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Abstract. A two-parameter family of Harnack type inequalities for non-negative solutions
of a class of singular, quasilinear, homogeneous parabolic equations is established, and it is
shown that such estimates imply the Holder continuity of solutions. These classes of singular
equations include p-Laplacean type equations in the sub-critical range 1 < p < 13—_,’1\_’1 and

equations of the porous medium type in the sub-critical range 0 < m < %

1. Introduction and main results

Let E be an open set in RN and for T > 0 let E7 denote the cylindrical domain
E x (0, T]. Consider quasi-linear, parabolic differential equations of the form

loc

u € Cuoc (0.3 L3 (E)) N LY, (0.T; Wil (B))
(1.1)
ur —divA(x,t,u, Du) =0 weaklyin Er

where the function A : E7 x RV*! — R¥ is only assumed to be measurable and
subject to the structure conditions

A(x,t,u, Du) - Du > C,|Dul|?P

Ax. 1. u, Du)| < C1|Du|1”1 ae. (x,t) e Er (1.2)

where C, and Cj are given positive constants, and p is in the sub-critical range
def 2N

1 < = —. 1.3
<P =PDx N1l (1.3)
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The homogeneous prototype of such a class of parabolic equations is
u; — div |Du|P?Du =0 weakly in E7. ((1.1),)

The parameters {N, p, C,, C1} are the data, and we say that a generic constant
y = y(N, p, Co, C1) depends upon the data, if it can be quantitatively determined
a priori only in terms of the indicated parameters. For p > 0 let B, be the ball
of center the origin on RY and radius p and for y € RY let B, (y) denote the
homothetic ball centered at y. For T > 0 and for (y, s) € RV x R set also

Qp(1) =By x (=7,01, (3,9 + Qp(7) = Bp(y) x (s —7,5].

Let u be a non-negative weak solution of (1.1-1.3). Having fixed (x,, t,) € Er,
and By, (x,) C E, introduce the quantities

192-p
def !
ul(x,t,)dx, S = |e¢ ul (-, t,)dx feld (1.4)
B, (x,) By (x,)

where ¢ € (0, 1) is to be chosen, and ¢ > 1 is arbitrary. If § > 0, set also

rp
1 e

def (pr(xo) ul (., to)dx) !
77 =

ks

T (1.5)
(JCBA‘»/)(X()) (i to = S)dx)
where r > 1 is any number such that
w L NP2 +rp>o0. (1.6)

Theorem 1.1. Let u be a non-negative, locally bounded, local, weak solution of
(1.1-1.3). Introduce § as in (1.4) and assume that § > 0. There exist constants
e €(0,1), and y > 1, depending only on the data and the parameters q, r, and a
constant 8 > 1, depending only upon the data and independent of q, r, such that

1 B
. (JCBp(xo) ul (., IO)dx) !
inf u=>vy - sup u (1.7)

1 - i
Gt Q0 (29) (JCB4IO(xD) u (-, ty — 5)dx) (x0:40)+Q, 4)

providedq > 1 andr > 1satisfies (1.6) and (x,, t,)+ Q3,(8) C E7. The constants
& — 0, and y — oo as either ., — 0 or A, — oo.

Remark 1.1. The estimate is vacuous if § = 0. This does occur for certain solutions
of (1.1) for ¢, larger than the extinction time ([8]).
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Remark 1.2. Inequality (1.7) is not a Harnack inequality per se, since 1 depends
upon the solution itself. It would reduce to a Harnack inequality if n > 5, > 0
for some absolute constant 7, depending only upon the data. This however can-
not occur since a Harnack inequality for solutions of (1.1-1.3) does not hold, as
shown by the counterexamples of [7]. Further comments in this direction are in
Remark4.1.

