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Abstract

It is a well-known fact that solutions to nonlinear parabolic partial differential equations of p—laplacian
type are Holder continuous. One of the main features of the proof, as originally given by DiBenedetto
and DiBenedetto—Chen, consists in studying separately two cases, according to the size of the solution.
Here we present a new proof of the Holder continuity of solutions, which is based on the ideas used in
the proof of the Harnack inequality for the same kind of equations recently given by E. DiBenedetto, U.
Gianazza and V. Vespri. Our method does not rely on any sort of alternative, and has a strong geometric
character.
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1 Introduction and Main Result

Let © be a domain in R™. For T > 0 let Q7 denote the cylindrical domain Q x (0,7]. In the cylinder Qrp
consider the quasi-linear parabolic differential equation

uy = div A(z, t,u, Du). (1.1)
The function A : Q7 x R**t — R” is a Carathéodory function satisfying

A(z,t,u, Du) - Du > C,|Dul?, (1.2)
|A(z,t,u, Du)| < Cy|DulP™! (1.3)

almost everywhere in Qp for p > 2 and where C,, C; are given positive constants.

A function
(0, T; W, ()

loc

u € Cloe(0,T; L () N LY

loc loc



is a local weak super(sub)solution to (1.1) if for every compact set K C §2 and for every subinterval [t1,t2] C

(0,T) one has
/ updx
K

for all nonnegative test functions

ta to
+/ / [—up: + Az, t,u, Du) - Dy]dzdt > (<)0
t1 t1 K

@ € W22(0,T; L2(K)) N LY

loc

(0, T3 W, P (K)).

We say that u is a local weak solution if it is both a local weak sub- and supersolution.
We say that a constant v = «(data) if it can be quatitatively expressed in terms of n,p,C,,Cy. For
y€R™and p > 0 let
K)={z eR":|z; —yi| <p/2, i=1,...,n}.

For a given cylinder Q = K7 X [t, — 0pP, t,] we denote 5Q = K7y x [to = 8(p/2)P,t,]. The main result
of this paper is the following

Theorem 1.1. Let u be a locally bounded weak solution of (1.1) in Q. Then, up to modification on a set of
measure zero, u is locally Holder continuous in Q x (0,T]. The Hélder constants can be determined a priori
only in terms of the data.

Indeed, that locally bounded weak solutions to (1.1) are locally Holder continuos is not a new result:
the proof of this fact was first given by E. DiBenedetto in [8] for the degenerate case p > 2, and by Y.Z.
Chen and E. DiBenedetto for the singular case 1 < p < 2 in [1], [2]. The book [3] contains the proof of the
Holder continuity of solutions for equations with a very general structure. The main ideas underlying the
original proof by DiBenedetto, namely the so—called intrisic scaling method, are discussed in [7]. A thorough
presentation of this same set of techniques is given in the recent monograph [9].

Here the focus is on the degenerate case, i.e. when p > 2; the corresponding approach to the Holder
continuity for the singular case, namely when 1 < p < 2, will be dealt with in [6].

The structure of the proof given in [8] is based on studying separately two cases. Either one can find
a cylinder of the type Kj° x [to — 0pP,t,] where u is mostly large, or such a cylinder cannot be found. In
either case the conclusion is that the essential oscillation of w in a smaller cylinder about (z,,t,) decreases
in a way that can be quantitatively measured.

The actual technical implementation of the previous alternative is not an easy job; the point in giving a
new proof of the by—now classical result by DiBenedetto is to show how a certain set of ideas, which led to
the proof of the Harnack inequality in [5], can simplify the argument, and avoid any use of alternatives. We
believe that the new proof has a further significant feature, namely its strong geometric character.

Three final comments are due here:

e In order to present the essence of the approach, only the case of homogeneous—structure equations is
dealt with here, but with little further effort the full quasi—linear case could be considered too.

e In the following we deal with equations of p-laplacian type, but, with some care, the same kind of
arguments can be used to prove the Holder continuity of quasi-linear parabolic differential equation of
the sort

uy = div A(z, ¢, u, Du),

where the function A : Q7 x R*t! — R" is a Carathéodory function satisfying the structure conditions
A(x,t,u, Du) - Du > Cyolu|™ | Dul? (1.4)
|A (@, t,u, Du)| < CyJul™ | Dul (1.5)

almost everywhere in Q7 for m > 1, C, and C being given positive constants. The prototype of this
kind of equations is the so—called porous medium equation, namely

ug — Alu|™ u =0,



which has been extensively studied in the last thirty years, in the context of non-linear diffusion
phenomena. For a thorough treatment of this very interesting topic, see for example [10]. The care we
were referring above, is due to the fact that if w is a solution to a porous medium equation, given a
generic constant ¢ # 0, in general u + ¢ is not a solution. Therefore one has to take into account that
solutions are signed solutions, and this brings about some further technical difficulties.

e In the rest of the paper by solutions we will always mean weak solutions.

