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A DIRICHLET BOUNDARY CONTROL PROBLEM
FOR THE STRONGLY DAMPED WAVE EQUATION*

FRANCESCA BUCCIY

Abstract. A boundary control problem is considered for the strongly damped wave equation, and it is
solved by dynamic programming arguments.
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1. Introduction.

1.1. Statement of the problem and literature. Let (1 = R" be an open bounded set
with smooth boundary 4€), and let T >0 be fixed.

We are concerned with a boundary control problem for the strongly damped wave
equation

Ya(t, x)=Ay(t, x)+cAy,(t,x)  (,x)€]0, T[xQ;
(1.1) (0, x)=yo(x), ».(0,x)=zo(x) xe€Q;
y(t,x)=u(t,x)  (t,x)€]0, T[xoQ,

where c is a positive constant; y,, zo€ L*(Q2); and we take u in W"*(0, T; L*(6Q2)).

Physical motivation for studying (1.1) arises from problems that may occur in the
study of flexible structures in a bounded domain, controlled on the boundary through
a Dirichlet boundary condition.

In recent years, boundary control problems have become of interest in optimal
control theory. Flandoli [2], [3] and Lasiecka and Triggiani [4] study a general abstract
class of dynamic that covers parabolic-like problems, namely, not only heat/diffusion
equations, but also wave or plate equations with structural damping. In their works,
they assume, as usual, that controls u belong to L*(0, T; L*(3Q2)).

In[5] Lasiecka and Triggiani give several examples of partial differential equations,
with boundary or point control, which can be reduced to that abstract model. Neverthe-
less, to the knowledge of the author, (1.1) has not been explicitly treated in relation
to optimal contol problems.

In this paper, following the original idea of Balakrishnan for parabolic equations
(see [1]), we derive a solution formula for (1.1) in the product space H = L*(Q) x L*(Q).
This formula yields the couple (y, y,) in terms of the time derivative of the control u,.

Since we want to solve the control problem using dynamic programming tech-
niques, we must work in the product space H, and we would expect that (y, y,) belongs
to L*(0, T; H). Therefore, due to the low regularity of the solutions to (1.1) under the
assumption u € L*(0, T; L*(99)), we take ue W'(0, T; L*(992)).
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Consistent with this choice, we consider the problem of minimizing the cost
functional

J(u)= L dt IQ {I(Cuy (&, NP +](Coyi (8, ) (x)[} dx

(1.2) +JTdtJ {lu(t, x)P+|u(t, x)|} do

. j A (T, DO+ Tar(T, )P d

overall u in W0, T; L*(9Q)), where C;, I'; e Z(L*(Q)), i=1,2,T; are selfadjoint,
and y is subject to the partial differential equation (1.1).

The purpose of § 2 of this paper is to show that it is possible to reformulate
problem (1.1), (1.2) into a standard quadratic control problem. This goal is achieved
by introducing suitable states and controls, namely, setting W= (y- y,, u), v=1u'".

Section 3 is devoted to showing that the theory developed in [3] can be applied
to the new control problem, provided that T', belong to £(L*(Q), H?(Q)) for some
BeG,2)-

1.2. Notation. Let X and Y be two Hilbert spaces. We denote norms and inner
products with |-| and (-, -), respectively.

We represent with Z(X, Y)(£(X) if X=7Y), 2(X), 2'(X) the space of all
bounded linear operators from X to Y, the space of all bounded selfadjoint operators
in X, and the subset of 2(X) of nonnegative definite operators, respectively.

If T is a linear operator (generally unbounded) from X to Y, we denote its domain
with D(T) and its adjoint by T*,

Moreover, we denote by p(T) the resolvent set of T, by o(T) the spectrum of T,
and by R(A, T)=(A—T)"' the resolvent operator, respectively. We set wr=
sup{Re A|rea(T)}.

If T generates a Cy-semigroup G(t) on X, we set G(t)=e'".

2. The abstract setting. Let {} < R” be an open bounded set with smooth boundary
8€), and let T>0 be fixed. We study in (0, T) X Q the optimal control problem (1.1),
(1.2).

We consider the Dirichlet realization of the Laplace operator in L*(2), defined
by Ay=Ay for any ye D(A)=H*(Q)N H{(Q), and we denote by D the Dirichlet
mapping from L*(3Q) to L*(Q2), defined by Dv = w, where

Aw=0 inQ,
w(x)=v(x) x €.