Remark 1.3. An estimate similar to (1.7) has been derived in [3] for non-negative
solutions of the prototype equation (1.1),, by means of maximum and comparison
principles, and some asymptotic estimates of [8]. However the Harnack inequality
is a structural property of a parabolic equation, unrelated to comparison and maxi-
mum principles. This emerges from the pioneering work of Moser [9,10], and the
results of [1,4,6,11]. Theorem 1.1 is in this direction.

Remark 1.4. Inequality (1.7) actually holds for non-negative solutions of (1.1-1.2)
forall 1 < p < 2, provided r > 1 satisfies (1.6). For super-critical values of
p > ]3—_1:1 one has A = A1 > 0, and (1.6) can be realized for »r = 1. However, for
A > 0 the strong form of a Harnack estimate holds ([7]). Therefore (1.7), while
true for all 1 < p < 2, holds significance only for critical and sub-critical values
l<p< 1\%_41:71 In this sense (1.7) can be regarded as a “weak” form of a Harnack
estimate. Neverthless (1.7) is sufficient to establish the local Holder continuity of
locally bounded, weak solutions of (1.1-1.2), irrespective of their sign, as we show

in Sect. 4.

2. Components of the proof of Theorem 1.1

2.1. L7 -L°

loc ~loc

Estimates Forr > 1 Such That A, > 0

Proposition 2.1. Let u be a non-negative, locally bounded, local, weak solution to
(1.1-1.3), and assume that u € L}, (Et) for some r > 1, satisfying (1.6). There
exists a positive constant y, depending only upon the data, and r, such that

P
Vr r o t—s\2Zr
sup  u < ——— u (x,2s —t)dx +y | — 2.1)
Box[s.l  (t — ) \JBop() pr

for all cylinders
Boyy(y) x[s = (t—s),s+(t—s5)] CET. 2.2)
The constant y, — o0 if either A, — 0 or A, — o0.

Remark 2.1. The values of u in the upper part of the cylinder (2.2) are estimated
by the integral on the lower base of the cylinder.

Remark 2.2. The local boundedness of a weak solution is insured by the integra-

bility u € Ly (E7) for some r > 1 satisfying (1.6). For ]3—5\:2 <p< 13—11, such

an integrability condition is a consequence of the notion of weak solution. Indeed
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by parabolic embedding (see [5], Chapter I, Proposition3.1), u € L}’ (E7) with
N+2 2N

m = =3=p, and A, > 0.Forl < p < N2 this is no longer the case, and the
integrability requirement is an extra assumption imposed on the notion of weak
solution, to insure its local boundedness. Indeed for 1 < p < 1\%—_1:_]2 there exist
unbounded, local, weak solutions to (1.1) ([5]).

The proof of Proposition 2.1 follows arguments similar to those in of [5] Chap. V,
with minor modifications outlined in Appendix A.

2.2. Expansion of positivity

Proposition 2.2. Let u be a non-negative, local, weak solution to (1.1-1.2), for
1 < p < 2, satisfying

[lu(-.1) > MIN B,(y)| > a|B,| (2.3)
for all times
s—eM?>PpP <t <s (2.4)
for some M > 0, and some a, € € (0, 1). Assume moreover that
Bg, x (s — eM> PpP s) C Er.

There exists o € (0, 1) that can be determined a priori, quantitatively only in terms
of the data, and the numbers o and €, independent of M, such that

u(x,t) > oM forall x € Byy(y) 2.5)
for all times
s — %eMz_ppp <t <s. (2.6)

Remark 2.3. Thus measure-theoretical information on the measure of the “positiv-
ity set” in B, (y) for all times in (2.4) implies that such a positivity set actually
expands to B, (y) for comparable times. This is the main underlying structural
fact of a Harnack inequality.

Remark 2.4. The proof, given in [5], Chap.IV, and in [7], shows that the functional
dependence of o on € and « is of the form

o (e, a) ~ a/€' 2.7)
for constants @ € (0, 1) and b, ¢ > 1 depending only upon the data.

