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Abstract

We extend some results of DiBenedetto and Vespri (Arch. Rational Mech. Anal 132(3) (1995)
247) proving the interior and boundary continuity of bounded solutions of the singular equation
(P(u)). = Lu where ¥ is a second order elliptic operator with bounded measurable coefficients
that depend both on space and time in a proper way.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Let f(s) be a maximal monotone graph in R x R satisfying
B(s1) = B(s2) = 7o(s1 —52)  Vs; €R p, > 0. (1.1)
We also assume that

for every M > 0, sup |f(s)| =11 < . (1.2)

—M<s<M
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Let Q be a Lipschitz domain in RV, let Q7 denote the cross product Q x [0,7] and
consider the singular parabolic equation

(B(w)): = Lu, (1.3)

where ¢ is an elliptic operator with principal part in divergence form.

Needless to say, if f(u)=u we are dealing with the classical heat equation, for which
we refer, for example, to [11]. Here we want to consider more general expressions for
f and the reason lies in the natural connections that equations like (1.3) have with the
modelling of phase transitions or the flow of fluids in porous media. For more details
on these models, see, for example, [8] and [18].

Questions of regularity for weak solutions of (1.3) have been considered since the
early 1980s and a certain number of results has been proved, even if things are far
from being completely settled.

Without pretending to mention all the contributions, we can say that when f(s)
exhibits a single jump, say at s =0, continuity in the interior and at the boundary were
proved in [1-3,13,19] and an explicit modulus of continuity was given.

A lot less is known for more general  and actually things lied still for a long
while, from the late 1980s until the mid 1990s, when interior continuity was proved
in [6] for f with superlinear growth. It is worth mentioning that for N =2 a general
second order uniform elliptic operator is considered, whereas for N > 3 the method
used heavily relies on the radial symmetry of % and therefore is limited to the case
of ¥ =A.

Adapting the techniques of [6], more general operators have been considered in
[14-16], where once more, local interior continuity is proved and a quantitive
estimate of the modulus of continuity is provided in the case of the p-laplacian,
anisotropic p-laplacian and non-standard growth operator, respectively. In dimension
N =2 one can even consider a maximal monotone graph f = f,4c + s of bounded
variation, with f4c strictly increasing and f; >0 (see [7]). More recently, in
[9] it was studied the case of a 5 which admits an arbitrary but finite number of
jumps.

As it should be clear by now, a lot still needs to be done, especially under the point
of view of boundary behavior. This paper is somehow a development of [6], in that
we prove interior and boundary continuity of weak solutions of (1.3) under the same
hypotheses on f but working with a more general elliptic operator. As a matter of
fact, a lot of what we are considering here has been already proved in [17]. However,
since the boundary continuity is new and some of the methods are also new, for the
sake of completeness we chose to prove all the results ex novo. On the other hand,
we decided to focus on what is really new with respect to [6], without entering too
much into details when things are simply adapted.

We can finally state the explicit assumptions and our precise results. Here we assume

Pu=">" Di(ay(x,)Dju + ai(x,t)u) + bi(x,t)Diu + e(x, )u,
ij
where a;;i(x,t), ai(x,t), bi(x,t), e(x,t) are continuous functions with respect to
the time variable and are measurable functions with respect to the spatial variables
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satisfying

1 .
E|f|2 <Zaij(xaf)éifj</«l1|f|2 (1.4)
ij

HZ a?,z b?,e

with ¢ and r such that

1+N |
T S
r  2q !

< o, 1.5
oy SH2 (1.5)

and g € [N/2(1 — ky),00] re[1/(1 —k1),0] 0 <Ky <1, N =2.
Moreover we suppose that

VO<t<s<T // <ev—ZaiDiv> dxdr <0,
tJa ;

Vo =0, vECHRQ x (4,5)). (1.6)

As it will be clear in Section 4, we assume (1.6) in order to have the maximum
principle in any parabolic cylinder O(p,0p?) C Qr.

The equation in (1.3) is meant weakly and in the sense of inclusion of graphs,
namely

Definition 1. The function u € L*(0,T; W2(Q)) is a weak solution of (1.3) if there

exists a selection & C f(u), the inclusion being intended in the sense of the graphs,
such that

t — &(-,1) is weakly continuous in L*(Q)

/Qw

for all ¢ € W20, T; L*(Q)) N L*(0, T; W,*(2)) and for all intervals (¢1,2) C (0,T).

and

153 15)
+ / / {_fd)t + Z (aiiju + Ll,'lzl)D,ﬂb + biDl‘Z/l(f) + euqb} dxdr=0
t Q I3} ..

Y

Remark 1. Local summability can be considered both for u and ¢ if we are interested
only in the continuity in the interior of Q (see for example [6]).

To simplify the presentation, we assume that u is bounded in the whole Q7, so that
||| 0.0 <M for some given constant M > 0. (1.7)

As in [6] the continuity at a point P € Qr follows showing that the oscillation of u
in a sequence of shrinking boxes with vertex at P tends to zero as the size of such
neighborhoods tends to zero.
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The following theorem is the main result of this paper:

Theorem 1. Let N > 3 and let the structural assumptions (1.1)—(1.2) and (1.4)—(1.6)
hold. Let u be a weak solution of (1.3) in the sense of Definition 1 and assume that
u satisfies (1.7). Then u is continuous in Qp. Moreover, for every compact subset
A C Qr, there exists a continuous, non-negative, increasing function

Niland wdata,,%/‘(s)» (Udata,,%f(o) =0

that can be determined a priori only in terms of the data and the distance from A
to the parabolic boundary of Qr s.t.

u(x1,t1) — u(x2,12)| < Ogata, - (|¥1 — x2| + [t1 — 12| V)

for every pair of points (x;,t;)€ A", i=1,2.

The plan of the paper is the following: we first examine the case of time-independent
coefficients (Sections 2—5) and we prove Theorem 1 under this restrictive assumption;
then we achieve the general case using a proper approximation argument for coefficients
continuous in ¢ (Section 6); finally we apply the previous results to prove the boundary
continuity of u for homogeneous Dirichlet conditions (For the precise statements of the
assumptions and the theorem in this case and also for the difficulties presented by the
treatment of boundary conditions, we directly refer to Section 7).

