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SUMMARY

In this paper we consider a system of two integro-differential evolution equations coming from a
conservative phase-field model in which the principal part of the elliptic operators, involved in the
two evolution equations, have different orders. The inverse problem consists in finding the evolution of:
the temperature, the phase-field, the two memory kernels and the time dependence of the heat source
when we suppose to know additional measurements of the temperature on some part of the body (2.
Our results are set within the framework of Holder continuous function spaces with values in a Banach
space X. We prove that the inverse problem admits a local in time solution, but we are also able to

prove a global in time uniqueness result. Our setting, when we choose for example X = C({2), allows
us to make additional measurements of the temperature on the boundary of the body (2. Copyright
© 2005 John Wiley & Sons, Ltd.

KEY WORDS: phase-field system with memory; heat equation; Cahn—Hilliard type equation; inverse
problem

1. INTRODUCTION

In the last two decades there has been an increasing interest in the study of phase-field
models. Many important problems in this area have been proposed and solved. Among them,
without claiming completeness, we mention References [1-10] and, for phase-field models
with memory, References [11-15] and the literature therein.

Some of the models consist of a system of equations describing the evolution of the tem-
perature 0 and of the phase-field y, that may stand for the local proportion of one of the two
phases, solid or liquid, in a three-dimensional body 2.
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We point out that only in the recent literature, see References [16—19], we can find
contributions related to inverse problems for phase-field models, in fact most of the pa-
pers deal with direct problems in which the only unknowns are 0 and y. In particular, in
Reference [17] the author considers a class of quasilinear systems with memory kernels
that includes, as a particular case, the quasilinear version of the model introduced in Ref-
erence [16]; the paper [18] analyses a variation of the class of problems studied in this
paper, while Reference [19] contains an interesting global in time result in the framework of
Hilbert spaces.

One of the main motivations in the study of identification problems arises in the applications.
In fact, any physical equation, because of the constitutive laws, contains parameters and
functions that are supposed to be known (cf., e.g. (2)—(4)). On the other hand, what leads to
inverse problems is the remark that such elements entering the constitutive laws are sometimes
impossible to be measured directly. What we can do in this case is, for example, to measure
other variables and determine such unknown parameters and functions indirectly, coupling the
evolution equations with additional measurements maps. The reader interested in an overview
on such problems, in further motivations and to some techniques for solving them, can consult
the book [20] and the references therein. If we consider phase-field models with memory, the
thermal memory is taken into account modifying the Fourier’s heat conduction law by the
introduction of a convolution kernel k. Unfortunately, £ cannot be measured directly, but
it can be recovered, for instance, by means of additional measurements on the temperature.
Consequently, we have to face the problem to determine 6, y and & simultaneously, i.e. we
have to solve an identification problem. In this paper we will also identify a convolution
kernel 4 related to the internal energy and the time dependence of the heat source f. Before
we introduce the phase-field model and the related inverse problem, let us observe that we
will reformulate it in an abstract setting. Such reformulation leads us to a more general
problem that contains as a particular case the concrete problem we want to investigate. We
will precisely discuss all its advantages in the sequel.

The model and the identification problem: In this article, we study the model introduced
in Reference [15], which is recalled here for completeness. Let 2 be an open bounded set
in R3 with sufficiently regular boundary 0f2, occupied by an isotropic, rigid and homoge-
neous heat conductor. We consider only small variations of the absolute temperature and its
gradient. A material, which exhibits phase transitions due to the temperature variations, is
described by two state variables: the absolute temperature © and the phase-field y at each
point x € 2 and ¢t €[0,T], for T >0, where y takes approximately value —1 in the liquid and
+1 in the solid. In our model we prefer to work with the temperature variational field 0
defined by

(1)

where ©, denotes the reference temperature at which the transition should occur. The energy
balance equation is

be+V-J=F (2)

where e is the internal energy, J is the heat flux and # is the external heat supply. Taking
into account a linearized version of the Coleman—Gurtin theory, we assume, as in

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:2085-2115
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References [8,14], the constitutive equations

e(t,x)=e. + ¢,0.0(t,x) + /Z h($)0(t — s,x)ds + O y(t,x) (3)
0

J=-0,VO(t,x) — /Ot k(s)VO(t — s,x)ds 4)

where /4 and k£ account the memory effects, e., ¢, and J, are the internal energy at equilibrium,
the specific heat and a conductivity coefficient, respectively. By (2)—(4) we get

t
0 (ec +¢,0.0(t,x) + / h(s)0(t — s,x)ds + @Cx(t,x))
0

-V (51V9(Z,x) + /t k(s)VO(t — s,x) ds> =7 (t,x) (3)
0

In the following, we will assume that # and & are unknown functions of time that, for the
same physical reasons, cannot be measured directly. For more details on /2 and k£ we refer
the reader to Reference [21].

Following Reference [22], we couple the evolution equation (5) with the Cahn—Hilliard
type equation which rules the phase evolution (see References [5,23,24])

O(t,x) = A[—=Ay(t,x) + (6, x) + Y (x(t,x)) — 0(t,x)], t€[0,T], x€Q (6)

where y is a given smooth function. For the sake of simplicity, we set the physical constants
equal to 1. Then, we associate with the evolution equations for 6 and y a set of initial and
no flux boundary conditions, so that the phase-field model under consideration is one of the
so-called conserved model, that is, the integral of y on the space domain ) does not vary.
We get

0,(0(t,x) + x(t,x) + (h*0)(t,x))
=A0(t,x) + (k + AO)(tx) + F(t,x), t€[0,T], xe
Oup(t,x) = —A%y(t,x)
FAL(x) + Y (1(,x)) — 0(t,x)], t€[0,T], x€Q
0(0,x) = Op(x), x€Q

(7)

2(0,x) = xo(x), x€S
D,0(t,x)=0, t€[0,T], x€

D,y(t,x)=D,Ay(t,x)=0, ¢€[0,T], x€ N

where D, denotes the derivative with respect to the outward unit normal vector to 0S2 and the
symbol * denotes the convolution with respect to the time. We suppose that 0y, yo:2— R
are known functions.

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:2085-2115
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A further difficulty arises when the heat source & is placed in a fixed position of the
material but the time dependence is not known. We assume that

F(t,x) = f(1)g(x) (8)

where g(x) is a given data but f(¢) has to be considered a further unknown of the problem.
To determine the functions 4, £k and f, we suppose to know additional information on the
temperature which can be represented in integral form as

/H(I,x)uj(dx):bj(t), Vte[0,T], j=1,2,3 9)
Q

where p; are given measures depending on the type of thermometer used and b;:[0,7] — R
represents the result of the additional measurements on 6. The inverse problem (IP) we are
going to investigate in this paper is the following.

Problem 1.1 (Inverse Problem (IP))
Determine five continuous functions 0, y, f, h, k satisfying system (7)—(9).

The precise regularity we require for the unknowns are indicated in (31)—(35).

