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Abstract

The problem we deal with arises in the theory of heat propagation in materials
with memory. We consider the identification of both the relaxation kernel and the
time dependence of the heat source for an integro—differential equation of parabolic
type. We prove an existence and uniqueness theorem, global in time, for the ab-
stract version of the problem and we give an application to the concrete case. The
novelties of this work are: the choice of the functional setting (spaces of bounded
functions with values in an interpolation space) and ezistence and uniqueness re-
sults, global in time, which are not easy to obtain for inverse problems.
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approach, heat equation with memory, identification of the memory kernel and of
the heat source, global in time results.

1 Introduction

Integro—differential parabolic inverse problems constitute an important class since one of
the classical models is represented by the heat equation for materials with memory. In
several problems in physics and chemistry the heat equation with memory is coupled with
one or more parabolic or hyperbolic equations, ruling further state variables, in particular
in the theory of phase transition for materials with memory we find several models that
have been recently studied from several view points: for instance, as direct problems
in Hilbert spaces and as dynamical systems (long time behavior). We list here in the
following, without claim of completeness, some papers and books in which one can find
some models and results involving the heat equation: [1, 2, 3, 4, 5, 6, 7, 8, 18, 19, 20, 22,
26, 27, 28]. The list of references related to inverse integro-differential parabolic problems
is long and we recall just some of the papers that share our strategies and methods, based
on analytic semigroup theory, fixed point arguments and optimal regularity theorems,
such techniques where first used in [24].

In the papers [12, 13, 16, 17] the authors study inverse problems for the heat equation

with memory in non smooth domains and with memory kernels depending on time and
on one space variable, in Hélder and Sobolev (of fractional order) spaces. In [15] has been
proposed a unified approach for fully non linear problems which contains as particular
cases the theory of combustion of materials with memory and some models of spread of
disease, again in the setting of Holder and Sobolev spaces. In [9, 10, 11, 21] the authors
treat inverse problems for a model in population dynamics and for phase-field models in
the Holder setting.
In [14] the authors have used for the first time the same spaces used here but with no
weights, so they obtain local in time results for a population dynamic model. In the recent
and interesting paper [23], the authors consider an inverse problem for a phase field model
and they prove an existence and uniqueness (under conditions) result global in time in a
Hilbert space.

The novelties of this work are: the choice of the functional setting (spaces of bounded
functions with values in an interpolation space) and existence and uniqueness results,
global in time, which are not easy to obtain for inverse problems. We point out that
the functional setting we have assumed leads to solutions of the problem which are less
regular in time and more regular in space, compared with the existent literature on this
topic. Our global in time result is proved for an abstract version of the problem and then
we give an application to the concrete case.

For sake of simplicity we limit ourself to the heat equation with memory but the
estimates we have obtained in Section 3 can be applied to get global in time results for
more general linear models with convolution kernels.

We now formulate the problem we are going to investigate. Let 2 be an open bounded
set in R? with a suitably regular boundary (to be specified in the sequel) and T' > 0. We
can easily deduce the evolution equation for the temperature u by the continuity equation



(for (t,x) € [0,T] x Q)
Dyu(t,x) +div J(t, z) — fo(t,z) =0, (1.1)

where the vector J denotes the density of heat flow per unit surface area per unit time
and fy is the heat source per unit volume per unit time in 2. We recall that the well
known Fourier’s law for materials with memory is given by

J(t,x) = —kVu(t,z) — k' /t h(t — s)Vu(s,z)ds, (1.2)

where we suppose that the diffusion coefficient k is a positive real number and for sake
of simplicity the coefficient &’ is assumed to be equal to 1. The convolution kernel h,
which accounts for the thermal memory, is supposed to depend on time, only. To obtain
the equation ruling the evolution of the temperature we replace (1.2) into the continuity
equation (1.1) and we get

Dyu(t, z) = div [kVu(t, z) + /0 h(t — s)Vu(s,z)ds] + folt,z). (1.3)

We now have to focus our attention on the fact that the memory kernel h is not a
physical observable. This is the fact that motivates the inverse problem because h has
to be considered unknown. A further difficulty arises when the heat source is placed in a
fixed position of the material but the time dependence is not known. We suppose that

folt,z) = f(t)g(x) (1.4)

where g(x) is a given datum, but f(¢) has to be considered a further unknown of the
problem.

To determine, simultaneously, both the unknown functions h, f and the temperature u
we need, for example, additional measurements on the temperature on suitable parts of
the material, that can be represented in integral form (see (1.6)). We are now in position
to state our problem.

Problem 1.1. (The Inverse Problem (IP)) Determine the temperature u : [0, 7] x  —
R, the diffusion coefficient k and the functions h : [0,T] — R, f:[0,T] — R satisfying
system

Dyu(t, z) = kAu(t, z) + fg h(t — s)Au(s,z)ds + f(t)g(x),
u(0,z) = up(x), x € Q, (1.5)
%(t,x) =0, (t,x)€0,T]x 09,

with the additional conditions
/u(t,x),uj(dx) — G, Ve0,T], j=1.2, (1.6)
0

where g, uy, G1, Gy are given data and p, and py are finite Borel measures in C(€2).

