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There exists a famous relation between binomial coefficients and Fibonacci numbers. In fact,
Fibonacci numbers are just the diagonal sums of the Pascal triangle. The exact formula is

which can be proved in several ways. In order to introduce some concepts that will be used
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Abstract
We study two remarkable identities of Andrews relating Fibonacci numbers and
binomial coefficients in terms of generating functions and Riordan arrays. We thus
give a deeper insight to the problem and find several new identities involving many
other well-known sequences.

Introduction

L S

k=0

in the present paper, we prove this identity by means of the Riordan array method.

A Riordan array D = (d”uk)n,k cN Is an infinite, lower triangular array defined by a pair
of formal power series R(d(t), h(t)) such that d, = [t"]d(t)h(t)*, where [t"] denotes the
“coefficient of” operator [t"] Y, ., fit" = f. If d(0) # 0, h(0) = 0 and A'(0) # 0, then the
Riordan array is called proper. In practice, D is defined by the generating functions of its
columns, which are d(¢t)h(t)* for k € N. There is a connection between Riordan arrays and

combinatorial sums; in fact, we have the following result:

S duii = ")) f(R(1))
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where f(t) is the generating function of the sequence (fy.), - This means that the evaluation
of the sum is reduced to the extraction of a coefficient from a formal power series. As a
consequence of these facts, Sprugnoli [9] proved the two following summation rules involving
binomial coefficients:

Zk: (Zi‘;ﬁ) fi = 1#"] (1 _t;n)mﬂf ((1t()__1)b) ’ b> a; (1.1)

S (IS A=, b (1.2

In the present paper, usually we will use these formulas with f; = 1 and hence f(t) =

1/(1— ).

Let us consider the more general sum Y, (") 6"~ and apply Formula (1.1):

“\(n—k e RN AW
Z( k )Ckb Tt M( k >(ﬁ) -

k=0

bn[t"] 1 { 1 ‘u:ilz
1—t[1—cu/b? 1—t
1 . 1
1—t—ct2/b2_[ ]1—bt—ct2

where the notation: [f(u) | u = g(t)] is the linear form of the substitution rule f(u)|,—gu) =
f(g(t)). For b = ¢ = 1, the coefficient is obviously F,;; (sequence A000045 in [8]). On
the other hand, we have obtained the generating function of several important sequences;
for example, for b = 1,¢ = 2, we have the Jacobsthal sequence; for b = 2,¢ = 1, we have
the Pell sequence; for b = 3,¢ = —2, we have the Mersenne sequence (sequences A001045,
A000129 and A000225 in [8], respectively). We shall use some of these sequences again in
what follows.

Many years ago, Andrews [1] found two remarkable formulas relating Fibonacci numbers
and binomial coefficients:

= 5[t"]

Aim 3 0 (o) )

> j n—1
CEDM S (| 14

j=—o00

These equations are not very simple, so they attracted the attention of several researchers,
and different proofs appeared in the literature: Gupta [5], Hirschhorn [6, 7] and, more
recently, Brietzke [2] and Cigler [3]. Actually, Andrews generalizes the two identities to
every integer p, different from 5, but this has not been further considered, at least at our
knowledge. In this paper we wish to approach Andrews’ generalized sums from the point
of view of generating functions and Riordan arrays, hoping to give a deeper insight to the
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problem. In fact, we’ll be able to prove a number of new identities, analogous (but different)
to those of Andrews.

The paper is organized in the following way. In Section 2, we consider Andrews’ gen-
eralized sums and observe that they can be transformed into other sums for which we find
the corresponding generating functions. By using these results, in Section 3, we compute
the rational generating functions of Andrews’ generalizations and give several examples for
specific values of p. Finally, in Section 4, we apply our results to other new combinatorial
identities.