Abstract reformulation of the inverse problem: We prove our main results for an abstract
reformulation of Problem 1.1, in the setting of Hdolder continuous functions with values in
a Banach space X. The precise regularity and compatibility conditions on the data are in
Section 2. Here we just want to point out the advantage of the abstract setting. So the
problem we solve consists in determining (6, x, f, A, k) which satisfy the system

0'(t) + 7' (t) + (h=0) (1) =A0(1) + k «A0(1) + f(¢)g

7 (t)=By(t) + F(y(t)) — A0(2)

0(0) = 6, (10)
2(0)= 7o

®,[0()]=b;(t), Vte[0,7], T€(0,T], j=1,2,3

where 4:%2(4) — X and B: 2(B)— X are linear closed non commuting operators, and 60y, yo,
g, ', b; (j=1,2,3) are given data whose properties will be listed in the sequel and ®; are
bounded linear functionals on X.

We prove that a local in time solution (0,y, f,h,k) exists for system (10) and we also
show a global in time uniqueness results for its solution (0, y, f,h, k).

Among the assumptions we make, we have the inclusions Z(B) < Z5(d,00) — P(A) — X,
for some 6 € (0,1) and we require that the non-linear function F is defined on the interpolation
space Zp(9,00), i.e. F:%p(d,00)—X.

This leads to the fact that if B, in the concrete case, is an elliptic operator of order 2m,
for me N, we are allowed to treat non-linear terms with derivatives of order up to 2m — 1.

One of our mathematical tools are optimal regularity results. We have proved in
Corollary 4.1 an optimal regularity result for the linear equations associated to the first and
the second equations in problem (10), when the operators 4 and B do not commute. So we
are allowed to choose elliptic operators 4 and B of any kind, which means that we are not
restricted to the case of operators with constant coefficients.

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:2085-2115
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The novelties with respect to the existing literature: In this paper, we focus our attention on
the Holder setting, while the case of Sobolev spaces has been studied in Reference [25]. Let us
point out the difference between this paper and Reference [25]. In both cases the temperature,
the phase-field and the two convolution memory kernels are assumed to be unknown, but
the problems differ as follows: here the heat source is considered (partially) unknown, while
in Reference [25] the fifth unknown is the instantaneous conductivity, and the heat source
is given.

What is more important, the continuous space setting used here has the advantage to allow
additional measurements of the temperature also on the boundary of §2, while in the L? setting,
for technical reasons, one is compelled to make further measurements inside the body. This
can be seen comparing the additional conditions (9) (continuous functions spaces) and the
conditions of type

/¢(x)9(t,x)dx:b(t), Vte[0,7] (11)
Q

given in Reference [25] (L? spaces with pe(1,00)): in the first case, p; (1 <j<3)is a
Borel function in Q, for example a surface integral in 0S2, while, in the second case, ¢ is an
element of L7 (Q) with 1/p+1/p’=1 (and b is still a given datum).

In Reference [16] the evolution equation for the temperature is coupled with the following
law, ruling the phase field dynamics:

Diy(t,x)=Ay(t,x) — p*(,x) + y(t,x) + 0(t,x), (t,x)€(0,T] x (12)

We observe that the Laplace operator applied to y is the same operator applied to 0 in the heat
equation and the non-linearities in (12) do not involve the derivatives of the unknowns, while,
in this paper, we have (spatial) operators of different orders and the evolution equation for y
has a more difficult structure. In fact the non-linear term is A[y*(t,x) + y'(z(t,x)) — 0(£,x)],
where '(y(t,x)) is any regular function of class C* (cf. K2 in Section 3.2).

In Reference [18] the author considers a model which is similar to the one studied here
but with only the kernel k. Moreover, an existence and uniqueness local in time theorem is
proved (in a closed ball that depends on the data) for the solution (0,y,k). We obtain the
same results for the inverse problem involving (0, y, &, &, /) and, in addition, we are also able
to prove a global in time uniqueness result.

Let us compare the possible choice of the non-linear function ¥ when B= —A? and 4= A.
In Reference [18], the non-linearities are defined only on the domain of operator 4, so the
author is allowed to consider a non-linear function that involves (spatial) derivatives of order
at most 2. Our abstract theorems allow us to deal with more general non-linearities, since
F is defined on the interpolation spaces Z(J,00), so that we can treat space derivatives of
order up to 3 (cf. H2 and H3 in the sequel).

The recent paper [19] is concerned with the above-mentioned model: an existence and
uniqueness result global in time is proved in a Hilbert space, for the inverse problem involving
the unknowns (6, x, k). Such a result is shown under the condition that the non-linear function
of y is bounded in L2(0,T;L'(€2)). This is trivially satisfied if one is able to prove that y takes
values in [0, 1]. Unfortunately, as the authors point out in Remark 2.14 of Reference [19],
it is still an open question to find such a bound, since a proper maximum principle for a
fourth-order Caginalp-type system is not known.

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:2085-2115
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We point out that in our case one of the problems to get existence and uniqueness global
in time is to find an a priori estimate for y and its space derivatives involved in the non-
linear function F. In other words, we must find an a priori estimate which works in the
interpolation space Zp(d,00), while in Reference [19], the authors require a bound in the
space L*(0,T;L'(Q)), that seems to be much easier to find. The result in Reference [19] is
the first existence and uniqueness global in time result appearing in the literature for non-linear
inverse problems of this type.

The plan of the paper:

e In Section 2 we introduce the functional setting and we reformulate Problem 1.1 within
this framework.

e In Section 3 we state our main abstract results and we give an application in the case
of the continuous functions space.

e Section 4 contains the preliminary lemmas which will be necessary to prove our main
results.

e In Section 5 we give an equivalent reformulation of the abstract version of inverse
problem in terms of fixed point equations.

e Finally, in Section 6, we prove our main abstract theorems by fixed point arguments,
thanks to the preliminary results of Sections 4 and 5.

2. ABSTRACT SETTING FOR THE INVERSE PROBLEM

Let X be a Banach space with the norm || - || and let 7>0. We denote by C([0,7T];.X) the
space of continuous functions with values in X equipped with the norm

l[ullo,7,x = sup [Ju(?)]| (13)
te[0,7]
For f€(0,1) we define

Ch([0,T;X) = {MEC([O, TLX):ulgrx = sup  (1—s) Plu(t) —uls)| < OO} (14)

0<s<t<T
and we endow it with the norm
[ullg,r.x = [luO)]| + [ulp7.x (15)
If keN, we set
CHP([0,T]; X):={uec CH[0,T]; X): u® € CF([0, T]; X )} (16)
If £ CHP(0,T];X), we define

k .
lullesprx = ZO [u(0)]| + [u® |, 7.x (17)
=

For any pair of Banach spaces X and X;, #£(X;X,) denotes the space of all bounded linear
operators from X to X; equipped with the sup-norm. When X = X;, we set (X )=2(X;X)

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:2085-2115
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and we denote by X’ the space of all bounded and linear functionals on X. We now give the
definition of sectorial operator in order to introduce the analytic semigroups.

