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We consider the case of a uniform plane conductor containing a thin curve-like inhomogeneity of finite
conductivity. In this article we prove that the imperfection can be uniquely determined from the boundary
measurements of the first order correction term in the asymptotic expansion of the steady state voltage
potential as the thickness goes to zero.
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1. INTRODUCTION

Let @ c R? be a smooth bounded domain that represents a uniform conductor. This
conductor may contain a thin conductivity imperfection localized in the neighborhood
of a curve. To be more precise, we consider inhomogeneities of the form

W, = {x +nn(x): x € o,n € (—¢, 8)},

where o is a simple C* curve contained in Q, with positive distance from the boundary,
02, n(x) is a unit vectorfield normal to o at x, and ¢ is a positive small parameter that
represents the thickness of the imperfection.
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We set the background conductivity equal to 1. The constant finite conductivity of
the imperfection w,, will be denoted by k, with 0 < k < 400 and k# 1.

Let u, be the steady state voltage potential in the presence of the inhomogeneity w,
that is, the unique solution to

V(14 (k= Dl,)Vu,) =0 in Q,

% =h on 0%,
v

/ u, = 0.
F9)

Here 1,, is the characteristic function of w,, and v is the unit outer normal to 9€2. The
function h € H~'/>(3Q) represents the applied boundary current and satisfies the
compatibility condition [, 7 = 0.

Let uy be the potential induced by the current / in the domain Q without the
imperfection w,, that is the solution to

Auy =0 in ,

B

Ho _ h on 0%2,
av

/ Uy =0.
Q2

For every x € o, let t(x) and n(x) be unit vectorfields that are respectively tangent
and normal to o at x. We define the symmetric matrix A(x) by:

A(x) has eigenvectors t(x) and n(x),
the eigenvalue corresponding to t(x) is 2(k — 1),

(1)

1
the eigenvalue corresponding to n(x) is 2(1 — k>.

The following asymptotic expansion has been derived in [3, p. 544] (see [2] for a
rigorous error analysis):

ug(y) —uo(y) = eus(y) +o(e), y e L, )]

where the correction term u, is given by
) = =~ [ ATV i) do, v e Do

Here &, is the Neumann’s function related to the domain 2. We will write
the correction term in a slightly different but equivalent way. We denote by
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®(x,y) =—(1/27)In|x — y| the free-space fundamental solution for the Laplace
equation. Since the function &) — ® is smooth, we can write

Uo(y) = — / ACOVH(IVaD(x, 1) dos +1ws(3), v €T\ o 3)

where wy(y) = — [ A(x)Vio(x)V(Po(x, y) — ®(x, y)) do, is the harmonic function in
Q such that

Oy
L:O on 02
oy

/ Uy = 0.
a0

In this note we are interested in solving the following inverse problem: given the trace
of the correction term u, on the boundary 9Q determine (uniquely) the curve o.

As one clearly sees from (2), our data u, is only known approximately.

For any unit vector a € R?, let u$ denote the correction term that corresponds to the
linear background solution

and

1
a e . —_—— .
up(x) =a-x Bs) 89a v dsy,
i.e. to the Neumann data 71 = a - v.

We first prove (Section 2) that given two C* open curves o and o/, that are graphs
with respect to a common coordinate system, if for some unit vector a, u% = u?, on
an open arc I' contained in 92, then o = ¢’. Then (Section 3), in the special case that
o is a straight line segment, we construct an algorithm for finding o from »%, and

. 7 e
ugzlm, where a; and a, are two orthogonal unit vectors of R>.

2. UNIQUENESS

In this section we prove a uniqueness result in the class of curves that are graphs with
respect to the same coordinate system.
Given a C° function f : [, ] — R, we consider

oy = {x = (XI,XQ)Z X1 € (Ot,ﬂ), X2 :f(xl)},

such that oy is contained in € and has positive distance from the boundary. We also set

! JiED)
JUHr? 1+

77(x) =

>
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and

/) !
JUHr G 147y

np(x) =

>

for x = (x1,x2) € o7.
For any function « defined in Q \ oy, let [ul,, be the jump of « on oy, i.e.

[u]a/ (x) = llilg u(x + tnp(x)) —u(x — tnp(x)), x € oy.