The plan of the paper is the following.



e Section 2 contains the functional setting of our problem and the statements of the
main abstract and concrete results.

e In Section 3 we prove some fundamental estimates in weighted spaces which are of
crucial importance to get global in time results.

e Section 4 contains a suitably equivalent reformulation of the Inverse Abstract Prob-
lem in terms of Volterra integral equations of the second kind.

e In Section 5 we prove, via fixed point argument, the main result of this paper,
i.e. Theorem 2.5, which is a consequence of the preliminary results obtained in the
previous sections.

2 Definitions and main results

The results that we are going to recall in this section hold in the case X is a Banach
space with norm || - ||. Let 7" > 0, we denote by C([0,T]; X) the usual space of continuous
functions with values in X, while we denote by B([0, T']; X') the space of bounded functions
with values in X. B([0,7]; X) will be endowed with the sup—norm

[ullso,ry;x) == sup_[[u(?)]] (2.1)
0<t<T

and C([0,T]; X) will be considered a closed subspace of B([0,7]; X).

We will use the notations C([0,7];R) = C([0,T]) and B([0,T];R) = B([0, T1).

By L£(X) we denote the space of all bounded linear operators from X into itself
equipped with the sup—norm, while £(X;R) = X’ is the space of all bounded linear
functionals on X considered with the natural norm. We set Ny := N U {0}.

Definition 2.1. Let A: D(A) C X — X, be a linear operator, possibly with D(A) # X.

Operator A is said to be sectorial if it satisfies the following assumptions:

o there exist 0 € (m/2,m) and w € R, such that any X € C\ {w} with |arg(A —w)| < 60
belongs to the resolvent set of A.

o there exists M > 0 such that [[(A — w)(A — A) " Yzxy < M for any X € C\ {w}
with |arg(A — w)| < 0.

The fact that the resolvent set of A is not void implies that A is closed, so that D(A)
endowed with the graph norm becomes a Banach space.

According to the definition of sectorial operator it is possible to define the semigroup
{e!1} >0, of bounded linear operators in £(X), so that ¢ — e is an analytic function
from (0, 00) to L£(X) satisfying for £ € N the relations

dk

%etA = AketA, t > O, (22)

and
Aty = Az, 2 € D(A), t>0. (2.3)
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Moreover, for k € Ny, € > 0, there exist positive constants M}, ., such that
HtkAketAHE(X) < Mk7€€(w+€)t, t>0. (24)

For more details see for example [25, 29, 30]. Let us define the family of interpolation
spaces (see [25] or [32]) Da(0,0), 6 € (0,1), between D(A) and X by

D4(0,00) = {x € X : |7|pya.00) i= sup 70 Aez|| < oo} (2.5)
0<t<1

with the norm
|21 Da0.00) = 2] + |Z[D 4 (6.00)- (2.6)

It is straightforward to verift that, if > 0, k € N, f € D(0,00), t € (0,T], then
[AR L fI| < O(T, K| fll a0’ (2.7)

We also set
Da(l+0,00) ={x € D(A) : Ax € D4(0,00)}, (2.8)

D4(1+ 6, 00) turns out to be a Banach space when equipped with the norm

[2lDa+0.00) = [[2]] + [[A2][D40.00)- (2.9)

[fO<&E<1+0and x € Dy(l+6,00),

|2 Daeoe) < OO, lp 650 1215 (011,000 (2.10)

with C'(6,¢) independent of x. Optimal regularity results and the analytic semigroup
theory are fundamental tools in the study of direct and inverse parabolic problems. Our
strategy is to formulate the abstract version of the inverse problem in terms of a system
of equivalent fixed point equations. Several optimal regularity results are at our disposal
for such equivalent formulation. Consider the following optimal regularity result for the

Cauchy Problem (CP):

{Z/(((;? Au(t) + f(1).  te[0.T), 2.11)

Let A : D(A) — X be a sectorial operator and 6 € (0,1). In [25], [30] we can find the
proofs of the following results:

Theorem 2.2. (Strict solution in spaces B([0,T];D4(6,00))) For any f € C([0,T]; X)N
B([0,T);Da(0,0)), ug € Da(0+1,00) the Cauchy problem (CP) admits a unique solution
ue CH[0,T; X) N C([0, T|; D(A)) N B([0, T]; Da(6 + 1, 00)).

Remark 2.3. We point out that the fundamental fact that leads us to prove global in
time results is the idea of introducing the weighted spaces By([0,7];Da(6,00)). In the
next section we give all the necessary estimates to prove them.