Acknowledgement: This paper was written during the INAAM Intensive Period Geometric Properties of
Nonlinear Local and Non local Problems. The authors thank INAAM for the support that made the event
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2 Main Lemma and Proof of Theorem 1.1

As it will be clear at the end of this Section, the proof of Theorem 1.1 is a straightforward consequence of
the following lemma.

Lemma 2.1. Let u be a nonnegative solution to (1.1) in the cylinder Q = K x (=2, T). There exist constants
0 <v1 <72 and p > 0, depending only on C,, Cy, n, p, such that if T > v2 and

{(z,t) € K} x (—=1,0] : u(x,t) > %H > %

then
es%i/nfu >pu, where Q' = K x (y1,7].

The proof of this lemma is the most technically involved part of the paper and we postpone its proof to
the last Section of the paper. Let

Y3=Y2 =71 Y4a=2+72.

It is obvious that 0 < 3 < 4. The following proposition is elementary and we skip its proof.

Proposition 2.1. Let u be a solution to (1.1) in the cylinder Q = K7 X [t, — 7aw? P pP, to], where w > 0.
Let B € R. Set

U+ —
z== wﬁa $:$0+Py7 t:t0+<7_72)w2 pppa

then z is a solution to the equation
z; =div Ay (y,7,2,Dz)

in the cylinder Q1 = K3 x [—2,72], where A1 is a Carathéodory function satisfying

Ai(y,7,2,Dz)- Dz > C,|Dz,
|A1(y, 7,2, Dz)| < Cy|DzP~!

The following corollary of Lemma 2.1 is a classical step in the proof of the Holder continuity of solutions
to degenerate and singular parabolic partial differential equations.

Lemma 2.2. Let u be a solution to (1.1) in the cylinder Q = K2 X [t, — yaw® PpP,t,], where w > 0. Let
essoscou > w. Let Q' = Ko x [to — 3w PpP. t,]. Then

essoscu < essosCUu — Uw,
Q’ Q

where u is the quantity given by Lemma 2.1



Proof. Let o
-m
m =essinfu, M =esssupu, &= >1,
Q Q w

and
u—m
p=—— w=aetpy, t=tot (T =)0

By Proposition 2.1, z is a non—negative solution to
zr =divAq(y,7,2,Dz)

in the cylinder @1 = K 2 X [—2,72], and the vector field A; satisfies the same structural conditions as A.
One of the following statements holds:

, (2.1)

(2.2)

Let (2.1) hold: then , and by Lemma 2.1 we obtain

{22 ;} N Ky x [—1,0]' >

z>p ae in KYx]yp, 7).

Hence
essi/nfu >m+ uw.

and the assertion of the lemma easily follows.
Analogously, if (2.2) holds, then the function

M—u
z=6—z=
w

satisfies

Z2>pu ae. in K? X 71,72,
and

esssupu < M — uw. 0

Q/

The proof of the following energy inequalities can be found in [3].

Proposition 2.2. Let the cylinder Q@ = K} x [t1,t2] C Qr and £ be a non—negative piecewise—smooth test
function vanishing on the lateral boundary of Q. If u is a subsolution to the equation (1.1) in Qr, then for
any k € R we have

t

/K (- k2erde| +C, / /Q \D(u — k) [PePdadt

t

_ I)\2 ¢p—1 5 _ I\P D
Sp//@(u k)3 &P &dadt 4 7, //Q(u k)| DE|Pdxdt. (2.3)



Proposition 2.3. Let the cylinder Q) = K} x [t1,t2] C Qr and £ be a non—negative piecewise—smooth test
function vanishing on the lateral boundary of Q. If u is a supersolution to (1.1) in Qr, then for any k € R

we have
(u— k)2 &Pdx| +C, |D(u — k)_|PEPdxdt
L o],

< / / V2 €P=1E, dudt + A, / / w— k) | De|Pdudt. (2.4)

Remark 2.1. The proof shows that in both cases
-1
_ p—1\"
o — 20 p .
Yo = (2C1) ( . )

Assuming for the moment the validity of Lemma 2.1, we proceed with the

t

Proof of Theorem 1.1. Let (z,,t,) € Qr and set
d, = dist(x,,09), dy=t,>0.
Assume that supg, . [u| = M < oo. Let {w;}52,, {pj}32 be the sequences of positive numbers defined by
pj = Epj—1, W;j=0w;_1,

where § € (0,1), € € (0,1], € < § are to be chosen. Notice that the condition ¢ < § guarantees that the
sequence of cylinders shrinks to a point. We also require that p, < d, and y,w2=? (p “) <d;. Let

— %o Pj
QJ _KZTJ X[ 74(*) (4) 7t0]7

and denote
Aj = essoscu.
Qj

We want to show that there exists a constant A = A(data) > 1, such that
Aj < ij = Aj+1 < ALUj+1.

