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Abstract. This paper is devoted to study the generation of analytic semi-
group for a family of degenerate elliptic operators (with unbounded coeffi-
cients) which includes well known operators arising in mathematical finance.
The generation property is proved by assuming some compensation conditions
among the coefficients and applying a suitable modification of the techniques
developed in [16]. Using the results proved in [11] concerning the generation in
the space L?(IR?), we prove the generation results in L* (IR?) for p € [1,+00].
These results have several consequences in connection with the financial ap-
plications [3, 11].
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1. Introduction

In this paper we study the generation of analytic semigroups in LP(IRd), with p in
[1,400] for a family of degenerate elliptic operators with unbounded coefficients.
These results can be employed to obtain existence, uniqueness and regularity esti-
mates for the solutions of the associated (linear or semilinear) parabolic problems,
through the well known theory of analytic semigroups (e.g. [12]). This has been
done in [3] for the so-called “no-arbitrage” operators arising in pricing contingent
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claims. We consider the following differential operator in IR?

d d
Alz, D) = Z Vi();(w)ai;(x)Dij + Z bi(x)D; — ~*(x)
i=1

i,j=1

(denoted simply by A in the following), where the weights ; : R? — IR, i =
1,...,d, are differentiable sublinear functions vanishing in not more than a neg-
ligible set Z, the matrix {a;;}ij=1,.4 is bounded and uniformly elliptic, the
coefficients b; : IR? — IR, i = 1,...,d, are measurable functions and the function
v IR¢ — TR is differentiable and locally square integrable with its first derivatives.
The main difficulty to overcome here is the need of managing both the possible
unboudedness of all the coefficients and the presence of zero’s for those of the sec-
ond order terms. In general these operators do not generate analytic nor strongly
continuous semigroups (for instance the Ornstein-Uhlenbeck operator in one di-
mension, where ¢ = 1, b(z) = z, v = 0). However, we prove that choosing suitable
compensation conditions on the coefficients this become possible.

In [11] we considered the operator A defined in the whole space IR? and we
proved the generation of analytic semigroup in the space L2(IR”l)7 by an appli-
cation of Hilbert space techniques. This was possible thanks to some preliminary
a priori estimates, which are established by an appropriate choice of some com-
pensation conditions among the coeflicients of the operator. Then we obtained a
characterization of the domain of the operator in L?(IR?) by a localization proce-
dure which was adapted to the growth rate of the weights v’s at infinity and close
to the negligible set Z of all zeros of the ¥’s.

The aim of this paper is to pass from the L2(IR?) case to the LP(IR?) one,
when 1 < p < +o00, by using a suitable modification of the Stewart’s method
[15, 16, 17]. Of course the fitting localization procedure become more complicated
here, since it now depends also on the growth rate of the zero order coefficient ~.

A first result of our semigroup generation analysis is the existence of solu-
tions of the no-arbitrage pricing problems, which is a central topic in the modern
mathematical finance. However, a general existence result can be obtained via the
probabilistic approach. So the main motivation to study these generation problems
is based on the the question of regularity of solutions. This also in order to apply
suitable numerical methods.

The paper is organized as follows. In Section 2 we introduce the notation
and recall some results about the generation of analytic semigroup in the spaces
LZ(le) proved in [11] . In Section 3 we prove the generation of analytic semigroup
and we obtain the domain characterization in the spaces LP (IRd), 2 < p < oo and
L>®(IR%). This result implies the generation of analytic semigroup in the spaces
LP(RY) for 1 < p < 2 using duality techniques.
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2. Preliminary material and notation

Let Q be an open subset of the d-dimensional Euclidean space IR?. We denote by
C°(Q) the linear space of all infinitely differentiable complex-valued functions on
), and we write C2°(Q) for the linear submanifold of C'*°(Q) of all functions with
compact support in €.

We denote by W™P(Q) the usual Sobolev space (see, e.g., [1]), defined as the com-
pletion of C2°(£2) with respect to the norm

1/p
llullwnr ) = / |D%u(x)[” dw)

|| <n

writing LP(Q2) [resp. H"(Q)] rather than WP (Q) [resp. W™?2(2)], and using the
shorthands W and L? for W™?(IR?) and L”(IR?), respectively.