Definition 2.1
Let A:9(4)CX — X be a linear operator, possibly with Z(4)# X. The operator 4 is said
to be sectorial if it satisfies the following assumptions:

1. there exist two constants R>0 and ¢ € (n/2,7) such that any 1€ C with |4 > R and
larg 4| < ¢ belongs to the resolvent set of A4;
2. there exists M >0 such that [|A(A/—4)7!| ) < M for any 1€ C with |1| > R, |arg 4| < ¢.

The fact that the resolvent set of A is not void implies that 4 is closed, so that 2(A4), endowed
with the graph norm

[l 2y := [l [| =+ [l4ox]| (18)

becomes a Banach space.

If 4 satisfies Definition 2.1, it is possible to define the semigroup {e}, - ¢ of bounded linear
operators in #(X) (so that t— e is an analytic function from (0,00) to £(X), for more
details see References [26—28]). Let us define the family of interpolation spaces Z4(f5,00),
p€(0,1), between Z(4) and X by

D 4(B,00) = {x €X x|, (p00) = sup t' 7P| dex| <oo} (19)
0<t<l1
equipped with the norms
Xl 2.4(p.00) = Il + P¥]48.00) (20)
that make Z,4(f,00) Banach spaces. The continuous inclusions
D(A) C Da(f,0) CX (21)

hold for every €(0,1). One can also show that, if A€ C with |A] > R and |arg A| < ¢, for
some C >0 independent of A, we have (see References [26,29]):

1A = A) " N 2a.p00y < CIA (22)
We are now in the position to state the inverse problem in the desired abstract setting

Problem 2.1 (Inverse Abstract Problem (IAP))
Let X be a Banach space. Determine five continuous functions 6:[0,7]—X, y:[0,T] =X,
00, T]—R, h:[0,T]— R and k:[0,7] — R satisfying the system

0'(1) + 1/ (t) + (h%0) (1) =A0(t) + k « A0(t) + f(t)g
7 (t)=By(t) + F(y(t)) — A0(t)

0(0) = 0,

2(0) = xo

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:2085-2115
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with the additional conditions

®;[0(1)]=b;(1), Vi€[0,7], T€(0,T], j=1,2,3 (24)

where 4:%(4) — X and B: 2(B)— X are linear closed non-commuting operators, and 60y, yo,
g, F, ®;, b; (j=1,2,3) are given data whose properties are listed in the sequel.

We study the IAP under the following assumptions on the data.

HI:

H2:
H3:

H4:

H5:
Heé:
H7:
HS:

HO:
H10:

X, 9(4) and 2(B) are Banach spaces with the following continuous embedding:
D(B)— Dp(0,00) = P(A) — X, for some 6€(0,1).

A:9(A)— X and B:%(B)— X are linear, sectorial operators in X.
FeC*2p5(d,0),X) and F" is uniformly Lipschitz continuous from Zg(d,00) to
L(25(0,00), L(Dp(d,),X)) on every bounded subset of Z(J,c0).

Oo € 2(4), yo€2(B)
(25)
vo:=Byo + F(y0) — AOy € 2(B)

g, Ay 9(A).

®,eX’, j=1,23.

b; € C**F([0,T]), B€(0,1), for j=1,2,3.
rank(N) = rank(]\7 )=2, where

[®1(00) —Pi(9)

N := | Dy(b)) —Pa(g) (26)
LP3(00) —P3(g)

[©1(00) —Pi(9) Pi[A400] — Pi[vo] — 51(0)

P2(00) —DPa(g) P2[A400] — P2[vo] — b(0) (27)
L25(00) —P3(9)  P3[400] — P3[ve] — 5(0)

>,
]

As a consequence of H5 and HS, system
®;(00)ho — ,[g] fo=®;[400] — ®;[ve] — b;(0), j=1,2,3

has a unique solution (4, fo).
Up ::AQO + f()g — Vg — h000 c Q(A)
Det M # 0 where

Pi(0o) —Pi(400) —Pi(g)
M= | Dy(0p) —DP(400) —Pa2(g) (28)
®3(00) —P3(400) —P3(9)
Now we set

v :=[B + F'(y0)]vo — Aug (29)

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:2085-2115
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As a consequence of H5 and H10, the linear system
b7 (0) + @;[v1] = ®;[Aug + koA0o] + ®;[z0g — hotto — wolol, j=1,2,3 (30)

has a unique solution (wy, ko, zo).
HI11: [24 — hoJug — [B 4+ F'(30)]ve — woly + koAOy + zog € D 4(0, 0).
H12: v, € 95(0,00).
H13: ®,[00] =5;(0), ;[uo] =57(0), j=1,2,3.

3. THE MAIN RESULTS

In this section we state a local in time existence result for the TAP and a global in time
uniqueness result for the same problem. More exactly:

e in Theorem 3.1 we claim that: there exists 1€ (0,T] such that problem (23)—(24) has
a solution (0, y,h,k, ) of domain [0,1], satisfying the regularity conditions (31)—(35),
the uniqueness, which appears in its proof, is related to a closed ball that depends on
the data;

e in Theorem 3.2 we claim that, if (01,1, h1, ki, f1) and (02, y2, 0, ks, f2) are solutions
of (23)—(24) of domain [0,T,], for some T\ €(0,T], with the declared regularity, then
they coincide in [0, T].

Remark 3.1

We could also prove that a continuous dependence result hold. We omit the statement and
the relative proof just for sake of brevity, since the calculations are long and tedious, but they
can be deduced by the estimates obtained in the proofs of Theorems 3.1 and 3.2.

Since the proofs of the following Theorems 3.1 and 3.2 are quite long we postpone them
in the next sections.

3.1. The main abstract results

Theorem 3.1 (Existence local in time)
Let the assumptions H1-H13 hold for f€(0,1) and 7>0. Then there exists 7 € (0, ] such
that problem (23)—(24) has a solution (6, x, A, k, f), with

0c CTH([0,7]; X)) N CB([0, t]; 2(4)) G
2 € ([0, 7] X) n CP([0,1]; Z(B)) (32)
he C'*F([0,7]) (33)
ke Ch([0,1]) (34)
feciqo,1]) (35)
Proof
See Section 6. -

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:2085-2115
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Theorem 3.2 (Uniqueness global in time)

Let the assumptions H1—-H13 hold for f€(0,1) and T >0. If (01, y1,h1,k1, 1) and (62, y2, ha,
kz, f2) are solutions of (23)—(24) of domain [0,7)], with 0<T; < T, both satisfying the
regularity conditions

0;€ C*H([0, T X) N CH([0, T1]; 2(4)) (36)
1 € C*H([0, 1], X ) N CP([0, Th]; 2(B)) (37)
h; € C'P([0,T1]) (38)

kj € CP([0,T1]) (39)

13 € CH([0, Th]) (40)

for j=1,2, then they coincide.

