. O

Corollary 2.82. If N/M is coprime to 2M, then H is a semidirect product
of a cyclic group of order N/M and a dihedral group of order 2M .

Proof. The claim is a consequence of Lemma [2.81| and the Schur-Zassenhaus
Theorem (see e.g. [32, A.5(XI)]). O
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Lemma 2.83. Let L be as in Lemma and let p be a generator of G.
Then for anyn € H \ G there exists | € {0,...,|L| — 1} such that n* = p'M.

Proof. By Lemma H/L is dihedral and as nL does not belong to the
cyclic subgroup of H/L of order M, we have (nL)* = L. Therefore n* belongs
to L and the claim follows. m

As a consequence, we have the following result.

Theorem 2.84. The group H has the following description as an abstract
group:

H={p,o|p" =0>=10p5 =p""),

for somel € {1,..., 2 —1} such that GCD(N,IM —1) =1 and (IM —1)* = 1
(mod N). Also, GCD(N,IM) = M.

Proof. The description of H follows from Lemma [2.83| applied to n = op,
taking into account that for [ = 0 the group H would be a dihedral group.
As opo must be a generator of (p), condition GCD(N,IM — 1) = 1 holds.
Finally, a straightforward computation shows

p = o(opo)o = pIMD
which yields that N divides (IM —1)? — 1.

To prove that GCD(N,IM) = M, assume by contradiction that GCD(N,IM) =
vM for some v > 1. Recall that M > 2. Let V be the subgroup of H gen-
erated by p*™. As V is a characteristic subgroup of G, we have that V is
normal in H. The factor group H/V has order 2vM. We show that H/V
is a dihedral group. The element p = pV has order vM and ¢ = oV is an
involution. Also,

apap = opopV = pMV = V.

We compute the genus g of the quotient curve X'/V. By the Riemann-
Hurwitz genus formula, taking into account that V fixes M + 2 points and
acts semiregularly on the other points of X', we have

N N
N—-—M-2=—(29—2 M+2)|——1);
7@ =2+ (M +2) (- 1)
whence, vM =2g+ M and g = (v —1)M/2 As M > 2, we have g > 2. Also,
H/V is a dihedral group of size 20M > 4g + 4 = 2(v — 1)M + 4 acting on a
curve of genus g(v — 1)M/2, a contradiction to Theorem [2.71] O
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Theorem 2.85. Let X be a curve curve X (N, 1,s) with M = GCD(N,s) > 2
and GCD(N,s + 1) = 1. A necessary condition for X to have an automor-
phism group of size greater than 4g(X)+4 admitting a cyclic subgroup of index
2 is that there exists an integer t such that GCD(N,t) = M, GCD(N,t+1) =
1 and t* +2t =0 (mod N).

Proof. Let [ be as in Theorem . Let t = N —IM. Then GCD(N,t+1)
GCD(N,N —(IM —1))=1and (t+1)2=(N—-IM+1)?>=(Im—1)* =
(mod N).

Ol =

Remark 2.86. In the complex case, Theorem|2.85 can be proved by the theory
of Fuchsian groups. Consider curves X (N, 1,s), with GCD(N,s+1) = 1. For
instance it is shown in [5, Example 6]) that in the complex case a necessary
and sufficient condition for the existence of an automorphism group H of size
2N admitting a cyclic group of index 2 is that there exists an integer a such

that GCD(a+1,N) =1, GCD(a,N) = GCD(N,s), N divides a* + 2a.

Remark 2.87. In Theorem condition t*+2t = 0 (mod N) is equivalent
to N/M dividing t + 2. In fact, N divides t* + 2t if and only if

N
M - W divides t(t + 2). (2.21)

As GCD(N,t) = M, we have that M divides t and N/M is coprime with
t/M. Then the claim follows.

Corollary 2.88. The set H \ G contains at least M — 1 involutions.

Proof. By Lemma [2.83] we have
{0 ae H\G}C{1,pM, ... par—1

Then, the N squares distribute on a set of % possible outcomes, therefore
there are at least [§] — 1 = M — 1 involutions in H \ G. O

M

Corollary 2.89. Let | be as in Theorem |2.84. Then N and M determine [
modulo M. If GCD(M,N/M) =1 then H is uniquely determined.

As we will see later, the case N = 3M is of particular interest.

Proposition 2.90. If M = N/3, and 9 does not divide N, then
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e if M =2 (mod 3), then

H={po|pN =0c>=10pc=p"")

e if M =1 (mod 3), then

Lemma 2.91. If M = N/3, then either M =4 or M is odd.

Proof. If M is even, then N is even and the only involution in G, say 7, is
central. Let § be the genus of the quotient curve X' /(n). Since 7 fixes precisely
M + 2 points, the Riemann-Hurwitz genus formula gives

N—2—-M=202—2)+M+?2,

that is N/3 = 4¢g. If X/(n) is elliptic then N = 12. Otherwise § > 2 and

G/(n) is a cyclic group of order & > 43 + £. But this is impossiblle for

N > 12, N a multiple of 4. O]

Remark 2.92. If M = N/3 is odd the only possibility is that o fizes 3 points
in A and one point in 2. This gives M involutions. By straightforward
computation which takes into account Theorem the M involutions are
op¥, with j =0,...,M — 1.

Lemma 2.93. Without loss of generality one may assume that X = X (N, 1, s),
GCD(N,s+1) =1,

div <U§Jy)> = (s +2)(Q1 — 7).

For d = GCD(N, s + 2), d belongs to the Weierstrass semigroups at both P
and Q1.

Proof. Let «, 8 be integers such that
d=aN — (s +2)
Recall that div (z) = N(P, — @1). Then

div ((x)“ (“S”)ﬁ) = d(P, — Q).
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Now we investigate the Weierstrass semigroup at points P, Q)1. Let
Av={(r,s)€Z*:r,s>1landr+s< N —1}
and
A(r,s) ={a€e{l,...,N =1} | (ar (mod N),as (mod N)) € An}.
The following result can be deduced from [36].
Proposition 2.94. Let (r,s) € Ay such that GCD(N,r) =1 (resp. GCD(N, s) =
1). The map
U A(r,s) — Gap(Py) (resp. Gap(Ry)),
defined by W(a) = ar (mod N) (resp. as (mod N)), is bijective.
In [36] it is also implicitly proven the following;:
Proposition 2.95. Let (r,s) € Ay such that GCD(N,s+ 1) = 1. The map

U A(r,s) — Gap(Q1),
defined by ¥(a) = —a(s +r) (mod N) is bijective.
For r = 1, the elements in A(1,s) are a € {1,..., N — 1} such that
N—-1—a>as (mod N)>1. (2.22)

Therefore, gaps at P, are a € {1,..., N — 1} such that Condition ([2.22))
holds. Similarly, gaps at @ are —a(s+1) (mod N) foreacha € {1,...,N—1}
such that Condition holds.