2.1 The main abstract result

Problem 2.4. (Inverse Abstract Problem (IAP)) Let A be a sectorial operator in X.
Determine a real number k and three functions u, h, f, such that

{ secmxac D,

Dyu € B([0,T);Da(1 4 6,00)), D?ue B([0,T];Da(6,)),
(8) heC(o,T]),
(v) fe o, 1)),

satisfying system

8

u'(t) = kAu(t) + fo (t —s)Au(s)ds + f(t)g, t€]0,T], (2.12)
U(O) = U, '
and the additional conditions:
(u(t), ;) = G;(t), tel0,T], j=1,2, (2.13)

where ¢; (j = 1,2) are given bounded linear functionals on X, and G;, ug, g are given
data.

We study the (IAP) under the following assumptions:
(H1) # € (0,1), X is a Banach space and A is a sectorial operator in X.
(H2) up € Da(1+ 6+ &,00), for some € € (0,1 — ).

(H3) g € Da(0 4 €,00), for some ¢ € (0,1 — ).
(

(H5) G; € C*([0,T]), for j =1,2.

(

) 0
)
)
H4) ¢; € X', for j = 1,2.
)
)

H6) We set
L <Au07¢1> <gu¢1>
M= ( < Aug.dy > < .65 > (2.14)
and we suppose that the matrix M is invertible. We define
M= ( i ) . (2.15)
21 (22

Observe that owing to (H6) the system

{ k0<Au07¢1 >+f0<ga¢1 >= G/I(O)7 (2 16)
ko < Aug, ¢2 > +fo < g, p2 >= G5(0), '
has a unique solution (ko, fo).

(H7) We require that
]fo > 0.



(H8) v := koAug + fog € Da(1+0,00).
(Hg) < Uo,qu >= GJ(O)7 < 0, d)j >= G;(O), j=12.
The main abstract result is the following:

Theorem 2.5. Assume that conditions (H1)-(H9) are fulfilled. Then Problem 2.4 has a
unique (global in time) solution (k,u,h, f), with k € R, and u, h, f satisfying conditions
(), (8) and (7).

Proof. See Section 5. O

2.2 An application

We choose as reference space

X =C(Q), (2.17)
where Q is an open bounded set in R® with boundary of class C?1+9+9)  for some 0 €
(0,1/2), e € (0,(1/2) — 0). We define

DA)={uec (] W>(Q) :AueC(Q), Dyuls =0},
e (2.18)
Au = Au, Yu € D(A).

It was proved by Stewart (see [31]) that A is a sectorial operator in X. Then we recall
the following characterizations concerning the interpolation spaces related to A (see [25]):

B C%(Q), if 0<¢<1/2,
Dal&,00) = { {ueC%(Q): Dyulpg =0}, if 1/2<&<1. (2.19)
It is known that, if 0 < £ < 0 + ¢, we have
Da(1+¢&,00) = {u € C*)(Q) : Dyulsq = 0}. (2.20)

So we consider the Inverse Problem 1.1 under the following assumptions:

(K1) Q is an open bounded set in R* with boundary of class C20+9%9) for some 6 €

(0,1/2), e € (0,(1/2) — 0).
(K2) up € C*1H0+9(Q), D, uplaq = 0.
(K3) g € C*+9)(Q).

(K4) For j = 1,2, u; is a bounded Borel measure in . We set, for ¢ € X
<6y == [ Dl (d) (221)
Q

(K5) Suppose that (H5) holds.
(K6) Suppose that (H6) holds with ¢; (j = 1,2) defined in (2.21) and A defined in (2.18).
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(K7) Suppose that (H7) holds.

(K8) vy := koAug + fog € C*H9(Q), D, voloa = 0.

(K9) Suppose that (H9) holds.

Applying the main result of the paper (Theorem 2.5), we deduce the following:

Theorem 2.6. Assume that conditions (K1)-(K9) are satisfied. Then the Inverse Problem
1.1 has a unique (global in time) solution (k,u,h, f), such that
u € C*([0,T);C(Q) N CY([0,T]; D(A)),

Dyu € B([0,T]; C**9(Q)),  Diu € B([0,T]; C*(9)),

h € C(]0,T]),
fe (o, T]),
keRT,

with A defined in (2.18).

3 The weighted spaces

In this section we introduce some crucial estimates that will be essential to obtain existence
and uniqueness global in time of a solution for our inverse problem. Let A > 0, T" > 0,

6 e (0,1). If feB([0,T]; X), we set

lullgy o) == sup e [lu(®)]l. (3.1)
0<t<T

We denote by C\([0,T]; X) the space C'([0,T]; X) equipped with the norm || - ||z, (o,r1,x)-
We will use the notations C\([0, T]; R) = C\([0,7]) and B,([0, T];R) = Bx([0,T]). We
now prove some useful estimates in these weighted spaces for the solution of the Cauchy
problem given by Theorem 2.2.