By Prand Qr we denote the endpoints of f; i.e. Pr = («,f(«)) and Oy = (B,f(B)).
By integrating by parts in (3) we can write,

1 au()
0= =2(1 =) [ G5 ey dow

+2(k - 1) / e (9(5,0) o+ 1, (1)

ou ou
=20k = D) 2 (PPP(Pr.y) + 2k = 1) 2 (0) (27 7). (4)
T Ity
From the above expression we conclude the following

ProposiTiON 2.1 The function u,, defined in (4) is harmonic in Q \ oy, it has logarithmic
singularities in Py and Qy and the jumps on oy are given by

1 81/{0
o), =21 1)

Oty 2k — 1210

where 82/81/% represents the second order derivative with respect to the arclength
parameter of oy.
For any xo € oy and p such that

Uug, € C1* in {(x1,x2) € Qi xa > f(x1)} N By(xo) and in {(x1,x2) € Q:x2 < f(x)}N

B,(x0), where B,(xo) = {x:|x —xo| < p}and 0 < X < 1.

0 < p <min{|xg —
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Moreover one has the following estimates for Up,:

1

F2li-ol “ = ©

|u(,,.(x)| <cln

1 N 1
x—= P |x=0

|Vua_/v(x)} < c(| ), x € Q\oy, (6)

where ¢ is a positive constant.

Proof This proposition follows from classical regularity results in potential theory
(see, for example, [5] or [6, Theorems 2.1 and 2.2]).

For sake of completeness, we outline here the proof of estimates (5) and (6) near the
endpoints.

By well-known properties of single and double layer potentials on sufficiently smooth
open curves, we have that

[ s e o
ny

- <C foryeQ,
o, 0Ny (x)

<C foryegq,

2
/ T (), y) do
o Brf

and so, by (4), estimate (5) follows immediately.
Let us now derive estimate (6) in a neighborhood of P, Let us write

duo AP (0, Quo ., .\ 0P
f,,,anf(x) o, () (x,y)do, = fm (anf(X) on, (Pf)) 8nf(x)(x,y) doy

Jduyg od
G / g (D )

An easy computation gives

P 1
/a, oy (0240 = =5 (arg(y — Q) —arg(y = Py)),

hence

9D L ((»2—f(B) -2
V‘; - s d RY =5 s T
y </U, anf(x y)do ) 27T<(|y—Qf|2 |y—Qf|2>

2 —f(a) yi—o
_ - , 8
<|y—Pf|2 |y—Pf|2)> ®
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On the other hand (by [6, Theorems 2.1]) one can see that, in a neighborhood of P,

auo 3u0 0P .
v, < /g , (% (x) — % (Pf)) o, () (x,) dax> is bounded. 9)

In the same way, we write
u o*u o*u
[ SR dn = [ (320250 ) 0w do,
o Brf o arf oty
& u
+320) [ oy don, (10)
L7 o
Again by [6, Theorems 2.1], in a neighborhood of P,

8214() 82u0 .
v, a—r/% (x) — 8—113 (Pr) |®(x,y)doy ) is bounded (11)
of . .

while

< Cl|ln|y — Py, (12)

V),f D(x,y)do,
of

for a positive constant C. By putting together (7)—(12) and recalling (4) we get the
desired estimate. |

We are now ready to state our uniqueness result:

THEOREM 2.2 Let f and g be two C° functions such that oy and o, are contained in Q.
Let a € R? be a unit vector and T be an open subset of 9. If

then
Oy = Og.

Proof We will first prove that Py= P, and Qy=Q,.

Assume the contrary. If P,# P, there exists an open arc (for example X, C o7) with
Pjas an endpoint, which can be reached on both sides with a continuous curve starting
on I' and contained in \ oy U o,.

Letv= uﬁ/_ - uﬁg. By assumption, v=9v/dv=0on I and Ay =01in Q\ oy Uo,.

Then by the unique continuation property of harmonic functions and the uniqueness
of the Cauchy problem, v = 0 in the connected component of 2 \ o U G, containing I'.
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In particular v=0 in a neighborhood of X, on both sides, hence 0 = [v]y, = [“W]Er =
2(1 = (1/k))a - ny. This implies

a-n(Pr) =0. (13)

On the other side, the function v cannot have a logarithmic singularity in Py hence,
by (4),

o () =P = (14)

Since (13) and (14) are in contradiction, it follows that P,=P,=P (and, similarly,
Qr=0,=0).