Proof
See Section 6. O

3.2. An application
We wish to apply Theorems 3.1 and 3.2 in the case X is the continuous functions space, so
we take:

X=C(Q) (41)
We define
G(A)=0e () W>P(Q):A0cC(Q), D,0laq=0
1< p<+oo (42)
A0:=NA0, VOe I(A4)
and
9(3)={x€ N W (Q): A’y e C(Q), D\;xlszvAxlagzo}
1< p<+oo (43)

By:=—A%y, Vyc€%(B)

We recall the following characterizations concerning the interpolation spaces related to 4 and
B (see Reference [30, Theorem 3.6]).
We consider the Besov spaces B%, . (2) (0 < a<4). We recall that

Bl () =C*(()

whenever a ¢ (0,4)\ Z. Now, we fix two operators By and B,, of order (respectively) one and
three and coefficients of class C3(£2), such that they coincide in dQ with the derivatives D,
and D,A. Next, we set

B o oo(Q):={fla: f €B% (R?), supp(f)CQ}

Copyright © 2005 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2005; 28:2085-2115
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so we have
Cc*(Q) if 0<a<!
Da(0,00)= S {f€BL (V):B feB ()} if a=1 (44)
{f€C*(Q):D,fo0=0} if 1<a<l
Cc*(Q) if 0<o<!
{f€BL o (Q):Bif B’ . (W)} if §=1
{ue C*(Q):Dyuloq =0} if 1<o<i
Zp(8,00)={ {f €BL . .(Q):D,fs0=0} if 6=1 (45)
{ue C¥(Q):Dyujsq=0} if 1<o<?
{f€B . (Q):D,floaa=0,Bf €BS (D)} if 6=3
{f €C*(Q):D, floo=DyAfoq=0} if 3<o<1

We consider the following system:
0 (04 y+ (hx0))(t,x)

=A0(t,x) + (k«A0)t,x)+ f(t)g(x), t€[0,T], xeQ
Oi(t,x)=—A%y(t,x) + Alp o y — 0](t,x), t€[0,T], xeQ
0(0,x)=00(x), xe€Q (46)
2(0,x)=y0(x), xe
D,0(t,x)=0, te[0,T], xe€ 0

D,y(t,x)=D,Ay(t,x)=0, 1€[0,T], x€df

which, for ¢ oy =: 3+ 7/(y), becomes system (7)—(8). Here D, denotes the derivative with
respect to the outward unit normal vector to 0} and the symbol x denotes the convolution
with respect to the time. The functions: ¢:R— R, and 0y, y0:92— R are known and their
properties will be specified in the sequel. To apply the abstract theorems we have to verify
that conditions HI—-H13 are satisfied in this case. We make the following assumptions:

K1: © is an open bounded set in R3, lying on one side of its boundary 02, which is a
sub-manifold of R* of class C*.

K2: We set
F(x):=A(¢oy) (47)
and we assume that ¢ € C*(R) with ¢®* Lipschitz continuous on bounded subsets
of R.
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So, if K1 and K2 hold, we have

e HI is satisfied, if d€(1,1).

e H2 holds, owing to the generation results proved by Stewart in Reference [31].

e From K2 we have that G:y— ¢ oy is of class C? from C*(Q) into itself and G” is
Lipschitz continuous on bounded subsets of C*(Q2). In fact, it is easily seen that, if
%1, %2, (3 are arbitrary elements of C2(£2), we have

G"(1)(2)(13) = (9" © x1)x213

It follows that F is of class C? from C2(Q) to C(Q) and F” is Lipschitz continuous on
bounded subsets of C*(€2). So, if K1 and K2 are satisfied, H3 holds taking 6 € (4, 1).

Morecover, we assume what follows:

K3: 0y € 2(A) (defined in (42)), yo € 2(B) (defined in (43)).
K4: vg:=—A%+ A(¢p o y0) — Ay € Z(B).

Note that K3 and K4 imply H4.

K5: g, A0y € C(Q) since m_: C(Q) so H5 is satisfied.

K6: u; is a Borel measure in (2, for j=1,2,3, so that H6 is satisfied.
K7: b; € C*#([0,T]), f(0,1), for j=1,2,3, so we get H7.

K8: Suppose H8 holds.

Set
B [g] = /Q gy (dx) for j=1,2,3 (48)

Now, taking into account (48), K3, K5, we can consider the matrices N and N defined in
(26) and (27), respectively.
Thanks to assumptions K7 and H8 we are allowed to introduce 4y, fo as in HS.

K9: Define ug:=A4600 + fog — vo — hobo € 2(A) for problem (46).
Next, we can consider the matrix M as in (28), and we require that
K10: Condition H10 holds.

Now we can introduce wy, ko, zo as in HI0.

K11: Suppose that H11 and H12 hold. Define v, :=[B + F'(y0)]vo — Aug € Z5(5,00) for
problem (46) (cf. H12 and (29)).
K12: For j=1,2,3, we set

/ﬁ 0oy (dx) =by(0), j=1,2.3 (49)
/Q w0y (dx)=b(0), j=1,2,3 (50)

so that conditions H13 are satisfied.
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So, applying Theorems 3.1 and 3.2, we can conclude that:

Theorem 3.3 (Existence local in time)
Suppose that K1-K12 hold for f€(0,1) and 7>0. Then there exists 7€ (0, 7], such that the
inverse problem (46) and (9), has a solution (0, y, A, k, 1), with

0.€ C2H([0,; (1)) N CH([0, T]; 7(4)) GL)
1€ C*([0,71; C(Q2)) N CH([0,7]; 2(B)) e
he CH(0,A)) ¢

k € CP([0,7]) oY

£ eCH([0.2)) 4>

Theorem 3.4 (Uniqueness global in time)

Suppose that K1-K12 hold for f€(0,1) and T >0. If (04, y1,h1,k1, f1) and (0, x2, 12, ko, 1)
are solutions of the inverse problem (46) and (9), of domain [0, 7], with 0< T} < T, both
satisfying the regularity conditions

0, € C**P([0,T,]; C(Q2)) N C™*P([0, T\ ]; Z(A)) (56)
1 € CH(0, Ti]; C(E1) N CH([0, T1 T 2(B)) (57)
hy e C*P([0,T1]) (58)

k€ CP([0,T1]) (59)
f;€C(0,T1]) (60)

j=1,2, then they coincide.

Remark 3.2
What we have observed at the beginning of this section for the abstract Theorems 3.1 and
3.2 holds obviously for Theorems 3.3 and 3.4.

Remark 3.3

With our approach we can replace operators —A? (applied to y) and A (applied to 0) by
operators that do not commute. For example by —n;A% and n,A, respectively, where the
coefficients #; >0, 1, >0 are functions of the space variables, in fact, Corollary 4.1 that does
not require commutation conditions on the operators.