Theorem 3.1. Let A: D(A) — X be a sectorial operator, 0 € (0,1). Let us suppose that
feC(0,T); X)NB([0,T];Da(0,00)). Then the following estimates hold:

Co
e+ Fllesiorio < 75 llesqomx; (3.2)
fo<e<1+0,
C(6.¢)
HetA * fHBA([U,T];DA(E,oo)) < (1 T )\)1+9_§ |’f||BA([OaT]§DA(9700))’ <33)

with Cy and C(6,&) independent of f and .

Proof. In the following section the symbol C, sometimes with an index, will denote dif-
ferent positive constants.



We show (3.2). Owing to (2.4), we have
e Mt x f(B)]] = e f eI (s) ds|
< Mo fllosox Jy e+ ds (3.4)

< 151 Flles o)

To get (3.3), owing to (2.10), it suffices to consider the cases { = 6 and £ = 1+ 6. If
& =0, we have:
e e 5 f(t)lpaco,00)

= e M supg, o 7| fy A4S (s)ds].
Ift>s>0and 7€ (0,1), we have
e MO A4S (s)]| < 6’”|€ VAf(5)Dab.00)

Scle |f( )|DA 6,00)
S Cle )\(t )||f||8)\ O,T],DA(G,OO))7

so we get

_ L s
e e 5 f(B)|paoo) < CillfllBaor1Da0.00) Joe At=9) s

2
< Tllfllmo,ﬂ;m(e,oo»-

Next, we consider the case £ = 1 + 6. We start by estimating A(e'  f) in C\([0,T7]; X):

e M Al x )] < e [ | AeIAf(s)] ds
t o= Alt—s) (3.5)
< Cill fllsaoripao.00n Jo Gma=e @

If A > 0, we observe that

e—A(t— s) )\s
fO (t—s)1— gds = fO sr=ed
< f0+0<> —As 9—1d8
= A7 T(0).
So, we have obtained
” c
[A(e™ * )5y (o.17:x) < i /\)9||f||BA [0,T}:D4(6,00)) (3.6)

It remains to estimate A(e! x f) in BA([0,T]; Da(6,00));if A >0, 7€ (0,1),0< s <t <
T, we have

e M0 A2 =94 £ (5)|| < e M0 A2 | 1ip (6,000 || £ (8) 1D 6,:00)
< e MO AT 4 (0.00)0) L F 1B (10,2704 (01.00))
< CeN) It | fllBa (011D 0,000
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So we get the estimates

e M A % f)(t)]pa(6,00

— oAt 1-6 A TAA t (t—s)A d
o AT A | 31

_g [t s
< C“fHBA([QT];DA(O,oo))Oqu ri-0 fo (G ds

1

and
s (Ti_s;;—ﬁds = (16+_5A)72i0d3
< f0+°° st.
This concludes the proof. n

Theorem 3.2. Let A >0, h € C([0,T]) and v € C([0,T); X)NB([0,T];Da(0,0)). Then
there exists C' > 0, independent of T', A\, h, u, such that, if

¢
hxu(t) := / h(t — s)u(s)ds, (3.8)
0
hxue C(0,T]; X)NB([0,T]; Da(0,)) and satisfies the following estimate:

|2 % ul| B, (0,17;D4 (0,00)) < C'min { TRl sy 0.1 1wl 55 (10,7904 (0,00)
(1 4+ N7 sy o lulls0,11:D4 0,000 (3.9)
(1 + X)) IR sogo,r lull sy 0, 73D.4(8,00)
Proof. f 0 <t < T, we have
le™ (hxu)(®)]] < [y e |h(t — s)|e=||u(s)|ds
< min { T|A .10l 0735,
Jo €7 ds]|h| s, o.rp lull so.r1:)
Jo €= ds||h 5o, |5 0.71:)
< Cmin { T g, o s, oi710)
(L+ X2l s, g0 lulls0,77:5),
(1 4+ )7 llsqo.n lulls,qomix) ¢-

Moreover, if 7 € (0,1), we have

e M| 0 Aem A (hxu)(t)|| < f(f e M=) Bt — 5)|e 8|70 AeTAu(s)||ds
Stmiﬁl{T 172l 810,77 1|85 (f0,775D.4 (6,00))
f% eiASdSHhHBA([o,T})|IUI|B<[0,T1;DA(e,oo>)7
Jo e ds|| hllsqo.m [ullsy 0,114 0,000 }
< Cmin{T[| 2|5, o,y ul 5, (0,77:D4(0.0)
(1 + X) Al sy o.r 1wllse10,71:0.4(6,00)):
(LX)~ Al a0y lwll sy o114 0.000) }-

These estimates imply the conclusions immediately. O
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Theorem 3.3. Let f € B([0,T]; X). Assume that f(0) = 0 and suppose that f is
continuous in 0. Then

Jim 11, go.ryx) = 0.

