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Equation with general nonhomogeneous ®-Laplacian, including classical and singular ®-
Laplacian, is investigated. Necessary and sufficient conditions for the existence of nonoscillatory
solutions satisfying certain asymptotic boundary conditions are given and discrepancies between
the general and classical @ are illustrated as well.

1. Introduction

The aim of this paper is to investigate asymptotic properties for second-order nonlinear
differential equation

(at)®(x)) +b(t)F(x) =0, (t>t), (1.1)

where
(i) @is an increasing odd homeomorphismus, @ : (-p,p) — (-0, 0) such that ®(0) =0
and 0 <p<oo,0<0< oo
(ii) F is a real continuous increasing function on R such that F(u)u > 0 for u #0;
(iii) a, b are positive continuous functions for t > #; such that

b(t)dt < oo, (1.2)

to
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and, whenever o < oo,

inf{oa(t)} >0 for any t > t,. (1.3)

For sake of simplicity we will assume also that F is an odd function.
Equation (1.1) is called equation with general ®-Laplacian because Dom @ and/or
Im @ are possibly bounded and it is not required that @ satisfies the homogeneity property

O(u)d(v) = D(uv) for any u, v € Dom @. (1.4)
Obviously, (1.4) holds for equations with the classical ®-Laplacian, that is, for
D, (u) = [ufu  (p>1). (1.5)
Prototypes of @, for which (1.4) does not hold, are the function ®c : R — (-1,1)

Oc(u) =

"
m, (1.6)

which determines the curvature operator div (®c(Vu)), and the function @z : (-1,1) — R

Or(u) = ———,

o (1.7)

which determines the relativity operator div(®r(Vu)). Boundary value problems on compact
intervals for equations of type (1.1) are widely studied. The classical ®-Laplacian is examined
in [1, 2], see also references therein; the cases of the curvature or the relativity operator
are considered in [3-5]; finally, equations of type (1.1) with nonhomogeneous ®-Laplacian
defined in the whole R are studied in [6]. As claimed in [6, page 25], the lack of the
homogeneity property of @ causes some difficulties for this study.

Oscillatory and asymptotic properties for (1.1) with classical ®-Laplacian have
attracted attention of many mathematicians in the last two decades; see, for example, [7-
17] and references therein. Other papers deal with the qualitative behavior of solutions of
systems of the form

x'= A f(y),

(1.8)
Y =-B(t)f2(x),

see, for example, [18-21]. Since the homogeneity property (1.4) can fail, (1.1) is not equivalent
with system (1.8) and so oscillatory and asymptotic properties of (1.1) with general ®-
Laplacian cannot be obtained, in general, from results concerning (1.8).

The aim of this paper is to consider (1.1) with general ®-Laplacian and to study
the existence of all possible types of nonoscillatory solutions of (1.1) and their mutual
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coexistence. We show that the lack of the homogeneity property of @ can produce several new
phenomena in asymptotic behavior of solutions of (1.1). The discrepancies on the asymptotic
properties of solutions of (1.1) with classical and general ®-Laplacian are presented and
illustrated by some examples, as well.

Our main tools for solving the asymptotic boundary value problems are based on
topological methods in locally convex spaces and integral inequalities.

We close the introduction by noticing that (1.1) covers a large class of second-order
ordinary differential equations which arise in the study of radially symmetric solutions of
partial differential equations of the type

div(G(Vu)) + B(|x])F(u) =0, x€E, (1.9)

where G : R" — R" is continuous homeomorphismus, x = (x1,...x,) € R", n > 2, Vu =
(Diu,...,Dyu), D; =0/0xi,i=1,...,n, |x| =1/>, x2,E={x €R":|x| >c},c>0.Denote

i
r = |x| and du/dr = u, the radial derivative of u. If there exists an odd function g: R — R
such that

G(x) = fg(r) xeE, (1.10)

then a direct computation shows that u is a radially symmetric solution of (1.9) if and only if
the function y = y(r) = u(|x|) is a solution of the ordinary differential equation

(rg(y)) + " BOF(y) =0, (r20). (1.11)

2. Homogeneity Property of ©

We start by discussing the homogeneity property (1.4) and the consequences when it fails. To
this aim, consider the functional equation

X)X () = X (uv). 2.1)

The following holds.