2 The generating functions’ approach

In analogy to Andrews [1], we wish to extend the two sums (1.3) and (1.4) to:

=3 0 (01" i) 29

j=—00

= - n—1
1= 3 1y 1)) 26)
2 V(1
where p is any positive integer number.
In the cited papers by Gupta, Hirschborn and Brietzke, it is proven that these sums can
be transformed into sums of the type:

— 2n [ 2n+1
Ll — d Mlpr] — :
" ;0<n+7“+pk) o " kZ:O n+r+pk)’

these sums are actually finite and, therefore, let us begin by looking for their generating
functions. In the proof of the next theorem we use the Lagrange Inversion Formula (LIF) as
in Goulden and Jackson [4].

Theorem 1. The generating function of the sum L s

= () /(- ()

or, alternatively:

L) = 1 (1 — V1= 4t> ( (14 /1 —4t)P

VIR \T+VI—4t) (1+VI—atp —(1— iy

Proof. We apply rule (1.2) in the Introduction:

(o) =X (o) e [ |-

k




= [t"](1 4+ )™ T [t"] Liu;p'1_2t(11+w) ‘ w:t(ler)z} N

:[t”][ w o 1+w ‘ wIl—Qt—M}

l—wpil—w 2t

Now we find

1—w 2t 2t

H_w_<1+1—2t—m>/(1_1—2t—\/m>_

1—v1i-4 1
VI—4t—(1—4t) 1—4t
and from this the first formula in the assert follows immediately.

Alternatively, we can apply rule (1.1):

2n (1.1 A 1 P
p n+r -+ pk (I—=t)rtrl |1 —u 1—1tr

t _ (1—t)?  pir
(1 —t)ntr+l (1 —¢)p —tp o
LIF i) w”  (l-w)p 1-w ‘ t
(1—w)tt (1—w)p—wP 1-2w '
The following partial computations hold

1— 14t 1T

w B ) w 9

w114 1

= ; — 2w = .
1—w 1++1—4t V1 —4t
By substituting these values in the previous expression, we immediately find the second
desired formula. m

= [t

:1—w

For the sums M the result is analogous, and we can state

Theorem 2. The generating function of the sum MP s

C14+V1- 4tLW]
N 2

MP(1) (t) = L) + Ler=1(t). (2.7)

Proof. The proof is analogous to that of the previous theorem:

n+r+pk) n+l—r—pk)

k k

u= tp] = [t"](1 + 1t)2”+1—tH ur

1—1tp

— [T (1 4 )2 {m ‘
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m | TH+w  w" 1
= 1" L
w 1—wr 1-—2t1+w)

[tn]{1+w w” 1+w‘ 1—2t—\/1—4t}
— w = .

‘ w:t(1+w)2] =

w l—wp'l—w 2t

With respect to LIP"I(¢) we have an extra (1 + w)/w, the transformation of which is

1—|—_w:<1+1—2t—M)/(1—2t—m>:1+m;

w 2t 2t 2t
therefore, equation (2.7) follows. O
We can now make the following observations:
Theorem 3. The generating function LP7(t) = LIPTI(t) + LIPP="(t) is a rational function.

Proof. For the sake of simplicity, let us set A = /1 — 4t and write LIP"I(A) instead of LP7l(t)
to emphasize the dependence from A. We have:

L+AP—(1-Ap

ol gy L (1=ANTT (1+ AP
L¥ }(A)_Z(l—l—A) (

11+ AY (1— A o
_Z<1—A) (1+A)P—(1—A)P_L[ (=4).

This implies
LP(A) = LP(A) 4 LPT(— A) = £l (- A),

so that L£P7l(t) is an even function of A = /T — 4¢, that is, it depends only on 1 — 4¢ and
not on /1 — 4¢. This is sufficient to show that £P")(¢) is a rational function. O

In the same way we obtain

Theorem 4. The generating function MPTI(t) = MPT () + MPP=+1(t) is a rational func-
tion.