We denote by W, [resp LY ., HJ | the linear space of all measurable complex-
valued functions on IR? belonging to W™ () [resp. LP(Q), H"(Q)] for every open

subset  of IR? having compact closure, and, for any fixed real-valued function
£ € Wii'P, we define the weighted Sobolev space W" as the completion of C2° (IR%)

loc ?
with respect to the weighted norm

[ullwzr = lI§ullwn..

It is well known that an P can also be defined as the space of all measurable
functions u such that {&u € W™P. Similarly, for any choice of the functions «, f3;,
i=1,...,d,0;;,4,j=1,...,d belongmg to LY with essinf |a| > 0, we introduce
the weighted Sobolev spaces W(O: 5) and W(a 5.6) defined as the completion of
C>°(IR%) with respect to the weighted norm

loc’

d
lullyr = llaullze + Y 1 8iDsul| o
(8)

i=1
and

d d
= o)l + Y 1B Dsulle + > 116;,Di jull oo

i=1 i,j=1

H“”WZ P

respectively and we introduce also the spaces Wl’(pa 3) [resp W§ (0,8,5) ] of all mea-
surable functions u such that fu € W(lc;’_’ 5) [resp. Eu € W, (a 5.6) ], endowed with the
norms

lellwrs = l€ulhyrs oo llullyzs = lullyzs ]

Lastly we denote with L{ the space Wg0 P,
Let us now consider the formal second-order differential operator

d
Au = Z Yi(x);(x)a; ;(2)D; ju + Z bi(2)Dsu — v*(z)u. (1)

ij=1
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Assumption 2.1. 1. For all 4,5 = 1,...,d, the coeflicients a; j(x) are bounded
differentiable real-valued functions on IR? such that a, j(z) = a;;(z), and
satisfying the strong ellipticity condition

d
Re Z a; ;(x)zzZ; > E 1z]* Vze?,
i,j=1
for a suitable ellipticity modulus E > 0 independent of z € R%;

2. for every i = 1,...,d, the coefficients b;(x) are measurable real-valued func-

tions on IR?, while ~(z) is a real-valued function in L? with essinf(y) > 1;

loc
1

3. foralli =1,...,d the coefficients ¢;(x) are differentiable, and we have
[bs(x)| < BLE" i) [i(2) [ v(x) Vo € RY,
(2)
D (@) (2)ai; ()| < BoEY i 5(x) [vhs ()| v(x) Vo € RY,
for suitable constants B; and Bs such that By + By < 2 and measurable
positive functions 7y ;(x) and 72, ;(x) satisfying

d d
ZU%Z(CE) =d Z 77%,1‘,;‘(37) =1
i=1 i,j=1

Assumption 2.1 allows us to reduce the analysis of the nonvariational case to the
analysis of the variational one. Indeed, introducing the sesquilinear form a(-,-)
associated to the operator A, given by

d
a(u,v) = a(u,v) — /le Z D;(¢i(x)y;(x)a;,j(z))Diu(z)v(z)de,

ij=1
for all u € H(lfw) l<p<oocandw € H(lﬁ;qw) where ¢ is the conjugate of p , and
writing
D(A,) = {uEH(lfw) 3K (u) > 0s.t. Ja(u, p)| < K(u)|ellqy Ve ECSO(]Rd)},

one can study the realization A, : D(A,) — L of A by considering for each A € C
such that Re\ > 0, the equation

(A= Ap)u=f. 3)
In [11] the following results are proved:

Theorem 2.2. Under Assumption 2.1, the operator Ay : D(A3) — L? generates an
analytic semigroup on L?.

Moreover

1This condition could be replaced by the seemingly more general essinfy > 0, provided to
employ a standard normalization procedure.
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Corollary 2.3. Under Assumption 2.1, for every solution u € D(As) of (3), we
have

N2 lyullze < K'Ifllee and (N2 |¢iDiullze < K| fl|L2,
for suitably chosen K', K" > 0 independent of \.