In particular, if h and u satisfy the assumptions of Theorem 3.2, then

Jim [ s, o110 (6.00) = 0-

Proof. Let € > 0 and 6 > 0 be such that, if 0 <t <4, then || f(f)]] <e. So,if 0 <t <9,
we have e M||f(t)|| <e If§<t<T,

MIF@I < e flsgorix) < e

if A is sufficiently large. If h and u satisfy the conditions of Theorem 3.2, we have, from
Theorem 3.2, for 0 < 9§ < T,

1% ullBro,81:0s4)) < COllPl B0, |1l B(0,17:D4 (6,00))

so that the first part of the statement is applicable. m

4 An equivalent fixed point system

In this section we reformulate Problem 2.4 in terms of the equivalent nonlinear fixed point
system (4.10). In proving Theorem 4.2 we find out a set of regularity and compatibility
conditions on the data that makes the inverse problem well posed. Moreover, starting
from the equivalent fixed point system we obtain existence and uniqueness results for
system (IAP) via the Contraction Principle.

To this aim, we start by introducing some notations. We set

AQ = k’oA (41)

As ko > 0, see (HT7), A is a sectorial operator in X. Next, we set, for t € [0, 7],

hi(t) == an Gy (t) + apGy(t), (4.2)
Wi (t) = an G (t) + anGl(t), (4.3)
T(t) = oy, (4.4)

We immediately observe that h; and w; belong to C([0,T]) and, owing to Theorem 2.2,
v e C([0,T);D(A)) N B([0,T]; Da(1l + 6,00)). Next, we define, again for t € [0, 7],

E(t) = El(t) — ]{Zoau < A@(t), le > —koalg < Aﬂ(t), ¢2 >, (45)
@(t) =W, (t) — k0a21 < A@(t), qbl > —ko(lgg < A@(t), qbg > . (46)
Of course, h and w belong to C([0, T]). Finally, we introduce the following (nonlinear) op-

erators, defined for every (v, h,w) € [C([0, T]; D(A))NB([0,T]; Da(146, 00))] x C([0,T]) x
c([0,77):
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Ri(v, h,w)(t) == ' x (hAug + wg + h * Av)(t), (4.7)

Ro(v, hyw)(t) = —kola;n < AR1(v,h,w)(t),$1 > +a1a < AR (v, h,w)(t), g2 >]
—ay; < h * A@(t),gbl > —ap < h* A@(t), ¢2 >
—ay; < h* ARl(U, h, w)(t), ¢1 > —agg < h* ARl(U, h, U))(t), gbg >,
(4.8)
Rg(v, h,w)(t) = —ko[a21 < ARl(U, h, w)(t), ¢1 > +a9e < AR1<U, h, U})(t), ¢2 >]
—ag1 < h * Aﬁ(t),¢1 > —Q92 < h * Aﬁ(t),¢2 >
—ag; < h ARl(’U, h, U))(t), 01 > —agy < hx ARl(U, h, U))(t), Dy > .
(4.9)
We observe that Ro and R3 are well defined, because

Ri(v, h,w) € C([0,T); D(A)) N B([0, T]; Da(l + 6, 00)).

Moreover, Rq(v, h, w) and R3(v, h, w) both belong to C([0,T7).
Now we can introduce the following problem:

Problem 4.1. Determine three functions v, h, w, such that

() v e C([0, T;D(A)) N B([0, T]; D(1 + 0, 00)),
(3 h € C([0,T]),
() w € C([0,T]),

satisfying system
v = T+ Ri(v,h,w),
h = h+Ra(v, h,w),

) (4.10)
w = T+ Rs(v, h,w).

Theorem 4.2. (Equivalence) Let A be a sectorial operator in the Banach space X and
6 € (0,1). Let us assume that the data g, uo, ¢; and G; (j = 1,2) satisfy the conditions
(H1)-(H9) . Suppose that k, u, f, h satisfy Problem 2.4, with k € R and u, f, h fulfilling
the regularity conditions («), (3), (). Then

(1) k = ko;

(II) the triplet (v, h,w), where v = u', w = f' satisfies the conditions (/), (#'), (v')
and solves Problem 4.1;

(111) conversely, if (v, h,w), with the above regularity, is a solution of the Problem 4.1,
then the triplet (u, h, f), where u = ug + 1 x v, f = fo+ 1 % w, satisfies the reqularity
conditions (), (6), () and solves Problem 2.4 with k = k.

Proof. Let (u, h, f) satisfy the regularity conditions («), (), (7) and solve Problem 2.4,
with k£ € R. Applying ¢, (j = 1,2) to the first equation in (2.12) and, taking ¢t = 0, we
get

k < Aug, ¢; > +£(0) < g,¢; >= G(0).