Proof. By using the same notations as in the previous theorem, we have

1+A1—-A 1—A
[p,p—r+1] — [p,p—] _ rl(_ A — pglerl(
M) = D DL (A) = SR (- ) = M (- 4),

since by the second equation of Theorem 1: LPPH1=7l(A) = }jr—jL[p’p_”] (A). So:
MPTAY = MPTA) 4 MPTH(—A) = MIPTT(—A),

and MP"I(A) depends only on the square of /1 — 4t. O



From the two previous theorems, we obtain a limit for the order of the recurrences
corresponding to the rational generating functions £P")(t) and MP71(¢). Since the terms
in /1 — 4t disappear, the degree of the denominator (1 + /1 —4t)? — (1 — /1 — 4¢)P is at
most [p/2] (see Tables 1-4). This improves the results of Cigler [3] about the order of the
recurrences.

We can now return to the identities of Andrews. If we perform the change of variable
n +— 2n we can introduce a new quantity §,[f ),

o0

~ j 2n
Sp=sh= 2 (-1 (uzn - —m)/%)

j=—o0

which represents the elements of even position in the Andrews sequence (57[{’ ]>n€N‘ We can
show the following result:

Theorem 5. The generating function SW(t) of the sequence (S\T[Lp])neN is
(g = { LIPN(t) — Lpat(z) — Llpatt(e) + Lre=1(), p = 2¢;
L1 (t) — [Ipdl (t) — [Ipat1] (t) + I pp—1] (), p=2q+1.
Or, in a single expression:
SW(¢) = Lipt(g) — Lle=0/2DI(¢) — pIele+2/2Dl 4y 4 plrr=1(1) =
= LIPH () — g2+ p € N.
Proof. Let us separate the binomial coefficients according to even and odd values of j:

= i ((L(?n— 122 2pk>/2j) - (L(Qn— 1 —2§pk—p>/2J)> |

k=—o00

We now distinguish between even and odd values of p.

First case: pis even: p = 2q

2n — 1 — 2pk
2

Therefore we have

2n — 1 — 2pk —
J:n—l—pk {n Pk = p

5 J:n—l—q—pk.

o _ki <(n—in—pk) ) (n—linq—pk))'

o

We now further divide the sum, distinguishing positive and negative indices. For k > 0 we

have - o on
;((n—l—pk‘) a (n—l—q—pk‘)) -



_Z<(n+1+pk¢) (n+(qin1)+pk)>'

For k < 0 we perform the change of variable k +— —k — 1, so that £ > 0:

2 (o T = (o) -
~\\n—1+pk+p n—1—q+pk+p))

_Z <( —1>+pk) (n+<qin1>+pk))‘

The two sums can be merged together and we find the first formula in the assert.

Second case: pisodd: p=2¢+1

2

2n — 1 — 2pk
2

2n — 1 —2pk — 2q — 1
J:n—l—pk Ln bk —2¢

J:n—(q+1)—pk.

We proceed as above and find

Sl = kio ((n_ fn_pk)) - (n— (qinl) —pk)> '

In this case also we distinguish between positive and negative indices. For £ > 0 we have

g ((n—lmipk)) - (n—linq_pk)) -

- Z ((n+1+pk)> - (n+ (qinl) +pk)) '

For k < 0 we perform the Change of variable k — —k — 1, so that £ > 0:

i <(n—1+27119k:+p)) - (n—1—2n+pk+p)) -

k=0

_Z« —1)+pk)>_(n+zn+pk)>;

in fact, p =2¢ 4+ 1 implies p —q¢—1 =2¢+ 1 — q — 1 = q. Therefore we conclude with the
second formula in the assert. O

Let us now examine the sequence (T[p ]) 2N+ 1f we perform the change of variable n —

2n + 1 we can introduce a new quantity T,

(e}

ol il j 2n
TH=Ta= 3 () (L(2n —pj)/2J>

j=—00

which represents the elements of even position in the Andrews sequence (qup })neN' We can
show the following result:



Theorem 6. The generating function TP(t) of the sequence (T[p])neN is:

T (1) LIPO(t) —2LPal(t) + LIPA(2), p=2g;
t) =
LIPON() — LIdl(t) — LlPatl(t) 4 LPPI(t), p=2¢ + 1.
Or, in a single expression:
TP () = L0l (¢) — LI/ () — pIletD/20] () 4 plerl(g) =
= L0 () — £ /201y, peN.