In order to obtain suitable estimates for the first-order derivatives we need the
following assumption:

Assumption 2.4. Under 1. and 2. of Assumption 2.1, suppose in addition that
is continuously differentiable and that, for all 4,7 =1,...,d and = € IRd, we have

[bi(2)] < B1EY*nyi(z) [¢i(2)] 7 (),
|D;j (i) (2)ai; ()| < B2BEY?na,i5(2) [vi(2)] 1(2),

2[4 () Dyry(x)ai j(x)| < BsEY 13, (2)7? (x),
for suitable constants By, By and Bs such that By + By + B3 < 2 and suitable
measurable functions 7y ; (), 172, ; (x) and 3 ; ; () on IR* satisfying Zle ni(x) =
dZijl 773”(3”) = dz;'i,jzl n?,”(ff) =1
We have

Theorem 2.5. Under Assumption 2.4, both v?u and 1;yD;u belong to L?, for every
i=1,...,d. More precisely, u belongs to H(1v277,¢), and
<K
lullgs, < KIlfll
holds true for a suitable K > 0. In particular, for everyi =1,...,d, also b;D;u
belongs to L?, and we have
d d

> lbiDiull > < d*BiEY? Y " |[vhiyDiul| -

i=1 i=1
Aiming to show that for all 4, = 1, ..., d the single summand v;(x)y;(x)D; ju(z)
belongs to L%, we need to strengthen our hypotheses on the coefficients 1;(x)’s.
Therefore, having in mind our examples, we will assume then the negligibility of
the set

Z = {xGIRd:wi(as) =0, for someizl,...,d},

of all zeros of the v;(x)’s, and the existence of a suitable countable covering of
IR¢ — Z which allows us to perform a localization procedure. Such a covering will
be made by rectangles of the type

R(wo, 1) = {w € R': |o; =2 < rls(ao)l, i =1, df

(0) 0)

for xp = (z ,...,x((i yeRY— Z and r > 0.

Assumption 2.6. Under Assumption 2.4, suppose in addition that
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(i) for every i = 1,...,d, the differentiable function 1;(z) belongs to H} . and
the set Z is negligible;

(ii) there exist real numbers 7y > 0 and L > 0 such that for every 0 < r < ry we
can find a countable set N, C R? — Z such that

(a) the family F1 = {R(z,7¢)},cy, is a covering of R? - Z;

(b) each rectangle of the family 75 = {R(x,2r¢)}, .y does not contain
any element of Z and has a nonempty intersection with at most a fixed
number ng of other rectangles of F5 itself;

(¢) we have

@)l @l _

< in in < max sup
i=1,...dz€R(z0,2rv) [i(T0)| T i=1.d e R(wg,20p) [¥i(T0)]

1
L
for each xg € N,..

Remark 2.7. Assumption 2.6 is convenient for proving the characterization result.
However, it is not easy to check it for given operators. In [11] it is proved that
2.6 is verified under a more treatable assumption, befitted with examples coming
from financial mathematics. More precisely, it was shown that the Assumption 2.8
below implies 2.6.

Assumption 2.8. Under Assumption 2.4, suppose in addition that

(i) Part (i) of Assumption 2.6 holds true;

(ii) there exist rg > 0 (small), Ry > 0 (large), and o > 0 such that for every
T e {m eR?: dist(x,Z) < rg or dist(x,0) > Ro} = D (1o, Ro) and every i =
1,...,d we have

|Djvi(x)] < o

(iii) for every ¢ =1,...,d the function ¢;(x) depends only on the variable z;.

Theorem 2.9. Under Assumption 2.6, the functions
Vi(2)¥;(2) D ju(x)

belong to L? for all i,j = 1,...,d. More precisely, we have u € H(272 ) and
the estimate

IAlllullr2 + \)\|1/2Hu||H(1 +lullgz, | < K| fllre
) (v2.y )

k4 P

holds true for a suitable K > 0.
Such results can be extended to the case of weighted Sobolev spaces:

Theorem 2.10. Assume that Assumption 2.4 still holds true when replacing the
first-order term of the operator A with

d d
ZbiDi + Z Yiiag (%Dj + %Dz)
i=1

ij=1



Generation of analytic semigroups and domain characterization 7

and the zero-order term with

4 Dij€ DiED;¢ Di¢
7 + Zi/h'i/)jam( 53 +2 52] )+Zbi £

i=1

ij=1
then the operator A has a realization Age : D(Age) — LE which generates an
analytic semigroup on Lg. Moreover, for each A € € such that Re A > 0, the

resolvent equation Mu — As ¢u = f has, for every f € L?, a unique solution u €
D(As¢), which satisfies the estimate

1/2
Mlrullzg + A2l e+ lullgze, < Cllfl,

Y,

for a suitable constant C' > 0. In particular we have D(Ag{) = Hg,(w,w,w)'

Remark 2.11. By using the Korn’s argument it is possible to pass from generation
results in the case of differentiable coefficients to similar result in the case of
continuous coefficients. However, in such a general setting, it is impossible to find
a general approach leading to this kind of results. This can be done in particular
cases with different procedures.