Suppose that € and § are such that 4eP62 7P < 3.
Assume first that A; > w;. Then, in virtue of Lemma 2.2,

—p
Ajp1 < Aj = pwj < (A = ploj = ——Awji
<Awjyr if A—p<OA e A< “6
On the other hand, if A; < w;, then
.1
Aj+1 S Aj S w]' = Swj'+1 S AWj+1 if g S A.

Hence, any A such that

| =
—_
|
s%



will do. It is clear that the previous inequality is satisfied if

1
H & o> —.

< =
—1-94 T 14

SN

Takeézﬁand/\zl—i—u. Set

1 1 d 1
€ =min< —, <735”_2)p , Wo=2M, and p, = min dw,4( ;7 >p .
4"\ 4 Yaws P

Then it is immediate to see that essoscu < (1 + p)w,, which implies

o

eszoscu < (14 pwj =1+ 1) I w,.
i

Let
Qf,os,to = K% X (t, — 8,t0) C Qr,
and
o(Zo,t0,T,8) = €88 0SC U.

ZTo,to
T8

Choosing j in such a way that fos’t“ C Qj, we have

P(Torto,,8) < (1 + p1)*w, max { (W) h : <;O> b } , (2.5)

1 1

g = ———.
) 1
1Og1+u =

with

o] = 71 1
Ogl-&-u eP§2—p

Since eP§27P < 1—2 < 1, and by possibly reducing p and enlarging 7;, we have that both «y, as € (0,1).

Notice that
o1 1 1 1

— = = > -,
as  log.ePé? P  p+(2—p)log.d " p

The rest of the proof follows in a standard way. O

3 Auxiliary Propositions and Technical Results

In the following we gather various technical results, which are used in the proof of Lemma 2.1. Some of the
statements will be given without proofs (and in such a case we refer the reader to [5] or [3]); others will be
explicitely proved, even if the arguments are mainly proper modifications of analogous results given in [5].

The first two lemmata, which we state for sub- and supersolutions separately, are one of the traditional
and most widely used tools in the regularity theory.

Lemma 3.1. Let u be a subsolution to (1.1) in the cylinder Q = K3, x [t1 — 0(2p)P,t1]. Let py >
esssupg u(z,t). Then for any w > 0 and a € (0,1) there exists a number s, which depends only on the
data, a, and 0wP~2, such that if

{(z,1) € @« u(a,t) > py —w} <slQ),

then we have
esssupu(z,t) < pg — aw.
1
5@
2



Lemma 3.2. Let u be a supersolution to (1.1) in the cylinder Q = Kj, x [t; — 0(2p)?,t1]. Let p_ <
essinfg u(x,t). Then for any w > 0 and a € (0,1) there exist a number s, which depends only on the data,
a, and 0wP~2, such that if

{(z,t) € Q : u(w,t) < p- +w} <slQ|
then we have

essinfu(z,t) > p- + aw.

2

The proof shows that the value of s in Lemmas 3.1 and 3.2 is the same for the same values of a and
HwP~2, namely

1—a \"*" [fwP—2|n/P
o= ('y(d@t&)) [1+ wp—2](ntp)/p
Given a and ¢ = 0wP~2 we denote the corresponding value of s by s(a, £).

The next lemma is a variant of the previous result.

Lemma 3.3. Let u be a non-negative supersolution to (1.1) in the cylinder Q = K3, x [t1 — 0(2p)P, t1].
Suppose that ess ianzyp u(z,ty — 0(2p)P) > k. Then there exists v = v(data) > 0 such that if 0 < vk?~P,

inf u(z, 1) > k/2.
esls(%n u(z,t1) > k/

A consequence of the previous lemma is

Corollary 3.1. Let u be a non-negative supersolution to (1.1) in the cylinder K3, x [ti,t1 + T]. Let
essinf ey u(x,t1) > k. Then for allt € (t1,t1 + T) we have

1
_ k t—t  \T?
eb}b{lgﬂf U(.I‘, t) > 5 (1 + l/]€2p(2p)p> 5 (31)
where v is the constant from the statement of Lemma 3.3.