Now let us show that
7 (P) = (P), 7(0Q) = 7e(Q). (15)
By using the expression (4) and the linearity of u{, we can write, for y € Q\ oy,

V() = we, (¥) = Wo, ()
= 2(k = D((t(P) = 7o(P)) - a D(P, y) = (14(Q) — 15(Q)) - a D(Q. »))

2 2
+ 20k - 1)( / aa 2 00(0) do - f L F oo da\>

YA a [ 00 _
o k)(/ 3y O g ) o= | 500 g<>(”)d‘)

This means (see Proposition 2.1) that in a neighborhood of P, the function v has a
logarithmic singularity given by

=2(k = D((z7(P) — 74(P)) - a) ®(P, ).

Since v = 0 in the connected component of €\ or U o, containing I', this singularity
cannot appear, hence

(5/(P) — (P) - a = 0. (16)

By (8) in the proof of Proposition 2.1 and since (16) holds, the leading order singu-
larity for Vv at P has the form

1 1 — —
(1= D) ) =nipy-a <|y e, -2 ‘Z)-

y—Ps |y — Pyl
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Again, since v =0 in the connected component of 2\ oy Uo, containing I', this
singularity cannot appear, hence

(ny(P) —ng(P))-a=0. (17)

By putting together (16) and (17) one gets (15).
Now, let us assume that oy and o, do not coincide. Since the two curves are regular
and have common endpoints, there exist at most a countable set of subintervals (¢, 1)

of (a,B) such that, say, g(x;) <f(x;) for every x; € (a1,B1), f(o1) = g(e;) and
S(B1) = g(B1). Set

D =i(x1,xz): x1 € (a1, Br), g(x1) < x2 <f(x1)},

P’ = (ay,f(a1)), and Q" = (B1,f(B1)).

We want to show that

7 (P) = 7o(P), 7(Q) = (0. (13)
Set v© =v,. The function v* satisfies the following overdetermined problem in D
Avt =0, in D,

1
vt :2(1 —k)nf-a, on oy N D,

1
vt :2(1 —k)ng-a, on o, NaD, (19)

D k= 1) (@), on oy AaD
=2k — . o

ony oy e
vt 9

a—ﬂg:z(k— 1)8_'%(tg'a)’ on O'gﬂaD

Let us prove (18) for P'. If P’ = P, this is a consequence of (15), so let us assume that
P’ #£ P, that is «; > «.

Observe that both uy and ug are continuous in a neighborhood of P’ relative to D.
By (19) this implies that \

ng(P')-a = ny(P)-a. (20)
Now let us prove that

9 +
aLz 0, 1)
ap OV

where v is the unit outer normal to dD.
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If P # P and Q' # Q this simply follows from the fact that vt is in C!(D), hence one
can apply Green’s formula and the fact that v* is harmonic.

If, for example P’ = P, let us show that one can again apply Green’s formula.

By (15), we approximate D by a sequence of smooth domains {D,} C D. Let x! be a
point on oy such that the arc joining P’ and x} has length smaller than 1/n, and let x> be
a point on o, such that the arc joining P’ and x2 has length smaller than 1/n.
Analogously we define X! and %2 on the side of Q' in case Q' = Q. Let X} and 2 be
two smooth arcs joining x! and x2 and X and X2 respectively, and such that the
region D, enclosed by Z!, £2 oy and o, is sufficiently smooth and such that
length(X)) and length(X2) are bounded by 1/x? (this is possible because of (15)).

Now we can apply Green’s formula in D,, since vt € C!(D,), and get

+
o:/ Av*:/ G (22)
D, ap, OV

By (6) and by the choice of =! and X2, we have

) vt ) vt
lim — = lim 5 =0.
n— 00 2711 Vv n—00 E;_: v

Hence, passing to the limit in (22) we get (21).

Consider the closed curve determined by oy N D and o, N D. Let 0 < s < s; be the
arclength parameter on oy from P’ to Q' and sy < s < 57 + s, be the arclength parameter
on o, from Q' to P'.