Proof. The proof proceeds as in the previous theorem; therefore we limit ourselves to give
the main points of the reasoning:

1= kioo <(L(2n —2;pks>/2j) - (L(?n - 21292 —p)/ QJ)) |

First case: pis even: p = 2q. The denominators are n — pk and n — pk — q, respectively.
For k > 0 we have

S () () S5 ()

for £ < 0, changing k+— —k —1:

ki:o ((n+pk+p) <n—qinpk+p>) B

- Z (<n+p+pk) (miﬁ;ﬂe)) |

This implies the first formula in the assert.

Second case: p is odd: p = 2¢ + 1. The denominators are n — pk and n — pk —q — 1,
respectively. For k£ > 0 we have

g <(n %ka) B (n—qinl —pk’)) B
= «ni”pk) N <n+CH—1+pk>

for £ < 0, changing k+— —k —1:

)
o <(n+1292+p) - (n—q—1+pk:+ ))
_Z((n+p+pk) (n+q+pk>)'

This implies the second formula in the assert. O

Mg



Let us now consider the elements in odd position. If we perform the change of variable
n +— 2n + 1 we can introduce a new quantity g,[f )

o0

<l _ olel —1)7 ot
Sy = Sopy1 = Z( 1 (L(Zn—pj)/QJ).

j=—00
We find

Theorem 7. The generating function 5" (t) of the sequence (EED])HEN is

) { MPA(t) — MPa(t) — MPatt(E) + MPP(E), p = 2q;
t J—

| MP ) = MR - M) + P =20+ 1.

Or, in a single expression:
S () = MU () — MRy - A leD/20 gy gl () =
= M1 (t) — M[p,tp/%]@), peN.

Proof. The proof proceeds as in the previous theorems:

S0 = i «uﬂ ;pflo/zj) ) <L(2n _Q;pﬁm/zj)) |

k=—00

First case: pis even: p = 2q. The denominators are n — pk and n — pk — q, respectively.

For k£ > 0 we have
i((2n+1)_< 2n +1 ))_
— n — pk n —q— pk
B - (( 2n+1 )_( 2n+1 ))
_k:O n+ 1+ pk n+q+1+pk/))’
for k < 0, changing k — —k —1:

This implies the first formula in the assert.

Second case: p is odd: p = 2¢ + 1. The denominators are n — pk and n — pk — q¢ — 1,
respectively. For £ > 0 we have

g; ((in—;lle) N (n - znjl 1— pk)) -

9



e 2n + 1 2n + 1 ‘
—k:O n+ 1+ pk n+q+2+pk))’

for k < 0, changing k — —k —1:

This implies the second formula in the assert. O

Finally, let us consider the sequence (T,[Lp ]>n€N' If we perform the change of variable

n — 2n + 2 we can introduce a new quantity TE)]:

. ) o0 ; 2n + 1
T, :T2[71]+1_ Z (=1) (L(Qn%—l-pj)/%).

j=—00
We find

Theorem 8. The generating function T (t) of the sequence (TE)])neN is

7l () = MWPU() — MPa(t) — MPatl(t) + MPP(E), p=2g;
MWPU(E) — 2t (4) 4 Mol (g), p=2+1.

Or, in a single expression:
T () = MY () — MIpLeTD/20 () = Alele+2/20] 4y 4 gl (4) =

= M1 (t) — M!plp/2]+1] (t), peN.

Proof. The proof proceeds as in the previous theorems:

= ki ((mn I zlpmm) B (L(2n+ C ;p; —p>/2J>> |

First case: pis even: p = 2¢. The denominators are n — pk and n — pk — q, respectively.