Proposition 2.1. Any continuous and increasing solution X of (2.1) has the form X (u) = |u|'u for
some p > —1.

Proof. Denote for u >0

Y(u) =InX(e"). (2.2)
Then (2.2) transforms (2.1) into the Cauchy functional equation

Y(u+0)=Yw) +Y(), (2.3)
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whose continuous solutions are of the form Y (u) = Au, A € R, see, for example, [22]. From
here we have X(u) = u* for u > 0 and, because X is increasing, it results A > 0. Moreover, the
continuability of X at 0 gives X(0) = 0. If u < 0, then from (2.1) we have X(u) = X(-1)(-u)*.
Because X is increasing, we have X(-1) < 0 and from the fact X?(-1) = 1 it follows X(-1) =
~1. Consequently, X (u) = |u[* sgn(u), where A > 0, for u € R. O

Let @* be the inverse function to @ and

A =((0,0a(t)). (2.4)

>t

In view of (1.3), A is a nonempty interval and, if o = oo, then A = (0, c0).
As we will show later, a crucial role for the behavior of nonoscillatory solutions of (1.1)
is played by the integral

I = I:@*(%)dt, LeA. (2.5)

If @ satisfies the homogeneity property (1.4), then I, is either divergent or convergent for any
A > 0. If (1.4) does not hold, the convergence of (2.5) can depend on the choice of A, as the
following examples illustrate.

Example 2.2. Consider the continuous odd function @ : (-1,1) — R given by

®(u) = —(logu)™ if0O<u<1. (2.6)
Thus
O*(w)=eV* if0<w<oo. (2.7)
Clearly, A = (0, o0). Setting
a(t) =logt on [2,0), (2.8)
we have
or(A)= ik 29)

and so (2.5) converges for A < 1 and diverges for A > 1.

Example 2.3. Consider the continuous odd function ® : R — (-0,0), 0 =1 + ¢, given by

~(logu)™ f0<u< %,

(1) = (2.10)

1+e)u
(u+1)

1
if - <u<oo.
e
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Thus
e Vw ifo<w<1,
O (w) = 2.11
(@) v fl<w<1l+e. ( )
1+e-w)
Setting

a(t) =logt on [84,OO>, (2.12)

we have A = (0,1), where A = 4(1 + ). For A € A we get (2.9) and thus the same conclusion
as in Example 2.2 holds.

Observe that in the above examples the change of the convergence of I, depends only
on the behavior of ®* near zero and thus they can be modified in order to include functions
® with Dom @ =Im ® = R.

We close this section by recalling that in the study of oscillatory properties of (1.1) with
the classical ®-Laplacian it is often assumed

f:@(%)dt = . (2.13)

In this case the operator Lix = (a(t)(Dp(x’))' is said to be in the canonical form and it can
be reduced by the transformation of the independent variable s = ftl / CD’;,(a(T))dT to the
operator with a(t) = 1. In particular, the Sturm-Liouville operator Lyx = (a(t)x')’ in the
canonical form can be transformed to the binomial operator Lx = d 2x/ds®. The lack of the
homogeneity property (1.4) makes this approach impossible for a general ®.

3. Unbounded Solutions

Throughout this paper, by solution of (1.1), we mean a function x which is continuously
differentiable together with its quasiderivative x!!]

() = a(t)@(x' (1)), (3.1)

on some ray [fy, o), where t, > ty, and satisfies (1.1) for f > t,. As usual, a solution x of (1.1),
defined on some neighborhood of infinity, is said to be nonoscillatory if x(t) #0 for any large t,
and oscillatory otherwise.

Since we assume that F is an odd function, we will restrict our attention only to
eventually positive solutions of (1.1) and we denote by S the set of these solutions.
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Let x € S: we say x € M* or M7, if x is eventually increasing or eventually decreasing.