3. Generation of analytic semigroups on L”(IR%)

In order to prove the LP estimates we need an additional assumption. Actually
we need the existence of a suitable countable covering of IR — Z which allows us
to perform a localization procedure. Let r.(,,) be the minimum between 7 and
y(xo)~L. Let

R(xo,1y,) = {m cRY: |z, — x§0)| < (o) [Yi(0)], © =1, .,d} ,

for zy = (m&o),...,xfio)) eRY— Z and r > 0.

Assumption 3.1. Under Assumption 2.4, suppose in addition that

(i) Part (i) of Assumption 2.6 holds true;
(ii) There exist real numbers r1 > 0 and L > 0 such that for every 0 < r < rq
we can find a countable set N,, C IR — Z such that

(a) the family F1 = {R(z,7y )}, 18 a covering of R? - Z;

(b) each rectangle of the family > = {R(x,2ry,4)},cy does not contain
any element of Z and has a nonempty intersection with at most a fixed
number ng of other rectangles of F» itself;

(¢) we have

1o @l g, h@l

L ™ zeR(wo.2ry ) |’Y(1‘0)| N T2ER(x0,27p,~) h/(xo)‘

for each zg € N,.
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Remark 3.2. As done in Remark 2.7, it is possible to find stronger conditions
that imply Assumption 3.1 and that are usually satisfied by the classical problems
arising from financial mathematics.

Lemma 3.3. Under Assumption 3.1, assume to have proved that for a p > 2 the
solution u of the resolvent equation (3), related to some A € C such that Re A > 0
belongs to W(%;g o, ?) and satisfies the estimate

Mllullzr + M2l + llullyzg <Nl (4)
V) (2,77

¥, 92)

for some C' > 0 and for each f € LP.
Let g € (p,p*) and let f € LY. Assume that u € W(lv”; ) 18 @ solution of (3).
Then u satisfies the estimate

IMllullze + A2 ullyre  + lulyrs < Cllflle, (5)
(v, %) (v2,7v9)

for every A € C whose real part is greater than a suitable fixed positive real number
w and for a suitable C > 0 independent of A. Moreover if p > d we may choose
q = .

Proof. For each xy = (x(l),...,:cg) e RY - Z, we also consider the change of
variables Ty, 4 : IR? ++ IR? defined by
d

Top(@) < (21 = 29)/ [ (o), -, (wa — 29)/ [$a(wo)]),
of inverse
T, (x) = (2 + [¢1(zo)| 21, . .., 2§ + [Ya(20)| za).
Furthermore, for every r > 0 we denote by B(zo, r) the d-dimensional ball centered

at 0 with radius r and we write B(xg, ) for the d-dimensional ellipsoid centered
at xo with semiaxes r |¢1(z0)], ..., 7 |¥a(zo)|. Clearly

Tyouw(B(zo,m)) = B(0,7) and Tx_o%w(B(O,r)) = B(xg, 7).
Consider the change of variables

(x) Y (wo Tt ))(@),

and let #(x) be any smooth cut-off function such that

{0(t)=1 if t €[0,1]
0(t) =0 ifte[2,+o0] ’

for each 0 < r <y we can define a cut-off function on IR? by setting

0,(z) = 0 ('f') ,

and we can consider the function
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Clearly v € LP satisfies the following equation

i )

Ni(x)%(x - N d
52 i)y (o) B3 (@) Digele) + ;

bi(z) v(z) —F2v(x) — M(z

Yi(@)dy () -

i,j=1
whose right side I satisfies
he L?(B(0,2r)) and h =0 on OB(0,2r).