We conclude this section with some general remarks. First of all, even if we decided
to concentrate on a linear second order elliptic operator ¥ with coefficients satisfying
suitable summability hypotheses as described above (see Remark 2 and Section 4 for
some comments and further discussions), the same techniques allow us to prove the
continuity result in a more general context. As we try to highlight in the proof, the
only properties of #(x,t,u, Du) on which we will rely are the following:

(1) & satisfies the maximum principle;

(2) the coefficients of % are continuous in ¢;

(3) in the case of time-independent coefficients the elliptic operator ¥ satisfies a
uniform Harnack inequality ¢ by ¢.

The most important of these three assumptions is the last one and this shows once more
how the Harnack inequality is crucial when proving regularity results for solutions of
partial differential equations.

2. Local energy estimates

We assume that u can be constructed as the limit in the weak topology of L(0, T;
W12(Q)) of a sequence of local smooth solutions for smooth f(-). This is the same
approach used in [6], to which we refer for further details. Hence we will be working
with smooth solutions of

B (u)u, = ZDi(a,-j(x, H)Dju + a;i(x,t)u) + bi(x, t)Dju + e(x, t)u, (2.1)

Y
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where f3(-) is regular and satisfies
B'(s) =70, Vs€(—M,M).

However all our estimates depend only upon the data. Finally, we use the same notation
of [6], that we recall for sake of completeness.
For p > 0 we denote by K, the cube of wedge 2p centered at the origin, i.e.

max | < p}

and by [y + K,] the cube centered at y and congruent to K,. For 6 > 0 by O(p,0p?)
we denote the cylinder of cross section K, height 0p?, and vertex at the origin, i.e.

O(p,0p*) =K, x (—0p*,0)

and for a point (y,5)€ RV*! we let [(»,5) + O(p; 0p*)] be the cylinder of vertex at
(»,s) and congruent to Q(p,0p?).
For k € R the truncations (u — k), and (u — k)_ are defined by

Kp:{xe[R{N

(u—k); =max{u —k;0} (u—k)_ =max{k —u;0}.
Next we define
A (1) = {x €K, |(u(x,t) — k)= > 0},

introduce the numbers

. 2q(0+x) . 2r(1+x)
%"i:H(u_k)iHOO’[(%S)JrQ(p;UpZ]’ q:fl’ r:fl’
q r
2
K—N}Cl
and the function
%i
Y(AE, (u— k), c 1n+{ k }
e o) Hyi—(u—k)y +c
%i
:max{ln{ R k },O} 0<c<9’ff.
Hy —(wu—k)x+c

Proposition 1. There exist constants y = y(data) and 6y = do(data) such that for
all cylinders [(y,s) + Q(ap,00p*)] C [(3,s) + O(p;0p*)], c€(0,1) and for all
levels k satisfying esssupg,.g,2) [(u — k1] =0 <y we get

sup / (u —k)2(x,t)dx + // |D(u — k)| dx dt
s—0p2<t<s J 4k, (3:5)+0(ap.tp?)

Y // 2
<—1 (u— k)2 dxdt
(1= 00> J Jisyr00000)
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o /]
TR — (u— k) dxds
(1= )00 J Jiysr+000.00%)
0 2(1+x)/F
S IES IR (/ |t ()] dr) : 22)
q.r —0p?

sup / PHAE, (1~ k)s,c)(x, 1) dx
V+Ksp

s—0p2<t<s
dat
< %// W(AE (1~ k)s,c)dxdr
(I =a*)p* J Jys1+000.00%)

. (data)

¢ y+K,

7 %i s o 2(14kK)/F
+ 5 (1 +1In —£ ) m {/ i, (o)| df} . (2.3)
C s—0p? ’

P(AE, (1~ k)x,0)(x,s — 0p?)

c

Proof. See [6], Proposition 2.1. The only difference is given by the lower order terms,
but these are handled in a standard way. [J

Remark 2. The estimate (2.2) holds true even under more general hypotheses,
namely

(a) (a(x,t,u, Du)Du > Co|Dul?® — ¢o(x, 1),
(b) |a(x,t,u,Du)| < Ci|Du| + ¢1(x, 1),
(©) [bCx,t,u, Du)| < Co|Du| + ¢35

where ¢, ¢1, ¢r € L7 (Qr).

Remark 3. In the proofs we will find quantities of the type 4;p"w ™2, where 4; are
constants that can be determined a priori only in terms of the data and are independent
of @ and p. Without loss of generality we may assume that they satisfy 4;p" w2 < 1.
Indeed, if not, we would have w < Cp® for C=max A; and & =Nk/2 and things would
be trivial.

Fix 0 > 0 and consider [(y,s) + O(2p,20p*)] C Qr. We put

ut= sup u, po= inf u
[(7,5)+0(2p.209%)] [(2:5)+0(2p:200%)]
and
W= osc u=pu"—u .

[(.5)+0(2p.2007)]
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Let ¢ €(0,1) be properly chosen in order to satisfy the assumption %ki < 0o and
define the following level sets

At =@ E[(ns) + Op, 097 ulx, 1) > it — E o),

A, =@ El.s) + 0p, 0p° tu(x,1) < u™ + & ).

If we fix 2€(0,1) we have the following estimates

Proposition 2. There exists a number v*© depending on the structure of f and A, &",
0,w such that

meas /£, < v'|O(p, 00H)| = u(x,t) < ut =i w
0p?
V(x,1) € [(y,s) +0 (p,”)] .
272
Proposition 3. There exists a number v~ depending on the structure of p and 1,&™,
0, such that
meas ./ ., < VvI1O(p, 0p)| = u(x,t) > u= + A& w
0 2
vene | +0 (5% ).