If x is eventually positive, then x[!! is decreasing for large t. If x!'l becomes negative for t > T,
because we can suppose also x(t) > 0 for t > T, integrating (1.1) we obtain

t
() > 2T - hJ b(s)ds, (3.2)
T

where h = sup,..F(x(t)). Hence, (1.2) gives that x'is bounded.
Unbounded solutions of (1.1) are in the class M* and can be a priori divided into the
subclasses:

M:o,e = {x eM”*: tlin;x(t) = w,tllrgx[l] t) =d,, 0<dy< oo},

(3.3)
M, = {x €M : limx(t) = oo, lim xM () = 0},
while bounded solutions of (1.1) can be a priori divided into the subclasses
M, = {x €M : limx(t) = &y, limx'l() =0, 0 < & < oo},
M, = {x €M : limx(t) = Zx,tlimx[l](t) =d, 0<ly<o0, 0<dy<oo},
(3.4)

Mg, = {x €M : limx(t) = £, tlimx[l] (t)=dy, 0< €y <00, —00 <dy < 0},

M, = {x €M : limx(t) =0, lim xM(t) = d,, —o0 < dy < o}.

In the sequel, we give necessary and sufficient conditions for the existence of
unbounded solutions of (1.1). Let I, be defined by (2.5) and set

K, = :b(t)P<I;CD*<$>ds>dt,
Ju= j:(b* (y% Tb(s)ds)dt,

where A € A and y > 0. The following holds.

Theorem 3.1. (iy) If there exist positive constants X, L € A such that

L<l, I =00, Ki<on, (3.6)
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then there exist solutions of (1.1) in M, satisfying

tlim x(t) = oo, tlim () = L. (3.7)

(ip) Let I) = oo for any A € A. If for some A € A and p € Im F
K < o, Ju =0, (3.8)

then there exist solutions of (1.1) in M[__ .

Proof. Claim (i1). Denote

t _
At t) = ft @ <£>ds. (3.9)

Obviously, lim;_, . A(t; tg) = co. Let € > 0 be such that L + ¢ < \. Fixed H > 0, choose t; > to
large so that

rob(t)F(A(t; to))dt <e, A(ti;to) > H +&. (3.10)
t

Denote with C[t;, c0) the Fréchet space of all continuous functions on [t;, o) endowed with
the topology of uniform convergence on compact subintervals of [¢;, o) and consider the set
Q C C[t;,0) given by

Q={ueClt,0) : H+e<u(lt) <H+e+ A(t;t1)}. (3.11)

Define in € the operator T as follows:

Tu)(t)=H +¢e+ f:] o* <$ <L + fjb(T)F(u(T))dT))dS. (3.12)

Obviously, T(u)(t) > H + €. From (3.10) we have for s > t;

[e'e]

Jwb(T)F(u(T))dT < f

S S

b(t)F(H + ¢+ A(t; t1))dr < fwb(T)F(A(T; ty))dr <, (3.13)
t

and so, because L + £ < A,

T(u)(t)§H+s+f: (D*<I:1(+S;>ds§H+s+A(t;t1), (3.14)
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that is, T maps Q into itself. Let us show that T'(£2) is relatively compact, that is, T (£2) consists
of functions equibounded and equicontinuous on every compact interval of [t1, o0). Because
T(Q) c Q, the equiboundedness follows. Moreover, in view of the above estimates, for any
u € Q we have

d [ L+e
0< ET(u)(t) <O ( 0) ), (3.15)

which proves the equicontinuity of the elements of T(2). Now we prove the continuity of
T in Q. Let {u,}, n € N, be a sequence in € which uniformly converges on every compact
interval of [t;,o0) to u € Q. Because T(Q) is relatively compact, the sequence {T'(u,)} admits

a subsequence {T (uy,)} converging, in the topology of C[t1, ), to z, € T(£2). Because

J.; o* (% (L + f:ob(T)P(un(T))dT>>ds < I; o < I;;;;)ds, (3.16)

from the Lebesgue dominated convergence theorem, the sequence {T(un)(t)} pointwise
converges to T(u)(t). In view of the uniqueness of the limit, T(u) = z, is the only cluster
point of the compact sequence {T(u,)}, that is, the continuity of T in the topology of C[t;, o).
Hence, by the Tychonov fixed point theorem there exists a solution x of the integral equation

t

x(t)=H+e+ ft o <$ <L + Ijb(r)l—"(x(r))dr))ds. (3.17)

Clearly, x is a solution of (1.1). Using (3.6) and

H+e+ f;@*(%) <x(f) < ﬂ)@*(%), (3.18)

we get lim; _, ,x(t) = oo, lim; _, ,x[1I(#) = L, and the Claim (i;) is proved.
Claim (i). Let {L, },; be a decreasing sequence such that

limL,=0, 0<Lj<A\ (3.19)