Remark 2.5. Proposition2.2 holds for all 1 < p < 2, irrespective of p belonging
to the sub-critical or super-critical range.
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23. L}

loc €Stimates backward in time

Proposition 2.3. Let u be a non-negative, local, weak solution to (1.1-1.2), for
1 < p <2, and assume thatu € Lj, .(E) for some r > 1. There exists a constant

vr depending only upon the data and r, such that for all cylinders B, (y) x [t,t] C
Er

1

sup / u" (x,s)dx < fr/ u"(x, T)dx + J7r|:—)\
t<s<t JB,(y) By () p

where A, is defined in (1.6), but it is not required to be positive.

The proof is in Appendix A. If r = 1 this estimate can be given the form of a
Harnack inequality in the L topology.

loc

Proposition 2.4. Let u be a non-negative, local, weak solution to (1.1-1.2), for
1 < p < 2. There exists a positive constant y depending only upon the data, such
that for all cylinders B, (y) x [t,t] C Er

1
t—t\2»
sup/ ulx,t)dx <y inf/ u(x,r)dx—i-)?( Ar) ’ 2.9)
T<s<t J By (y) TS5 By, (v) p

where . = A1 is defined in (1.6), but it is not required to be positive.
If p. < p <2then A > 0, whereas | < p < p, implies A < 0. However (2.9)

holds true forall 1 < p < 2 and accordingly, A could be of either sign. The constant
y = y(p) — oo as either p — 2 or p — 1. The proof is in [7].

3. Estimating the positivity set of the solutions

Having fixed (x,, f,) € ET, assume it coincides with the origin, write B,(0) = B,
and introduce the quantity § as in (1.4), which is assumed to be positive. From (2.8)
and the definition of §

/ ul(-,0)dx 5)7q/ ul (-, T)ydx + g4 8"/ ul(-,0)dx
B B

P 2p B,

forallg > 1 and for all T € (-4, 0]. Choosing y, €7 < % yields

1
/ ul(-, )dx > — u?(-,0)dx forall T € (-4,0]. (3.1)
By, 2y JB,
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Next apply the sup-estimate (2.1) over the cylinder By, x (—%8 ,0]l with r > 1
such that A, > 0, to get

1r 1

P 1rp
- 4p)N 1w rhr s \>=r
sup u < M (][ e _a)dx) v (_p) 0
Bapx(—%8.0] 8 Bap Iy
1
v, 1 q a , . q
< “New j ul(,0)dx ) +v,e u? (-, 0)dx
e 1 \/s, B,
1
/ 1 g e
=YY€ 1+ — u?(-,0)dx
netr By

for a constant y, depending only upon the data and r. One verifies that y, — oo
as either A, — O or A, — oo.

Assume momentarily that 0 < 1 < 1 so that in the round brackets containing
n, the second term dominates the first. In such a case

: NQ=p)

1 a i
sup u<M def ][ ul(-,0)dx where &' = = —. (32
B, 2y,

/
szx(—%S,O] &n r

and therefore
1

e'nM = (][ uq(~,0)dx) ) (3.3)
By

Let v € (0, 1) to be chosen. Combining (3.3) with (3.1) gives
(eMM) < 2N+1)7q][ ul (-, v)dx
By,

< 2N+l)7qvq (nM)q + 2N+177qu |[M(-,‘L')T;2’7/)A‘4]032p|

forallt e (—%8, 0]. From this

4 — 4 2N+l)7q (3 4)
2N+l);q

[u(-, 7) > vpM1N Boy| = an’|By,|  where o =

forallt e (—%8, 0]. By choosing v € (0, 1) sufficiently small, only dependent on
the data and y,, we can insure that & € (0, 1) depends only upon the data and g,
and is independent of 7.