Then we have the following Proposition.

Theorem 2.96. A necessary condition for a curve X to have a tame automor-
phism group H admitting a cyclic subgroup of index 2 with |H| > 4g(X) + 4
is that X : y™ = (1 + z)* with GCD(N,s+1) =1, d=GCD(N,s+2) > 2
and N divides ds or N —1 —d < ds (mod N).

Obvious cases where the necessary condition of Proposition [2.96 holds are
N = (s+1)(s—1)and N = s(s +2). The former case is £(m) of Example
whereas the letter is H(m) of Example for m = s + 1. Note that
L(m) and H(m) are not isomorphic as they have different genera.

Remark 2.97. Since there is an automorphism of the curve mapping Py to
@1, then the Weierstrass semigroups at P, and Q1 must coincide. Therefore,
the sets {a | a € A(1,s)} and {—a(s+ 1) (mod N) | a € A(1,s)} must be
equal.
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2.7.3 Classification results

In this subsection we classify curves which for a fixed genus g admit the
largest possible automorphism group with a cyclic subgroup of index 2, dis-
tinguishing the hyperelliptic and the non-hyperelliptic case.

We first provide an extension of Examples and [2.80]

Proposition 2.98. Assume that N divides s* + 2s, GCD(N,s) > 1 and
GCD(N,s + 1) = 1. Assume also that the characteristic of the ground field
K does not divide 2N. Then X(N,1,s) is a curve of genus g = %
with an automorphism group H of order 2N which contains a cyclic subgroup

of index 2.

Proof. Let a = (s* 4+ 2s)/N and let £ be a primitive N-th root of unity in K.
Let p and o be defined as follows:

o plz) =, ply) = &y;

+ ola) = L oly) = S

Clearly p is an automorphism of order N. It is straightforward to check that
o is an involution preserving X' (N, 1, s) since %(z) = x and

) _ (i) s o~

2 _ =
g (y) =0 ( ys+1 70 (.T + 1)a(s+1)

Also, o is an automorphism of X (N, 1, s) since

2
y_ @+ (@) s 1 c_ 1
U(y) - y(s+1)N - l’erl(:C n 1>S2+237 U(%)(U(aﬁ)—i—l) = ; —+1 = o] 1

Finally, it is straightforward to check that

opo = prsfll

]

Theorem 2.99. The only curves with an automorphism group of size greater
than 4g+4 admitting a cylic subgroup of index 2 are precisely those described
in Proposition [2.98, plus possibly other curves with the same genus.

Proof. This is a straightforward consequence of Theorem [2.85] O
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Corollary 2.100. For an integer N > 6 the genera g > 2 of curves with an
automorphism group of size 2N > 4g+4 admitting a cyclic subgroup of index 2

are precisely the integers NEM where M is a divisor of N such that there exists

v e {1,.... 5% =1} for which GCD(N,vM) = M, GCD(N,oM + 1) = 1
and vM + 2 = 0 (mod N/M). An example of a curve with that genus is
yN = z(1+2)°M. In this case, the automorphisms in H are explicitly described
in Theorem [2.98.

Theorem 2.101. Let S be the spectrum of possible sizes 2N > 4g + 4 of
automorphism group of curves of genus g admtting a cyclic subgroup of index

2. Then
e+1

(&

S:{4g |e€N,e7é0}.

Proof. We first show that 4g% € S for each positive integer e. For e > 1
put s = e — 1 and take N = s(s + 2). Then clearly GCD(N,s) = s and

2N =4g + 2s. But s = s(s;# = 2g/(s+ 1), whence

s+2

ON = 4g(1 + 1 1) =4
g(1+1/s(s+1)) 91

For e =1, take s = 2g and N = 4g.

To complete the proof, assume that there exists a curve of genus g with an
automorphism group with the required properties. By Proposition [2.76] the
curve is isomoprhic to some X(N, 1, s) with GCD(N,s) > 1 and GCD(N, s+
1) = 1; also, 29 = N — GCD(N,s). Let e = (;C+M — 1. Then 2N =
4g%. [

Corollary 2.102. Let g be an integer greater than 2. Let e be the smallest
divisor of 2g such that e + 1 is coprime with 2g. Then there exists a curve of
genus g with an automorphism group of size 49% admitting a cyclic subgroup
of index 2.

Proof. Clearly e + 1 has no common factor with 2?9. Then there exists an
integer v € {1,..., e} such that

2
vl 1o=0 (mod e+ 1).
e

Let N = (e + 1)%2 and s = v2. By Proposition [2.98 X(N,1,s) has an
automorphism group of order 2N admitting a cyclic group of index 2. Also,

the genus of X'(NV, 1, s) is clearly g. O
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Recall that a pair or rational numbers (a,b) is said to be admissible if
there exists a family of curves with infinite distinct genera g admitting an
automorphism group of size ag + b.

Theorem 2.103. Pairs

1
{<4€+ ,O) le>1,e even}
e

e+1 e+1
{<4M,0> ‘621,6 Odd,?>1 Odd}

and pairs

are admissible.

Proof. Let e be an even integer. The set of even multiples ¢ of e which are
coprime with e 4 1 is clearly an infinite set. Then clearly GCD(t,e +1) =1
and GCD(t<2,vt) =L for each v € {1,...,e}. Let vy be such that

t
vo—+2=0 (mode+1).
e

Then the curve »

e = a(1 4 z)"¢

!
has genus t/2. Also, 1= divides £(vo% +2). Then the claim for even e follows
by Proposition [2.98|

If e is odd, let k be the highest integer such that 2* divides e 4+ 1. Assume
that e 4+ 1 is not a power of 2. Again, the set of even multiples ¢’ of e which
are coprime with (e + 1)/2% is an infinite set. Also, GC’D(%, “l) =1 and
GCD(LL%,U%) = %’ for each v € {1,...,((e +1)/2%) — 1}. Let vy be such
that

t B e+1
v0g+2:0 (mod o ).