As is proved in [6], De Z(L*(3Q), H/*(Q)).
Moreover, we introduce the Hilbert spaces H = L*(Q) x L*(Q), U = L*(3Q) and
define the linear operator & in the product space H as

(1) A0 (i)
D(st) = {(i) cH

It is well known that & is the infinitesimal generator of an analytic semigroup
e’ on H of negative type.

(2.1)
y+cze D(A)}.
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For simplicity, we first assume that u(0,-)=0 and consider the problem of
minimizing (1.2) over the class of controls

W0, T; L*(9Q)) ={ue W"(0, T; L*(6Q)) | u(0, -) = 0}.
Following a standard technique introduced by Balakrishnan (see [1]), we can

reduce problem (1.1) to a homogeneous boundary problem. Then it is easy to check
that the solution Y =(y, y,) to (1.1) satisfies

t

(2.2) Y(t)= e‘ﬁ“(i‘)) —&fj " Fy'(s) ds+ Eu(t),

0 0
where Y(¢t)=Y(t,-), u(t)=u(t,+), and E, F are the linear operators in £(U, H),
defined by

Du 0
E == =
N ( 0 ) Fu (Du)’

respectively.

Remark 2.1. If we apply

T A‘l)
st _(1 0

to (2.2) and integrate by parts in ¢, we obtain that

(—cy(t)+A_1)"(t)) = etﬂ(.yo)_ﬂ Jl e(t—s)&iFu(s) ds — cEu(t),
y(1) Z 0

which easily yields regularity of solutions to (1.1) in terms of the regularity of the
control u. We stress that, if ue L*(0, T; L*(32)), then we only have A™'y'(t)e
L*0, T; H).

Therefore, because we want to use dynamic programming arguments, we cannot
weaken the assumption ue W"*(0, T; L*(5Q2)).

The cost functional can be written as

(2.3) J(u)= J {ICY ()P +|u(s)+]u' ()]} ds+(PyY(T), Y(T)),

¢, 0 r: O)
= P —
¢ (o cz)’ ° (0 )’
and it is clear that C e ¥(H), P,e 2(H).

Now note the control u as an auxiliary component of the state and define u’ as
a new control. More precisely, set

(2.4) u'=u, W= ( Y)

where

u

and introduce a new states space H = H x U, while we set U= U.

From (2.2), (2.4) it is rather easy to derive a semigroup formula to be satisfied by
W in H. To do that, we need the following lemma.

LEMMA 2.2. Let G:[0, +o0)> £(H) be defined by

t_)(emf (I_etﬂ)E>’

(2.5) 0 I

with of given by (2.1).
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Then G is an analytic semigroup on H of type =0, and its generator B is defined by

D(%):{(:) €eH|Y—-Eue D(&i)},

%(:) :(W(Y()—Eu))

Moreover, p(B)={reC|rep(s), A+#0}, and, for all X € p(B), we have that

R(A, ) —(1/A)AR(A, Jﬁ)E)
0 /I

(2.6)

2.7 R(A, %‘)=(

Proof. We can easily check that G is a strongly continuous semigroup on H. We
now characteri_ze the generator B of G(t).
Let () e H, t>0. We write

1 (Y (e =1 (I-e")E\(Y
woo-n()=i (%" )

1 ((e’“—[)éY—Eu))
t

Therefore the limit lim,., (1/¢)(G(t)—1I)()) exists if and only if there exists
lim,, (1/¢)(e"* —I)(Y — Eu), that is, by definition, if Y — Eue D().
In conclusion,

D(®B)= {( j) € H‘ Y—-Eue D(.szi)}

® ( Y) _ (&i(Y—Eu)) ’
u 0
and (2.6) holds true.