Employing (H6), we immediately obtain

k = ko, £(0) = fo. (4.11)
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So (I) is proved. Now we set
vi=u, w = f.
Then v € C1([0,T]); X) N C([0, T); D(A)) N B(0, T]; Da(l + 0, 00)), o' € B(0, T}; Da(1 +

v’
0,00)), w € C(]0,T]). In particular, (v, h,w) satisfies (o), (5'), (7). Differentiating the
first equation in (2.12) and, using (4.11) and (HS8), we obtain

{ 2,(@) = koAv(t) + h(t)Aug + hx Av(t) +w(t)g, t€[0,T], (4.12)

0) = w.
Applying ¢; (j = 1,2) to the first equation in (4.12), we get, for t € [0,T7,
h(t) < Aug, ¢; > +w(t) < g,¢; >= G(t)—ko < Av(t), ¢; > — < hxAv(t), ¢; > . (4.13)
It follows that

h(t) = El(t) — ko[au < AU(t), 9251 > tap < Av(t), 9252 >]

—ay; < h * A?)(t), ¢1 > —agg < h* AU( ), gbg (414)
w(t) = wl(t) — ko[a21 < AU( ) P1 > +as < AU(t) 0o >] (4 15)
—a9 < h * A’U(t),gbl —a9y < h * AU( ) ¢2 > . '
Now we apply the variation of parameter formula to (4.12), to get
v(t) = (t)+ e x (hAug + h* Av + wg)(t) (4.16)

= 0(t) + Rui(v, h,w)(t),
hence, from (4.14)-(4.15), we obtain
h = h+Ry(v, h,w),

w =W+ R3(v, h,w).

So (v, h,w) satisfies Problem 4.1. On the other hand, assume that v, h, w satisfy condi-
tions (o), (4'), (1) and system (4.10). As vy € Da(1+ 60, 00) and hAug + h * Av+ wg €
C([0,T]; X) N B([0,T]; Da(,00)), we have that v € C*([0,T]; X) N C([0,T]; D(A)) N
B([0,T); Da(146,00)) and solves system (4.12). From (4.10), we obtain also that (4.14),
(4.15) and (4.13) are satisfied. Applying ¢, (j = 1,2) to the first equation in (4.12), we
get

v'(t), g5 >= GJ(1), t€[0,7]. (4.17)

Now we set u := ug+ 1xv and f := fy+ 1 *w. Then, owing to (H2), u satisfies («), while
f satisfies (). Observe also that the first equation in (4.12) can be written in the form

u" = Di(koAu+ hx Au+ fg). (4.18)

As u'(0) = vy and f(0) = fo, from (H8) we obtain that system (2.12) is satisfied, with
k = ko. Finally, applying (H9) and (4.17), we can conclude that even (2.13) is satisfied. [J
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5 Proof of Theorem 2.5

To prove Theorem 2.5, we shall employ the following;:

Lemma 5.1. Assume that conditions (H1)-(H9) are satisfied.

Let R1, Ra, Rs be the operators defined in (4.7), (4.8), (4.9), respectively. Then there
exists C' > 0 such that, YA > 0, Yov,v1,v9 € C([0,T]; D(A)) N B([0,T]; Da(1 + 0,0)),
Y h,hy,he € C([0,T)), Yw,wy,wy € C([0,T7),

< C[[h x AV|| 5, (0,174 (0,00))

+ X+ N ([[Rllsyqo.) + [lwllsy o)

+ A+ N2 = Rllsyom1) + [0 = llsy (10,7104 (116,00)))
+ b = hllsyqompllv — sy 011504 (146.00);

R (v, by w)|| B, ((0,77:D4 (146,00))

(5.1)
R (v1, haywi)— Ri(va, ha, w2) ||, (10,774 (140,00))
< Clllhy = halls, o llvr — sy (011D A(1+0,000)
+[1he = hllsyo.pllvr — vallBy (071D (146.50)) (5.2)
+(1 4+ A) = ([[h1 = hells,(o.17) + w1 — w25, o77))
+(1+ X))ot = vl (0,710 (140.000];

and, if i € {2,3},

“Ri(v’ h’ w)HBA([OvT]) < C’<||7—\)’1 (Uv }IL, w) ||B>\([07T];DA(1+0,00))
+(1+ XAl sy 0,1 (5.3)
+1h = B, o, R (vs by w) |85 (10,7104 (146,00)) );

[ Ri(v1, ha,wi) — Ri(va, ho, wa)|| By (jo,1))
< O([[Ra(v1, haywr) — Ra(va, ha, w2) || 5y (10,7904 (146,00))
+(1+X) " = halls, o) + 1 = hallsy o R (vis hay w1) |5, (0,704 (146,00))

+(|ha — B|g,0.) | R1 (01, ha, wi) — Ra(v, ha, ws)|8, (0,104 (140,50)))-
(5.4)

Proof. Owing to (H2)-(H3) and Theorem 3.1 (applied replacing 6 with § + ¢ and £ with
1 + ), we have, for some C} > 0, independent of A, h, w,

e 5 (hAug + wg) ||, (0,11D4(1+0,00) < C1(1+X)"=(|All5y 07 + [wllBr(0,7))- (5:5)
Moreover, employing again Theorem 3.1 and Theorem 3.2, we have