Then the curve »

ytl ke — ;p(l + ;p)”o%

has genus £ - % Also, #'<5} divides £(voL + 2). Then the claim follows

by Proposition [2.98 O

Theorem 2.104. For every genus g > 2 there exists a unique curve of genus
g with an automorphism group of order 8g admitting a cyclic subgroup of index
2. Such a curve is

Z(g) : y* = x(1 + 2)%.
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Proof. In order to have |H| = 8¢, the only possibility is N = 4g, M =
N/2 and an equation of the curve being that of Z(g). As a matter of fact,
GCD(4g9,29) = 1, GCD(4g,2g + 1) = 1, 4g divides 2¢g(2g + 2). Hence by
Proposition Z(g) has an automorphism group of order 8¢ admitting a
cyclic subgroup of index 2. O

Note that Z(g) is a hyperelliptic curve, since by the proof of Lemma
the involution p? is such that the quotient curve Z(g)/(p*) is rational.

Throughout the remaining part of the subection we assume that X is not
hyperelliptic. Therefore, by Lemma we have N/M > 3.

Proposition 2.105. Let d be as in Proposition[2.7.3. Then d > 3.

Proof. As d is a non-gap at some point of X, the claim follows from the
assumption that X is not hyperelliptic. O]

Corollary 2.106. If X is not hyperelliptic, then |H| < 6g.
Proof. As |L| > 3, we have M < N/3. Hence 29 = N — M > 2N. O

We are going to discuss whether, for a fixed genus g, the curve described in
Corollary is actually the curve with the largest possible automorphism
group admitting a cyclic subgroup of index 2. The case ¢ # 0 (mod 3),
corresponding to e = 2 in Corollary 2.102] is dealt with first.

Theorem 2.107. Let X be a curve of genus g admitting an automorphism
group H of size 6g containing a cyclic group of order 3g. Then X is bira-
tionally equivalent to one of the two curves

o X(9):vy¥ =x(x+1)9, for 3 dividing g — 1;
o V(g9): 9% = z(xz+1)%, for 3 dividing g — 2.

Proof. We first note that both X'(g) and )Y(g) have genus g and admit an
automorphism group of order 6¢g containing a cyclic subgroup of index 2. In
fact, for ¢ = 1 (mod 3) the integer 3¢ is a divisor of g(g + 2), and similarly
for ¢ = 2 (mod 3) we have that 3¢ divides 2g(2¢ 4+ 2). Then Proposition
[2.98| provides for both X(g) and Y(g) an explicit description of the required
automorphism group.

Assume now that X = X(N, 1,s) with GCD(N,s) > 1 and GCD(N, s +
1) =1. By 2N = 6¢g and

29—2=N—2—N/3
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if follows N = 3g and GCD(N,s) = g. Then 3 does not divide g and either
s =g or s = 2g. In the former case GCD(3g,g9+1) = 1 yields 3 divides g — 1;
in the latter case, similarly, 3 divides g — 2. [

Remark 2.108. In the complex case, Nakagawa [50] classified curves with an
automorphism of order 3g. Very recently, Reyes and Speziali [55] showed that
the full automorphism group of X(g) and Y(g), viewed as Riemann surfaces,
is the direct product of a cyclic group of order 3 by a dihedral group of order
2g, without describing explicit equations for o.

Corollary 2.109. If X is not birationally equivalent to either X(g) or Y(g)
then |H| < Lg.

Proof. If N/M = 3 then |H| = 6g. Otherwise N > 4M and 2g = N — M >
SN. [
1

Theorem 2.110. If X is a curve of genus g =0 (mod 3), then |H| < 16g/3.
The bound is attained if and only if g is odd and X is birationally equivalent
to one the two curves

o Ag): y%" =z(x + 1)%9,
o Blg) 1 y3 = a(z + 1)%.

Proof. We first prove the necessary condition. The upper bound is attained
if and only if N = 4M, so that 2N = 16¢/3. As N/4 divides s, the only
possibilities for s are s = N/4 = 2¢/3, s = N/2 =4g/3,0or s = 3N/4 = 2g. In
particular, s is even. Note that the greatest common divisor of N and s + 1
is equal to 1. As GCD(N, s+ 2) is at least 3 (see Proposition [2.105]), the case
s = N/2 cannot occur as GCD(N, (N/2) + 2) = 2. Also, in the other two
cases, GCD(N, s+ 2) > 2 implies that g is odd.

To conclude the proof, we need to show that actually A(g) and B(g) have
an automorphism group of order 1—36 g admitting a cyclic group of index 2. Note
that since g is odd, then %g divides both %g(%g—l— 2) and 2¢g(2g +2). Then the
claim follows by Proposition [2.98] O

Theorem 2.111. If X is a curve of genus g = 0 (mod 6), then |H| < 5g.
The bound is attained if and only if g # 0 (mod 30) and X is birationally
equivalent to one the curves below:

« Clg):y29 = z(x+1)7 (g =18 (mod 30))
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« D(g):y2? =z(z+1)% (g=24 (mod 30))
e E(g):y29 =z(x+1)% (g=12 (mod 30))
« Flg):y2? =z(z+1)% (3=6 (mod 30))

Proof. Assume that X = X (N, 1,s) with GCD(N,s) > 1 and GCD(N, s +
1) =1. By 2N = 5¢g and

29—2=N—-2—-N/5

if follows N = gg and GCD(N,s) = g. Then, as s < N, we have that
s € {g,2¢9,39,49}. Recall that GCD(N,s+1) = GCD(5(g/2),s+1) = 1 and
that d := GCD(N, s+ 2) = GCD(5(g/2) + 2, s) must be greater than 2.

Assume that s = ¢g. As GCD(5(g/2),2(g/2) + 2) > 2 actually g = 3
(mod 5) and hence g = 18 (mod 30). If s = 29, GCD(5(g/2),2g9 + 2) > 2
implies ¢ = 4 (mod 5) and hence g = 24 (mod 30). Similarly, if s = 3¢ then
5 must divide 3g + 2 and g = 1 (mod 5); s = 4g, then 5 divides 4¢g + 2 and
g =2 (mod 5).