Proposition 3.1. Let u be a non-negative, locally bounded, local, weak solution of
(1.1-1.2) for 1 < p < 2. Fix (x0,1,) € E7, let B4,(x,) C E and let § and 1 be
defined by (1.4-1.6) for some ¢ € (0, 1). For everyr > 1 satisfying (1.6) and every
q > 1, there exist constants €, v, « € (0, 1), depending only upon the data and q
and r, such that

[, 1) > vpM1 0 Bap(xo)| = anf|Bay| forall t € (1, — 158, t,]. (3.5)
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3.1. A first form of the Harnack inequality

The definition of (1.4) of § and the parameters in (3.2-3.4), imply that

1 2—p .p 1 ee’ o
56 =e(wnM)""Fp where € = 5 - . (3.6)

Therefore by Proposition2.2 with M replaced by viyM and « replaced by an?

u(,t) > o(an?, e)vnM in Bay(x,), forall t € (t, — 58, to].

Proposition 3.2. Let u be a non-negative, locally bounded, local, weak solution of
(1.1-1.3). Fix (x,, t,) € ET, let B4,(x,) C E and let § and n be defined by (1.4—
1.6) for some ¢ € (0, 1). For every r > 1 satisfying (1.6) and every q > 1, there
exist a constant ¢, depending only upon the data and q and r, and a continuous,
increasing function n — f(n) defined in RY and vanishing at n = 0, that can be
quantitatively determined a priori only in terms of the data, such that

inf u(-, 1) > f(n) sup u, forall t € (ty— 18, t,]. (3.7)
Bap (xo) (o) + Q2 (16)

provided (x,, t,) + Qg,(8) C ET.

Remark 3.1. In view of (2.7) the function f(-) can be taken of the form

1

fay~nB
for constants B, d > 1 depending only upon the data and ¢ and r.

Remark 3.2. The function f(-) depends on é only through the parameter ¢ in the
definition (1.4) of §.

Remark 3.3. The inequality (3.7) is a Harnack type estimate of the same form as
that established in [7], where however the constant f(n) depends on the solution
itself, through 1 defined in (1.5), as a proper quotient of the L?OC and L . averages
of u, respectively at time t = , on ball B,(x,), and at time t = f, — § on ball

By (x5).

Remark 3.4. The inequality (3.7) has been derived by assuming that 0 < n < 1. If
n > 1 the same proof gives (3.7) where f(n) > f(1), thereby establishing a strong
form of the Harnack estimate for these solutions. As shown in [7] such a strong
form is false for p in the sub-critical range (1.3).

It turns out that (3.7) is actually sufficient to establish that any locally bounded,
possibly of variable sign, local, weak solutions of (1.1-1.2) for 1 < p < 2, is
locally Holder continuous in E7. In turn, such a Holder continuity permits one to
improve the lower bound in (3.7) by estimating f (-) to a power of its argument, as
indicated in (1.7).
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4. The first form of the Harnack inequality implies the Holder continuity of u

Let u be a locally bounded, possibly of variable sign, local, weak solution of (1.1—
1.3) in E7. It is shown in [5] (Chap. IV, Proposition2.1 and Lemma2.1), that u is
locally Holder continuous in E7 if there exist constants 8 € (0, 1) and C, A > 1,
depending only upon the data and independent of u, such that, for every (x,, t,) €
E7, constructing the sequences

R
R, =R, R,=—; Wo =, wnt1 =0w, forn=0,1,2,...

for positive R and w, and the cylinders

2_
On = B, (x0) X (tg - (%) pR,f,rg} forn=1.2 ...

there holds

O0n+1C 0, C Qo CEr and essoscu < wy.

n

We will show that (3.7) permits one to construct such sequences for an arbitrary
(x0,1,) € E7.Having fixed (x,,t,) € Er assume it coincides with the origin of
RN+ and for p > 0 set

R,=4p and Q= B, x (—(4p)’, 0] 4.1)

where p is so small that Q C E7. Set also
wl =esssupu, pu, = essQinfu, wo =S —

= essoscu.
0 0

o

Since u is locally bounded in E7, without loss of generality we may assume that
w, < 1 so that

2—-p
0, def B4y % (— (%) (4p)p,0:| C QCE7p and essoscu < w,
for a number A > 1 to be chosen. Now set

ut =esssupu, u~ =essinfu, W = ess 0sc U

o o o

and introduce the two functions defined in Q,

v+:,u+—u, Vo =u—/Wn .