By (19), and noticing that v = ny, (3/ds) = (3/9ty) on oy and v = —n, and (3/9ds) =
—(9/97,) on o,, we arrive at

oo [
oD ov

=2k - 1)( [ aass f T ) ds)
= 2(k = )(71(Q) = (P) + 7(P) = Q) - a.
Hence
(5(Q) — 7(Q)) - a = (5(P) — 7(P) - a.

Now we observe that for the endpoint P we know that t/(P) = 14(P), so, by a recursive
algorithm one can conclude that

(7 (x) = 7(x)) - a = 0,

for every point x in oy N o,. This, together with (20), gives (18).
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+12_ +E
/D{Vv |_/3Dv o (23)

As before, it is enough to notice that if " and Q' do not coincide with P and Q, the
function v* is regular enough to apply Green’s theorem. Otherwise we approximate D
by the sequence of smooth domains {D,} C D and observe that

+
/ (V= / w2 (24)
D, aD, v

By (5) and (6) and by the choice of X! and X2, we have

Now we show that

) vt ) vt
lim yF—— = lim yh—=0.
n—00 J51 v n—>00 [y oV

Hence, passing to the limit in (24) we get (23).
Next step consists of proving that

8+
fww%:o. (25)

By (19),

[ LA (at Vi ( () @3 (@) ds+ | -0l ds) 26)
oD k

av 5t

Since 1/(s) is a regular function of s, there is a regular function 6(s) such that
77(S) - a = cos Or(s)
and
ns(s) - a = —sin H(s)
Hence
St 0 9/(.3‘/) .
(n,(s) a)—(rf a) ds = / sin2 6y (s) 2 f ©) 4 [ sinf6do.  (27)
67(0)

In the same way we define 6,(s) such that

Tg(5) - a = cos O,(s) and  ng(s) - a = — sin Gg(s),
and get

57 +Sg St +Sg . 06 O (57 +5¢) .
/ (ng(s) - a) (rg a) ds = / sin’ 6,(s) gis) ds = f sin?6 do.  (28)
[

sf Sy ¢(57)
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Condition (18) can be read as
07(0) = O5(sr +5) and  Oy(sy) = Og(sy).

From (26), (27), and (28) we get

ot Ak — Or(sr) )
/ Al M1y D’ / sin® 6 do + sin®0do ) = 0.
aD v ok 67(0) 0;(sy)

By putting together (23) and (25) we get that
T — constant in D,
which leads to
ny-a=ng-a=constant on (o, B1).

This, means that sin6; = sinf, = constant on («i, p1). Since 6, and 6, are regular
function this implies that both 6, and 6, are constant on (c,d). We already know
that they coincide at the endpoints, hence the tangent fields to oy and o, coincide
in all the interval. From this and the fact that the endpoints coincide we conclude
that oy = g,. |

Remark 2.1 Notice that the assumption that oy and o, are graph with respect to the
same coordinate system can be slightly relaxed. What we really need to perform the
proof is that any point of oy Uo, can be reached from I' with a continuous curve
contained in the connected component of Q \ or U o, containing T.

3. ALGORITHM

In this section we present an algorithm for reconstructing a straight curve ¢ from the
measurements on the boundary of the correction terms u4'|;o and u |, generated by
two constant current sources.

In fact in this case we expect good reconstructions since the inverse problem
restricted to line segments should be well posed (Lipschitz continuous dependence).
This is not true any more for arbitrary curves. In that case we are confident that the
problem is severly ill-posed (logarithmic continuous dependence) as was shown in [4]
for a similar problem.

We first note that, if we denote by ¢; and e, the unit vectors (1,0) and (1, 0), for any
unit vector a we have

= (a-euy +(a-eug, (29)

so, the knowledge of u¥ and u® for any two orthogonal vectors a; and a, corresponds
to the knowledge of u%, for i =1, 2.

We assume that o is a straight line segment and reconstruct its endpoint P and Q
from u¢' |5 and u$|;. This generalizes the algorithm described in [1] for the reconstruc-
tion of small diameter imperfections to the more difficult case of thin imperfections.
The major difficulty comes from the fact that the conductivity inhomogeneity is thin
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(i.e. with a bad Lipschitz character) and so, results from [1] are not applicable to
our case.