Then X is birationally equivalent to one of the curve described in the
statement.

To conclude the proof, we need to show that actually C(g), D(g), £(g),
and F(g) have an automorphism group of order 5g admitting a cyclic group
of index 2. Note that in each case 5 divides s + 2. Hence 55 divides g(s + 2)
and hence s(s + 2) Then the claim follows by Proposition [2.98 O

Theorem 2.112. If X is a curve of genus g = 0 (mod 30), then |H| < 1—;9.
The bound is attained if and only g # 0 (mod 210) X is birationally equivalent
to one the curves below:

« L(g):y™ =z(z+1)5, with g=120 (mod 210);
« M(g):y39 =a(x+ 1)%, with g =60 (mod 210));
« N(9):y39 = x(x+ 1), with g =180 (mod 210);
e O(9) 1 y3 =x(z+1)3, with g =30 (mod 210);
e Plg): 59 =x(z+1)%, with g =150 (mod 210);
e O(9) : ¥ = x(z + 1), with g =90 (mod 210).
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Proof. As g =0 (mod 30)

N
2g—2=N-2-—

m

for some m > 6. We first show that actually m > 6. Assume by contradiction
that m = 6. Then N = 12¢, s = 2v{ for some v € {1,2,3,4,5}. Also,

GCD (12?,21}? + 1) —1,  GCD (12?, 21% + 2) > 2.

Then, GCD(6%,v{ +1) > 1. As 6 divides £, this is impossible.
Assume then that m = 7. Then N = 14%, s = 20 for some v €
{1,2,3,4,5,6}. Also,

GCD (149,2vg + 1) —1,  GCD (149, 20wY 1 2) > 9.
6° 6 6° 6

Then, GCD(7%,v4+1) > 1, that is, 7 divides v§ + 1. For 7 a divisor of g this

is clearly impossible. Otherwise this can happen for only one v, namely the

inverse of —% modulo 7. For this value of v, condition N a divisor of s(s +2)

is satisfied since 14 divides s + 2 and £ divides s. Then the claim follows by

Proposition [2.98] O

Remark 2.113. By Proposition for all curves A(g)-Q(g), as well as
X(g) and Y(g), the group H has the following abstract form :

H={po|p¥N=0>=1, opo=p 1}
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Chapter 3

(Galois subcovers of the
Hermitian curve

Curves with many points over a finite field have intensively been investi-
gated, particularly for their useful connections to Coding theory, Cryptogra-
phy, Finite geometry, and shift register sequences. In this context, the most
important family consists of the maximal curves introduced in section [I.3]
The Hermitian curve is the most known maximal curve and it is also very
used for applications, especially in the study of Algebraic-Geometric codes,
shortly AG-codes. Actually, many other maximal curves derive from the Her-
mitian curve since any IF2-subcover of a maximal curve is still maximal over
the same field. If such a Fj-subcover is a Galois subcover with Galois group
G then the arising curve is named the quotient curve of the Hermitian curve
with respect to G. Up to group isomorphism, the F-automorphism group of
the Hermitian curve is the 3-dimensional projective unitary group PGU(3, q)
which has plenty of subgroups; see [33]. This motivated the systematic study
of the quotients curves of the Hermitian curve which was eventually initi-
ated in the seminal paper of Garcia, Stichtenoth and Xing [23]. Ever since
important progress has been made in the study of the spectrum of the pos-
sible genera of the quotients of the Hermitian curve over a given finite field;
see |32, Chapter 10]. Nevertheless, the problem of determining explicit equa-
tions for such curves, which is a relevant issue for applications, remains largely
open. In fact, this problem has so far been solved by ad hoc methods, apart
from the cases where the Galois group has either prime order; see |10], or its
order equals the square of the characteristic; see [19].

In this chapter we determine explicit equations for each quotient curve of
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the Hermitian curve whose Galois group has order dp where p is the charac-
teristic of 2 and d is a prime other than p. We also compute the Weierstrass
semigroup at some F-rational point of those curves, and discuss possible
positive impacts on the minimum distance problems of AG-codes. The results
presented in this chapter are the subject of the paper [15].

Our main result is the following.

Theorem 3.1. In the F2-automorphism group G = PGU(3, q) of the Hermi-
tian curve H, defined over Fp with ¢ = p" and p > 5, let H be a subgroup
of order dp where d > 5 is a prime number other than p. Let ﬁq =H,/H
be the quotient curve of H, with respect to the subgroup H. Then, up to an
F2-isomorphism, one of the following cases occurs.

(1) If H=C, x Cy then H, has genus

1 q
QZM(C]—d+1)<p—1>

and equation

h—1
SVP X =0 with wi'=—1 and d|(g+1). (3.1)
i=0

(1) If H = C, x Cq and C, is in the center of a Sylow p-subgroup of G, then

H, has genus
lq (q
=11
g 2d (p >

WXO_AX,)Y)=0 with o'l =—1 and d|(p—1). (3.2)

and equation

where -
A(Xu Y) =Y + XZ(p_l)/de + -4 Xg(p —1)/dYq/p'

(III) If H = C, x Cq but C,, is not in the center of a Sylow p-subgroup of G,
then H, has genus
q

=—(¢q—1
g 2@@ )
and equation

y2 (¢=1)/a
(Xd> +1-AX,)Y)=0 and d|(p—1) (3.3)
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where

h=1h=1 /y2 @' -1)/2d y2 @ -1)/24 i)
p'+p
AXY)=>3 <d> <d> XTR,

i=0 j=0

Throught this chapter, the following results will play a role in the proofs.

Result 3.2. [32, Theorem 11.129] If X has zero Hasse- Witt invariant then
every non-trivial element of order p has a unique fized point, and hence no
non-trivial element in Sp fizes a point other than P.

A useful corollary of Result is the following.

Result 3.3. Let X be a curve defined over Fy whose number of Fy-rational
points is N > 2. If X has zero Hasse-Witt invariant and S is a p-subgroup of
Autg,(X) then S fizes a unique point and |S| divides N — 1.