4. PRELIMINARY LEMMAS

In this section we collect some preliminary results which will be necessary to prove our main
theorems. In this and in the next sections the symbols C(-), C(-,-,...), sometimes with an
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index, will denote positive constants continuously depending on the arguments pointed out.
Let us begin by stating an optimal regularity result for the Cauchy problem

W'()=Au(t)+ f(t), t€[0,T]
{“(O):Mo

(61)

Theorem 4.1

Let A:2(4)CcX —X be a sectorial operator in X. Then, for f€(0,1), and for any f €
CH([0,TT; X), uo € 2(A) with Aug + £(0) € Z4(f,0), problem (61) admits a unique solution
ue C*A([0,T]; X) N CP0,T]; Z(A)) represented by the formula

u(t)=e"uy + /t =M f(s)ds:=e"uy + (e * £)(t) (62)
0

Moreover, if T < T, with T, € R, then

el p,7.x + llullp,7,.204)

< C(To)UIf Nlp.zx + lluollzey + [Auo + f(0)|2,4p.00)) (63)
Proof
The proof of this theorem can be found in Reference [28]. O
Lemma 4.1

Let X be a Banach space and let 4 be a sectorial operator in X. Suppose that y, belongs to
9(A), he CP(0,1]), with #(0)=0 and T R* and set

t
z(t):/e(’_s)Ah(s)yods, t€[0,1]
0
Then
215,724y < (D) |Al g, e

with #7(7) independent of 4 and lim,_,¢ n(t)=0.

Proof
It is Lemma 4.7 in Reference [32]. 0

In the sequel we need the following particular case of Proposition 2.4.1 in Reference [26].

Lemma 4.2
Let 4 be a sectorial operator in the Banach space X, d €(0,1) and P € (2 4(d,0),X). Then,
the operator 4 + P, with domain 2(4), is sectorial.

We can now prove an optimal regularity result for a particular linear system (see
Corollary 4.1 in the following). First, we assume that the conditions H1—H3 hold and we
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introduce the following linear operator .o/ in the space X x X:

() :=D(A) x D(B) (64)
o (u,v) :=([24 — holJu — [B + F'(y0)]v, —Au+ [B+ F'(30)]v) (65)
with Ay € C.
Lemma 4.3
If H1-H3 hold and 4 € C, then the operator .o/ is sectorial in X x X.
Proof

Let us consider the system

A — (24 — hol yu + [B+ F'(30)lv =
{/IU—FAM—[B—FF'(}(O)]v:lpz (00)
with 1€C, y;€X, j=1,2 and define the operator
B:=B+F'(%) (67)

Since (cf. H3) F'(y0) € L(Z5(5,00),X), by Lemma 4.2, B is sectorial in X. So we can write
(66) in the form

Ju — (24 — hol yu + Bo =1
~ (68)
A0+ Au — Bo=1p
Setting
U=u+v (€P(A))
we obtain the equivalent system
{Ml — A= hollU + (A — hol o=}y +
. (69)
—(B+Ayw=y, — AU

Now, B+4 is sectorial by Lemma 4.2, so there exist o € (7/2,7) and ry >0 so that, if |A]| = ro
and |Arg /| < ap, then V % € Z(4), the second equation in (69) has a unique solution v in
2(B): we have

V= —B—A)"Wo— (M —B—A)"'Au
Moreover, for some C; >0 independent of A, Y, and %, we have
Aol + [[vllzi)y < Cilllyall + |4%||] (70)
Replacing v in the first equation in (69), we get

U — (A — hoU =+ — (A — hoI YIL — B — A) "+ (A4 — hol (AL — B — A)~'Au
(71)
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Since 4 — hol is sectorial, we can modify (if necessary) |A| = ry and |Arg A| < o, in such a
way that operator A/ + hol — A is invertible and

(A + ol = A) ™| 2xy < Cof |2
Setting
x:=(A + hol — AU
we obtain

x=yYy + ¥ — (A —hoIl I —B—A) " + (4 —hol YOI — B — A)"A(WL + hol — 4)"'x
(72)

The estimate
(4 = hol (AL — B — Ay A(AL + hol — A)™"| x)
< G|[(A — hol )AL — B — A) " #x)
S Cill(2 = B = A) || 2x 206,000 < G5l
follows from (22). So, if |4 is sufficiently large, in such a way that Cs|4|°~! <1, there exists

a unique x € X solving equation (72). From (72), it also follows that there exists C¢>0,
independent of 4, Yy, y», such that

X[ < Co(ll¥all + [1¥2]D) (73)
putting % := (Al + hol + A)~'x, we have
[l + 11| 2y < Co(llall + ([l (74)
From (70) and (74), we also obtain
Aol + (vl 2y < Cslllall + [lval]] (75)

thus we deduce
ol < 0l + el
From the position
u=9au—-v
we get the desired estimates also for u, recalling that, for some Co >0 we have (cf. H1)
[0l < Collvllas) U
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An immediate consequence of Lemma 4.3 is the following result that we will use to prove
our main abstract theorems.

Corollary 4.1
Let the assumptions of Lemma 4.3 be satisfied, let f€(0,1) and 7 >0. Consider the Cauchy
problem

u'(t)=[24 — holJu(t) — [B + F'(30)]v(2) + f1(2)
V(1) =[B + F'(x0)]v(t) — Au(t) + fa(1)
u(0) = u

(76)

v(0) =10y
with the regularity conditions

(1) fi, LeCH0,TL;X),

(2) up € 2(4),

(3) vo € Z(B),

(4) [24 = hoIug — [B + F'(x0)]vo + £1(0) € Z4(p, 00),

(5) [B+ F'(x0)]vo — Aug + f2(0) € Zp(B, 00).

Then the Cauchy problem (76) has a unique solution

ue C([0,T];X) N CP([0, T]; 2(4))
ve C([0,T1;.X) N CP([0,T]; Z(B))

Moreover, if we consider the semigroup e*”, where .o/ is defined as in (64) and (65), we
have

» [S]](l‘) S]z(fY|
e = (77)
Sz](t) Szz(t)
and the variation of parameter formulas
u(t)=Su1 (0o + Stavo + /0 [S11(t = $)£i(5) + Sialt — ) fo(s)]ds (78)
v(t) = Sa1(H)uo + Saav0 + /0 [S21(2 = 5) f1(s) + Sna(t — 5) f2(s)] ds (79)

We now state some lemmas which are necessary to study the non-linear perturbations of
the linear problem.

Lemma 4.4
Suppose that

o ¥, %, v are three Banach spaces,

e :%4 x% — ¥ is a bilinear and continuous map,

o GcC'(#,%), with G’ uniformly Lipschitz continuous on the bounded subsets of % and
with G(0)=0,
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pe(0,1), TeR", t€(0,T],

Yo ISR

V, Vi, V, elements of CP([0,1],%),
V0)=701(0)=V(0)=y €%,

let R>0, be such that

max{||Vllgo [Villpew V2l pow} <R

Then we have:

D (GA*=V ), V)||pes < C(R,T)t' P,
(H) ||TC(G(1 * V] ), V]) — E(G(l * Vz), VQ)H/;)IJ/' < TC(R, T)|V1 - Vz‘/;’noy,

where C denotes different positive constants.

Proof
(I) As G(0)=0, we have

[n(G(A V), V)l[pr = (G V), V) gz
and clearly, for some C € R*, it follows that
I(G(Lx V), V)per < CUGA* V)l ez IV [lo.e + RIG(L 5 V)lo,r2)
Observe first that

w+ WV pew <RV TF)

1V llo.er < Nl

so we get
115 Vo2 < TV 0.
<RV TPy
from which it follows
[G(L+V)o,c.r < CR)1 5V 0,2
< CR,T)
Now we estimate |G(1V')|g . 4. Clearly, by (81) we deduce
G % V) < CRTI % V]
<SCR, T |Vl
< CR,T)c'#

Therefore (1) follows from (80), (82), (83).