+

Proof. Let us remark that the numbers v= are given by the formula:

14K
et
L c 0w o . 2 2 ,
= —— = =Kl = c(dat, 7).
v 0<1 H«fiw) , O mm{NKl,N ([ ¢ =c(dat, 1)

The proof is like the one given in [6] for Propositions 3.1"7 and 3.17. The only
difference is in the use of Lemma 4.2 of [5] instead of Lemma 4.1 of the same work.
Once more the reason lies in the presence in our equation of first order terms. [

Fix 0 > 0 and consider the cylinder [(y,s) 4+ O(p; 0p?)]; for &+ €(0,1) we set
A e (1) ={xEK, u(x, 1) >p" — Ew}
We assume that the function u(-,s — 0p?) does not exceed the value u* — &l at

the bottom of the cylinder for some &; €(0,1) properly chosen in order to satisfy the
assumption c%’,f < 0y, 1.e.

u(x,s — 0p*) < pt -l Wxely+K,
We have

o

Proposition 4. For every v €(0,1) there exists a number &€ (0, ¢
only upon the data and the numbers & and 0 such that

o/ 1 () <VTIKy | Vte(s — 0p%s).
C+:5P 2P

5 depending

The number & is chosen to satisfy v = y0/In(&; /2ET).
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Proof. See Proposition 4.17 of [6]. [

We conclude this section by stating a proposition that can be found in a more general
way in [6]

Proposition 5. Let ve W'(K,), satisfving

/ |Dv)*dx <y
K,

for a given constant y and meas{x € K, : v(x) < 1} > a|K,| for a given o€ (0,1). Then,
for every ne(0,1), and A > 1, there exists x* € K, and a number 6 € (0, 1) such that,
within the cube Ks,(x*) centered in x* with wedge 26p, there holds:

meas{x € Ks,(x™):v(x) < 1} > (1 —n)|Ks,|.

3. On the sets where u is near u* or near u—

If we define o/, ()={x €K, u(x,t) > pu* — & o} and A () ={x €K, u(x,1)
<u =& o}, we have
0
meas &/?i’p = /p2 |=sz/§i,p(t)|dt.

+

In the following the quantities v are the ones introduced in Propositions 2 and 3.

Proposition 6. If

+
measuQiﬁ’ﬂ—/

0
/%, ()] dt > v*|0(p. p)| (3.1)
02

holds, for all 7.>1 and for all nc(0,1) there exist a point (y%,s%)€[(y,5) +
O(p; p*)], a number 5, €(0,1) and a cylinder

[(V5.5%) + 0040 67p")] C [(1.5) + O(p; p*)]

such that
meas{(x,1) € [(y.57) + Q(6,. 3 & p2)] s 1) > it — 28 F o}
> (1= m|(yi,s3) + 001 p; 05 7). (3.2)
The number &, depends upon the data and the numbers 1, n, E¥ and .
Proposition 7. If
0
meas o/ ;| = /_p2 | (D] dt > v 10(p, p?)| (3.3)

holds, for all 2> 1 and for all n€(0,1) there exist a point (y*,s*)e€[(y,s) +
O(p; p*)], a number 5_ €(0,1) and a cylinder

[(V*.5%) + 0(5-p; 6% p*)] C [(1.5) + O(p; p*)]
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such that
meas{(x,7) € [(",5% ) + O(6_p; &% p2)]:ulx,t) < p~ + A&~ )
> (1= )|[(y=,s%) + 0(5-p; 6% pP)]I. (3.4)

The number 6_ depends upon the data and the numbers A, n, ¢~ and o.

Proof. We write (2.2) over Q(p,p?) and Q(2p,2p*) for which ¢ =} and for the
functions

(u—k"), withkt=ut —¢to
and
(u—k7)- withk =pu +¢ o

We take into account that the term {ffoﬁ |} (097 de}?70H) s controlled by

yopV and we obtain

// i ID(u™ — w)* dx dt < yop?, (3.5)
Q(p,p?)

// ID(u — p ) dx dt < yop”. (3.6)
O(p,p*)

We rewrite (3.1) and (3.5) in terms of v™ = (u™ — u)/wé*, (3.3) and (3.6) in terms
of v~ =(u— pu")/wé to get

meas{(x,t) € Q(p; p*): v* < 1} > v¥|0(p; p*)|, (3.7)

Y N
|DvE)? dxdt < ——pP. (3.8)
//Q(p,pz) Wi

Now relying in a fundamental way on Proposition 5 stated in the previous Section, we
conclude exactly as in [6], Propositions 5.1%. [J

Let the cylinder [(y,s) + O(p; p?)] be fixed and consider coaxial boxes of the type
(1) + 0 )], 0<r<p. (3.9)
The time-location of the vertices ranges over
T€[s — (p* —1?),s] (3.10)
and 7 is a positive parameter ranging over
re€lop,p], where 6€(0,1) is to be chosen. (3.11)

We assume that conditions (3.1) and (3.3) both hold for all cylinders defined in
(3.9)~(3.11). In such a case, within [(y,s) + O(p; p*)], we will identify two disjoint
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subcylinders such that in one of these u is all near u™ and in the other one u is all
near j .

Proposition 8. Ler (3.1) and (3.3) both hold for all coaxial cylinders of the type
(3.9)~(3.11). There exist two points (y{,s*),(y3,s*), at the same time level s*, a
number 6 € (0,1) and two cylinders

(V7.5 )+ 0 )], [(13.8%) + O )] r = dp,
contained in [(y,s) + O(p; p*)], such that

u@x 1) > p~ + 301 - 2o V) el(yf,s") + 0(r;r?)]
and

ux,t) < pt —3(1 = Ao Y(x, 1) €[(y5,5%) + 0@ 1))

The proof of this Proposition is the same as Proposition 8.1 in [6].
Using Proposition 8 it is possible to derive a local estimate for the gradient Du
exactly as in [6].

Proposition 9. Let (3.1) and (3.3) both hold for all coaxial cylinders defined in (3.9)—

(3.11) and choose £t =&~ = % and A= % There exists a constant vy depending only

upon the data and o such that

S
PNty < / / |Du|? dx dt.
s—p*op<|x—yll<p

4. Comparison function

In [6] the key point in the proof of the continuity theorem are some estimates of a
proper function v, which is then compared with the solution u of the original singular
parabolic equation. In these estimates the radial symmetry of the problem is heavily
used, but a careful examination of the whole procedure shows that this assumption can
be done away with, provided the maximum principle and a Harnack inequality for the
corresponding elliptic operator hold for all time levels. This is precisely the way we
will follow in the sequel. Without entering too much into details, let us just remark
that the basic reason to use the comparison function is to mimic a parabolic Harnack
inequality, whose validity is not known in this context.