The following result is due to Stichtenoth [63].

Result 3.4. /32, Theorem 11.78(i)] Let H be a p-subgroup of F(X) fixing a
point. If |S| is larger than the genus of F(X) then the Galois subcover of F(X')
with respect to H s rational.

From now on let ¢ = ¢* with ¢ = p" and assume that X is a F2-maximal
curve.

We also use the classification of all groups whose order is the product of
two distinct primes.

Result 3.5. Suppose u and v are distinct prime numbers with v < v. Then,
there are two possibilities for groups G of order uv:

(I) If ut (v —1) then G is a cyclic group.
(II) Ifu | (v—1), then either G is a cyclic group, or G is a semidirect product
C, xC,.
3.1 The function field of the Hermitian curve

We refer to Section for preliminary results on the automorphisms of
the Hermitian curve.
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Next, for the sake of completeness, we provide a proof for the classification
of subgroups of PGU(3, q) of order dp. We use the canonical form y? — y +
wxdt = 0 with w? ! = —1. The Galois subcovers of F(H,) with respect
to a subgroup H of prime order or when its order equals the square of the
characteristic were thoroughly classified in [10] and [19] respectively. For the
case |H| = dp, the classification is reported in the following result.

Theorem 3.6. Let p and d be two distinct prime numbers both larger than
3. Then, up to conjugacy in PGU(3,q), there exist at most three subgroups
of order dp in PGU(3, q), one is cyclic and the other two are semidirect prod-
ucts of C, x Cq with p < d. They are subgroups of the stabilizer of Yo in
Aut(Fp2(H,)) with

(1) G=3, x5 with¥, = {po11) and Xq = {poor) with \* =1, d|(q+1);
(II) G =%, xS with 3, = {po11) and Xq = {poor) with A\ =1, d|(p—1);

(III) G =3, x5, with X, = (p1w/2,1) and g = {po o) with X* =1, d|(p—1).

Proof. Let G be a subgroup of order pd in PGU(3, ¢). Two cases are treated
separately according as p > d or p < d.

Case p > d

In this case, Result shows that G has a unique Sylow p-subgroup %,,.
Moreover, ¥, is a normal subgroup of GG, and hence G = X, x ¥, where X, is
a Sylow d-subgroup of G. Since any non-trivial element of PGU(3, ¢) of order
p has exactly one fixed point on H,(F,2) whereas PGU(3, ¢) acts transitively
on H(Fp2), we may assume, up to conjugacy in PGU(3,¢q), that Y, is the
unique fixed point of S,. As S, is a normal subgroup of G, the point Y,
is also fixed by X4 From |H,(Fpz)| — 1 = ¢, X, must have a fixed point
O € Hy(F,2) other than Y. Since PGU(3, q) is doubly transitive on H,(F,2)
we may assume, up to conjugacy, that O = (0:0: 1). Then %, is generated
by t = @po with A? = 1 where d|(¢*> — 1). Furthermore, as ¥, is a subgroup
of the Sylow subgroup S, of PGU(3, ¢) fixing Y., two cases arise according as
¥, is in the center Z(S,) of S, or not. Let s be a generator of ¥,. If s € Z(S5,)
then s = g1 with b —b = 0. Take y € F}> such that ' = b~". Then the
conjugate of s by g, is @001 while ¢ and ¢g, commute. Therefore, up to
conjugacy, G = X, x ¥4 with ¥, = (s) and s = (g1 whereas ¥, and ¢ are as
before. Since ¥, is a normal subgroup of G, there exists ¢ with 1 < <p—1
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such that st = ts’. A straightforward computation shows that this occurs if
and only if 7 = 1/\7"!. For d|(q + 1), this implies ¢ = 1, thus G is cyclic and
Case (I) occurs. For d|(g—1), we have i # 1 and hence G is not abelian. From
Result [3.5] d|(p — 1). Thus Case (II) occurs. If s & Z(S,) then s = ¢,4,1. For
1= a""', the conjugate of s by o, 18 ©1/qe+11 While t and g, commute.
Therefore, up to conjugacy, we may assume G = 3, X ¥, where ¥, = (s) and
8 = Q1/qa+1,1 While ¥j and t are not changed. Then st = ¢ y/qq+1 ) and, from

(L.5), ,

18" = Qi aa+1(w(i2—i) /2+ib/aTt 1) \-
Therefore, st = ts if and only if \i = 1 and X" (Jw(i*—i)+ib/a?™) = b/a?™!.
The latter condition can also be written as

lw(@® — i) = (i* —i)b/a’,

that is, b = wa?" as X # 1. Therefore, st = ts' if and only if s = ¢; /2,1 and
i\ = 1. In particular, G is not abelian, and d|(p — 1). This gives Case (III).

Case p < d

In this case, a Sylow d-subgroup >4 of G is a normal subgroup of G, and
hence ¥, is the unique d-subgroup of G. As d divides the order of PGU(3, q),
either d|(q — 1), or d|(q + 1), or d|(¢* — g + 1). Assume that ¥, fixes a point
on H,(F,2). Then ¥, has at least two fixed points, as [H,(F2)| — 1 equals ¢>.
Up to conjugacy, we may assume that ¥, fixes Y, and O. Then X4 = (@o0.)
with A4 = 1. If \?*! £ 1 then X, has no any further fixed point, and hence G
preserves the pair {Y,,, O}. Since p > 2 this yields that elements of G of order
p fix two points on H,(F,2) which is not possible. Therefore, A7 = 1 and
d|(q+ 1). This implies that ¥, fixes all points P = (0,7) with n? —n =0, i.e.
with n € F,. Since Y4 is a normal subgroup of G, this yields that a generator
s of ¥, takes O to a point P = (0,7n) with n € F,. But then s = g, with
b e F;. For = b"", the conjugate of s by g0, with 9" = p is @g 11 while
a generator t of Y4 and ¢g, commute. Therefore, up to conjugacy, we may
assume s = @g11. Also, st = ts and Case (I) occurs. We are left with the case
where X, fixes no point on H,(F,2). Then either d|(¢+1), or d|(¢*—q+1). We
look at the action of PGU(3, q) as a projective group of the plane PG(2, K)
where K is an algebraic closure of Fp2. Then the Hermitian curve H, is left
invariant by PGU(3, ¢). In particular, PGU(3, ¢) preserves both H,(IF,2) and
its complementary set in PG(2,F,2) whose size equals

¢+ +1-(+1)=¢(—q+1).
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Furthermore, #,(F,2) can also be viewed as the set of all isotropic points of
a unitary polarity m of PG(2,F.2). If d|(¢ + 1) then 3, fixes a point R €
PG(2,F,2) outside Hy(Fy2).