(80)

(81)

(82)

(83)
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We show (II). We consider the chain of inequalities
(G V1), V1) = (G(L % V2), Vo)l pe v = [(G(1% V1), V1) — (G(1 % V2), Va)|gev
< (G V) =G *V2), V)lper
+H (G« V2), Vi = Va)lp s

< CG(1* V) = G+ V)|p 2

Villo,«.»
+||G(1 * Vl) — G(l * V2)||()’1—’Q‘|V1‘/}?r,zy

+HG(*V2)|pra

Vi —WVlloeo
HIGL s« Vo)lowzl Vi = Valpew)
=Ch+L+5L+1L)
Owing to (82), we get
Iy < CR,Tt|Vi = Valpew (84)
and, on account of (83), we obtain
L<CR TPV = Vallow < CR,T)tVi — Valpew (85)
Moreover,
1G(1+ V1) = G(1xV2)lo,c,2 < CR)|1% (Vi = V2o,
< CRYV = Vallorw

S CRY PV = Valpew

and we conclude that
L < CRY\V — Walpow (86)

Consider now 0 < s<t < 1, SO we can write
1
G(1« V(1)) = G(1 = V5(1)) = /O G'[1x V(1) + p[L* (Vy = V)OO + (V1 = V2)(¢)]dp
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from which we deduce

IG(1+ V1(2)) = G(1 % V(1)) = G(1# V() + G(1 % Va(s) ||«

1
< /0 [G'TL % Va(t) + p[1# (Vs = V2)(O)T] = G'TL# Vas)

+p[1* (Vi = V)OI * (Vi = V2)(#)]dp

+

=1+ 1
Then we have

1(Vy = V2)(@)|lw < ||V — Vallo,c,o

< = Walpew

and

1+ (Vy = V2)(&) = 1x(V1 = P2)()|lo < (& = 8)[Vi = Vallow

<=9yt —Walpea

so we deduce that
Iy < C(R)Hl x(Vy = Vo)) — 1x(Vy) — Vz)(S)Hy
S CR)(t — )|V = Valpow

< C(R)(t — s)ﬂr|V1 —Walprw

Finally, we get

Iy < CRY(I1# V(1) = 15 Va(s) o + [T+ (Vi = V2)(&) = 1 (Vi = V2)(s)||#)

X1V = V) (@)lly

< CR)(t = ) Vallorw + (¢ — )T V1 = Valpe a1V — Valpow

S CR,TYt — s |V1 = Valpew

1
/O G/[l x Va(s)+ p[Lx (V1 = V)1« (Vi — Va)(¢) — 1« (V7 — V2)(s)]dp

X

(87)

(88)

(89)

(90)
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From (89) and (90), we obtain
L <CR TV = Valgew 91)

So (II) follows from (91), (86), (85), (84). 0

Corollary 4.2
Let the assumptions (H1)—(H3) hold. Suppose that, for 5,0 € (0,1)

X0, Uo 693(5700)7

TeR", t€(0,T],

V, Vi, V, belong to CP([0,1], Z5(5,0)),
V(0)=71(0)=V2(0)=vo,

R >0 is such that

max{|[V||g -, 25,0005 | Vil p.2. 255,000 | V2l .2, 705,000} < R

Then we have the estimates

(D) IIF' (o + 1% V) = F'(xo)1V |lpex < C(R,T)T' P,
D) NF Qo+ V) =F' (o) ]Vi—1F' Gro+1x2)—F' (xo)1Vall pex < CR, Tt V1=V g, 255, 00) -

Proof
If we set:
o ¥:=L(Dp(d,0),X),
o U .= @B(é, OO),
o V=X,
o : X (9p(5,00),X) X Dp(0,0) =X,
o 71(S,z)=25z,
e G:=F'(yo+.)—F'(x0),
® Yo = Uo,
the statement follows immediately from Lemma 4.4. O

The following result is easy to prove and it is left to the reader.

Lemma 4.5
The convolution operator

wkh(t):= /Oth(ts)w(s)ds, tef0,1] (92)

maps C([0,7];X) x CA([0,7]; R) into CP([0,7];X), for B€(0,1), and satisfies the following
estimate:

lw*hllgex < CB, )T P |1All g wllwllozx (93)
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5. AN EQUIVALENT FIXED POINT PROBLEM

Assume that the conditions H1—-H13 are satisfied and a solution (0,y, 4k, f) to problem
(23)—(24), satisfying the regularity assumptions (31)—(35), in some interval [0, ], exists. We
observe that, from the second equation in (23), we get

%'(0) =10 (94)

Applying ®; (for j=1,2,3) to the first equation in (23) and using the last for =0, we get
bi(0) + ©;(vo) + h(0)®;(00) = D;(A400) + f(0)P;(9), j=1,2,3

From HS it follows that

h0)=ho, f(0)=fo (95)
Using again the first equation in (23) for =0, we get
0'(0)=uo (96)

Now we set, for € (0,1),
u:=0eC"P0,7],X) N C*(0,1],2(4))

vi=y" e C'"([0,1],X) N Ck(0,7], Z2(B))
97)

wi=h"e CP([0,1])
z:= e Ck([0,1])

so that, differentiating system (23), we obtain
u'(t) + ' (1) = (4 — hol)u(t) + k(t)A0p + k * Au(t)
+2(1)g — w(t)0o — wxu(?)
V' (t)=Bv(t) + F'(yo + 1 v(2))v(t) — Au(t) (98)
u(0)=uy

v(0)=1g
From (98), we have that
v'(0) =, (99)

Applying ®; (for j=1,2,3) to the first equation in (98) and using ®;[u']=>b], we obtain,
for t=0

b7 (0) + @;[v1] = ®;[(4 — hol Juo] + k(0)®;[400] + z(0)P;[g] — w(0)P;[0] (100)
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Because of condition H10, we get w(0)=wy, z(0) =z¢ and k(0)=+k,. Using now the second
equation in (98), we get
u'(t) = (24 — holJu(t) — [B + F'(y0)10() — [F'(x0 + 1% v(1)) — F'(70)]0(?)
—w(t)0o + k()40 + k « Au(t) 4+ z(t)g — wx u(t)
V(0) =B + F'(20)lo(t) = Au(0) + [F' (0 + 1+ (1)) = F'(20)]o(1) (101)
u(0)=uy

v(0) =19

Now we consider the system, for ¢ € [0, T]:

Uo(t) = (24 — hol YU o(t) — [B + F'(10)17 o(t) — wolo + koAOo + zog
Vo(t)=[B + F'(20)]7 o(t) — A%(2)

wu(0)=1uy

(102)
77(0)=1o
Then, owing to Corollary 4.1 and the assumptions H4, H9, H11, H12, (102) has a unique solu-

tion (%o, 7"9) belonging to (C'*/([0, T1;X) N CH([0, T1; Z(4))) x (C*([0, T]; X)n CF([0,T];
%(B))). Define the operators