Without loss of generality may assume that

nt —tw, = pn” + Lo, (4.2)
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Indeed otherwise @ < %wo and thus passing from Q to any smaller cylinder the

essential oscillation of u is reduced by a factor %, and there is nothing to prove.
Then either

[v=¢.0) = fw,] N B,| > 31B,| or
4.3)
[[v+(.0) = Tw,] N B,| > 1Bl

Indeed by virtue of (4.2)
[ufu+—3¢wo]ﬂBp ) [u §,u_+}1a)0]ﬂBp.
Therefore if the first of (4.3) is violated, then
= 1t~ o] Bl > 4iB, 1

Compute and estimate the values 84, as defined by (1.4), relative to the functions
vy, over B, at the time level + = 0. Assuming the first of (4.3) holds

ol > ‘BlT/B (u(-,O) —,u_)q dx

P

o / (.. 0) ~Vdx > 1 (wo)q
= TR ug-, - K XZ s\ .
1Byl B/,ﬂ[v,>%w0] 2 4

Therefore if the first of (4.3) holds

1 2—p 2—p
— ( Po ) P <5 < (ﬁ) pP  for AJl=e  (44)
=v \ 44, A,

and there holds the inclusion

wo\> 7P
Bap x (—8-,0]1 C Bsp x | — (—) o?,0].
Ao

Similar estimates hold for &, if the second of (4.3) is in force. By the structure
conditions (1.2) both vy are solutions of (1.1-1.6) for the same constants C, and
C1 and hence the Harnack-type inequality (3.7) holds for either v_ or vy, i.e.,

inf vy > f(ne) sup vg. 4.5)
Q4p(35:) 05y (181)

where 14 are defined as in (1.5) for v+. By virtue of (4.4), which holds for either
6_ or 84, and Remark 3.2, the function f(-) can be taken to be the same. Assume
now that the first of (4.3) holds true. Then as shown before

1 1

q q 0 \4

7[3 COdrz o | o Odr 2 5 ()"
P pl V= 7 W0

On the other hand

][ v (x, —=8_)dx < o],
B4y
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and therefore recalling the definition (1.5) of n_

pr
I\ %\ def
f(n—)zf((—zlm) )§ 1-6

for 6 € (0, 1) depending only on the data and g and r. This and (4.5) imply

inf v > (1-0) sup v_ 4.6)
Bapx(—3.0] By x (48,01
from which
def
essoscu < w; = Ow,
01
where

2—p L

This and (4.4) determine A depending only upon the data and ¢, r. Taking into
account (4.1) the cylinder Qg is determined from Q, by the indicated choice of A
and for C = 4. A similar argument holds if the second of (4.3) is in force. This
process can now be iterated and continued to yield:

Proposition 4.1. Let u be a locally bounded, local, weak solution of (1.1-1.2) for
1 < p < 2,in Et. There exist constants y > 1 and €, € (0, 1), depending only
upon the data and r and q, such that for all (x,,t,) € ET, setting

M= esssup u for (xo,1,) + Qr(R?) C Er, 4.7
(X0,20)+QR(RP)
there holds
<M (£)" where s (M)zp P 48)
essosc U < — where Sy = | — 0 .
(xo,to)‘l'Qp((SM) v R A

forall 0 < p < R and all cylinders

(Xo.10) + Qp(Bm) C (X0, 10) + Qr(R”) C E7.