4.1. Statement of the problem

For d > 1 and ¢ €(0,1), let o7, 4 denote the annulus .7, 4 = {& < |x| < d} and
for k£ > 0 consider the cylindrical domain with annular cross section

G(e0,4d; k) = o s aa % (0,k).
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We consider the elliptic operator ¥ introduced in (1.3) and state some further
assumptions:

(1) (H1) The coeflicients a;;,a;, b;,e considered in (1.3), (1.4), (1.5) do not depend
on time [Notice that this hypothesis will be removed in the last sections].
(2) (H2) As a consequence of (H1), condition (1.6) becomes

/ (eu — Za,»D,-v) dx <0, Vv =0, ve Cé(Q).
Q i

(3) (H3) The local weak solution w of the elliptic equation
Fw=0 in Q

satisfies a Harnack inequality, namely, if w > 0 and Kz(y) C @, for any ¢ >0
we have

supw < C <infw+;{R“) ,
Kor Kor

where y, o and C depend only on the data. Strictly speaking, the ellipticity condi-
tion and the summability hypotheses on the coefficients ensure that w belongs to
an elliptic De Giorgi class, which in turns guarantees that w satisfies a Harnack
inequality (under this point of view, see for example [12, Chapter 3] [5]); there-
fore there would be no reason to assume this explicitly. On the other hand, as we
mentioned in the Introduction, we want to emphasize the structural assumptions
needed in the proof, so that Theorem 1 still holds for any other operator that
satisfies them.

Remark 4. As already mentioned in Section 1, the meaning of (H2) is to provide us
with the maximum principle. By no means it is the most general hypothesis under this
point of view: in fact more general conditions could be equally-well considered, but
we will not take them into account here.

Let now v be the unique solution of the boundary problem
(B = Lo on Ay x (0.k)
v(x,t)=0 in x| =4d
(x,1) x| @)

v(x,t) =1 in |x| =¢

v(x,0) =0,

where ﬁN is a maximal monotone graph in R x R satisfying:

B S1) — B N ~ ~ -
S1— 85 |s| <M
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for some given constants ;. As discussed at the beginning of this section, the function
v will be used as a local comparison function for the solution u of (1.3). Therefore
the quantities &, d, 7; will be chosen in dependance of the local oscillation of u. As in
the previous sections, in the following we assume f§ to be smooth, so that

~/

B(s) =T Vse(=MM).

Thanks to the previous assumptions, we have

Proposition 10. Let v be the solution of (4.1). Then
0<ov(x,t) <1 for ae. (x,t)€ b (e,4d;k).
Proof. Take (v — &)L with 0 < /& <1 as test function in (4.1) and then argue as in

the proof of Theorem 7.2, Section III of [11]. Due to the smoothness assumptions on
B, we have

By = ),

and

ot

Hence the only difference with the non-degenerate parabolic setting is the presence of
the term

k o [e—m=
/ / — / B(h £ s)sds
0 Ja,4 0 Jo

instead of the usual straight time-derivative. However relying on

(v—h)+
F oo —hye =2 / B (h + 5)s ds.
0

=hzx 5
/ B (h+s)sds > %(v —hR, (4.2)
0
(v=mx -
/0 B (h+s)sds < lju[])w|/3(s)|(v —h). (4.3)

we can conclude exactly as in [11].
The rest of this section will be devoted to the proof of the following

Proposition 11. There exist numbers oy > 0 and k > 0 such that for every y in the
annulus {1 < |y| < 2d} there exists a time level t € (0,k) such that

v(y,t) > 0. (4.4)
4.2. An auxiliary function

We consider the auxiliary function z given by the difference of the solution v of the
parabolic problem in the circular cylindric section considered in (4.1) and the solution
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{ of the following elliptic problem in the circular annulus .7, 44
LL=0 on Ayaa
{(x)=0 in |x|=4d (4.5)

{(x)=1 in |x| =¢.

Notice that by well-known classical result { is Holder continuous. Moreover we have
the following

Proposition 12. Under assumptions (H1) and (H2) (4.5) admits a unique weak solu-
tion in W“(Q) and

0<lx)<1 for ae xeQ. (4.6)

Proof. For the existence and uniqueness, see [10] Theorem 8.3. For the maximum
principle stated in (4.6), see [10], Theorem 8.1.

If we now put z={_— v and we set I'(x,-) = —ﬁ(C(x) — ), it is easy to see that z
satisfies

(I'(z) =%z on oAyaq % (0,k)
z(x,t)=0 in |x| =4d
4.7)
z(x,t)=0 in |[x|=¢
z(x,0)={ in Ay ua

in the sense specified in Section 2. As with v above, z satisfies a proper maximum
principle, namely

Proposition 13. Let z be the solution of (4.7). Then
z(x,t) =0 for ae. (x,t) € 6(,4d; k).

Proof. Things are the same as considered above in the proof of Proposition 10, to
which we refer.

4.3. Basic energy estimates

Before coming to the proof of Proposition 11, we need some introductory estimates.
For a cylinder [(y,s) + O(2p;20p?)] C %(&y,4d; k) we set

zt = sup z; zT = inf z

[(3:5)+0(2p:209%)] [(9)+0(2p:20p)]
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and denote by w a number satisfying:

w=zt—z7 = 0sc z.
[(3,5)+0(2p;20p)]

Relying as before on the properties of ﬁ~, we get

o [eh=
+I'(z)z, Y'Y = —/ B (= (k+5)P(s)¥'(s)ds.
ot Jo

Moreover

hs 5

[ (R UE ERE e it (48)
0
(=kx -

/ P onsds < sup 1B bz, (4.9)

sl<M

(z—k)+ &

/ B (= (k +$)P(s)¥(s)ds > % P2, (4.10)
0

Hence, by (4.8), (4.9) and (4.10), it is easy to see that the function z satisfies the
energy estimates of Section 2. For the logarithmic estimate, Proposition 4 continues to
hold for the function z. In this context, having fixed v* € (0,1), and ﬁat €(0,1), the
numbers ¢* for which the analogues of Propositions 2 and 3 hold are chosen from the
formulae

+ _ y(data,w)
CIn(EEjeEy’

We extend z(-,¢) for |x| < & and € (0,k) by 0 and continue to denote by z such an
extension. Denoting by B, the ball of radius d about the origin, we have:

2(,1) €Wy A (Bag)  for ae. 1€(0,k).

We can then put z as test function in the equation to obtain

k o (7 v o[ )
// */ p (L +s)sds dxdt—l—f// |Dz|* dx dt
0 Jotgaa \OU Jo 2 Jo Jtyua

k
< 1/0Ld (Z ai+y b+ |e|> Zdxdt.