On the other hand, by the assumption of the lemma the solution v € LP satisfies
the estimate

A 2|12 , , < 4|k
IMllvllze + Al IIUIIW(%+\|vllwgwiwz) < Ci||h| e,

for a suitable C' > 0 independent of A.
Furthermore we can also prove that

~ ~ 1. 1,
[AllLe < Co [||f||LP(B(O,2r)) + ﬁ”u”LP(B(OQr)) + ;||DUHLP(B(0,QT))

1,
+;||7UHLP(B(0,2T)) )

for a suitable Co > 0 where the last estimate comes from equation (2).
Combining the above estimates, we obtain

M@l e B0y + A2 [(@0) [l Lo (B0, + |1 Dl o (B(0,r))]
+9 (o) |tl| Lo (B(0,r)) + V()| DTll Lo (B0,r)) + 1Dl Lo (B0,

~ 1, 1, -
< C|Ifllze(Beo2ry) + ﬁ||u“LP(B(O,2r)) + ;”DU”LP(B(O,QT))

1 -
+;7(9€0)Hu||m(3(o,2r)) , (6)

where we suppose r small enough in order that Assumption 3.1 holds. Now, if we
take ¢ € (p,p*) and §(¢) = d/q — d/p + 1, for every € > 0 there exists (see [13, p.
66]) C(g) > 0 such that

8l LB,y < er® PID| Lo (50, + CET* DT Lo (50,0, (7)
and

DU La(B(0.ry) < er® DD\ 1o (50,0 + C€)r* D 2([@ Lo (5(0,r))- (8)
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Combining estimates (7) and (8) we have

1, 1,
rj”““La(B(O,ﬂ) + ;||DU||LG(B(0,T))

A

. N e
= [Eraq)upu”mg(oﬂ.)) +C(e)r’@ 1HU||LP(B(07T))}

1 - o~
Jr; [67’6(q)||D2U||LP(B(O,r)) +C(e)r?@ 2||u||LP(B(0ﬂ”))] :

and, rearranging the terms,

1, 1.
iz + 1Dl Las0,m)
< CEr* D3l Lo (po,m) + e’ D72 Dil| Lo (B0, + e’ DD Lo (B(0,))-
Taking into account (6), the above estimate implies

1, 1 -
ﬁ|‘u||Lq(B(O,7-)) + ;HDUHLQ(B(O,T-))

< [C(€)r5(Q)—3(|)\|+7(x0)2)—1 +€T5(Q)—2(|)\|% —|—'y(x0))_1 _’_57,5(11)—1]

~ 1, 1 - 1 -
|:||fLP(B(O,2r)) + T7||U||LP(B(0,QT)) + ;||DU||LP(B(0,QT)) + T7($0)|u||LP(B(O,2r)):| .

By Hoelder inequality we get

1, 1 -
72||U||Lq(3(o,r)) + ;HDUHL‘Z(B(O,T))

< [CEr 2N + (o)™ +er  (INE +(w0) " +¢
~ 1, .. 1 - 1 -
IfllLa(B(o,2r)) + ﬁ||u||Lq(B(O,2r)) + ;”Du”Lq(B(O,?r)) + ;V(JUO)HUHLQ(B(O,QT))

Finally, if we take:

e ¢ > 0 a small number to be chosen later
i -1
o 7o = (|A|Z +v(20))
e 7 = arg, where « is a number to be chosen later,

then we obtain
1 1 2~ 1 1 ~
Q(W"‘ +7(20))"M1Ull La(B(0,r0)) T+ E(Wz + (@)1 DUl La(B0,r0))
1 1 ~ 1 1 ~
< e +e5 +e| [1Flzrcaoany + 2 (M + (@)A1l xmoany

1 1 ~ 1 1 -
+a(\)\|2 + (@)1 DUl La(B0,2r0)) + a(|>\|2 +v(@o))v(zo)||tll La(B(0,2r0)) | (9)
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So if ¢ < oo, by changing variable back, summing up to the covering and using
assumption 3.1, we have

1 1
Az + n?ullze + = (A2 Dullsa + [y Dullze)
< 2L'ny |C(e) 5 + et + 2| | (Mllullze + h2ullze)
n E)——= E— E —_— u q u q
= 0 o2 o o2 L Y UllL