Choose € > 0 such that L; + € < A. Since {L,} is decreasing and L € A, we have L, € A and
L,+e< \. Fixed H such that H > F ‘1(;4), using the argument of the claim (i;), forany n > 1
there exists x, € M:o,e such that limtﬂwx,[lll (t) = Ly. In virtue of the proof of claim (i;), we
have x,, € Q and

x,(t) =H +e+ Jt * (L (Ln + fjb(T)F(xn(T))dT> >ds. (3.20)

f a(s)
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Since T(L) is compact (in the topology of C[t;, o)), there exists a subsequence of {x,}

converging to x in any compact interval of C[t;, o). For sake of simplicity, let {x,} be such a
sequence, that is, lim,x, = x. Because

It CD*< (1 ) <L +J‘ b(T)F(xn(T))dT>>ds < J‘;(I)*<a(xs)>ds, (3.21)

using the Lebesgue dominated convergence theorem, it results for t > t;
t 1 o]
x(t)=H+e+ j o <— <I b(T)F(x(T))dT>>ds. (3.22)
ty a(s) s

Hence x is a solution of (1.1) and lim;_, ,xM () = 0. Because x(t) > H + ¢ and F,® are
increasing, we have F(x(t)) > F(H +¢) > pand

x(t)> H+e+ L o ( aé‘ ) <J‘oo (T)dT> )ds. (3.23)

Since ], = oo, the solution x is unbounded and the proof is complete. O

Remark 3.2. If I = oo for any A € A and there exists X € A such that K7 < oo, then (1.1) has
solutions in M, satisfying lim;_,,.x[!(t) = L for any L < L. In some particular situations,

the existence of solutions x € M:o o satisfying the limit case lim; _, wxl(t) = 1, is examined in
[23]. See also Example 3.4 below.

The following result is the partial converse of Theorem 3.1.

Theorem 3.3. If there exists a nonoscillatory unbounded solution x of (1.1) such that
limy_ ooxM(#) =L >0, then I, = oo forany L € A, A > L, and

b(t)F </4J ( )ds> dt < oo (3.24)

forany u, 0 < pu <1

Proof. Let € > 0 be such that L < A — ¢. Without loss of generality, we can suppose x(t) > 0,
0<xM(t) <L+¢efort>T. Thus

x(t) < x(T) + J'T (fl:s) >ds < x(T) + f o* < a?s)> (3.25)

Since x is unbounded, the first assertion follows.
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Clearly, (3.24) holds for L = 0. Now, assume L > 0. Since x[! is decreasing for t > T,

we have
x(t) > It * < a?s)) (3.26)

Integrating (1.1), we obtain

> [Towr([ o (o )ar)as (327)

If It < oo, from (1.2) inequality (3.24) follows. If I} = oo, using 1'Hopital rule, we have

[L@*(La™'(s))ds @ (La™\(t))
= lim———% =
= f @ (La(s))ds @ (La™ (D)

(3.28)

Thus we have for large s, say s > T,

Joo (atey e = jocp*(%)df (329)

From here, inequality (3.27) yields

) > f b(s)F<yJ < (T)> >ds. (3.30)

Since x[ is bounded, (3.24) again follows. O

The following example illustrates Theorem 3.1 and a possible discrepancy between
equations with nonhomogeneous ®-Laplacian and ones with ®,. More precisely, if x,y €
then it may happen

oof’

x(f)

im =0, 3.31
t—ooy(t) (3:31)

while, when @ is the classical ®-Laplacian, in view of the I’'Hopital rule and the homogeneity
property (1.4), the limit in (3.31) is finite and different from zero, that is, solutions in the class
M, have the same growth at infinity when @ = @,,.