If we now set 2 = (1/v)>_ a? + (1/v)>. b? + |e|, arguing as in [11] Chapter III,
page 139-140 and taking into account the analog of (4.8) and (4.9) we obtain:

k
min{yo, v} | sup / 22(x,t)dx + / / |Dz|* dx dt
0<t<k &/;,0'44 0 »‘%soAd

k
sup / zz(x,t)dx—l—// |Dz|?* dx dt .
0<t<k J o aa 0 Sl s aa

<C / z(x,0)dx + (| Z||.r
fQZSOAd
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If y|2||q,» is less than min{yy, v} it is possible to estimate

k
sup / 22(x,t)dx + / / |Dz|*dxdt in terms of / z(x,0)dx,
0<r<k ,;*/80_4(1 0 <d;;o_4d =5%1:0,4d

but in general this is not the case. Once more we argue as in [11]: we consider a
partition of (0,k) in a finite number of intervals in such a way that y|| ||, , < v/2 and
we get

k
sup / Zz(x,t)dx—i—// |Dz\2dxdt<c/ z(x,0) dx. (4.11)
0<r<k &/80‘44 0 &/30744 .,Q/noAd

4.4. Proof of Proposition 11

We now have all the estimates we need to conclude. We can rewrite (4.11) in the
following way

k
// |Dz|* dxdt < C. (4.12)
0 <d80,411

There must exist a time level #* such that
/ |Dz|* dx = / |Dz(x,t*)|* dx < 19 (4.13)
J oty 4a J Baa

with 7o a proper small quantity. In fact, if it were not so, integrating on (0,k)
we obtain

k
// Dz dx > ko
0 J By

and it’s enough to choose k£ large enough to get a contradiction. Now we claim that a
consequence of (4.13) is that

Vx€By (L —0v)(x,t") <o (4.14)

with 7y a positive quantity very close to zero. In fact, if it were not true, reproducing
the same argument of [6], Sections 6?2, and using Proposition 5, we conclude that
there exist a y* € B4y and a small cube K,(y*) C Bsq such that

W EK,(y) (= v)ntt) > % (4.15)

Due to the previous zero-extension of z, Vx € B,, we have that ({—v)(x,#*)=0. Hence,
reducing the diameter if necessary, we can single out a cube K,(0) with the same radius
as the one in (4.15) s.t. Vx € K,(0) we have ({ — v)(x,t") = 0. Then we can work as
in Section 9 of [6] and get a lower bound for | s |Dz(x,t*)|* dx. Provided o is

chosen sufficiently small (or & sufficiently large), we end up with a contradiction, so
that eventually (4.14) must hold.
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Hence we have
Vx€By 0<({—0)x,t")<ng=VxE€By {(x)—no <v(x,t"). (4.16)
On the other hand, if we consider .o/, 24, there must exist yo € &2, 24 S.t.
0<2ny<a<{(y)<l.

In fact, { is Holder continuous up to the boundary and 0 < { < 1 by the maximum
principle, as we showed before.
Then, by the Harnack inequality, we conclude that there exists & > 21 s.t.

Vx € A a0a  C(x) = 4. (4.17)
Hence, by (4.16) and (4.17) we obtain

v, t*) = d—no > 1o VX €A 2504
which implies that

v(x, t") > 1o Ix €Ky(y0), VKy(y0) C o 2524-

We can now apply the logarithmic estimate, to deduce that Vv € (0,1) there exists a
proper &, dependent only on 7 and 0 s.t.
HxeK,(yo):v(x,t) < &} < V[K,| Vte[t*,t" +0].

But then, using standard arguments (see for example [4], Chapter III, paragraph 6),
we obtain that

v(x,t) > & V(1) € [(o. 1" + 0) + O(p/2.0)]
and from this follows

Vie(*,t*+0), Vyel <|y|<2d ov(y,t)>ap

once we set gy = &.

5. Proof of the theorem for time-independent coefficients

To prove the continuity of u at a point (y,s) € Qr, let us first assume that such a
point coincides with the origin and work within a cylinder Q(p; 0p?), with 0 a positive
number to be chosen. Without loss of generality the number 6 can be chosen as an
integer, so that the starting cylinder will be partitioned, up to a set of measure zero,
into disjoint layers of the type

[(0,t:) 4+ O(p; p*)], t;=—ip?, i=0,1,....0 — 1. (5.1)

The numbers u* and w are defined in Section 2. Within such a layer we will show
that we can locate a small set where u is quantitatively bounded away, either from p*
or from u~.
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We let ¢* and A be defined as in Proposition 9 and & be determined by Proposition 8.
Notice that the number 6 depends upon w and is independent of p.

Fix any box of the type (5.1) and after a translation assume that its vertex coincides
with the origin, so that we can rewrite it as Q(p; p?). We partition the cylinder in two
steps. First we partition the cube K,, up to a set of measure zero, into m" pairwise
disjoint subcubes of wedge (2/m)p, with m a positive integer to be chosen. If we
denote their centres by x,, £/ = 1,2,...,m", we have

m"

15',, = U [x, +I€p/m].
(=1
Then we partition the cylinder into m"m? pairwise disjoint subcylinders. If we denote
by (x/,t;) their vertices, each of them takes the form

1 1
[(x/,fh) +0 <mP; mzpzﬂ ,

where for each 7 in the range /= 1,...,m" we have t, =(1 —h)p?/m?, h=1,2,...,m>.
Therefore

PN T PRSI I R
O(p: p )—gg [(x/,fh)+Q(mp, 50 )]

Within each [(x/,%,) + Q((1/m)p;(1/m*)p?)] consider coaxial cylinders of the type
[(xs,7T)+ O(r;7?)]. The time location of their vertices ranges over 7 € [, — ((1/m?)p? —
r?),t,] and r is a positive parameter ranging over the interval [6(1/m)p,(1/m)p] where
J is the number determined in Proposition 8 for the proper choices of ¢* and A. These
are cylinders of the type (3.9), (3.10), (3.11) where p has been replaced by (1/m)p.
For all these cylinders Propositions 2 and 3 hold true for 6 = 1. We assume that with
the choice & = ¢~ = % the bound on Jfki asked for by Proposition 1 is satisfied
(otherwise we simply have to adjust the value). Since &* and ¢~ are the same, we
denote by v the common value of v*. Now we have

Proposition 14. There exists a positive integer m than can be determined a priori only

in terms of w and the data, such that for some cylinder [(xs,t;)+0O((1/m)p; (1/m*)p*)]

and for some cylinder [(x;,7) + O(r;7*)] C [(xs, 1) + O((1/m)p; (1/m*)p?)] either
meas {(x.1) € [(v.7) + Qi )] cu(xt) > i — b} <100 (52)

or

meas {(x,t) el(xs,1)+ O rH)] tulx,t) < = + 1'—2(1)} <v0(@r;r?)|. (5.3)

Proof. If both (5.2) and (5.3) are violated for every cylinder of the type [(x/,7) +
O(r;r*)] and for every [(x/,#,) + O((1/m)p; (1/m?)p?)], making up the partition of
O(p; p?), by virtue of Proposition 9 there exists a constant that can be determined in
terms of the data and o and independent of p and m such that:

1 \" tn
<p> w2<y/ / \Dul*dxdt Y/ =1,....m", YVh=1,...,m>.
m ti—=(p/m)* Jx+K

p, ml
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Adding over such indices, we obtain:
m*pNo? < y/ |Dul* dx dt.
Opsp?