Also, formula (2.7) can be easily verified. ~
To show that G(t) = e'” is an analytic semigroup on H, we observe that, if w >0,
we have that

and, for all (V) e D(%),

p(B)>{reC|Re A> w0},

and, since e"” is an analytic semigroup of negative type, from (2.7) we easily deduce
the bound

IR(A, B)|= Re A > w. n|

A -l
Remark 2.3. By using (2.6) and definition (2.1) of &/, we can write more explicitly

y
D(B)={|z|eH|y+cz—DueD(A)},
u

y z
B| z|=| A(y+cz—Du) |.
u 0
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By using the operators defined in Lemma 2.2, we can finally obtain the following
theorem.
THEOREM 2.4. Let Y be as in (2.2), W and v defined by (2.4). Then W(t) satisfies

t
(2.8) W(t)=e"W,+ (I —B) I "% Gy(s) ds,

0
uihere f'%, B are given by (2.5), (2.6), respectively; 4 is the linear bounded operator from
U to H defined by

29) (gv=(Ev~a¢(I—&¢)_‘Fv>'

v
and Wy=(y,, 2,0)".
Proof. Formula (2.8) is proved by a short verification substituting (2.9) and
Wo=(¥o, 2o, 0) " into the second member of (2.8) and considering (2.5) and (2.6). d
In conclusion, the control problem (2.2), (2.3) can be reduced, in the abstract
spaces H, U, to the problem of minimizing the quadratic functional

,
(2.10) J(U)=J (ICW ()P +|v(s)]?) ds+(P,W(T), W(T)),
0
over all ve L*(0, T; U), where
¢ 0 0 rz o o
c=l0 ¢, o, P=(0 T? o],
0 0 I 0O 0 O

and W is subject to (2.8).

Suppose now that B, 9, C, P, satisfy all conditions assumed by Flandoli in [3]
to show the existence and uniqueness of the solutions to Riccati equation associated
with problem (2.8)-(2.10). Obviously, once we have obtained the optimal control
v*e L*0, T; U) for problem (2.8)-(2.10), the optimal control u* for the original
problem (1.1), (1.2) is given by u*(t) = [ v*(s) ds.

Remark 2.5. Until now, we have supposed that u(0) = 0. Otherwise, we can proceed
as follows. We first assume that u(0)=uy € U is fixed, and we derive the solution
formula for (1.1) in H as follows:

t
(2.11) Y(t)=e"" <y° ZD”") —&zj eV Fu'(s) ds+ Eu(t).
0 0
By using the same method described in the case where u,=0, we reduce the
problem of minimizing (2.3) over the class of controls ue W"*(0, T; U) such that
u(0) = u, (where Y is subject to (2.11)) to problem (2.8)-(2.10), with W, = (y,, 2o, Uo)-
If the theory developed in [3] applies to (2.8)-(2.10), then the Riccati feedback
synthesis yields the optimal value J(v*) =(P(T)W,, W,), where P is the solution to
the Riccati equation associated with (2.8)-(2.10). This is a quadratic form with respect
to u,. Thus, to solve the original control problem in W'“(0, T; U), it remains to
minimize J(v*) with respect to u,.

3. Solution of the control problem. We want to check hypotheses assumed in [3]
to solve problem (2.8)-(2.10). We can immediately see that C € £(H), Poe 2" (H). As
a consequence of Lemma 2.2, we also know that % generates an analytic semigroup
of type less than 1.
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Therefore it remains to show that

(3.1) 30<a <1 suchthat ¥ L(U, D((I1-RB)*))
and that, under suitable assumptions on I';,
(3.2) 3Be(t—a,}) such that (I—B*)*VP,e £(H).

To prove the validity of (3.1), we give a characterization of the interpolation
spaces Dg(0,2), for any 6 €(0,1). (As to relations between interpolation spaces and
domains of fractional powers of linear operators, see [7, §§ 1.13-1.15], and the referen-
ces contained therein.)

We start by showing the following lemma.

LemwMma 3.1. For any 0€(0,1)

(3.3) D%(9,2)={(:)eﬁ‘ Y—EueDd(O,Z)},

and the norm

64 ()-1C)

is equivalent to the norm of Dg(6,2).
Proof. We use the well-known characterization [7, § 1.14], below:

Dy(6,p)={We H:t>|t"BR(t, B)W| e LL(a, +o0)}

Y= Eulp,e2
H

with norm
(3.5) Wl byiom=IWla+11°BR(t, B) W Ly 005
where a Z max (1, wg), and fe Lf(a, +00) if

+00 d
J lf(t)|”7t<+oo.

a

Let 0(0,1), (¥)e H, t=a. By representation (2.7) of the resolvent R(t, B) in
terms of R(t, &), it follows that

(3.6) %R(t,%)(Y)z(ﬂR(t, &i)(Y—Eu)>.

u 0

Therefore

t-> e L(a, +)

t°BR(1, %)( :)

if and only if
t->||t’AR(t, 4)(Y — Eu)| € Li(a, +0),

and (3.3) holds true. The equivalence of the norms (3.4), (3.5) is again a consequence
of 3.6). O

Arguing as in Lemma 3.1, by means of the representation of the resolvent R(¢, )
in terms of R(#*/(ct+1); A), we can easily deduce the next lemma.