For k > 0 we have
i 2n +1 B 2n +1 B
pr n — pk n—q—pk N

e ( 2n 41 ) ( 2n+1 ))
_k:O n+1+ pk n+q+1+pk))’

10



for £ < 0, changing k+— —k —1:

E 2n+1)_< 2n+1 >)_
—~ \\n+pk+p n—q+pk+p))

_i(( 2n+1 )_( 2n+1 ))
_k:O n+p+ pk n+q+pk) )

This implies the first formula in the assert.

Second case: p is odd: p = 2¢ + 1. The denominators are n — pk and n — pk — ¢,
respectively. For & > 0 we have

2 () - (2) -

_i( 2n 41 ) ( 2n+ 1 ))
_k:O n+1+pk n+q+1+pk))’
for k < 0, changing k — —k —1:

Z:: (( 2n + 1 ) ( 2n + 1 >)
pr n—+pk+p n—q+pk+p
(( 2n + 1 ) ( 2n + 1 )>
Zko n+p-+pk n+q+1+pk))’

This implies the second formula in the assert. O

3 Andrews’ generalizations

By using the results of the previous section we find the generating functions for the sums
(2.5) and 2.6) for any p € N. In fact we have

Theorem 9. The generating functions SPX(t) and TPN(t) of the sequences (SLM)%N and

(TT[lp])neN are rational and are given by the following formulas:
Sty = S () + (87 (2),
TV (t) = ¢T0 (1) + 2T7 (12).

Tables 1 and 2 summarize the generating functions corresponding to Theorem 9 for p < 8.
These expressions can be easily obtained by any system of symbolic computation as Maple.
In particular, for p = 5 we find again formulas (1.3) and (1.4), as expected. In the tables,
we give a reference to the same (or simply related) sequence in the Encyclopedia of Integer
Sequences (EIS) [8].

11



Sl(t) EIS
—1
0
T =t 2 A7 48T 161+ A000079
t
T = T2 435+ 80 13 A000045
tL4E) o a8 ad g5 1 a6 1 o7 4 oS 4 .. | ALOS41L
[ g = P39 R 00 2T 27 | S50y
¢
1—t 2t2+t3:t+t2+3t3+4t4+9t5+14t6+28t7+~-- A006053
t(1+t—t2) N 5 . . 6 -
Toap o it + 363 + 4t 4+ 107 4 14¢° 4+ 34t + ... | A121720
Table 1: Function SP(¢) for p <8
TWI(t) EIS
¢
¢
il AR A A000012
t(1+t
1(—;2)—t+t2+2t3+2t4+4t5+4t6+... A016116
W:t+t2+2t3+3t4+5t5+8t6+13t7+--~ A000045
t(1+t—t?) ) 5 . . 6 - . A038754
T gm s St 20 B 67+ 90 18T+ 278 | hGa
t(l_t2) 2 3 4 5 6 7 8
Ty o 2 4B 67 1087 4 1087 4 33¢% - A028495
t(1+t— 22 — %) 2 3 4 5 6 7
g gt LT 24360 100 42007 + - A030436

Table 2: Function TP(t) for p < 8
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4 Some new identities

Formulas (2.5) and (2.6) concern alternating sums: what can we say about the corresponding
non-alternating sums:

o0 o0

si= 2. (L(n—1n—5j)/2j) and TP =3 (L(n—q_—lw)/ﬂ)?

j:—oo ]:—OO

Let us begin with the first sum; clearly, the generating functions of even and odd positioned

elements are R
SBI(t) = LBA@#) + LB (t) + LE3(2) + LB (¢)

SP ) = MBY() + MBA() + MBA () 4+ MBI (1),
By using Maple, we obtain

~ t—2¢2 5] 1—3t
Sbl(t) = S”(t) = :
®) 1—Tt+ 1312 — 4¢3 (®) 1—7t+ 1312 — 4¢3

the complete generating function is therefore:

R _ ¢ 1/ 2 24t
sBl(t) = SI81(¢2) + ¢ S (12) = 1 _ ,
(*) )+t ) = 3  s\1—2 Tsi_p

where we performed a partial fraction expansion. We recognize the generating function of
the Fibonacci numbers with alternating signs, and so we have the closed formula:
2"t 4 (—1)™(F,, — 2F,41)