[[e"40 5 (h % Av) |8, (0,704 (146,00))

< Gol|hx Avl|, (01104 (6,00)) B

< Co([|lh * AD|| gy ((0,11:D4 (0,000 + | (A — 1) % AV 5, (j0,17:D.4(6,00))

+h* A(v = 9)||5, (01104 (110,00 T+ | (7 = h) % A(v =) |8, (0,71:D(6,00))

< Csl[|h * AV, (0,114 (0.00)) + (1 + X~ 1A (10,1304 6000 1B — Poll 3, 07

+ IRl o,y lv = TllBy 0,110 4 (140,000)) + 11— Rl oy lv — 5||BA([0,T];DA(1+e,oo))],( |
5.6
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with Cy and Cj independent of A, v, h. So (5.1) follows from (5.5) and (5.6). Concerning
(5.2), we have

|0 % ((hy — ho) Aug+ (w1 — w2)9)||By (0,904 (146,00) 5.7)
< Ci(1 4+ A) (7 = hallsyory + [[wr — walls,qo))-

Next, always using Theorems 3.1 and 3.2, we have

[[ef0 s (hy % Avy—  hy % Av)||B, (011D A (146,00))
< Calhy * Avy — hg x As|| B, ((0,71:D.4(8,00))
< Co([[(h1 = ha) * AV| 5, (0,114 (6,00)
+h* A(vr — o)l By ((0.77:D4(8,00))
+[(ha = ha) x A(vr = )|, (0.17:D.4(0.00)) (5.8)
+(|(ha = h) * A(v1 — v2) B\ ([0,71:D4(0,00))) '
< Cy[(1 4+ N) (1 AT 510,714 (6.00))
A1 = hallByo,m)) + [[PllB0, ) [V1 — V2|84 ((0.77:DA (146.00)))
+h1 = ha|l sy o, lv1 = PllBy (0,704 (140,000))
+{[h2 = hlls, o llvr — v2llBy (01104 (156,000))]

with Cy independent of A, vy,vs, hy, hy. So (5.2) follows from (5.7) and (5.8). The formulas
(5.3) and (5.4) can be shown analogously. Concerning (5.3), it is convenient to observe
that

hx AR (v, h,w) = (h — h) * AR (v, h,w) + h * AR, (v, h,w),

while (5.4) follows from the identity

hl * AR1<'U1, hl,wl)— h2 * AR1<'U2, h2,w2)
= (h1 — ha) * ARy (v1, by, wn)

_ 5.9
+(_h2 — h) *A[Rl(vl,hl,wl) —Rl(vg,hg,'LUQ)] ( )
+h * A[Rl(vly h17 wl) - Rl('UQa h27 w?)]
O]
Proof of Theorem 2.5. Let A > 0. We set
Y (X) := (CA([0, T]; D(A)) N BA([0, T]; Da(1 4 6, 00)) x Cx([0,T])%, (5.10)
endowed with the norm
[ (v, by w) [y == max{{[v][ sy 0,110 146,000 1Pl 55 0,775 10|85 (10,77 3 (5.11)

with v € C\([0,T]; D(A)) N BA([0, T]; Da(l + 0,00)), h € C([0,T]), w € Bx([0,T]), with
the norm (5.11) we have that Y (\) becomes a Banach space. Let A > 0, p > 0 and set

Y()\,p) = {(U’ h> w) € Y(A) : H(U7 h>w) - (67 E>E)HY(>\) < p}- (5'12>

Then, for every p > 0, Y(A, p) is a closed subset of Y ().
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Now we introduce the following operator N: if (v, h,w) € Y(A), we set
N(v, h,w) := (0 + Ri(v, h,w), h + Ra(v, h, w),w + Rs(v, h,w)), (5.13)

clearly N is a nonlinear operator in Y ().

Now we show that Problem 2.4 has a solution (k,u, h, f), with the regularity properties
(), (B), ().

Applying Theorem 4.2, we are reduced to look for a solution (v, h,w) of system (4.10),
satisfying the conditions (o), ('), (7). This is equivalent to look for a fixed point of N
in Y'(X), for some A > 0.

First step : We show that there exists p; > 0, such that, if 0 < p < p,, there exists
Ai(p) >0, so that, for X > Mi(p), N(Y (X, p)) CY (X p).