Example 3.4. Consider the equation

t+1 ! 9 1
<_(DC( )> K/;m F(x)=0, t>1, (3.32)
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where @c is given by (1.6) and F(u) = |[u[*/® sgnu. We have A = (0,1] and for A € A

cD*( At )_ At 533)
Nt+1/) JA-DE+2t+1 '

Obviously, Iy = oo for any A € (0,1]. One can verify that y(f) = (2/3)#*/2 is a solution
of (3.32) in the class M , and limtﬂwy[l] (t) = 1. Because K; < oo for A € (0,1], from

Theorem 3.1, (3.32) has solutions x in M , satisfying lim;_ ,,x!!I(t) = L for any L € (0,1).
Since lim;_, ,a(t) = 1, we get lim;_, ,,x'(t) = ®*(L) > 0 and so (3.31) holds.

4. Bounded Solutions

Here we study the existence of bounded solutions of (1.1). The following holds.

Theorem 4.1. (i1) If there exists a solution x of (1.1) in the class M;,O such that lim; _, o x(t) = L,
then J, < oo for any u, 0 < pu < F(L).
(i2) If there exists a positive constant g € Im F such that J; < oo, then (1.1) has solutions
satisfying
limx(t)=L,  lim @) =0, (4.1)
where L = F~1(p).

Proof. Claim (i1). Let L such that L > L. > F~!(y). We can suppose, without loss of generality,
x(t) > Le, x!11(t) > 0 for any t > T > to. We have for t > T

A
x'(t) =D (%It b(T)F(x(T))dT> (4.2)
or

L-x(t)> J‘jocp* <$J:ob(r)F(L€)dT> > fq)* <£J‘jb(f)d7) (4.3)

which gives the assertion.
Claim (ip). The assertion follows by applying the Tychonov fixed point theorem to the
operator T given by

T(u)(t)=L- jt @*(ﬁj‘t b(T)F(u(T))dT) ds (44)
in the set Q € C[t;, o0)

Q= {u € C[t, ) : %L <u(t) < L}, (4.5)
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where

Jll < f b(T)dT) % (4.6)

The argument is similar to the one given in the proof of Theorem 3.1(i;), with minor changes.
O

From Theorem 4.1, we have the following.

Corollary 4.2. It holds M, , # @ if and only if there exists i € Im F, > 0 such that J; < co.

If there exists A € A such that I; < oo, then, in view of Theorem 3.3, solutions in the
class M;/O do not exist. Now we show that, in this case, (1.1) has bounded solutions both in
M and My ,.

Theorem 4.3. (i;) If there exists X € A such that I; < oo, then

M, ,#0, My,#0, M, #0, M, #0. (4.7)

(ip) Conversely, if any subclass M,
that I < co.

0.0 Mg o My , is nonempty, then there exists X € A such

Proof. Without loss of generality, we assume A small so that A € Im F.
Claim (i1). Choose A1, 0 < A; < A such that )qffob(s)ds < A. Thus

) f b(s)ds < a0’ (4.8)

and so the class M, , is nonempty in virtue of Theorem 4.1.
Let us show that M, , #0. Choose t; large so that

F(‘)L b(s)ds < % de)*<a;t)>dt < %. (4.9)

In the Fréchet space C[t;, o) consider the set Q given by
3_ —
Q= {ueC[tl,oo): Z)LSu(t)S)L} (4.10)

and define in Q the operator

— t n
T(u)(t>=1+ft ®*<a(1)< A f b@)F(u(c;))d«:)) 5. (4.11)
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Clearly T (u)(t) < . Moreover

b(§)F(u(g))dg < F (X) b(¢)dé < % (4.12)
t 51
Thus
T(u)(t) zX—Jt @*<%>ds>i—%: ZX. (4.13)

Hence T(Q2) C Q. Using an argument similar to the one given in the proof of Theorem 3.1-
(i1), with minor changes, we get that T () is relatively compact. Applying the Tychonov fixed
point theorem we obtain that M, , # 0.

In a similar way, we can prove that Mj, , # 0. Choose t; > ty satisfying (4.9) and consider
in the set Q given by (4.10) the operator

Ti(u)(t) = )» J‘t <I>*< ()< Ib(é)F(u(é))d§>>dS (4.14)

We have
[ b@puenas < F(3)[ b < L (415)
H B H 2
and so T1(u)(t) > 31/4. Moreover
Th(u)(t) < )L + f < Z‘S) >ds <A (4.16)

Hence T;(Q) C Q and applying the Tychonov fixed point theorem we obtain the existence of
a solution of (1.1) in the class leé,.