We combine this with Propositions 6 and 7 and rewrite the resulting inequality as

y(data, w)

1< 2

wm

The proposition follows by choosing m so large that the right hand side does not
exceed 1. It follows also that w — m(w) is a decreasing function of w and
limg, o m(w) =0c0. O

Now let [(x/,7) + O(r;*)] be a cylinder for which the alternative holds. Then by
Proposition 3 with 1= %, we have:

1 0 s
u(x,t) > p~ Jrﬁw V(x, t)E[(x/,r)+Q< P5 2P >}

On the other hand, if the alternative + holds true within [(x/,7) + Q(r;7?)], then by
Proposition 2 we get

1 o R
u(x,t) < pu* T V(xt)e[(x/,f)JrQ( p,zpﬂ

We may assume that ! is an integer. Then we further partition the starting cube K,
up to a set of measure zero into

(o) — [ 4m(@) N
L=\ "5(w)
disjoint cubes of wedge

()
2m(w)

We let x,, £/ =1,2,...,q9(w) denote their centres so that

q
U [x, +K5
/=1

Analogously, we subdivide the cube O(p; p?) into

~ (Am(0)\" (4m(0)\?
ne) ‘(5@)) (5«»))

pairwise disjoint cylinders. If we denote by (x,, ;) their vertices, they take the form:

P 5\
[(x/, )+ 0 <2mp; <2m) pz)] , (54)

where for each / =1,2,...,q(®»)

p = 2d0p-

2
th=(1—h) (;;) 0t h=12,..., p(w).



U. Gianazza et al.| Nonlinear Analysis 56 (2004) 157—-183 175

We return to the original partition of Q(p,0p*) with boxes of the type (5.1) and
conclude

Proposition 15. For each box of the type (5.1) there exists a subcylinder of the type
(5.4) for which either

u(x,t) < pt — Lo Vx,t)€[(x, ) + O(Sop; 55p°)] (5.5)

or
u(x,t) > p~ + g V00 €[, ) + O(dop; 550 )]- (5.6)

Let us now concentrate on the lower half of the cylinder Q(p; 0p?) i.e. [(0, —%9p2)+
O(p; %sz )]. We assume that the number 6 has been chosen and let

[, T) + O(dops 5501 © [(0,—300%) + O (s 300%)]

be a cylinder for which say (5.6) holds. We start from such a box and construct a
long, thin cylinder with vertex at the top of O(p; 0p?) i.e.

[x/ + Kar] x [1,0]  4r = dop.
We rewrite this as

[(x/.0) + O(4r; 40r*)],
where

20520 — 1) < 0 < 45, %0.
Thanks to (5.6), we have

u(x, —40r*) > u~ + ko Vxelx, + Ky ). (5.7)

1

Proposition 16. There exists a number &€ (0, 5

only in terms of the data and o such that

) that can be determined a priori

u(x,t) > p + &0 V(x, 1) €[(x/,0) + O 0r)]. (5.8)
Proof. See [6], Proposition 24.1. [J

Thanks to Proposition 16 we have thus isolated a long, thin cylinder where u is
bounded below as in (5.8). The abscissa of the vertex of such cylinder is not known;
if x, = 0 then it would imply a decrease of the oscillation of a factor (1 — &) and we
would be finished. However, since the location of x, € K, is not known, there is the
necessity to show that a version of (5.8) holds within a small thin cylinder with vertex
at the origin. This is achieved into two stages. The first stage is some sort of spreading
of positivity, which we can describe in this way. Assume that of the two alternatives



176 U. Gianazza et al. | Nonlinear Analysis 56 (2004) 157183

(5.5) and (5.6) the second one holds; then there exists a time level # € (—0p?, —%9,02)
such that u is quantitatively bounded below in the full cube [x, +Ks,,]. Such positivity
spreads sidewise to a full smaller cube about the origin, after a sufficiently long time:
this is precisely the content of the next Proposition

Proposition 17. There exist numbers &y, 5, € (0,1) and 0 > 1, that can be determined
a priori in terms of the data and w, and a time level

—0p* <ty < — 10p?
such that either

u(x,19) < ut — & Vxely+K;,,] (5.9)
or

u(x, to) > p~ + & Vxely+Ks, ) (5.10)

Proof. The essential tool is a sequential selection of blocks of positivity (see [6]).
The number 6 will be a product of a finite, increasing sequence of positive integers
0 =T]k; that determine a partition of Q(p; 0p*) into disjoint stacks.

There are two alternatives: either among the stacks there exists one where the bound
— (actually (5.6)) is verified for the same abscissa x, for at least one cube within
a smaller stack or the same with + (actually (5.5)). In fact the case of neither of
the two alternatives being verified cannot occur, because otherwise we would have a
contradiction with Proposition 15.

Coming to the details, everything runs exactly as in the proof of Proposition 24.2
of [6], except for the part relative to the comparison function. Hence we will concen-
trate on this part, referring to [6] for the rest: even if this makes this paper some-
how not so self-contained, on the other hand, we avoid the perfect reproduction of
Sections 2629 of [6].