LEMMA 3.2. Forany 6€(0,1),

Dﬂ(0,2)={(§> cH \y+cze DA(O,Z)},
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(2)-10)

is equivalent to the norm of D 4(6,2).
CoRroLLARY 3.3. For any 6 (0, 1), we have that

and the norm

+y+ezllpaen
H

y
Dy(0,2)={| z|eH|y+cz—DueD4(6,2)},
u
and the norm
y
z |-l z +|ly+cz—Du| p,02
u ulllg

is equivalent to the norm of Dg(0,2).

We are now able to verify condition (3.1).

PROPOSITION 3.4. Let 9 be as in (2.9). Then there exists 6 € (0,3) such that e
L(U, D((I-B)")).

Proof. As a consequence of the inclusion

(3.7) Dg(0+¢,2)— D((1-3)%),

which holds for any 6 € (0, 1), £ >0, it is sufficient to show that there exists 6 € (0, )
such that 9 L(U, Dy(6,2)).

Let ve U From Lemma 3.1, %ve Dg(6,2) for some € (0,1) if and only if
R(1, o) Fv— Fve D,4(#, 2) for the same 6.

Since D e £(U, DA(6,2)) for any 6€(0,%) [6], conclusion follows easily from
Lemma 3.2. 0

It remains to check (3.2).

Let 6 be as in Proposition 3.4. It is sufficient to show the existence of B € (3—6,3)
such that

(3.8) VPye £(H, Dg+(B,2)),

where %B* is the adjoint of %. After that, again as a consequence of (3.7)—which also
holds true for #*—and by the closed graph theorem, we obtain that

3Be(-6,1) such that (I - B*)*VPe L(H).
By using the same arguments as in Lemmas 3.1 and 3.2, we can easily deduce the

next lemma.
LEMMA 3.5. For any 6€(0,1),

y
(3.9) Dg+(0,2)={| z |e H: ze DA(6,2) },
u
and the norm
y
z|=>| z ||| +lzllpacor
u ullla

is equivalent to the norm of Dg«(6, 2).
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Assume now that
(3.10) 3Be(3—6,3) such that I',e L(L*(Q), DA(B,2)).

Then we have the following proposition.
PROPOSITION 3.6. There exists B € (53— 0,3) such that

(I —B*)PPye 2(H).

Proof. Let

y —
z|eH.

u

Then
y Iy
\/_ﬁ- zZ|= I‘zz .

u 0

By hypothesis (3.10) on I',, and from (3.9), there exists B € (3— 6,%) such that

y
VPy| z | € Dy(B,2).

u

Moreover, as a consequence of Lemma 3.5, we can write

y Iy
JP,| 2 =\ T2z ||| +IT22llp,.2)>
U /|| Dye82) 0 /ia

and, again by (3.10), we deduce the bound

y Yy
VB, z =const||| z
U | || Dg«(8,2) ujlla

Thus (3.8) holds true, and Proposition 3.6 is proved. O

Now, following [3], we can solve the Riccati equation associated with (2.8)-(2.10)
and conclude by using dynamic programming that, for every y,, zo€ L*(Q), there exists
a unique feedback optimal control v* for (2.8)-(2.10).

At this point, we can interpret the Riccati feedback synthesis of problem (2.8)-
(2.10) in terms of the original control problem (1.1), (1.2).

Therefore we can finally state the following theorem.

THEOREM 3.7. If C,e L(L*(Q)), T e=(LX(Q)), i=1,2, ' e Z(L*(Q), HF(Q))
for some B € (3, %), then, for every y,, zo€ L*(Q), there exists a unique feedback optimal
control u* for problem (1.1), (1.2) in W§*(0, T; L*(9Q)).
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