Proof. Tt is clear, that for any 7 € [0, 1] we have

essinfu(z,t1) > 7k. (3.2)

K3,

Ift—t; < vk* P(2p)P, then Lemma 3.3 yields u(z,t) > k/2 a.e. in K¥. Now assume that t —t; > vk*>~?(2p)P.
In (3.2) take

and apply Lemma 3.3 with k replaced by 7k. This gives
1
kE2P(2p)P\ 72 k
u(z,t) > (u(p)) — ae. in K.
2 P

The combination of the estimates for t < ¢; + vk?7P(2p)P and t > t; + vk?"P(2p)P concludes the proof. [

The next lemma is analogous to Proposition 6.1 of [5].

Lemma 3.4. Let v be a non-negative supersolution of (1.1) in the cylinder Q = K x [0,T]. Assume we
have
{z € K3 : v(x,t) > 1}] > o] K3,



for all t € [0,T], where o € (0,1) is a given constant. Then for any € > 0 there exist 0 = 0(w, e, data) > 0
such that if T > 02PTL then for the cylinder Q1 = K3 x [62P,02PF1] C Q, we have

1
H{(z,t) € Q1 :v(x,t) <077} <e|Q].
Moreover, 0 is a monotone decreasing function of €. Given a and £ we denote the corresponding 0 by 0(e, a).

Proof. Denote k; = 277 for j = 0,1,..., ., where j. will be chosen later, and let Q2 = K x [0,2P14],
where the constant 6 will be specified later. Take the piecewise-smooth cut-off function &(x,t) such that
£=1onQ, 0<E<1on Qs £ vanishes on the parabolic boundary of Q2, |&| < 525 and |D¢| < 1.

From inequality (2.4), we obtain

k2
// |D(v — kj)_|Pdxdt < v|Qs| (5 + kf) )

Take 0 = k:?:p . Then the last inequality yields

// D(v — ky)_ [Pdudt < |Q: K.
Denote
Aj={(z,t) € Q1 :v(z,t) < k;} and A;(1) ={z € KI :v(z,7) < k;}.
Using De Giorgi - Poincaré inequality (see [3], Chapter I, Lemma 2.2), thanks to the hypotheses we obtain

7(n)
(kj = ki )|Ajn (7] € 57— |D(v — k) —|dx
’ 7 i | K3 \ A;(7)] Aj(T\Aj41(7) !

7(n)
< ID(v — k;)_|da.
B3] Ja; o\ Ay () ’

Integration of the last inequality over 7 € [2P0, 2PF10] yields

k.
il <2 [[ D= k) fdude
@ JJANA; 1

1
<7 D(v —k; PddpA- A7
< |D(v = kj)-[Pdwdt ) |A;\ Ajia| 7

o Aj\Aj1
Y 1 2t
< SRR A\ Ayl
Hence,
p
_p_ Y\ r-1 1
41177 < (1) 1QuI7T |4\ Ajal.

Summing the last inequality over j = 0,1,...,7. — 1, we obtain

p
) P Y\ p-T _p_
Jel 47T < (1) T @l
whence
1\ 5
g
a<2(5) " e
*

The lemma is proved with

Now we prove the following



Proposition 3.1. Let v be as in Lemma 3.4. Denote
Q) = K x [(2PT! —1)0, 211 0).

There exists a constant 0, = 0,(data, o) such that

—_

1

essinfv(z,t) > =0%—»

Q) 2
for all 6 > 0,. Given a, we denote the corresponding value of 6, by 0,(c).
1

Proof. With reference to Lemma 3.2, let e, = s(5,1). Correspondingly let 6, = 6(a,¢,) as given by

Lemma 3.4. Now choose ¢ < ¢, and let = (¢, ). Then in the cylinder Q1(0) = K3 x [2P6,2P*10] we have

[{(x.1) € Qu(8) : v(x,t) < 077} < e|Qu(6)].
In the cylinder Q1(6) apply Lemma 3.2 with p_ =0 and a = % to conclude the proof. O

Proposition 3.2. Let u be a non—negative supersolution to (1.1) in the cylinder Q = K x [—1,0]. Let
1 1
> =>N > =

//Q \D(u— %),|da:dt <3

Then for any o € (0,1) there exist n, = no(data, o,7v) € (0,1) and (y,s) € Q such that

and

1\*7?
QGK?]Oxlsnfj<4> ,s1 C @
and )
‘{U Z 4} on Z U|Q0|-
Proof. First, we show that there exists 7. € [—1, —%] such that
1 -
[D(u— 5)-I(y, 7) dy < 167 (3.3)
K
and
1 ol ~ 3
w(y, Te) > 3 NK7| > 3 (3.4)

It is obvious that the measure of the subset of [~1,0] where (3.3) does not hold does not exceed 7. Conse-
quently, (3.3) holds on a set of measure at least 12. Next, it is easy to see that the set of 7 € (—1,0] where
(3.4) does not hold has measure less than 15. Hence, both (3.3) and (3.4) hold on a set of measure strictly
larger than 1—16.