In fact, if (v, h,w) € Y (A, p), we have, applying (5.1) and (5.3),

IRA(v, b, w) |8y (0.11:Da 140,00y < ClIIB* AT |8, (0,174 (9100
+(14+N)"2p + [[Plleqo,r + 1@l eqorm)
+2(14+ A"+ p?
< Cy[[[h * AV|| 5, (0,114 (6.00))
+(p+1)(1+ )~ +p?,
for i € {2,3},

IRi(v, hyw)llgy oy < Co{ (L + p) |17+ AT 5, (0,110 6,00
o+ D) (1+A)"" + p?]
+(L+ A"+ hlleqom)}
< C3(1+ p)[l[h* AV 5, ((0,11:D4(6,50))
+Hp+ DL+ +p7,
with C, Cy, C5 independent of A and p. Now we choose p; > 0, such that, if 0 < p < py,
max{ C1p?, C3(1+p)p* } < p. (5.14)

Then, owing to Theorem 3.3, for any p € (0,7,], there exists A(p) > 0, such that, if
A= A(p) and (v, h,w) € Y (A p)

||N(U7 h, w) - (177 h,@)”y()\) - max{ ||R1(U7 h, w)HBA([OvT}%DA(l-I—G,oo))a
R (v, hy w)| 810,115
[Rs(v, hy w)llsyoy
< p.
Second step : We show that there exists py, > 0, such that, if 0 < p < py, there exists
Aa(p) > 0, so that, if X > Aa(p), and (vi, hi,wy) and (va, ha, we) are elements of Y (A, p),

1
[N (v1, by, wi) — N(va, ha, ws)|ly oy < §||(7Jl, hi,wy) — (va, ha, wa) ||y (n)- (5.15)
Indeed, let p € (0,p,] and A > Ai(p). Then, by (5.2) and (5.4), we have

HRI(Ulvhlawl)_ Rl(v2ahf2>w2>|’3>\([0,T];DA(1+9,oo))
< Clp(llh1 = R[5, o)) + [[v1 = v2llBy(0,13D A1 +6,00) )
+(L+ )1~ = hally o1 + [[wr — w2llsy(0,77)
(1 +X) 7w = v2llsy (01704 (140,00))]
<2C[p+ 1+ X))+ (1 + X)) H|[(vr — va, by — ho, w1 — wa) |y ().
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and , for i € {2, 3},

[Ri(v1, ha,wi)—  Ri(v2, ha, wa)| B, (0,1
<Cy(1+p)p+ A +N)+(1+N)71
X H(Ul — Vg, hy — ho, wy — w2)HY()\)>

with Cy independent of A and p. Now, we choose p, € (0, p,], in such a way that
max{ 2Cp, Cyp(1+p) } <1/2. (5.16)

Then,for any p € (0,p,], there exists \a(p) > 0, such that, if A > Xa(p) and (vq, by, wy)
and (v, he,wy) in Y (A, p), we have (5.15).
Third step: existence of a solution. We apply the results of the two previous steps: we fix
p € (0,7,}) and A > max{\i(p), A\a(p)}. Then N maps Y (A, p) into itself and, restricted
to this subset, is a contraction. Then Banach’s fixed point theorem allows to conclude
that there exists a unique (v,h,w) € Y (A, p), which is a fixed point for N. From the
equivalence Theorem 4.2, we conclude that a solution exists.
Fourth step: uniqueness of a solution . Let (kj,u;,h;, f;) (j = 1,2) be solutions of
Problem 2.4. We want to show that they coincide. We already know that k; = ky = k.
We set

vj = uj, wj = [}, j=12. (5.17)
Then, owing to Theorem 4.2, v; and v, belong to C([0,T]; D(A))NB([0,T]; Da(1+46,0)),
wy and wy are in C([0,77]), and (vq, h1,wy) and (ve, he,wy) are both fixed points of N.
For j = 1,2, we have, owing to (5.1),

lv; = llBy(o11Da+0.00) = R1(vy, iy, w;)| By (10,7104 (140,00
< Cl[h * Av| 8, (0.17:D.4(8,00))
+(1+ N7l oy + [lwsllsyory)
F(1+ ) Ay = Pllsyo.y + lvi = Bllsyo,11:04(146.000)
+lh; = Rllsyqor vy — Vs, 0,110 (140,000

Applying Theorem 3.3 and observing that Rs(v;, h;, w;)(0) = 0, we have
Jm [l = hlls o) = 0,
so we conclude that
Jm oy = llsyorspasoeey = Hm [[Ra(vs, by, w)) | sao1104 040,00 = 0-
From (5.3), we obtain, for i € {2, 3},

IRi(vj, by, wj) By o,)) < C(||R1(Uj71hj»wj)||BA([0,T];DA<1+0,oo))
+(1 4 X) 7Ry By (jo,17)

+[h; = Rllsy o, | R1(v5, by wi) || 8y (0,11D A (140,50)))

so that we conclude that, for j = 1,2,

Jim vy, kg, wy) = @k W)ly ey = 0. (5.18)

17



Now we choose A sufficiently large, so that

max{|(v;, by, w;) — (@, b, @)y 1§ = 1,2} < p < o, (5.19)

and, if necessary, we increase A in such a way that A > max{\(p), A2(p)} and (5.19)
continues to hold. Then (vy, hy,w;) and (vy, he, wo) are both fixed points of N in Y (A, p).
We conclude that they coincide.
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