Remark 4.1. Returning to Remark 1.2, the previous arguments show that either .
or n_ are bounded below by an absolute, positive constant 7,. Thus (4.5) implies
that either ™+ —u or u — ™~ satisfy a strong form of the Harnack Inequality. By the
results of [7] a strong form of the Harnack estimate need not hold simultaneously
foru™ —uandu — .
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5. Proof of Theorem 1.1 concluded

Assume (x,, #,) coincides with the origin of R¥*!. Returning to (3.3) observe that
by (3.2) and the same argument leading to (3.4)

[[u(-,0) > vpM]N B,| > an?|B,| and sup u<M
By, x(—14.,0]

for the same values of v and « and with § given by (3.7). Since u is locally Holder
continuous, there exists x; € B, such that

u(xy,0) =vnpM.

Using the parameter A claimed by Proposition 4.1, construct the cylinder with “ver-
tex” at (x, 0)

2-p
(x1.0) + QO [(“’;M) rp] C By x (—15,0].

In view of (3.7) and the choice (4.4—4.6) of the parameter A, such an inclusion can
be realized by possibly increasing A by a fixed quantitative factor depending only
on the data, and by choosing r sufficiently small. Assuming the choice of r has
been made, by Proposition4.1

lu(x, 1) —u(xy,0)| <yM (%) ‘

for all

. MNP
.0 e .0+ 0, [(UZ‘ ) rp]
From this

u(x,t) = tonM  forall (x,1) € Oy

provided r is chosen to be so small that

1

7 (r\“ 1 ) 1 v \é
— | —) == thatis r=¢gnewop where e =(-— 5.1)
vy \p 2 2y

Therefore by Proposition?2.2

2-p
u>owgM] in (x1.0)+ O [(G["ZM]) (2»”}

foro € (0, 1) depending only on A and p. This process can now be iterated to give

n 2—p
u>o"vpM] in  (x1,0) + Qon, [(M) (2”r)”i|

A
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for all n € N. Choose n as the smallest integer for which

2"r > 4p thatis n > log ( 4 )
= st 2 1 ¥
i

For such a choice

By 2=p
u>ynM in sz[(ynA ) p”}

for some B = B(data).

6. Equations of porous medium type

The techniques apply, by minor variants, to non-negative solutions of the class of
quasi-linear, singular, parabolic equations of the porous-medium type. Precisely

€ Cioc (0, T: LE(E)) suchthat |u]"F € L2, (0. T: Wi (E))

loc

6.1)
ur —divA(x,t,u, Du) =0 weaklyin Er.

The functions A : E7 x R¥*! — R¥ are only assumed to be measurable and
subject to the structure conditions

_ 2
[A(x’t’u’ Du) - Du = Colul 2| Dlul"| ae.in Er 6.2)

|A(x, t,u, Du)| < Cy|DJu|™|

where C, and C are given positive constants, and m is in the critical and sub-critical
range

N-=-2
0<m= N —Dr (6.3)
N
The homogeneous prototype of such a class is
wi—Alu"'u =0 weakly in E7. 6.1),

For > 0 and for (v, s) € RV x R set

Qp(t) = By x (=7,0,  (y,5) + Qp(r) = Bp(y) X (s —7,5].

Let u be a non-negative weak solution of (6.1-6.3). Having fixed (x,, t,) € ET,
and By, (x,) C E, introduce the quantities

1
def ! 2
ul(x,t,)dx, 5§ = |e¢ ul(-,1,)dx 0 (6.4)
Bp(x(r) B/)(XO)
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where ¢ € (0, 1) is to be chosen, and ¢ > 1 is arbitrary. If § > 0, set also

2r
1 o

def (JCBp(xU) ul (-, to)dx) !
n =

T (6.5)
(JCB4p(xg) (o to — S)dx)
where r > 1 is any number such that
w ' Nm -1 +2r >0 (6.6)

Theorem 6.1. Let u be a non-negative, locally bounded, local, weak solution of
(6.1-6.3). Introduce § as in (6.4) and assume that § > 0. There exist constants
e €(0,1), and y > 1, depending only on the data and the parameters q,r, and a
constant 8 > 1, depending only upon the data and independent of q, r, such that

1 B
(i 0y 1 1))
inf u=>vy sup u (6.7)

- 1
(Xoto)+0p(£8) v (Xos10)+Qp ()
’ (fmp(xa) ity = S)dx) ’

provided q > 1 andr > 1 satisfies (6.6) and (x,, t,)+ Qg,(8) C Et. The constants
e — 0, and y — oo as either A, — 0 oras A, — 0.