Notice that in the case of a s@)ight line segment, the matrix 4 defined in (1) is
constant along o. Let ¢, = PQ/|PQ| and é; a unit vector orthogonal to ;. Consider
an open domain S containing  with C> boundary 3S.

Let us denote by Dgv the double layer potential of the density function v, defined by

ng(x):/ v(y) (y)(‘c ,¥) ds,, x € R*\ 092

Then, the following lemma holds.

Lemma 3.1 For any pair of unit vectors a and a* we have
8 * 3k *
/ %DQ(HZL?Q)(J}) a*-yds, — / Dg(uﬂm)(y) a -v(y)ds,=|ola -A-a,
as 3s

where v denotes the normal to S pointing outside S

Proof Let us consider y € R*\ © and, by using the definition in (3), let us evaluate

oty 50
/;Q (x) D(x, ) dsy — /aQ uo(X) u(x )(x ,)) dsy

d
S /asz 0 </U A(2)Vuy(2)V.P(z, x) daz>q>(x, V) dsy

oD
+ /BQ </ﬂ A(2)Vuy(z)V,P(z, x) doz> P )(x , V) dsy
W
+ /BQ oy

Since w, is harmonic in  and y¢ 2, the sum of the last two integrals is zero. Notice
that the points x, y and z are well separated and y is outside 2. Hence, we can inter-
change the order of the integrations and get

0P
- /d W) ()(x ) ds,.

Uy
/mg(x)d)(x,y) ds, —/ u(,(x)a o )(x , V) dsy
= —/A(Z)Vuo(z)vz<fdg<aa( )(z x)P(x,y) — O(z, x)8 o )(x y))dv\>da~
- / A(z)Vuy(2)V. </ (A D(z, x)P(x,y) — P(z, x) A D(x, 1)) dx) do.
o Q

—/A(Z)Vuo(z)vzcb(z,y)daz.
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In the special case uy = uj is linear, and observing that (dul/dv|;o =0) and A is
constant on o, one gets, for y € R’ \ Q,

Do(up)(y) =[ u (x) e )(x , ) dsy = A - afod>(x,y) doy.

By using this expression we can calculate
| el a -y s, = [ Do) @00 ds

= /3SA -a (%y)/g V. ®(x,y) doa* -y — /U V. ®(x,y) do,a* - v(y))dsy

L) N X
=A4- a/(;Vx /Bs<m(x,y) a -y —d(x,y)a*- v(y)) dsy do,

:A'a/Vx(a*w)dax:|o|a*~Aoa.
’ u

From Lemma 3.1 it follows that the components of the matrix A4 in the basis (e, e>)
are given by

i/ |O‘|/ |: DQ(“%Q)(J’)& Y= DQ(U |3Q)(y)el : VO/)] dsl

This expression only involves |o| and the boundary values of uf for j=1,2.

In particular, the knowledge of u¢'|;q and u%|;o is enough to reconstruct the
eigenvectors of 4.

Notice that to distinguish between e; and e, (which one is tangent and which is
orthogonal to o) it is not necessary to know the value of k. The sign of the eigenvalues
of Aj tells us if k is bigger or smaller than 1: if the eigenvalues are positive, then k > 1
and e corresponds to the bigger eigenvalue. If the eigenvalues are negative, then k < 1,
and e; corresponds to the eigenvalue with smaller absolute value.

Now, let us express everything in the coordinate system (e, €;). In this way, P = (p1, 1)
and Q = (¢1, ). By straightforward calculations, one can see that

5 1 1 1
Da(uZ)0,y2) = s (1 - %) (A —»2) / W dsy. (30)
o |X — 5y2
is obtained from u¢!

Notice that, once &, is known, 12|, |, and 12|, according to (29).
Hence, the left-hand side of (30) is known in R* \ Q dnd A can be 1dent1fled as the value
where it changes sign.

Finally, assuming p; < ¢,

Dol (1, 1) = ——(k 1)ln ;l ‘“, for any y, < pi or ¥, > qi.
1 —

and from this we can determine p; and ¢,.
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