1 1
+— (A2 llyulle + [1V2ullLa) + = (A2 Dull e + [y Dull o) + |1 1o

The statement follows from the above estimate choosing ¢ = and a =

1
8L4’I’L0
4C(g)L*ng. If ¢ = oo the argument is easier. Actually by changing variable back
and by localizing around the points where u(z), v?(x)u(x), Du(x), 1 (z)Du(z) and
~v(z)(x)Du(zx) attain the maximum, the result follows directly from (9) without

using a covering argument. O

Remark 3.4. Assume f € L. Arguing as in [15] from the proof of the previous
lemma it is possible to get an estimate for the second derivatives. Actually, starting
from equation (6), by Hoelder inequality and choosing a suitable r = a(|A|z +
v(z0)) ™!, one gets that for each ¢ > d:

1 d
suﬂgd(lklz +7(20)) ¢ 1V D?ul| La(Bao,row) < Cllf L. (10)
To€

Remark 3.5. Estimate (4) implies the uniqueness of the solution of (3) in W,;Q’q,y "
Lemma 3.6. Under the assumptions of Lemma 3.3 we have that u € W o and

142 D*ullpe < C| fza-

Proof. Using the notation of the previous lemma we have that the function u(z)
satisfies the following equation in B(zg, 2r)

l @i (= —3u(x f(z) = h(z).
szxo’l/}jxo)ag() i.J Zwl () =7u(z) + f(x) = h(x)

7,7=1

Noting that the second order differential operator

Z wzzwo Ty xo)ﬁz i (x) D ju(z)

1,7=1

is a strongly elliptic operator in B(0,2r) and, thanks to known regularity results
(see [6] and also [9, Theor. 17.2, p.67], [10, 8.3, p.173]) it follows that u(x) €
W24(B(0,7)) and

| D@l 4 (B(xo,2r) < ClIPILa(B(zo,2r)-
The statement follows changing variable back, summing up to the covering and
applying the results of Lemma 3.3. O
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Theorem 3.7. Assume that 3.1 holds. Then for each 2 < q < oo the operator
A, : D(A,) — L7 generates an analytic semigroup on LP. Moreover if ¢ < oo for
every solution u € D(Ay) of (3), we have

1
Mitwllzs + Mo, + lulyzg < Clfles (1)

for every A € C whose real part is greater than a suitable fixed positive real number
w and for a suitable C' > 0 independent of \.
If ¢ = oo then for every solution u € D(As) of (3), we have

1
Alllullze + (A2 lullypre + flullypre < C[lf]lLe (12)
(v,%) (v2.79)

for every A € C whose real part is greater than a suitable fixed positive real number
w and for a suitable C' > 0 independent of \.

Proof. This Theorem is true for p = 2. Let ¢ € (2,2*] where 2* is the Sobolev
exponent. Let u be a solution of (3) and assume that f € L? N L9. By applying
Lemmata 3.3 and 3.6 we have that (11) holds.

If f € L9, we consider a sequence of functions f,, € L? N L? converging to f in L9.
Then the sequence of associated solutions u,, is a Cauchy sequence in va’gﬁ woa?)
converging to a function u that is a solution of (3). Moreover this solution is unique
by Remark 3.5. Therefore the result is proved for any ¢ € (2,2*].

If ¢ € (2%,(2%)*) one can prove the result iterating the previous argument. After
a finite number of steps the statement follows. O

Using duality techniques one may prove a generation result in L? with 1 <p < 2.

Theorem 3.8. Assume 3.1 holds. Let 1 < p < 2, then the operator gp :D(A,) — L?
generates an analytic semigroup on LP.

Proof. The statement follows if we show that a solution of (3) for 1 < p < 2 exists
and is unique, and moreover

[Alllullze < ClIf]lLe (13)

for every A € € whose real part is greater than a suitable fixed positive real number
w and for a suitable C' > 0 independent of \.

Assume first f € LP N L? so one has the existence of a solution of (3). Let A the
operator in variational form

d
A=Y Dy (W) (@)as () D) + 3 bi@) Dou — v (@),

ij=1 i=1

and let A* its adjoint.
Define the function space H = {g € L?" : ||g||.,» = 1} where p’ is the conjugate of
p. Then

ulle = sup/ugd:c.
geH
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For each g € H, let v, be the solution of the equation
(A" = Nvg = g. (14)

By Theorem 3.7
IAlllvgll o < Cllgll Lo < C.