Niu, v, w,k,2)(1) 1= /0, Sur = s){(wo — w(s))0o + (k(s) = ko)A0o + (2(s) = 20)g
—[F'(xo + 1 %0(s)) — F'(x0)]v(s) + k * Au(s) — wu(s)} ds
%iAiﬁﬂt—snFKXO+l*vay—Fwaﬁ(ﬂds (103)

%meﬁn@yi[&m—gﬂm—wmwwuﬂn—%m%+@m—mm
—[F'(z0 + 15 0(s)) — F'(10)]v(s) + k * Au(s) — wu(s)} ds
+[&N—@WUWH*MM—FMWMNS (104)

Then, from (101) and Corollary 4.1, we get (for ¢ €[0,1])

u(t)=Uo(t) + Ni(u, v, w,k,z)(1)
(105)
v(t)=70(t) + Na(u, v, w, k,z)(t)
We now set, for sake of simplicity
B:=B+F'(3) (106)
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Applying ®; (for j=1,2,3) to the first equation in (101), we have also
b (1) = ®;[(24 — holyu(t)] — ©;[Bu(1)] — [[F' (10 + 1 (1)) — F'(40)]o(1)]

—w(0)®;[00] + k(1)®;[406] + B[k = Aul(t) + =(1) %, [g]
—®;[wrul(r), j=1,2.3

which implies
w(t)®;[00] — k(2)®;[A400] — 2(£)®;[g] =To;(¢) + L'j(u, v, w, k, 2)(¢)

where we have set

Loj() 1= —b7(t) + ©;[[24 — hoI 1 o(1)] — ©,[B(+70)(1)]
Li(u,v,w,k,z)(t) := ®;[[24 — hol 1N (u, v, w, k,z)(t)] — <I>‘,[§t/t/2(u, v,w, k,z)(1)]
—®[[F (1o + 1 0(t)) — F'(x0)]v()] + ©;[k + Au](t)

+@;[wxul(), j=1,2,3

From the assumption H10, we obtain
w(t) Loi(t) Ty (u, v, w, k,2)(2)
k(t) | = |Toa(t) | + | Talu, v, w,k,2)(2)
z(1) Cos(t) Ls(u, v, w, k,z)(t)
with
fl(w,k,z,u,v)_ [Ty(w, k,z,u,v)
Do(w,kyzyu,v) | =M1 | To(w, k,z,u,v)
ﬂ(w,k,z,u,v)_ L3(w, k,z,u,0)

Toi(?)] [To1(7)
Coa(t) | ;=M | Toa(2)

fo3(l)_ _FOS(Z)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

We point out that, for j=1,2,3, Ty; € C#([0,7]). Now we are able to state and prove the

following result of equivalence.
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Proposition 5.1
Suppose that H1-H13 are fulfilled. Set f€(0,1) and let (6, y, Ak, f) be a solution of system
(23)—(24), satisfying the regularity assumptions (31)—(35). Define u:=0', v:i=y', w:=#,
z=f", then
(1) ue CP([0,7]; 2(4))

(I1) ve Ck([0,7]; 2(B))

(III) w, k, ze CP([0,1])

(IV) w(0) =wo, k(0)=ko, z(0) =z

(V) (u,v,w,k,z) satisfies Equations (105) and (111), for every ¢ € [0, 7].
On the other hand, assume that the conditions (I)—(V) are satisfied. Set 0:=0y + 1x*u,
1=+l xv, h:=hy+1xw, f:= fo+1xz. Then (0, y,h,k, f) satisfies the regularity conditions
(31)—(35) and is a solution of system (23)—(24) in [0, 1].

Proof
We have already seen that, if (0, y,h,k, f) is a solution of the system (23)—(24), satisfying
the regularity assumptions (31)—(35), then (u,v,w,k,z) satisfies the conditions (I)—(V).

On the other hand, assume that the conditions (I)—(V) are fulfilled.

From the assumptions H4, H9, H11, H12, owing to Corollary 4.1, we have

Uo € ([0, 7] X) N CP([0,7]; 2(4))

75 C'*([0,7];X) N CP([0,7]; 2(B))
Applying Corollaries 4.1 and 4.2 and Lemma 4.5, we also obtain that

Ni(u,0,w,k,z) € C'TF([0,7];.X) N CP([0,7]; 2(4))

Ns(u,v,w,k,z) € CHHP([0,7];X) N CF([0,<]; 2(B))
so we have

ue C'F([0,7]:X) N CP([0,7]; 2(4))
ve CHA([0,7]; X) N CP([0,7]; 2(B))

and (u,v) solves system (101) and so, also system (98). The two first equations in (98) can
be written in the form

{Dz(ﬂ’ + 7'+ (h*0))(t)=D,[40 + k + 46 + fg]

(114)
Di[y'1(t)=D,[By + F o y — A0](t)

So the definitions of uy and vy (in H9 and (25)) imply that (6,y) solves the system
(23). It remains to show that even the conditions (24) are fulfilled. It is easy to see that
(108) and (107) follow from (111). Using the second equation in (98), from (107)
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we obtain
b} (1) + @,[v' ()] = ©;[(4 — hol )u(t) + k(t)A0o + k * Au(t)
+z(t)g —w(t)0y —wxu(t)], te[0,7], j=1,2,3 (115)
Applying ®; to the first equation in (98), we obtain
®;[u' ()] + [V (1)] = ©;[(4 — hol Ju(t) + k(t)A6 + k * Au(t)
+z(t)g —w(t)0p — wxu(t)], t€[0,7], j=1,2,3 (116)
which, together with (115), gives
Q[ ()] =0b7(t), tel0,7], j=1,2,3 (117)
Finally, combining (117) with HI3 we get (24). 0

6. PROOFS OF THE MAIN RESULTS

We are now in position to give the proofs of the main abstract theorems using the preliminary
results of Section 4 and the reformulation of the identification problem of Section 5.

6.1. Proof of Theorem 3.1

We consider, for t€ RT and f€(0,1), the linear space
X(0):=CP([0,7); 2(4)) x C*([0,7]; 2(B)) x [C*([0, 7T (118)
equipped with the norm

(v, W, b, 2) || x o) == [ull g, 20y + |Vl ge2y + IWllper + Kl gor + [12]l g R (119)

It is easily seen that X(7) is a Banach space with the norm || - ||x(). Let p € R* and set
Z(t,p):={(u,v,w, k,z) e X (7) :u(0) =up, v(0)=1p, Ww(0)=wy, k(0)=ko
2(0)=zp, ||(u—Uo,v — Uo,w — o1,k — Lon,z — To3)|lxe) < p} (120)
then we observe that Z(z,p) is a closed subset of X (7). We define the operator
N(u, v,w,k,2) 1= (Uo + Ni(, 0,w, k,2), 7o + Na(u, 0, w, k,2), Tor + T (u, v, w, k,2), Top
+Ta(u, v,w, k,2), Tos + Ts(u, v, w, k,2)) (121)
Owing to Corollaries 4.1 and 4.2 and Lemma 4.5, N maps Z(t,p) into
{(u,v,w,k,z) € X(t) :u(0) =1y, v(0)=1vy, Ww(0)=wy, k(0)=ko, z(0)=2z}
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We shall show that for every peR" there exists t(p)€(0,7], such that, if 7€ (0,t(p)),
N has a unique fixed point in Z(z, p).