To show that M, #0, it is sufficient to choose the same #; > fo satisfying (4.9) and
consider, into the set £ given by

Q= {u € C[t1, ) : 0 < u(t) < X}, (4.17)

the operator

"o (L.
T2<u><t>—j < ()< fﬁb@)F(u(«;))dg»ds. (4.18)
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Clearly T, (u)(t) > 0. Moreover

é fb@ﬁm@»@<—+F<>Lf@M§<A (4.19)
and so
7ummgfw*< g>d<%<x. (4.20)

Hence T (€2) C Q. From the Tychonov fixed point theorem we get M , # 0.
Claim (iy). By contradiction, assume I} = oo for any A € A. Let x € Mzg U Ma,e and

assume x(t) > 0, x1 (t) < 0fort > T > ty. Since x[ s decreasing for t > T, we have

() < x(T) or
! * x[ll (T)
xm<®<‘m)>. (4.21)

Integrating this inequality, we get a contradiction with the positiveness of x.
Now let x € M}, and assume x(t) > 0, x[!/(t) > 0 fort > T > t; and lim;_ . xM(t) =
¢, > 0. Since xM is decreasing for t > T, it results xM(t) > ¢, or

ﬂQme+It*<f)> (4.22)

which contradicts the boundedness of x. O

It is known that, for equations with classical ®-Laplacian in the canonical form, the set
Sis given by M;,o UM, U M; ¢ (see [13,21]). Theorem 4.3(i2) shows that this remains valid
for equations with the general ®-Laplacian, when I, = co for any A € A.

Remark 4.4. The converse of Theorem 4.3(i;) does not hold for the class M, ;. Indeed, in view
of Corollary 4.2, it may happen M #@ also when I = oo for any A € A as the following
example shows.

Example 4.5. Consider the equation
(tDr(x)) +t2F(x) =0, t>1, (4.23)

where ®r, is defined in (1.7). Since o = oo, it results A = (0, 00). Moreover we have for any
A>0

R |
I, = dt = »o 4.24
' ,[1 V2 + )2 (4.24)
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and J, < oo for any p > 0. Hence, in virtue of Corollary 4.2, (4.23) has solutions in the class
MY .
20

From Theorems 3.1, 4.1, and 4.3, the following coexistence results hold.

Corollary 4.6. Let I} = oo for any A € A. Assume that there exist \, i, v such that 0 < p < v, p €
ImF, Ae A, and

Ju<ow, Jy=ow, Ki<oo. (4.25)

Then

My #0, Mg #0, M ,#0. (4.26)

Corollary 4.7. Let Ay, Ay € A such that I, < oo, I, = co. If there exists Le A, 1> Ao such that
K5 < o, then

Mg #0, Moo 20, Mi#0, Mi,#0, M, #0. (427)

Due to the homogeneity property (1.4), the coexistence described in Corollaries
4.6 and 4.7 is impossible for (1.1) with classical ®-Laplacian. Hence Corollaries 4.6 and
4.7 illustrate a discrepancy between equations with classical or general ®-Laplacian. The
following examples illustrate that this kind of coexistence can occur for (1.1).

Example 4.8. Consider the equation

t-1_. .\ d/t-1 B
(T(D(x)) —E<th)\/log|x|sgnx—0 (t>e), (4.28)

where @ is as in Example 2.2. Hence A = (0, 00). Since lim;_,,a(t) = 1, we have I} = oo for
any A > 0. Because

1 (= 1
Ej‘t bls)ds = 1o (4.29)

reasoning as in Example 2.2, we get J), < oo and J), = oo for 0 <Ay <1 and 1, > 1. Moreover,

*® d/t-1 1/2 * 1
< - — < —_— . .
K < L i <t10gt> (logt) "“dt < L (og dt < oo (4.30)

Hence, from Corollary 4.6, we obtain the existence of solutions of (4.28) in the classes M; o
M, and M;,o .
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Example 4.9. Consider the equation
(logt®(x)) +t3x%sgnx =0 (t>2), (4.31)

where @ is as in Example 2.2. Reasoning as in Example 2.2, we have I;» < oo, I; = 0. Since

K, < 4f t2dt, (4.32)
2

we can apply Corollary 4.7 to (4.31), and obtain existence of solutions as stipulated in (4.27).
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