Remark 6.1. An estimate similar to (6.7) has been derived in [2] for non-negative
solutions of the prototype equation (6.1),, by means of maximum and comparison
principles. The arguments for the classes (1.1), and (6.1), are conceptually and
technically similar.

Remark 6.2. Inequality (6.7) actually holds for non-negative solutions of (6.1-6.2)
forall 0 < m < 1, provided r > 1 satisfies (6.6). For super-critical values of
m > % one has A = A; > 0, and (6.6) can be realized for r = 1. However,
for A > 0 the strong form of a Harnack estimate holds ([7]). Therefore (6.7), while
true for all 0 < m < 1, holds significance only for critical and sub-critical values
0<m< % In this sense (6.7) can be regarded as a “weak” form of a Har-
nack estimate. Neverthless it can be shown (6.7) is sufficient to establish the local
Holder continuity of locally bounded, weak solutions of (6.1-6.2), irrespective of
their sign.
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Appendix

A. Proof of Propositions 2.1 and 2.3

Proposition A.1. Let u be a non-negative, locally bounded, local, weak solution of
(1.1-1.2) for 1 < p < 2. Foreveryr > 1 satisfying (1.6), there exists a positive con-
stant y,, depending only upon the data andr, such that for all By, (y) x [2s —t,t] C
Er, fors <t

N , 2
S % P " : r
up U < y N u"dxdt
B, (y)x[s.1] t—s Pt =) Jos—1 JByp(y)

1

. ft—s\27r
(o)

(A.1)

The proof is in [5] Chap. V.

A.l. Proof of Proposition2.3

If r = 1 this follows from Proposition2.4. Assume r > 1, take (y, 1) = (0, 0),
fix o € (0, 1] and let ¢ be a non-negative piecewise smooth cutoff function in RV
vanishing outside B(j), and satisfying

. . c .
0<¢=<1in Bys)p; ¢=11in B,; |D¢| < E in B(yo)p-

In the weak formulation of (1.1-1.2), take the testing function u” _lg“" , modulo
a standard Steklov time averaging process, and integrate over the cylinder Q =
B(140)p % (0, s]. This gives

1
- // cPuldxdr + (r — 1)// u “2tPA(x, t,u, Du) - Dudxdt
r 0 Q0
1
+p// P YW T A, 1 u, Du) - Dedxdt = =Ty + (r — DT + Tx.
[¢) r
Compute

Th :/ u"(x,s)cPdx —/ u" (x,0)Pdx
B(H—U),o B(H—rt)/’

and estimate

// u"2¢PA(x, t,u, Du) - Dudxdt > C, // u" 2P| DulPdxdt
0 0

c
IT3] < Co(r — 1)// cPu" 72|\ DulPdxdt + // w2t dxdr
0 0

(op)?
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for a constant C depending only upon the data and r and such that C — oo if either
Ar = Oor A, — oco. Combining these estimate yields

SUPo<y<; pr u (x,s)dx < fB<1+g>p u"(x,0)dx + —(Gi)p fo uP=2dxdr
p—=2+r

1
r C "\ r r
< fB(1+(7),, u(x,0)dx + 5 (W) (Sup0§s§t fB(H(,),, u dx)

The proof is concluded by a standard interpolation argument as in Lemma4.3 of
Chap.I of [5].

A.2. Proof of Proposition2.1

The proof of Proposition2.1 follows by combining (A.1) and Proposition 2.3.
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