In the following we shall use the letter o to indicate real valued functions converging
to 0 for t— 0.

Let (u,v,w,k,z) € Z(t,p), then, owing to Lemma 4.1, H13, Corollary 4.2(I), Lemma 4.5,
we have

||,/V1(u, U,W,k,Z)H/;,ngg(A) —+ HJVi(M, U,W,k,Z)H/;J,gZ(B) < C(R,T)Q)](T)

where
R:=|[(%0,7 0, Lorlon, To3) Loy + (122)

which implies
3.0~
‘21 [Tojllp.. < C(R, T)wn(7)
=

So we have
[INCu, v, w,k,2) — (U, "Voyf01,f‘02,f‘o3)||)((r) < C(R, T)ws(7) (123)

Analogously, we can show that, if (u;, vy, wy,k1,z1) and (uz, v2, Wy, k2, 2;) are arbitrary elements
of Z(z,p), we have

||N(u1a Ulawlaklazl) - N(l/lz, 027W23k2az2)HX(1)

< C(R, T)ws(0)||(t1 — tz, 01 — V2, w1 — W ki — ko210 — 22)|lx (o) (124)

So, if we choose 7 such that
CR, TYws(t) < p, CR,T)wg(t)<1 (125)

the existence of a unique fixed point for N in Z(z,p) follows from the contraction mapping
theorem.

In force of Proposition 5.1, this proves the existence, local in time, of solutions to
(23)—(24) with the regularity (31)—(35). O

6.2. Proof of Theorem 3.2

Now we show that, if (61, y1,h1,k1, f1) and (02, y2, k2, ks, f>) are solutions of (23)—(24) both
satisfying the regularity conditions (36)—(40), for some 7 € (0,7, then they coincide. We
set, for i € {1,2},

u; :=D,0; (126)
v =Dy, (127)
W= Dyl (128)
= Dif; (129)
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As, for a fixed peR", N has a unique fixed point in Z(o,p) if ¢ is sufficiently small
(cf. proof of Theorem 3.1), necessarily (u;, v, wy, ky,z1) and (uz, v2, Wy, k»,23) coincide in some
right neighbourhood of 0. So we set

T = inf{tE [0, T]] : ||(u1 — Uy, U1 — Uy, W 7W2,k1 7](2,21 7Zg)||X(t)>O} (130)

Of course, we assume that the set in the right-hand side of (130) is not empty, so that
71 €(0,T1). We observe that

|(uy — up, 01 — V2, w1 — Wa, ki — k2,21 — 22) || x () =0 (131)

which also implies

ur(t)) =ux(t1), vi(t)=v2(t1), wi(r1)=m(tki(t1)=ka(t1), z1(11)=22(71)

(132)
For t€[0,T; — 1,], we define
U(t):=ui(ty +1) —uy(ty +1) (133)
V(t):=vi(ty +1)— vty + 1) (134)
W(t):=wi(t) +1) —wy(t) +1) (135)
K(t):=ki(t) +1) = k(1) + 1) (136)
Z(t):=zi(t) + 1) — z(t) + 1) (137)

If t€[0,7T; — 1] we have

(Wi xup )ty + 1) — (W xw)(ty + 1) = [(Wy —wa)*ug](Ty + 1) + [wo* (ur — up)](t1 + 1)

= /t[wl(rl +t—s5)—wa(t; +t—s5)ui(s)ds
0

+ /ot wa(t — s)[ui(t1 +8) — ua(t) +5)]ds
=W )(1) + (w2 x U)(1) (138)
Moreover, for i € {1,2}, t€[0,T; — 1], we consider
%0 + (1 xv;)(1 —H)—;{o—i—/OT1 v,»(s)ds+/0t vi(s +11)ds
=y +(I*v:(.+171)) (139)
with

T1

11 3:Xo+/ vl(s)ds:x()+/ vy(s)ds (140)
0 0
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We observe that y; € (B). Consequently, we have, for t €[0,7) — 74]

U'(t)=24 = ho)U(t) = [B+ F'(x)1V (1)
—{F' D+ s o+ 1)) = F'()}oi(t+ 1)
HEF Lo+ (Lxva(c 4+ 1)) = F'()}oa(t + 1)
—W(t)0y+ K(t)A0y + K x Aui(t) + ky x AU (t) + Z(t)yg
LW (1) — wy % U(E)

VI()=[B+F'(x)IV(t) = AU@t) + {F'[11 + (Lxvi(. + 71))(0)]
—F'(y)}oi(t +11) = {F'[n + (Lx oo+ 11))(?)]
—F'(x)}va(t +11)

Uu0)=0

V(0)=0

(141)

Let 6€ (0,7 — t;]. Then, applying Corollary 4.1 (with y; replacing y,), Corollary 4.2,
Lemma 4.1, Lemma 4.5, from (141) we get

|Ullg.0.a0a) + 1VIIp.o.2) < C(R', Ty — t1)ws(a)||[(U, V, W, K, Z) || x(s) (142)
with
R = ||1)1 ||[f,T1,£Z(B) + ||Uz||[3,T,,gz(B) + ||U1 ||0,T|,?Z(A) + ||k2||O,T|,R + ”WZHO,TI,R (143)
Inequality (142) implies that, for some g € (0,7, — 1], if 0<o <0y
1Ul.0.204) + 1V Ip.0.28) < C(R', Ty — )51 || po.re + 1Kl poe + 1 Z]por) — (144)
If t€[0,T) — t1], we also have
W(t)®,;[00] — K(2)®;[A00] — Z(2)®,[g]
=®,;[(24 — ho)U(t)] — ®;[B + F'(1)1V (t)
=@ {{F'[ + (A xoi(.+t))O)] = F'()}oi(t + 1)}
+O {{F'[11 + (1% v2(. 4 71))(1)]

—F'(q)}va(t 4 1)} + 5[K + Auy J(2)

+O[ky « AUN(t) — @[ W xu (1) + wr x U(2)] (145)
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which implies

W llp.o.m + Kl g0 + | Z]lp.or < C(R, T — 1)[|U]

p.o,7(4) T HV”/},J,EZ(B)
+ 04(a)(IW [ p.0.r + [IK ]l g0, )] (146)

On account of (144), we obtain

W lg.o.r + Kl po.r + 1Z]Ig.0.r < C(R', Ty — 11)s(a)(||W]|p.0.m

+IKllp.o. + 1Z1lp.0.) (147)

implying that W, K and Z vanish in some right neighbourhood of 0. So, using again (144),
we conclude that even U and V' vanish in some right neighbourhood of 0, in contradiction
with the definition of 7. I
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