If we apply the change of variables

4x — x/ (tj41 — 1) + 16k p?
t—

T 1692

1

and introduce the function
u— -
wéi(w)
(see [6] for the definition of £;(w)), we have that i(x,¢) > 1 in By, x (0, kj;1); moreover
u solves the differential equation
(B = 2(@).

where ﬁ and & satisfy the same structural conditions (1.1)—(1.2) and (1.4)—(1.6),
where the corresponding constants 7y, 7, f; and fi; all depend on w, which however
is to be considered fixed when dealing with .

i
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Finally we are interested in the behaviour of # in an annulus contained in {1 < |x|
< 2d} x(0,kj;1). For this reason we introduce a proper comparison function. Namely,
let

0 € 0. ky13L3(Baa)) N L0, kyr; Wy (Baa)
solve the following boundary value problem
B =Zv  on A yaa x (0,k;41)
v(x,t)=0 in |x| =4d
v(x,t) =1 in |x| =¢
v(x,0) = 0.

This is the comparison function studied in Section 4 with k replaced by k;, ;. Thanks
to Proposition 10, we have that 0 < v < 1. Moreover, by Proposition 11 there exist
numbers oo ; and k;;; so that

v(»y,t) >0o; V1 <]yl <2d and for some € (0,k;11). (5.11)

By the maximum principle # > v. Hence the same lower bound as for v holds for @
too and returning to the original coordinates, we conclude that there exists a time level
to such that

u(x,t0) > p— + o0 Vx€Ks,

with o ; = 09 ;¢j(w) and a proper 9. ;. The rest follows as in [6]. [

The second stage is the reduction of the oscillation of u near the top of the starting
box O(p;0p?). We have

Proposition 18. There exists numbers &, 0, € (0,1) and a number 0 > 1 that can be
determined a priori in terms of the data and , such that either

u(x,t) < ut —Eo  V(x,t)€ 05, p; 06%p?) (5.12)
or

u(x,t) > pu= + Ew Y(x,1) € O(5,p; 00% p?). (5.13)

Proof. Exactly as in [6], Proposition 24.3, the proof starts from (5.10) and uses the
logarithmic estimate (Proposition 4) and Propositions 3 and 2 to conclude. [J

We can finally conclude with the proof of Theorem 1. The argument consists in
showing the existence of a family of nested shrinking cylinders with the same vertex
s.t. for each of them the oscillation is controlled by a sequence w, that tends to zero.

By the previous procedure, we have determined the functions o — &.(w), d.(w), O(w).
Consider now a cylinder with vertex at the origin, contained in Q7 of the form
0(2p;20(w)p*) where o is any number satisfying

0sc u< o,
0(2p,20(w)p?)
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applying the previous Proposition, we get

osc u<(l—<¢u(m))o.
0[0..p;00% p?]

Consider the sequence
wo=2M, @,y = (1 = E(wy))y.

As in [6] by induction one constructs a sequence of cylinders O, whose radii p, and
vertical heights 0(w,)p2 decrease to zero. Therefore {Q,}.cn is a family of nested
shrinking cylinders with the same vertex at the origin. For each of them we have

oscu < .
On

and we are finished.

6. Coefficients that depend on ¢

Now we want to remove hypothesis (H1) of Section 4 and assume that the coeffi-
cients are continuous in time. The difficulty lies in this fact: whereas the estimates in
Sections 2 and 3 hold both for time-independent and time-dependent coefficients, the
properties of the comparison function, studied in Section 4 and applied in Section 5,
heavily rely on the structure of an elliptic operator, whose coefficients obviously do
not depend on time.

The idea to deal with the new situation is simply stated: provided we work in a
sufficiently small cylinder, the time-dependent coefficients can be regarded as a small
and controllable perturbation to time-independent coefficients, so that everything can
be brought back to the case previously considered.

This method is widely used in the context of variable coefficients, so that we will
sketch the general approach, without entering too much into details. It is worth remark-
ing that the main point is in checking that the ‘controllable perturbation’ mentioned
above does not destroy assumptions (H2) and (H3) of Section 4, which are crucial
in proving the estimates on the comparison function v needed to conclude about the
continuity of u.

Let us now fix p < 1, choose 6 of the order of the unity and fix (xo,% ) € Q7 such
that the parabolic cylinder [(xo,%) + O(p,0p*)] C Q x (0,T). We can rewrite the
operator . in the following way

Lu= ZD,-(a,:,-(x, t)Dju + a;(x, t)u) + bi(x, t)Dju + e(x, t)u
ij
= ZDi(aij(xa t0)Dju + (a;j(x,t) — a;;(x,1))Dju
ij
+ a,-(x, ZL())u + (ai(x, t) - ai(xv IO))u) + bi(xa tO)Diu
4+ (bi(x,t) — bi(x,t0))Diu + e(x, to))u + (e(x,t) — e(x, ty) Ju.
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If we now set
Ai(x, t,u, Du) = ai(x, t0)Dju + (a;;(x,t) — a;j(x,t))Dju

+ai(x, to)u + (ai(x,t) — ai(x,to))u,

B(x, t,u,Du) = bi(x,to)Diu + (bi(x,t) — bi(x,t9))Diu
+e(x, to)u + (e(x,t) — e(x, 1) )u
we can write
Lu=D;Ai(x,t,u, Du) + B(x, t,u, Du).

Notice that we use the kind of notation which is fairly common for quasilinear elliptic
equations in divergence form for the sake of compactness, even if the operator we are
dealing with is actually linear.

Thanks to the time continuity of the coefficients, with no loss of generality we can
assume that

laij(x, ) — aij(x, )| < w1(x, |t — b)),
|ai(x, ) — ai(x, t0)| < wa(x, |t —to]),
|bi(x’t) - b,‘(X, t0)| < (,03()6', |t - t0|)’

le(x, 1) — e(x, )| < wa(x, [t — to]),

where w; = w;(x,s):RY x R, — R, are measurable in x, continuous and increasing

in s such that w;(x,0) = 0. Moreover ; is bounded as the coefficients a;; in (1.4),

whereas w;, w3 and w4 satisfy the same summability conditions as stated in (1.5).
Let us now estimate A; and B. We have

|Ai(x, t,u, Du)| = |aij(x, to)Dju + (a;j(x,t) — a;(x,t9))D;u
+ai(x, to)u + (ai(x, ) — a;(x, ty) ul

< aij(x, to)||Du| + |a;(x, t) — a;j(x, t)|| Dul

N 12
+ (Z a;(x, to)> Jul + Jai(x,t) — ai(x, o) |u]
i=1

N 12
< (u+ o1(x, 0p*))|Dul + (Z a?(x,to)> + wa(x, 0p%) | |ul
i=1

= oy (x)|Du| + o2(x)|ul. (6.1)
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Analogously
IB(x, 2, u, Du)| = |bi(x,t0)Diu + (bi(x, 1) — bi(x,20))Diu