Skl — .
" 5

For what concerns the second sum, we have
TO(t) = LPO(t) + L2 (1) + LB (1) + L)1)
T t) = MBY(E) + 2053 (1) + M9 (1),
By passing these expressions to Maple, we obtain

1 — 5t + 6t2 =5] 1 — 4t + 412

®) 1—7t+ 13t2 — 4¢3 ®) 1 — 7t + 1312 — 4¢3

the complete generating function is therefore:
TE(E) = 1+ 2TE(E2) + 1T (12) =
B 1 - 3¢2 _l1 L 4asT
S 1—t—3124283 H5\1-2t 1+t—1¢2)’

where we performed a partial fraction expansion. We have the closed formula:

5 2"+ ()" — TE)
n 5

)

13



Tables 3 and 4 summarize the generating functions corresponding to the non-alternating
versions S and T of the sums (2.5) and (2.6) with p < 8.

p Sl (¢) EIS
r 2 3 4 5,
2 T 1+ 2t + 482 + 83 + 16t* + 32t° + A000079
o
3 T op = 2t 262 + 6% + 10t 4 2267 + 4245 + - - A001045
t ,
4 T =t 2% 4+ 43 + 8t 4+ 16t° + 32t5 + - - A000079
t
5 =t +t2 4+ 483 + 5t* + 15¢° + 220 + - .. A084179
1—t—3t2+2t3 T ot + + -
t
6 T 2P —t4+ 2+ 32+ 5t + 11850 + 2140 + - - A001045
(1 — 2t%) 2 3 4 5 6
7 =t+t 3t 4t 11¢ 16¢° - - -
1—¢—4¢2 4 33 4+ 2t4 R G *
t(1—t—t%) 2 3 4 5 6 7
8 =t 4+ 12+ 365 + 4% + 1065 + 16t5 + 3617 + - -
1— 2t —2t2 + 4¢3 e A + + +
Table 3: Function SPPI(¢) for p < 8
P TP (1) EIS
t
2 T =t 2% + 43 + 8t +16t° +32t5 + - - A000079
t
3 TP =t 4+ 2+ 32+ 5t + 1165 + 2140 + - - A001045
H1—t
4 i 215) =t+2+28 + 4P +8° + 1615+ - A000079
(1 — 2t%) 2 3 4 5 6
5 —t+ 2283 a4t T+ 1260 4+ A099163
1—t—3t242t3 T T + E—
t(1—t—1t?) 2 3 4 5 6
6 —t+2 28 13t 6P 1140 4+ - A005578
STTRRT Y + 12 2t + 3t + 6t° + + A005578
7 t(1 —3t%) =t+2+288 +3t* + 612+ 1065 + 2147 + - -
1—¢— 462 + 363 + 2¢4
t(1—t— 202 + %) 2 3 4 5 6 7
8 Lot t2 23 3¢ 4+ 660 + 1065 42087 + - -
1— 2t — 22 4 443 T A St O + +

Table 4: Function TP!(¢) for p < 8
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http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A001045
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000079
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A084179
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A001045
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000079
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A001045
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000079
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A099163
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A005578

In both cases, for p = 7,8, we did not find a simple relation with a sequence in [8].
However, for p = 8 we have the following explicit formulas:

19(n-1)/2 . )
SHl = Lony { 32 , i nis odd;

4 0, otherwise.
R = Lo 1 2/2, if n is even;
"8 4| 20=0/241 0 otherwise.

We note that the first formula is valid for n > 0, while the second one for n > 1.

5 Conclusions

We have shown how Andrews’ formulas can be obtained and generalized in terms of gen-
erating functions. We also obtained results for non-alternating sums, and it is easily seen
that many other identities could be proved by performing suitable linear combinations of
the rational generating functions considered in Theorems 3 and 4.
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