Let 7 be the polar line of R w.r.t. . Then r is a chord of H,(FF,2). Since r
has as many as ¢(q — 1) points other than those on #H,(F,2), there are at least
two fixed points on 7 outside H,(IF,2) under the action of 34. Since ¥4 does
not fix r pointwise, these two points, say Ri, Ry are the only fixed points of
Yq on r. In particular, ¥, fixes the vertices of the triangle RR R,.

We show that no more point in PG(2,FF2) is fixed by ¥4. In fact, such
a further fixed point T of ¥; should lie on a side of the triangle, and that
side would be fixed pointwise by »,;. But this is impossible in our case, since
the sides of RRy R, are chords of H,(FF,2) whereas ¥4 is supposed not to fix
points on H,(F,2). Since ¥4 is a normal subgroup of G, the triangle RR; R,
is left invariant by G. But then G is contained in a maximal subgroup of
PGU(3, q) whose order equals 6(q + 1)2. By the Lagrange theorem pd = |G|
divides 6(¢q + 1)?. Since p > 3 and p{ (¢ + 1), this is impossible.

A similar geometric approach is used to rule out the other possibility, i.e.
d|(¢* — ¢+ 1). Look at the action of PGU(3,¢) on PG(2,F). From

H (Fpe)| =" +1+q*(qg—1) and |H,(Fp)| =¢*+ 1,

the Hermitian curve H, has as many as ¢*(¢+ 1)*(¢ — 1) points in PG(2,F )
but not in PG(2,F,2). From d|(¢* — ¢+ 1) and d > 3, ¥, fixes a point
R € Hy(F.;) not lying in PG(2,F,.2). The Frobenius collineation f§ which
sends the point P = (a; : as : a3) to the point
Pp = (a‘fz : ag2 : af)

leaves H,(F ) invariant. Since f and X, commute, ¥, also fixes the points R,
and Rg. Actually, ¥, does not fix another point, otherwise one of the sides,
say /, of the triangle RR R, would be fixed by 3, pointwise. Since | takes
¢ to another side r of RRp2 Ry and f and X3 commute, this would yield that
r is also fixed pointwise by ¥,, which is impossible. As before, this implies
that G leaves the triangle RR2 R+ invariant. Therefore G is a contained in
a maximal subgroup of PGU(3, ¢) whose order equals 3(¢*> — ¢ + 1). Arguing
as before, the Langrage theorem yields that this is impossible. O]

Result 3.7. /32, Theorem 5.74] Let H be a subgroup of Aut(F,2(H,)) of order
p. The Galois subcover F2(F') of F2(H,) with respect to H is F2-isomorphic
to the function field F (&, n) where either (I) or (II) hold:
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(1) Sh, g 4 weit! = 0 with wi™! = —1, g(Fpe(F)) =
is in the center of a Sylow p-subgroup of Aut(F,(H,));
(

(ID) 77+ — (X, £77)? =0 for p > 2, g(Fp2(F')) = 32(q — 1), and H is
not in the center of a Sylow p-subgroup of Aut(F,(H,)).

The following result is a corollary of |23, Section 4].

Result 3.8. Let g be the genus of the Galois cover of F2(H,) with respect to
a subgroup G of Aut(F2(H,)) of order dp. Let S, be a Sylow p-subgroup of
Aut(F2(H)) containing a subgroup H of G of order p. Then either

lq (g
=214 f dg+1)=1
g 2z< ) or  (d,q+1)=1,

or
1 q
g 2d(q d+)<p ) for (d,g+1)=d

3.2 Galois subcovers of F2(H) of type (I) of
Theorem (3.6

As in Remark take F2(H,) in its canonical form Fpe(z,y) with
y? —y + wr?™! =0 and wi! = —1. The group ® = (p 1) has order p,
and it is contained in Z(S,). Let n = y» —y and £ = =. Then ¢o1:1(n) =
vor1(y” —y) = wora() —woaaly) = W+ 1" =(+1) =9 —y =n
Moreover, y¢ —y = Tr(n). Since @1, fixes £, this shows that the Galois
subcover Fy2(F') of Fg2(H,) with respect to @ is as in (i) of Result 3.7} That
equation can also be written as

h—1
S +wgit =0. (3.4)

=0

Take an element r € F, with r® = 1. Then ©0,0,, commutes with g 1.
Therefore, if d|(¢ + 1) then ¢go, induces an automorphism ¢ of Fp(F").
More precisely, a straightforward computation shows that ¢ is the map ¢ :
(&,n) = (r€,n). Let @, be the F -automorphism group of F(F') generated
by ¢. Then the Galois subcover of F2(H,) with respect to G of Result
of type (I) is the same as the Galois subcover G, of F(F’) with respect to
D,.
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Theorem 3.9. The Galois subcover G, =F2((, ) of Fp(F') with respect to
®,. has genus

1 q
=—(qg—d+1)(=-1
9= la—d+ )(p )
and is given by
h—1
St w¢™t =0, d|(g+1). (3.5)
i=0

Proof. We show first that the fixed field F' of ®,. is generated by 7 = 7 together
with
¢ =& (3.6)

Since ¢(7) = 7 and

p(C) = w(€?) = p(&)! =t = ¢ = ¢,

we have Fp2(¢,7) € F. Furthermore, [Fp(F') : Fp(¢,7)] = d. Since d is
prime, this yields either F2((,7) = F or F' = F2(F’). The latter case cannot
actually occur, and hence F' = F2((, 7). Therefore F' = G,. Now, eliminate
¢ from Equations and . Since d divides ¢ + 1, replacing €9 with
(€794 and 7 = 7 in gives equation in . The formula for the genus
follows from [32, Lemma 12.1(iii)(b)]. O

3.3 Galois subcovers of F2(#H) of type (II) of
Theorem (3.6

We keep our notation up from Section Assume that d divides p — 1,
and take r € F) with r¢ = 1. Then gpaf)vr © 0,11 © Po.0r = Por21 € (P0,1.1),
and hence ¢, induces an automorphism ¢ of F2(F’). Here, ¢ is the map
o = (&n) — (r&,r*n). Let @, be the F automorphism group of F,(F')
generated by . Then the Galois subcover of Fp2(H,) with respect to G of
Result of type (II) is the Galois subcover G, of F2(F’) with respect to
D,.