+e(x, to)u + (e(x,t) — e(x, 1) )ul

v 12
< (Z b (x, to)) |Du| + |bi(x, 1) — bi(x,1o)|| Dul
i-1

+ le(x, to)|[u] + le(x, 1) — e(x, t0)||u|
N 12
< (be(x,t@) + ws(x, 0p?) |Du|
i=1

+ (|€(X, t0)| + 0)4()(, ()pZ))|u|
= B1(x)|Dul + Ba(x)|ul. (6.2)
Finally
Ai . D,-u = a,:,-(x, to)DjuDiu + (aii(x, t) — a,j(x, to))DjuD,-u

+ a;(x, ty )uDju + (a;(x,t) — a;(x, ty))uD;u

v 12

1

> E|Du\2 — w1(x,0p%)|Dul® — (Z a(x, to)> |u||Du|
=1

— wy(x, sz)\uHDu|

N 1/2
1
> ;—wl(x,epz)—sl (Za%(x,zo)> — 60(x,0p”) | |Duf?
1

i=1

v 12
+ C(81)<Za?(x,f0)> + C(e2)a(x, 0p) | [uf?

i=1

= 91(0)|Duf® = p2(x)|ul*. (6.3)

With a proper choice of ¢ and &, provided that p is taken sufficiently small we
have that

N 1/2
1
n=- ol 0p%) — & (Z a;(x, to)) — &m)(x,0p”) > 0
! i=1
and thanks to (1.4) and (1.5) the coefficients o;, ff; and y; satisfy the same summability
hypotheses as a;;, a;, b;, e but do not depend on ¢.
As we have already said at the beginning of this Section, to conclude the proof of
the continuity of u in the case of time-independent coefficients, we had to compare
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u with the solution v of an elliptic equation, to which we were led after a suitable
change of variables, namely
dx — x, (Z,’+] —l)+16k]'+]p2
t— — - .
| 16p?

X —

Let us repeat the same procedure in the new context of time-dependent coefficients we
are considering now.

Due to the smallness of the perturbation (remember that p is fixed), it is easy to
see that the structural conditions (6.1)—(6.3) considered above still hold.

As largely discussed in [12], these are the natural assumptions under which we have
a Harnack inequality like the one discussed in (H3) in Section 4. The same can be
said for the comparison principle, which is implied by (H2).

Hence we are basically dealing with a time-independent operator, so that the whole
procedure of Sections 4 and 5 can be repeated here without any restriction. In this way
we are brought back to the case studied in the previous Section and we can conclude.

7. Boundary regularity under homogeneous Dirichlet conditions

Boundary regularity for degenerate and singular parabolic equations is not a simple
task. When dealing with equations like

u, — div(|Du|?~>Du)=0 in Qr, p>1

the proof of the interior continuity is based only on the energy and logarithmic esti-
mates, like the ones proved here in Section 2 (see [4] for all details under this point
of view).

With this in mind, coming to boundary regularity for variational data for the same
kind of problems, one realizes that the only thing to do is to show the validity of the
corresponding energy and logarithmic boundary estimates.

In the case of Dirichlet data, things are slightly more difficult and a proper care has
to be used with the levels k&, but once more basically the idea is to mimic what has
been done in the interior.

For singular equations like the ones we are dealing with here, things are much more
involved. In the case of § with a single jump, interior regularity is again a matter of
energy and logarithmic inequalities and this allows a complete solution of boundary
regularity for variational data, as in [2].

Even if we didn’t write it down explicitly anywhere, we feel that the same could be
repeated for f with an arbitrary but finite number of jumps, as considered in [9].

Looking at things more properly, the main difficulty in the proof of continuity for
weak solutions of

(B(u)) = Lu

lies in the term

// (u— k) dxdr
O(p.0p*)
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in the right-hand side of the energy inequality like (2.2) here, as largely discussed
in [3]. Roughly speaking, this sets some constraints on the possible values of the
levels k.

On the other hand the study of the boundary regularity for Dirichlet data poses
further limits on the levels &.

As a consequence, when switching from homogeneous to inhomogeneous Dirichlet
data, a new method is required, even if the interior regularity is purely based on
the energy and logarithmic estimates and this is precisely the case dealt with in [2]
and [3].

In our case things are more difficult since the proof does not rely uniquely on
suitable estimates satisfied by u, but uses a proper comparison function v as discussed
at a larger extent in the previous Section.

Therefore if it remains an open problem to devise a proof technique based only on
energy and logarithmic estimates, more specifically, under our point of view, variational
boundary conditions cannot be treated simply referring to interior regularity and the
same holds for general Dirichlet data.

The only thing we could do was to consider homogeneous Dirichlet boundary con-
ditions under mild assumptions on 0Q2 and following a strategy already outlined in [7],
without taking into account initial conditions, we could prove the following

Theorem 2. Let Q be a bounded Lipschitz domain and let u be a weak solution of
(Bw))=ZLu in Q@ x(0,T),

u(,Hloa =0 ae. t€(eT),

where with respect to Definition 1, we say that u(-,t) =0 on 0Q in the sense of the
traces of functions in W“2(Q). Moreover let us assume that

ueL®(Q x [ T]), &€(0,T).

Then ue C(Q x [e,T]) and there exists a continuous non-negative, increasing function
s — op(s): Ry — Ry with wp(0) =0 that can be determined a priori only in terms
of the data such that

1
[u(x1, 1) — u(xa, )| < wp(|x1 —xa2| + |ty — 12]2)

for every pair of points (x1,t1), (x2,6) € Q x [&,T1.

Proof. Even if the theorem is stated in a global way, the proof has a typical local
flavour. We limit ourselves to a simple sketch.

Due to the compactness of  we can cover 02 with a finite number of neighborhood
centered at points of 0Q2. The Lipschitz continuity of the boundary allows us to find a
map from every neighborhood into a half ball of RY. The transformed equation via this
map has coefficients which are still measurable with respect to x, properly summable
with respect to the couple (x,7), continuous with respect to ¢ and satisfy structural
conditions (1.4) and (1.6). Now we reflect the operator through the entire ball and
notice that this reflection does not affect the (f(u)); term, since it’s done only with
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respect the x variable. We have therefore reduced ourselves to study a problem in the
interior and we can apply the previous results to conclude.
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