We apply the result of [4] to u(-,7.) in K?, and deduce that, for any & € (0, 1) there exist y; € K? and

7 € (0,1) such that
3 !
Hx € K u(z,7) > 8}‘ > o|K5|.

Let 0 = 427P and set



Consider the cylinder
Ql = K;‘%l X [7*77-:‘].

Qi

Writing the energy inequality (2.4) over the cylinder Q1 with k = % and a proper cut—off function, we obtain
2 2
3 3
_ = < _ 2 Y1
s [ (o 2) wrea (0o ()
/2
4 P 3 P 1 2—-p 77 p
) (5) mei(y) (B) a-a).
+(77> (8> K (4) 2 (1-2)

, 1 _ .
H{z € K%’/Q cu(z,t) < 1}| <6471 (1 —0) |Kg/2|.

Therefore, Vit € [1y, 7.]

9—p
If wetake 6 =1 — 24—, then in the cylinder Q; = K%’}Q X [T, T1] we obtain
20!
1 -p
[{u< 71N Qal < 02771Qs).
Up to a zero measure set, decompose the base of Qs into the 2! congruent cubes K;il_lﬁ, j=1,...,2"

Choose the smallest natural number [ such that
1o 7\? _
@< () -0

There exists at least j such that in the cylinder Qj = K;il,lﬁ

X (7w, 1] we have
1, - o
Hu < Z} NQ,| <o27?Q;|.
In the cylinder
_ 1\*?
Qa = KQZil—lﬁ X [T*aT* + (27l7177])17 <4> ]

we have

< 31N Q| <0l

We will use the following corollary

Corollary 3.2. Let u be as in Proposition 3.2. Then there exist a number n, > 0 and a cylinder

No\P (1 o 0
Q3 = K}° x [so — (5) (4) ,80] C K7 x [-1,0]

such that

| =

essinf u >
Qs

Proof. Take o = s(%, 1) and apply Lemma 3.2 in the cylinder @, constructed in Proposition 3.2 with
p =0, w= i, a= O

N

10



4 Proof of Lemma 2.1

First, from the energy estimate (2.4) it follows that

1
// |D(u— =)_|dadt < y(data).
K9x[—1,0] 2

Next, use Corollaries 3.2 and 3.1 to obtain y, € K?, 1, € (0,1) and ¢, € [—7%,0] such that

inf u( t)>1 |4 ot = t>t
essinfu(x,t) > — —_— , > to,
Koo 16 V8P~ ’

where 7, = n,(data) > 0. Hence,

inf u(z, 0) > Ly L )7
essinf u(x 0= — — .
Kve = H 16 v8r—2pk
no/2
Apply Corollary 3.1 again to obtain that
1
inf u(z, t) > (t) ”°<1+t ) £>0
essinfu(zx,t) > = e — >

" 2 vig " (10/2)

Change the variables in equation (1.1) as

u(z,t) = v(z, t)Y((t), t=t(r),

where 7 is a solution to the problem

One can see that

and for all 7 > 0 we have
essinfuv(z,7) > 1.
no /4
It can be verified that v is a supersolution to the equation

vy = div Ay (z, 7,0, Dv),

where

Moreover, A; satisfies the same structural conditions as A. Applying Proposition 3.1 we obtain that

essinf v(z,7) > 075

K

DN | =

with 6 = 6,((2)") for all 7 € [(2PF! —1)0,2P714].

11



for

Returning to the original variables we see that

) 1. 1 p, 22010
ssinf u(x,t) > pi= 50777 2 exp | oo
essinfu(a, t) 2 = 50775 exp {@—p)u(m/?)p

1

all t € [y1,72] where we have set
—2(2rtl —1)0
— 2P @)p L -1
M =wvpl ( 5 [exp ( WL :

e (3) oo (foap) 1)

O

Remark. One can see that the constant p, and consequently, the Holder constants a; and as deteriorate
as p — 2. Indeed it can be shown that these constants can be stabilized. One only needs to repeat the
argument of Lemma 7.1 of [5] with obvious modifications.
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