Theorem 3.10. The Galois subcover G, = F (¢, p) of Fpe(F') with respect
to ®, has equation

we" M — Ae,p) =0, d|(p—1) (3.7)

where B
A(e, p) =p+ 62(17—1)/dpp 4t 62(p _1)/dpq/P.
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Proof. We show first that the fixed field F' of ®, is generated by

€= fd
together with
~n
e
Since
ple) = (69 = (&) = rie? = ¢ = €
and

o) ) _r*n o

=@ T e e e P

we have Fp(e,p) € F. Furthermore, [Fp(F') : Fp(e, p)] = d. Since d is
prime, this yields either F2(e, p) = F or F' = Fp(F’). The latter case cannot
actually occur, and hence F' = Fp(e,p). Therefore ' = G,. We have to

eliminate £ and 7 from equations (3.4)), (3.8)) and (3.9). From (3.9) we have

n = p€? then Tr(n) = Tr(p&?). This yields that

Tr(n) = Ep+ PP + -+ W plv,

whence
T?“(n) — 52 (p + 52(p—1)pp 4+ -+ 52(q/p_1)pq/p)'

Since d divides p — 1, T'r(n) in (3.10) can also be written as

Tr(n) =& (p+ (€)™ + -+ (gd)%p”*l—l)/dpq/p)

Therefore
Tr(n) = €(p+Vipr 4o+ &0 VI = E2A(e, p).
This, together with (3.4)), give

wE = 2 A(e, ).

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Since d | (p — 1) the number <2 is an integer. Thus Equation (3.7) follows

d

from ((3.14]).
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3.4 Galois subcovers of IF »(H) of type (III) of
Theorem (3.6

This time, take F2(H,) in its canonical form F 2 (z, y) with y?+y—a9t! =
0. The group ¥ = (11,1/,1) has order p, and it is not contained in Z(S,). Let
E=2aP —xand n = y — %xQ. A straightforward computation shows that

Y172,1(§) = € and ¥y11(n) = 0. Moreover,
ylty—att = nip it 2t = i+l L0 = i+ (a0—a)2
Since Tr(€) = x? — x, this gives
'+ 5 (@? =) =0+ 0+ 5Tr(€)?
2 2 :

Therefore, the Galois subcover F 2 (F") of F 2 (H,) with respect to W is F2(&, n)

with
2

hooo
n"+n+ 1 (Zé’” ) = 0.
i=1
Replacing n by —%77 this equation becomes

2

h i—1
nt+n— (Z ' > —0. (3.15)

In particular, Fg2(F') is the same as (II) of Result 3.7 Assume that d divides
p — 1, and take r € F} with r¢ = 1. Then wo_’(lj’r O P1,1/01 © Vo0 = Pryz21 €
(Y1,1/,1), and hence g, induces an automorphism ¢ of F,2(F’). Moreover,
¢ is the map ¢ : (&,n) — (r&,r?n). Let ¥, be the F,-automorphism group
of F,2(F') generated by 1. Then the Galois subcover of F,2(#,) with respect
to G of Result of type (III) is the Galois subcover G, of F.(F’) with
respect to W,..

Theorem 3.11. The Galois subcover G, = F2(t,v) of Fpe(F') with respect
to W, has genus

q
=—(q—1
0= dp(q )
and is given by
2 (a=1)/d
(N) +1—A(,7)=0 (3.16)
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where

h—1h—1 72 (" -1)/24 72 (7 =1)/24 w
_ (p*+p7)/2
A= % (ch) (ﬂ) S,

i=0 j=0

Proof. We show first that the fixed field F' of ¥, is generated by

v=n? (3.17)
together with
52
L=, 3.18
7 (3.18)
and
T = ¢ (3.19)
Since
p)=pm)'=r=n'=v, r)=p@'=ri¢'=¢ =1
and

n) em o) o rnon)

we have Fp(¢,v,7) C F. Furthermore, [Fp(c,v,7)(§) : Fp2(e,v,7)] = d and
n € Fpe(,v,7)(&). Therefore, [Fpe(F') : Fpa(,v,7)] < d. Since d is prime,
this yields either Fp(¢,pu,v) = F or F' = Fp(F’). The latter case cannot
actually occur, and hence F' = Fp2(¢, u,v). Therefore F' = G,. We go on by
eliminating ¢ and 7 from Equations (3.15), (3.17), (3.18) and (3.19). From
the definition of the trace of &, Tr(£)? = (€ +---+£%7)2. By a straightforward
computation,

o) = <£2> _ (&) _ e _ (g _ ¢t &

h—1h—-1
Tr(€)? =Y S et
i=0 j=0
This can also be written as
h=1h-1 o
TT(f)Q — Z Z<€2)(p +p )/2. (320)
i=0 j=0
From (3.18]), £2 = nu. Therefore, in (3.20) the square trace of £ is equal to
h—1h—1 s
Z Z(nL)(p +p )/2. (3‘21)
i=0 j—0
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Since 5(p' +p/) —1 = 3(p' — 1) + 3(p’ — 1), the sum in (3.21]) turns out to be
equal to
h=1h=1

n Z Z n(pi—l)/zn(l?j—1)/2L(pi+pj)/2' (322)

i=0 j=0
As d and 2 divide both p' — 1 and p’ — 1, the sum in (3.21)) equals

h—1h—1

n Z Z (nd)@LD/Qd (nd)(pjfl)/zdb(pierj)/Q (323)

i=0 j=0

and by replacing n? with v we obtain

h—1h—
n Zl Zl V(pi—l)/zdy(pj—1)/2db(pi+pj)/2 (324>
i=0 j=0
Let
h—1h—1 o S
Al v) = 30 Doy B, (3.25)
i=0 j=0

Therefore, n? +n = nA(s,v), and dividing both sides by n gives 9! +1 =
A(t,v). Since d divides g — 1, replacing n? by v shows

VL1 — A, v) = 0. (3.26)

From , , and , v= :—5 Now the claim follows from (3.26]). [I

3.5 Weierstrass semigroups and application to
AG-codes

We compute the Weierstrass semigroup at the unique place centred at
the point at infinity of some of the maximal curves considered in the present
chapter.