Therefore
llull» = sup /u(ﬁ* — Avgdx = sup /(.Z— ANuvgdr = sup/fvgda:
gEH geEH geEH
< OISl

Note that the duality argument implies directly the uniqueness of a variational
solution of (3). We have only to prove the existence in the general case. If f € L?
we can find a sequence of function f, € LP? N L? converging to f € LP. By the
previous estimate we have that the solutions u,, are a Cauchy sequence in LP. Using
the regularity of the coefficients, it is not difficult to prove that the functions u,,
converge to the solution u of (3) that satisfies estimate (13). O

Remark 3.9. If one assumes more regular coefficients, one may characterize the
domain also in the case p < 2. Precisely for every solution v € D(A,) of (3) we
have

1
Alllullze + (A2 [Jullypre 4 [lully2e < fllee (15)
(v ¥) (72,7 )

.2
or

1
I Alllullcr + (A2 Jullyn + flullyrr < Cff]fo (16)
(v9) (2, v1)

according to wether 1 < p < 2 or p = 1, for every A € € whose real part is greater
than a suitable fixed positive real number w and for a suitable C' > 0 independent
of \.
Briefly let f € LP N L? (the general case follows as before from standard density
arguments). So for every g in H there exists a solution vy of (14) and by Theorem
3.7 we have
1

Alllv s+ A2 ]|v o v o <C 17

Mgl + N gl + gy a7)
ifl<p<2or

1
Nlegllz + W lgllyps + gl < C
ifp=1.

Now (15) easily follows from (17) and estimates

lullzr < eyl o
<
L N o
, < .
by o < Ioolysy s

Similarly for (16).
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Ezample. Consider the PDE for the price of a European contingent claim in the
multifactor case, under the so-called no-arbitrage assumption

Div + Av = 0,

where
1 d
Av = ETr ((odiagz) (D; jv) (odiagz)*) + (r — p)(1 —€) Z x;Div — rv,
i=1

with terminal condition v(x,T) = g(z) (see, e.g., [18]). Here (diagx) is the diagonal
matrix with the components of z = (z1,...,z4) on the main diagonal, r is the
interest rate of a reference riskless asset in the market, o is a given d-order matrix
such that, writing o* for the transpose of o, the matrix o*o is positive definite,
p = p(xz,t) is the dividend rate and ¢ = ¢(x,t) is the tax rate on dividends. The
solution v = v(x,t) represents the no-arbitrage price of a contingent claim having
payoff g = g(z) at the expiration time 7. In the case d = 1, p = 0, ¢ = 0 and
g(z) = (z — E)*, where E is the maturity price of the option, we obtain the
well-known Black and Scholes equation described in [4]. Also multifactor models,
such as the ones appearing in [8], options on futures contracts, and swaps can be
treated in our framework ([3, 18]), along with the example below.

Ezxample. We consider here the structure model of interest rate derivatives. For
the so-called affine single-term structure model the interest rate is modeled by the
stochastic process (X;),-, satisfying the differential equation

dXi = (a1(t) + aa(t) Xy) dt + (B1(t) + Ba(t) Xy) dW,. (18)

Suitably choosing the coefficients «q(t), as(t), S1(t) and Ba(t), different term-
structure models can be obtained. In particular two models fitting our framework
can be obtained by choosing

1. a1:a2:ﬁ1:0[7]

2. 81 =0 [5].
The price of a zero-coupon bond maturing at date T is the solution of the Cauchy
problem

Dt'U + AU = 0,

with the end terminal condition v(z,T) = 1, where

1
Av = §(ﬁ1 + 5235)2Dw,wv + (a1 + asz)Dyo.

We remark in addition that our results allow us to treat also multifactor models
with time-dependent coefficients (see [8, 3]), and also semilinear perturbations of
the above equations.

Ezample. The following equation, coming from nonlinear filtering, is considered in
[2, 14]:
D, =Dy 4+ xDyv —2%v, t>0,z€R
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with initial condition v(0,z) = g(x). It can be easily checked that the second
order operator defined by the right-hand side of the above equation satisfies our
assumptions.
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