Proposition 3.12. Let P, be the unique point at infinity of the following two

curves _
SEYY Xt =0, Wil = —1,h > 2

1- 3.7
ShLY X =0 w17 = —1.d | (¢ +1). (3:27)

Then the Weierstrass semigroup at Ps is generated by %, and g+ 1, re-

spectively by %, and %1.
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Proof. For the first equation the claim follows from the remark after the proof
of Lemma 12.2 in |32 applied for n = h — 1 and m = ¢ + 1.
For the second equation the claim follows from the remark after the proof of

Lemma 12.2 in [32] applied for n = h — 1 and m = <. O

Let S be a numerical semigroup. The gaps of S are the elements in N\ S.
The number g(S) of gaps of S is the genus of S. If S is the Weierstrass semi-
group of a curve at a point then g(S) coincides with the genus of the curve.
Let (ai,...,ar) be a sequence of positive integers such that their greatest
common divisor is 1. Let dy =0, d; = g.c.d.(aq,...,a;) and A; = {d ,...,g—:}
for i = 1,...,k. Let S; be the semigroup generated by A;. The sequence

(ag, .. ak) is Called telescopic whenever 5t € S;y for i = 2,... k. A tele-
scopic semigroup is a numerical semigroup generated by a telescoplc sequence.

Result 3.13. [38, Lemma 6.5] For the semigroup generated by a telescopic
sequence (aq,...,ag), let

ly(Sk) +1

o di-
ly(Sk) == ( d-l — 1) a; then g(Si) ="~ 5
i=1 i

Theorem 3.14. Let Py, be the unique point of infinity of the curves 7:[q in
Theorem . Then the Weierstrass semigroup H(Ps) has the following prop-
erties:

I) H(Py) = (%,q+ 1), for the curve of Equation (I);
P
II) 2,21 ¢ H(P,), for the curve of Equation (II);
p’ d

(I11) %%ﬁ,q — 1€ H(Px), for the curve of Equation (II1).

Proof. Case (i). The pole numbers of  and y at P, are ¢ and 2¢/p, re-
spectively. Since the curve is Fp-maximal and P, is an Fg-rational point,
g+ 1 € H(P); see [32, Theorem 10.6]. Let dy = 0, d; = 2%, dy = % and
d3 = 1, and Al = {1}, A2 = {27])}, Ag = {2%,q,q+ ].} Then p € Sl and
g+ 1 € S5. Thus the sequence {2%, q,q + 1} is telescopic. Furthermore,

¢ _q

q Y
p

29
lg(S3) = ——+q+ (= —1)(¢g+1) =
o) == C—Dg+1)
whence the claim follows by Result (3.13).
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Case (ii). From Equation (II), [qu (H,) : ]qu(:c)} =
%. Therefore, % and % are non-gaps at P..

and [Fy2 (Hy) : Fo ()]

q
P

Case (iii). The above argument applied to the curve H, of Equation (III),
shows that % and % are non-gaps of G, at P.. O

Let C' denotes any F 2-maximal curve equipped with an [F.-rational point
P. Let D be a set of Fjp-rational points of C' other than P. From previous
work by Janwa [37] and Garcia-Kim-Lax [20], if the divisor G is taken as
multiple of P then knowledge of the gaps at P, may allow one to show that
the minimum distance of the resulting evaluation code C (G, D) or differential
code Cqo(G, D) may be better than the designed minimum distance of that
code. In particular, it is shown in [21] that ¢ consecutive gaps at P (under
some conditions on the order sequence at P) gives a minimum distance d of the
code at least t greater than the designed minimum distance. This motivates to
investigate large intervals of gaps at the point P, of the F-maximal curves
considered in the present chapter. Here we limit ourselves to show a couple
of experimental results. We use Janwa’s result as stated in |21, Theorem 2]
together with [21, Theorem 3] for the zero divisor B = 0.

Example 3.15. Take the curve of equation (3.1) for C, and let p = 7,d =
5h = 2. Then d | (g +1) = 72 + 1. From Proposition the non-
gaps at Py, are q/p = 7 and (¢ + 1)/d = 10. The gap sequence at Py is

1,2,3,4,5,6,8,9,11,12,13, 15, 16, 18, 19, 22, 23, 25, 26, 29, 32, 33, 36, 39, 43, 46, 53.

Each of the integers 11 =y -2 =7 —1¢, 12 =~ —1and 13 = v is a gap at
P... From |21, Theorem 3], the minimum distance of the code Cp(vPx, D) is
at least d* = |D| — v+t + 1 = 5037 whereas the designed minimum distance
is d' = |D| — v = 5034, so we have an [n, k, d*| = [5047, 3, 5037] — code.

Example 3.16. Take the curve of equation for C, and let p = 5,d =
3,h = 3. Then d | (¢+ 1) = 5° + 1. From Proposition the non-
gaps at P, are ¢/p = 25 and (¢ + 1)/d = 42. The gap sequence at Py, is
1,...,24,26,...,41,43,...,66,68,...... 1920,922,...,962,964, ..., 981,983,
Each of the integers 1022 = «,...,1030 = o +8 = a +t and 1072 =
B,...,1063 = f—t = — (t —1) is a gap at P,. From [21, Theorem 4],
the minimum distance of the differential code Cq(v Py, D) with vy = a4+ /5 —1
is at least d* = a+ f —1— (29 — 2) + (t + 1) = 1120 whereas the de-
signed minimum distance is ' = a+  — 1 — (2g — 2) = 1112, so we have an
[n, k, d*] = [138625, 1593, 1120] — code.
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It may be noticed that the curve of equation (3.1)) is a Cy-curve with
a = q/pand b = (¢ + 1)/d. Evaluation codes defined over a Cg-curve have
been the subject of recent papers where both encoding and decoding problems
are also treated; see [4].
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